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Abstract

A set-theoretical solution of the pentagon equation on a non-empty set X is a function
s X x X — X x X satisfying the relation 523 513 512 = §12 523, with 512 = s x idy,
523 = idy x s and s13 = (idy x 7)s12(idy x ), where 7 : X x X — X x X is the flip map
given by t(x,y) = (y, x), for all x, y € X. Writing a solution as s(x, y) = (xy, 6x(y)),
where 6, : X — X is a map, for every x € X, one has that X is a semigroup. In this paper,
we study idempotent solutions, i.e., s> = s, by showing that the idempotents of X have a
crucial role in such an investigation. In particular, we describe all such solutions on monoids
having central idempotents. Moreover, we focus on idempotent solutions defined on monoids
for which the map 6 is a monoid homomorphism.
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1 Introduction

If V is a vector space over afield F', alinearmap S : V®V — V ® V is said to be a solution
of the pentagon equation on V if it satisfies the relation

S12813823 = 523512, 1

where S12 = S ®idy,S3 = idy ® S, 513 = (dy ® X) S12 (idy ® X), with X the flip
operatoron V ® V,ie., X(u ® v) = v ® u, for all u,v € V. The pentagon equation
classically originates from the field of Mathematical Physics, but it has several applications
and appears in different areas of mathematics, also with different terminologies (see, for
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instance, [1, 2, 11, 12, 14, 19, 24, 25]).To know more about contexts in which the pentagon
equation appears, we refer to the introduction of the paper by Dimakis and Miiller-Hoissen
[8] along with the references therein.

In 1998, Kashaev and Sergeev [13] explicitly first highlighted an existing link between
solutions on a vector space viewed as the space F¥ of all functions from a finite set X to F
and maps from X x X into itself satisfying a certain relation. Into the specific, to any map
s X x X — X x X one can associate a linear operator § : FX*X — FX*X defined as
S(f)x,y) = f(s(x,y)), for all x,y € X. If the map s satisfies the “reversed” pentagon
relation

$23513512 = 512523, )

where 512 = 5 X idy, s23 = idy xs, 513 = (idx x7) 512 (idy x7), with t(x,y) = (y, x),
forall x, y € X, then the linear map S is a solution of the pentagon equation on FX. We call
the map s as above set-theoretical solution of the pentagon equation, or briefly solution, on
X . In the pioneering paper [13], one can also find the first systematic way to obtain solutions
on closed under multiplications subsets of arbitrary groups. However, set-theoretical-type
solutions had already appeared before in the form of pentagonal transformations on differ-
ential manifolds and on measured spaces in two papers: those by Zakrzewski [25] and Baaj
and Skandalis [2], respectively. One can transcribe these solutions in purely algebraic terms
e note that they are the first instances of bijective solutions.

Attention only to set-theoretical solutions has been recently given in [3]. Following the
notation therein, writing a solution s : X x X — X x X as s(x, y) = (xy, 6x(y)), where 6,
is a map from X into itself, for every x € X, one has that X is a semigroup and

O0x (¥)bry(z) = Ox (y2), (PT)

06, (y)0x y = 0y, P2)

for all x, y, z € X. In [3, Theorem 15], a complete description of all solutions defined on a
group is given. In this case, it holds that 6, (y) = 0y (x) ™16, (xy), forall x, y € X, where 1 is
the identity of the group X, and it is sufficient to study the setker6; = {x € X | 6;(x) = 1}
that it a normal subgroup of X, even if, in general, 61 is not a homomorphism. However,
describing all solutions on arbitrary semigroups seems very difficult since there are many
even in the case of small-order semigroups. For instance, it is sufficient to look [18, Appendix
B], where, as suggested by Rump, all the 202 non-isomorphic solutions on semigroups of
order 3 have been computed.

A first step could be studying specific classes of solutions. In this regard, a characterization
of all involutive solutions, i.e., s* = id X x X, has been provided by Colazzo, Jespers, and Kubat
in their recent paper [6]. Moreover, in [4], Catino, Mazzotta, and Stefanelli described the class
of solutions that satisfy both the pentagon equation and the quantum Yang—Baxter equation
(see [9]). Indeed, as one can note, the pentagon equation is the quantum Yang—Baxter equation
with the middle term missing on the right-hand side. An easy example of a map that satisfies
both equations is given by s(x, y) = (f(x), g(y)), with f, g idempotent maps from a set X
into itself such that fg = gf. In this last paper, one can also find some methods to construct
solutions of the pentagon equation such as, for instance, on the matched product S < T of
two semigroups S and T (see [4, Definition 1]), namely a new semigroup on the cartesian
product of S and T including the classical Zappa product of S and T (see [15, Definition
1.1]).

Recently, idempotent left non-degenerate solutions of the Yang—Baxter equation have
been completely described (see [7, 16, 23] and the classifications therein). A similar study
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can also be done for the pentagon equation, motivated by the fact that already for semigroups
of small order there are several of idempotent type, i.e., s> = s. The question of studying this
class of solutions arose explicitly during the talk held in the occasion of “First UMI meeting
of PhD students” [17].

In this paper, we deal with idempotent set-theoretical solutions of the pentagon equation.
One can easily check that a solution s(x, y) = (xy, 6,(y)) on a semigroup X is idempotent
if and only if

xy0x(y) = xy, 1)

exyex (y) =0y ()’), (12)

for all x, y € X. We show that the idempotents of X have a crucial role in finding them
and, for that, we exhibit some useful properties of the maps 6, involving the idempotents.
In particular, we focus on solutions defined on monoids, by showing that, unlike solutions
defined on groups, it is not possible to find a way to write the maps 6, by means of the map
01, where 1 is the identity of the monoid. We provide a description theorem for idempotent
solutions on monoids M having central idempotents, namely, E(M) C Z(M), by illustrating
that it is enough to construct specific idempotent maps 6, for every e € E(M). Furthermore,
in this situation, the map 6 is an idempotent monoid homomorphism, and, for this reason, we
deepen idempotent solutions on monoids satisfying this additional property. In this case, all
the maps 6, have to be derived considering the kernel congruence of the function 61, namely,
the set ker6) = {(x,y) €e M x M | 61(x) = 61(y)} (see [22] for more details). Indeed,
@x(y),y) e ker6y, forall x, y € M, and 61 (M) is a system of representatives of M/ ker 6;.

Finally, we collect some properties of idempotent solutions on arbitrary semigroups, that
could be useful in a future study of these maps in the more general case.

2 Basics on solutions

In this section, we give some basics on the solutions. Moreover, we introduce some classes
of solutions and provide several examples.

From now on, following the notation used in [3, Proposition 8], given a semigroup X, we
will briefly call solution on X any map s : X x X — X x X givenby s(x, y) = (xy, 6x(»)),
where 6, is a map from X into itself, satisfying (P1) and (P2).

Example 1 (cf.[19]) Let X be asetand f, g : X — X idempotent maps such that fg = gf.
Setx -y = f(x), forall x, y € X, one has that (X, -) is a semigroup and the map s(x, y) =
(x -y, g(y)) is a solution on X.

Note that the previous example belongs to the class of P-QYBE solutions, namely the
maps that are solutions both to the pentagon and the Yang—Baxter equations [4].

Definition 1 Let (X, -) and (Y, %) be two semigroups and s(x,y) = (x - y,60,(y)) and

r(a,b) = (axb, ny(b)) two solutions on X and Y, respectively. Then, s and r are isomorphic
if there exists a semigroup isomorphism f : X — Y such that

f0x () =nfa) f(O), 3)

forall x, y € X, or, equivalently, (f x f)s =r(f x f).
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A complete description in the case of a group is given in [3, Theorem 15]. For the sake of
completeness, we recall such a result below.

Theorem 2 Let G be a group. Consider a normal subgroup K of G and a system of repre-
sentatives R of G/K such that 1 € R. If w : G — R is a map such that u(x) € Kx, for
every x € G, then the map s(x,y) = (xy, w@ ' (xy)) ,forall x,y € G, is a solution
on G.

Conversely, if s is a solution on G, then the set K = {x € G | 01(x) = 1} isa
normal subgroup of G for which Im 6 is a system of representatives of G /K that contains
1, 61(x) € Kx, foreveryx € G, and s(x,y) = (xy, 01 ()c)_1 01 (xy)) ,forallx,y € G.

By Theorem 2 and making explicit the condition (3), it is easy to check that two solutions
s(x,y) = (xy,0;(y)) and r(x, y) = (xy, nx (¥)) on the same group G are isomorphic via
f € Aut(G) if and only if f6; = n; f,i.e., f sends the system of representatives 01 (G) into
the other one n1 f(G).

However, describing all the solutions, up to isomorphisms, on arbitrary semigroups turns
out to be very hard. Indeed, even in the case of semigroups of small order, there are a lot of
solutions, as one can see in [18, Appendix B]. A first step could be studying specific classes
of solutions. In this regard, one can find in [6, Theorem 5.5] a complete description of all
involutive solutions.

Definition 3 Let X be a semigroup and s(x, y) = (xy, 6;(y)) a solution on X. We say that
the map s is

— non-degenerate if 0y is bijective, for every x € X;
— involutive if s* = idyy x;
— idempotent if s* = s.

Example2 1. [3, Examples 2-2.] Let X be a semigroup and y : X — X a map. Then, the
map s(x,y) = (xy,y (y)), for all x,y € X, is a solution if and only if y € End(X)
and y2 = y. One can easily check that such a solution s is non-degenerate if and only if
Yy = idx.

2. As aparticular case of 1., if X is a semigroup and e € E(X), where E(X) denotes the set
of the idempotents of X, the map s(x, y) = (xy, e), forall x, y € X, is an idempotent
solution.

3. Let X be a semigroup belonging to the variety S := [abc = bc] (see [20, p. 370]). Then,
the map s (x, y) = (xy, xy), forall x, y € X, is an idempotent solution.

4. Every Clifford semigroup X gives rise to the idempotent solution s given by s(x, y) =
(x y,y~! y) , forall x, y € X.Recall that a Clifford semigroup X is a semigroup in which
every x € X admits a unique x7 ! e X such that xx 'x = x,x 'xx7! = x|, and
xx~1 = x71x (see [21, Exercise I1.2.14]).

5. [18, Appendix B] Let X = {0, a, b} and S the null semigroup on X, i.e., xy = 0, for all
x,y € X. Consider the maps 6y = ids and 6, = 6 such that 6,(0) = 0, 6,(a) = b,
and 6, (b) = a. Then, the map s(x, y) = (0, 6,(y)) is an idempotent and non-degenerate
solution on S.

Other classes of solutions that can be studied are the commutative and the cocommutative
ones (see [3, Definition 6]). These kinds of solutions are in analogy to the commutative and
the cocommutative multiplicative unitary operators, i.e., solutions of (1) defined on Hilbert
spaces (see [1, Definition 2.1]).
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Definition 4 A solutions : X x X — X x X is said to be

— commutative if 512513 = $13512;
— cocommutative if 13523 = $23513.

If X is a semigroup and s(x, y) = (xy, 6,(y)) asolution on X, it is a routine computation
to check that the map s is commutative if and only if

xzy = xyz (Cl) Oy = Xy (C2)
for all x, y, z € X. Instead, s is cocommutative if and only if
x0y(z) = xz (CCl1) 0,0y, = 0,0, (CC2)

forall x, y,z € X.

There exist solutions that are both commutative and cocommutative, such as the maps in
Example 1. Moreover, according to [6, Corollary 3.4], if s is an involutive solution, then s is
both commutative and cocommutative.

If M is amonoid, it follows by (CC1) that the unique cocommutative solution on M is given
by s(x, y) = (xy, ), for all x, y € M. In the next result, we describe all the commutative
solutions on a monoid.

Proposition 5 Let M be a monoid. Then, a solution s(x,y) = (xy, 6x(y)) on M is commu-
tative if and only if M is a commutative monoid and 0, =y, withy € End(M), y* =y, for
everyx € M.

Proof By Example 2-1.,s(x, y) = (xy, ¥ (¥)), is a commutative solution on M. Conversely,
let us assume that s(x, y) = (xy, 6x(y)) is commutative. Then, by substituting x = 1 in
(C1), the monoid M is commutative and, by (C2), 8; = 6y, for every y € M. Thus, by (P1)
and (P2) the claim follows. ]

3 Properties of the maps 0y involving the idempotents

In this section, we provide some properties of the maps 8, which involve the idempotents of
arbitrary semigroups and that will be used in the next.

Firstly, according to [10, p. 69], among the idempotents in any semigroup X, there is a
natural partial order relation by the rule that

Ve, f€eE(X) e< f=ef =fe=e.

Thus, we can collect the following easy properties for the maps 6, on X.
Lemma 6 Let X be a semigroup, e, f € E(X) suchthate < f, and s(x,y) = (xy, 6x(y)) a
solution on X. Then, the following hold:

L. 6.(f) € E(X),

2. Be(e) < 6.(f),
3. 0f =0g,(r)0.

Now, following [5, p. 22], given a semigroup X and e € E(X), then e is a left identity (or
right identity) if ex = x (or xe = x), for every x € X, and the sets

eX={xeX |ex=x} Xe={xeX | xe=ux}

are respectively the principal right and left ideals of X generated by e. Moreover, we set
eXe = eX N Xe. We can check the following properties.
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Lemma 7 Let X be a semigroup, e € E(X), and s(x,y) = (xy, 6 (y)) a solution on X.

1. Ifx € Xe, then 6, (e) € E(X),
2. ifx € eX, then 6,(x) € 6.(e) X,

Proof TInitially, assume that x € Xe. Then, by (P1), 0y (e) = 0, (e)0x.(€) = Ox(e)bx(e).
Now, assume that x € eX. Thus, using (P1), we have that 6,(x) = 6,(ex) = 6,(e)0,(x).
Hence, since by Lemma 6-1. 6,(e) € E(X), we get 0,(x) € 6.(e)X. ]

As a direct consequence of the previous lemma, we have the following properties for
arbitrary solutions defined on a monoid.

Lemma 8 Let M be a monoid with identity 1 and s(x, y) = (xy, 0x(y)) a solution on M.
Then, the following hold:

1. 6x(1) € E(M),
2. 01 = 6, (1)0x,
3. 61(x) € O1(HM,
4. Qx = 991 (x)ex;
for every x € M.
In particular, it follows by Lemma 8-4. that the only non-degenerate solution on a monoid
M is that for which 6, = idy,, for every x € M.
We conclude this section focusing on solutions on semigroups having central idempotents,
i.e., it holds xe = ex, for all e € E(X) and x € X. Obviously, in this case, Xe = eX. The

result we provide is consistent with Lemma 11 and the equation (4) of [3]. Let us first recall,
that if e € E(X), the set

H,={xeXe|dyeXe xy=yx=c¢e}

is a group with identity e. In particular, if e and f are distinct idempotents, then H, and Hy
are disjoint. If x € H,, let us denote by x~ the inverse of x in H,.

Proposition 9 Let X be a semigroup having central idempotents, e € E(X), x € H,, and
s(x,y) = (xy, 6x(y)) a solution on X. Then, the following hold:

L. Oc(e) < gx(e);
2. 0.(x) € Hy,(e) and in particular 0,(x)™ = 0y (x_);
3. if f e E(X) issuchthat f <eandy € Hy, then 0,(y) = 0, (x)™ 0.(xy).

Proof At first, we have that, by Lemma 6-1., 6,(¢) € E(X), and, by Lemma 7-a., it holds
that 6, (e¢) € E(X). Thus,

e (e)0x(e) = 6, (xx_) Ox(€) = 0p(x)0cx (x_) Ox () = 0p(x)0ex(€)0ex (x_)
= B¢ (x€)0ex (x_) = 00 (x)0cx (x_) =0, (xx_) = 0.(e),

and so 1. follows. Besides, by Lemma 7-c., 6, (x) € X0, (e) and also 0, (x~) € X6,(e), since
Ox (x7) 6e(e) = 6, (x~€) = 6, (x~). Hence, we get

Be(X)0x (x7) = 0o (x)0ex (x7) = Oe (xx7) = e(e)
and

O (x‘)@e(x) =0, (x_) O.(x)0,(e) Oy (x_) € X0,.(e)
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= 0x (x7x) Oc(e)
= 6 ()6, (e)
= 0c(e).

Finally, if f € E(X) issuchthat f <eandy € Hy, then, by 2., we obtain
0x(y) = Ox (efy) = Oy (xx™ fy) = 0; (x7) Oe(xy) = 0 (X)7 Oe(xy),

which completes the proof. O

4 Properties of the maps 0, of idempotent solutions

In this section, we collect some properties of the maps 6, of idempotent solutions on arbitrary
semigroups.

Initially, it is a routine computation to check that a solution s(x, y) = (xy, 6,(y)) on a
semigroup X is idempotent if and only if

xybx(y) = xy, Im)

gxyex (y) =0y (y)7 (12)

for all x, y € X. In particular, by (I1), if X is a group the unique idempotent solution on X
is the map s(x, y) = (xy, 1); such a solution s belongs to the class of solutions discussed
in Example 2-1.. On the other hand, considering this class of solutions on monoids, one can
easily check the following result.

Proposition 10 Let M be a monoid and y : M — M a map. Then, s(x, y) = (xy, y(y)) is
an idempotent solution on M if and only if y € End(M), y? =y, and xy (x) = x, for every
xeM.

By the previous proposition, in particular, the solution s(x,y) = (xy,y) on M is
idempotent if and only if M is an idempotent monoid.

However, taking monoids even of small orders, one can note that among the solutions there
are several of the idempotent type that do not belong to the class of solutions in Example
2-1.. The following is an easy example.

Example 3 [18, Appendix B] Let X = {1, a, b} and M be the commutative monoid on X
with identity 1 and multiplication given by a® = a, ab = a, b*> = 1. Then, there are three
idempotent solutions up to isomorphism:

Los(x,y) = (xy, D

2. r(x,y)=(xy,y(),withy : M — M definedby y(1) = y(b) =1 and y(a) = a;

3. t(x,y) = (xy, 6«(y)), with 6y : M — M the map given by 6,(1) = 1, 6,(a) = a, for
every x € X, and 01(b) = 6,(b) =1 and 6,(b) = b.

Based on the above arguments, in the next, we will focus on idempotent solutions. We first
give the following properties, which hold, in general, for idempotent solutions on arbitrary
semigroups and whose proof is a routine computation.

Proposition 11 Let X be a semigroup and s(x, y) = (xy, 0x(y)) an idempotent solution on
X. Then, the following hold:
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L. B, (y) = Oy,
2. 6y = 0,6yy,
3. 0x(y2) = 9x(y2)9y(2),

forallx,y,z € X.

Proposition 12 Let X be a semigroup, e € E(X), and s(x, y) = (xy, 6x(y)) an idempotent
solution on X.

1. If x € Xe, then

a. x € X6y (e),
b. Vy € X 0),(x) € X0,(e),
c. 6, =0,0,.

2. Ifx € eS, then

d. 6.(x) € E(X),

e. x € X6,(x),

f. Vye X 6y(x) € X0,(x),
g. Oy is an idempotent map.

Proof Initially, assume that x € Xe. Then, by Lemma7-a., 6, (e) € E(X). Moreover, by (I1),
we get x = xe = xefy(e) = x6y(e). Besides, if y € X, by Proposition 11-3., we have that

0y (x) = 0y(xe) = 0y (xe)0x(e) = Oy (x)bx (),

and so b. follows. Finally, by Proposition 11-2., 6, = 6,6y, = 6.6y, i.e., c. holds.
Now, suppose that x € eX. At first, by (I1), we obtain that x = ex = ex6,(x) = x6,(x)
and so

0 (x) = 0, (x0¢ (X)) = 0, (X)0ex0c(x) = ee(x)za

where in the last equality we apply (I2). Thus, d. and e. follow. Moreover,

0r = 6g,(x) by Proposition 11-1.
= 06,.6,(x)bexb, (x) by (P2)
=09, (x)bx by (12)—(11)
= 0,0y by Proposition 11-1.

hence 6, is an idempotent map. Finally, if y € X, by Proposition 11-3., we have that
0y (x) = 0y (ex) = 0y(ex)0c(x) = Oy (x)0,(x).
Therefore, the claim follows. O

As a consequence of the previous proposition, we obtain the following result.

Corollary 13 Let X be a semigroup, e € E(X), x € eXe, and s(x,y) = (xy,6(y)) an
idempotent solution on X. Then, the following hold:

1. 6.(x) € E(X),

2. x € X0,(x) N X0, (e),

3. 6, = 0,0y,

4. Vye X 6y(x) € X6.(x) N X6 (e),
5. 6 is idempotent.
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Remark 1 Note that if s is an idempotent solution on a monoid M with identity 1, in general,
01(E(M)) # E(M). Indeed, if we consider the set X = {1, a, b} and the commutative
monoid M on X with identity 1, E(M) = {1, a}, and such that ab = a, we have that the only
idempotent solution is s(x, y) = (xy, 1).

5 Idempotent solutions on monoids having central idempotents

In this section, we focus only on idempotent solutions defined on monoids. In particular, we
will give a description theorem for idempotent solutions defined on monoids having central
idempotents. In addition, we will show that specific idempotent solutions are strictly linked
to the kernel congruence of an idempotent monoid homomorphism.

Initially, given an idempotent solution s on M, all the statements of Corollary 13 hold
for the identity 1. In particular, 0y (x) € E(M) and x € M0;(x), for every x € M. As a
consequence, we have the following:

Proposition 14 Let M be a cancellative monoid. Then, s(x,y) = (xy, 1) is the unique
idempotent solution on M.

Proof Since the identity is the unique idempotent of M, then 0;(x) = 1, for every x € M.
Moreover, by Proposition 11-1., 6, = 6y, (x), for every x € M, and so the claim follows. O

Thus, from now on we will consider not cancellative monoids. We have the following
properties.

Proposition 15 If M is a monoid and s(x,y) = (xy, 6x(y)) an idempotent solution on M,
then

1. 61(1) =1,

2. 0y = 0p,(x),

3. 61(x) = 6:(1),
4. 6y is idempotent,

foreveryx € M.

Proof The first statement directly follows by (I1). The second one follows by Proposition
11-1. and the fourth one by g. in Proposition 12. Moreover, if x € M, then 8y (x) = 0;(x1) =
01(x)6,(1). On the other hand, by (I12), it holds 6,61 (x) = 61(x), and so we obtain

Ox (1)01(x) = 0x(1)0x01 (x) = 0x(161(x)) = 0,01 (x) = 01(x),
ie., 01(x) < 0x(1). O

Given a monoid M, recall that a right unit is an element r of M for which there exists
r’ € M such that ' = 1. Analogously, [ € M is a left unit of M if there exists a left inverse
I" € M such that I'l = 1. Next, we prove some properties that hold for any right unit of a
monoid M and that can be shown also for any left unit/ € M (exchanging the roles of r and
" and of r" and [, respectively).

Proposition 16 Let M be a monoid and s(x,y) = (xy, 0 (y)) an idempotent solution on M.
Ifr € M is a right unit of M, then the following hold:

1. 6, (r') = 1, where r' € M is such that rr' = 1,
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2. 6,(r) =1,
3. 61 =6,.

Proof The equality 6, (r’ ) = 1 follows by setting x = r and y = r"in (I1). As a consequence,
we have that 61 (r) = 61 (r) - 1 = 01 (r)6, (r') = 61 (rr’) = 61(1) = 1. Moreover, by Lemma
8-4., it follows that 6, = 6, () = 0. m]

In general, it is not true that 6, (M X) C M*, where MX is the group of units of a monoid
M, as we show in the next example.

Example 4 [18, Appendix B] Let us consider the set X = {1, a, b} and the idempotent
commutative monoid M on X with identity 1 and such that ab = b. Clearly, MX = {1}.
Then, there exists an idempotent solution on M for which 6,(1) = a. Such a solution is
defined considering the maps 61 =6, : M — M givenby 0;(1) = 6,(1) = 1and 61(b) = b
and the map 6, : M — M given by 0,(1) = 65(a) = a and 9, (b) = b.

In the last part of this section, we will focus on idempotent solutions on monoids M for
which 6 is also a homomorphism from M to E(M). This assumption is not restrictive, as we
show in the next result. Indeed, it is a necessary condition for idempotent solutions defined
on monoids in which the idempotents are central. In the following, let us denote by Z(M)
the center of M.

Proposition 17 Let M be a monoid such that E(M) C Z(M) and s(x, y) = (xy, 6x(y)) an
idempotent solution on M. Then, the map 61 is an idempotent monoid homomorphism from
M to E(M).

Proof Initially, by Proposition 15-4., the map 6, is idempotent. Besides, recalling that 6 (x) €
E(M), for any x € M, we have that

O1(xy) = 01(x)0x (¥)01(x) by Corollary 13-1.

= 0101 (x)0p, (x) (¥)01 (x) by Proposition 11-1.

=01 (01(x)y) 1 (x) by (P1)

=01 (y01(x)) O1(x)

= 01()0y01(x)0 (x) by (P1)

= 01(»)01(x)0y0 (x)

= 01(y)01 (x)0g, (01 (x) by Proposition 11-1.

= 01(»)01 (x) by (I1)
for all x, y € M. Finally, by Proposition 15-1., it holds that #;(1) = 1, hence the claim
follows. O

Note that the converse of Proposition 17 is not true. Indeed, the map s(x, y) = (xy, 1) is
a solution in any monoid.

Lemma 18 Let M be a monoid such that E(M) € Z(M) and s(x,y) = (xy,0;(y)) a
solution on M for which 61 is an idempotent monoid homomorphism from M to E(M) such
that x = x01(x), for every x € M. Then, s is idempotent if and only if (12) is satisfied.

Proof Tt is enough to notice that (I1) holds since, by (P1),

xy = x01(x)y01(y) = xy01(xy) = xy01 (x)0x (y) = x01(x)y0r (¥) = xy0x (),
forallx,y € M. O
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The next result is a description of all idempotent solutions on a monoid M having central
idempotents.

Theorem 19 Let M be a monoid for which E(M) C Z(M) and |t an idempotent monoid
homomorphism from M to E(M) such that, for every x € M, u(x) = ey, withey € E(M) a
right identity for x. Moreover; let {6, : M — M | e € Im u} be a family of maps such that
01 = u, and for every e € Im p,

O (xy) = O (x)0 (), 4)
forallx,y € M, with f = p(ex), and
O = OcOef, )
for every f € Im , and
OefOe(x) = 0,(x), (6)

forevery x € M, with f = wu(x). Then, set 0y = 6,(x), for every x € M, one has that the
maps: M x M — M x M given by s(x, y) = (xy, 6x(y)) is an idempotent solution on M.
Conversely, every idempotent solution on M can be so constructed.

Proof Let x, y,z € M. Then, using (4) we obtain (P1), since

Ox (Y)Qxy(z) = UOux) (Y)GIL(;L(x)y) (2) = Qu(x) (yz) = 0x(y2).

Moreover,

B, () Oxy (2) = 016, () O o)) (2)
= 6910, (y)09, (0161 (») (2)
= 99,(y)991(x)g1(y) (2) by (5) since 61 = 616,
=0y(2) by (5)

and so (P2) is satisfied. Thus, by Lemma 18, (I1) holds. Finally, applying (6), we get
gxyex ) = p.(x)u.(y)eu(x) O = Qu,(x)()’) =0x(y).

Therefore, s(x, y) = (xy, 6x(y)) is an idempotent solution on M.

Vice versa, if we assume that s(x, y) = (xy, 6,(y)) is an idempotent solution on M, then
by Proposition 17, u = 6; is an idempotent monoid homomorphism, and, by Proposition
12-2.(e), we have that x € M6;(x), for every x € M. In addition, by Proposition 15-2.,
Ox = 6p,(x), forevery x € M. Hence, by(P1), we obtain (4). Now, lete, f € Im 6y, thus there
exist x, y € M such that e = 0y (x) and f = 6;(y). Besides, by (P2),

Oc = 0oy (x) = Ox = 9, (0)0yx = 001 (x) 001 ()61 (x) = OeO e
and so (6) holds. Finally, by (I2), if e € Im6;, x € M, and f = 6;(x), we obtain
Gefee(x) = 901(16)*)091():)()’) = 9xy9x(y) =60,(y) = 691()()()7) =6.(3),
for every y € M, hence (6) holds. O

Remark 2 Unlike solutions defined on groups, in the case of idempotent solutions on monoids,
it is not possible to find a way to write the maps 6, by means of the map 6, as in Theorem
2. Indeed, if we look at the idempotent solutions on the monoid M in Example 4, one can
see that there are three different solutions having the same map 6; : M — M given by
61(1) =6,(1) =1 and 6;(b) = b.
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The next result narrows down that choice of the maps 6, in Theorem 19. Indeed, given
an idempotent solution on a monoid M such that 6, is a monoid homomorphism from M to
E(M), one has that the kernel of 61, i.e., the set

ker0y = {(x,y) e M x M | 01(x) = 01(y)}

isacongruence relation on M. Thus, one can naturally consider the quotient monoid M / ker 60;
(see [22] for more details). Additionally, we have the following properties.

Theorem 20 Let M be a monoid and s(x, y) = (xy, 0x(y)) an idempotent solution on M
such that 01 is a monoid homomorphism from M to E(M). Then,

1. 61(M) is a system of representatives of M / ker 0 that contains the identity;
2. (0x(y),y) e ker6y, forallx,y € M.

Proof The first part is a consequence of the idempotence of the map 6; by 4. in Proposition 15.
In fact, Proposition 15-1., we have that 1 = 61(1) € 6;(M). Moreover, since by Proposition
15-4. 0; is an idempotent map, we easily obtain that (0;(x), x) € ker 6y, for every x € M.
Besides, if x, y € M are distinct and such that (01 (y), x) € ker 6, then we get 0;(y) =
01(01(y)) = 01(x).

The second part follows by Corollary 13-3., since 616, (y) = 61(y), forall x, y € M, and
s0 (0x(¥), y) € ker 0;. Therefore, we get the claim. ]

Corollary 21 Let M be a monoid for which E(M) C Z(M) and s(x,y) = (xy, 0x(y)) an
idempotent solution on M. Then, 01 (M) is a system of representatives of M /Xker 01 that
contains the identity and (6x(y), y) € ker 0.

Proof 1t is a consequence of Theorem 20, since, by Proposition 17, the map 6; is a monoid
homomorphism from M to E(M). O

Remark 3 Let M be a monoid for which E(M) € Z(M) and s(x, y) = (xy,0x(y)) and
r(x,y) = (xy, nx(y)) two idempotent solutions on M. Then, by (3), if such solutions are
isomorphic, there exists an isomorphism f of M such that f6; = n f, i.e., f sends the
system of representatives 61 (M) of M /ker 61 into the other one 1 f (M).
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