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ARTICLE INFO ABSTRACT

Keywords: This study provides an in-depth characterization of Jet-Al swirled flames’ dynamics using
Multiscale proper orthogonal decomposition advanced decomposition techniques on high-speed OH* chemiluminescence images. Research
(mPOD) conducted in a 300-kW combustor with global fuel-to-air ratios @ = 0.36, 0.24, and 0.18 reveals
Proper orthogonal decomposition (POD) dominant low-frequency components under ultra-lean conditions through statistical and wavelet

Dynamic mode decomposition (DMD)
Chemiluminescence

Flame stability

Swirled combustor

analyses. Integrating Proper Orthogonal Decomposition (POD), Dynamic Mode Decomposition
(DMD), and Multiscale Proper Orthogonal Decomposition (mPOD) enhances understanding by
detailing the energy and frequency of flame modal structures. Observations show that as @ de-
creases, flame size and intensity reduce, while fluctuations increase, indicating a transition to-
wards unstable combustion dynamics. Furthermore, the frequency and intensity of burst
phenomena increase, particularly in higher modes, indicating the system’s approach to lean
blowout (LBO). The application of nonlinear time series analysis, including autocorrelation (AFC)
and phase space reconstruction, to mPOD eigenvalues, detects early warning signs of LBO. At
lower @, the ACF reveals significant and frequent bursts, indicating high instability and inter-
mittent behavior. Phase space reconstruction shows distorted orbits with a spiral-like structure,
characteristic of substantial damping and irregular behavior near blowout conditions.

1. Introduction

Lean Blow Out (LBO) represents a considerable safety concern in aircraft engines, characterized by combustion instability when the
air-to-fuel mixture becomes excessively lean. In this condition, the air-fuel ratio is too high, leading to flame oscillation that can
jeopardize the safety of the combustor and the overall system. Understanding the lower stability limits of the combustor in proximity to
LBO is vital for ensuring safe operation and preventing hazardous situations. Predicting LBO mechanisms is a complex task, as it defies
easy simplification. Nassini et al. [1] have presented a Computational Fluid Dynamics (CFD) methodology that accurately describes
and captures the dynamics of flame extinction under extremely lean operating conditions in gas turbine combustors. The methodology
underwent initial validation using a laboratory test case. Sun et al. [2] performed an investigation using a semi-empirical correlation to
quickly forecast the LBO limits. They used the Flame Volume model for a multi-point lean direct injection combustor with a unique
dome geometry different from conventional combustors. In their study, Panchal et al. [3] used Large Eddy simulation to predict LBO in
arig combustor. They simulated the flame for different reductions in fuel flow rate while considering two different fuels. By analyzing

* Corresponding author.
E-mail address: mariagrazia.degiorgi@unisalento.it (M.G. De Giorgi).

https://doi.org/10.1016/j.csite.2024.104651
Received 12 January 2024; Received in revised form 22 May 2024; Accepted 3 June 2024

Available online 4 June 2024
2214-157X/© 2024 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/).



M.G. De Giorgi et al. Case Studies in Thermal Engineering 60 (2024) 104651

the combustion mode, they observed that the heat release rate (HRR) decreases with the equivalence ratio and is related to the
non-premixed segment of the flame. De Giorgi et al. [4] conducted an experimental investigation that varied the fuel-to-air ratio of a
burner until ultra-lean conditions were reached. They observed the presence of flame instabilities that had a negative impact on
combustion efficiency. OH* chemiluminescence visualization helped in the study of the instability. The same authors [5], also, carried
out an experimental investigation of the viability of high-speed visualization methods for combustion flames, and obtained significant
parameters for the characterization of instability and subsequent blowout. Zhao et al. [6] aimed to comprehend the lower stability
thresholds of gas turbine burners and the flame spray characteristics near LBO. Their goal was to assess how decreasing fuel rates and
injector pressure drop affect LBO performance in a multi-staged vortex burner with an air-blast injector. Early detection of LBO is thus
crucial for implementing preventive measures. Jin Jang et al. [7] evaluated a remote sensing method for dynamically measuring
pressure in a combustion chamber, avoiding direct exposure of sensors to hot gases. Feasibility was verified through an acoustic
experiment in a model gas turbine, evaluating sensor adapter performance. Modal shapes at a resonant frequency of 160 Hz were
observed in various measurement positions. In an adapter performance experiment, the optimal design shape was determined,
indicating improved accuracy in dynamic pressure measurements and a reduced risk of combustion instability. Zheng et al. [8]
provided valuable results to assist in future fuel optimization and mitigate the risk of adverse performance from new fuels in gas
turbines. They examined the effect of various alternative jet fuels with differing chemical and physical properties on the LBO limit. The
ignition and LBO were experimentally investigated by Zhang et al. [9] under sub-atmospheric conditions in a combustor utilizing flame
stabilization through trapped vortices. They highlighted a significant decrease in performance and, with the aid of high-speed images,
captured the ignition process, revealing that the pilot flame rotates along with the main vortex. Raju Hasti et al. [10] introduced a
data-driven approach employing machine learning to detect early signs of LBO in a real gas turbine combustor. They demonstrated this
method using temperature and hydroxyl radical mass fraction (OH*) data obtained from large eddy simulations of Jet-A combustion.

The work conducted by Begiashvili et al. [11] presents a detailed analysis comparing various modal decomposition techniques,
such as POD, DMD, and mPOD. Through the examination of four fluid dynamics test cases, they evaluate the performance of these
techniques to provide a fair comparison and determine the most suitable solution for specific situations.

The Proper Orthogonal Decomposition (POD) is extensively employed in post-processing analysis of image datasets to extract
essential information about flame dynamics overcoming limitations associated with traditional point-based measurement techniques.
By enabling a full-field analysis, POD can identify dominant modes of variation within the data, facilitating a deeper understanding of
complex, transient, and turbulent behaviors inherent in combustion processes. This approach is employed in the examination of
combustion instabilities within gas turbine engines, offering valuable perspectives on sophisticated non-intrusive diagnostic meth-
odologies for foundational research (Ruan et al. [12]). Charalambides et al. [13] applied POD to analyze flame chemiluminescence
images generated by a Homogeneous Charge Compression Ignition (HCCI) engine and identified multiple ignition sites in each POD
mode. Zao et al. [14] examine the influence of pilot swirlers on flame and thermo-acoustic instability in triple-swirler staged com-
bustors. Utilizing POD, they identify energetic modes in velocity and OH radical fields. Increased swirl in the inner pilot swirler en-
hances vortex shedding and radial flame propagation, while swirl in the outer pilot swirler primarily affects vortex shedding. The
energy ratio shows a nonlinear increase with swirl augmentation, emphasizing the significance of POD technique in a detailed analysis
of these phenomena. Zhaoyi et al. [15] devised a sensor placement approach that optimizes monitoring efficiency while reducing
implementation costs by integrating a reduced order model; they achieve this by decomposing the spatio-temporal field to be
monitored using the POD method. An experimental investigation was carried out by Liu et al. [16] on the nonlinear response of a
low-swirl, acoustically excited, premixed methane/air flame, and the results were visualized using POD to pinpoint the predominant
structures within the flame characterized by the most energetic modes. Fontanarosa et al. [17] and De Giorgi et al. [18] conducted a
study to assess the effect of emulsified fuels with added water and urea on combustion performance and pollutant emissions,
considering various concentrations and equivalence ratios. Using POD on flame images (both broadband and chemiluminescence of
the hydroxyl radical), they were able to identify the most crucial flame structures.

LBO can be studied by coupling Dynamic Mode Decomposition (DMD) to POD; in fact, Cao et al. [19] utilized high-speed OH
laser-induced fluorescence measurements to capture dynamics like local extinction and reignition in a near-LBO flame. By employing
POD and DMD, they analyzed the dynamics of the flame. The results indicated that in a stable flame, the radial vibration mode prevails,
whereas the rotational mode is present in a near-LBO flame. Rajasegar et al. [20] used DMD to analyze the flame dynamics and provide
a characterization by exploring the coherent structures and their energy contents. They utilized numerically generated images and
OH-planar laser-induced fluorescence for this purpose. Weixuan et al. [21] used both POD and DMD analyses to investigate com-
bustion instability in a solid-fuel ramjet combustor. The objective was to illuminate the flow characteristics and energy distribution
among unstable self-modes. Palies et al. [22] employed the DMD technique to visualize the flow field and analyze temporal signal
traces, aiming to investigate the mechanism responsible for the lean blowoff of a premixed flame. Nanda et al. [23] analyzed OH
chemiluminescence data using POD and DMD in a multi-stage direct-injection multi-nozzle combustor. They employed unstable modes
to identify the progression of combustion instability when different fuel stages interacted. Palies et al. [24] utilized images of a
pre-mixed flame from a low swirl injector at three different equivalence ratios to apply the DMD technique. This approach reveals the
frequencies related to the spatial modes. Yang et al. [25] successfully predicted the temperature of a critical point (HST) and the
distribution of winding temperatures within a few seconds. This was achieved using a novel method based on DMD.

Multiscale Proper Orthogonal Decomposition (mPOD) is a technique that aims to balance energy maximization and spectral purity
by constraining the spectral content of its modes to predefined frequency bands. This approach allows for multi-resolution analysis,
with the calculation of POD at each resulting scale. Another benefit of mPOD is dimensionality reduction as it identifies the dominant
energy modes of the system, allowing for more concise description and isolation of noteworthy features. In their study, Mendez et al.
[26] applied mPOD to time-resolved PIV measurements, achieving a balance between decomposition convergence and spectral purity
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in a flow through a cylinder under both stable and changing conditions. The mPOD technique successfully identified beat phenomena
in the wake of the stationary cylinder and discerned the transition between different steady-state regimes in the transient test case. The
same authors [27] conducted a comparative analysis of mPOD against other techniques, including POD, DMD, and Spectral Proper
Orthogonal Decomposition (SPOD). The evaluation focused on assessing feature extraction capability, residual decay concerning the
number of modes, and time-frequency localization. In another study, Procacci et al. [28] utilized mPOD to explore the dynamics of the
flow field in flames stabilized by a sand body, both in swirling and non-swirling configurations. They determined that mPOD was
successful in discerning primary flow patterns within the velocity field and isolating coherent structures associated with various in-
stabilities in the flow.

Chemiluminescence is an important spontaneous emission from flames that can be used to study combustion and asses its char-
acteristics. Wenkai et al. [29] investigated OH* chemiluminescence as a valuable indicator for analyzing the rate of heat release in
flames. Lean combustion is advantageous for reducing NOx emissions, but it is prone to instability, and accurately measuring the
equivalence ratio in real-time is a crucial goal. On a lean premixed dual-swirl flame, Liu et al. [30] investigated the characteristics of
methane combustion, temperature, and radical concentration for NOx emissions, as well as chemiluminescence, by varying equiva-
lence ratios (@) and swirl numbers (S). They observed that @ and S have distinct effects on chemiluminescence intensities and flame
structure. A linear relationship was proposed to monitor NOx emissions based on chemiluminescence. Tobias et al. [31] used OH*
chemiluminescence images to detect reaction zones in a rotary detonation combustor (RDC), which has the potential to provide ef-
ficiency gains as a pressure-gain combustion system for gas turbine. Aradhey et al. [32] investigated the interactions between
unreacted acoustics and spray droplets in fully self-excited combustion instabilities. They used OH* chemiluminescence imaging to
analyze the flow field. In the investigation conducted by Zhao et al. [33], a burner was specifically crafted to produce axisymmetric
diffusion flames, and chemiluminescence images of OH* were recorded from laminar hydrogen diffusion flames.

The authors of this work conducted an experimental investigation of the mPOD technique using OH* chemiluminescence images,
starting from pressure signals up to the use of the POD technique. Specifically, three conditions of the global equivalence ratio (&) were
studied in a combustor that is a 300 kW liquid-fuel single swirl cylindrical burner, designed with inspiration from a typical aeroengine
gas turbine configuration to characterize lean combustion conditions: @ = 0.36, @ = 0.24, and @ = 0.18. Experimental tests were
carried out using the burner in non-premixed fueling mode, pressure signals were acquired for the two extreme cases of the global
equivalence ratio (@ = 0.36 and @ = 0.18) and the data generated by it were studied through the Fast Fourier Transform (FFT). Flame
stability characterization was carried out by chemiluminescence of the OH* species, obtained from images acquired through a fast
camera equipped with a photographic filter.

Early detection of the system approaching blowout is crucial to prevent the occurrence of blowout phenomena and to increase the
stability margin by taking necessary measures in widely used turbulent combustors. To achieve this, it is essential to analyze the
characteristics of combustor dynamics leading up to blowout. In the present work, the analysis of the presence of flame intermittency
states, based on the temporal series of the mPOD eigenvalues, has been conducted to identify the approach of blowout.

The mPOD emerges as a particularly methodology for the characterization of Lean Blowout (LBO), a critical phenomenon char-
acterized by the intricate interplay of multiple scales, ranging from large-scale flow structures crucial for air-fuel mixing to small-scale
turbulence that significantly influences flame stability. The mPOD’s inherent capability to segregate flow fields into distinct mode
shapes, leveraging both spatial and temporal characteristics, provides an enhanced resolution that delineates these scales with
exceptional clarity. Such refined separation is instrumental in deciphering the complex interactions that precipitate the onset of LBO,
shedding light on the underlying mechanisms responsible for flame extinguishment.

As flame approaches LBO, it exhibits markedly unstable behaviors, often obscured by the experimental noise inherent in mea-
surement setups. Here, the mPOD’s advanced filtering prowess comes to the fore, adeptly isolating coherent structures from back-
ground noise, thereby ensuring that the analysis remains focused on the physical phenomena directly relevant to flame behavior near
extinction. This capability is critical in accurately characterizing the precursors to flame extinction, offering insights into pertinent
dynamic features crucial for understanding LBO dynamics.

The period leading up to LBO is typified by critical transitions, including shifts in dominant flow structures and emergent in-
stabilities. The mPOD stands out by its capacity to distinctly identify and segregate modes across a spectrum of frequencies and energy
levels, thus enabling a more nuanced detection of these transitional behaviors compared to methodologies like traditional POD or
Dynamic Mode Decomposition (DMD). By spotlighting the dynamic alterations that herald LBO, mPOD furnishes early detection of
shifts that signal critical thresholds in flame stability, providing a valuable framework for predicting and mitigating LBO scenarios.

The mPOD’s adaptability allows for a focused analysis on the scales most pertinent to understanding the dynamics of LBO, tailoring
the decomposition process to elucidate scales directly influencing flame stability and LBO mechanisms.

Moreover, the identification of dominant energy modes facilitated by mPOD provides a robust means to characterize the system’s
behavior while simultaneously achieving a reduction in data dimensionality. This aspect is particularly valuable for interpreting
complex datasets and deriving meaningful conclusions about system dynamics.

Combustion dynamics are dominated by complex processes involving a significant level of determinism, especially under fuel-lean
conditions. Recent experimental and computational studies on laminar burners have indicated that combustion systems can undergo
secondary bifurcation to states such as frequency-locked, quasi-periodic, period doubling, intermittent, and chaotic oscillations [34,
35]. Practical combustors are inherently noisy, characterized by swirling turbulent flows, and they display intermittent oscillations
under various operating conditions. These types of oscillations were investigated at the onset of combustion instabilities by Nair et al.
[36].

However, no studies have been performed to characterize intermittency prior to blowout in a turbulent combustor. Therefore, it is
of great importance to characterize the occurrence of intermittency in industrial combustors, which is a signature prior to flame
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blowout, by applying the tools of dynamical systems theory.

In other works, the study of intermittency has been conducted by analyzing the time series of pressure signals. In the present work,
we investigate the intermittency by analyzing the eigenvalues of the mPOD. This analysis focuses on identifying the approach of
blowout by examining the presence of flame intermittency states based on the temporal series of the mPOD eigenvalues.

Despite the compelling advantages offered by mPOD in flame characterization, its application remains underexplored in the
literature.

The novelty of the work lies in its integrated approach to analyzing flame dynamics using a combination of Proper Orthogonal
Decomposition (POD), Dynamic Mode Decomposition (DMD), and multiscale POD (mPOD).

By combining the strengths of POD, DMD, and mPOD, the study offers a more comprehensive understanding of flame dynamics.
This approach enables the examination of flames through different spatial—energy content with POD, frequency content with DMD,
and a hybrid focus on both energy and frequency with mPOD. This multifaceted analysis provides a richer, more nuanced under-
standing of flame behavior than any single method could achieve on its own.

The work highlights the superiority of mPOD over traditional methods (POD and DMD) in efficiently correlating spatial structures
of the flame with their respective frequencies. This efficiency is not just in computational terms but also in the depth of insights gained,
particularly in understanding the dynamics and instability of flames. The ability of mPOD to discern between spatial structures’ dy-
namics and associated frequencies marks a significant advancement in the field.

The integration of statistical and wavelet analysis of pressure signals with modal decomposition techniques and nonlinear analysis
of mPOD eigenvalues allows for a detailed characterization of flame behavior under varying conditions. By employing autocorrelation
and phase space reconstruction, this comprehensive approach captures temporal relationships, periodic behavior, and stability. It is
particularly effective under lean and ultra-lean conditions, identifying key phenomena such as the dominance of low-frequency
components and the transition towards more unstable combustion dynamics as the global fuel-to-air ratio decreases. This has im-
plications for improving combustion efficiency and reducing emissions in swirling combustors.

The insights gained from mPOD analysis can be directly applied to develop more robust combustion control strategies. By un-
derstanding the specific modal interactions and burst dynamics that lead to LBO, control systems can be designed to counteract these
instabilities, thereby enhancing the reliability and efficiency of combustion processes.

2. Materials and methods

2.1. Combustion test facility and imaging methods

The experimental investigation took place at the Green Engine laboratory, University of Salento, in Lecce, Italy. The test rig (a 300-
kW swirled liquid-fueled combustor) consists of a cylindrical combustion chamber with an inner diameter equal to 4 cm and a length of
29 cm. A sketch is shown in Fig. 1: an external compression system equipped with resistive pre-heater supplies the overall air flow, this
involves the introduction of the substance into the combustion chamber through two separate flow rates via two concentric annular
tubes. The internal tube is furnished with an eight-septa, 45° swirler, as illustrated in Fig. 2. The liquid fuel (Jet-A1) is fed at 7 bar using
a fuel pump AUDI 8K0.906.095.B Pierburg 7.50103.00, and it is sprayed into the combustion chamber with a Monarch single-hole
nozzle (Monarch 1.20 45° R), which features a 45° injection angle. The primary air flow rate is 91.5% of the total air flow rate,
while the remaining 8.5% enters the combustion chamber axially. The fuel mass flow rate was gauged using the VSE EF 0.04 ARO 14V
PNP/2 flow meter, with an accuracy of +£2% of the reading. The air mass flow rate was approximated by measuring the volumetric
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Fig. 1. Green Engine combustion chamber set-up diagram. (For interpretation of the references to color in this figure legend, the reader is referred to the Web version
of this article.)
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Fig. 2. Detail of the burner eight-septa, 45° swirler with fuel nozzle in the center without (a) and with (b) mounting seal plate.

flow rate of air under standard conditions using the Asa-C6-3100/38/EX1 asameter (accuracy: +1% f.s.v.). This value was then
adjusted based on the air inlet pressure, determined by a pressure transmitter with a ceramic sensor model Nuova Fima ST18, boasting
an accuracy of +0.75% f.s.v., and temperature.

Concerning the diagnostic equipment, combustion chamber pressure was monitored with the Kistler PiezoSmart Type 4045A2
pressure sensor located close to the flame in the combustion zone. This sensor was paired with the piezoresistive amplifier Type
4618A0, which has a pressure range of 0-2 bar. Pressure data were captured at a sampling rate of 10 kHz using a LabVIEW control and
acquisition system from National Instruments. The pressure sensor was integrated into a cooling circuit, ensuring forced coolant
circulation through a dedicated pump to maintain the local temperature below its maximum operating of 413 K. The optical access to
the combustion chamber was ensured by two out of the three circular quartz windows; the first one with a perpendicular-lateral axis to
the combustor axis, the second one with an upward-perpendicular axis, both located close to the fuel injectors, as depicted in Fig. 1.
The first window was equipped with the ICCD camera Phantom M320S with a Lambert image intensifier, while the second window was
outfitted with the Memrecam GX-1F camera from NAC Image Technology. A narrow-band filter was applied to the ICCD camera’s lens
to capture OH* radical emissions. For each test condition, 1000 images were captured at rate of 1000 Hz. Each image captured by the
ICCD was 1574 x 966 pixels in the axial and radial directions respectively, which after the cropping operation produced an
approximate field of view 60 x 56 mm. The intensifier gain for the OH* chemiluminescence recordings was configured at 900. The
OH* filter, with a center at 307.1 nm, had a 10 nm bandpass and 68% transmittance. Meanwhile, each image acquired by the
Memrecam had dimensions of 1280 x 1024 pixels. After the cropping operation, resulted in a field of view of approximately 45 x 56
mm.

Due to the non-axisymmetric nature of the air feeding line in the burner’s geometry and potential slight movements of the flames
during experimental measurements, the flame images obtained using the ICCD camera did not exhibit perfect axisymmetry.

A variety of statistical, spectral, and wavelet-based methods have been devised to establish correlations between extracted pa-
rameters and the physical properties characterizing unstable flames. Fig. 3 describes the workflow for flame monitoring, and Table 1
summarizes the applications of each data analysis technique. First, the OH* emissions images were captured by using high-speed
digital imaging systems.

Fundamental combustion frequencies were obtained through the pressure signals data through FFT and Wavelet Decomposition
techniques. Results were compared with characteristic frequency ranges found by POD analysis. Flame characteristics were then
extracted from the images through POD techniques. This analysis to break down a sequence of experimental images (snapshots) into a
collection of mutually orthogonal spatial modes, referred to as coherent structures. The meaning of these coherent structures, unlike
that suggested by Ref. [37], is to refer to patterns of chemiluminescence intensity that are coherent both in space and time. These
structures can highlight areas of high chemical activity or regions with significant fluctuations in heat release. Understanding these
patterns provides insights into the stability and efficiency of the combustion process. These structures were then ranked according to
their energy content using singular value decomposition (SVD).
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Fig. 3. Methodology applied for the study of combustion instability.
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Table 1
Summary of the applications of each data analysis technique.
Data Analysis Dataset Purpose
Technique
FFT Pressure Signals To identify dominant frequency components and their contributions to the pressure signals
POD Luminance To extract significant spatial modes and identify patterns in flame dynamics
Images
FFT POD To identify dominant frequency components and their contributions to the POD modes and choice the frequencies
Eigenvalues values for DMD and mPOD analysis
Wavelet Pressure Signals To analyze the pressure signals at different scales and capture transient phenomena
Decomposition
DMD Luminance To capture dynamic modes and elucidate flame structures by filtering specific frequency bands
Images
mPOD Luminance To enhance the analysis of flame dynamics by filtering specific frequency bands and identify flame structures at
Images given frequencies evolving over time

It permits the extraction of the time-averaged (mean) heat release mode, as well as the high-frequency heat release fluctuation
structures and their energy levels. Then DMD and mPOD analyses were performed based on the relevant frequency values identified by
the FFT analysis of the eigenvalues of POD more energetic modes.

2.2. Flame image processing

2.2.1. Proper Orthogonal Decomposition

For every test case, the dataset comprised a series of Njn; = 1000 greyscale images. Each pixel in the images was represented by an
8-bit discretized grey level value ranging from O to 255, denoting complete darkness (ultra-low brightness) to complete brightness
(ultra-high brightness), respectively. MATLAB software, equipped with custom routines, was employed to process the image set. A
cropping operation using an appropriate window was applied to display the images. The grayscale of the images was then converted to

luminance I, which ranged between 0 and 1. The time-average image I (xi, y,-) at a specific pixel point P(xl-, y,-) was calculated, as well

as the time variance image at each pixel point was computed. Using the reconstructed time-averaged image, the time variance image
was calculated at each pixel point using in Eq. (1):

2 1 N _ 2
s? (xi,yj) T ; ’I(xi,yj,tk> —I(xi,yj>‘ o

where t; represents the k-th instant of ranging from 1 to Njy,, and (xh yj> denotes the pixel row and column indices denoting point P in
the image.

The luminance of an image functions as a comparative indicator of the electromagnetic radiation emitted by the flame. Conse-
quently, higher heat release during combustion leads to a higher flame temperature and increased image luminance. The information
within the image luminance facilitates extrapolation of pertinent observations on average flame structure in terms of extension, shape,
and emission intensity, associated with the average image luminance map I. Conversely, image luminance variance S? accounts for
local fluctuations in flame emissions, providing valuable insights into the spatial distribution and extent of these fluctuations. Spe-
cifically, more unstable flame behavior corresponds to more fluctuating emission fields, resulting in an increase in image luminance
variance, as discussed in the subsequent section 3.2.

The Proper Orthogonal Decomposition technique was then used for high-speed image acquisitions to perform a space-time modal
characterization of flame behavior. This technique, detailed by Sirovich [38] and Tropea et al. [39], extracts an orthogonal basis of
eigenvalues from the flow data field g(x;t), separating spatial and temporal contributions:

806 ) =2 &i(x;t) = Zi ai(t) ¢y(x) 2

here, a;(t) represents the i-th temporal eigenfunction, capturing information about the dynamics of modal coherent structures, and
@;(x) describes the i-th spatial eigenfunction—a flow image capable of capturing sizes and forms of modal coherent structures, with x
representing generic spatial coordinates. The energy contribution of the image relative to the i-th POD mode is:

A

Aj=——
LS

3

with ; being the i-th eigenvalue of the data autocorrelation tensor.

There are two strategies that can be utilized with the POD technique, grounded on the combination of average and correlation, as
described by Kypraiou et al. [40]. The first is the classical or direct method by Lumley [41], relying on spatial correlation and temporal
average. The second, applied in this work to describe the flame dynamics, is the snapshot method of Sirovich [38], which utilizes
spatial average and temporal correlation, making it particularly suitable for datasets with high spatial resolution but a brief time
history. Certainly, the dimension of the eigenvalue problem is determined by the number of snapshots of the dataset, where in this case,
Npop = Nimg-
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2.2.2. Dynamic Mode Decomposition

A matrix is constructed from the set of N images of OH* chemiluminescence. The DMD provides a low-dimensional representation
in a vector space generated by the bases of the POD; specifically, two matrices are obtained: Ay and A, which consist of sequences of
images from 0 to N — 1 and from 1 to N, respectively. From the matrix J of POD modes, the conjugate transpose J” is obtained through
an SVD of the matrix of the chemiluminescence image set Ag.

The DMD matrix Hpyp will, therefore, be determined by minimizing the Frobenius norm of the difference between A; and JY.J"Ay:

Hpwmp =J A1RY ™! (O]

where R represents a matrix containing information about the spatiotemporal modes of the image set, 1 is a diagonal matrix deter-
mined by the non-zero singular values of Ag, and ¥~ is its respective inverse [42].

2.2.3. Multiscale Proper Orthogonal Decomposition

The technique described in this paragraph is the one of most interest for the analysis for this work. Multiscale Proper Orthogonal
Decomposition (mPOD) joins multiresolution analysis (MRA) with a standard POD to reach a compromise between convergence
decomposition and spectral purity of the resulting modes [26]. Applying MRA, the mPOD divides the correlation matrix into segments
that represent various scales while retaining non-overlapping sections of the correlation spectra. With POD, mPOD then derives the
most efficient basis from each of these scales. Exploring the impact of temporal filtering on the dataset’s frequency content becomes
intriguing. Specifically, the focus is on a series of filters designed to isolate specific segments of the frequency spectra. The filter bank
includes a low-pass filter, a high-pass filter, and a band-pass filter. The entire post-processing phase has been studied using user-defined
routines customized with MATLAB software.

It is important to note the filtering procedure and the underlying theory of the suggested mPOD. When addressing frequency
domain filtering, this procedure is executed through a straightforward multiplication, represented in matrix notation as the Hadamard
product. The first step of the mPOD algorithm is to assemble the matrix of data collecting the set of temporal realizations (snapshots):

Dli, k] =[di[1] ... di[1] ... dy [1]:da[n): .. idi[n)i i d ] ] ®

where di[i] is a column vector of each snapshot. The second step involves calculating the temporal correlation matrix K and its Fourier
transform K from:

k:'/TFKVTF e K= WFI/%WF Q)

where 7 is the DFT temporal structure. After analyzing the frequency content within the correlation spectra K, the subsequent step
entails delineating the frequency division vector Fy and forming the collection of corresponding transfer functions. This choice rep-
resents a pivotal stage, setting the spectral constraints for the mPOD mode. Each mode exhibits a unique development of spatial and
temporal structure and holds the potential to capture the essential characteristics of some data. The frequency division was defined by
the user after interpreting the POD results. The final step involves completing the decomposition through projection and normalization
as described in Eq. (7):

0Q=D(y") ' =C-0=Ca’ @

and in particular ¢ is the spatial structure, 2 = diag|o1, 62, ..., op) | is diagonal matrix that includes the energy contribution of each

mode, D = 0Qy", y represents the temporal structure and C is matrix C = D(y") ! 1431

2.3. Wavelet decomposition

A more advanced version of Fourier analysis can be considered the wavelet transform. This technique can have an adjustable time
range, with small ranges at high frequencies and large ranges at low frequencies. The wavelet transform is the time-frequency
interpretation of non-stationary signals. Through distinct components, with a low time resolution, the signal is decomposed. The
term ’details’ (d) refer to the low time-scale signal and the high-frequency components. The detail component d; refers at the up-
permost frequency range, while the detail component ds is the next highest frequency band that has half the bandwidth of d;, and so
on. Using this technique, the pressure signals were decomposed into nine levels and a Daubechies [44] order 2 wavelet was used as the
mother wavelet.

The decomposition levels were: d; = 2500-5000[Hz], d; = 1250-2500[Hz], d3 = 675-1250 [Hz], d4 = 312.5-675 [Hz], ds =
156.3-312.5 [Hz], dg = 78.1-156.3 [Hz], dy = 39.1-78.1 [Hz], dg = 19.5-39.1 [Hz], dg = 0-19.5 [Hz].

The selection of 9 levels of decomposition was driven by the intrinsic frequency content of the pressure signals we analyzed. These
signals contain fluctuations that span a wide range of frequencies, and it is essential to choose a level of decomposition that allows for a
detailed examination of the signal across these frequencies. The 9th level was determined to be particularly effective in resolving the
critical frequencies associated with the dynamics of interest, such as those related to combustion instabilities.

The energy content of the individual components of the decomposed signal can be examined. Specifically, assuming E; represents
the wavelet energy of the decomposed magnitude signal, the probability distribution of the energy for each magnitude is defined by the
following formula:
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where E; is defined as the summation of the squared detailed coefficients of the wavelet transform, d;:
E=>_ |40 ©)
k

Another variable that could be studied is the wavelet entropy [45]. This method is valuable for estimating the complexity of a
random signal by quantifying the unknown degree of a sequence. In this work, Shannon entropy [46] will be employed. Shannon’s
entropy is represented as follows:

9
S= — ij In Inp; 10)
j=1

2.4. Test conditions

Using pre-heated inlet airflow at a temperature Ty, equal to 410 K, experiments have been conducted by controlling the air mass
flow rate at 40 £, 60 £ and 80 ¢ respectively and maintaining a steady fuel mass flow rate at 1.00 £. This resulted in three different

ma
equivalence ratios near to the LBO, i.e. 0.36, 0.24 and 0.18, which were determined as @ = ( where m represent the mass flow rate
st
and the subscripts fand a denote the fuel and the air flows, while st indicates the stoichiometric conditions with the stoichiometric fuel-

to-air ratio of 14.5. The blow out boundary conditions are 130 ¢ obtaining an equivalence ratio of 0.11. The fuel-air distribution within
the combustor is not spatially uniform; therefore, the equivalence ratio should be understood as the global fuel-air ratio.

3. Results

The thorough analysis of results is subdivided into five sections. The first section (Sec. 3.1) deals with the frequency analysis of the
pressure signals for the highest and lowest @ test cases (0.36 and 0.18), aiming to characterize their frequency content. The next
section (Sec. 3.2) presents the statistical characterization of the flame regimes for all three cases (¢ = 0.36, ® = 0.24 and @ = 0.18) in
terms of instantaneous flame dynamics, mean and variance maps of the chemiluminescence emission in the OH* spectrum, obtained by
intensified high-speed acquisitions. In the third section (Sec. 3.3), some aspects of the flame instability of the OH* spectrum are
preliminarily analyzed through the Proper Orthogonal Decomposition (POD) technique, and it is explained the strategy used to
determine the frequency filters used in the mPOD analysis in Sec. 3.5. In Section 3.4 the same image dataset is processed by applying
the Dynamic Mode Decomposition (DMD) and the modal structures corresponding to the peaks of the most relevant POD frequencies.
Finally, in the last section (Sec. 3.5), the flame dynamics characterization resulting from the mPOD analysis is presented and discussed,
and the most important insights are highlighted.

3.1. Combustion signal of Jet-A1 fuel: pressure signal

In this first subsection, the pressure inside the combustion chamber is analyzed for the for the highest and lowest @ test cases (0.36
and 0.18), Fig. 4 shows the original pressure signals recorded at 10000 samples per second. Frequency analysis was performed by
applying the Fast Fourier Transform (FFT) to both reactive flame pressure signals and non-reactive flame pressure signals. As high-
lighted in Fig. 5, the non-reactive flame yields no contribution for both cases except for negligible peaks attributed to the system’s
power supply current. Moreover, the most relevant frequencies for reactive flames fall within the range the range below 50 Hz, with a
decreasing peak of about 47% when operating under ultra-lean conditions.
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Fig. 4. Original pressure signal for the highest and lowest @ test cases: ® = 0.36 (a) and @ = 0.18 (b).
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Fig. 5. FFT of the pressure signal for two test cases compared with a non-reactive flame: @ = 0.36 (a) and @ = 0.18 (b).

The analysis of the pressure signals has been extended by computing the Wavelet Decomposition. Fig. 6 exhibits the root mean
square (RMS) of the resulting wavelet components (RMSyq). Fig. 5 shows that most of the fluctuation content is present in the first two
frequency ranges (0-19.5 Hz and 19.5-39.1 Hz) and, at frequencies higher than 150 Hz, the fluctuations are less relevant. The ob-
servations made for Figs. 5 and 6 confirm the choice to study the subsequent frequency domains up to 150 Hz and the choice of filters
applied for mPOD, which will be discussed in Sec. 3.3. Fig. 6(b) shows the ratio between RMS,,q4 in the indicated frequency bands and
the value in the range [0-19.5 Hz], which is the band of approximation component, for both operating conditions. The value assumed
by this ratio is higher at @ = 0.18 than @ = 0.36. In the range [19.5-31.1] Hz the dimensionless RMS increases by 20% from & = 0.18 to
@ = 0.36. The same trend is also evident for the higher frequency bands. This confirms that by lowering @ (leanest condition) the
contributions of the detail components, which represent the fluctuations, become more relevant.

3.2. Combustion structure of Jet-A1 fuel: OH* chemiluminescence emissions

In this section, the immediate dynamics of the flame are depicted, encompassing an examination of both the average and variance
in luminance. This analysis is derived from the high-speed visualization of the chemiluminescent flame, specifically focusing on the
radical OH* emissions.

While the line-of-sight area measured from high-speed OH* chemiluminescence images may not precisely correspond to the actual
flame area, it can still be used to qualitatively assess the overall flame fluctuation. This is because chemiluminescence images can
reasonably represent the global flame shape to a considerable extent. The near-UV spontaneous emission from OH* is detectable solely
in the heat release zone and is not observable in the region occupied by burned gases. A grayscale mapping technique was employed to
portray the immediate flame dynamics, whereas a false-color mapping approach was utilized to illustrate the average and variance.
Both color schemes are linked to the pixel signal’s luminance, offering a purely visual depiction of the locations with the most sig-
nificant relative intensities of the OH* chemiluminescence emission within the reaction zone. This, in turn, serves as a qualitative index
of the localized heat release (HRR). The temporal variations in HRR pose potential challenges related to flame instability, as fluctu-
ations in heat release over time can lead to significant issues. The most direct issue arising from HRR fluctuations is the combustion
instability, which occurs when pressure waves within the combustion chamber interact with the flame in such a way that they reinforce
each other. This can lead to oscillations that can grow to levels capable of damaging the combustion system. Variations in HRR can also
lead to incomplete combustion resulting in increased emissions of unburned hydrocarbons (UHC), carbon monoxide (CO), and par-
ticulate matter. Temperature fluctuations associated with HRR variability can lead to increased NOx formation, which is temperature
dependent. Fluctuations in HRR can affect the thermal efficiency of the combustion process as stable combustion typically allows for
more complete and efficient fuel conversion, resulting in better fuel economy and lower operational costs. The fluctuations in
chemiluminescence signal intensity primarily result from interactions between the flame and turbulence. They are closely associated
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Fig. 6. Root Mean Square (RMS) of wavelet components for pressure signal for the highest and lowest & test cases: @ = 0.36 and @ = 0.18.: a) absolute pressure; b)
dimensionless values with respect to the one in the range [0-19.5] Hz.
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with the temporal variations in the heat release rate, presenting a potential source of serious flame instability problems.

Figs. 7-9 depict the momentary behavior of the flame at three distinct overall fuel/air ratios. To enhance the clearness of this paper,
these acquisitions were chosen by excluding 10 consecutive frames from time-resolved measurements, and a circular quartz window
was added relative to the nozzle. The area highlighted in red inside the circular quartz window represents the position of the nozzle. At
@ = 0.36 the flame is raised, and the fluctuations in the reaction intensity are minimal within the chosen time frame. If the fuel-air ratio
decreases, the flame progressively decreases in size and intensity, and fluctuations become more prominent. The images of the
transitional case at @ = 0.24 indicate that the flame exhibits a back-and-forth propagation in the axial direction. At certain moments,
the flame is observed to be connected to the nozzle exit, coinciding with a maximum intensity reaction zone located near the combustor
wall, then partial flame fragments are often swept downstream with an incomplete burning of the fuel-air mixture. In a previous study
[47], comparable flame behavior was identified, linking it to robust periodic interactions between vortices and the inner shear layer
(ISL). This interaction results in substantial velocity oscillations in the jet regions. Close to the LBO condition, the flame edge extends
nearer to the axis and the combustor nozzle.

Due to the turbulent characteristics of the swirled flow field and the random dispersion of fuel droplets, the flame morphology in
the spray flame undergoes significant changes during the process of LBO, which includes the growth, splitting, and rotation of flame
fragments. The movement of the high intensities OH* structures suggest a possible helical motion of the flame that will be confirmed by
the modal decomposition analysis, and it is in agreement with previous studies [47], a zig-zag pattern of vortices was identified,
suggesting the presence of a precessing vortex core (PVC). The PVC is distinguished by its helical, tornado-like rotational dynamics and
is commonly observed in gas turbine combustors stabilized by swirl.

Fig. 10 displays the broadband average of the flame for three different global fuel/air ratios. Transitioning from & = 0.36 to @ =
0.18, the intensity, size and symmetry of the flame gradually decrease, approaching closer to the nozzle exit.

Fig. 11 illustrates how the global equivalence ratio (®) influences the combustion of Jet-A1, resulting in varied sizes and shapes
within the heat release zone and affecting the concentration of OH* radicals generated through chemical reactions in the flame.

Clear variations in OH* chemiluminescence levels are evident for each operating condition. A V-shaped flame, consistent with @
values of 0.24 and 0.18, is observed, with the flame being attached to the nozzle exit. However, at @ = 0.36, the flame becomes
detached. Notably, the asymmetry observed in the chemiluminescence fields is closely linked to the non-axially symmetric geometry of
the swirl’s feed duct. The swirled flows exhibit sensitivity to input conditions, and the asymmetry of the OH* images become more
pronounced with decreasing @. Different flame zones are discernible based on the OH* levels. Regions lacking OH* (depicted in blue)
indicate unburned gas mixed with adjacent burned gas. Areas with significant OH* levels (depicted in red) signify the presence of OH*
formed in the reaction zones. Areas with moderate and low levels of OH* represent burned gas where the OH* concentration has
diminished toward equilibrium as it moves away from the reaction zone.
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Fig. 7. Visualization through circular quartz window of the instantaneous flame dynamics at various temporal instants for ¢ = 0.36; in red the position of the nozzle;
to ~ 0.1 s; Aty ~ 0.1 s. (For interpretation of the references to color in this figure legend, the reader is referred to the Web version of this article.)
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Fig. 8. Visualization through circular quartz window of the instantaneous flame dynamics at various temporal instants for @ = 0.24; in red the position of the injector
nozzle; to ~ 0.1 s; At; ~ 0.1 s. (For interpretation of the references to color in this figure legend, the reader is referred to the Web version of this article.)
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Fig. 9. Visualization through circular quartz window of the instantaneous flame dynamics at various temporal instants for @ = 0.18; in red the position of the injector
nozzle; ty ~ 0.1 s; At; ~ 0.1 s. (For interpretation of the references to color in this figure legend, the reader is referred to the Web version of this article.)
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Fig. 10. Average of the broadband images for Jet-Al at different @ acquired through the high-speed MemreCAM camera.

For the swirled spray flame, the reaction zones are primarily present in regions that are located closer to the inner shear layer
between the high-velocity inflow and the inner recirculation region. In other words, the regions where the incoming air or gas flow
mixes with the fuel spray and creates a swirling motion are where the reaction zones are located. These zones are characterized by
prominent levels of turbulence, mixing, and combustion, which lead to the production of heat, light, and other combustion products.
Therefore, the inner shear layer between the high-velocity inflow and the inner recirculation region is a critical region for under-
standing the combustion dynamics of swirl spray flames.

As the global equivalence ratio (&) decreases, the flame shifts toward the burner, suggesting a tendency for propagation along fuel
mole fractions that are closer to the stoichiometric value. For @ = 0.36 the flame showed the development of combustion away from
the injector area and was rather evenly distributed within a significant portion of the combustor and a relatively small intensity (see
Fig. 11(a)). As @ decreases (as shown in Fig. 11(b) and (c)), the heat release zone of the flame undergoes a contraction, forming a
compact and highly localized "doughnut" ring. Simultaneously, the average flame progresses closer to the spray zone. The spatial
increase in luminance variance is evident through the expansion of the red region, as observed in the comparison between Fig. 11(d),
(e), and (f). The difference in the chemiluminescence intensity can be due to faster evaporation. Increased airflow rates facilitate the
generation of finer sprays, improve droplet evaporation, and promote vapor-air mixing by generating stronger turbulence. This results
in an improvement in the premixed nature of the spray combustion process, making it more efficient.

By coupling the average image (Fig. 11(c)) and the luminance variance (Fig. 11(f)) a more unstable flame behavior for @ = 0.18 is
present, characterized by a regime near LBO conditions, with greater variance value at the flame root near the injector. The rise in the
variance of OH* emissions is due to the increase of the flame fluctuations, as emphasized by the results obtained from the spectral
analysis of the pressure signals.

3.3. Combustion structure of Jet-A1 fuel: POD analysis

Contemporary gas turbines often employ intense turbulent swirling patterns to stabilize flames via vortex breakdown, which
creates a central recirculation zone (CRZ) along with associated shear layers. In restricted flows, like those encountered in combustion
chambers of gas turbines, inner shear layers (ISL) and outer shear layers (OSL) occur between the jet and the central recirculation zone,
and between the jet and the outer recirculation zone (ORZ), respectively. These shear layers are susceptible to hydrodynamic in-
stabilities, such as the PVC - a global self-excited instability with azimuthal wavenumber - and a convective Kelvin—-Helmholtz (KH)
type instability. Normally, attached V-flames exhibit a dampened PVC instability because of the stabilizing influence of the density
field at the combustor inlet [48], whereas the PVC instability remains unstable in the case of detached M-flames.

The mPOD analysis on chemiluminescence images is an effective tool in capturing the underlying structures associated with these
instabilities in a swirled liquid-fueled combustor. Swirled flames are often characterized by a broad range of length and time scales,
which can make it difficult to accurately capture the underlying flow dynamics using traditional techniques such as classical POD or
DMD. By contrast, mPOD can effectively identify and separate the different length and time scales that are important in the system,
providing a more accurate and comprehensive understanding of the flow dynamics. Furthermore, mPOD can also capture the in-
teractions between different scales in the system, which is particularly valuable in the study of complex, swirling flows.

In the following subsection, the modal decomposition technique POD (Proper Orthogonal Decomposition) is performed, allowing
to select the temporal filters to be applied for the mPOD technique. The entire post-processing phase has been studied using user-
defined routines customized with MATLAB software.

POD analysis was conducted on high-speed chemiluminescence visualizations in a previous study [19] to examine the flame dy-
namics and assess its stability. The application of POD has also been extended to OH* chemiluminescence emissions. The first eight
main modes which are the most energetic ones, and they describe the spatial dynamics of the flame. The cumulative distribution, in
Fig. 12, for each test case is crucial for evaluating how much of the overall energy of the system is captured by a certain number of POD
modes. The energy distribution of POD modes reflects their relative importance in image reconstruction. The more elevated the modal
energy, the more significant its role becomes in the dynamics of the flame. Fig. 12 highlights the establishment of a more unstable
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Fig. 11. Average and variance images of OH*chemiluminescence emissions for Jet-Al at different @ acquired through the high-speed camera ICCD equipped with OH*
filter (To understand the meaning of the color references in this Figure legend, please consult the online version of this article for interpretation). (For interpretation of
the references to color in this figure legend, the reader is referred to the Web version of this article.)

flame regime when reducing the global equivalence ratio from & = 0.36 (black) to @ = 0.18 (blue), as retrieved and described in
Ref. [19].

The first mode, which represents the variance related to the main flame fluctuations, has a much higher energy content than the
others, even if these high order modes have a lower energy content, they could be significant to describe the presence of instability in
the flame. The energy in mode 1 increases of about 20% from & = 0.36 to & = 0.18. This rise of energy contribution between the two
fueling conditions agrees with the increase of the RMS,,q of the acquired pressure (Fig. 6(b)), which increases of more than 20% in the
bands with frequencies higher than 19.5 Hz. This confirms the evidence of increased oscillations for the leanest fueling condition, close
to LBO. Then starting from mode 2, the difference between the energy contents in the different cases became marginal for POD modes.
Figs. 13-15 show the POD eigenstructures retrieved for all test cases, respectively. The red or blue hue indicates the direction of
pulsation, with intensity reflecting the strength of the pulsation. These pulsation regions correspond to the oscillations of the flame. It is
worth observing that the most energetically weak modes (for example from mode 4 to mode 8 of all test cases, Fig. 12) own a large
number of small structures, which is symptom of any instability (Fig. 13(d)-(h), Fig. 14(d)-(h) and Fig. 15(d)-(h)).

The initial three modes predominantly exhibit longitudinal oscillation, followed by subsequent modes incorporating swirling flame
motion, and the higher modes capturing turbulent flame motion characterized by low perturbation intensity and a minimal energy
fraction. Furthermore, if ® decreases the flame becomes more unstable, the eigenstructure of 1st POD mode moves toward the spray
injector. At very lean conditions, the flame stabilizes in regions of high fluid dynamic strain rate closer to the burner exit. This aligns
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Fig. 13. POD modes 1-8 for OH* chemiluminescence emission for ¢ = 0.36. The squares correspond to specific regions of interest in the flame, ROI of Table 2. Color
meanings detailed online. (For interpretation of the references to color in this figure legend, the reader is referred to the Web version of this article.)

with findings in Ref. [49], which elucidated the progressive upstream stabilization of the flame with decreasing @ through a flow-flame
balance.

A swirl spray flame typically exhibits elevated levels of velocity fluctuations, causing the flame to oscillate back and forth axially
between two distinct combustion regimes. The first regime corresponds to an inner flame that is anchored to the fuel spray, located a
few millimeters from the injection system’s exit. This regime is evident from the mode 1 of flame at & = 0.24 and 0.18 (Figs. 14 and
15). The second regime is characterized by a lifted flame, which is situated far from the fuel spray’s top, spreading the flame over large
horizontal distances, as evident for the mode 1 of flame at @ = 0.36 (Fig. 13). Between these two combustion regimes, the base of the
inner flame oscillates, moving between the two extreme positions. In our experiments mode 1 for @ = 0.24 and 0.18 shows that as LBO
approaches, the angle of the swirling shear layer decreases, resulting in reduced radial outward movement of droplets and greater
confinement around the PVC. Furthermore, this mode exhibit roughly opposite distribution for the two different fuel/air ratio, sug-
gesting a phase-delay behavior of the oscillating flames for these two fueling conditions.

On the other hand, the eigenstructures of 2nd and 3rd POD modes are quite similar. At @ = 0.36, mode 4 shows axial oscillations
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Fig. 14. POD modes 1-8 for OH* chemiluminescence emission for & = 0.24. The squares correspond to specific regions of interest in the flame, ROI of Table 2. Color
meanings detailed online. (For interpretation of the references to color in this figure legend, the reader is referred to the Web version of this article.)
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Fig. 15. POD modes 1-8 for OH* chemiluminescence emission for & = 0.18. The squares correspond to specific regions of interest in the flame, ROI of Table 2. Color
meanings detailed online. (For interpretation of the references to color in this figure legend, the reader is referred to the Web version of this article.)

with structures while lowering @ fluctuations in the outer zones of the flame are evident that are out-of-phase with fluctuations in the

center. Furthermore, mode 5 presents more structures at the leanest condition (& = 0.18).
In addition to the spatial distribution and energy contribution of each mode, the wavelet decomposition of the energy 4; was
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calculated. The /; values are scalar quantities representing the amount of energy captured by each mode from the overall dataset. The
higher the value of A, the more significant that mode is in terms of capturing the dynamics or structure of the dataset. The application of
wavelet decomposition in this context refers to the time-dependent coefficients associated with each POD mode. Fig. 16 then shows the
decomposition of the energy contents in the ranges A0: [0-31.25] Hz, Al: [31.25-62.5] Hz, A2: [62.25-125] Hz, A3: [125-250] Hz,
A4: [250-500] Hz, associated with each mode. The A0 range for all three test cases (Fig. 16(a)—(c)) and for all modes is predominant
over the others, indicating how the energy content in the [0-31.25] Hz range is the most important. Test case @ = 0.18 (Fig. 16(c)), in
general, shows lower maximum values than the other two test cases; this is because the total energy was distributed toward less
significant modes that represent more instability. The energy content of test case @ = 0.24 exhibits some values higher than those of
test case @ = 0.36 and some lower; this energy behavior is because the flame, under these combustion conditions, exhibits a transition
behavior between lean (test case @ = 0.36) and ultra-lean (test case @ = 0.24) combustion.

Additionally, an examination of its evolution in the frequency domain has been carried out utilizing the information present in the
time coefficients. The Fast Fourier Transform (FFT) was employed to discern the frequency of the most significant coherent structures
represented by the POD modes.

Fig. 17 shows the temporal coefficient evolution and the frequency analysis of the 4 modes determined by Fast Fourier Transform
(FFT) for the test cases @ = 0.36, ® = 0.24 and @ = 0.18. The temporal coefficient evolution and the FFTs of the remaining modes of
higher order than mode 5 appears almost flat and therefore not shown in the figures.

From @ = 0.36 to @ = 0.18, the oscillations in the temporal coefficient evolution amplify as the value of @ decreases, becoming
more significant in higher modes as well. These oscillations increase due to the growing flame instability. This, in turn, is also reflected
in the frequency behavior. The energy strength of each spatial mode becomes apparent in the FFTs of the time coefficients related to
their respective modes. The consistently high energy content observed in modes 1 and 2 is confirmed for all the cases, while the
spectral content of the mode 3 and 4 appears nearly flat at ® = 0.36 and shows some peaks for the leanest condition, @ = 0.18. The first
mode presents some relevant peaks for frequency below 50 Hz, with the highest amplitude at @ = 0.18. At @ = 0.36 the FFTs of POD
modes higher than 1 didn’t show dominant frequencies and high FFT amplitude or peaks, while lowering @, the second and third
modes show a rise in the FFT amplitude for the low-frequency range, lower than 50 Hz.

Based on the spatial analysis of the POD eigenstructures, specific flame region of interest (ROI) have been identified (see the black
squares in Figs. 13-15) and categorized through increasing numbers from (1) to (24) for test case @ = 0.36, from (1) to (27) for test case
@ = 0.24 and from (1) to (28) for test case @ = 0.18 (see Table 2). The ROIs were identified by taking the absolute highest intensity
pixels of each structure. In all these ROIs, the FFT of the temporal series of POD mode has been applied to highlight the characteristic
frequencies of each modal structure for each test case. Table 2 reports the two most relevant frequencies, which have been used to
select the frequency band-pass filters used in DMD and mPOD computations: 3-9 Hz, 10-14 Hz, 15-19 Hz and 24-30 Hz.

3.4. Combustion structure of Jet-Al fuel: DMD analysis

In this section, the Dynamic Mode Decomposition (DMD) technique has been implemented on the same flame image dataset and the
imaging analysis of the DMD modal structures has been based on the most relevant frequencies previously detected and reported in
Tables 2, i.e.

- @ = 0.36: 4.21 Hz, 5.19 Hz, 9.69 Hz, 17.22 Hz, and 27.18 Hz;
- @ = 0.24: 1.06 Hz, 1.96 Hz, 4.07 Hz, 8.96 Hz, 9.18 Hz, 17.98 Hz, and 24.65 Hz;
- @ =0.18: 3.17 Hz, 5.26 Hz, 6.44 Hz, 7.44 Hz, 12.10 Hz, 13.40 Hz, and 29.26 Hz.

DMD, unlike POD, can associate each spatial structure with its respective frequency. Figs. 18-20 show the corresponding modal
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Table 2
Frequencies (F1 and F2) relative to the first two maximum amplitude of the investigated areas of Figs. 13-15 through the FFT.
@ = 0.36 @ =0.24 @ =0.18
Mode ROI F1 [Hz] F2 [Hz] Mode ROI F1 [Hz] F2 [Hz] Mode ROIL F1 [Hz] F2 [Hz]
1 (€] 27.34 5.86 1 (€D} 4.88 7.81 1 (€8] 5.86 3.91
2 (@3] 9.77 27.34 (@) 0.98 26.37 2 2 29.30 2.93
3 27.34 5.86 2 3) 24.41 4.88 3 3.91 5.86
3 (@) 27.34 5.86 (@] 1.95 31.25 3 ()] 29.30 12.70
(5) 5.86 17.58 3 (5) 0.98 18.55 5) 5.86 12.70
4 (6) 17.58 5.86 (6) 1.95 31.25 4 (6) 29.30 2.93
7 27.34 17.58 4 @) 31.25 19.53 (@) 5.86 3.91
® 5.86 27.34 (8) 7.81 4.88 ® 5.86 12.70
9 1.95 31.25

DMD structures corresponding at the frequencies specified above. In general, it is noted that the lack of sharpness of the structures and
the presence of high noise in the images does not help to define the structures of the flame dynamics. Fig. 18 corresponds to the spatial
structures of the flame dynamics of the test case @ = 0.36. Fig. 18(a) and (c) are similar to the structure of Fig. 13(b) where a doublet
structure is present, Fig. 18(a), (b) and (d) have a structure that is associated with Fig. 13(a). The observed peaks in the damping ratio
and decay rate confirm the frequencies selected for analysis. For this test case, the greater damping occurs in the order of 6.46 Hz, and
at the same frequency, the fastest decay also occurs. Fig. 19 describes the spatial structures of the flame dynamics of the test case & =
0.24 Notably, the spatial configuration depicted in Fig. 19(a) mirrors that of Fig. 14(a), and Fig. 19(b) closely resembles Fig. 14(b),
attributed to their common triplet structure. Likewise, Fig. 19(c) is reminiscent of Fig. 14(d), showcasing a similar triplet formation,
while Fig. 19(d) parallels the structure shown in Fig. 14(c). The structure in Fig. 19(b) possesses the same frequency identified among
the peaks of the damping ratio and decay rate, while the other spatial structures have frequencies close to those identified by the
damping and decay rate. Fig. 20 corresponds to the spatial structures of the relative frequencies of the test case @ = 0.18. Fig. 20(a) and
(c) represent the extraction of a doublet structure that is associated with Fig. 15(b)-. 20(d) has a structure that describes the same flame
dynamics and are similar to Fig. 15(a). Finally, Fig. 20(d) has unclear structures and are associated with Fig. 15(g) and (h), respec-
tively. For this test case, the frequency peaks identified in both the damping and decay rate plots closely align with the frequencies of
the spatial structures, affirming the accurate selection of characteristic frequencies.

3.5. Combustion structure of Jet-A1 fuel: mPOD analysis

The primary advantage of DMD and mPOD lies in the organization of modes based on dominant frequencies. This contrasts with
POD, where multiple frequencies are amalgamated, rendering it more challenging to comprehend the distinct influence of a singular
frequency. POD analysis can explore the primary pulsation region, but each mode exhibits a complex multiple-frequency spectrum,
making it challenging to discern the associated flow structure at each frequency. Applying mPOD could offer a fresh perspective in
uncovering instability details. The benefit of mPOD analysis lies in its ability to correlate the flame structure with the characteristics of
the frequency spectrum.

Hence the following subsection describes the results obtained from the use of mPOD to the OH* chemiluminescence emissions. The
mPOD integrates multi-resolution analysis through filter banks and standard POD to generate modes that are optimal within a specific
range of frequencies (scales). In this work, therefore, a strategy was introduced to determine the filtering frequencies to be applied to
the mPOD, described in the previous section 3.2. As shown in previous section, the flames of ® = 0.36 corresponds to lean stable
conditions, and the flames of @ = 0.24 and & = 0.18 represents near-LBO conditions. Within a spray-swirled combustor, the newly
formed mixture of droplets, vapor, and air exiting the injector is transported downstream across the swirling shear layer. Simulta-
neously, the hot product, unreacted vapor, and unevaporated droplets recirculate upstream toward the forward stagnant point of the
vortex breakdown, where they blend with the fresh fuel-air mixture [5S0]. When a high swirl number is present, the tangential velocity
component generates an internal recirculation zone (IRZ) around the centerline of the combustor, leading to the phenomenon of vortex
breakdown. This breakdown is typically accompanied by the formation of large-scale coherent structures [51].

Fig. 21 shows the mPOD spatial structures and the FFT of the mPOD temporal eigenfunctions, while Fig. 22 shows the temporal
behavior of the eigenvalues for the stable flame condition (& = 0.36). Modes 1-3 correspond to the same coherent structure as POD
mode 1, shown in Fig. 13(a). The FFT analysis in Fig. 21(e)—(h) shows that the dominant frequencies for these modes align with the
dominant and sub-dominant frequencies identified in the POD analysis, shown in Fig. 17. The mPOD mode 2 (Fig. 22(b)) shows a clear
burst phenomenon characterized by axial oscillations that are a succession of sinusoids with varying amplitudes. Low-amplitude bursts
precede high-amplitude bursts. This is confirmed by the FFT in Fig. 21(f), which shows a frequency of 27.18 Hz. Mode 3 of mPOD
(Fig. 22(c)) also shows a hint of the burst phenomenon, although less prominent and with smaller amplitudes compared to mode 2. The
high frequencies (i.e., around 21 and 27 Hz) are related to the main inner flame structure, similar to that in POD mode 1 (Fig. 13(a)). In
the transition between stable and quasi-LBO conditions (& = 0.24), the modes 1, 2 and 3 in Fig. 23(a), (b), and (c) show coherent
structures of axially centered OH* emission. These modes are similar to the first POD mode in Fig. 17(m), but without frequency
overlap. In these three mPOD modes it is possible to identify a large flame structure in the inner region, near the nozzle, along with two
smaller structures in the outer recirculation zone, structures due to the fuel spray forming a V-shape. Generally, the evolution of these
structures depends on atomization, vaporization, and mixing, along with the dynamics of the flame front; thus, the variation of @ has a
significant impact on their development. Although they have structures similar to the first POD mode, after filtering, the three mPOD

18



M.G. De Giorgi et al. Case Studies in Thermal Engineering 60 (2024) 104651

0.36

Frequency 17.22 Hz

Frequency 5.19 Hz Frequency 27.18 Hz

Frequency 9.68 Hz

Radial dimension [mm]
538882
Radial dimension [mm]
- -
Radial dimension [mm)
585885
Radial dimension [mm)]
5885883

20 40 &0 20 40 60 20 40 &0
Axial dimension [mm] Axial dimension [mm)| Axial dimension [mm) Axial dimension [mm)
Damping Ratio . Decay Rate
— a ,’.\.‘i rlﬂ-*l T “-{""’“' 40 =z _ﬁ:l‘ _ -40 o e :""-"_F -'---ar,-- _|I'r'ﬁﬂ11_q_ram'""ﬁ_m
i ol |-
- R = 140
1| -
i+ | s
4 - 2680 s
Frequency [1iz] Frequency [Hz]
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modes have different frequencies ranging from 6.49 to 20.21 Hz. The mode 2 (Fig. 23(b)) exhibits burst behavior with irregular large-
amplitude periodic oscillations. The mode 3 (Fig. 23(c)) shows burst phenomena similar to those seen in mode 2, characterized by
irregular amplitudes. The fourth mPOD mode (Fig. 23(d)) is like the self-structure of POD mode 4 (Fig. 14(d)). The temporal pro-
gression of its eigenvalues (depicted in Fig. 24(d)) reveals intermittency marked by a dynamic pattern involving irregular instances of
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Fig. 21. mPOD Modes 1-4 of OH* Chemiluminescence for & = 0.36: Spatial Structures (a)-(d) and Fourier Transforms (i)-(1).

large-amplitude periodic oscillations interspersed with periods of low-amplitude aperiodic fluctuations. These axial fluctuations and
an amplitude oscillation have a frequency of 26.23 Hz, as shown in Fig. 23(h). The burst phenomenon is also present in modes 3 and 7,
Fig. 24(c) and (g) respectively. Mode 3 has a burst that starts from an average amplitude equal to 0 (extinction phenomenon) followed
by a re-ignition with amplitudes varying over time at a frequency of 20.21 Hz. Mode 7, on the other hand, exhibits a burst phenomenon
with relatively less pronounced amplitudes and at a lower frequency compared to mode 3.

As the global equivalence ratio @ decreases to 0.18, approaching LBO conditions, the flame position shifts closer to the injector exit
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(Fig. 25). The spatial structures of the mPOD modes 1 to 4 (Fig. 25(a)-(d)) are similar to POD mode 1 (Fig. 15(a)), but each mPOD
mode exhibits distinct temporal and frequency dynamics. At @ = 0.18, bursts become more frequent, especially evident in mPOD
modes 2, 3, 4, and 8 (Fig. 26(b), (c), (d), and (h)). The temporal behavior of mode 2 at @ = 0.18 resembles that at @ = 0.36, but with
higher amplitude flame oscillations. These oscillations are characterized by a succession of flame on/offs, with bursts occurring from
the injector exit towards the flame periphery, exhibiting the highest repetition frequency among all analyzed & values. Mode 3 (Fig. 26
(c)) shows burst phenomena with a decay motion, which is not observed at higher @ values. Mode 4 (Fig. 26(d)) displays pronounced
bursts with high-amplitude oscillations, while mode 8 (Fig. 26(h)) exhibits rapid, high-amplitude oscillations followed by periods of
relative calm, indicating significant instability as the system approaches blowout conditions.

Focusing on the same mPOD mode, mode 3, across different @ a clear transition from stable oscillations to erratic behavior as the
system nears blowout is evident. At @ = 0.36, this has minor bursts with small amplitudes and scarce occurrences, indicating a stable
flame condition. At @ = 0.24 bursts are more pronounced with larger amplitude oscillations and irregular intervals, showing signs of
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intermittency and instability. At @ = 0.18 frequent high-amplitude bursts and a notable decay to nearly zero amplitude suggest po-
tential flame extinction events followed by re-ignition, typifying the approach to lean blowout with erratic and aperiodic fluctuations.

Analysis of nonlinear mPOD eigenvalue time series has been performed to detect precursors to blowout. The autocorrelation
function (ACF) is a valuable tool for understanding temporal relationships in time series data, measuring how the signal correlates with
itself over various time lags. Analyzing the ACF provides insights into the periodic behavior, damping characteristics, and stability of
the combustion process. Specifically, burst-like patterns in the ACF indicate intermittent dynamics, which are crucial for identifying
transitions in flame behavior, especially as it approaches lean blowout conditions. The ACF is defined as:

R(7)

1 N-7 —
N_ thzl (e = %) (Xe4e

—%) an
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Fig. 26. mPOD Modes 1-4 of OH* Chemiluminescence for ¢ = 0.18: Temporal Dynamics (a)-(h).

where R(7) is the autocorrelation at lag 7, X, is the time series data, X is the mean of the data, and N is the number of data points. The
ACF provides a measure of how the values of the time series at different times are related.
To better understand the damping characteristics and the presence of bursts, we calculate the envelope of the ACF using the Hilbert
transform. In this analysis, the envelope of the autocorrelation function was calculated using the Hilbert transform [52].
Fig. 27 shows the ACF of the mPOD eigenvalues for modes 1 to 4 and their envelopes for different @. The ACF and its envelope help

assess the stability and dynamics of the combustion system. At @ = 0.36 the ACF shows a strong initial peak followed by gradually
decaying peaks. The absence of significant bursts indicates stable periodic behavior with consistent oscillations, reflecting a stable
flame condition. Then at @ = 0.24 the ACF displays a strong initial peak, with subsequent peaks decaying more rapidly than at @ =
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Fig. 27. Autocorrelation function of the mPOD eigenvalues of modes 1-4 at different global equivalence ratio.
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0.36. Small, intermittent bursts suggest periods of instability, indicating a transition towards less stable conditions and lean blowout.
Finally, at @ = 0.18 the ACF shows an initial peak followed by rapidly decaying peaks. Significant and frequent bursts with irregular
amplitudes indicate high instability and intermittent behavior. The system is highly unstable, with the flame showing clear signs of
approaching blowout, as suggested by the rapid decay of the envelope indicating significant damping. These observations highlight the
increasing instability of the flame as the system approaches lean blowout conditions.

Fig. 28 provides phase space reconstructions for mode 3 at different global equivalence ratios, offering insights into the dynamic
behavior of the system as it transitions through various states. Phase space reconstruction is a powerful technique to visualize the
underlying dynamics of a system by plotting the state variable x(t) against the delayed one x(t + 1). At @ = 0.36, clear, well-defined
elliptical orbits indicate regular, periodic behavior with minimal distortion. The system is stable, with consistent and predictable
oscillations, suggesting a stable flame condition. Then at @ = 0.24 slightly distorted elliptical orbits compared to @ = 0.36 indicate
periodic behavior with some irregularities. The increased distortion suggests the system is becoming less stable and transitioning
towards quasi-limit cycle behavior, moving towards lean blowout conditions. Finally, at @ = 0.18 significantly distorted orbits with a
spiral-like structure indicate substantial damping and irregular behavior. This pattern is characteristic of a near blowout condition,
with flame dynamics dominated by erratic and aperiodic fluctuations, indicating high instability and proximity to blowout.

4. Conclusions

The study analyzes the dynamics of lean swirled Jet-Al flames using POD, DMD, and mPOD applied to high-speed OH* chem-
iluminescence images. Data were obtained for lean and ultra-lean flames (® = 0.36, ® = 0.24, and @ = 0.18) in a 300-kW liquid-fueled
swirling combustor.

The analysis involves extrapolating main modal coherent structures and analyzing temporal eigenfunctions and pressure signals.
Statistical analysis of pressure signals at @ = 0.36 and @ = 0.18 revealed relevant frequencies below 39 Hz, with a 47% decrease in
peak under ultra-lean conditions. Wavelet analysis highlighted the increasing relevance of low-frequency components.

Modal analysis involves decomposing modes based on energy content (POD), frequency content (DMD), and both energy and
frequency (mPOD). Predominant modes in POD exhibit highest energy, while in mPOD, they correspond to fundamental frequencies.
Despite differences between POD and DMD, dominant modes show similarities, with mPOD proving more computationally efficient.

Spatial structures were extracted using POD, followed by FFT analysis of time coefficients to identify frequency content. DMD was
used to extract structures at identified frequencies, but images had noisy spatial structures due to single-frequency investigation, unlike
mPOD which extracts structures within a frequency range.

As the global fuel-to-air ratio decreases, flame size and intensity diminish while fluctuations increase. Lower equivalence ratios
cause the flame to move closer to the injector, transitioning from random to more transitional behavior. Image analysis confirms this
trend, with the flame moving closer to the spray zone and luminance variance increasing. Energy in the 1st POD mode increases by
about 20% from @ = 0.36 to @ = 0.18, indicating dynamic shifts.

FFT of mPOD temporal eigenfunctions reveals dominant frequencies aligning with POD analysis. mPOD efficiently associates
spatial structures with frequencies, enhancing understanding of flame dynamics and instability while speeding up calculations. Other
techniques (FFT and wavelet decomposition of pressure signals, POD, and DMD) were necessary to characterize the frequency ranges
for mPOD filter banks.

The use of mPOD provides a powerful method for characterizing the complex dynamics of Lean Blowout (LBO). By decomposing
flow fields into distinct spatial and temporal modes, mPOD enhances resolution and clarity, crucial for identifying precursors to
blowout. Isolating coherent structures and filtering out noise, mPOD detects subtle changes in flame behavior, such as intermittent
bursts and potential extinction and re-ignition events.

As @ decreases, the presence and intensity of burst phenomena increase, especially in higher modes, indicating the system’s
approach to lean blowout. At @ = 0.36, modes show stable, periodic oscillations without extinction and re-ignition events. However, at
lower equivalence ratios (@ = 0.24 and @ = 0.18), modes exhibit characteristics indicative of possible flame extinction and re-ignition
events. Mode 3 at both @ = 0.24 and & = 0.18, as well as modes 2 and 4 at @ = 0.18, show bursts starting from zero amplitude or
significant amplitude variations, consistent with extinction and re-ignition cycles. These findings highlight the increasing instability of
the flame as it approaches lean blowout conditions.

To detect blowout precursors, the nonlinear mPOD eigenvalue time series was also analyzed using the autocorrelation function
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Fig. 28. Phase space reconstruction for the mPOD eigenvalues of mode 3 at different global equivalence ratio.
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(ACF) and phase space reconstruction, revealing temporal relationships, periodic behavior, damping, and stability. Burst-like patterns
in the ACF indicate intermittent dynamics, crucial for identifying transitions in flame behavior approaching lean blowout conditions.
At @ = 0.36, the ACF shows a strong initial peak followed by gradually decaying peaks, indicating stable periodic behavior and a stable
flame. Phase space reconstruction of the mPOD mode 3 eigenvalues shows clear elliptical orbits, confirming regular, periodic behavior
and stability. At @ = 0.24, the ACF displays a strong initial peak with more rapidly decaying subsequent peaks and small, intermittent
bursts, suggesting a transition towards less stable conditions. Phase space reconstruction shows slightly distorted elliptical orbits,
indicating periodic behavior with some irregularities and a shift towards instability. At @ = 0.18, the ACF shows an initial peak
followed by rapidly decaying peaks with significant and frequent bursts, indicating high instability and intermittent behavior. Phase
space reconstruction reveals significantly distorted orbits with a spiral-like structure, characteristic of substantial damping and
irregular behavior near blowout conditions. These observations underscore the potential of applying nonlinear time series analysis of
mPOD eigenvalues to detect early warning signs of blowout. This approach not only aids in early detection of instability but also
improves the understanding of the mechanisms leading to LBO, thereby enhancing predictive capabilities and enabling better control
strategies to maintain stable combustion.

Future analysis on nonlinear mPOD eigenvalues time series for detecting precursors to blowout in combustion systems can leverage
a variety of advanced techniques. By applying methods such as Lyapunov exponents, recurrence plots, bifurcation analysis, entropy
measures, fractal dimension analysis, surrogate data testing, and machine learning, researchers can gain deeper insights into the
complex dynamics of flame behavior. These techniques can help identify early warning signs of blowout, allowing for timely in-
terventions to maintain stable combustion and prevent catastrophic failures.
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