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Abstract
Datta and Johnsen (Des Codes Cryptogr 91:747–761, 2023) introduced a new family of
evaluation codes in an affine space of dimension ≥ 2 over a finite field Fq where linear
combinations of elementary symmetric polynomials are evaluated on the set of all points
with pairwise distinct coordinates. In this paper, we propose a generalization by taking low
dimensional linear systems of symmetric polynomials. Computation for small values of
q = 7, 9 shows that carefully chosen generalized Datta–Johnsen codes

[ 1
2q(q − 1), 3, d

]

have minimum distance d equal to the optimal value minus 1.
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1 Introduction

Evaluation codes are linear codes which are obtained by evaluating polynomials in
Fq [X1, . . . , Xm] on some set of points of the m-dimensional affine space AG(m, q) defined
over the finite field Fq of order q . The various known constructions of evaluation codes differ
in how the polynomials and points are chosen, and include Reed-Solomon codes, Reed–
Muller codes, monomial codes, Cartesian codes, and toric codes. The unique constraint on
the choice of such polynomials is that they must form a finite dimensional Fq -subspace
of Fq [X1, . . . , Xm]. This occurs, for instance, when all symmetric polynomials of bounded
degrees inFq [X1, . . . , Xm] are taken.Very recently,Datta and Johnsen [4] considered the case
of all Fq -linear combinations of elementary symmetric polynomials in Fq [X1, . . . , Xm], and
investigated the associated evaluation code on the set of all distinguished points in AG(m, q),
i.e. on all points with pairwise distinct coordinates. They computed its relevant parameters
which are

n =
(
q

m

)
m!, k = m + 1, d = (q − m)

(
q − 1

m − 1

)
(m − 1)!,

and observed that its relative minimum distance is the same as that of Reed–Muller codes.
However, they found that the relative dimension (or rate) of their code is not as good. For this
reason, Datta and Jonhsen exhibited a modified version, here named reduced Datta–Johnsen
code, that has the same relative minimum distance, but a better rate. The proposed modifi-
cation consists of evaluating symmetric polynomials on an ordered set Q of representatives
of equivalence classes of distinguished points of AG(m, q) where two distinct distinguished
points are equivalent when they have the same coordinates but in a different order. Form < q ,
the reduced Datta–Johnsen code C ′

m is a non-degenerate [N , K , D] linear code with

N =
(
q

m

)
, K = m + 1, D =

(
q

m

)
−

(
q − 1

m − 1

)
.

The Datta–Johnsen codes are sub-codes of Reed–Muller codes and generated by minimum
weight codewords.

A generalization of the Datta–Johnsen codes is found in [8] where the approach is a
combination of Galois theoretical methods with Weil-type bounds for hypersurfaces.

Another generalization of the Datta–Johnsen code arises from any finite dimensional Fq -
subspace V consisting of symmetric polynomials in Fq [X1, . . . , Xm], by evaluating those
symmetric polynomials on the set of all distinguished points in AG(m, q). In this context,
the reduced generalized Datta–Johnsen code is the evaluation code obtained by evaluating
polynomials in V on the set Q.

To work with linear systems of symmetric polynomials, our essential tool is the
map �m which takes a polynomial f ∈ Fq [X1, . . . , Xm] to the polynomial �m( f ) =
f (σ 1

m(x), . . . , σm
m (x))whereσ i

m(x)denotes the i-th elementary symmetric polynomial. From
the fundamental theorem of symmetric polynomials, Im(�m) consists of all symmetric poly-
nomials in Fq [X1, . . . , Xm]. Since�m is an Fq -linear map, every Fq -subspace of symmetric
polynomials is the image of a (unique) Fq -subspace of Fq [X1, . . . , Xm]. Therefore, the lin-
ear system of all polynomials �m,t of degree ≤ t , as well as any of its linear subsystems
�m,t (r) of dimension r , give rise to an Fq -subspace of symmetric polynomials. In particular,
�m,1 corresponds to the subspace generated by the elementary symmetric polynomials in
m indeterminates. This shows that The Datta–Johnsen code and its reduction correspond to
the simplest case, i.e. �m,1. Furthermore, Q can be identified by the set of the unramified
points of the quotient variety F

m
q /Symm ; see Sect. 2.2. The associated generalized reduced
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Evaluation codes arising from symmetric polynomials 3363

Datta–Johnsen code turns out to be equivalent to the evaluation code of the chosen linear
(sub)systemwhere the polynomials are evaluated on the set� of unramified points of the quo-
tient variety Fm

q /Symm . In Sect. 2.2, an embedding of � in AG(m, q) is described allowing
us to use this model in our study.

In this paper, we work out the case for m = 2 and for certain subspaces �m,2(r). A
motivation of our investigation is to understand better how the fundamental parameters of
the generalized Datta–Johnsen codes, especially their weight distributions, are related with
enumerative questions concerning intersections of relevant objects in Finite geometry and
Algebraic geometry over finite fields. We will see that such enumerative questions have
already had satisfactory answers for m = 2, t = 2 and q odd, and this allows us to work out
this special case. However, as long as m ≥ 3 and t ≥ 2, the study of the intersections of the
involved algebraic varieties appears to be rather complicated, and is yet to carry out.

Ourmain results are described in Sect. 3. In particular, a constructive proof of the following
theorem is given.

Theorem 1 For odd q ≥ 7 there exist reduced generalized Datta–Johnsen
codes

[ 1
2q(q − 1), 3, D

]
whose minimum distance D is at least 1

2

(
q2 − 2q

−2
√
q − 7

)
. The weights of the non-zero codewords fall into the interval[ 1

2 (q − 1) − (
√
q + 5), 1

2 (q − 1) + (
√
q + 3)

]
.

Computation for small values of q = 7, 9 shows that carefully chosen generalized Datta–
Johnsen codes

[ 1
2q(q − 1), 3, d

]
have minimum distance d equal to the optimal value minus

1.
Further investigations on the generalized Datta–Johnsen codes might discover some more

interesting features, especially about their locally recoverability; see [3].

2 Background

2.1 Symmetric multivariable polynomials

A polynomial F (X1, . . . , Xm) ∈ K [X1, . . . , Xm] in the indeterminates X1, . . . , Xm with
coefficients over a field K is symmetric if its invariant for any permutation π on the
index set {1, . . . ,m}, i.e. F (X1, . . . , Xm) = F

(
Xπ(1), . . . , Xπ(m)

)
. For brevity, write

X = (X1, . . . , Xm). For i = 1, . . . ,m, the i-th elementary symmetric polynomial is

σ i
m(X) =

∑

1≤ j1<...< ji≤m

X j1 · · · X ji .

In particular, σ 1
m(X) = X1 + . . . + Xm and σm

m (X) = X1 · · · Xm .
Let f (Y ) be any polynomial of degree m in the unique indeterminate Y with coefficients

in a field K. Let y1, . . . , ym be the (not necessarily distinct) roots of f (Y ) in an algebraic
closure of K. For brevity, write y = (y1, . . . , ym). Then the classical Vieté formula states

f (Y ) =
m∑

i=1

(−1)iσ i
m(y)Ym−i + Ym . (1)

For a polynomial F(X1, . . . , Xm) ∈ K[X1, . . . , Xm], substituting Xi with the i-th
symmetric polynomial provides a polynomial in K [X1, . . . , Xm]:

G (X1, . . . , Xm) = F
(
σ 1
m(X), . . . , σm

m (X)
)
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3364 B. Gatti et al.

which is symmetric. The fundamental theorem on symmetric polynomials states that every
symmetric polynomial G ∈ K [X1, . . . , Xm] arises in this way from a unique (not nec-
essarily symmetric) polynomial F ∈ K [X1, . . . , Xm]. This gives rise to a vector space
monomorphism �m from K[X1, . . . , Xm] onto its subspace K[X1, . . . , Xm]s consisting of
all symmetric polynomials. In particular, for every K-subspace � of K[X1, . . . , Xm] (also
called linear system over K), �m(�) is a K-subspace of symmetric polynomials, and the
converse also holds.

2.2 Affine varieties and curves over finite fields

The affine space AG(m, q) with a fixed coordinate system consists of all points x =
(x1, . . . , xm)with xi ∈ Fq , and it is also an affine variety Fm

q defined over Fq . The symmetric
group Symm is a subgroup of AGL(m, q) acting on the coordinates where [i1, . . . , im] is
the permutation of [1, . . . ,m] induced by g ∈ Symm . This gives rise to a map ψm from
F
m
q to its quotient variety F

m
q /Symm whose points can be viewed as the orbits under the

natural action of Symm on AG(m, q). Let ϕm be the rational map taking x to the point
ϕm(x) = (σ 1

m(x), . . . , σm
m (x)). Then ϕm commutes with every permutation on the coordi-

nates, and hence ϕm commutes with Symm . For a point y = ϕm(x), the fiber ϕ−1
m (y) consists

of x together with π(x) where π runs over the non-trivial elements of Symm . In fact, if
ϕm(x) = ϕm(x ′) then x1, . . . , xm and x ′

1, . . . , x
′
m are the roots of the same monic polynomial

and Vieté’s formula (1) yields that x ′ and x only differ by a permutation on the coordinates.
Therefore, Im(ϕm) are the points of the quotient variety F

m
q /Symm , that is ψm = ϕm . Fur-

thermore, the setQ defined in Introduction can be identifiedwith the points ofFm
q /Symm . Let

x be a point of Fm
q . Then x is a ramification point of ϕm , i.e. it contains two equal coordinates

if and only if the monic polynomial F(X) has a multiply root, and hence the discriminant of
equation F = 0 vanishes. Therefore, the set of all non-distinguished points x is mapped by
ϕm into the discriminant variety.

2.3 Upper bound on the number of points of a plane curve of PG(2, q)

Let Du be a (possibly reducible) plane curve of PG(2, q) of degree u viewed as a curve of
PG(2, F̄q) where F̄q stands for an algebraic closure of Fq . Denote by Nq(Du) the number
of the points ofDu in PG(2, q). It should be noticed that ifDu has some singular points then
Nq(Du) may not count the number of Fq -rational points of a non-singular model of Du . In
particular, the Hasse–Weil bound does not apply to Nq(Du). The following upper bound is
due to B. Segre [9, Sect. 6, Theorems I and II]:

|Nq(Du)| ≤
{

(u − 1)q + [ 1
2u

] + 1, if Du does not split into lines in PG(2,Fq);
uq + 1, if Du splits into lines over Fq .

(2)

As a corollary,

|Nq(Du)| ≤ uq + 1 for any plane curve Du of degree u. (3)

In fact, if Dv is the product of all linear components of Du defined over Fq , and Dw the
product of all the remaining components of Du , then |Nq(Du)| ≤ |Nq(Dv)|+|Nq(Dw)| and
u = v + w. Hence the claim follows from (2).
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Evaluation codes arising from symmetric polynomials 3365

2.4 Mutual positions of conics in planes of odd order

Let C be an irreducible conic in the projective plane PG(2, q) of odd order q . The points
of PG(2, q) that are not on C are either external, which means that they lie on two tangents
to C, or internal, lying on no tangent to C. A line 	 of PG(2, q) is either tangent, or chord
(secant), or external line to C according as |C ∩ 	| = 1, 2 or 0. For more basic properties of
conics in PG(2, q); see [6]. Let EC denote the set of all external points to C. Then EC has
size 1

2q(q + 1). The points of a second irreducible conic D in PG(2, q) with respect to C
fall into three subsets as the points of D other than those of C ∩D are either internal to C, or
external to C. The latter subset is EC ∩D, and the possible sizes of EC ∩D are found in [1].
There exist irreducible conics D whose points not on C are all external, or all internal to C.
For such irreducible conics D, assume that some point of D is external to C. Then

|EC ∩ D| =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

q + 1, if C ∩ D = ∅ and there is a cyclic projective group of order

q + 1 preserving C and D;
q, if |C ∩ D| = 1 and there is a projective group of order q

preserving Cand D;
q − 1, if |C ∩ D| = 2 and there is a cyclic projective group of order

q − 1 preserving C and D.

(4)

Clearly, |EC ∩ D| = 0 if no point of D is external to C. We count the total number of
irreducible conics D in (4). The projective group PGL(2, q) preserving C has as many as
1
2q(q−1) cyclic subgroups of order q+1, each has exactly 1

2 (q−1) orbits which are conics
contained in EC . Moreover, PGL(2, q) has as many as q +1 subgroups of order q , and each
has exactly 1

2 (q − 3) orbits which are conics contained in EC minus a point of C. Finally,
PGL(2, q) has as many as 1

2q(q + 1) cyclic subgroups of order q − 1 each has 1
2 (q − 3)

orbits which are conics contained in EC minus two points of C. Therefore, the total number
equals

1

2
q(q − 1)

1

2
(q − 1) + (q + 1)

1

2
(q − 3) + 1

2
q(q + 1)

1

2
(q − 3) = 1

2
(q3 − q2 − 3q − 3).

(5)

For any other irreducible conicD, it is shown in [1] that the size of EC ∩D can be computed
from the number Nq ofFq -rational points of an elliptic curve definedoverFq . TheHasse–Weil
bound, see [7, Theorem 9.18], Nq − (q + 1) ≤ 2

√
q, yields the bound

1

2
(q − 1) − (√

q + 3
) ≤ |EC ∩ D| ≤ 1

2
(q − 1) + (√

q + 3
)
. (6)

For q ≤ 19, the exact value of the maximum size for EC ∩ D is known, see [1]. For conics
D not considered in (4) these values are reported below.

If D is reducible over Fq then it splits into two lines, say 	1 and 	2. If 	1 = 	2 then

|EC ∩ D| =

⎧
⎪⎨

⎪⎩

q, if 	1 is tangent;
1
2 (q − 1), if 	1 is secant;
1
2 (q + 1), if 	1 is external.

(7)
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3366 B. Gatti et al.

If 	1 and 	2 are two distinct lines then

|EC ∩ D| =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

2q − 1, if 	1 and 	2 are two distinct tangents;
3
2 (q − 1) + 1, if 	1 is tangent and the common point of 	1 with 	2 is

not on C;
3
2 (q − 1), if 	1 is tangent and 	2 is a secant such that their common

point is on C;
q − 1, if both 	1 and 	2 are secants through either internal point,

or a point on C;
q − 2, if both 	1 and 	2 are secants through an external point;
q, if both 	1 and 	2 are external through an external point;
q + 1, if both 	1 and 	2 are external through an internal point;
q, if 	1 is secant and 	2 is external through an internal point;
q − 1, if 	1 is secant and 	2 is external through an internal point.

(8)

IfD is irreducible over Fq but it splits into two (distinct) lines over Fq2 then EC ∩D is either
empty or consists of a single point.

2.5 Linear codes

A linear code C of length n over a finite field Fq is a subspace of the vector space Fn
q over

Fq . The vectors in C are the codewords, and if C has dimension k then it is a linear code
of dimension k. Fix a basis of Fn

q . The weight of a codeword is the number of its non-zero
coordinates (entries). The Hamming distance of two codewords x, y ∈ C is the weight
of x − y. The minimum distance d of a code C is the minimum of distances of all two
distinct codewords of C or, equivalently, the minimum weight of the non-zero vectors of C .
A [n, k, d]q -code is a linear code with above parameters n, k, d .

One may ask for applications whether a given code is a “good" one compared to others.
Useful comparisons may be done with two further parameters, namely the relative distance
δ = d/n and the information or dimension rate R = k/n. Codes with higher rates are
considered to be better than codes with lower rates.

2.5.1 Generalized Reed–Muller codes arising frommultivariable polynomials over Fq

The evaluation vector of a polynomial f ∈ Fq [X1, . . . , Xm] on (x1, . . . , xm)with xi ∈ Fq is
them−tuple ( f (x1), . . . f (xm)), and it can be viewed as a vector inFm

q . Let x = (x1, . . . , xm)

with xi ∈ Fq . The t-th order Generalized Reed–Muller code is

GRq(m, t) := {( f (x) : x ∈ F
m
q ) | f ∈ Fq [x1, . . . , xm], deg( f ) ≤ t}

and it is a
[
qm,

(m+t
m

)
, (1 − t

q )qm
]

q
code.

2.5.2 The Datta–Johnsen code

The elementary symmetric polynomials σ i
m together with their Fq -linear combinations form

an (m + 1)-dimensional Fq -subspace in Fq [X1, . . . , Xm]. Evaluating these polynomials on
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Evaluation codes arising from symmetric polynomials 3367

the set of all distinguished points in F
m
q (i.e. on all points with pairwise distinct coordinates

in F
m
q ) is the Datta–Johnsen code Cm introduced in [4]. For m < q , the code Cm is a

non-degenerate [n, k, d] code, where n = P(q,m) with

P(q,m) =
{(q

m

)
m! if m ≤ q,

0 otherwise,
(9)

k = m+1 and d = (q−m)P(q−1,m−1); see [4, Proposition 3.2]. In [4, Remark 3.3], the
authors pointed out that the distinguished points are partitioned into

(q
m

)
subsets each ofwhich

is an orbit of the symmetric group of degree m. Therefore, a smaller evaluation code C ′
m can

be obtained by evaluating symmetric polynomials on an ordered set Q of representatives of
those orbits. For m < q , C ′

m is a non-degenerate [N , K , D] linear code where N = (q
m

)
,

K = m + 1 and D = (q
m

) − (q−1
m−1

)
; see [4, Proposition 3.4].

3 Evaluation codes of symmetric functions on distinguished points of
the affine plane

In this section, m = 2. Therefore, x = (x1, x2) ∈ F
2
q and y1 = σ 1

2 (x) = x1 + x2, y2 =
σ 2
2 (x) = x1x2. With this notation, x1 = x2 if and only if y1 = 2x1 and y2 = x21 . Thus

the discriminant variety is the parabola C of equation y21 − 4y2 = 0. Take a distinguished
point P = (ξ1, ξ2). Then ξ1 	= ξ2, and ϕ2(P) = (σ 1

2 (P), σ 2
2 (P)) = (ξ1 + ξ2, ξ1ξ2). Write

η1 = σ 1
2 (P) and η2 = σ 2

2 (P). Now, look at the location of the point Q = (η1, η2) with
respect to the parabola C. Clearly Q /∈ C. More precisely, we show that η21−4η2 is a non-zero
square in Fq . The polynomial in (1) for m = 2 is

F(X) = X2 − η1X + η2.

Since the roots ξ1 and ξ2 of the polynomial F(X) are different and both defined over Fq ,
its discriminant η21 − 4η2 is a non-zero square in Fq . Thus, the point Q = (η1, η2) is an
external point to the parabola C. Conversely, if the point Q = (η1, η2) is such that η21 − 4η2
is a non-zero square in Fq then the polynomial F(X) = X2 − η1X + η2 has two different
roots ξ1 and ξ2 both in Fq . The points (ξ1, ξ2) and (ξ2, ξ1) are two distinguished points in F2

q
and have the same ϕ2-image. Moreover, the total number of distinguished points amounts
q(q − 1). Therefore, that map ϕ2 is a 2-to-1 correspondence from the set of distinguished
points onto a set of size 1

2q(q − 1). Actually, this correspondence ϕ2 becomes 1-to 1 it it
is considered from a set Q of representatives, as defined in Sect. 2.5.2. In geometric terms,
Im(ϕ2) consists of all external points to the parabola C in the affine plane AG(2,Fq).

3.1 Case of linear polynomials

Let �1 = �2,1 be the linear system over K consisting of all linear polynomials in x1, x2.
Then �2(�1) consists of all Fq -linear combinations of y1 and y2. Evaluation of a symmetric
polynomial g ∈ �2(�1) on the set of distinguished points in F

2
q can be carried out by

evaluating the corresponding linear polynomial f with g = �m( f ) on the set EC of all affine
external points to C. In particular, the weight of the codeword of the Datta–Johnsen code C ′

2
represented by the affine line 	 of equation f = 0 is equal to 1

2q(q−1)−(	∩EC). Here, 	∩EC
is eitherq−1, or 1

2 (q−1), or 1
2 (q−3) according as 	 is a tangent toC, or an external line toC, or

a secant toC. Therefore, theweight distribution is { 12 (q−1)(q−2), 1
2 (q−1)2, 1

2 (q
2−2q+3)}.
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Table 1 Size of the largest
intersection for cases not in (4) q 3 5 7 9 11 13 17 19

|EC ∩ D| 1 3 5 7 9 10 13 13

Thus the reduced Datta–Johnsen code C ′
2 is a

[ 1
2q(q − 1), 3, D

]
code which has minimum

distance equal to D = 1
2 (q − 1)(q − 2). Therefore, the Datta–Johnsen code has minimum

distance (q − 1)(q − 2) in accordance with [4, Proposition 3.2] for the case m = 2.

3.2 Case of quadratic polynomials

Let �2 = �2,2 be the six-dimensional linear system over K consisting of all polynomials in
x1, x2 of degree≤ 2. After replacing�1 by�2 wemay argue as in Sect. 3.1. The arising code
has size n = q(q − 1) and dimension 6 whose weight distribution depends on the possible
intersections between EC and a conic D in the affine plane AG(2,Fq). These possibilities
can be determined relying on Sect. 2.4.

Theorem 2 The reduced generalized Datta–Johnsen code C2(6)′ arising from the linear
system of all conics is

[ 1
2q(q − 1), 6, 1

2 (q − 2)(q − 3)
]
.

To show Theorem 2 it is enough to observe that the maximum of the size of EC ∩ D in
AG(2, q) is equal to 2q − 3. Take for D the reducible conic whose components are two
tangents to C. Since the line at infinity is a tangent to the parabola C, the size of EC ∩ D
in AG(2, q) equals 2q − 3 and the minimum weight is 1

2 (q − 2)(q − 3). Thus Theorem 2
follows from (7) and (8). The generalized Datta–Johnsen code C2(6) has minimum distance
equal to (q − 2)(q − 3).

The linear system �2 has linear subsystems �2,2(r) = �2(r) for any degree r for 1 ≤
r ≤ 5. Each of them gives rise to a generalized Datta–Johnsen code of size q(q − 1) and
dimension r whose weight distribution and minimum distance can be estimated using the
formulas (4), (6), (7) and (8), and for smaller q ≤ 19 from Table 1. Here we limit ourselves
to show two types of codes for r = 3 with large minimum distances.

In the first type, the linear system�2(3)will contain no reducible conicwhose components
are lines definedoverFq . Toobtain such a linear system, look at the affineplane AG(2, q3) and
its projective closure PG(2, q3) with homogeneous coordinates (x : y : z). The projective
group G = PGL(3, q) of PG(2, q) can be viewed as a subgroup of PGL(3, q3). The
action of G on PG(2, q3) produces three point-orbits, namely PG(2, q), the set of all points
covered by lines of PG(2, q) and the set 
 of the remaining points. Here

|
| = q6 + q3 + 1 − (q2 + q + 1) − (q2 + q + 1)(q3 − q) = q6 − q5 − q4 + q3. (10)

Take a point P = (a : b : c) ∈ 
 with its Frobenius images P1 = (aq : bq : cq) and
P2 = (aq

2 : bq2 : cq2). These points are the vertices of the triangle PP1P2 whose sides
	1 = PP1, 	2 = P1P2 and 	3 = P2P are disjoint from PG(2, q). If 	i has equation
	i (x, y, z) = ai x +bi y+ci z for i = 1, 2, 3 then a2 = aq1 , a3 = aq2 , b2 = bq1 , b3 = bq2 , c2 =
cq1 , c3 = cq2 . This shows that the Frobenius image of 	i is 	i+1 where the indices are taken
(mod 3).

Define �2(3) to be the net (linear system of projective dimension 2) of PG(2, q3) con-
sisting of all conics through the points P, P1, P2. Clearly, �2(3) is generated by the three
reducible conics, those of equations 	1(x, y, z)	2(x, y, z) = 0, 	2(x, y, z)	3(x, y, z) = 0
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and 	3(x, y, z)	1(x, y, z) = 0, respectively. Actually, �2(3) contains further reducible con-
ics of equations 	t = 0 where 	 coincides with a side of the triangle, and t is any line through
the opposite vertex of 	. The line t may have at most one point of PG(2, q). Let �̄2(3) be
the set of all conics Cλ in �2(3) of equation

λ	1(x, y, z)	2(x, y, z) + λq	2(x, y, z)	3(x, y, z) + λq
2
	3(x, y, z)	1(x, y, z) = 0

with λ ∈ Fq3 \ {0}. The Frobenius image of Cλ is the conic of equation

λq	2(x, y, z)	3(x, y, z) + λq
2
	3(x, y, z)	1(x, y, z) + λq

3
	1(x, y, z)	2(x, y, z) = 0.

Since λq
3 = λ, this shows that �̄2(3) consists of conics defined over Fq , i.e. conics of

PG(2, q). The total number of conics in �̄2(3) equals (q3 − 1)/(q − 1) = q2 + q + 1, i.e.
the number of points of PG(2, q). It turns out that �̄2(3) is a linear system of PG(2, q) of
projective dimension 2. Moreover, �̄2(3) contains no reducible conic. In fact, as we have
already observed, any reducible conic in �2(3) contains exactly one side of the triangle
PP1P2 and hence it is not defined over Fq as the Frobenius map does not preserve any side
of that triangle. We show that it is possible to choose the point P such that none of the conics
in (4) passes through P . From (5), the total number of such conics is smaller than 1

2q
3. Each

conic defined over PG(2, q) has exactly q3−q points in PG(2, q3). Therefore, the conics in
(4) cover less than 1

2q
6 points of PG(2, q3) outside PG(2, q). Since 1

2q
6 < q6−q5−q4+q3,

they cannot cover all the points of 
. Thus, any uncovered point in 
 can be chosen for P .
From (6), the largest weight of the reduced generalized Datta-Johnson code C2(3)′ does not
exceed 1

2 (q+1)+√
q+3. Therefore, it is a

[ 1
2q(q − 1), 3, D

]
whoseminimum distance D is

at least 12q(q−1)−( 1
2 (q + 1) + √

q + 3
) = 1

2

(
q2 − 2q − 2

√
q − 7

)
. Thus, the generalized

Datta–Johnsen code C2(3) has minimum distance not smaller than q2 − 2q − 2
√
q − 7.

In the second type, the linear system�2(3) is defined overFq2 . In PG(2, q2) take a point P
not in PG(2, q) together with its Frobenius image P1. Then the line 	 joining them is defined
over Fq , i.e. 	 is a line of PG(2, q). Furthermore, take an internal point P2 ∈ PG(2, q) to
C. Define �2(3) to be the linear system of conics in PG(2, q2) which passes through P, P1
and P2. Arguing as in the first example, it can be shown that the conics in �2(3) which are
defined over Fq form a linear system �̄2(3) in PG(2, q). Actually, a direct presentation of
�̄2(3) is also possible. For this purpose, fix a non-square element s of Fq and choose an
element i ∈ Fq2 such that i2 = s. Then iq = −i . Let P = (i : 1 : 0), P1 = (−i : 1 : 0) and
P2 = (0 : −s : 1). Then P2 is an internal point to C. With this notation, �̄2(3) consists of all
conics Dα,β,γ of equations

α(x2 − sy2) + 2βxz + 2γ yz + s(αs2 + 2γ )z2 = 0.

A straightforward computation shows that the determinant associated withDα,β,γ is equal to
−α(αs2 +βi +γ ) (αs2 −βi +γ ). Therefore,Dα,β,γ is reducible if and only if either α = 0,
or αs2 ± βi + γ = 0. In the latter case, the reducible components are two (conjugate) lines
defined over Fq2 . For α = 0, one of the components is the line 	∞ of equation z = 0 and the
other component is a line t in PG(2, q) passing through P2. Therefore, ifD is reducible then
EC ∩ D in AG(2, q) only consists of the external points to C lying on t , and their number is
at most 1

2 (q − 1). Moreover, none of the cases in (6) occurs as Dα,β,γ contains an internal
point to C, namely P2. We may conclude our discussion as in the first example. From (6),
the largest weight of the reduced generalized Datta-Johnson code C2(3)′ does not exceed
1
2 (q + 1) + √

q + 3. Therefore, it is a
[ 1
2q(q − 1), 3, D

]
whose minimum distance D is at
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least 1
2q(q − 1) − ( 12 (q + 1) + √

q + 3) = 1
2 (q

2 − 2q − 2
√
q − 7). Again, the generalized

Datta–Johnsen code C2(3) has minimum distance not smaller than q2 − 2q − 2
√
q − 7.

3.3 Case of polynomials of degree u ≥ 3

Unfortunately, an adaption for 3 ≤ u < 1
2q of the above idea, as developed in Sect. 3.2,

works only partially for lack of the analog results on curves D of degree u ≥ 3, quoted in
Sect. 2.4. Nevertheless, some weaker general results can be obtained for u ≥ 3 using (3).

Let �u be the linear system of all plane curves Du of degree ≤ u. Then the maximum
weight of the reduced generalized Datta–Johnsen code C ′

u is upper bounded uq + 1 and
hence it is a

[ 1
2q(q − 1), 1

2 (u + 1)(u + 2), D
]
whoseminimum distance D is at least 12q(q−

1) − uq − 1. Thus, the generalized Datta–Johnsen code Cu has minimum distance at least
q(q − 1 − 2u) − 2.

In the smallest case u = 3, an analog of the first example for quadratic polynomials gives
better results. With the previous notation, define �̄3(4) to be the linear system of projective
dimension 3 of PG(2, q3) consisting of all cubics Cλ of equation

λ	1	
2
2 + λq	2	

2
3 + λq

2
	3	

2
1 + δ	1	2	3 = 0 (11)

where 	i = 	i (x, y, z), λ ∈ Fq3 , δ ∈ Fq , and (λ, δ) 	= (0, 0). All these cubics are defined
over Fq and their total number equals (q4 − 1)/(q − 1) = q3 + q2 + q + 1, i.e. the number
of points of PG(3, q). Moreover, the intersection multiplicity at the point Pi of the triangle
PP1P2 of Cλ ∈ �̄3(4)with a side 	i+1 is at least 2, where i = 1, 2, 3, P3 = P and the indices
are taken (mod 3). In fact, from the properties of the intersection multiplicity between plane
curves, see [7, Chapter 3], we have for λ 	= 0

I (P, Cλ ∩ 	1) = I (P, 	2	
2
3 ∩ 	1) = I (P, 	23 ∩ 	1) = 2. (12)

We show that for �̄3(4) contains no reducible cubic. Assume first that a cubic C in �̄3(4)
splits into an irreducible conic C2 and a line 	. Since 	 is defined over Fq , none of vertices
of the triangle PP1P2 is incident with 	. Therefore, C2 passes through each vertex. This
together with (12) imply I (P,C2 ∩ 	1) = 2. Since P1 ∈ C2 ∩ 	1, the Bézout theorem yields
that 	1 is a component of C2, a contradiction. Thus, Cλ splits into three lines. If one of these
lines, say 	 is defined over Fq then the choice of P ∈ 
 rules out the possibility that a vertex
of the triangle is incident with 	. Then one of the other two lines passes through two vertices
of the triangle, i.e. it coincides with one of the sides 	i . Since Cλ is defined over Fq , the
Frobenius images of 	 are also components of Cλ. Thus λ = 0.

Notice that the projective dimension 3 of �̄3(4) is best possible. In fact, by [2, Theorem
1.3], if � is a linear system of cubics with projective dimension at least 4, then � has an
Fq -member which is reducible over Fq .

Now, let Cλ ∈ �̄3(4) of affine equation obtained from (11) by putting z = 1. Also, write
	i (x, y) = 	i (x, y, 1). Moreover replace y by 1

4 (x
2 − t2). The arising affine polynomial has

equation

f (x, t) = λ	1(x,
1

4
(x2 − t2))	2(x,

1

4
(x2 − t2))2 +

λq	2(x,
1

4
(x2 − t2))	3(x,

1

4
(x2 − t2))2

+λq
2
	3(x,

1

4
(x2 − t2))	1(x,

1

4
(x2 − t2))2 +
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Table 2 The parameters of the generalized Datta-Johnsen code of conic and cubic type, q ≤ 11

Dim Curves Max distances Upper bound

q = 5 3 Type 1 conics 5, 6, 7 7 From [5]

Length = 10 3 Type 2 conics 5 7 From [5]

4 Cubics 3–6 6 From [5]

q = 7 3 Type 1 conics 14, 15, 16 17 From [5]

Length = 21 3 Type 2 conics 15 17 From [5]

4 Cubics 11–14 16 Delsarte LP

q = 9 3 Type 1 conics 27–30 31 From [5]

Length = 36 3 Type 2 conics 28 31 From [5]

4 Cubics 23–27 30 From [5]

q = 11 3 Type 1 conics 44–47 49 Delsarte LP

Length = 55 3 Type 2 conics 45 49 Delsarte LP

4 Cubics 40–44 48 Delsarte LP

Table 3 The minimum distance
of the reduced generalized
Datta-Johnsen code C3(4)′,
q ≤ 11

q 5 7 9 11

k 11 18 23 17

N (k) 10 14 18 22
1
2q(q − 1) − 1

2 N (k) 5 14 27 44

δλ1(x,
1

4
(x2 − t2))λ2(x,

1

4
(x2 − t2))λ3(x,

1

4
(x2 − t2)). (13)

Then a point in Q(ξ, η) of AG(2, q) is a commonpoint of EC andCλ if and only if f (ξ, τ ) = 0
where η = 1

4 (ξ
2 − τ 2), ξ, τ ∈ Fq and τ 	= 0; in other words the point Q′(ξ, τ ) with τ 	= 0

is an affine point of the plane curve F of equation f (x, t) = 0. Therefore, to compute the
weight-distribution of the reduced generalized Datta–Johnsen code C3(4)′ it is necessary to
know the number of points of F in AG(2, q). Unfortunately, the exact value of the number
Nq(U) of points that a given plane algebraic curve U of degree 6 defined over Fq possesses,
is largely unknown. To estimate the minimum distance ofC3(4)′, upper bounds on Nq(U) are
required. If either U is absolutely irreducible, or it has an absolutely irreducible component
defined over Fq , the Hasse–Weil bound, the Serre bound, or the Stöhr–Voloch bound may be
useful, especially for larger values of q . Useful criteria for low dimensional linear systems to
consist of absolutely irreducible plane curves are found in [2]. On the other hand, for smaller
values of q , an exhaustive computation can be carried out. Table 2 shows the computational
results for q = 5, 7, 9, 11 and it makes a comparison with the conics cases and with the
known bounds on the minimum distances for codes with same length and dimension.

For q = 7, 9, 11, the extremal cases can be obtained as follows. Fix a primitive element
w of Fq3 , and let w1 = wq−1. For 1 ≤ k ≤ q2 + q , define the line 	1 to be of affine equation

wk
1x + w1y + 1 = 0. Let C(k)

λ be the irreducible plane cubic of Eq. (11), and denote by

N (k) the maximum of |EC ∩ C(k)
λ | where λ ranging on all non-zero elements of Fq3 . Then,

the minimum distance of the reduced generalized Datta–Johnsen code C3(4)′ is equal to
1
2q(q − 1) − 1

2N (k); see Table 3 for the computed values when q = 5, 7, 9, 11.
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4 Evaluation codes of symmetric functions on distinguished points of
the affine space

In this section, m = 3. For x = (x1, x2, x3) ∈ F
3
q , let y1 = σ 1

3 (x) = x1 + x2 + x3, y2 =
σ 2
3 = x1x2 + x2x3 + x1x3 and y3 = σ 3

3 = x1x2x3. For a point P = (ξ1, ξ2, ξ3) we have
ϕ3(P) = (σ 1

3 (P), σ 2
3 (P), σ 3

3 (P)) = (ξ1 + ξ2 + ξ3, ξ1ξ2 + ξ2ξ3 + ξ1ξ3, ξ1ξ2ξ3). Write
ηi = σ i

3(P) for i = 1, 2, 3. The polynomial (1) reads

X3 − η1X
2 + η2X − η3. (14)

If p > 3, the classicalCardano’s formula for the roots holds true in characteristic p. Therefore,
if p > 3 and ξ is a root of the polynomial (14) then

ξ = {b + [b2 + (c − a2)3]1/2}1/3 + {b − [b2 + (c − a2)3]1/2}1/3 + a

where

a = 1

3
η1, b = 1

27
η31 − 1

6
(η1η2 − 3η3), c = 1

3
η3.

Therefore, ξ ∈ Fq if and only if ξq − ξ = 0, that is,
(
{( 1

27η
3
1 − 1

6 (η1η2 − 3η3) + [ 1
27η

3
1 − 1

6 (η1η2 − 3η3)]2 − ( 13η3 − 1
9η

2
1)

3
)1/2}1/3+

{( 1
27η

3
1 − 1

6 (η1η2 − 3η3) − [ 1
27η

3
1 − 1

6 (η1η2 − 3η3)]2 − ( 13η3 − 1
9η

2
1)

3
)1/2}1/3

)q−
{( 1

27η
3
1 − 1

6 (η1η2 − 3η3) + [ 1
27η

3
1 − 1

6 (η1η2 − 3η3)]2 − ( 13η3 − 1
9η

2
1)

3
)1/2}1/3+

{( 1
27η

3
1 − 1

6 (η1η2 − 3η3) − [ 1
27η

3
1 − 1

6 (η1η2 − 3η3)]2 − ( 13η3 − 1
9η

2
1)

3
)1/2}1/3 = 0.

(15)

Thus, ϕ3 maps AG(3,Fq) to the set � of all points P = (η1, η2, η3) whose coordinates
satisfy Equation (15). In other words, the points (η1, η2, η3) of the quotient varietyFq3/Sym3
are those satisfying Equation (15). The polynomial (1) has a multiple root, i.e. P is not a
distinguished point, if and only if the system

{
X3 − η1X2 + η2X − η3 = 0,

3X2 − 2η1X + η2 = 0

has a solution. From the Sylvester determinant
∣∣∣∣∣∣∣∣∣∣

1 −η1 η2 −η3 0
0 1 −η1 η2 −η3
3 −2η1 η2 0 0
0 3 −2η1 η2 0
0 0 3 −2η1 η2

∣∣∣∣∣∣∣∣∣∣

= −η21η
2
2 + 4η32 + 4η31η3 + 27η22 − 18η1η2η3,

the discriminant variety �3 is the (affine) surface F of equation y21 y
2
2 − 4y32 − 4y31 y3 −

27y22 + 18y1y2y3 = 0 which shows that the set of all non-distinguished points x is mapped
into �3. Therefore, ϕ3 maps the set of all distinguished points onto � \ �3. Fix an order
of the distinguished points Q = {Q1, . . . , Qn} with n = 1

6q(q − 1)(q − 2). Evaluating the
linear polynomials in Fq [X1, X2, X3] on �\�3 gives the reduced Datta–Johnsen code C ′

3.
Its weight distributions of C ′

3 determine (and determined by) the sizes of the possible plane
sections of the quotient variety Fq3/Sym3 and the determinental variety. If quadratic polyno-
mials in Fq [X1, X2, X3] considered, then an analog connection between weight distribution
and sizes of sections of Fq3/Sym3 and the determinental variety occurs where the sections
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are cut out by quadrics. Looking back to (15) the study of such sections appears to be out of
reach.
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