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This work focuses on the application of two-dimensional higher-order theories within the Equivalent Single Layer
(ESL) approach for the free vibration analysis of anisotropic doubly-curved shells with irregular bi-connected
domains, holes, and cracks. To this end, the dynamic governing equations are derived from the Hamilton
principle in curvilinear principal coordinates, using a higher-order Lagrange interpolation of the unknown
variables. An isogeometric mapping technique is employed to account for arbitrarily-shaped structures. A
constitutive relation valid for generally anisotropic materials is considered within the theory, and a generalized
kinematic model, based on power and zigzag functions, is adopted along the thickness direction. A numerical
solution is derived with the Generalized Differential Quadrature (GDQ) method. Furthermore, a finite element
implementation of the theory is carried out using higher-order Lagrange and Hermite shape functions to inter-
polate the solution within rectangular and triangular elements which discretize the parametric domain.

The model is validated against some reference solutions obtained from finite elements, and the convergence of
the results from numerical method is assessed. The accuracy of the solution is investigated for structures
described by bi-connected domains, including panels with one or more holes of arbitrary shape. Furthermore,
doubly-curved laminated shells are studied with internal line cracks. The procedure presented in this paper
represents a significative advancement in the analysis of shell structures, since it provides a comprehensive finite
element formulation for anisotropic doubly-curved shells, based on unified formulations, which can be used even

for curved laminated structures characterized by holes, discontinuities, cracks, and arbitrary shape.

1. Introduction

Recent applications in many engineering fields increasingly adopts
structural elements with highly complex geometry, very frequently
composed of advanced innovative materials [1-3]. In this context, new
theoretical formulations are required to accurately predict the me-
chanical response of these structures [4,5], enabling their integration
into efficient and sustainable design processes. However, these models
must also be computationally efficient since the complexity of materials,
geometry, loads, and boundary conditions can lead to a high computa-
tional demand. Indeed, analytical solutions are available only for
structural problems with specific geometrical, loading, and material
configurations [6,7]. For these reasons, advanced numerical techniques
have been developed in literature to reduce the number of unknown
variables involved in the simulations [8,9]. When classical numerical
strategies are applied to advanced structural components, several issues
emerge. Conventional methods fail to consider the actual geometry of
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the structure, because these methods are based on a local approximation
using linear or at least quadratic elements of the geometrical shape. To
overcome this limitation, a finer discretization of the geometric domain
is required, which increases the computational cost. This approach is
characteristic of the Finite Element Method (FEM), which is the most
widely used numerical method in practical engineering design [10-14].
According to FEM, the physical domain is discretized into finite ele-
ments [15-18], and the unknown variables are locally interpolated
using quantities associated with the nodes of the discretization.
Depending on the properties of the interpolating functions, commonly
named as shape functions, these quantities can represent the values of
the unknown function, or their partial derivatives [19-21]. The most
frequently used interpolation functions are based on Lagrange or Her-
mite polynomials, among others. A fundamental preliminary step in
FEM-based analysis is the discretization of the physical domain, which
can result in either structured or unstructured meshes. More specifically,
in structured meshes each node is arranged in a regular grid, while in
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unstructured meshes the computational grid does not follow a regular
pattern. Numerical models based on FEM can achieve high accuracy of
the results. However, to correctly predict the response of the structure
under consideration by using FEM-based approaches, the number of the
unknown variables, known as Degrees of Freedom (DOFs), can be
significantly large, especially for very complex structures. In contrast,
isogeometric formulations [22,23] directly adopt the same functions
used in Computer Aided Design (CAD) tools to describe both the ge-
ometry and the unknown variables. In this way, the computational cost
can be significantly reduced while maintaining a high solution accuracy.
When the isogeometric analysis is used, it is very common to use
Non-Uniform-Rational-Basis-Spline (NURBS) curves, typical of CAD
tools, to approximate the unknown variables [24-26].

When dealing with complex structural models, analytical solutions
are not usually available, except for some specific geometric, loading,
and material configurations. As a result, numerical techniques are used
to derive approximate solutions. The FEM is a widely used methodology
for discretizing structural problems and deriving numerical solutions.
However, it does not ensure a-priori the higher-order continuity of de-
rivatives of the solution at the interfaces between adjacent elements.
Only the continuity of the solution itself is guaranteed. In the case of
Hermite polynomials, some continuity conditions can be established
between adjacent finite elements. To overcome these limitations,
collocation numerical techniques have been introduced in literature [27,
28]. These methods are based on the interpolation of the unknown
variables across the entire computational domain. Among these meth-
odologies, the Generalized Differential Quadrature (GDQ) [29-33] has
extensively been applied to various engineering problems, including
static analysis [34-36], vibrational analysis [37-39], fracture mechanics
[40,41], time history analysis [42-44], multifield problems [45-47],
and fluid analysis [48-50], among others. The GDQ method approxi-
mates the derivatives of a function within a differential equation [51].
Since it is based on a global interpolation of the function, it requires very
few discrete points to achieve highly accurate results [52]. For this
reason, it is computationally more efficient than classical numerical
techniques. In addition, from the GDQ discretization of first-order de-
rivatives, it is possible to compute numerically the integral of a given
function, leading to the Generalized Integral Quadrature (GIQ) method
[53,54]. Both GIQ and GDQ deliver excellent results with fewer grid
points, especially when the computational grid is non-uniformly
distributed.

Another important aspect that should be considered for efficient
simulations is the assessment of the theoretical model used. Moving
from the three-dimensional (3D) analysis, in case of thick or moderately
thick panels, it is possible to develop two-dimensional (2D) models,
because these structures are characterized by one geometric dimension
smaller than the others. All 2D theories rely on an arbitrary kinematic
model which describes the variation of the unknown variables along the
thickness direction. For example, classical approaches like Classical
Plate Theory (CPT), First-order Shear Deformation Theory (FSDT), and
Third-order Shear Deformation Theory [55-57] assume a linear
through-the-thickness distribution of in-plane displacement field com-
ponents, while the out-of-plane deflection is considered uniform. These
classical formulations belong to a broader class of structural theories
known as Equivalent Single Layer (ESL) theories [58-60]. They are
based on an arbitrary expansion of the unknown variables along the
thickness of the laminated panel. In this way, the governing equations
are derived only within the reference 2D surface, usually located at the
mid thickness of the structure [61]. When dealing with ESL formulations
for laminates, a special attention must be paid to describe the
displacement field components at each interface as experimental tests
show unconventional deflections of the structure in these regions, even
including possible zigzag and sliding effects. To achieve better numer-
ical predictions and to accurately model these phenomena, Layer-Wise
(LW) formulations have been introduced in literature [62-64], which
account for arbitrary kinematic expansions within each lamina of the

Engineering Analysis with Boundary Elements 180 (2025) 106480

structure. Kinematic compatibility conditions are then introduced to
assemble the fundamental relations valid for the entire laminate [65]. It
should be noted that in ESL theories, the number of DOFs is independent
of the number of layers, whereas in LW approaches the number of
laminae affects the size of the unknown vector. In addition to ESL and
LW theories, the Equivalent Layer-Wise (ELW) approach combines
thickness functions typical of LW within an ESL framework [66,67]. In
this way, it is possible to ensure the kinematic loading conditions at both
external sides of laminates [68]. Various ESL and LW theories can be
found in literature which use different types of thickness functions,
including polynomials and trigonometric expansions [69-72]. Further-
more, for ESL formulations, zigzag functions can be used to model
interlaminar deflections. The classical Murakami’s function [73,74] is
widely used to predict the interlaminar zigzag effect, and it has been
adopted with classical and higher-order kinematic models, known as
Higher-order Shear Deformation Theories (HSDTs), to enhance the ac-
curacy of theoretical predictions. In addition, refined zigzag theories can
be used for orthotropic lamination schemes [75-77]. The thickness
functions in refined zigzag models depend directly on the shear moduli
of the layers. An important theoretical strategy for the development of
2D refined theories is the unified formulation [78,79], which derives the
governing equations of a problem regardless of the specific kinematic
field assumed along the thickness direction. Indeed, this formulation
uses generalized kinematic expansions of unknown variables based on
thickness functions, which can be of arbitrary order. The unified
formulation was first proposed in the works by Washizu and Reddy [80,
81], and has been applied to various structural theories, including
classical approaches like CPT, FSDT, and the TSDT [82-84]. Further-
more, it has been used to model the multifield response of laminated
panels, thus demonstrating to be a valid approach for modelling the
behaviour of smart structural components under thermal, hygrometric,
electric, and magnetic loads [85-88].

An important consideration related to the derivation of the solution
of differential equations is the definition of the parametric domain. In
many 2D structural theories, the physical domain is often assumed to be
rectangular [89,90], which simplify the discretization of the computa-
tional domain. However, in the case of bi-connected domains, such those
ones associated with C-shaped and U-shaped panels [91-93], it is not
possible to introduce a rectangular physical domain. As a result, many
theories presented in the literature cannot be directly adopted for
practical engineering applications that involve features like holes and
cracks [94,95]. Cut-outs and holes are usually introduced into the
structure for functional reasons, but they can significantly affect the
structural response due to stress concentration phenomena [96]. For this
reason, it is important to generalize 2D theories based on rectangular
domains to deal with more complex problems of engineering interest.

Therefore, this paper presents an efficient ESL formulation, based on
higher-order kinematic models, for the free vibration analysis of doubly-
curved shell structures with generally anisotropic lamination schemes.
The unknown displacement field variables are expanded using higher-
order theories and unified formulation along the thickness direction. A
higher-order Lagrange interpolation is, then, applied to interpolate the
generalized displacement components in a 2D grid [97]. The geometric
shape of the structure is described using differential geometry principles
in curvilinear principal coordinates, and a generally anisotropic lami-
nation scheme is considered. The fundamental relations are derived
from the Hamilton principle in the weak form, and they are solved using
the GDQ and GIQ methods. In addition, a finite element implementation
of the theory is carried out using the COMSOL Multiphysics, based on
the computation of the total energy of the system, along with appro-
priate Dirichlet boundary conditions [98]. This approach allows the
theory to be applied to laminated structures, described with principal
coordinates, including also those ones associated with bi-connected
physical domains. The refined 2D FEM discretization enables the study
of the mode frequencies of structures of arbitrary shape, including those
ones characterized by holes and discontinuities. The HSDT-based finite
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element model adopts both Lagrange and Hermite interpolating poly-
nomials for local interpolation of the solution within rectangular and
triangular elements, thus setting different compatibility conditions
among adjacent elements. The accuracy of the solution is verified
through various numerical investigations, comparing the results to 3D
FEM analyses obtained from commercial softwares. The results
demonstrate that the refined 2D FEM model is a valid tool for deter-
mining the modal response of structures with various curvatures and
lamination schemes. Furthermore, a possible enhancement of the theory
can be the introduction of additional fields in the unknown variables. In
this way, it would be possible to deal also with the forced and free
vibrational response of shell structures characterized by smart piezo-
electric layers within the lamination scheme [99,100].

2. Shell higher-order weak formulation

The geometric description of an arbitrary doubly-curved shell con-
sists on defining the position vector R of an arbitrary point of the solid.
This vector is univocally identified by three parameters a;, az, as.
Referring to a global Cartesian coordinate system Oxjxex3 with unit
vectors ej, ey, es, the following relation is adopted to describe the ge-
ometry of a 3D solid:

R(ay, a2, 03) = fi(ar, a2, a3)er + fo(ar, az, as)es + fz(a1, a2, a3)es M

Here, f1,f>,f3 are continuous smooth functions. In line with the ESL
approach, the position vector R of the doubly-curved solid is defined
though the introduction of a reference surface located in the mid
thickness of the structure, whose position vector is denoted by r(a;,az).
In this way, the relation a3 = ¢ is assumed, which means that the third
parameter is the thickness coordinate of the shell solid. In this way, R
takes the following expression, being h the total thickness of the shell
[69]:

h(ay, a2)

2

In Eq. (2), the quantity z = 2{/h(a1, a>) with z € [-1,1] is a dimen-
sionless variable that identifies the points located along the thickness
direction of the shell. Eq. (2) is defined within a rectangular physical
domain, denoted as [@0,a}] x [a3,a}], where a?, a} withi= 1,2 represent
the locations of the four lateral surfaces of the shell solid. Starting from
the position vector of the reference surface, the well-known Lamé pa-
rameters A;(a1,az2) and Ax(a,az) are introduced within the physical
domain, defined according to the relation reported below:

A = VIi1Ta, Ay = \/ToT, 3

In Eq. (3), r; = or /oo; with i = 1,2 denote the partial derivatives of
the reference surface position vector r with respect to @; = a;, az. For

R(a1,a2,8) = r(ag,a2) + zn(aq, az) 2)

completeness, the quantities r; = d°r /(da;de;) with i,j = 1,2 are the
second-order partial derivatives of the reference surface r with respect to
a;,@; = a1,a,. In this way, the principal curvature radii of the reference
surface, denoted by R; and R,, are evaluated at each point of the
reference surface as follows:

1

Ry(ay,a0) = 71‘. ﬁ’
11"

ro I
Too'n

Ra(ay,a2) = @

In Eq. (4), n denotes the outward unit vector of the reference surface.
This vector is defined as:
r; XTIy

(5

n(a, a =
(@, 02) = [r1 x 1y
In this way, the through-the-thickness scaling parameters H; = H;, H,
are introduced for each point of the 3D solid:
¢

Hi(al7a21c):1+1?i (6)
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The thickness h of the doubly-curved laminated shell structure,
introduced previously, is obtained as the sum of the individual thick-
nesses hy with k = 1, ..., L of each k-th layer, where [ is the total number of
laminae:

] ]
h(a1,a2) = Z (a1, a2) Z L (an, o2) — G, a2)) @)
= =

As can be seen, the arbitrary k-th layer is located between the
thickness coordinates { and ¢, . All these geometric quantities, defined
for a rectangular continuum-based physical domain, are thus evaluated
on a 2D discrete grid of size Iy x I. This grid is located within the
rectangular interval [a?,a}] x [a9,a3]. The coordinates aiy and ay, of the
arbitrary point of the grid at issue are determined from the quantities ry
and r,, defined for each f = 1,...,Iy and g = 1,...,Iy;, which are the roots
of the Legendre polynomials [69], denoted by LGL 1,1 (&,), evaluated for
Ip = Iy, Iy from the Lobatto and Legendre polynomials A;,_; and L,
respectively:

LGLIP+1 (ér) = (1 - fg)Alpfl (gr) ( é ) (LIP (fr)) ®)

dz,

with r =1,2 and ¢, € [— 1,1]. The Legendre polynomials occurring in
Eq. (8) are obtained using the following recursive expression:

(2Ip — 3)&,Ly, 1(&) — (Ip — 2)Ly, 2(&,)

L1 ©)

LIp (fr) =

with L, (&) =1 and Ly(&,) = &,. Finally, the following transformations
are used to determine the quantities ry,ry:

1 0

al —a
17" 0
i = (rp—m1) +af
Iy —n
1.0 10
al -«
gy =2—2(rg—r1) +0a
'y — "

In this model, a higher-order expansion of the displacement field
components U<1k), ng), Ug‘) along the thickness direction is developed
using the unified formulation. To this end, the matrix F¥ is introduced,
which contains the thickness functions F®  FKlez Fkes associated with
the z-th order of the kinematic expansion [69], being 7 = 0,...,N+ 1. In
this way, the displacement field vector U® is expressed as follows:

N+1

=Y F¥(Ou (a1, z,0) an

=0

U (ar,a2,,)

The vector u” is defined on the reference surface for each r =
N +1 and contains the generalized unknown variables of the formula—

tion, which are the generalized displacement field components u; o (’)

ug) associated with any 7 =0, ...,

previous relation becomes [69]:

N+ 1. Using an extended notation, the

k )
vy F9 00 |
U.
U;k) =0 0 0 FEkJ% ug)

12

=
Il
o
.
=
N
o
:/‘\
N

In the present work, the following expressions are adopted for the set
of thickness functions, based on power polynomials:

4 t=0,..,N

2 S + 6 (13)
g — (—1) G TGk “N+1
(D& =(=1) Cer1 =6k G — Gk f

In particular, power functions are adopted for 7 = 0, ..., N, while the
thickness function associated with z = N + 1 allows for the prediction of
zigzag effects within the structure. To easily identify the kinematic
model used in each simulation, the nomenclature EDZ — N is adopted,
where N is the maximum kinematic expansion order. Furthermore, “E”

GE
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stands for ESL formulation, while “D” is used to identify the displace-
ment field components as the unknown variables in the formulation.
Finally, “Z” is used only when the zigzag function is adopted into the
kinematic model. The unknown variables of the theory, namely the
generalized displacement field components u\”, uf, uf’ for eachz =0, ...,
N+ 1, are interpolated on the computational grid introduced in Eq. (10)
using the 2D Lagrange polynomials [69]. To this end, for each quantity
oy and ayg, these polynomials are evaluated from the relations reported
below:

In
(051 - ali)

(o) = " + Lglas)

(n —ay) ] (o — i)

i=1, iAf

I
H(az - ay)
j=1

= 14

Iv

(o0 —azg) J[ (oo —az)

J=1, j#g

The polynomials [¢(@ ) and L,(a,) are then assembled into the vectors
l,, and [,,, respectively. These vectors, of size 1 x Iy and 1 x I, take the
following extended form:

L) ...
ll ((12)

For the sake of completeness, the first-order derivatives of the
interpolating polynomials with respect to aj,a, are conveniently

l, =

az

li(oq) ... lIN(al)}] (15)

L(az) ... 1y, (a2)

collected into the vectors lflll) and lfllz) of size 1 x Iy and 1 x Iy, respec-
tively, introducing the positions l}l) (1) = 0l /0oy and IV (a) = 0l /0ax,
withf=1,..,Iyand g =1,.... I

£ ()]
L (a2) . 1)(a)]

Starting from the definitions in Eq. (15), each element of the
generalized displacement field vector u® is expressed with a higher-
order Lagrange interpolation, represented in condensed matrix nota-
tion as follows:

)= @) .

a

V(@) ...
(16)
= {lg”(az)

az

u® = NTa® 17

where vector @™ contains the values assumed by the elements of u® on
a discrete 2D grid of size Iy x Ij;, while the shape functions matrix N of
size 3 x (3InIy) is defined from the vectors l,, and l,,, introduced in Eq.
(15), through the Kronecker product operation, denoted by ® , in
accordance with Ref. [69]:

. N’ 0 0 L, ® Ly 0 0
N=|0 N o0]|= 0 L,® 1, 0 (18)
0o o N 0 0 L,® L,

In this way, the higher-order interpolation in Eq. (17) can be written
in expanded form as follows:

u(lr) (al, Az, t)

v Iu Lr(a1)lg(a2) 0 0
uf (an, @z, t) | = 0 L (on)lg(a2) 0
() f=1 &t 0 0 Iy(on)Lp(a2)

u3 ((117 as, t)

u(lr) (a1f= Q2g, f)

Uy (g, s, 1)

uy (auf, azg, 1)

19
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where (ays, ag) is the location of the arbitrary point of the 2D grid
within the rectangular physical domain. Finally, the vector @ in Eq.

(17) is conveniently arranged by introducing the matrices ﬁl@ = ﬁgz),
ﬁ(;), ﬁg), which collect the values u(if(}g) :u(fgfg),u%g),ug&g) of the

generalized displacement field variables u” = u{”,u{’ u{’ at the

discrete points (ays, asg) belonging to the 2D discrete grid, setting f =1,
..,Iyand g =1,...,Iy. The following definition can be, thus, considered:

)’
a? = ﬁ(zﬂ (20)
w0
In Eq. (20), the sub-vectors W, = u , Wy , Wy are defined from
the matrices @" = a\”,ay’,a}’ through the by-column vectorization

operation. If A is a 2D matrix of size Iy x I;, whose arbitrary element is
denoted by A; withi=1,....Iy and j = 1, ...,Iy, the vectorization oper-

ation defines a column vector A of size InIy x 1, expressed as follows
[69]:

A =Vec(A) & Ac=(Ay) (1)

k
where the index k = 1, ..., IyIy is defined so that k =i+ (j — 1)Iy. Thus,

?ET) _ E»gf)’ —(1)

vectors u, ,ﬁ’;ﬂ take the following aspect, being ug(rf)g) =

(7) (7)
1(7z) Y2 ()
andg =1,...,Iy:

u u(;()fg) their corresponding arbitrary elements with f = 1, ..., Iy

)’ = Vec @”)
— [0 ) T
= [uir(ll) uiT(INl)

(@)
1

) ®
Uiy Uity 0 Uit ]
(22)

(7)
U (12)

fori = 1,2,3. At this point, the higher-order 2D interpolation provided
in Eq. (17) is substituted into the generalized kinematic model expressed
in Eq. (11), leading to the following relation:

N+1 N+1
v = 3 e = 3 RONTgo @3)
=0 =0

The governing equations are derived from the Hamiltonian principle
by assuming a stationary configuration of the total strain energy over an
arbitrary time interval [t;, t;]. To this end, the following relation is
considered:

ty t f
/(éd)fzST)dt: /5<I>dt—/6Tdt: 0 (24)

t t t

The higher-order ESL definition equations are derived for a doubly-
curved laminated shell structure employing curvilinear principal co-
ordinates. To this end, the kinematic relations for a general doubly-
curved 3D shell are recalled hereafter, where D denotes the 3D differ-
ential definition operator, as defined in Ref. [69]:

3
¢e® =pUP=D, ( > D;';) u® (25)

i=1

In Eq. (25), the displacement field vector U® is transformed into the
A rl el]’ The
differential operator D is conveniently expressed in terms of operators
D, and D = Dg,DZ, D, which contain the terms of the kinematic
relations defined in terms of the thickness variable ¢ and those ones
associated with the in-plane variables a; , a,, respectively. These opera-
tors are expressed in matrix form as follows:

3D strain vector e® (ay,a2,8,t) = [ P 4
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1
—i 0 1 BA; 0
Ay 0oy AA; Oay
1 0A, 1 0
— 0 =2
A1A; 0oy 0 A; ooy 0
1 0A 1 0
— — 0 O -
A, 0 ° Aom °
1 0 1 0A
=7 00 _ Z2 o
Df =| A, oa, . D= A, 0o, 0| D
1 0 0
- 00
R,
0 00 0 R, 0
1 0 0
0 00 0 0
0 00 _0 0_
- L
0 0 —
Ry
1
00 R,
0 0 0
_ 1 0
=10 1 09
A1 0(11
1 0
0 =
A2 Oaz
0 0 0
0 0 0
0 1
(26)
il{, Y 00 1 a‘il ®l 0
A : “ AA; 6012 "2 “
1 6A2 1
—— (1)
A, dg, e Bl 00 0 Al Ol 0
1 0A 1
— 00 il (1)
A4, aazl”z ®L, 0 All@ L, 0
1 1 0A
o —1V g1, 0 0| .. _ %2 o
BY! — A2{12® 1 ,B2: AlAza(lllu)@lul 0
1
——l,®l, 00 0 . 0 0
o 0 o 0 Rk © 0
I, ®1, 00 0 0 0
0 00 0 L, ®1, 0
0 00 0 0 0
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1
g © 0 0 0 0 0 00
L 0 0 0 0 0 0 o0
Hy
1 1
0 om0 0000
D, = ) 5 27)
0 0 g 0 g 00
1 0
0 0 0 © o 0% ©
o 0 0 0 0 0 002
L &% |

By introducing the higher-order expansion of displacement field
components, as presented in Eq. (23), into the 3D definition Eq. (25), the
following relation is obtained in matrix notation:

N+1 3 N+1 3 N

el — Z ZD;D?{FU“)U(T) — Z Zz(kf)ﬂi])giu(f) —
=0 i=1 =0 i=1

n
=

7, (o) gl(F)a

3
i=1

=)

=

(28)

k)

where the matrix Z*% = D, F*?)% has been conveniently introduced. In

this way, the 3D strain vector ¢(X) can be expanded in analogy with Eq.

(23) by introducing the generalized strain vector &% =
v , T )
60 6 e ol el o], defined

foreach7z=0,...,N+1andi =1,2,3. This vector is then expressed from
the interpolation of the DOFs values in the 2D discrete grid using the
shape functions matrix from Eq. (18):

£9% = Dfu® = DGN"u"” = Bu'” 29
The matrices B = B™ B B® are defined as follows [69]:
1
(1] R—ll,,2 ® Ly
1
00 R—ZL,2 ®@ Ly
0
0
, B = 1 M (30)
, 00 4Ll
1w
00 szl“Z @1,
lflz & la1

The constitutive relationship at an arbitrary point of the doubly-
curved 3D solid accounts for a linear elastic, generally anisotropic
behaviour. More specifically, the constitutive relation reported below is
established between the 3D strain and stress vectors e (a;, a2, ¢, t) and



F. Tornabene et al.

(k)

6®)(a1,02,,t), where B are the constitutive coefficients fori,j =1, ...,6

[69]:
k) Fk) (k) w5k Fk Fk
0(1k) En By By Ey Eys Ej egk)
k) Fk) Fk) EE) Ek) k)
0(2k) E, Ey E26 E24 Ezs E23 8(2k)
(k k) w5k Fk  Fk  Fk =k
o — E(k) e o 712) _ Ejg Ey Eg Eiu Ese Ese 752
T(k) E(k) E.(k) E(k) E(k) E(k) E(k) (k)
13 14 Ba By By By By | | 713
(k) =(k k) =k k) =k =k (k)
R
(k) — — — — — — (k)
o (k) (k) (k) (k) (k) (k) e
3 Ej3 Ey; Eyy Eyy Ezg Egg 3
(31)
for k = 1,...,L. The previous relation is associated with the curvilinear

geometric reference system O'a;ax¢. In the same way, the 3D constitu-
tive equation can be expressed in the material reference system

Oa ay ¥k as shown below:

~(k) k (k k k k k ~(k)
0, E(11> Elz) E(16) E;‘t) Egs) E(13) &
~(k) k (k k k k k ~(k)
) E(12> Ezz) E(ze) E(24) E<25) E(23) )
~(k) (k) (k) (k) (k) (k) (k) (k)
~k) _ p)ak Ti3 | | Eie Ezs Ees Ey Ese Esg ?’gz
on =EVeT o | | = B0 g gR gl g g || 50
T13 14 Lo4 Lae Las Las Lz 713
~(k (k) (k) (k) (k) (k) (k) (k)
7'-23) E15 EZS E56 E45 ESS E35 }/23
~(k (k) (k) (k) (k) (k) (k) ~(k)
0'(3 ) Eys Ejys Eszy Esy Ezy  Egg 5(3

(32)
being Eg() the constitutive coefficient of the material in the k-th layer,
while E<k)(a1,a2,c ,t) and E(k)(al,az,g, t) are the 3D strain and stress
vectors in the material reference system, respectively. The material
reference system can be rotated with respect to the geometric reference
system to account for an arbitrary orientation of a layer in the lamina-
tion scheme. To this end, the transformation matrix T® is defined, and

the 3D constitutive matrix E® is rotated into the geometric reference

(k)

system 3D constitutive matrix E as follows:

EY = TWE® (T0)" (33)

If the material axis along the thickness direction corresponds to the
geometric axis, namely ¢ = ¢, the rotation matrix T® can be expressed
in terms of the angle, 9%, between ¥’ and a , axes, measured clockwise.
This matrix is derived from the rotation matrix H¥, which is defined as
follows:

cosd®  sing® 0
H® = | —sing® coss® 0 (34)
0 0 1
Based on the definition of Eq. (34), it gives [69]:

k)
T® =T (1547890x1.52143+7.6+89)

- (H(k)T ® (H(”)*l) (35)

((1,5,4,7,8,9]x[1,5,2+4,3+7,6+8,9])

where ® denotes the Kronecker product. According to Eq. (35), the
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elements of the matrix T®) are obtained by selecting the rows and col-

umns specified within the square brackets from matrix ™. m addition,
the third, the fourth, and the fifth columns of T®) are obtained from the

sum of the corresponding elements in the appropriate columns of matrix
™. Finally, the elements of the matrix E®) correspond to the 3D

constitutive elastic stiffness constants of the material, namely EQ‘) =

Cl(]k), or to the reduced elastic stiffness coefficients E( ) =

on the selected kinematic model in Eq. (11). The components of the 3D
k)

Ql] , depending

stress vector %) are now used to compute the virtual variation § ® of the
elastic strain energy within the doubly-curved solid:

S

lll az  Ck

A1A2H1H2da1da2d£: (36)

Introducing the higher-order kinematic model from Eq. (23) through
the kinematic relations in Egs. (28) and (29), Eq. (36) can be expressed
as follows [69]:

L Gt sy 3 T
Od = Z /// <Z Zz(kr)al(se(r)ai) G(k)AlHlAszdCdaldaz _
k=1 =0 i-1
a az Gk
L el /Nd1 3 .
- Z ./// (Z Z (5e<T)H1)T(Z Uﬁ)ai) >G(k)A1H1A2H2d§dalda2 =
k=1 ay ay &g =0 i=1
N+1 I Cre1
- Z Z // (5e TZ / AR al oW HHodCA Asdan day, =
=0 i=1 k=1
o a2 Cx
N+1 3 .
= Z //(5E(r)ai)Ts(r)(ziAlAzdaldaz
=0 i=1

ap az

37

In Eq. (37), the integration along the thickness direction is embedded
into the definition of the generalized stress resultants vector §% =

SO (qy ,ay,t), whose components are located along the reference surface
and are defined for any 7 = 0,...,N+ 1 and i = 1,2,3. This vector takes
the following extended representation:

1 Gk
s =% / (2 %) 6™ Hy Hydf =
k=1 Ck
— (NP NPE NOs N@s s pioa pa poa gl
(38)

By substituting the 3D constitutive relationship from Egs. (31) into
Eq. (38) and the higher-order expansion of the kinematic relation as in
Eq. (28), the following generalized constitutive relation is obtained:

N+1 N+1 3
T _ Z ZA(WI ala}E (Di Z ZA(ﬂﬂa;angNTﬁ(z) (39)
n=0 j=1 n=0 j=1

Here, A" denotes the generalized stiffness matrix of the laminate,
defined for each 7,7 = 0,...,N+ 1 and i,j = 1,2,3. This matrix takes the
following extended form [69]:
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e Agions agones Ao gt A pqis pmois g
B L S e e T
A A e e e A g i b
AT AT AT AGES A AZEN AGS A AT
A | A A A A AT G A AZ A (o)
AT Al A A e G A Al A2
A AR A A AL AT AL AT A
Ao yohorn gl it yghore ughi i ySiien szl
A AT A A AT AR AT AT Al
Introducing the positions 0°F! k)ai 30 = FR% and aOF L /3° thickness scaling parameters equal to 1, namely H; =~ 1 fori = 1,2. In

F, K)ay , each element of matrix A™%%  denoted by AnT:[ [(fﬁ]o)' “ is evaluated
as follows for each 7,7 = 0, ..., N+ 1 and i,j =1,2,3, settingp,q =0,1,2,

f,g=0,1Tandnm =1,...,6:

this case, these coefficients can be evaluated from the relation reported
in the following, derived from Eq. (41) under the assumption that p =

q =1

a;
Al _ Z/ 0 FRm Y Hledc 1) ﬂ[{ﬁq)'“’ Z/ mafgcf agggg ac (43)
Amm (pa) LY 6§g HH]
Under these conditions, the generalized constitutive matrix takes the

where the coefficients Eﬁl ) are equal to E for anyn,m = 1,...,6. In case following extended form:

A AT A A A AR AR A g ]

A A Al e A A g g e

A AZIT AZIE AGI A AT AGE AT AT

AR A A A G AT A A A
AMas ~ Agl()l[(i)]a:af A24()1[2‘))]au1; Ai‘fél()l[(i(;]“iaj A( ()[0())]{11‘1] A("Y()[O(;]“t(’j Aifs'l()l[(;()’]aiaj AE::()I[?I)]‘ZI(‘J Aifsrlgl[(il)]aiaj A(m(l[(il]a:“f (44)

AT AT A AT A A ASK AZE Age

L T Tl T

A"l()[l(;]"zflj A(ﬂl()l[ll())]%aj A ()[1(;]0'1% A(Sfél()l[ll())]maj A( ()[1())]“1"1 A(st'i()l[llolaxaj Aﬁts()1[111)]aluj A("I()l[llyu#j A ()1[11?“:“}

AL A AT AT AT AT AT AT A

of lower-order theories, the 3D stiffness coefficients are expressed in
terms of the shear correction factor x(¢), which is taken to be equal to 5
/6 in this work, as follows:

—(k) E,, for nm=1,2,36
Bnm — { " k $) _7 9 9 (42)
K({)E( ) for nm=4,5

As can be seen, the generalized constitutive coefficients A" m)[fg ) in

Eq. (41) depend on the curvilinear coordinates a 1,a 5. The varlablhty of
these coefficients can be neglected by considering the through-the-

The virtual variation of the elastic strain energy, as presented in Eq.
(37), is expressed as follows [69]:
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N+1 3
D= // 58 1(11) S(T a'A]Azd(lld(lzf
=0 i=1 o
N+1N+1 3 3
Sy Y / / (5(DEu)) AP DIuD A, Ayday day =
=0 =0 =1 =17 o
N+1 N+1

3.3
= 3N / / (DEN"5u) A (DENTT") Ay Arday da, =
az

N+1 N+1 3 3 ,
=SS oS00 [ [ (N A (DN A s =
=0 7=0 N
N+1 N+1
:Z Z 5ﬁ(1)TK(T’7)ﬁ(1])
=0 =0

(45)

The generalized stiffness matrix K™
thus, defined as:

3 3
K™ =y > / / (DENT) A% (DENT) A1 Ay da dats

of size (3InIy) x (3InIy) can be,

=1 j=1 ay ay (46)
3 3
Z // Ba' TA o) "“’JB”JAlAzdaldaz
i=1 j=1
a az
=a; =T . . .
If B® =D,N are matrices of size 9 x (IyIy), one gets:
Zmaa  Hmaas  Z(maas
KS KS S
K(T’?) _ // Kﬁm)ugul Kﬁm)azuz Kiﬂ])llgtlg A]Azd(ll daz (47)
a ap Kif'i)ﬂafll Kiffl)flwz Rim)fla%

(mn)aia;

with K

N+1
6T = ( <ZI"’ aay” u

al ay
N+1
1'(”])”’30[3 AlAzdald(lz =
n=0

—,i//(

= (B")TA™%%BY, The virtual variation 5 T of the kinetic

n=0

n=0
ay ay
N+1 N+1 N+1
(ZN[’" ©ON >u3 >A1A2da1da2 ==Y > (ou
=0 5=0

energy of the doubly-curved shell solid is computed according to the
following relation:

oS

e @ a2

U H1H2A1A2da1da2dcj (48)

where p¥) denotes the mass density of the constituent material in the

k-th layer, while vector o = [U(lk) U(zk) Ug‘) }T contains the first-
order time derivatives of the 3D displacement field components,

namely UEk) =ou® /ot for i = 1,2, 3. By applying the integration-by-

parts rule [69] in the time integration of § T in Eq. (24), starting from
Eq. (48), the relation reported below is obtained under the assumption
of synchronous motion:

T o (T (S () azan 7 T
+(Nsuf) (>N,

N+1 N+1
<ZN1”7“1“1N> (ZN[ Jra g
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ty ty Ckin

/ﬁTdt: —Z// // (3U(k) TUU() HyHyA1Asdaydaydg dt (49)
k=

t [T

T .
ng)} with 0 = U Joe? for i = 1,2,3.

Introducing the higher-order kinematic model from Eq. (23), Eq. (49)
becomes:

N+1 N+1
// (su” <ZM(”7 ”>>A1A2da1daz (50)

The higher-order mass matrix M™ is defined for each 7,5 =0, ...,
N + 1 as follows:

where G = {ng) U(Zk)

I(()"l)“l ay 0 0
M@ — 0 I(()Tv)az a 0 (51)
0 0 I(()"I)fls az

aj

Furthermore, the inertia masses Ié”’)“‘ with i = 1,2, 3 introduced in
Eq. (51) are defined from the following relation:

1 Crs1

m a;a; 2 : /

k=1

“*F o, Hydl (52)
Ck

Substituting the higher-order interpolation of the displacement field
vector into Eq. (50), one gets [69]:

)

(53)

) +

(n)

The mass matrix M defined in Eq. (53) takes the following integral
form:

M ma 0 0
M™ 0 i R 0 A Ardorday =
@ 0 0 M
I(m STI% N N 0 0 o
// Nlé)m)(tzazNT 0 A1Adada,
@ a 0 NIsea N

When the doubly-curved shell element is described in curvilinear
principal coordinates, the physical domain [a?,al] x [a3, ad] is rectan-
gular. In the case of arbitrarily-shaped domains, generalized blending
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functions a1 (&,,&,) and ax(&;,&,) are used to map the domain. These
functions adopt the natural coordinates &; and &,, defined so that (¢;,¢,)
€[—1,+1] x [—1, + 1]. These functions are provided in the following
expressions, see also Ref. [69]:
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By comparing Eq. (60) with Eq. (57), the following expressions are
derived for the quantities &, , &5, &1, .80,

i (&1,8,) = %((1 = &)y (&) + (1 +&)de) () + (1 + &)ans) (&) + (1 — &) (62))+

*%((1 = &) =&y + (1 + &)1 = &) + (1 + &)1 + &) + (1= &)1 + &)

N =

012(51>52) =

(1 = &)azy (&1) + (1 + &1)2z) (&2) + (1 + &a) a3y (&1) + (1 — &1) a4y (€2))+

—%((1 —&)A = &)y + (14 &)1 = &)aae) + (1 + &)1+ &)azs + (1 - &)(1 + &)aze)

In EqS. (55) and (56), (61(1), 62(1)), (61(2),62(2)), (61(3), 62(3)), and
(@1(4), Ao(4)) are the functions that describe the curves of the distorted
domain in the parametric space, while (a1(1), a2(1)), (@1(2), @22))> (@1(3),
ay3)) and (a1(4), az4)) denote the four corners of the distorted domain.
Starting from Egs. (55) and (56), the derivation operation with respect
to aq,a is expressed in terms of the derivatives with respect to the
natural coordinates &4, &, using the chain rule. The resulting relation is:

9 % 059 9
day _ da; Oy 0&, _ Fl'al fz,al} 0&, =7)
o T om on || 0| o fanl] o
daz (3(12 ()ag 052 652

In the same way, since the blending functions in Egs. (55) and (56)
must be invertible, the derivatives with respect to &, &, can be, also,
expressed in terms of a;,a,. This leads to the definition of the Jacobian
operator J associated with the mapping transformation of Egs. (55) and
(56). One gets:

O] [dm dueaf o J
0 0 0 oay Oay
51 _ 51 §1 a _J a1 (58)
N I R A 9
08y 06, 05, day day

The determinant of the operator J is, thus, computed as [69]:

day day  Oay doy
=—_—"—-—"_ (59)
05, 05, 08 0&,
If J is nonsingular at any point of the domain, namely det(J) # 0, Eq.
(58) can be inverted, as shown in the relation below, where the inverse

Jacobian operator J! is introduced:

det(J)

P P 08, 0&,1[ 0
||| [ om |[a
Pl P o8, 05 || o
oty 06, oy Oay | | 08,
day, day 7}
I (60)
det(J) oy Oy 0

08,

08

(55)
(56)
P S S
te T det(J) 08, "R det(J) g, ©1)
1 0(11 1 0(11

fe = “det(J) 9&,’ C2u = det(J) 9&,

The procedure outlined in Egs. (57)-(61) is, then, applied to second-
order derivatives, leading to similar definitions as in Eq. (61). It should
be noted that the edges of the distorted domain, labelled by (ay ), @2(;))
for A =1,...,4 in Egs. (55) and (56), are described using NURBS curves,
in line with CAD geometric principles. The A-th curve, denoted by
C%(u), is defined in terms of the parameter u € [a,b] and a,b € R from a
set of n control points denoted by P = P¥ (ay;, a ) withi =1,...,n%,
using a set of n”) 4+ 1 B-Spline functions of order p¥), denoted by N?p)m (u)
with i = 0,...,n”, according to the following relation [69]:

L 2
SN @ww P (any, @)
C(w) = (@) (W), T () = = (62)

where u € [a,b] = [0, 1]. Furthermore, according to Egs. (55) and (56),
the free parameter u € [0, 1] is transformed into the natural coordinates
& = &1,& € [—1,1] using the following coordinate transformation:

2
cf,»:b_a(u—a)—l:Zu—l (63)

It should be noted that the edges of the mapped domain associated

with 1 =1 and 1 = 3 are described in terms of &; € [— 1,1], while the
natural coordinate for 1 =2 and 1 =4 is &, € [— 1, 1]. The arbitrary

control point PY) = P (ay;, ay) associated with the A-th curve with A =
1,...,4 can be represented as follows:

P(}‘)(amazt) = r(ll)(ali:aﬁ)el + r(;)(amazi)ez + rfﬁ)(au,azi)ea

rﬁ” (i, @)
= T'g) ((111‘, (lzi) (64)

ré” (alh Ulzi)
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In Eq. (62), the basis function is defined over the interval [a,b] = [0,
(%)

1], while w’ are proper weighting coefficients, which are recursively

calculated from a knot vector 2% consisting of m* breakpoints, defined
as:

9(/1) = a()‘)v oty au)v upW+l7 It} umu)—pu)fl‘,b(i)‘, ] b(l)
——————

pW+1

(65)

P41

Once the NURBS-based blending functions are introduced as in Egs.
(55) and (56), a local coordinate system is defined, consisting of the unit
vectors ng, n, and n,, whose components are expressed from the
principal directions of the shell a1, a2, using the cosine directors of
these vectors, as follows:

nn:[nnl Mp2 nns]T-,

ns = [nsl Ng2 N3 }Ty (66)

n=[ny nm nsl’

In particular, n,,n; denote the normal and the tangential vector of
an arbitrary curve resting on the reference surface, while n, =n co-
incides with the outward normal unit vector of the reference surface,
already introduced in Eq. (5). In this way, the values n,3,ns,nq,nqo =
0 and ni5 =1 can be given to these quantities. The generalized
displacement field vector u” = [¢© uf) 4] ", whose components

u(lr) , u(zr) , u(;)

are referred to a1,a,,¢, can be, thus, expressed in terms of
the components u),u?, u’ associated with the axes of Eq. (66) using

the transformation reported below [69]:

()

u"T) M Mz O th
u) | =na no Of [uf (67)
u{) 0 0 1 u(;)
- K(oo) K(m) K(O(N» R(O(NH)) 17 @@ 7
g1 g g™ gU®+1) o
+
K((MO) K((N)U K((N)(N)) K((N)(NH)) a™
_R((NH)O) K((N“) ) K((NH)( ) R((NH)(NH))_ _*(NH)_
r M(OO) M(Ol) M(O(N)) M(O(N“)) Ir ﬁ(o) q
M(lo) m(ll) M(l(N)) M(M\HI)) =(1)
¥
M((N)OJ M((N)l) M((N)(N)) M((N)(N+1)) ﬁ(N)
_M((NH)) p((N+D1) M((NH)(N)) M((NH)(NH))_ _ﬁ(NH)_
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Similarly, the higher-order generalized stress resultants N'7“* N%*2,
NGz N« 70 704 defined with respect to the principal reference
system, are transformed into the quantities N(g) ,N(,;),Tif), as follows [69]:

N = NP"'n2, + NP* 212, + NSO 20 ng, + N iy iy
N(n? = Ngf)a ! Npng + N(zr)a 2 NMp2Ms2 + N(lrz)a 2nnl Ny + Ngl)a ! TMn2Ms1
T = Ty + T3 Ny

(68)

Finally, the higher-order stiffness matrix K™ and the generalized

mass matrix M from Egs. (47) and (54), respectively, are evaluated
using the natural coordinates £, £, in the 2D integrals, as follows:

K("/)U‘lal R(m)aluz K(ﬂl)uwa
11
K(m) :// R(T'l)azal R(m)flzaz R(ﬂ?)az% ArAydet(J)dg, dé,
o Z(asa K(m)“s“z K(W)aafls
(69)
M(T’l)alal 0 0
11
M = / / 0 M7 o |AAdet()de dz,
1t

0 0 M("])asas

Finally, the fundamental equations can be expressed in their weak
form for an arbitrary r =0,....N+ 1 [69]:

N+1_ N+1 — ()= ( )
SR™a +y M™M= 0 (70)
n=0

n=0

Eq. (70) is provided below in the assembled form to consider the
entire kinematic expansion in Eq. (11) fromz=0uptor = N+ 1:

(71)
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Introducing the following expression, based on variables separation,
for the displacement field vector @ in terms of circular frequency o =

2zxf, where f is the natural frequency, and U the mode shape vector:

it

ﬁ(f) (alf, Qg t) = U(r) (alf, Clzg)e (72)
the weak form of the governing equations in Eq. (70) becomes:

S ez )

Y R"T" =) MU (73)
n=0 n=0

3. Numerical implementation

In this section, some key aspects are discussed regarding the nu-
merical implementation of the dynamic governing equations of the
problem under consideration, which are derived in their weak form. In
particular, the GDQ method is introduced for the approximation of de-
rivatives, while the GIQ method is used to numerically compute the
various integrals, including those appearing in Egs. (41) and (52). Un-
like traditional numerical approaches, which are usually based on the
discretization of the unknown function on a computational grid, the
GDQ method directly approximates the derivatives of arbitrary order. If
we denote a one-dimensional smooth function defined over a closed
interval [a, b] with a,b € Rwith f = f(x), the n-th order derivative of f at
an arbitrary point x = x; of a discrete grid with x; € [a, b] of elements I q,
wherei =1.,....Iq, is expressed in terms of the values f(x;) of the function

at the node x;, forj =1,..., I [51]:

I"f(x)

ox"

74)

To
=Y ¢'f(x)
i j=1

X=X
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In Eq. (74), gl%") denotes the weighting coefficients for the n-th order
derivative, introduced for any i,j = 1, ..., Iq. These coefficients are
computed using the following recursive relationship [51], where
IV (x;), 7 (x ;) represent the values of the first-order derivative of the
Lagrange interpolating polynomials at the sample points x; and Xx;,
respectively:

j(l)(xi)
(xi =) 2" (x)

M
Sj

(n-1)
ggj'” = n(;@%@"f” - L) fori#j, n>1

Xi — Xj

N
-3

ST

a for i=j, vn

(75)

For the sake of completeness, the position gg” = &; should be
considered, §; being the well-known Kronecker delta operator. When |a,
b] = [— 1,1], the GDQ weighting coefficients are denoted by Ei(j"). In this
work, the GDQ coefficients are evaluated for the closed interval [ — 1,1],
where a discretization of arbitrary sample point X; is introduced. Then,
the following coordinate transformation is considered for each node,
leading to the definition of the position x;, fori = 1,...,I5, with respect to
the interval [a,b]:

X, —X
I‘zil(xificl)erl

Xi

e (76)
XIQ — X1

Lagrange polynomial
Rectangular elements
4
voEorwon ; Fiit
............ ]
Trinmgular clements
i
Faaa
e =
...... Fowoww s
L-1 L-2 1.-3 14 L-% L.-6 L-7
Hermite polympmial
Rectangular elements
o -] = a | [ ] [ ] + ] Bl
3 Pt I 4= (A S R |
| . L TR T Tt
stml
eI e ) |
ERU A
....... L e e e L B
ronw o T e T ol
w = [] [ ] = . ] = = o |
Trinngular clements
B -] ] ] ]
- - * S,
1 L L
- - Poe e
il = CIE T T
& a2 ] L] = 3 L L L | .
H-3 H- H-5 H- H-T \

Fig. 1. Representation of the location of nodes in rectangular and triangular finite elements of various orders adopted in 2D simulations, taking into account

Lagrange and Hermite shape functions.
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i€l

(L]

(L1

Fig. 2. Schematic representation of an arbitrary d-th rectangular hole within a doubly-curved shell element. 3D representation of a doubly-curved shell with
rectangular hole (a) and representation of the hole in the rectangular physical domain (b). Generalization to an arbitrarily-shaped hole (c) and representation of the

new physical domain (d).

Finally, the weighting coefficients €§j") for the n-th order derivative

that must be adopted in Eq. (74) are derived from those E;.") associated
with [— 1,1], using the following relation derived in Ref. [51]:

g(_m _ Xig — X1 ng(_ﬂ)
i Xig—X1)

Starting from the GDQ coefficients Egjl) for the first-order derivative

77)

for [ — 1,1], the so-called shifted coefficients zg.” are evaluated for any i, j
=1,...I, using the quantity ¢ = 1 x 107'°, as follows:

Xi — € ..

o 1#

) X —¢€

Sj = (78)
LI

fl‘ — & v

i=j

These coefficients are collected into the matrix ¢V. Following a
similar approach as in Eq. (74), the GIQ numerical technique approxi-
mates the integral of an arbitrary function f = f(x) over a closed interval
[xi,x;] C [a,b] as a linear combination of its values f(xi) at the discrete
points x, where k =1,....I5:

X

/ flx)dx = Za W () = Zq(wjk — wa)f () (79)
k=1 k=1

X

Here, vT/Z are the weighting coefficients for the integral over the in-
terval [a,b]. These coefficients are evaluated from those, denoted by wy,
Wi, associated with the intervals [a, x;] C [a,b] and [a,x] C [a,b]. They are

12

collected into the GIQ matrix W, whose size is I x I, which is defined as
the inverse of the matrix ¢V:

w= ()" (80)
In this way, the GIQ terms wy, wy with k = 1,...,I, represent the i-th

and the j-th rows, respectively, of matrix W. Finally, the integral of

function f over the closed interval [a,b] is computed as follows:

b Io
[feiae=3> wisix) @1)
k=1

The assembled form of Eq. (73) is, then, obtained by introducing the
column vector § of size (3(N + 2)IyIy) x 1, which collects the values of
the unknown variables at the points of the discrete computational grid of
size Iy X Iy:

Ky Kpa| | 0p 0 O

Kb = 0’Md < = ?
Ko K| | 0a

by
(82)

0 My b4

In Eq. (82), vector § = [ 8, 64| is arranged by means of vectors &,
and 64, which contain the unknown DOFs associated with the nodes on
the boundary and those ones located in the inner part of the grid,
respectively. By performing a static condensation of Eq. (82), the
discrete governing equations can be expressed in a more efficient form
as follows, with I representing the identity matrix:

(M (Kaa — KoKy Kia) — 0°1)8g = 0 83)
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4. Applications and results

In this section, the generalized ESL formulation, based on geometric
principal coordinates, is used to investigate the dynamic behaviour of
arbitrarily-shaped structures with bi-connected geometries, as well as
holes and discontinuities. A systematic set of numerical studies is pre-
sented, applying the present theoretical formulation, based on higher-
order theories, in order to analyse the dynamic behaviour of lami-
nated anisotropic doubly-curved shell structures of arbitrary shape, with
bi-connected domain and geometric discontinuities such as holes and
cracks. For each case study, a FEM-based 3D solution is used as reference
solution for validation purposes. Structures with various curvatures and
lamination schemes are analysed, considering both orthotropic and
anisotropic materials within the laminates. In particular, the numerical
investigations reported in this section use graphite-epoxy and glass-
epoxy as orthotropic layers, while a triclinic material is used for the
generally anisotropic lamina. The mechanical properties of graphite-
epoxy, with density p = 1450kg /m®, are provided below in terms of
elastic moduli E1, E, E3, shear moduli Gy, Gi13, Ga3, and Poisson’s co-
efficients v15,v13,023:

E; =137.9 x10°N/m?, E, =E;
Glz = G13 =71x 109 N/Il’127
V1g = V13 = 037 U3z = 0.49

=8.96 x 10°N/m?

Gas = 6.2 x 10°N/m? (84)

On the other hand, the engineering constants of the glass-epoxy (p =
1900kg /m?) take the following values:

E; =53.78 x 10°N/m?, E, =E; =17.93 x 10°N/m*
Gi2 = Gi3 = 8.96 x 10°N/m?, Gap3 = 3.45 x 10° N/m®
U1g = V13 = 0257 Vaz = 0.34

(85)

The corresponding components C; = Ej of the 3D constitutive matrix
in Eq. (32) are derived from the procedure extensively outlined in
Ref. [69]. Finally, the mechanical properties of the triclinic material,
with density p = 7750kg /m3, are presented below with respect to the
material reference system:

Cii Ciz Cis Cis Cis Cis 98.84 5392 0.03 1.05
Ciz Cy Cyp Cyy Cys Cos 53.92 9919 0.03 0.55
Cie Cxp Ces Css Cse C3| | 003 003 2255 -0.04
Cis Cy Cs6 Caa Css Css| | 1.056 055 -0.04 211
Cis Cas Cs¢ Css Css Css -01 -0.18 0.25 0.07
Ci3 Coz3 Cs6 C3q C3s5 Cas 50.78 50.87 0.02 1.03

The introduction of holes within the rectangular physical domain is
defined by the point (@, a{") with d = 1,...,d, where d denotes the total
number of holes within the structure. As illustrated in Fig. 2, this point
specifies the location of the hole within the rectangular domain. To
simplify the notation, when d = 1, the positions (a@ , 6(;)) =
used to specify the position and size of the hole.

It should be noted that in the previous works from literature, the ESL
formulation was applied to arbitrarily-shaped structures characterized
by a single domain, which was mapped into a rectangular computational
domain using NURBS-based blending functions. In the present work, the
implementation of the theory enables the derivation of the numerical
solution of the dynamic governing equations over an arbitrary physical
domain using a finite element approximation. To achieve this, the Weak
Form PDE interface is used, located within the mathematics module of
the software, considering a 2D space dimension. A 2D geometry is here
introduced, which represents the domain where the principal co-
ordinates a;,ay are defined. The 2D domain is discretized with a rect-
angular or triangular mesh, where the number of nodes along each edge

(@1,az) are
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has been properly assigned. Then, the geometry of the shell is modelled
in the parametric domain starting from the position vector equation of
the reference surface r(a;,az) as in Eq. (2), along with differential ge-
ometry quantities, including the Lamé parameters (3), the principal radii
of curvature (4), and the outward normal unit vector from Eq. (5). In
addition, the analytical expressions of the partial derivatives of these
functions are provided. Then, the higher-order definition equations,
already introduced in Eq. (29), are used to define the generalized strains
collected within the vector %, for each 7 = 0,...,N + 1. The governing
equations are obtained by the software starting from the computation in
extended form of all the energy contributions as in Eq. (24), evaluated at
each point of the 2D parametric domain. These energy contributions are
the elastic strain energy density, denoted by ¢, and the kinetic energy
density t. They are defined at each point (a;,a2) of the parametric
domain as follows:

1N+ 3 QN1 N4 33 - Y
_ = 1)!1; ey _ - @ al S
¢(a17a2 *ZZ(;Z 27 7229 A g (e
=0 =l =0 »=0 i=1 j=1
(87)
1 Nt1 N .
t(ar, a2) = 5 Z Z (ﬁ(r)) M@ )
=0 5=0

The evaluation of the elastic strain energy density ® of Eq. (87) is
conducted by neglecting the effect of curvature in the higher-order

constitutive matrix A™*%% according to Eq. (44), and the expression

() [fglaia . _
m (pq) - Withp =

q = 1. The quantities ¢ and t are related to the virtual variations § ® and
ST of the energy contributions already defined in Egs. (37) and (48),
respectively, as follows:

reported in Eq. (43) is used to compute the quantities A

5P = //5(/)((11,az)AlAzdaldaz (89)
—-0.1 50.78
—-0.18 50.87
0.25 0.02 9 2
0.07 103 | % 10 N/m (86)
21.14 -0.18
—-0.18 87.23

5'1“://5t(al,az)A1A2dalda2 (90)

13

ay az

The virtual variations § ® and 5T are, then, written within the Weak
form PDE module to automatically derive the weak form of the gov-
erning equations of the problem under consideration. It should be noted
that the integrals occurring in Egs. (89) and (90) accounts also for the
distribution of the Lamé parameters A;, A, at each point of the domain.
As a consequence, the quantities § ¢ and 6t are conveniently multiplied
by A;A; when introducing the virtual variation of the energy contribu-
tions within the software for a correct evaluation of these integrals.
Finally, the boundary conditions of the governing equations are
modelled in the software by using the Dirichlet boundary condition
module, and the modal analysis of the structure is finally carried out to
determine the natural frequencies. Once the virtual variations of all
energy contributions are correctly provided, the software automatically
discretizes the fundamental equations and provides a finite element
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Fig. 3. Distortion of the rectangular physical domain using NURBS description of the boundary edges. Representation of the distorted domain and details on knots,

weights, and control points of each edge.

solution with shape functions selected by the user. The shape functions
used herein are based on various polynomials of different orders. In this
work, the attention is focused on Lagrange and Hermite polynomials.
When Lagrange polynomials are used, the continuity of the unknown
variables is ensured between adjacent elements. However, the smooth-
ness of the function across the entire parametric domain is not guaran-
teed. In other words, the solution has C° continuity but not higher-order
smoothness. On the contrary, the Hermite interpolation functions ensure
the continuity of derivatives between adjacent elements, providing a
higher level of accuracy with a lower computational effort compared to
Lagrange polynomials. It is important to note that, to the best of our
knowledge, the discretization of the domain does not directly embed
curved edges of each element, but rather it adopts a linear or parabolic
discretization of the geometric boundaries. Two or more nodes are then
introduced along each edge of the finite element, and polynomial
approximation is applied to interpolate the numerical solution. Unlike
the GDQ-based weak formulation of the problem, which usually uses a
computational grid based on the roots of the Legendre polynomials, the
2D finite element implementation accounts for a uniform node distri-
bution. More specifically, when Lagrange shape functions are adopted, a
rectangular grid is defined with evenly spaced computational nodes.
Similarly, in the case of triangular finite elements, a regular triangular
grid is defined, and the node locations are determined by areal co-
ordinates. On the other hand, when Hermite polynomials are used, the
same discretization is applied as with Lagrange rectangular and trian-
gular elements, with the exception of the points on the edges of elements
adjacent to the corners, which are not included in the grid. Therefore,
additional DOFs are introduced at each corner in the Hermite

interpolation with respect to the Lagrange case, which consists in the
first-order derivative of the unknown function. Second-order mixed
derivatives, typical of Hermite 2D interpolation, are replaced by DOFs
associated with the inner points of the element. The actual distribution
of nodes within Lagrange and Hermite elements of various orders is
shown for both rectangular and triangular elements in Fig. 1. If first-
order derivatives are associated with a corner node, a different symbol
is used to identify the node in hand. Each element in the figure is based
on the 2D polynomial approximation of the unknown variable, here
denoted in general as u(&;, &,). A finite element interpolation of the
arbitrary unknown variable u(é;,&,) is performed. When Lagrange
polynomials are adopted, the values ©; for i =1, KI of the unknown
variables are interpolated within the computational domain using the

shape functions N;(£,,&,). If N denotes the total number of points along
each finite element boundary, the 2D Lagrange interpolation for a
rectangular domain is expressed as:

2

u(éh 62) = £

=

Ni(&y, &)t (91

Il
-

Similarly, the following relation is adopted for 2D interpolation
within a triangular element using Lagrange polynomials:

N(N+1)/2
ué, &)= Y Nilé, &) (92)
i=1
When Hermite polynomials are employed to interpolate the un-
known function u(é;,&,), the associated DOFs are given by the values ;

14
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Fig. 4. Geometric model (a) and 3D FEM discretization (b) of a laminated elliptic paraboloid of arbitrary shape made of anisotropic materials. Finite element
discretization of the 2D physical domain using rectangular elements (c) and triangular elements (d) for the application of higher-order theories.

fori =1,...N— 8, assumed by u at the discrete points, similar to the case
of Lagrange interpolation. However, for those points adjacent to the
corners of the computational elements, these DOFs are replaced by the
partial derivatives of the unknown function along &, and &, directions,
denoted by u;¢, and U;,, respectively, evaluated at the corners of the
element. In this way, the Hermite finite element interpolation for a 2D
rectangular element with N nodes along its edges is formulated as
follows:

Nz
u(éy, ) = Nilér, &)

i=1

boundary, the interpolation of the unknown function u(¢;, £,) becomes:

u@n &)= Y Nié, &)

3
Ni(él ) éZ)ﬂi + Z N(N(N+1)/2)—6+i(§1 ’ fz)ﬂi,fl
i=1

3
+ Z N(ﬁ(ﬁ+1)/2),3+i(élu fz)ui,fz (94

i=1

For the sake of clarity, in the case of N = 4, the Lagrange interpo-
lation given in Eq. (91) for a rectangular element takes the following

N -8 B 4 ~ f :
=Y NS> N (i o
i=1 i=1
4
+ Zl Ne o, (66, 93)
16
u(, &) =Y Nilé, &)t =
i=1
= N1 (&, &)U + Na(&r, &)Uz + N3(&1, &)Us + Na(&r,&)Us + Ns (&1, &)Us + No (&1, &)U+ (95)

+N7(&1,&5)U7 + Ng(&1, &)U + No (&1, &)U + N1o(&1, &) o + N1a (&1, &2)tnn + Ni2(&q, &)U+

+Ni13(&1, &)t + Nig(&r, E5)Ug + Nis (&, &)ths + Nig (&, &o) e

In the case of triangular Hermite elements with N nodes along each
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The expression in Eq. (95) is applied using parabolic shape functions,
based on a rectangular grid of nodes with size Nx N = 4 x 4. On the
other hand, when Hermite interpolation from Eq. (93) is used, the
following relation is obtained, replacing Eq. (95):

16-8

u(é, ;)
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Therefore, an analytical expression describing the dependence of
A lfEla;

am (o) 1 the geometric curvilinear coordinates a@;,ay is not
available.
A preliminary investigation is presented to assess the accuracy of the

current 2D FEM model in evaluating the vibrational response of shell

ZN &,&)t = ZN &1,& ul+ZN16 s4i(é1, &g, +ZN16 asir: &2)ig, =

=N (fl:fz)ul +N2(§1,§2)u2 +N3(.§1,§2)u3 + Ny (&1,&5)Us +N5(§17§2)us + No (&1, &> )Us+

(96)

+Ny (&1, 82)u7 + Ng (&1, 82)s + No(&1,82)t1 e, + Nio(61,82)tae, + Nu1(8y, )z, + Niz(8y, Ea)tlag, +

+Ni3(&1, E)lig, + Nua(&r, &)U, + Nis(E1, &)Uz g, + Nig(Er, &) Ua,

For triangular elements with N = 4 nodes along each edge, using
Lagrange shape functions, the following finite element interpolation is
applied:

u(é,)

ZN &, 6 =

structures characterized by singly-connected domains. To this end, an
elliptic paraboloid of arbitrary shape is considered. The physical domain
of this structure is distorted using the NURBS-based blending functions
described in Egs. (55) and (56), along with the information provided in
Fig. 3, which includes knots, weights, and control points. The reference

97)

=N (51-,52)111 + Na(&1,&)Us + N3 (&, &)Uz + Na(&1, Eo)Us + Ns (&, &;)Us + N (&1, & )Us+

+N7 (&1, &)U + Ng(&1,€2)Us + No(&1, &2)Uo + Nio (&1, &2) o

Similarly, in the case of Hermite interpolation functions on trian-
gular elements with N = 4, Eq. (94) is expressed in its expanded form as:

10-6

(&, &) ZN (&1, &)t = ZN &, &)U+ ZNIO 64i(E1, &)U,

=N (51-,52)111 +N2(§17§2>U2 +N3(§1,§2)U3 + Na(&y, &) ua+

surface equation of the selected shell, which belongs to the class of
translational surfaces, is expressed in curvilinear principal coordinates
ay,as as follows [69]:

ZNIO 3+i(61, &2)lhig, =

+Ns (&1, &)1, +No(&1,&y)Uag, + N7 (&1, &)Uz, + Ng(E1, &)U, + No(&r,E)Une, + Nio(&,8,)Usg,

When the GDQ-based implementation is adopted, the fundamental
governing equations are solved directly in their strong form, yielding a
smooth solution across the parametric domain. However, the strong-
form GDQ solution is only valid when a rectangular computational
grid can be defined. For bi-connected domains, this strategy cannot be
applied. In contrast, the 2D FEM solution developed is derived in a weak
form, for any type of 2D parametric domain, including those associated
with doubly-curved shells with holes and discontinuities.

The numerical implementation of the governing equations relies on
certain assumptions in the generalized constitutive relation of Eq. (39).

Al m)[fg] i

More specifically, the higher-order constitutive coefficients (pg) > S

evaluated from Eq. (41), are assumed to be uniform across the entire
parametric domain. As a result, their dependence on the curvature radii
of the shell is neglected, in accordance with Eq. (43), and the material is
assumed to have uniform mechanical properties in the overall structure.
In addition, no variations in thickness are considered, as the integrals
occurring in Eq. (43) are solved numerically using the GIQ method.

16

(98)
r( _ (k“tana;  k™tan’a, in k®tana,
(117(12) = 2 2 sina; | € 2 (S}
kal t 2 kaz t 2
( in " Zn %2 cosa1> [ (99)

Here, k* = 2 and k™ = 3 represent the characteristic parameters of
the curves along a; and a», respectively. These curves correspond to the
generatrix and directrix of the translational surface. The distorted
domain is shown in Fig. 3, along with the NURBS description of the
curved edges of the physical domain. The lamination scheme consists of
three layers with thicknesses h; =0.03m, h =0.04m, and h; = 0.02m
and orientations (35 /20 /75). In particular, the two external laminae
are made of graphite-epoxy (84), while the central core is composed of
triclinic material (86). The first ten natural frequencies are computed
under two different boundary conditions. In the “boundary conditions
1”7 configuration, the structure is clamped only at the lateral surface
denoted by “B”. In contrast, “boundary conditions 2” involves clamping
the lateral surfaces denoted as “A” and “C”. In this work, the clamped
boundary conditions along a specific boundary edge of the 2D physical
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Table 1
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First ten natural frequencies of an elliptic paraboloid of arbitrary shape employing the EDZ4 kinematic model. The results are derived with both rectangular and
triangular mesh by using Lagrange and Hermite polynomials of various orders, while the reference solution is obtained from 3D FEM and 2D GDQ strong and weak

formulations.
DOFs f1[Hz] f2[Hz] f3[Hz] f4[Hz] f5 [Hz] fe [Hz] f7 [Hz] fs [Hz] fo [Hz] f10 [Hz]

FFFC
3D FEM 1426461 68.95 142.37 321.60 395.48 486.92 644.87 811.44 852.97 989.03 1062.61
EDZ4 15138 69.22 142.10 323.10 398.15 490.44 647.95 816.86 858.42 993.71 1067.12
EDZ4 (W) 15138 69.27 142.67 324.10 399.78 492.85 650.92 821.35 861.48 998.13 1070.31
Rectangular mesh
L-1 7200 77.04 152.09 348.54 418.55 515.64 690.29 868.08 901.52 1056.12 1091.28
L-2 27378 69.17 142.20 322.99 398.80 490.65 648.02 816.79 858.82 994.87 1067.59
L-3 60552 69.11 142.02 322.66 398.44 490.29 647.51 816.14 858.25 994.12 1067.09
L-4 106722 69.10 142.00 322.62 398.38 490.24 647.46 816.07 858.18 994.06 1067.01
L-5 165888 69.10 142.00 322.62 398.37 490.24 647.46 816.06 858.17 994.05 1067.00
L-6 238050 69.09 142.00 322.61 398.37 490.23 647.45 816.06 858.16 994.05 1067.00
L-7 323208 69.09 142.00 322.61 398.37 490.23 647.45 816.06 858.16 994.05 1066.99
H-3 47592 69.19 142.18 323.12 399.06 490.86 647.78 816.76 859.34 995.21 1067.94
H-4 93762 69.12 142.04 322.74 398.52 490.40 647.53 816.24 858.47 994.34 1067.24
H-5 152928 69.10 142.00 322.64 398.38 490.29 647.47 816.12 858.25 994.12 1067.06
H-6 225090 69.09 142.00 322.61 398.37 490.23 647.45 816.06 858.16 994.05 1067.00
H-7 310248 69.10 142.00 322.63 398.38 490.25 647.46 816.08 858.20 994.08 1067.02
Triangular mesh
L-1 5778 82.50 181.50 368.95 439.51 554.16 726.02 907.27 948.32 1100.12 1154.93
L-2 21690 69.18 142.20 323.05 399.10 490.85 648.07 817.21 859.24 995.60 1067.85
L-3 47754 69.11 142.02 322.66 398.47 490.31 647.50 816.14 858.29 994.14 1067.10
L-4 83970 69.10 142.00 322.62 398.39 490.25 647.46 816.07 858.19 994.06 1067.02
L-5 130338 69.10 142.00 322.62 398.37 490.24 647.46 816.06 858.17 994.05 1067.00
L-6 186858 69.09 142.00 322.61 398.37 490.23 647.45 816.06 858.17 994.05 1067.00
L-7 253530 69.09 142.00 322.61 398.37 490.23 647.45 816.06 858.16 994.05 1066.99
H-3 27486 69.51 142.70 324.54 401.41 492.26 648.73 818.33 862.68 998.41 1070.50
H-4 63702 69.21 142.19 323.17 399.17 490.85 647.79 816.73 859.51 995.32 1067.98
H-5 110070 69.11 142.01 322.71 398.44 490.42 647.50 816.25 858.45 994.30 1067.21
H-6 166590 69.09 142.00 322.61 398.37 490.23 647.45 816.06 858.17 994.05 1067.00
H-7 233262 69.11 142.02 322.67 398.46 490.30 647.49 816.13 858.31 994.19 1067.10
CFCF
3D FEM 1426461 221.84 251.68 532.75 538.83 639.45 871.74 975.22 1030.32 1074.46 1185.70
EDZ4 15138 223.50 253.40 536.08 542.38 642.39 875.40 980.60 1037.08 1080.21 1191.92
EDZ4 (W) 15138 223.41 253.38 537.31 543.41 643.15 877.24 981.23 1041.34 1083.85 1194.27
Rectangular mesh
L-1 7200 245.15 276.22 598.81 600.46 674.45 934.85 1011.39 1159.56 1182.68 1251.95
L-2 27378 223.15 252.95 536.65 542.86 642.53 875.32 981.17 1039.92 1082.44 1193.33
L-3 60552 222.76 252.63 535.47 541.63 642.02 874.45 980.34 1037.34 1080.33 1192.15
L-4 106722 222.70 252.59 535.28 541.43 641.96 874.36 980.23 1036.97 1080.03 1192.00
L-5 165888 222.69 252.58 535.24 541.39 641.95 874.34 980.21 1036.91 1079.98 1191.97
L-6 238050 222.69 252.58 535.23 541.39 641.94 874.34 980.20 1036.89 1079.97 1191.96
L-7 323208 222.69 252.58 535.23 541.38 641.94 874.34 980.20 1036.89 1079.96 1191.96
H-3 47592 226.88 255.73 543.51 550.12 647.52 882.62 991.15 1051.79 1092.51 1202.51
H-4 93762 224.42 253.87 538.51 544.84 644.16 877.82 984.60 1042.90 1084.87 1195.95
H-5 152928 223.41 253.11 536.51 542.74 642.97 875.91 982.20 1039.14 1081.78 1193.61
H-6 225090 222.69 252.58 535.23 541.39 641.94 874.34 980.20 1036.89 1079.97 1191.96
H-7 310248 222.95 252.77 535.69 541.86 642.27 874.86 980.82 1037.74 1080.64 1192.53
Triangular mesh
L-1 5778 256.90 286.18 630.33 635.76 706.38 946.30 1028.14 1224.35 1260.91 1316.51
L-2 21690 223.03 252.88 536.23 542.34 642.78 875.28 981.07 1039.44 1082.18 1194.02
L-3 47754 222.72 252.61 535.32 541.47 642.02 874.39 980.27 1037.09 1080.13 1192.10
L-4 83970 222.69 252.59 535.24 541.40 641.96 874.34 980.21 1036.91 1079.99 1191.98
L-5 130338 222.69 252.58 535.23 541.38 641.95 874.34 980.20 1036.89 1079.97 1191.96
L-6 186858 222.69 252.58 535.23 541.38 641.94 874.34 980.20 1036.89 1079.96 1191.96
L-7 253530 222.69 252.58 535.23 541.38 641.94 874.34 980.20 1036.89 1079.96 1191.96
H-3 27486 225.70 254.95 540.31 546.93 648.51 881.15 993.28 1045.52 1088.20 1204.29
H-4 63702 223.83 253.45 537.01 543.33 644.42 877.06 985.72 1039.90 1082.83 1196.35
H-5 110070 223.16 252.94 535.96 542.18 643.06 875.56 982.83 1038.08 1081.12 1193.86
H-6 166590 222.69 252.58 535.23 541.38 641.94 874.34 980.20 1036.89 1079.97 1191.96
H-7 233262 222.83 252.69 535.45 541.62 642.27 874.70 980.98 1037.27 1080.32 1192.51

domain mean that all generalized displacement field components are
assumed to be zero. For each case, a 3D FEM solution is derived from a
model consisting of 112700 parabolic brick elements and 475487 nodes,
yielding a total number of 1426461 unknown variables. The 3D FEM
discretization is shown for clarity in Fig. 4. In addition, the EDZ4 ki-
nematic model is employed to derive a 2D GDQ-based solution from
both the strong and the weak form equations. These solutions adopt a
discrete grid of Iy x Iy = 31 x 31 sample points. The grid is based on the

17

Chebyshev-Gauss-Lobatto distribution for strong form simulations [69],
while the Legendre-Gauss-Lobatto (LGL) discretization is adopted for the
weak form ones. As far as the 2D FEM model is concerned for HSDT
analysis, the 2D domain is discretized with both rectangular and trian-
gular elements assigning 19 elements along each edge of the domain.
Mode frequencies are evaluated using the present 2D HSDT FEM
solution employing the EDZ4 kinematic model. The finite element
implementation is carried out using both triangular and rectangular
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Fig. 5. First nine mode shapes of an elliptic paraboloid of arbitrary shape made of anisotropic materials. The physical domain is distorted by using NURBS-based
blending functions. The representations of the vibration modes are derived from the 2D solution.

meshes, considering Lagrange and Hermite polynomials of various or-
ders. In this way, the convergence of the first ten modes to the reference
solution is checked. The results are summarized in Table 1. In particular,
when Lagrange polynomials of order n are used in the analysis, the
symbol L — n is adopted, while H — n refers to 2D FEM simulations with
Hermite polynomials of order n. As shown in the table, the 3D FEM
numerical predictions are perfectly matched when higher-order
Lagrange and Hermite polynomials are used. It is worth noting that
the 2D FEM analysis achieves the same level of accuracy as the 3D FEM
analysis, despite involving significantly a reduced number of DOFs.
Finally, a representation of the first nine mode shapes, reconstructed
from the 2D solution, is provided in Fig. 5 for the first boundary con-
ditions configuration.

Once it has been demonstrated that the higher-order 2D FEM
formulation introduced in this paper can accurately predict the results
from 3D FEM models for arbitrarily-shaped structures described by a
rectangular distorted domain, additional examples are presented
involving the application of the present finite-element approach to zero-
curved, singly-curved, and doubly-curved shell structures described by
arbitrary bi-connected domains. A laminated anisotropic L-shaped plate
is now considered, consisting of two external layers of triclinic material
(86) and a central core made of graphite-epoxy (84). The thicknesses of
the layers are hy = 0.01m, hy = 3h;, and hs = 2h;, while the lamina-
tion scheme is given by (10 /35 /75). The reference surface equation is
expressed in principal coordinates according to the relation provided
below:

r(ag,az) =r(x,y) =xe; +ye, (100)

The geometric dimensions of the plate along the a; and a, directions
are L; = 0.8m and L, = 1.3 m, respectively. The geometry of L-plate is
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obtained from that of a rectangular plate by introducing a rectangular
hole with (@;,@,) = (L; /2,L, /2) and length L, /2 and L,/2 along a;,aa,
respectively. The structure is clamped along the edges A and F, ac-
cording to the nomenclature introduced in Fig. 6. A 3D FEM model is
developed to derive the reference values for the first ten natural fre-
quencies. Then, the present higher-order ESL theory with the EDZ4 ki-
nematic model is adopted to implement a 2D finite element model, using
different shape functions and discretizations. Three different meshes are
used for the analysis, as illustrated in Fig. 6. In particular, a rectangular
mesh 1 exhibits a significant domain distortion, while a rectangular
mesh 2 ensures regular finite elements. The rectangular mesh 1 is
characterized by 40 elements along the edges D and F, and 20 elements
along the other edges. Similarly, in rectangular mesh 2 and in the
triangular mesh, edge F contains 40 elements, while edges A, B, and D
are discretized with 20 elements. Finally, edges C and E contain 10 el-
ements. The convergence analysis for each mesh is presented in Table 2,
using Lagrange polynomials of various orders. Table 3 shows the
convergence of the solution when Hermite polynomials are used.
Furthermore, Fig. 7 shows the convergence of results for the first four
mode frequencies when using the rectangular mesh 2 and the triangular
mesh. Here, a double logarithmic representation is adopted, where the
number of DOFs in each simulation is shown on the horizontal axis, and
the logarithmic value of the convergence ratio e; is shown on the vertical
axis. This quantity is defined, for each i-th mode, as follows:

EDZ4 _ f3DFEM
e = (101)

‘ f'_3DFE;V[
i

being f7°FEM and fFP?4 the i-th natural frequency evaluated with the 3D
FEM model and by using the EDZ4 theory in 2D FEM analysis, respec-
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Fig. 6. Geometric description (a) and finite element discretization of a laminated anisotropic L-shaped plate. Representation of 3D FEM mesh (b) for the reference
model, and 2D meshes adopted for higher-order theories. 2D rectangular mesh 1 (c), 2D rectangular mesh 2 (d) and 2D triangular mesh (3).

Table 2
Free vibration analysis of a laminated anisotropic L-shaped rectangular plate. Comparison with 3D FEM solutions using various 2D discretizations of the physical

domain. Convergence analysis with Lagrange shape functions of different orders.

Mode f [Hz] 3D FEM EDZ4
C3D8 C3D20 2D rectangular mesh 1
Element order 1 2 1 2 3 4 5 6 7
DOFs 172854 674793 24156 91476 201996 355716 552636 792756 1076076
1 151.23 150.18 154.94 150.47 150.30 150.24 150.22 150.22 150.21
2 264.57 263.31 270.75 263.94 263.66 263.59 263.56 263.55 263.55
3 402.68 400.81 411.26 401.98 401.56 401.42 401.37 401.34 401.33
4 523.65 519.21 541.65 520.54 520.02 519.85 519.79 519.76 519.75
5 585.27 580.52 601.67 582.15 581.53 581.35 581.29 581.26 581.25
6 848.30 842.56 873.83 845.20 844.47 844.23 844.13 844.09 844.06
7 940.70 936.36 969.35 940.00 939.33 939.14 939.08 939.06 939.05
8 1107.91 1107.17 1114.68 1108.57 1107.65 1107.35 1107.23 1107.16 1107.13
9 1122.34 1113.29 1157.37 1116.84 1115.99 1115.74 1115.65 1115.61 1115.60
10 1193.38 1185.58 1226.80 1190.95 1189.79 1189.44 1189.32 1189.28 1189.27
C3D8 C3D20 2D rectangular mesh 2
Element order 1 2 1 2 3 4 5 6 7
DOFs 172854 674793 24156 91476 201996 355716 552636 792756 1076076
1 151.23 150.18 155.70 150.56 150.33 150.26 150.23 150.22 150.21
2 264.57 263.31 276.73 264.50 263.88 263.68 263.60 263.57 263.56
3 402.68 400.81 418.27 402.35 401.69 401.47 401.38 401.34 401.32
4 523.65 519.21 540.25 520.78 520.11 519.89 519.80 519.77 519.76
5 585.27 580.52 605.27 582.43 581.63 581.40 581.30 581.27 581.25
6 848.30 842.56 875.87 845.53 844.56 844.26 844.13 844.07 844.05
7 940.70 936.36 994.84 941.03 939.72 939.33 939.16 939.09 939.06
8 1107.91 1107.17 1113.83 1108.49 1107.57 1107.28 1107.16 1107.12 1107.09
9 1122.34 1113.29 1171.22 1117.61 1116.26 1115.87 1115.70 1115.63 1115.61
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Mode f [Hz] 3D FEM EDZ4
C3D8 C3D20 2D rectangular mesh 1
Element order 1 2 1 2 3 4 5 6 7
DOFs 172854 674793 24156 91476 201996 355716 552636 792756 1076076
10 1193.38 1185.58 1267.43 1193.03 1190.56 1189.81 1189.48 1189.34 1189.28
C3D8 C3D20 Triangular mesh
Element order 1 2 1 2 3 4 5 6 7
DOFs 172854 674793 24156 91476 201996 355716 552636 792756 1076076
1 151.23 150.18 156.13 150.47 150.29 150.24 150.22 150.22 150.21
2 264.57 263.31 273.57 264.08 263.71 263.60 263.57 263.56 263.55
3 402.68 400.81 417.34 402.00 401.54 401.40 401.34 401.32 401.31
4 523.65 519.21 537.98 520.51 520.00 519.84 519.78 519.76 519.75
5 585.27 580.52 611.78 582.20 581.53 581.35 581.28 581.26 581.25
6 848.30 842.56 880.96 845.17 844.40 844.18 844.09 844.06 844.04
7 940.70 936.36 971.19 940.22 939.41 939.17 939.09 939.06 939.05
8 1107.91 1107.17 1113.48 1108.24 1107.46 1107.23 1107.15 1107.11 1107.09
9 1122.34 1113.29 1165.80 1117.00 1116.02 1115.74 1115.65 1115.61 1115.60
10 1193.38 1185.58 1233.22 1191.38 1189.93 1189.48 1189.33 1189.28 1189.26
Table 3

Free vibration analysis of a laminated anisotropic L-shaped rectangular plate. Comparison with 3D FEM solutions using various 2D discretizations of the physical

domain. Convergence analysis with Hermite shape functions of different orders.

Mode f [Hz] 3D FEM

C3D8 C3D20 2D rectangular mesh 1
Element order 1 2 3 4 5 6 7
DOFs 172854 674793 157752 310392 506232 745272 1027512
1 151.23 150.18 150.30 150.24 150.22 150.21 150.21
2 264.57 263.31 263.67 263.58 263.56 263.55 263.55
3 402.68 400.81 401.57 401.42 401.36 401.33 401.32
4 523.65 519.21 520.03 519.84 519.78 519.76 519.75
5 585.27 580.52 581.55 581.34 581.28 581.25 581.24
6 848.30 842.56 844.49 844.22 844.12 844.08 844.06
7 940.70 936.36 939.35 939.14 939.08 939.06 939.05
8 1107.91 1107.17 1107.67 1107.30 1107.18 1107.12 1107.08
9 1122.34 1113.29 1116.01 1115.73 1115.64 1115.61 1115.59
10 1193.38 1185.58 1189.82 1189.43 1189.31 1189.27 1189.25

C3D8 C3D20 2D rectangular mesh 2
Element order 1 2 3 4 5 6 7
DOFs 172854 674793 81072 157752 256032 375912 517392
1 151.23 150.18 150.38 150.27 150.24 150.22 150.22
2 264.57 263.31 263.96 263.70 263.61 263.57 263.56
3 402.68 400.81 401.96 401.60 401.45 401.39 401.35
4 523.65 519.21 520.14 519.89 519.80 519.76 519.75
5 585.27 580.52 581.98 581.53 581.37 581.30 581.27
6 848.30 842.56 844.91 844.43 844.23 844.14 844.10
7 940.70 936.36 939.93 939.40 939.20 939.11 939.08
8 1107.91 1107.17 1108.26 1107.58 1107.33 1107.22 1107.15
9 1122.34 1113.29 1116.51 1115.96 1115.75 1115.66 1115.62
10 1193.38 1185.58 1190.79 1189.88 1189.51 1189.36 1189.29

C3D8 C3D20 Triangular mesh
Element order 1 2 3 4 5 6 7
DOFs 172854 674793 100062 233568 404910 614088 861102
1 151.23 150.18 150.35 150.26 150.23 150.22 150.21
2 264.57 263.31 263.81 263.63 263.58 263.56 263.55
3 402.68 400.81 401.87 401.55 401.43 401.38 401.35
4 523.65 519.21 520.06 519.85 519.78 519.76 519.75
5 585.27 580.52 581.93 581.49 581.36 581.30 581.27
6 848.30 842.56 844.85 844.39 844.22 844.14 844.10
7 940.70 936.36 939.65 939.26 939.13 939.09 939.07
8 1107.91 1107.17 1108.37 1107.60 1107.36 1107.24 1107.17
9 1122.34 1113.29 1116.34 1115.85 1115.70 1115.64 1115.62
10 1193.38 1185.58 1190.24 1189.58 1189.37 1189.30 1189.27

tively. The mode frequencies from the reference solution are very
accurately predicted by the present formulation, both for rectangular
and triangular discretizations. Even when lower-order shape functions
are used, the accuracy of the solution remains very high, especially in
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the first modes. Indeed, from the representation of the convergence rate
shown in Fig. 7, an exponential decay of the discrepancy parameter e; is
observed, with a minimal difference between the results obtained using
Lagrange and Hermite shape functions. For a triangular mesh, a higher
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Fig. 7. Convergence rate of the first four mode frequencies of a laminated L-plate derived from the 2D FEM model with respect to the 3D FEM solution. The number
of unknown variables is increased by using higher-order polynomials for finite element discretization.

accuracy level is achieved compared to the rectangular mesh simula-
tions, especially when higher-order polynomials are used to discretize
the unknown variables. Finally, the first nine mode shapes of the plate,
derived from the 3D FEM model, are presented in Fig. 8 for
completeness.

At this point, the convergence of the solution is assessed for a lami-
nated circular cylinder with a U-shaped physical domain. The reference
surface equation in curvilinear principal coordinates is given below,
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setting R, = R = 0.5m and L; = 1.5m the radius and the length of the
cylinder, respectively:

r(ar,a2) = r(x,9) = Ro(x)cos9 e; — Ro(x)sind e, + xsing e (102)

where Ry(x) = Rp + xcosp with R, = Rand ¢ =z /2. A rectangular hole
is introduced into the original rectangular physical domain [a?,a1] x [a3,
a}] = [0, LiJx [— =/3, n/3], whose origin is located at
(@1,a2) = (0,—x /6) and dimensions L, /2 and z/3 along a;, a2, respec-
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Fig. 8. First nine mode shapes of an L-shaped plate made of orthotropic and anisotropic materials. The 3D representation of the vibration modes is derived from 3D

FEM analysis.

tively. The layers and the stacking sequence of the panel are the same as
those in the L-shaped plate. As can be seen in Fig. 9, a 3D FEM simulation
using parabolic brick elements is performed to derive the reference so-
lution for comparison purposes. The HSDT-based 2D FEM model con-
siders both a rectangular mesh and a triangular discretization, with 20
elements on the edges A, C and F, while edge B contains 40 elements. In
addition, 10 elements are placed along edges D, E, G, and H. The first ten
natural frequencies of the structure are evaluated under two different
boundary conditions sets. In the first configuration, denoted as
“Boundary conditions 17, the curved lateral surfaces of the solid, asso-
ciated with the edges B, D, and H are clamped. In contrast, for the
“boundary conditions 2" configuration, the clamped kinematic
constraint is applied to the straight lateral surfaces, which correspond to
the edges A and C of the 2D parametric domain. The analysis is per-
formed using both Lagrange and Hermite shape functions of different
orders, and the results are reported in Tables 4 and 5. The adoption of
higher-order theories provides an excellent agreement with 3D FEM
predictions for any mesh discretization in all boundary condition
configuration. Moreover, a rapid convergence of results is observed for
an increased order of the interpolating polynomials. Looking at results
from 3D FEM and 2D FEM simulations, it can be seen that the adoption
of higher-order shape functions with the EDZ4 kinematic model ensures
perfect alignment with results from the 3D FEM model which adopts
parabolic brick elements. However, when 8-node brick elements are
used in the 3D analysis, a discrepancy of results is observed. A 3D rep-
resentation of the first nine mode frequencies is shown in Fig. 10. These
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mode frequencies are obtained from 3D FEM model and reveal that,
even for lower-order modes, the vibration orientations do not follow the
principal directions of the structure. This is due to the orthotropic or
anisotropic material assumption.

The next numerical investigation focuses on another singly-curved
laminated panel. A conical shell made of three layers with thicknesses
h; = 0.01m, h, = 3hy, and hs = 2h; is considered. The reference sur-
face equation of this shell is provided in Eq. (102) by assuming the
inclination angle as ¢ = 7 /6, while the quantity R, is assumed equal to
0.5 m. The lamination scheme selected in this case is (10 /35 /75), and
consists of graphite-epoxy (84), triclinic material (86), and glass epoxy
(85) in the first, second, and third lamina, respectively. The panel is
described by the rectangular physical domain
(@2, a}] x [a3,a3] = [0,L1] x [—7 /3,7 /3] with L; = 1.5m. In addition, a
rectangular hole is located in the center of the physical domain with
origin at (L; /4, — # /6), and length along a1, a2 equal to L; /2 and /3,
respectively. The discretization of the 2D physical domain is applied
with both rectangular and triangular elements, as shown in Fig. 11,
introducing 20 elements along the edges A and C, and 40 elements along
edges B and D. On the other hand, the number of elements along E, F, G,
and H edges is equal to 10.

The numerical results are reported in Table 6 in terms of the first ten
natural frequencies as provided by higher-order theories. Here, the nu-
merical predictions of the present 2D-FEM-based model are compared
with results from 3D FEM, using various kinematic models ranging from
the EDZ1 to EDZ4 theories. In addition, the sensitivity of the results with
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Fig. 9. 3D representation of the geometry of a U-shaped circular cylinder (a). Finite element discretization with brick elements (b) and discretizations with rect-
angular (c) and triangular (d) elements of the physical domain in 2D FEM analysis.

Table 4
First ten natural frequencies of a laminated anisotropic U-shaped circular cylinder employing different mesh discretizations and Lagrange interpolating polynomials.
Numerical investigations are conducted for various boundary conditions sets.

Mode f [Hz] 3D FEM EDZ4
FCFCFFFH

C3D8 C3D20 2D rectangular mesh
Element order 1 2 1 2 3 4 5 6 7
DOFs 244140 953433 12078 45738 100998 177858 276318 396378 538038
1 145.73 144.57 161.22 145.14 144.64 144.47 144.39 144.36 144.33
2 180.09 178.64 195.38 178.21 177.66 177.48 177.39 177.35 177.32
3 295.16 293.38 317.51 297.85 296.88 296.58 296.45 296.38 296.35
4 309.93 306.13 358.50 309.27 307.92 307.51 307.32 307.22 307.17
5 325.50 322.35 371.05 326.40 325.18 324.80 324.63 324.54 324.49
6 446.92 445.20 477.64 449.74 448.74 448.44 448.31 448.24 448.20
7 500.54 499.51 514.01 500.79 499.72 499.37 499.21 499.13 499.09
8 530.06 526.85 577.22 529.75 528.11 527.68 527.49 527.39 527.33
9 564.76 558.77 645.20 564.35 562.28 561.73 561.47 561.34 561.26
10 590.37 584.73 676.39 591.82 589.59 589.01 588.76 588.62 588.54

C3D8 C3D20 Triangular mesh
Element order 1 2 1 2 3 4 5 6 7
DOFs 244140 953433 22896 89010 198360 350946 546768 785826 1068120
1 145.73 144.57 159.12 144.75 144.47 144.38 144.34 144.32 144.31
2 180.09 178.64 193.01 177.80 177.48 177.38 177.33 177.31 177.30
3 295.16 293.38 313.98 297.11 296.58 296.42 296.36 296.33 296.32
4 309.93 306.13 342.43 308.26 307.52 307.29 307.19 307.14 307.12
5 325.50 322.35 357.65 325.53 324.83 324.61 324.51 324.46 324.44
6 446.92 445.20 481.16 449.27 448.53 448.32 448.24 448.19 448.17
7 500.54 499.51 513.19 499.93 499.36 499.18 499.10 499.07 499.06

(continued on next page)
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Table 4 (continued)

Mode f [Hz] 3D FEM EDZ4
FCFCFFFH

C3D8 C3D20 2D rectangular mesh
Element order 1 2 1 2 3 4 5 6 7
DOFs 244140 953433 12078 45738 100998 177858 276318 396378 538038
8 530.06 526.85 583.61 528.66 527.70 527.45 527.35 527.31 527.29
9 564.76 558.77 617.20 562.74 561.70 561.41 561.28 561.22 561.19
10 590.37 584.73 648.41 590.33 589.06 588.72 588.58 588.52 588.48
CFCFFFFF

C3D8 C3D20 2D rectangular mesh
Element order 1 2 1 2 3 4 5 6 7
DOFs 244140 953433 12078 45738 100998 177858 276318 396378 538038
1 425.64 422.13 161.22 145.14 144.64 144.47 144.39 144.36 144.33
2 495.71 492.23 195.38 178.21 177.66 177.48 177.39 177.35 177.32
3 504.17 500.77 317.51 297.85 296.88 296.58 296.45 296.38 296.35
4 640.60 637.99 358.50 309.27 307.92 307.51 307.32 307.22 307.17
5 650.87 648.14 371.05 326.40 325.18 324.80 324.63 324.54 324.49
6 684.74 680.50 477.64 449.74 448.74 448.44 448.31 448.24 448.20
7 738.34 734.88 514.01 500.79 499.72 499.37 499.21 499.13 499.09
8 756.45 753.32 577.22 529.75 528.11 527.68 527.49 527.39 527.33
9 979.84 976.47 645.20 564.35 562.28 561.73 561.47 561.34 561.26
10 1004.76 1004.13 676.39 591.82 589.59 589.01 588.76 588.62 588.54

C3D8 C3D20 Triangular mesh
Element order 1 2 1 2 3 4 5 6 7
DOFs 244140 953433 22896 89010 198360 350946 546768 785826 1068120
1 425.64 422.13 434.89 422.05 421.44 421.25 421.18 421.16 421.15
2 495.71 492.23 512.20 492.86 491.81 491.50 491.40 491.36 491.35
3 504.17 500.77 522.60 502.12 501.10 500.80 500.70 500.67 500.66
4 640.60 637.99 655.96 641.08 640.55 640.40 640.35 640.33 640.32
5 650.87 648.14 680.60 651.76 650.98 650.75 650.66 650.62 650.60
6 684.74 680.50 730.19 683.22 681.85 681.48 681.35 681.31 681.28
7 738.34 734.88 778.86 738.30 736.76 736.26 736.04 735.94 735.88
8 756.45 753.32 802.77 757.94 756.68 756.28 756.11 756.03 755.98
9 979.84 976.47 1018.84 980.18 979.07 978.77 978.65 978.60 978.58
10 1004.76 1004.13 1041.00 1012.24 1011.56 1011.35 1011.27 1011.23 1011.20

Table 5

First ten natural frequencies of a laminated anisotropic U-shaped circular cylinder employing different mesh discretizations and Hermite interpolating polynomials.
Numerical investigations are conducted for various boundary conditions sets.

Mode f [Hz] 3D FEM 2D FEM

Boundary conditions 1

C3D8 C3D20 2D rectangular mesh
Element order 1 2 3 4 5 6 7
DOFs 244140 953433 79434 156294 254754 37814 516474
1 145.73 144.57 144.75 144.52 144.43 144.38 144.35
2 180.09 178.64 177.84 177.57 177.45 177.39 177.35
3 295.16 293.38 297.08 296.67 296.50 296.41 296.37
4 309.93 306.13 308.24 307.66 307.41 307.28 307.21
5 325.50 322.35 325.75 325.09 324.80 324.66 324.57
6 446.92 445.20 449.37 448.75 448.49 448.36 448.28
7 500.54 499.51 499.81 499.40 499.23 499.14 499.10
8 530.06 526.85 528.53 527.85 527.58 527.44 527.37
9 564.76 558.77 562.48 561.81 561.52 561.37 561.28
10 590.37 584.73 590.29 589.31 588.92 588.72 588.62
C3D8 C3D20 Triangular mesh

Element order 1 2 3 4 5 6 7
DOFs 244140 953433 111924 264510 460332 699390 981684
1 145.73 144.57 144.68 144.48 144.40 144.37 144.34
2 180.09 178.64 177.79 177.53 177.43 177.38 177.35
3 295.16 293.38 296.90 296.57 296.44 296.39 296.36
4 309.93 306.13 308.13 307.59 307.37 307.26 307.20
5 325.50 322.35 325.57 324.98 324.74 324.62 324.55
6 446.92 445.20 449.20 448.65 448.43 448.33 448.26
7 500.54 499.51 499.77 499.38 499.22 499.15 499.11
8 530.06 526.85 528.17 527.65 527.46 527.38 527.34
9 564.76 558.77 562.23 561.66 561.43 561.32 561.26
10 590.37 584.73 589.89 589.09 588.79 588.65 588.58

(continued on next page)
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Table 5 (continued)
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Mode f [Hz] 3D FEM 2D FEM
Boundary conditions 1

C3D8 C3D20 2D rectangular mesh
Element order 1 2 3 4 5 6 7
DOFs 244140 953433 79434 156294 254754 37814 516474
Boundary conditions 2

C3D8 C3D20 2D rectangular mesh
Element order 1 2 3 4 5 6 7
DOFs 244140 953433 79434 156294 254754 374814 516474
1 425.64 422,13 421.67 421.36 421.25 421.20 421.18
2 495.71 492.23 492.21 491.68 491.49 491.42 491.39
3 504.17 500.77 501.42 500.93 500.76 500.70 500.68
4 640.60 637.99 640.86 640.55 640.44 640.39 640.36
5 650.87 648.14 651.52 651.01 650.81 650.72 650.67
6 684.74 680.50 682.73 681.85 681.54 681.41 681.36
7 738.34 734.88 738.79 737.35 736.73 736.41 736.23
8 756.45 753.32 758.34 757.13 756.63 756.38 756.24
9 979.84 976.47 979.88 979.18 978.90 978.76 978.69
10 1004.76 1004.13 1012.46 1011.81 1011.54 1011.41 1011.34

C3D8 C3D20 Triangular mesh
Element order 1 2 3 4 5 6 7
DOFs 244140 953433 111924 264510 460332 699390 981684
1 425.64 422.13 421.67 421.35 421.24 421.20 421.18
2 495.71 492.23 492.22 491.67 491.49 491.42 491.39
3 504.17 500.77 501.40 500.91 500.75 500.70 500.68
4 640.60 637.99 640.86 640.55 640.44 640.39 640.36
5 650.87 648.14 651.56 651.02 650.82 650.73 650.68
6 684.74 680.50 682.63 681.79 681.52 681.41 681.35
7 738.34 734.88 738.80 737.32 736.72 736.40 736.22
8 756.45 753.32 758.32 757.10 756.61 756.37 756.23
9 979.84 976.47 979.86 979.15 978.88 978.76 978.69
10 1004.76 1004.13 1012.38 1011.77 1011.53 1011.40 1011.33

respect to the adoption of the zigzag function is checked for various
boundary conditions. For boundary conditions 1, the structure is clam-
ped along the lateral surface corresponding to the straight edges A and
C, while the remaining parts are free. In contrast, boundary conditions 2
account for the clamping of the curved lateral surfaces associated with B
and D edges of the physical domain. Finally, in boundary conditions 3,
the structure is clamped from the lateral surfaces of the solid that define
the rectangular hole, namely E, F, G, and H. It can be shown that the
vibration frequencies of the panel under consideration obtained from 3D
FEM cannot be predicted with lower-order theories. However, the re-
sults from EDZ4 are obtained with a lower number of DOFs compared to
the 3D FEM and maintain a high accuracy level for all boundary con-
dition sets. In addition to the previous investigation, in Fig. 12, a
convergence analysis against 3D FEM results is presented for the first
four modes for a boundary condition set in which the lateral surfaces
associated with physical domain edges A, B, and D, are clamped. More
specifically, the convergence of the solution is shown for both dis-
cretizations with the rectangular and the triangular meshes employing
Lagrange and Hermite shape functions. The convergence parameter of
Eq. (101) is reported for the first four modes in logarithmic scale with
respect to the number of DOFs for each simulation. A rapid convergence
of results is observed since a negative value of In(e;) is found even with a
limited number of DOFs. However, unlike the previous analysis, in this
case the convergence for the first and second modes differs when
adopting Lagrange or Hermite polynomials. On the other hand, for the
third and fourth modes, very similar curves are obtained with different
shape functions. Finally, the first nine mode shapes of the structure are
reported in Fig. 13, derived from the 3D FEM simulation for the
boundary conditions 3 configuration, showing that the 2D FEM formu-
lation allows to consider also kinematic constraints that are not
commonly addressed by classical numerical simulations on doubly-
curved laminated shells, which are mainly based on the clamping of
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the external parts of the structure.

At this point, another free vibration analysis is conducted on the
same conical shell by introducing four holes throughout the panel. A 3D
geometric representation of the cone under investigation is reported in
Fig. 14. Here, the 2D physical domain is discretized with 40 elements
along the edges B and D, while the edges of the holes in the 2D domains
are discretized with 8 elements each. Each rectangular hole has di-
mensions z/6 and 2L; /7 along a1, az, respectively, while the origin of

the four holes is located at the coordinates
@ =11 /7,411 /7.4L1 /7.1, /7 and @y =-x/5,-7/5,7/15.1/15

within the rectangular physical domain. A reference solution is evalu-
ated from 3D FEM analysis with a model developed from commercial
software, consisting of 64800 parabolic brick elements with 287865
nodes. Then, the 2D HDST FEM model is adopted with both rectangular
and triangular meshes to determine the first ten natural frequencies for
various kinematic expansion orders, ranging from the EDZ1 to the EDZ4
theory. The results are reported in Table 7 for triangular and rectangular
mesh employing Lagrange and Hermite polynomials of the seventh
order. The boundary conditions set accounts for the full clamping of the
lateral surface of the 3D cone associated with the edge A of the 2D
domain. For both boundary conditions, the natural frequencies obtained
from the EDZ4 are very similar to those derived from 3D analysis,
meaning that the model requires a higher-order kinematic expansion to
correctly investigate the vibrational response of the structure. Further-
more, the same level of accuracy is reached with fewer DOFs when
employing the triangular mesh. Similar results are then obtained with
triangular discretization, highlighting that when higher-order elements
are adopted, very accurate results are obtained regardless of the specific
mesh discretization. Finally, a 3D representation of the first nine mode
frequencies for boundary conditions 1 is provided in Fig. 15.

At this point, an additional example is introduced which aims at
deriving the first ten natural frequencies of an anisotropic laminated
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Fig. 10. 3D representation of the first nine mode shapes of a U-shaped circular cylinder made of orthotropic and anisotropic materials clamped along its curved
lateral surfaces. These mode shapes are evaluated from 3D FEM numerical analysis.
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Fig. 11. 3D geometric representation of a truncated cone with a central rectangular hole (a). Discretization with brick elements adopted in 3D FEM analysis (b) and
discretizations of the physical domain employing rectangular (c) and triangular (d) elements.

Table 6

Free vibration analysis of a laminated anisotropic truncated cone with a central rectangular hole employing higher-order theories. Comparison with 3D FEM for
various boundary conditions. The results are derived from the higher-order 2D FEM model employing Lagrange shape functions of seventh order and with rectangular
mesh.

Mode f [Hz] 3D FEM EDZ1 ED2 EDZ2 ED3 EDZ3 ED4 EDZ4
DOFs 1366140 313740 313740 418320 418320 522900 522900 627480
Boundary conditions 1

1 80.98 85.83 81.30 81.23 81.38 81.29 81.31 81.24
2 140.85 148.66 141.68 141.57 141.85 141.68 141.72 141.62
3 196.20 203.01 196.46 196.25 197.01 196.66 196.86 196.56
4 206.65 211.17 206.66 206.39 207.33 206.95 207.23 206.84
5 248.19 262.78 249.28 249.07 249.79 249.39 249.50 249.27
6 292.49 297.65 292.80 292.59 293.06 292.81 292.94 292.75
7 315.14 328.15 315.86 315.46 316.61 316.08 316.36 315.91
8 347.82 365.82 349.07 348.80 350.02 349.41 349.64 349.25
9 399.09 417.61 400.22 399.84 401.01 400.42 400.67 400.24
10 416.35 431.96 417.56 417.15 418.57 417.88 418.19 417.69
Boundary conditions 2

1 121.59 124.93 121.82 121.59 121.99 121.84 121.96 121.76
2 122.27 125.31 122.37 122.15 122.53 122.39 122.50 122.31
3 170.68 174.79 171.12 170.85 171.67 171.35 171.60 171.24
4 184.05 188.21 184.35 184.06 184.83 184.53 184.76 184.42
5 284.59 292.87 285.10 284.37 286.09 285.47 285.99 285.17
6 285.72 293.33 286.24 285.51 287.13 286.55 287.04 286.25
7 351.47 365.62 352.84 352.12 353.82 353.16 353.64 352.83
8 378.72 395.08 380.11 379.50 381.06 380.42 380.84 380.11
9 394.96 413.57 396.43 395.93 397.36 396.71 397.07 396.43
10 409.55 428.07 410.59 410.04 411.57 410.91 411.33 410.64

(continued on next page)
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Table 6 (continued)
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Mode f [Hz] 3D FEM EDZ1 ED2 EDZ2 ED3 EDZ3 ED4 EDZ4
DOFs 1366140 313740 313740 418320 418320 522900 522900 627480
Boundary conditions 3

1 40.86 43.88 40.72 40.68 40.72 40.69 40.69 40.67
2 44.92 47.61 44.75 44.72 44.77 44.73 44.73 44.70
3 84.13 89.17 83.50 83.41 83.72 83.60 83.66 83.54
4 93.32 98.11 92.88 92.81 93.08 92.96 93.01 92.90
5 162.49 172.45 163.05 162.84 163.46 163.21 163.33 163.09
6 178.77 185.32 179.54 179.39 180.09 179.79 179.94 179.70
7 185.05 188.13 184.41 184.20 184.68 184.48 184.63 184.42
8 195.78 198.66 195.45 195.25 195.80 195.57 195.73 195.51
9 289.24 297.28 290.03 289.62 290.92 290.45 290.80 290.25
10 318.69 328.97 319.56 319.18 320.57 320.01 320.36 319.82

shell with double non-uniform curvature, characterized by an irregular
hole located at the center of the structure. The panel under consideration
is an elliptic paraboloid, whose reference surface equation in principal
coordinates in the same as in Eq. (99) with k** = 2 and k*2 = 3 as the
governing geometric parameters. The rectangular physical domain is
defined so that [a,a}] x [a3,a3] = [~ 0.7,0.7] x [~ 0.5,0.5]. The shape
of the hole is described by the NURBS curves adopted to map the
structure in the first example, following the knots, weights, and control
points vector already presented in Fig. 5, while the position of the hole is
defined from the point located at (— 0.5, — 0.5), in line with conven-
tions shown in Fig. 2. The 2D domain is discretized with rectangular and
triangular elements according to Fig. 16, considering 40 elements along
the edges A and C. When dealing with the curved edges of the hole, the
so-called curvature factor has been adopted to determine the size of
finite elements, and, consequently, the corresponding number of ele-
ments along the curved boundaries. The size of the element along a
curved edge is determined by the product of the curvature factor and the
curvature radius of the geometric boundary. In this example, the value
0.3 is adopted for the curvature factor. On the other hand, a maximum
growing rate is introduced to limit the variation of dimensions
throughout the physical domain. This parameter is considered equal to 1
for the rectangular discretization, while assuming a value of 1.3 for a
triangular discretization. The doubly-curved shell solid is assumed to be
clamped at its lateral surfaces corresponding to edges A, B, C, and D in
the 2D parametric domain. The reference values of the first ten mode
frequencies are computed from a 3D FEM simulation developed with
commercial software, considering 94400 brick elements. Furthermore,
the results derived with the present 2D FEM model are evaluated by
employing Lagrange and Hermite polynomials of different orders and
collected in Table 8. Three different mesh discretizations are used,
namely a triangular mesh, a sparse rectangular mesh named “rectan-
gular mesh 17, and a refined rectangular mesh named “rectangular mesh
2”. For all the discretizations considered in the analysis, the physical
domain is discretized with 50 and 30 elements along A, C and B, D edges,
respectively. For the 2D “rectangular mesh 1”7, 57 elements are intro-
duced along each curved edge of the hole, while in the “rectangular
mesh 2” and in the case of the “triangular mesh”, 19 elements are placed
along the curved boundaries. In this case, the accuracy of the numerical
discretization for the 2D HSDT analysis is checked by employing the
EDZ4 kinematic model with different orders of the interpolating shape
functions. The numerical predictions from the ESL model are in line with
3D FEM results when the latter adopts parabolic brick elements,
although discrepancies are found when compared to 8-node-based 3D
simulations. In addition, the same level of accuracy is observed for both
lower and higher modes, indicating that the model can be suitably used
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to predict the dynamic behavior of these structures. Another important
aspect is that the accuracy of the results is not affected by the mesh
discretization, for the same number of variables. This means that a
sparse mesh can be used if higher-order interpolating functions are
adopted for a finite element implementation. On the other hand,
meshing technique adopted here considers only linear mapping tech-
niques for rectangular and triangular elements, meaning that the curved
edges of the hole are approximated by several straight lines. Finally, the
first nine mode shapes of the panel are derived from the 3D FEM analysis
and are reported in Fig. 17. Based on results, it is worth observing a
consistent deformation of the curved edges for all mode shapes, there-
fore an accurate geometric description of the structure is required to
accurately predict the real vibrational response of the structure.

In the final numerical investigation, the modal response of a doubly-
curved shell element exhibiting a line crack parallel to the parametric
lines of the reference surface is studied. More specifically, the reference
surface of the panel is an elliptic paraboloid, described in curvilinear
principal coordinates by Eq. (99), with the main geometric parameters
of the parabolic curves along a; and a,, respectively, set as
kn = (a2 —d?) /by = 9and k* = (a3 —d2%) /b, =18,beinga; =ay =3,
dy =dy =0,b; =1 and by = 0.5. The rectangular physical domain of
the structure is defined as [a?,a1] x [a3,a3] = [~ 0.58800,0.58800] x [ —

0.32175,0.32175]. In line with the geometric representation in Fig. 18,
a line crack is introduced within the structure, oriented along the
parametric lines of a; direction. The crack has a length within the
physical domain is 0.5(a3 — oY), with its origin located at (0.5(a} —
a?) +a?,0.5(a} — a3) + a3). The structure consists of three layers with
thickness h; = 0.08 m, hy = 0.12m and h; = 0.10 m. More specifically,
the two external laminae are made of graphite-epoxy (84), while the
second lamina is made of triclinic material (86). The lamination scheme
is (20 /35/75). The structure is clamped along the uncracked lateral
surfaces, while the cracked area is free. A 3D FEM model is developed
from commercial software, consisting of 773763 parabolic tetrahedral
elements, named C3D10, and 1111899 nodes, for a total number of
3335697 DOFs. The present higher-order 2D formulation for this
structure is performed with a finite element model. The numerical dis-
cretization of the problem is based on triangular 2D elements. The mesh
discretization accounts for a maximum and minimum element dimen-
sion equal to 0.14 and 0.05, respectively, with a growth ratio set at 1.2.
Furthermore, the edges of the physical domains along @; direction are
characterized by 40 elements, while those associated with a, contain 20
elements. Furthermore, the edges of the domain defining the line crack
are characterized by 30 elements. The first ten mode frequencies of the
structure are listed in Table 9. Here, a direct comparison is made be-
tween the results derived from the EDZ4 theory and those ones from the
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Fig. 12. Convergence rate of the first four mode frequencies of a laminated anisotropic truncated cone derived from the 2D FEM model with respect to the 3D FEM
solution. The number of unknown variables is increased by using higher-order polynomials for finite element discretization.
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Fig. 13. First nine mode shapes of a laminated anisotropic truncated cone with a single rectangular hole, located in the centre of the structure, whose edges are
parallel to the principal parametric lines of the structure. These mode shapes are evaluated from 3D FEM numerical analysis.
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Fig. 14. 3D geometric model of singly-curved conical shell with four rectangular hole uniformly distributed throughout the structure (a). Discretization for 3D FEM
simulations employing parabolic brick elements (b) and 2D mesh adopted for the solution with higher-order theories. 2D rectangular (c) and 2D triangular (d) mesh.

Table 7
Free vibration analysis of a truncated cone with four rectangular holes clamped along the lateral surface A. Comparison between 3D FEM and 2D FEM with various
kinematic models employing both Lagrange and Hermite polynomials. Effect of higher-order theories and zigzag function.

Mode f [Hz] 3D FEM EDZ1 ED2 EDZ2 ED3 EDZ3 ED4 EDZ4
Triangular mesh

Lagrange polynomials

DOFs 863595 262368 262368 349824 349824 437280 437280 524736
1 48.91 50.93 49.37 49.31 49.47 49.38 49.43 50.00
2 69.45 72.58 69.61 69.53 69.73 69.60 69.64 70.49
3 102.70 106.15 104.75 104.60 104.80 104.66 104.73 104.29
4 133.67 138.40 134.45 134.30 134.79 134.50 134.63 135.36
5 159.27 167.30 160.17 160.04 160.61 160.26 160.37 160.78
6 185.23 193.04 187.63 187.46 188.03 187.70 187.85 186.74
7 213.36 224.52 216.82 216.57 217.49 216.95 217.17 217.69
8 228.00 238.13 237.39 236.99 237.34 237.09 237.24 237.39
9 258.03 265.73 258.22 257.95 258.98 258.42 258.69 258.31
10 267.46 277.03 270.41 270.10 271.45 270.78 271.15 270.36
Hermite polynomials

DOFs 863595 241380 241380 321840 349824 437280 402300 482760
1 48.91 50.97 49.40 49.34 49.47 49.38 49.47 50.04
2 69.45 72.62 69.64 69.57 69.73 69.60 69.68 70.52
3 102.70 106.32 104.92 104.77 104.80 104.66 104.90 104.47
4 133.67 138.49 134.53 134.38 134.79 134.50 134.71 135.44
5 159.27 167.41 160.28 160.15 160.61 160.26 160.49 160.90
6 185.23 193.23 187.81 187.63 188.03 187.70 188.03 186.91
7 213.36 224.83 217.09 216.85 217.49 216.95 217.45 217.96
8 228.00 238.83 238.08 237.69 237.34 237.09 237.93 238.08
9 258.03 265.95 258.44 258.17 258.98 258.42 258.91 258.54
10 267.46 277.21 270.60 270.29 271.45 270.78 271.32 270.54

(continued on next page)

31



F. Tornabene et al. Engineering Analysis with Boundary Elements 180 (2025) 106480

Table 7 (continued)

Mode f [Hz] 3D FEM EDZ1 ED2 EDZ2 ED3 EDZ3 ED4 EDZ4
Triangular mesh

Lagrange polynomials

DOFs 863595 262368 262368 349824 349824 437280 437280 524736

Rectangular mesh
Lagrange polynomials

DOFs 863595 216315 216315 288420 288420 360525 360525 432630
1 48.91 50.93 49.37 49.31 49.47 49.38 49.43 50.00
2 69.45 72.59 69.61 69.53 69.73 69.60 69.65 70.49
3 102.70 106.15 104.75 104.60 104.80 104.66 104.73 104.29
4 133.67 138.40 134.44 134.30 134.79 134.50 134.63 135.36
5 159.27 167.30 160.17 160.04 160.61 160.26 160.37 160.78
6 185.23 193.05 187.64 187.46 188.03 187.70 187.85 186.74
7 213.36 224.51 216.82 216.57 217.49 216.95 217.17 217.68
8 228.00 238.13 237.39 236.99 237.34 237.09 237.24 237.39
9 258.03 265.74 258.22 257.95 258.98 258.42 258.69 258.31
10 267.46 277.03 270.41 270.10 271.45 270.77 271.14 270.35
Hermite polynomials

DOFs 863595 207675 207675 276900 276900 346125 346125 415350
1 48.91 50.96 49.40 49.33 49.50 49.40 49.46 50.03
2 69.45 72.62 69.64 69.56 69.76 69.63 69.67 70.51
3 102.70 106.28 104.89 104.73 104.94 104.80 104.87 104.43
4 133.67 138.47 134.51 134.37 134.85 134.57 134.69 135.43
5 159.27 167.39 160.26 160.13 160.70 160.35 160.46 160.87
6 185.23 193.20 187.78 187.60 188.17 187.84 187.99 186.88
7 213.36 224.76 217.04 216.79 217.70 217.17 217.39 217.90
8 228.00 238.68 237.94 237.54 237.89 237.64 237.79 237.94
9 258.03 265.91 258.40 258.13 259.15 258.60 258.87 258.50
10 267.46 277.16 270.55 270.24 271.58 270.91 271.27 270.49
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Fig. 19. First nine mode shapes of a laminated elliptic paraboloid made of anisotropic materials characterized by a line crack located in the central part of the
structure and oriented along the parametric lines. These mode shapes are evaluated from 3D FEM numerical analysis.
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Table 10
Effect of the crack length on the first ten mode frequencies of a cracked elliptic paraboloid made of anisotropic materials. The numerical discretization of the problem is
performed by using triangular elements with both Hermite and Lagrange shape functions.

Crack length 0.5L; 0.4L; 0.3L; 0.21; 0.1L; 0.0L;

f [Hz] 3D FEM EDZ4 EDZ4 EDZ4 EDZ4 EDZ4 EDZ4 3D FEM
Hermite shape functions

DOFs 3335697 747684 782514 818964 853794 916164 357894 3335697
1 29.68 29.70 30.86 33.44 38.02 45.91 63.46 61.23

2 36.27 35.43 36.19 38.49 44.38 58.52 79.79 78.85

3 68.77 68.56 75.62 83.58 89.30 91.81 101.19 100.93
4 76.41 76.33 88.05 98.53 101.11 105.21 111.48 112.91
5 97.38 99.37 99.78 105.18 111.42 114.24 128.94 128.62
6 110.69 111.27 112.78 114.53 119.75 124.04 137.57 136.71
7 115.96 115.63 116.83 118.79 125.03 135.04 145.25 144.24
8 127.68 126.75 131.21 135.66 137.79 139.23 155.39 158.00
9 138.36 136.73 139.38 141.62 149.14 157.73 172.45 172.11
10 156.89 156.27 159.53 161.89 165.35 169.63 174.71 174.62
Lagrange shape functions

DOFs 3335697 813096 851022 890712 928638 996552 545598 3335697
1 29.68 29.69 30.84 33.33 37.98 45.87 63.46 61.23

2 36.27 35.43 36.17 38.38 44.32 58.45 79.79 78.85

3 68.77 68.50 75.54 83.39 89.28 91.80 101.18 100.93
4 76.41 76.25 87.92 98.42 101.09 105.18 111.48 112.91
5 97.38 99.37 99.77 104.89 111.40 114.22 128.94 128.62
6 110.69 111.25 112.76 114.42 119.72 124.01 137.57 136.71
7 115.96 115.62 116.81 118.71 124.97 135.01 145.25 144.24
8 127.68 126.71 131.15 135.54 137.78 139.22 155.39 158.00
9 138.36 136.70 139.36 141.50 149.09 157.70 172.45 172.11
10 156.89 156.24 159.51 161.81 165.33 169.61 174.71 174.62

33



F. Tornabene et al.

Engineering Analysis with Boundary Elements 180 (2025) 106480

a

Mode |

Maode 4

Mode 7

Mode 2

v

Mode 5

88

Mode &

a

Mode 3

Mode &

Mode 9

Fig. 15. First nine mode shapes of a laminated anisotropic truncated cone with four rectangular holes, with the edges parallel to the principal parametric lines of the
panel. These mode shapes are evaluated from 3D FEM numerical analysis.
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Fig. 16. 3D geometric model of a doubly-curved elliptic paraboloid with a central hole of arbitrary shape (a). Mesh discretization for 3D FEM (b) and discretization
of the 2D parametric domain with rectangular elements with sparse (c) and fine (d) discretization, and triangular (e) elements.
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Table 8
Free vibration analysis of a fully-clamped elliptic paraboloid with a central hole of arbitrary shape. Comparison with 3D FEM and effect of Hermite and Lagrange shape
functions while using rectangular and triangular discretizations.

Element order 1 2 3 4 5 6 7
Mode f [Hz] Hermite polynomials shape functions
3D FEM 2D rectangular mesh 1
DOFs 313446 1222800 143046 276084 446526 654372 899622
1 404.11 399.98 409.89 405.60 403.52 402.35 401.63
2 406.45 402.16 413.49 408.43 406.03 404.70 403.87
3 436.59 433.13 437.72 436.11 435.47 435.14 434.95
4 449.31 445.98 449.59 448.47 448.02 447.78 447.65
5 530.71 528.78 533.23 532.11 531.62 531.35 531.19
6 533.36 530.67 535.93 534.55 533.93 533.60 533.40
7 599.06 594.61 598.88 598.13 597.81 597.64 597.53
8 665.50 659.20 665.03 663.58 662.97 662.65 662.46
9 737.30 730.79 738.73 736.62 735.62 735.06 734.71
10 855.17 847.24 854.41 852.82 852.13 851.76 851.53
3D FEM 2D rectangular mesh 2
DOFs 313446 1222800 86832 193536 330120 496584 692928
1 404.11 399.98 411.88 406.61 404.09 402.71 401.86
2 406.45 402.16 415.82 409.51 406.62 405.05 404.10
3 436.59 433.13 438.67 436.48 435.66 435.26 435.03
4 449.31 445.98 450.24 448.76 448.18 447.89 447.72
5 530.71 528.78 533.92 532.43 531.80 531.47 531.27
6 533.36 530.67 536.72 534.92 534.16 533.75 533.50
7 599.06 594.61 599.18 598.25 597.87 597.68 597.56
8 665.50 659.20 665.88 663.99 663.22 662.81 662.57
9 737.30 730.79 739.60 737.04 735.86 735.21 734.81
10 855.17 847.24 855.25 853.22 852.36 851.91 851.63
3D FEM 2D triangular
DOFs 313446 1222800 86832 193536 330120 496584 692928
1 404.11 399.98 403.63 401.84 401.01 400.55 400.27
2 406.45 402.16 406.09 404.08 403.15 402.64 402.33
3 436.59 433.13 435.57 435.03 434.81 434.70 434.63
4 449.31 445.98 448.11 447.71 447.55 447.46 447.42
5 530.71 528.78 531.73 531.26 531.07 530.96 530.90
6 533.36 530.67 534.04 533.48 533.24 533.11 533.04
7 599.06 594.61 597.93 597.58 597.45 597.38 597.34
8 665.50 659.20 663.15 662.56 662.32 662.20 662.13
9 737.30 730.79 735.75 734.82 734.41 734.20 734.06
10 855.17 847.24 852.31 851.64 851.36 851.22 851.13
Mode f [Hz] Lagrange shape functions
3D FEM 2D rectangular mesh 1
Element order 1 2 1 2 3 4 5 6 7
DOFs 313446 1222800 22824 69768 146592 253296 389880 556344 752688
1 404.11 399.98 451.51 406.14 402.54 401.26 400.63 400.29 400.07
2 406.45 402.16 454.57 408.95 404.90 403.45 402.75 402.35 402.11
3 436.59 433.13 489.77 437.14 435.38 434.93 434.75 434.66 434.60
4 449.31 445.98 499.14 449.47 448.00 447.65 447.51 447.44 447.40
5 530.71 528.78 571.11 533.14 531.71 531.26 531.07 530.97 530.90
6 533.36 530.67 582.55 535.70 534.02 533.49 533.26 533.13 533.05
7 599.06 594.61 680.64 599.40 597.82 597.51 597.40 597.35 597.31
8 665.50 659.20 758.09 665.48 663.08 662.54 662.32 662.20 662.13
9 737.30 730.79 845.51 738.05 735.31 734.59 734.28 734.10 733.99
10 855.17 847.24 977.97 855.00 852.10 851.53 851.29 851.17 851.09
3D FEM 2D rectangular mesh 2
Element order 1 2 1 2 3 4 5 6 7
DOFs 313446 1222800 26586 84816 180450 313488 483930 691776 937026
1 404.11 399.98 428.07 404.98 402.35 401.28 400.72 400.38 400.16
2 406.45 402.16 438.20 408.59 405.03 403.64 402.93 402.52 402.25
3 436.59 433.13 467.68 436.59 435.26 434.90 434.74 434.66 434.61
4 449.31 445.98 481.28 448.96 447.87 447.60 447.49 447.43 447.39
5 530.71 528.78 558.55 532.82 531.60 531.23 531.06 530.96 530.90
6 533.36 530.67 566.97 535.43 533.91 533.45 533.24 533.12 533.05
7 599.06 594.61 655.35 599.17 597.85 597.55 597.43 597.37 597.33
8 665.50 659.20 736.56 664.72 662.88 662.45 662.27 662.17 662.11
9 737.30 730.79 812.84 737.77 735.37 734.68 734.35 734.16 734.05
10 855.17 847.24 946.55 854.26 851.97 851.49 851.29 851.17 851.10
3D FEM 2D triangular mesh
Element order 1 2 1 2 3 4 5 6 7
DOFs 313446 1222800 20826 79056 174690 307728 478170 686016 931266
1 404.11 399.98 428.07 404.98 402.35 401.28 400.72 400.38 400.16
2 406.45 402.16 438.20 408.59 405.03 403.64 402.93 402.52 402.25
3 436.59 433.13 467.68 436.59 435.26 434.90 434.74 434.66 434.61
4 449.31 445.98 481.28 448.96 447.87 447.60 447.49 447.43 447.39
5 530.71 528.78 558.55 532.82 531.60 531.23 531.06 530.96 530.90

(continued on next page)
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Table 8 (continued)
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Element order 1 3 4 5 6 7
Mode f [Hz| Hermite polynomials shape functions
3D FEM 2D rectangular mesh 1

DOFs 313446 1222800 143046 276084 446526 654372 899622
6 533.36 530.67 566.97 535.43 533.91 533.45 533.24 533.12 533.05
7 599.06 594.61 655.35 599.17 597.85 597.55 597.43 597.37 597.33
8 665.50 659.20 736.56 664.72 662.89 662.45 662.27 662.17 662.11
9 737.30 730.79 812.84 737.77 735.37 734.68 734.35 734.16 734.05
10 855.17 847.24 946.55 854.26 851.97 851.49 851.29 851.17 851.10

Mode 1 Mode 2 Muode 3

Mide 4 Mode 5 Muode 6

Mode 7 Mode B Mode 9

Fig. 17. First nine mode shapes of a laminated anisotropic elliptic paraboloid with a central hole of arbitrary shape. These mode shapes are evaluated from 3D FEM

numerical analysis.

3D FEM model. The 2D simulations are performed using triangular el-
ements, and the effects of the order of both Lagrange and Hermite
interpolating polynomials are analyzed. The 3D representation of the
first nine mode shapes of the cracked structures is shown in Fig. 19. In
addition to this preliminary mesh convergence analysis, Table 10 pre-
sents a parametric investigation where the crack length is varied
continuously, while maintaining the same mesh discretization as in the
convergence analysis. The finite element shape functions used are sev-
enth order Hermite polynomials. The results exhibit a smooth transition
from the mode frequencies associated with the uncracked configuration

of the shell to those of the structure with the maximum crack length. In
all cases, the numerical predictions from the EDZ4 solution are suc-
cessfully validated against those ones from 3D FEM model.

5. Conclusions
In this work, a higher-order 2D formulation based on the ESL
approach has been adopted to evaluate the 3D dynamic response of

laminated doubly-curved shells made of generally anisotropic materials,
described by biconnected domains. A generalized kinematic model has
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(b) ()

Fig. 18. Laminated anisotropic doubly-curved panel with elliptic paraboloidal shape made of anisotropic material with line crack. (a) geometric representation of the
structure in the 3D space and 3D FEM discretization (b). The higher-order 2D FEM model is developed using a triangular 2D discretization (c).

Table 9
First ten mode frequencies of a laminated elliptic paraboloid with a line crack. Comparison with 3D FEM solution and convergence of the higher-order 2D FEM solution
based on EDZ4 kinematic model and triangular discretization for various orders of the interpolating shape functions based on Lagrange and Hermite polynomials.

Lagrange shape functions

Mode f [Hz] Element order

3D FEM 1 2 3 4 5 6 7
DOFs 3335697 18000 68706 152136 268290 417168 598770 813096
1 29.68 34.79 29.78 29.72 29.70 29.70 29.69 29.69
2 36.27 39.54 35.50 35.45 35.44 35.43 35.43 35.43
3 68.77 76.51 68.70 68.57 68.54 68.52 68.51 68.50
4 76.41 86.35 76.65 76.40 76.32 76.29 76.27 76.25
5 97.38 108.78 99.54 99.40 99.38 99.37 99.37 99.37
6 110.69 125.75 111.50 111.32 111.28 111.26 111.25 111.25
7 115.96 131.54 115.85 115.67 115.64 115.63 115.63 115.62
8 127.68 141.51 127.10 126.83 126.77 126.74 126.72 126.71
9 138.36 149.95 136.90 136.75 136.72 136.71 136.71 136.70
10 156.89 175.76 156.59 156.32 156.27 156.25 156.24 156.24
Hermite shape functions
Mode f [Hz] Element order

3D FEM 3 4 5 6 7

DOFs 3335697 86724 202878 351756 533358 747684
1 29.68 29.77 29.73 29.71 29.70 29.70
2 36.27 35.48 35.45 35.44 35.44 35.43
3 68.77 68.85 68.69 68.62 68.58 68.56
4 76.41 76.78 76.53 76.42 76.36 76.33
5 97.38 99.44 99.40 99.38 99.38 99.37
6 110.69 111.46 111.35 111.31 111.28 111.27
7 115.96 115.74 115.67 115.65 115.64 115.63
8 127.68 127.04 126.88 126.81 126.77 126.75
9 138.36 136.90 136.80 136.76 136.74 136.73
10 156.89 156.50 156.37 156.32 156.29 156.27
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been introduced to characterize the through-the-thickness dispersion of
the displacement field components, with the unknown kinematic vari-
ables expressed using higher-order Lagrange polynomials on a non-
uniform computational grid. In addition, NURBS-based blending func-
tions have been implemented to handle distorted domains. The funda-
mental equations are derived in curvilinear principal coordinates using
the Hamilton principle, computing both the elastic strain energy and the
kinetic energy of the system. A numerical solution is found for the weak
form of the problem using the GDQ method. The theoretical model has
been successfully implemented, allowing to study a wide range of
structural problems, in addition to those already investigated with the
GDQ-based approach, including panels described by non-rectangular
domains such as bi-connected domains and panels with rectangular
holes, holes with general shape, and cracks. Different numerical exam-
ples demonstrate that the refined 2D FEM solution provides an excellent
accuracy compared to classical 3D FEM simulations, considering a va-
riety of curvatures, materials, lamination schemes, and boundary con-
ditions. In addition, a large parametric investigation is carried out to
check the sensitivity of the solution. These numerical investigations can
be easily performed due to the computational efficiency of the ESL
model. Moreover, it has been shown that the higher-order finite element
model for shell structures can solve complex structural problems related
to mechanical elasticity with a reduced computational effort, such that it
could be used for many advanced engineering design applications.
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