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Abstract

This work analyzes the aero-elastic oscillations of cantilever beams reinforced by carbon
nanotubes (CNTs). Four different distributions of single-walled CNTs are assumed as the
reinforcing phase, in the thickness direction of the polymeric matrix. A modified third-
order piston theory is used as an accurate tool to model the supersonic air flow, rather
than a first-order piston theory. The nonlinear dynamic equation governing the problem
accounts for Von Kédrman-type nonlinearities, and it is derived from Hamilton’s principle.
Then, the Galerkin decomposition technique is adopted to discretize the nonlinear partial
differential equation into a nonlinear ordinary differential equation. This is solved analyt-
ically according to a multiple time scale method. A comprehensive parametric analysis
was conducted to assess the influence of CNT volume fraction, beam slenderness, Mach
number, and thickness ratio on the fundamental frequency and lateral dynamic deflection.
Results indicate that FG-X reinforcement yields the highest frequency response and lat-
eral deflection, followed by UD and FG-A patterns, whereas FG-O consistently exhibits
the lowest performance metrics. An increase in CNT volume fraction and a reduction in
slenderness ratio enhance the system’s stiffness and frequency response up to a critical
threshold, beyond which a damped beating phenomenon emerges. Moreover, higher Mach
numbers and greater thickness ratios significantly amplify both frequency response and
lateral deflections, although damping rates tend to decrease. These findings provide valu-
able insights into the optimization of CNTR composite structures for advanced aeroelastic
applications under supersonic conditions, as useful for many engineering applications.

Keywords: carbon nanotubes; Euler—Bernoulli beam theory; modified third-order pis-
ton theory; multiple time scale method; nonlinear vibration; supersonic flow; Von
Kéarman nonlinearity

1. Introduction

In recent decades, the increased requirements of mechanical and physical perfor-
mances in sustainable structures have favored the use of carbon nanotubes (CNTs) as
reinforcement phase in composite materials, combined with the concept of functional grad-
uation of materials to yield smooth and continuous characteristics [1-5]. Among different
composite reinforcements, CNTs offer outstanding mechanical properties in terms of stiff-
ness, strength, and mass density. The addition of only 1% of CNTs in the composite material,
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for example, provides an increased elasticity modulus of about 40%, with a ductility reduc-
tion, an increased fracture toughness [6], and improved damping properties [7]. Among
composite applications, like rotocrafts, robotic manipulators, or wind turbine blades, many
structural components, like beams, plates, and shells, can be subjected to aerodynamic
loadings, with the introduction of structural instabilities, e.g., flutter and divergence, with
possible catastrophic effects. In most cases, the vibration amplitudes are large, making
various forms of nonlinearity significant and situating the problem within the domain of
nonlinear structural dynamics [8]. The dynamic behavior of flapping beams, for example,
is expected to exhibit many complex phenomena commonly associated with nonlinear
systems—such as bifurcations, quasi-periodicity, and chaos [8-10] and more specifically,
those seen in nonlinear beam dynamics [11-16]. In such a context, in recent decades, an
increased attention has been devoted to understanding the nonlinear structural dynamics
through both numerical simulations and experimental studies. The mathematical and com-
putational models employed in these investigations span a wide range of complexity—from
finite element models of geometrically exact, curved composite beams [17] to simplified,
single-mode representations capturing chaotic vibrations in beams with nonlinear bound-
ary conditions [13]. The research on nonlinear dynamics, and particularly in the area of
beam dynamics, is quite extensive, but more comprehensive discussions can be found in
references [11,18] for general nonlinear dynamics, [9] for nonlinear vibrations, and [19]
for nonlinear beam vibrations. It is well known from the literature that nonlinear systems
can exhibit a wide variety of resonance phenomena, influenced by factors such as the
strength of nonlinearity, the system’s degrees of freedom, and the characteristics of the
external excitation [20]. Thus, extensive studies have been conducted on the primary and
superharmonic resonance behaviors of fundamental nonlinear systems, such as the Duffing
oscillator, with particular attention to stability characteristics and the influence of key
system parameters [21-23]. Rahman and Burton [22], for instance, compared second-order
multiple scales perturbation techniques with numerical time integration to analyze the
steady-state response and stability near the third-order superharmonic resonance. Their
findings indicated that second-order perturbation results closely mirrored those from the
first-order analysis and only modestly aligned with numerical outcomes. More recently, Dai
et al. [24] employed a time-spectral approach to investigate the complex response behavior
of the Duffing system, particularly focusing on the third-order superharmonic regime.
Their analysis detailed the emergence of multi-valued response branches and jump phe-
nomena, examined how harmonic components varied with frequency, and evaluated the
roles of damping and excitation amplitude on the overall response landscape. In addition
to these theoretical investigations, different computational strategies have been increasingly
employed in the literature to study the aeroelastic behavior of various structural members.
Among the recent works, a classical finite approach was proposed in refs. [25,26] to study
the aeroelastic response of isotropic panels under different boundary conditions, or the
flutter properties of functionally graded (FG) panels in supersonic airflow. Similarly, in
Refs. [27-29], the authors studied the flutter behavior of damped composite plates [10], the
lattice sandwich beams under a supersonic airflow [28], and the aerothermoelastic behavior
of buckled cylindrical composite shells [29].

Alternatively, a cell-based smoothed finite element method was proposed by Natarajan
et al. [30,31] to assess the flutter response of FG panels in the presence or absence of cracks,
whereas a Galerkin method was applied by Kouchakzadeh et al. [32] for the flutter study of
laminated composite panels. The Galerkin decomposition technique was combined to the
multiple time scale method (MTS) in Ref. [33], to solve numerically the nonlinear partial
differential equation of the problem, whereas a p-version finite element method (p-FEM)
was combined to the third-order shear deformation theory in Ref. [34] for the aeroelastic
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analyses of laminated hybrid multiscale composite plates, under a supersonic airflow.
Various applications of finite strain-based theories have been presented in Refs. [35-40] to
analyze the superharmonic and subharmonic resonances of composite beams exposed to
thermal environments and subjected to moving mass loads. In parallel, more recent investi-
gations have concentrated on the flutter instability phenomena in composite beams [41,42]
and plates [43,44], utilizing approaches such as the Galerkin method and the differential
quadrature method. These studies consistently incorporate geometric nonlinearities within
their theoretical frameworks, as exemplified in Ref. [45], which explores the nonlinear axial-
lateral vibration behavior of functionally graded, fiber-reinforced composite laminated
cantilever beams under combined aerodynamic and thermal loading conditions.

Starting with the main idea from this last reference, the present work aims at extend-
ing the study to the nonlinear aeroelastic oscillations of CNT-based cantilever beams, by
employing a modified third-order piston theory and the von Kdrman geometrical non-
linearities, whose nonlinear governing equation is solved in discrete form, based on the
Galerkin decomposition and MTS methods. A numerical investigation evaluates systemati-
cally the sensitivity of the dynamic response of the composite beam-like structure to the
reinforcement patterns and volume fraction, but also to the free air velocity, Mach number,
slenderness ratio, and thickness ratio. The structure of the paper is as follows: after this
literature review, the theoretical framework of the problem is presented in Section 2, with
the corresponding numerical formulation detailed in Section 3. Section 4 discusses the
numerical results, and concluding remarks are provided in Section 5.

2. Theoretical Problem

Let us consider a straight carbon nanotube reinforced composite (CNTRC) cantilever
beam of length L, thickness /1, and width b, in the x, y and z direction, respectively, subjected
to supersonic air flow, as shown in Figure 1. As shown in Figure 1, we assume three different
patterns of reinforcement in the thickness direction, namely, a uniform distribution (UD),
and two different functionally distributions, i.e., FG-O and FG-X, respectively. In addition,
it is assumed that the SWCNTs are embedded within an isotropic polymer matrix without
any abrupt interface in the overall region of the beam.
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Figure 1. Geometrical and mechanical model of the CNTR composite cantilever beam. (a) Geometrical
scheme. (b) Cross sections of different reinforcement patterns.
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The rule of mixtures is applied to describe the effective material properties of the
CNTRC beams, i.e., the elasticity modulus E, the shear modulus G, the Poisson’s ratio v,
and the density p [29,30]

Ey = mVentESYT + V,EP )
2 _ Venr Yo )
Exn EGNT  EF
M3 _ Venr Ve 3)
G GHNT G
Vent+Vp =1 4)
V= VCNTUCNT -+ vap (5)
p = Ventp™NT + Vypp? (6)

where superscripts CNT and p refer to the material properties of carbon nanotubes and
polymer matrix. Moreover, 771, 172, 173 denote the CNTs efficiency parameters, whereas V), and
Vent define the volume fractions for the polymer matrix and CNT, respectively. Table 1
represents the variation in the CNTs volume fractions with the thickness direction for
different patterns [46].

Table 1. Volume fractions of CNTs as a function of thickness direction for different distributions of
CNTs [46].

Patterns of CNTs Venr
ub VenT
FG-A Vinr(1= %)
FG-O 2Venr(1-24)
FG-X 4VEN 2

In this table, V%1 is a fixed volume fraction of CNTs, where the following efficiency
parameters for CNTs are considered, for three different assumptions for Viy,r, as [47]

n = 0.137,75 = 1.022,573 = 0.715  for Viyr = 0.12 7)
n1 = 0.142,17, = 1.626,73 = 1.138  for Viyr = 0.17 (8)
1 =0.141,1, = 1.585,73 = 1.109 for V(yp = 0.28 9)

The Euler—Bernoulli beam theory is here assumed to define the displacement field
of an arbitrary point in the beam along the x, y, and z direction denoted by u,(x, z, t),
uy(x, z, t) and u;(x, z, t), respectively, as follows [48]:

Uy = u(x,t) — zawéi't) (10)
uy =0 (11)
u; = w(x,t) (12)

with u and w the axial and lateral displacement of the midplane in the x and z direction,
respectively, and dw(x, t)/0dx is the rotation angle about the y axis of the cross-section at
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time ¢. The nonlinear kinematic relations are defined according to the following nonzero
components of the Von Kdrman strain tensor [49]:

_duy 1 (du; 2
=53 (%) 1)
1[0 0
Exz = Ezx = E |:;; + au;] (14)

By substitution of Equations (10) and (12) into Equations (13) and (14) we get

€xz =€xz =0 (15)
ou  Pw 10w\’
Exx = a _ZE)_7C2+2(89C) (16)
The strain energy is defined as follows [47]:
1 L
Ug = 5/ / (Oxx€xx + Oxz€xz)dAdx (17)
0 JA

where 0yy and oy, are the normal and shear stress components, respectively, and can be
expressed as follows [50]:

_ Eu(z)
Oxy = TQ(Z)SXX (18)
o= Gia(2)e,, (19)

Based on Equations (15)—(19), the strain energy of the CNTRC beam is defined
as follows:

u—?/L A (204 120V Gy (P2) g 2 (00, () |, (20)
7200 VM ax T2\ ox 1\ 322 152\ “ox T\ ox *
where

h
2 _Eu(z) 2) gy —
/g TQ(Z)(LZ’Z )dz =A11,B11, D1y (21)

As discussed before, the beam is subjected to an aerodynamic force perpendicular
to its surface, AP, because of the supersonic air flow. The unsteady aerodynamic load is
expressed by a modified third-order piston theory as follows [51]:

ow ow ow \ 2
where Dot
=2 Me (23)
_ ML(1+7)
(=t (4)

where p, o, and Moo, are the density, velocity, and Mach number of the free stream air
flow, respectively. Moreover, 7 is the specific-heat ratio of the air (y = 1.4). The virtual
work associated with the external forces, W, and the kinetic energy, K, of the beam can be
expressed as follows [49]:

W= /A APw(x, t)dA (25)
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where A stands for the surface area of the beam. By substitution of Equations (10)—(12) into
b L A

%w ou 2%w
“Z(a at) _le(ataxat)}dx 27)
h

/ o) (1,2,22)dz =Io, 1 I (28)

Equation (26) we get

where

2

The Hamilton principle is here applied to determine the nonlinear partial differential
equation governing the motion, i.e., [49]

t
5[ [K—Us+Wldt—0 (29)
Jt
where ¢ denotes the variational notation. Substituting Equations (20), (25), and (27) into
Equation (29) leads to the following nonlinear partial differential equation governing the
motion of the CNTRC beams:

d Ju ow 9%w 9%u Pw
ox All(a +2(5) )Bﬂaxz] ~0%e ~ owr 0
[ L LY D —Bqy | 2 ’
052 T ox [ 15 28xat2:| - axz 1 ax2 1| ox T2 (ax)
2 2
—aax[Aﬂ(gw 1(?,ﬂ) ) —Bu% o (31)

8x2 |:A11< +2 (%Zf) ) BH sz =AP

By ignoring the axial inertia, and the rotational inertia, Equations (30) and (31) take
the following form [52]:

3 du 1(dw\? Pw
ax[All (ax+2<ax> ) —Bllaxz‘| =0 (32)
) 2
IO%TZZU axz [DH 9x2 7—Bn (ngf%(%cch) )]
2
—"’ZW{AH w4l )—an’Qw ~AP ()
2
9 9 1(2 w | dw _
%[ an(3+1(3)") - BuZg] 3 =0
Equation (32) can be redefined as follows:
P2u 9| 1/ow\?> By o*w
e (Ol (it —_ 4
PP axl 2<8x> AL e G4

which is integrated with respect to the x-axis to yield

u 1<8w>2 B 2*w  Np(t) 35)

ox 2\ ax A 9x2 Ap
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The integration of Equation (35) leads to

1 fow\? Bi1 ow  Nyx

For the cantilever beam, the following boundary condition can be considered [53]

Jw

uzO,w:O,g:O at x=0 (37)
ou 0%w w
gzo,ﬁzo,ﬁzo at x =1L (38)
Using Equations (35)—(38) yields
No _ 1(3w(Lt)\> LB o?w(L,t) (39)
All B 2 dx A11 ox2
Ny(t) = — B 2w(0.) (40)

A11 dx

By substitution of Equations (32) and (35) into Equation (33), we obtain the following
nonlinear differential equation of motion:

2w By1? \ o*w 2w
PR IS Vi KA N A 41
058 +< U= 4 o T N2 (41)

where Ny(t) is defined in Equation (39).

3. Numerical Solution

The Galerkin method is here applied to derive the ordinary differential equation of
motion from Equation (41), such that the solution can be determined as follows [54]:

w(x t) = il Pu() (1) @)

where ¥, (x) and g, (t) refers to the n-th mode shape function (admissible function) and
n-th modal coefficient, respectively. Considering the most dominant mode of the beam,
i.e., the first mode, the solution of Equation (41) can be expressed as follows [54]:

w(x, t) = 9(x)-q(t) (43)
For a cantilever beam, the mode shape function is defined as follows [54]:

I hpl, . )
P(x) = (cosPx — coshpx) — W(smﬁx —sinhpx), Pl =1.8751  (44)

which satisfies the boundary conditions in Equations (37) and (38). Substituting Equation
(43) into Equation (41) yields

lopq + [Co + C1q2] q+a19 + ax2q* + asg®> =0 (45)

g(t) and ¢(t) are the first and the second derivative of g(t) with respect to time.
Also, the nonlinear coefficients ¢, ¢1, a1, 4, and a3 are defined in terms of the stiffness
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parameters A1, B11, D11, together with the mode shape function ¢ and its derivatives y,

Pxx, and Prxxx,
ay = llp <D11 — ’i;f) + guwwx] (46)
a2 = Bi1yprxtprr(L) 47)
03 = syl — 2 (pulL))? (48)
co =y, c1 = CCyys (49)

where ¥y, Prx, and Pyrry, refer to the first-, second-, and fourth-order derivative of i(x)
with respect to x, respectively, By multiplying Equation (45) with a mode shape function
P(x) and the integration over the domain (0, L) gets to the following nonlinear ordinary
differential equation:

i+ (20 + mg?)q + wha + 120® + fsg” = 0 (50)
where flg, fi1, w3, fi2, and #3 are defined as follows:

1 fOL cop(x)dx

o= 2 i v

The nonlinear ordinary differential Equation (50) can be solved by using the MTS
method [8], under the following assumption:

flo = %o (56)

being € < 1, a dimensionless parameter acting as a bookkeeping parameter. By substituting
Equation (56) into Equation (50), we get

i+ (260 + fg?)q + wiq + Mog? + f13° = 0 (57)
We now introduce the independent time variables as follows [55]:
T, =€"tn=0,1,23,... (58)

Therefore, the derivatives with respect to the time it takes the following form due to
the chain rule:

d
EZD0+€D1+€2D2+63D3+--- (59)
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d2

5 = Di+2eDoDy + € (D% +2D0D2) +263(D1Dy) + - - - (60)

where 3
Dj=-2,i=0,1,23,... 1
1 a,Ti/l 0/ 2 /3/ (6)

Following the MTS method, the solution of Equation (57) can be expressed as
follows [8]:

q =eq,(To, T1, To) + €2q2(To, Ty, T) + €293(To, T1, Ta) + . .. (62)

Substituting Equation (62) into Equation (57) combined with Equations (58)—(60), and
by equating the coefficients of similar power of € to zero yields

(D} +wh)q =0 (63)
(D% + w%)qz = —2DOD1q1 — ﬁzq% (64)
(Dé + wé)% = —2DoD1q2 — 1343 — f1q3Dog1 — (D% + ZDODZ) g1 — 2uoDog1 — 2729192 (65)

whose general solution can be defined as follows:
g1 = A(Ty, Tp)e"T0 + A(Ty, Tp)e oo (66)

A(Ty, Ty) being an unknown complex function. It can be determined by eliminating

the secular terms from ¢, and 3. At the same time, A(Ty, T) is the complex conjugate of
A. The substitution of Equation (66) into Equation (64) yields

(Dg + wé)qz = —2iwgDy Ae“0To — [Aze%‘*’oTo + AZ] tee (67)

cc is the complex conjugate of the preceding terms. The secular terms are simplified
from q, by equating the coefficients of 070 to zero as follows:

D1 A(Ty, T2) =0 (68)

Therefore, it is
= A(T) (69)

Based on Equation (68), the particular solution of Equation (67) is defined as follows:

M2 T 42 2iw,T, =X
o = —= | A0 —3AA| +cc (70)
3(4](2)[ }

Bu substituting Equations (66) and (70) into Equation (65) yields

N 272 R .
(D§+w§)as = — |fiwo + % + 173} A3e3iwoTo
— 52 0,24
+|A2A (W) — 2iwy(DaA + poA (71)
0

+%ﬁ1AZZ) JeiwoTo 4 cc
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The secular terms are simplified from g3 by equating to zero the coefficients of e*#“0To

in Equation (71), as follows:

— — (1093 — 937
~2iwg <D2A + A + 1;21A2A) +AZA | B (72)
2 3wy
where A(T;) is defined in polar form as follows [8]:
A= -ae (73)

2

a and B being real functions of T,. By substituting Equation (73) into Equation (72)
and by separating results into their real and imaginary parts leads to

da 1, 5
— = —uaa— =l 7
de ]/lOa 8 ]’lla ( 4)
da 1, 3
—_— = — — 1] 7
iT, .t~ gha (75)
Solving Equation (74) yields
a* = % (76)
I [age?toT2 — 1]

whereas, the substitution of Equation (76) into Equation (75) leads to

Q

2upTy _ q
apeé
L | +Bo (77)

ﬁ:Ln[

aOeZVO b

where
_ 9wiiiz — 1073

Q (78)

61w
and ag, By are constants of integration. The motion starts under the following initial conditions
a(0) =—, B(0)=0 (79)

The combination of Equations (76)—(79) together with Equations (56) and (58) leads to
the following expressions for a and f:

a= |8 (80)
€y (2t
7 (age?iot — 1)
2n0t _q 19
ape
L - 81
B Lo | )
where 8
_ 0
a =1+ A2 (82)
By substituting Equations (66), (70) and (73) into Equation (62) leads to
q=eacosO(t) — ezazﬁ [1 - 1cos 2®(t)} (83)
2w} 3
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where
(t) = wot + B (84)

Finally, the substitution of Equation (80) into Equation (83) yields to the following
semi-analytical response:

q= #cas e — 4172A {1 - 1cos 2@(15)] + O(e3> (85)
o (age?fot — 1) éw% (age?fot — 1) 3

where ag is defined in Equation (82).

‘?)

=

4. Parametric Investigation

A numerical investigation of the nonlinear oscillation for the selected structural com-
ponents subjected to aero-elastic load is herein performed based on a modified third-order
piston theory, and the following assumptions: pe = 1.29(%), 190(2) < ue < 300(2),
and 2 < My < 6. The CNTRC beam is characterized by the following geometric and
material properties at 300 k [36]: L = 12m, b = 015m, & = 0.0l m, A = 0.001 m,
EGNT = 5.6466 TPa, ESNT = 7.0800 TPa, GENT = 1.9445 TPa, o“NT = 0.175,
pNT = 1400 kg /m?, EP = 3.52 GPa, v” = 0.34, and p? = 1150 kg/m3.

The numerical analysis starts by evaluating the accuracy of the proposed method,
based on a comparative study against the literature. To this end, the fundamental frequen-
cies of a homogeneous cantilever beam (made of pure polymer) are computed in Table 2
for different values of slenderness ratio, while comparing them with Ref. [53] based on a
simple Euler-Bernoulli beam theory. From Table 2, it is worth noticing that the current
results match accurately predictions from Ref. [53], confirming the expected accuracy of
the method here proposed.

Table 2. Comparative results for fundamental frequencies of a cantilever beam. ( e = 0).

d
Fundamental Frequency wL(%)

E Present Work
h
Rao [53
8=0 80 ao [53]
25.0 302.1178 284.1192 284.1192
50.0 75.5294 71.0298 71.0298
75.0 33.5686 31.5688 31.5688
90.0 23.3116 21.9228 21.9228
100.0 18.8824 17.7575 17.7575
120.0 13.1128 12.3316 12.3316

In Figure 2, we illustrate the variation in the fundamental frequency as a function of
the slenderness ratio for different CNT reinforcement patterns. It is evident that the funda-
mental frequency decreases significantly with increasing slenderness ratio, particularly for
values below 60, due to the reduced structural stiffness. Among the reinforcement schemes,



Appl. Sci. 2025, 15, 8700 12 of 20

the FG-X pattern demonstrates the highest frequency response, followed by the UD and
FG-A patterns. The FG-O configuration consistently yields the lowest frequency. This
trend underscores the significant impact of reinforcement grading on dynamic stiffness
and aeroelastic stability. At the same time, Figure 3 presents the influence of CNT volume
fraction on the fundamental frequency for various slenderness ratios. An increase in the
CNT volume fraction enhances the stiffness of the composite, which leads to a noticeable
increase in the natural frequency. This effect is especially pronounced at lower slenderness
ratios, where the structure is more sensitive to reinforcement distribution due to its greater
susceptibility to bending. These findings confirm the critical role of CNT content in tailoring

vibrational performance.

3000

2500

2000

1500

1000

Foundamental Frequency*o

500

20 30 40 50 60 70 80 90 100
Slenderness Ratio(L/h)

Figure 2. Variation in the fundamental frequency vs. slenderness ratio for different patterns. V. = 0.17.
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=
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g
T oawob .
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200 b 1
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Slenderness Ratio(L/h)
Figure 3. Variation in the fundamental frequency with the slenderness ratio for different volume

fractions. FG — X pattern.

Figure 4 shows the time history of the lateral dynamic displacement for beams with
different reinforcement patterns under a supersonic airflow. The beam with a FG-X rein-
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forcement exhibits the largest amplitude of oscillation and the highest vibration frequency,
indicating a stiffer and more responsive structure. Conversely, the FG-O pattern results in
the smallest dynamic deflection and the lowest frequency, confirming the inferior stiffness
and dynamic performance of this configuration. The UD and FG-A beams show interme-
diate behavior, highlighting the tunability of aeroelastic characteristics through tailored
CNT distributions.

-3
2510
————— UD FG-O - FG-4 FG-X
1.5
T
1
=
~
=
<
2 05
9
&
=
N
S
IS
o~
2
S
205
B~
-1
_]5 1 1 1 1 1 1 1 1 1 ]
0 005 01 015 02 025 03 035 04 045 05

Time(Sec)

Figure 4. Time history of the system at different reinforcement patterns. e = 190.0(%2), Mo = 2.0,
Vinr = 0.17.

Moreover, Figure 5 shows the time history of the system for varying CNT volume
fractions. As the volume fraction increases, both the frequency and amplitude of oscil-
lations increase, a consequence of the enhanced material stiffness imparted by the CNT
reinforcement. These results demonstrate the effectiveness of higher CNT content in in-
creasing structural rigidity and improving resistance to aeroelastic instabilities. Another
key aspect affecting the structural vibrations and oscillations is the free stream air velocity,
as analyzed in the parametric time response of the beam in Figure 6, for different free
stream air velocities. The results from this figure show that both the vibration frequency
and lateral deflection increase with airspeed, suggesting that the aerodynamic loading am-
plifies the structural response. However, this amplification is relatively linear compared to
more substantial changes observed with Mach number variations, as visible from Figure 7.
In this last figure, indeed, a noticeable increase in both the frequency and amplitude of
oscillations occurs as the Mach number rises, indicating a strong aerodynamic coupling.
Compared to Figure 6, these results suggest that the Mach number exerts a more dominant
influence than air velocity alone, due to nonlinear compressibility effects captured by the
third-order piston theory. Figure 8 focuses on the influence of slenderness ratio on the
nonlinear frequency response. As the slenderness ratio decreases (i.e., the beam becomes
stubbier), the system becomes stiffer, leading to higher oscillation frequencies. However, be-
yond a certain threshold, the system exhibits a damped harmonic response with amplitude
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modulation—a signature of beating phenomena. This indicates the proximity of the excita-
tion frequency to the system’s damped natural frequency, resulting in a complex dynamic
behavior. As last parametric investigation, we assess the role of the thickness ratio on the
time history response, as visible in Figure 9. Based on this figure, as the thickness ratio
increases, the system clearly shows a marked increase in vibration frequency and dynamic
stiffness. However, the damping rate diminishes, leading to larger amplitude oscillations
and sustained lateral deflections. This behavior suggests a trade-off between increased
stiffness and reduced damping, which must be carefully balanced in design applications
involving high thickness ratios. While the proposed numerical model has been validated
against classical theoretical results, the incorporation of experimental data from physical
tests on CNT-reinforced beams under aeroelastic loading would be an important step to
further substantiate the predictions. Due to the complexity and limited availability of such
data under supersonic flow conditions, this remains an area of active investigation for
future work. In addition, the current study has solely focused on aerodynamic forces and
does not account for thermal effects. This simplification was made to isolate the influence
of aerodynamic loads and structural parameters such as CNT volume fraction, slenderness,
and thickness ratios under supersonic flow using the modified third-order piston theory.
However, we recognize the importance of thermal loads, especially in high-speed
environments where significant temperature gradients can arise due to aerodynamic heat-
ing. As pointed out in Ref. [55], thermal stresses can considerably alter the stiffness and
damping characteristics of composite structures, thereby influencing their vibration and
stability behavior. These effects are particularly relevant for FG and thick composite beams,
where thermal gradients can lead to significant stress redistribution across the thickness.
Given the potential coupling between aerodynamic and thermal loads, a more complete
aero-thermoelastic model would provide deeper insight into the dynamic behavior of
CNT-reinforced composites. Therefore, we plan to extend this work in future studies by
incorporating thermal effects using higher-order shear deformation theories (e.g., Timo-
shenko theory) to capture shear deformation and rotary inertia effects more accurately.
This will allow us to model more realistic high-speed operating conditions and evaluate
combined aerodynamic and thermal influences on nonlinear oscillation behavior.
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5. Conclusions

This work focuses on the semi-analytical response of aero-elastic oscillations for
cantilever beams reinforced by CNTs, considering four different distributions of the re-
inforcement phase in the polymeric matrix. A modified third-order piston theory was
adopted successfully to model the supersonic air flow rather than a first-order piston theory.
The nonlinear dynamic equation was derived from Hamilton’s principle, including the
Von Karmén nonlinearities. Such an equation was discretized into a nonlinear ordinary
differential equation by applying the Galerkin decomposition technique, here solved ana-
lytically according to the MTS method. A large systematic investigation has focused on the
influence of the reinforcement patterns and volume fraction on the fundamental frequency,
free air, and Mach number of the system. From the numerical investigation, the main
conclusions can be summarized as follows:

— Composite cantilever beams with FG-X reinforcements feature the highest frequency,
followed by beams with a uniform reinforcement (UD-Beam) and FG-A pattern. In
all cases, composite structures with an FG-O reinforcement pattern show the lowest
fundamental frequency.

— The fundamental frequency increases for an increased volume fraction. The effect
of the volume fraction on the fundamental frequency is more noticeable at lower
slenderness ratios.

— The CNTR composite cantilever beam with a FG-X reinforcement pattern shows the
highest lateral deflection and the highest frequency response, followed by UD-Beam
and FG-A reinforcement pattern. However, the CNTR composite cantilever beam with
a FG-O reinforcement pattern exhibits the lowest lateral dynamical deflection and the
lowest frequency response.

— The frequency response increases with the volume fraction of CNTs, due to an overall
increased stiffness of the system.

— The frequency response of the system increases by decreasing the slenderness ra-
tio, due to its increased stiffness, up to a certain point, after which we note a reverse
behavior with a damped harmonic envelope. This means that the damped beating phe-
nomena occur because the excitation frequency is near the damped natural frequency.

—  The frequency response and the lateral dynamic deflection of the system increase for
an increased velocity of the free stream air or an increased Mach number. The effect of
Mach number is even more pronounced.

— For an increased thickness ratio, the nonlinear frequency response increases sig-
nificantly. However, the damping rate decreases, which results in an increased
lateral deflection.

— Please consider that our findings, especially under varying thickness ratios and high
Mach numbers, may be limited by the lack of shear and rotary inertia considerations,
as assumed by the Euler-Bernoulli theory. Dynamic modes, indeed, may be influenced
by coupled bending and shear effects, especially for short or thick beams subjected
to high-speed aerodynamic loading, making the simplifications of Euler-Bernoulli
theory more questionable. For these reasons, the Timoshenko theory and higher-order
shear deformation theories will be explored in the next work to analyze thick beams
and high-speed aeroelastic environments.
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