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ABSTRACT: 1-BPS surface operator viewed as a conformal defect in rank N 6d (2,0) theory
is expected to have a holographic description in terms of a probe M2 brane wrapped on AdSg
in the AdS7 x 8% M-theory background. The M2 brane has the effective tension Ty = %N
so that the large tension expansion corresponds to the 1/N expansion. The value of the
defect conformal anomaly coefficient in SU(N) (2,0) theory was previously argued to be
b= 12N — 9 — 3N 1. Semiclassically quantizing M2 brane it was found in arXiv:2004.04562
that the first two terms in b are indeed reproduced by the classical and 1-loop corrections to
the M2 free energy. Here we address the question if the 2-loop term in the M2 brane free
energy reproduces the N~! term in b. Remarkably, despite the general non-renormalizability
of the standard BST M2 brane action we find that the 2-loop correction to the free energy
of the AdS3 M2 brane in AdS7 x S% is UV finite (modulo power divergences that can be
removed by an analytic regularization). Moreover, the 2-loop correction vanishes in the
dimensional and (-function regularizations. This result appears to be in disagreement with
the non-vanishing of the coefficient of the N~! term in the expected expression for the
anomaly coefficient b. We discuss possible resolutions of this puzzle, including the one that
the M2 brane probe computation may be capturing the surface defect anomaly in the U(N)
rather than the SU(NN) boundary 6d CFT.

KEYWORDS: 1/N Expansion, AdS-CFT Correspondence, M-Theory

ARX1v EPRINT: 2511.22306

! Also at ITMP of MSU and Lebedev Physical Institute.

OPEN AcCESS, © The Authors.

Article funded by SCOAP? https://doi.org/10.1007/JHEP03(2026)257


https://orcid.org/0000-0002-2152-3738
https://orcid.org/0000-0003-1477-7702
https://orcid.org/0000-0002-5066-8282
mailto:matteo.beccaria@le.infn.it
mailto:s.kurlyand23@ic.ac.uk
mailto:seytlin@ic.ac.uk
https://doi.org/10.48550/arXiv.2511.22306
https://doi.org/10.1007/JHEP03(2026)257

Contents

1 Introduction 1
2 2-loop contribution from bosons 5
2.1 Expansion of bosonic part of M2 brane action 5
2.2  Expectation value of quartic bosonic terms 7
3 2-loop contribution from fermions 8
3.1 Expansion of the fermionic part of the M2 brane action 8
3.2 Expectation values of the fermionic terms 10
4 Total 2-loop contribution 11
5 Concluding remarks 12
A Regularized Green’s functions and coincident limits 13
A.1 Scalar in AdSgy; 13
A.2 Spinor in AdSg4+1 14
A.3 (-function and heat kernel regularization 15
B M2 brane action in AdS; x S* 17
B.1 Supercoset relations 17
B.2 Expansion of the M2 brane action 19
C Fermionic correlators 21

1 Introduction

It was suggested in [1] that considering a quantum M2 brane wrapped on AdS; C AdS7 in
AdS7 x S* background one may capture not only the leading in N but also subleading coeffi-
cients in the defect b-anomaly coefficient of the S? conformal defect in the boundary theory

b=12N-9+O(N™1). (1.1)

Here N is the number of M5 branes forming the AdS; x S* background (rank of the (2,0)
boundary CFT). It is related to the effective dimensionless M2 brane tension as Ty = %N .
The first term in (1.1) corresponds to the classical M2 action contribution while the second
one is the 1-loop contribution to the AdS; M2 free energy F [1].!

The general expression for the b-anomaly corresponding to a %—BPS surface defect operator
in (2,0) theory which corresponds to an SU(N) representation with the Young tableau having

!For a general discussion of the leading brane-probe action contribution to a boundary defect anomaly
see [2]. For an arbitrary 2-surface a defect operator has three anomaly coefficients, each multiplying a particular
conformally invariant integral on the surface related to its topology, extrinsic curvature and background Weyl
tensor [3].



a large number of boxes is given by [4-6]
b = 24(p, \) + 3(\, \), (1.2)

where p is the Weyl vector of SU(NN) and A is the highest weight of the SU(N) representation.
If one formally assumes that this relation is valid for a finite number of boxes then for a
surface operator in the fundamental representation (with (p, ) = 3(N — 1), (\,A) =1—-N"1)

which should be described by a single M2 brane probe one finds?
1
b=12N (1 + 4N1> (1-N1H=12N-9-3N"1. (1.3)

The first two terms here match the ones in (1.1) while the N~! term should then correspond
to the 2-loop M2 brane contribution.

The aim of the present work is to compute the 2-loop term in the M2 brane free energy
to check if it reproduces the —3N~! term in (1.3). A similar 2-loop computation of the
free energy of the GS string with AdS; minimal surface in AdSs x S° that is expected to
be related to the strong-coupling expansion of the circular Wilson loop in N/ = 4 SYM
theory (cf. [10]) will be discussed in [11].

Let us first review the general setup in [1]. We are going to consider an M2 brane probe
in the AdS; x S* background

1
ds? = L?(ds? + r2ds§4) , L? =8rN(, r=g, (1.4)

AdS

3 5 4 8P
Fy =dCs = - L°volga , / volgs = vol(S*) = — . (1.5)
8 g4 3

The BST M2 brane action [12, 13] contains the bosonic part (the standard Dirac-Nambu
term S7(X) and a WZ-type term So(X) of coupling to the 3-form C3) and also the fermionic
part Sf(X,0)

S=S+5;, S=504s0 s0_mp / Povh,  hu = 0,XM8,XN Gy (X),

(1.6)
1

(2m)203

1
52 = iT2/d3U §€“MCMNK(X) XM 0, XN 03X Ty =
: p

(1.7)
The explicit form of the M2 brane action in AdS7 x S* can be found from [14, 15].

The world-volume geometry of an M2 brane ending on a 2-sphere at the boundary of AdSy;
is described by the (Euclidean) AdSs metric. The tree level contribution to the free energy
F' = —log Z is given by the classical value of the M2 brane action which is proportional to

2The expression in (1.3) and thus (1.3) as an exact result in N could still be viewed as conjecture. However,
in [6] a similar expression for the d2 anomaly coefficient was derived as an exact result from a superconformal
index computation. It also follows from the 5d Wilson Loop localization computation as in [7]. Given that
b and d; appear on an equal footing in the spherical entanglement entropy [5, 8] one may expect that the
expression for b should also be exact. Indeed, the same expression for b was found on the dual CFT side in [9]
using 't Hooft anomaly considerations.



the regularized volume of the induced AdS3 metric (cf. [16])3

Fy = Ty vol(AdS3) = —27T5 logA,  vol(AdS3) = —2wlogA,  To= LTy = 2N
" (18)
Since AdS3 is a homogeneous space, all quantum corrections to F' will be also proportional
to vol(AdSs), i.e.

1 _
F=F+F +F,+...= f(Ty) vol(AdS3) = —gb log A, (1.9)

f(TQ):T2f0+f1+(T2)_1f2+..., bZGTFfZNb0+b1+N_1b2+... . (110)

Since A plays the role of a UV cutoff in the boundary theory, b may be interpreted as an
S? defect conformal anomaly in the (2,0) theory.

Fixing the static gauge and expanding the M2 action to quadratic order in fluctuations
near AdSs background one finds that the spectrum of the resulting AdSs fields consisting
of 4 bosons z* with m% = 3, 4 bosons y* with m = 0 and 8 fermions ¢ with m; = % This
spectrum of transverse fluctuations of the M2 brane subject to the standard Dirichlet b.c.
is in direct correspondence with a protected supermultiplet (that includes the displacement
operator) of operator insertions on the defect surface [1]. The resulting 1-loop correction
Fy in (1.9) is given by

F = %[4logdet(—v2 +3) + 4log det(~V?) — 8logdet Ay 5| = fivol(AdSg) . (1.11)

There are no 1-loop log divergences in 3d so that f; is finite when computed using the
standard (-function regularization.? As a result, one finds that [1]

f1 = *%, ie. b1 =-9. (112)
Combining (1.8) and (1.12) we get the first two terms in (1.1), (1.3).

To find 2-loop correction to the free energy (1.9) requires expanding the M2 brane
action (1.6) near AdSs surface to quartic order in the fluctuation fields (z*,y%, ). Remarkably,
like for the M2 brane in static gauge in flat target space case [19, 20] (and also as for the
GS string expanded near AdSs in AdSs x S° [11]) there exists a natural k-symmetry gauge
in which there are no cubic couplings in the action. The M2 Lagrangian has then the

following symbolic form®
L:(ax)2+m§a;2+(ay)2+é(y7+mf)0+T2—1[<ax)4+x2(ax)2+x4+(ax)2(ay)2 (1.13)

+ () + 2 (0y)? + (8z0z+ 22) (OVO+62) + ...+ 000V 0 +0VOIVO + .. } +0O(T5?).

3Here A = A a where A1r is an IR cutoff in AdS3 and a is the radius of the boundary S2. In general, a
regularized volume of a global AdS,+1 space with S? as its boundary is log IR divergent for even p (discarding

power divergences, see, e.g., [17]):  vol(AdSp+1) = 12,((%;722) log A.

4Using heat-kernel cutoff, one finds that the leading cubic divergence cancels out due to supersymmetric
balance of degrees of freedom. Linear divergence does not automatically cancel but is absent in an analytic
regularization like the (-function one. Similar linear divergence was regularized away using (-function in a
different 1-loop M2 brane computation in [18].

5Here all indices are contracted with the induced AdSs metric and derivatives are 3d covariant so there is a
manifest AdSs symmetry with fermions 6 treated effectively as a set of 8 Majorana 3d fermions. We rescaled

the fluctuations by +/Ta.



As a result, the relevant 2-loop diagrams are just the bubble “OQ0” ones, i.e. are given
by products of (derivatives of) two boson, one boson and one fermion and two fermion
propagators in AdSs3 at coinciding points.

Since in 3d the propagators have no log divergences, the 2-loop correction Fb may
then have only power divergences and thus will be finite assuming one uses an analytic
regularization like dimensional regularization where one replaces AdSs with AdSg,; with
d = 2 — 2¢. Below we will use its dimensional reduction version by treating fermions (and
related Dirac matrices) not as d + 1 but as 3-dimensional ones. We will find that then the
2-loop coefficient in (1.10) is given by

2
(fa),, = 12 ;ﬁG%mWGI G9+24m(}§, (1.14)
where G, and Gy are the coincident-point limits of the massive scalar (m? = 3) and massive
fermion (mjy = %) propagators respectively. These are finite for € = Z%d =0

1 1
- _ S — . 1.1
Gz 5 +O(e), Go 5 + O(e) (1.15)
Since fo in (1.14) is proportional to d — 2, it thus vanishes in the ¢ — 0 limit, i.e.’
32
(b2)dred = T(fz)dred = O ° (]‘16)

This contradicts the prediction in (1.3) which implies that by in (1.10) should be equal to —3.

One may wonder if this mismatch is due to a “wrong” choice of regularization. In general,
the world-volume UV regularization should be the one which is consistent with underlying
symmetries of the problem and thus hopefully with the suggested AdS/CFT interpretation
of the M2 brane free energy as capturing the value of the surface defect anomaly. The
dimensional reduction regularization appears, in fact, to be a natural choice as it should
preserve the world-volume supersymmetry that is present in the M2 brane action expanded
near a supersymmetric minimal surface: this 3d supersymmetry is a residue of the target
space supersymmetry after fixing a k-symmetry gauge [12, 13, 21, 22]. Still, it could be
that some other analytic regularization is a more adequate one. Below we will explore this
option and conclude that the same vanishing result is found also in the same (-function
regularization that was used at the 1-loop level in [1]. This strongly suggests that the
vanishing of fo is indeed a robust conclusion.

One may also suspect that a reason for the disagreement between (1.3) and (1.16) may
be related to the fact that the formally non-renormalizable BST M2 brane action should be
supplemented by higher derivative counterterms [20]: these may then also contribute to the 2-
loop value of the free energy evaluated on the AdSs surface. Alternatively, there may be some
profound reason for this disagreement that has to do with how the AdS/CFT correspondence
is to be implemented in the context of M2 brane partition functions (cf. [23, 24]).

5The same vanishing result for f» is found also in the straightforward dimensional regularization as near 3d
G, and Gg do not have poles in é



Finally, the simplest explanation for how to reconcile our vanishing 2-loop result with the
general expression for the b-coefficient in (1.2) was suggested to us by J. van Muiden. One
may conjecture that the quantum M2 brane free energy should correspond to a surface defect
in the U(N) rather than SU(N) boundary 6d theory. While the standard argument [25]
about decoupling of the U(1) subgroup may apply to bulk observables (captured by quantum
M2 branes in the bulk of AdS; x S* and, in particular, by 11d supergravity modes) the
boundary observables described by M2 brane ending on AdS; may correspond to defect
operators in the U(N) (2,0) theory. Assuming that the general relation for b in (1.2) may
be formally applied to the U(N) case” with the fundamental representation corresponding
to (p,A) = 3(N —1), (A\,A) = 1 (with scalar product suitably generalized to non-simple
U(N) case) one finds instead of (1.3)®

b= [24(p, A) + 3(\, \)] ‘U(N) _=12N 9. (1.17)

)

The rest of this paper is organized as follows. In section 2 we will find the 2-loop
contribution to free energy (1.9) from the 444 transverse bosonic fluctuations in the static
gauge. The fermionic 2-loop contribution will be computed in section 3. The total result for
the 2-loop coefficient fs will be presented in section 4. In section 5 we will discuss several
possible explanations for the above disagreement.

In appendix A we shall summarize the expressions for the bosonic and fermionic Green’s
functions and their derivatives in AdS441 and specify them to the case of dimensional reduction
regularization in d = 2 — 2¢ and the (-function regularization in d = 2. In appendix B we
will review the supercoset construction of the M2 brane action in AdS7 x S* and discuss its
expansion in powers of fermions. In appendix C we will summarize the expressions for the
quadratic and quartic fermionic correlators at coincident points that are used in section 3.

2 2-loop contribution from bosons

2.1 Expansion of bosonic part of M2 brane action

Let us recall the expansion of the bosonic part of the M2 brane action in AdS7 x S* in the
static gauge. As in [1, 27], for generality, let us consider a p-brane in AdSp41 x S™ with world
volume ending along a p-dimensional surface at the boundary. Let us choose the following
AdS,i-adapted parametrization of AdSp4q (with radius 1)

dzidr
(1-— %I2)2 ’

1,..2\2
ds? q = 122 %Q)stpﬂ + (2.1)

"Note that in [4] this relation was abstracted from their supergravity result assuming it corresponds to the
SU(N) case. For a n-symmetric SU(NNV) representation (in the context of [4] N is the number of M5 branes
and n is the number of M2 branes) one has from (1.2): b = 12nN — 3n(4 — n) — 3n?/N. The supergravity
discussion in [4] is actually applicable for n, N > 1 with n and N being of the same order. In this limit the
last —3n?/N term in b is subleading and thus one cannot actually distinguish between the SU(N) and U(N)
cases (see also footnote 8).

8The absence of the 1/N correction to the defect anomaly coefficients b and d2 (that have similar structure)
in the case of a general (n, m) representation of U(NV) is implied by the matrix model computation of the 5d
Wilson loop expectation value related to the ds coefficient [7], see appendix H and in particular eq. (H.22)
in [26] for details.



where i = 1,..., D — p. In the static gauge where the p-brane world volume coordinates o*
are identified with the AdS,,; ones the induced metric is that of the AdS, 1

dszﬂ = g (o) dot'do” = ds%‘dsp+1 . (2.2)

Then the volume S() part of the brane action in (1.6) takes the form
14 122)2 0,z 0yt 0y Oy y®
s —71 /dp+1 det (74 b I - E/derl L.
P T 4|9 (1— %$2)29uy(0) (1- 1222 7 (14 Ly2)2 /9
(2.3)

Here y* are coordinates of S™ and r is its radius in units of the radius L of AdSp41 (cf. (1.4)).
L is absorbed into the dimensionless effective tension T, = LPT1T),, cf. (1.8).

Expanding (2.3) in powers of the fluctuations z* and y* we get [1]°

L=1Lo+ T, ' Lyp+ ..., Ly, = Lag + Log oy + Lay (2.4)
Loy, = %[ﬁ”xiauxi +(p+1) 2z + %3”@“ LYY (2.5)
Ly, = é(@“miaﬂxi)Q - %(8“3&@&) (0¥ z'0,27) + ip a9l 92t + é(p + 1) %2t al
(2.6)

Loy = (0010,07) (04 0) — (0 0,) (") + § (p — 1)l 9"y Oy
(2.7)
Lyy = é(@“yaﬁyy“f — %(8’*3/“8#@/})) (8”ya8,,yb) — Eybyb 0"y 0uy” . (2.8)

The case of the AdSs string in AdSs x S° considered in [11, 27] corresponds to p =1, D =
4, n=>5, r = 1 while in the present case of AdS3 M2 brane in AdS; x S* (cf. (1.4))

(2.9)
We thus get 4 massive transverse AdS; fluctuation fields z* (with m? = 3) and 4 massless
S4 fields y* propagating in the induced AdS3 geometry.
The WZ term in (1.7) may be written as [1] (Y"Y™ =1, m=1,...,5)
Sy = iTy / Cs = iTy / Fi= T / 4 Cmmpqn €@ Y0, Y0, YPONY 10,V

i
=T / Bo e eapea y 0,y 0y oyt + O(y°),  (2.10)

where Y° = ﬁzz , Yo = 1%3;2. The quartic term in (2.10) (see also (B.36)) will not contribute
to the 2-loop free energy Fj in (1.9) due to the symmetry of the resulting contractions
(yy®) ~ §%. As a result, the bosonic contribution to Fy will come only from (2.5)(2.8)

and thus will have the form which is universal in p.

9Here p, v indices are contracted by AdS,+1 metric g, and we rescaled fluctuations by the square root of
the tension.



2.2 Expectation value of quartic bosonic terms

Defining the Euclidean M2 brane partition function as Z = e~ = [[dx dy df] e~ where S
is the action in (1.6) the 2-loop contribution Fj to free energy in (1.9) may be written as
an expectation value of the quartic term in the expansion of the action

Sy =Ty /d% VL, Ly= Ly + Lapg + Lag,  (2.11)
P =T / &0 /G (Ls) = Ty vol(AdSs) (Ly),  fo = (La), (2.12)

where we used that since the M2 brane action written in terms of the AdSs metric has
constant coefficients and that AdSs is a homogeneous space the AdS3 volume factor factorizes
(cf. (1.9), (1.10)). Lyp in (2.11) stands for the quartic bosonic term in (2.4) while the terms
involving fermions (cf. (1.13)) will be discussed in section 3 below.

Then from (2.4) we find for the purely bosonic contribution

1 ~ 1 ~
f2,a0 = (Lap) Zg(pQ —1)N2G2 — Z(p +1)2N,G2

1 ~ 1

+ Zp(p +1)N2G,.G, + g(p + 1) N, (N, +2)G2 (2.13)
1 | 3

+ 50 = DNaNy GGy + £ (0° = N2 N, GGy
1 ~ 1 ~ 1 -

+ g(p2 ~1)N2G2 - L+ 1)2N, G2 — T+ 1)N2G, G, .

Here N, = D — p and Ny, = n are the numbers of the corresponding fluctuations around
AdSp41 in AdSp41 x S, i.e. in the M2 brane case (2.9)

p=2: Ny =4, Ny=4. (2.14)
Gy and Gx,y are the coincident limits of the corresponding scalar Green’s functions in AdS, ;1

(x'(0)2? (0")) = 6" G (o, 0’), Gy(o,0) =Gy,
8u81//Gx (O’, U,) = g,uz/éa:(o-’ 0/)7 Gx(O', U) = G:t: s (2'15)
and similarly for (y%(0)y’(o")) = 0%°Gy(0,0"), etc.

Note that (2.13) written for general p is not the same as the result found using dimensional
regularization near a particular value of p: in the latter case we are first to specify p (i.e.
fix the coefficients in the fluctuation Lagrangian in (2.4)—(2.8), in particular the mass of
2' fluctuations as m? = p + 1) and then replace AdS,11 by AdSg4q with d = p — 2¢, i.e.
extend the indices of derivatives and g,, to d 4+ 1 values. Then g,,¢"" = d + 1 giving a
generalization of (2.13)

1 .1 3
f2,4p =§(d2 —1)N2G2 - L+ 1)2N,G2

1 ~ 1

+qpld+ 1)N2G,G, + g+ 1)2N,(N, + 2)G2 (2.16)
1 | .

+ Z(d2 = DNeNyGoGy + 2(d+ 1) (p = 1NNy GGy
1 1 ~ 1 ~

+ g(d2 —1)N;G? - i 1)°N,G> — ymAChs 1)NJG,G,, .



Introducing the notation for the “equation of motion” (—V?2 + mz)G]U:U, or “0(0)” com-

binations 1

p N
—G G
d+1""’ Y

A

G, =C, + Gy, (2.17)

we may represent (2.16) as

(d—p)p+1)

T+ D (d+1)2N4 G,

N 1 1
Joap = N2G2 + Gz{ Lg(ci2 —1)N2 - 1

+ {1(2;9— d+1)N2 + %(d+ 1)(p+ 1)Nz]Gx}

A

1 A 1
+ Gy{4(d2 — 1)N,N,G, + 5(]9 — d)N,N,G,

1

1 2 2
+ {(d - 1)N, 2

3 (d+ 1)2Ny} Gy -

1
- (d+ 1)N5Gy}.

(2.18)

Thus the total expression for any p is given by the sum of the first G2 term with the two
extra contributions proportional to G, and Gy, i.e. to the “4(0)” terms.
Using that in the dimensional regularization where d = p — 2¢ (see appendix A.1)

A N

G, =0, G, =0, (2.19)
we conclude that (2.18) reduces to
(d—p)(P+1) o2 elp+1) o
=—N G, =—F7F+—"7"F<N_ G, . 2.20

For p =2, i.e. in d+ 1 = 3 — 2¢ dimensions, G, has no pole in ¢ (see (1.15) and appendix A).
We thus conclude that (2.20) vanishes in the limit d — p. The same conclusion applies
to other p > 1 brane cases.!”

The expressions for the fermion contributions discussed below will have similar form:

they will also be proportional to d — p = —2¢ and thus will vanish for d — p =2 (cf. (1.14)).

3 2-loop contribution from fermions

3.1 Expansion of the fermionic part of the M2 brane action

The explicit form of the M2 brane action [12, 13] in AdS7 x $* may be found following [14, 15]
(see also [28, 29]). We review its structure in appendix B and discuss the expansion to
quartic order in the fermion field 6.

Let us first introduce the notation. Starting with the 11d Majorana spinor 6 we will
analytically continue to the Euclidean signature, i.e. consider the 32 x 32 Dirac matrices
that satisfy the Clifford algebra (A = 0,...,10)

(T4, Tp}=264p, Ta=(TsTiT,), 4=0,1,2, i=3,....6, a=7,...,10.
(3.1)

ONote that a similar general expressions (2.18), (2.20) is found also in the case of the AdSs string in
AdS; x S° [11] but there G, contains a pole and thus the analog of (2.20) is UV divergent.



To account for the Wick rotation, we assume that the charge conjugation matrix C' satisfies
the same properties as in the Lorentzian case: CT = —C, T'y = —CingC . Let us define
the matrices I'y and I" which satisfy

AR N B Y T 2 =1, r,=c'rfe,
[T, Ta] = [I, 1] = 0, {Ts,Ta} =0, (3.2)
Lalplel'g = €qpeal s, r'r,= ; T g,
I =iy, r2=r, r=c'r’c,
[[,T] =0, {0, 1} ={I,T,} =0, [[,T,] =0, (3.3)
ror = 55 BWFM, 012 — 1.

We shall choose the following x-symmetry gauge that complements the bosonic static gauge
in the same way as in the flat target space case in [19, 20]

P9g=0, P=

N |

(I+T), P?=P. (3.4)

Remarkably, like in the flat space case, the resulting expansion of the M2 brane action
(see appendix B.1) will then have no cubic boson-fermion-fermion coupling terms. This
substantially simplifies the computation of the corresponding 2-loop free energy.

The quadratic fermionic term in the action can be expressed in terms of the analog of
the massive AdS3 Dirac operator with my = % [1, 30] defined by the following generalized

covariant derivativell

1 ; 3
Dy =Va+ §r*ra, Iy =eTy, D=V + §r* : (3.5)

Here eg is the AdS3 3-bein (gag = e e 55a B) and V, is the AdS3 spinor covariant derivative.

Defining
2b 2x 2 20 —
he = nly + nlY, hCY) = 0 D6, (3.6)
h((yﬁ) = aa;U 8/3:ﬁ —+ 3529(15, hfyﬁy) — aayaaﬂya’ (37)

one finds (see (B.35)—(B.38)) that the quadratic and quartic terms in the expansion of the

M2 brane Lagrangian that supplement the bosonic terms in (2.4) can be represented as (here

we specify to the M2 brane case of p = 2, r = 1)

1
L=1Ly+T;" (Lap + Lopos + Lag) + ..., Ly=3g" S+l (3.8)
1 . . 3, . 1, 1 opa
Lavor = 597 (hgys) = 2h )00 + 2’ 5 + 2™ g iy W5 — ThCPORZ)
(3.9)
Lat = 59" 00 M D0 - 69 "9 hgs WS+ 169" his)) (3.10)

1 One can formally view the 16-component fermion 6 (remaining after the gauge fixing (3.4)) as a collection
of 8 2-component 3d Majorana spinors.



We defined the following fermionic matrix (see (B.29))

M2 =T.T,0 01 — %(raﬁe Or% £ 1,0 0T — 2T 0 TN, [[,M2]=0. (3.11)

In (3.9) dots stand for terms in (B.37) that will not contribute to the 2-loop free energy (they
vanish upon use of (xia7) ~ 6%, (y%9?) ~ 59 (2y*) = 0) so we will omit them in what follows.
Explicitly, we get from (3.9), (3.10)

1 , , _ _ 1 _ _
Lop o = g(ﬁaxlﬁo‘x’ + 322) (67,0 4 6D0) + gaayaaay“(egse — 26T..6)
1 5~ 1 , , ~
+ gsc?eise - Z(a%cl(’avﬁgcl + 0%y 0P y®) OT o, Dsh (3.12)
1= ~ 1 = ~ 1 = _y
Lyt = —00°T 30,0 TP D0 — — 00T 7, D,0 — —00°T;,;0 U7, D,
Af 969 sl 017 D0 1926 gy0 0 D0 1920 ;0 0 D0
1~ = 1= _ 1 -
+ AT T 7T, D0 — — 0T D9 IT3D,0 + — (ADH)? . (3.13)
96 16 16
Anticipating the use of dimensional reduction regularization here the indices are contracted
using gag of AdSg41 with d = 2 — 2¢ unless they are contracted with I', matrices that restrict
them to AdS3 (Dirac algebra for I', is assumed to be done in 3d).

3.2 Expectation values of the fermionic terms

To find the 2-loop contributions of (3.12) and (3.13) let us define the basic fermionic correlators
at coincident points that complement the bosonic ones in (2.15), (2.17)

(00) = —T.CGg,  (Dub0) = TGy,  (Dab D) = (CoTop + Gy gas) T+ C L,
(3.14)

where factors of gauge-fixing projector (3.4) are implicit. In dimensional reduction regu-
larization (see appendices A.2 and C)

A d—2 ~ A = 1 A
G@ — m(}@, GQ — GG, G9 - _§(d+ 2)G9 . (315)

Note that these vanish in the strict d = 2 limit.
As a result, we get from (3.12)

1 A A 1 A A
(Lob2f) = g(d + 1)N.NyG, (3Gg + Gyg) + gNyNg(d +1)Gy (3Gg — 2Gy)

3 9 . 3 . A\ A

Similarly, the expectation value of (3.13) is found not to depend on Gy and is given by
(see appendix C)

1 N ~ 1 A N
<L4f> = ZN@(G@ — 3G9) Gy + 3f2N92 Gg(l?Gg + Gg) . (3.17)
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4 Total 2-loop contribution

Combining (3.16) and (3.17) with the bosonic contribution in (2.18) (setting there p =2, r =

%) we get the total result for the 2-loop coefficient fy in (1.10) in a general regularization.

In dimensional reduction regularization where d = 2 — 2¢ we get from (3.16) and (3.17)
(see (2.17), (3.15); cf. (2.18), (2.20))

3(d—2)(d+7)

L — NNy GGy | 4.1
< 2b72f>dred 16(d+ 1)2 QG G6 ( )
(d—2) 7d — 11 )
L =— ———F N, . 4.2
< 4f>dred 4(d + 1) 6|: 16(d _|_ 1) 9i| GG ( )
where
N, =N, =14, Ny =16 (4.3)

Like the bosonic contribution (2.20) the fermionic contributions to fs in (4.1) and (4.2) are
all proportional to d — 2. Summing up (2.20), (4.1), (4.2) and using (4.3) we find that the
total 2-loop contribution in dimensional reduction regularization is given by'?

d—2

=12—-G2+12
(fQ)dred d+ 1G$+

(d—2)(d+7)
(d+1)?

(d—2)?

= 24 ———
GGy + A1)

GZ . (4.4)

It thus vanishes in the d — 2 limit as G, and Gy do not have poles near d = 2 (see (1.15)
and appendix A)

1 A 1 A
dred : Gx:—%‘f‘O(S), GIZO, GQZ_E—FO(&)? Gy:(),
1 N ~
Gy = oy + O(e), Gg=Gyg=0(e) . (4.5)

The same conclusion is reached also in the {-function regularization (see appendix A.3) where
the entries in (2.18), (3.16), (3.17) are the same as in the dimensional regularization for d = 2

1 A 1 A 1 A ~
C—reg: Gx:—%, ch:(), Gy:—E, Gy:(), GQIE, GQZGQZO,
(4.6)
so that
(f2)§7reg = (f2)dred - O : (47>

Note that the three terms in (4.4) vanish separately in d = 2. The vanishing of the bosonic
contribution in (2.18), (2.20) appears to be a consequence of the special structure of the
action in (2.3)(2.8) leading to the result expressible in terms of the “5(0)” constants G, G,
(cf. (2.15), (2.17)) that vanish for d = 2 in both dimensional and {-function regularizations.
Then a similar vanishing of the mixed boson-fermion and the fermion contributions in (4.4)
may be attributed to the supersymmetry of the M2 brane action.

Let us note also that contribution of a priori possible ultralocal measure in the M2 brane
path integral vanishes as “§(0)” terms are zero in the above regularizations. The measure may

2Gimilar expression is found in the standard dimensional regularization where instead of Gg = %Gg
in (3.15) we have Gy = 0.
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need to be accounted for in a generic cutoff regularization like the heat kernel one in which
the 2-loop correction to free energy may contain power divergences (see appendix A.3).13

5 Concluding remarks

To summarize, in this paper we computed the 2-loop correction to the free energy of
the M2 brane in AdS; x S* expanded near AdS; minimal surface. Despite general non-
renormalizability of the M2 brane theory defined by the BST action (as demonstrated at 2
loops via flat-space S-matrix computation in [20]) we observed that the 2-loop AdS3 M2 free
energy is free from logarithmic UV divergences and, in fact, vanishes in either dimensional
or (-function regularization.

Our result implies the vanishing of the 1/N correction to the M2 brane free energy. This
appears to be in disagreement with the expected [4-6, 9] value (1.3) of the defect anomaly
coefficient b in the SU(N) (2,0) theory.

One may suspect that this disagreement is indicating that the “defect AdS/CFT” [27] or
quantum M2 brane probe description of the boundary defect CFT as proposed in [1] may be
breaking down at higher orders in the semiclassical M2 brane expansion.'* If true that would
also imply that one will fail to reproduce subleading terms in the boundary defect correlators
using perturbation theory in the AdSs M2 brane world volume theory.!?

One reason could be that since the M2 brane theory based on BST action is not UV finite
starting from 2 loops when expanded near a generic world-volume background [20] it may
require to be supplemented by certain higher-derivative counterterms. A 2-loop counterterm
(proportional to T3 1) evaluated on the AdS3 background may then produce a non-zero 1/N
correction to the free energy. Unfortunately, there is no known principle (like integrability
in 2d string case) that could fix the structure of such counterterms.

As was already mentioned in the Introduction, the simplest possibility is to interpret
our result as indicating that the quantum M2 brane probe corresponds to a surface defect
in the U(N) rather than SU(/N) boundary (2,0) theory where the b-coefficient should be
given by (1.17), i.e. should have no 1/N correction.

A further insight into this issue may come from performing similar 2-loop computations
in the case of M2 brane wrapped on either AdSy x S [18] or S3/Z; [36] in AdSy x S7/Zj,
background defining M-theory dual of the ABJM theory. An analogy with the case discussed
above suggests that in the static gauge the expansion of the M2 brane action will also have

30ne might worry about additional 2-loop contributions to the free energy arising from possible 1-loop
finite counterterms introduced to impose renormalization conditions on the 2-point functions (z'z?) and (6 6).
A natural requirement is that the values of the masses remain at their tree-level values, so as to keep the
conformal dimensions of the fields dual to the transverse fluctuations and fermions equal to their original
values. These fluctuations belong to the protected multiplet of operator insertions on the surface defect in the
(2,0) theory which includes the displacement operator. It turns out, in fact, that the resulting counterterm
contributions carry the explicit d — 2 factors as in (4.4) and therefore vanish for d = 2.

'“One may also wonder if N of the M-theory background may get shifted like that happens in the
AdSy x S7/Zy, [31]. However, such shift is not expected in the maximally supersymmetric AdS7 x S* case.

5Corrections to 2-point correlation functions of defect operators in (2,0) theory were discussed in [32-35].
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no cubic couplings and as a result the 2-loop M2 free energy will again vanish in an analytic
regularization.!® That may then be consistent with the ensemble conjecture in [23, 24].

Another example could be the 2-loop correction to the free energy of an M2 brane wrapped
on S' x $? in AdS; x S* where the expression for the (2,0) superconformal index suggests
that it should vanish [37]. The methods of the present paper should have a straightforward
generalization to these cases.
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A Regularized Green’s functions and coincident limits

A.1 Scalar in AdSg41

For a scalar field in Euclidean AdSg4y1 space subject to Dirichlet boundary conditions one
has (see, e.g., [38]))

§ =3 [0 /5 (V6946 + ), (A1)
(¢(0) p(0)) = Gy(0,0") (=V?+m?)Gy(0,0") = b6(0,0") (A.2)
N I'(A) 1 _ g 1 _ 2
Gy(o,0') = 287d/2(2A — d)T(A — %) (u+2)A2F1(A,A > + 2,2A d+1, u+2>7
(A.3)
B d d2 2 _ (z o Z/)2 4 (wv _ w/v)2
A—§+ ZerQ, m”* =A(A—d), U= 50
(A.4)

Here u is the chordal distance which in (A.4) is specified to the Poincare coordinates,
dsQAdSH1 = gw(o)dotdo” = Z%(dzz + dwdw").
To evaluate Gg(o,0”) in the coincident point limit v — 0 we use that

F'(e)l'(c—b—a)
Tc=b)I(c—a)’

oFi(a,b,c;1) = R(c—a—0b)>0, c#£0,—-1,-2,..., (A.5)

and analytically continue in d to extend this relation beyond the above conditions on a, b, c

parameters. We then find that

1 I -9H1(A)
(4m)[@+D/2 T(1 —d + A) '

Gylo,0) =Gy = 9,Gy(o,0")

_=0. (A.6)

161n particular, for k& = 1 case the computation of free energy of “instanton” M2 wrapped on S% in AdSs x S”
may be closely related to the one in the present paper by a certain analytic continuation (possibly modulo
zero and negative modes due to instability of M2 on S* C S7 [36]) and thus the result may again vanish.
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Considering the second derivative of G4 we conclude that in dimensional regularization

/ / _ 5 1 D(—3—9T(A+1)
0u8VG¢(a,a)]U:U,:9WG¢» G¢—2(4ﬂ)<d+1>/2 L(—d+A)
(A7)
. AA-d) . m? m?
o=——p1 Go=— 70 Ge=Get 5Gs=0. (A.8)

We assume that the mass m is fixed, i.e. does not depend on d. In the case of the scalar
2% in (2.5) with m? = 3 in the p = 2 case (corresponding to A = 3 for d = p) one finds
setting d = 2 —2¢, ¢ - 0

1 3—-4 ~ 1 144 A
= —— = — — = TE
Gy 27T+ r e+..., Gy 27r+ o e+..., G, =0, ¢ = log(me™®) .
(A.9)
For the massless fluctuations y* we get
Gyo -t -ty G, =0 (A.10)
YT T4 am ’ v '

A.2 Spinor in AdSg4;

Let us consider a Euclidean Dirac operator with a generalized mass term proportional to

a matrix 4 commuting with Dirac matrices'”

$:V+m’_}’, W:,Yozva, ’_)/2:17 [FYO":Y]:O (A11>
The corresponding Green’s function is (see, e.g., [39, 40]; cf. (A.3))

1 I'(m+%H) 1

G(U’U/):2m+(d+3)/27rd/2 L(m+3) (u42)mHd+D) /2{ (#70+709") Fi (u) + (¢_¢,)F2(u)}’

+2
(A.12)

d+1 d+1 2
Fi(u)=2F (m ;_ m,2m-+1, ) , Fo(u)=9F; (m—i——;,m—l—l,Qm—l—l,) .
U u

Similar expression will apply in the case of the fermionic variable 6 in the M2 brane action
where (cf. (3.5), (3.14))

Yo = Ta, y =Ty, m—>mf:g. (A.13)
In this case we find
_ _ 1 L3O (S + my)
G9(07J) =—-GpT\ ) Gy = _2d+17-[-(d+1)/ F(l d f) ) (A14)
m

oG ' = 7fFaG . A.15
v 9(0-70-) o=o' d+1 0 ( )

Thus in dimensional regularization where d = 2 — 2¢ and I';) T =d+ 1
Gy =—(d+ 1)V +mT.)Go(o,0")|  =0. (A.16)

1"Below we assume for definiteness that m > 0.
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The expansion of Gg for ¢ — 0 and m = 2 is given by (cf. (A.9))

1 +1+2£
27 47

Gy e+ ... . (A.17)

In dimensional reduction regularization that we used in section 3 the Dirac algebra is assumed
to be done in 3 dimensions so that I'“T', = 3. Defining D, as in (3.5)

1 1
ga = Va + §F*Fa = VO& + gmfF*I’a y (A18)

we then get (cf. (3.14), (3.15))

DoGo(0,0')|  =-TuGg, DGo(o,0)| =-3Gy,  (A19)
o= 172 1 Gy= O(e) (A.20)
9 = 3(d+ 1) myg g = g). .

A.3 (-function and heat kernel regularization

In the spectral (-function regularization we fix d = 2, i.e. consider all fields defined in
Euclidean AdS3; = H3. Given a differential operator A with a positive discrete spectrum
(with no zero modes), the corresponding Green’s function and heat kernel are defined as

(8(0.0") = Lo(0 — o)
AG(o,0') = 6(0,0"), K(t;0,0") = (ole 2 |o"), (olo") = d(0,0") . (A.21)

For a complete set of eigenfunctions f, (o) satisfying
Afu(0) =Aaful0), D falo) fH(0") =b(0,0"), /d30\/§ F3(0) fn(0) = nm, (A.22)

the corresponding spectral (-function is defined as

o) fi(o! o0
((s;0,0") = ; I 1\?( ) = F(ls)/o det5~! K(t;o,0"). (A.23)

This gives
G(o,0") = C(150,0), AG(0,0") = §(0,0") = ((0;0,0). (A.24)

If the spectrum is continuous, i.e. A, — A(v), one may define the spectral measure u(v) as
o0
Y o N / dv u(v). (A.25)
0
n

For a massive scalar in H?® one finds

A=-V?4+m?, w(v) = v M) =v?+1+m?, (A.26)
. I T e o) L e
K(t;o,0) = 5.2 /0 dv p(v)e = (47Tt)3/2€ , (A.27)
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1 o0 v 1 s D(s—3
C(S) = ﬁ/{) dv [)IL\L((V))]S = 87T3/2 (1 + m2)§7s (]:‘(8)2)7 (A28)
Glo,o) = C(1) = _i T+ m2, 5(0,0") = ¢(0) =0 . (A.29)

To find the twice differentiated propagator at coinciding points we note that
0,0,G(0,0") = —V,V,G(0,0") = %gm,[ —m2G(0,0") + 6(0,0')] (A.30)
so that using (A.29) we get
8,0,G(0, 0" )|y = émzm G (A.31)

In the case of the squared spinor operator in (A.18) defined on H? one finds [41]*®

A=99', D=V +ml., (A.32)
(v) =12+ ! Av) = v+ m? K(t;o,0) = ! et (1 + 1t> (A.33)
ILI/ - 47 - 9 » - (47Tt)3/2 2 9 .
128 3 I(s—3) 4m? — 1

The Green’s function for the operator P defined on the fermion 6 is (cf. (A.24))

1
Go(0.0) =B (Li00"), DaGo(0:0) = 3Tal030,0"), BColo0")=((050.0) =l
(A.35)
Since on a symmetric space the coincident limit is independent of the point on the manifold,

1

Golo,0) =mTu(1),  Daly| = 37C(0) =0, DaDjCo| _ =0. (A.36)
As a result,
am? —1 1
Go(o,0) = ~T.Cy, Gy =—m((1) = ——. Ge‘m:% =5 (A3

Let us note that if instead of the (-function regularization one uses the heat kernel (or
“proper-time”) cutoff so that

G(o,0') = / dtK(t;0,0"), §(o,0) = K(e;0,0'), e=A2-50, (A.38)

then in the above bosonic and fermionic cases we find, respectively,

1 m?+1 -1 _ 1 m? + 1 -1
00,0) = A — Gmarh TOUT). Gloo) = g - —— + 07,
(A.39)
- M+ —2 A+0(A = - AT
dg(o,0) 8&73/2 + 167372 +O(A), Gy(o,0) Ar3/2 167mm +0( )

8Here with hermitian ', one has QBT =T +....
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The resulting expectation value of the quartic Lagrangian given by the sum of (2.18), (3.16),
(3.17) then contains power divergences

3 27 7 7 13 3241
L) = AS — A4 A3 — A% —
(L) 3273 5073 T gean 12873 sr52 T 153673

These may be cancelled by a contribution of an ultralocal measure in the M2 brane path

+O(AY) . (A40)

integral that may be contributing in the heat kernel regularization as here the “6(0)” terms
are non-vanishing.

B M2 brane action in AdS; x S*

Here we shall review the structure of the BST action [12, 13] in AdS7 x S* [14, 15] using
its supercoset construction.

B.1 Supercoset relations

We shall assume the Euclidean signature, i.e. AdS; = H”. This maximally supersymmetric 11d
background has the superisometry algebra 03p(7,1|4) with the even part 80(7,1) ® udp(4)
and the odd part represented by 32 supercharges transforming in the bi-spinor representation

of the bosonic groups. The corresponding commutation relations may be written as'®
[M’I‘S7 Mtu] - 6stMru +..., [PT‘7 Mst] - 57‘8Pt - 57‘tP57 [Pr7 Ps] - Mrs;
1
[Maba Mcd] = 6bcMad + ... [Paa Mbc] = 5ach - 6acpba [Paa Pb] = _rjMaba
1 1 ~ 1~ ~ 1 -
[PT“7Q] = _irrF*Qa [PmQ] = _ﬁraF*Qy [PraQ} = §QF*FM [PayQ] = iQF*Fay
1 ~ 1~ ~
[MABa Q} = _irABQa [MAB7 Q] = iQFAB ) Q == QTC7
2 A ab 1 ab
Q,0] = —2TA P, + T, (r My — 1T Mab> . (B.1)
where A,B = 0,...,10 and r,s,... = 0,...,6; a,b,... = 7,...,10. Let us define the
supercoset element
9(X,0) = go(X)exp(Q), Q=60Q=Q9, X4 = (X", XY . (B2)
The left-invariant Maurer-Cartan one-form can be decomposed as:
1 _
g g = LAPy + 5Lf“-ffjwm_r, +QL, L[A=(L", L%, LAB=(r" L%, (B.3)
where (L4, L) satisfy the structure equations:
dLA + LABANLP = LATAL, (B.4)
1 1 1
dL + ZLAB ATApL+ SL* AT Tal 4 L AT ToL = 0. (B.5)
r

19We use the notation [-, -] for the graded commutator [U, V] = UV — (=1)!YIVIVU, U,V € g, satisfying the
graded Jacobi identity: [U, [V, W]] = [[U, V], W] + (=D)!YIVI[V, [U, W]]. The commutator [Q, Q] can be also
written in the 11d supergravity notation: [Q, Q] = TP, + ﬁ (FABCDEF]-'ABCD + 24FAB.FABEF)MEF,
where Fj = 6r'volgs. We assume that the radius of AdSy is 1 and the radius of $* is r = 1 (cf. (1.4)). While
we formally keep track of the dependence on r, the AdS7 x S* background is a 11d supergravity solution and

thus the M2 brane action is consistent (k-symmetric) only for r = .
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Using (B.2) the 1-form in (B.3) may be represented as

-1 —adQ —1 —e @
g dg=e""(gp dgo) + ——5—dQ
ad Q (B.6)
2 Q . :
1 sinh (ad 5) sinh(ad Q)
=g, dgo — (ad Q/2)——=—=~ —=D
g0 dgo — (ad Q/2) 9): bQ+—11q PQ
where ad (Q) = [Q, -] and D denotes the Killing spinor derivative defined as?’
DQ = dQ + [g; "dgo, Q] - (B.7)
The bosonic 1-form expanded in the generators may be written as
g0 'dgo = B Py + QABMAB, EY = (E",E%), Q' =(Q"0%) . (B3
Explicitly, we find
A 1 AB 1 a 1 a
DQ = Q(D?9), D9:d9+ZQ FA30+§F* EI‘Q—I—;EI‘G 0. (B.9)
Let us also define the fermion bilinear M? as
ad*Q(Q) = [Q, [0Q, Q] = QM?0, Q=6Q, Q=09F, (B.10)
R 1 _ 1.
M2=T, (rre 7) R era) -3 (rma oI — —T'y0 erab> T, . (B.11)
T T
Then from (B.6) we get
2 M .
1, ~ 4 (sinh® = sinh M
g dg =g, dgo + 40T ( IYE D9> Q( v Do
20T rrs( inh? DG)M + er rab(sth 5 De) (B.12)
* M TS M2 .

Let us split the H indices as r = (&, i) where & is the AdS3 tangent-space index and i labels
the 4 transverse directions. In the static gauge we set (using parametrization that makes
the transverse SO(4) x SO(4) symmetry manifest)

; arctanh |Z|/2 arctan |¢|/(2r)
X = (0% 2" y?), 90(X) = ggs(0) exp(_,a:ZP-) exp<_, P, )
|7]/2 ' |91/ (2r) ¢

(B.13)
where |Z| = \/2'x;, |§] = Vy*ys and ggs (o) denotes any parametrisation of a totally geodesic

H3 ¢ H”. The H” x S* metric is determined by the bosonic 1-form E“ and has the same
form as in [1] (cf. (2.1), (2.3))

. 4 . 1+ 122 ’ da dy*®
—1 _ & ap & __ ( 4 & i a __ Y
grsdggs = € Py +w* M, 5, FE = —F5€, F'=—F-, E'=—7>F—,
H? ¢ s (]. — 1552) 1-— sz 1 + ﬁyQ
(14 122)2 dx'dx; 9 dy*dy,
dS%V = 761 Sz + 19 dsgs = ———5 - (B.14)
(1 - g2)? (1 - g22)? (14 z29%)?

2ONote that the Killing spinor on H” x S* can be obtained using the adjoint action (see also [42]): Quii =
€(g90 ngo)A
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Here % = e2do® and wdB correspond to the 3-bein and spin connection of H3. For example,
0 1

in the upper half-plane parametrization of H? (6@ = (¢, 0!, 0?) = (z,w"))

1 | N
dsis = 7(d22 + dw’dw") , e = —do®, w = Z(65da” — 5€daa) . (B.15)
z z z

The spin connection Q48 is explicitly given by Q%8 = w38 and

et Qi — lxidxj — 2 da? Qb _ Ly“dyb — ybdy®

Qdi — _de — ’ —
1— 322 21— 32?2 22 14 Hy?

(B.16)

B.2 Expansion of the M2 brane action

The BST action for the supermembrane in H” x S* can be written as [14] (cf. (1.6), (1.7))

S=T2</d3a\/ﬁ + z/ H4>, hap = LALY, (B.17)
My
1 1_
Hy = S—eabch“/\Lb/\Lc/\Ld—§L/\I‘ABL/\LA/\LB, (B.18)
r

where Lﬁ = L]‘?/IﬁaX M and M, is a closed 4-form which is integrated over a 4d manifold that
has the AdS3 world volume as its boundary.?! The action is invariant under the x-symmetry
which can be represented as a right action on the supercoset element

9(X,0) = go(X) exp(Q) — go(X)exp(Q) exp(36Q) - (B.19)
The corresponding vector field s generating a diffeomorphism on the coset satisfies??
L (g tdg) = g7 09 =6.0Q, L L =60, LA =0, L LAB =0 . (B.20)

Explicitly, the transformation under the x-symmetry may be represented as

0.0 =Pk, P = %(]I +T), (B.21)
T = ?)!\Z./Ee“BVLéLngPABC, =1, hPLGT AT = mfﬁeaﬁ’ng‘LVBmB :
(B.22)
To expand the action in powers of 6 it is convenient to do a rescaling
0—s0, Ly=L(sH), L*=LAsh). (B.23)

2Tts closure follows from (B.4), (B.5) for r = % combined with the 11d Fierz identity (here p,q,... are
spinor indices):

LATABLALATAL =04 (T)(pq(TaB)us) = 0.

22 A vector field s defines a contraction of the same parity as s, i.e., for a one-form a: .o = (3, ), and
Le(aAB) = taAB+ (D)7l AuLB.
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It then follows, by considering the special case of (B.19) with 60 = ds6 and using that
Ls—o = 0, that the WZ term in (B.17) can be written as:

- _
H=6r' [ volsi— [doe® [ dsTapLas 1,17, . (B.24)
My My 0
Imposing the s-symmetry gauge as in (3.4), i.e.
1
Po=0, P= §(H+F), I' =1Tg10, (B25)
the expansion of the basic 1-forms in (B.23) in terms of 6 takes the form
~ 1 4= 1
LA = B4 4+ 2014 D6 + E540FAA/121)9 +0O(s%), Ly = sDO + 683/\421)9 + O(s?),
(B.26)

where M? was defined in (B.11). As a result, the induced metric and the integrand in the
WZ term in (B.24) take the form

_ 1 - _ 1 -
hap=LiL§= <E£+9FADQ{9+120M2DQ9+...) <E§+9FAD59+129M2D59+...),

(B.27)
_ _ 1 _ _
O AL ANLAANLE =0T 45 (sD9+633M2D0) ANEA+s20TADO) A (EB +520TP Do)+ ...
It is convenient to decompose the operators acting on spinors as
D=D"+D", I'DY =D'T, I'D”=-D7T, (B.28)
1 .43 1. 1 .. 1
Dt =d+ ZQ"‘BT@;; + 5 BT + 07Ty + ZQabrab,
1 .. 1. 1
D™ = Q%I + -E'T",T; + —ET, T,
2 2 2r
MP=ML+ M2, TMZI=MiT, TIM?=-MT, (B.29)

e 1 ~ 5 _ 1 _
M2 = T,T4001% — (rA 00T 1 T,;00T" rabeerab) r..
2\ af r
M2 =T, (Fieéri + 1Fa99‘ra> — T4I000°T'T,
r

Since T'd = T, in the above r-symmetry gauge (B.25) one needs to consider only the terms
which involve an even number of operators reversing the I'-chirality. Using that I'l'y = ['4I’
and I'T;, = —I;T", we find

N 4 — A 4 — A
L% = B% + s20T%D+0 + %eraMti n %GFO‘MQ_D_H +O®s9), (B.30)
Lia = Fie 4 g2griep=g 1 %GF”“/\/&D’H + %er%a/\/ﬁpm +O(s%), (B.31)
3 3
Ly=LY+L7, L*=sD*0+ %Mipie + %MQ_DJFH +O(s5) . (B.32)
The spinor covariant derivative can be further expanded in the bosonic fluctuations as

1 « 1 . . 1 4
Dt =+ Zg;?ear*u — q@'dalTy; + CdybT o + O(X Y, D=V -+ ¢TIl

(B.33)

a2?
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1 .. 1. 1
D™ = 5e®a'Tal's + 5da' Tl + o-dy'T.Ty + O(X?), (B.34)
r
where ® is the pull-back of the Killing spinor derivative to the H? surface (cf. (3.5)).
As a result, using the definitions in (3.6), (3.7) we find the following expansion of the M2
brane Lagrangian to quartic order in the fluctuation fields (cf. (2.4), (3.8)—(3.10))

— 1 (0]
L="Lo+T5 " (Lap+Lop ot +Lag) +-.., Ly=5g S+, (B.35)
Lo g L o9 oagi @) L oas gys(20),20) , L ag;(20)\2
Lay=72"0"hog =715y 9 hag =799  hag s+ (9% hag')
7
+5 \@eameabcdyaaaybaﬁyc Lyt (B.36)
L 0B 22) o 29\ g 3 9 08,20 1 a5 45,20),20 1, 20)a8, (260)
Lon2t =39 (his —2hyy )OT.0+2 2% Phes +29 gy his _Zh( JoBp g

1 . - 1 ~ 1- . .
—59523&90] 9’7’BFz‘j9+ ﬁy“(?gybefyﬁl“aw—i—597“(8ax’F¢+8ay“Fa)x3 r;60

14r

+4—8a3:i6"y“ éF*FiFQG— !
T

_ A . 1
eo"BW'yg (02T +0,yT,) (8ax]I‘j — 8ayaI‘a) T.0
r

23
_2\Z/§6W/370(Fijaﬁxia,yxj +2Fira5ﬁ$i3~,y“+Fab05y“87yb)@a9, (B.37)
1 — 1 1
= g*P 2 _ ot ad, By (20),(20) , L o app(20)y2
L4f—969 9FaM+g59 169 g ’yha,ﬁ h'yzS —|—16 (g ha,B ) . (B38)

C Fermionic correlators

Here we provide some details of the computation of the quadratic and quartic fermionic
correlators used in (3.14)—(3.17).

We need to evaluate the expectation value of 2-fermion operators of the form <§W9>,
(G_WVa9>, where W is a string of gamma matrices containing I',, and also I';, ', matrices
with transverse indices. One requires (CW)T = —CW for these combinations to be non-zero.
As a result, we may apply the antisymmetric projection

1 1
CW — S (CW — cw)HTy, W= S (W + ciwto) . (C.1)
The basic definitions are (here p, ¢ are spinor indices and § = 67C)
(0,(0)01(c")) = (Gg), (0, a), (0p04) = (GgC‘l)pq, (OW0) = —tr[GeW], (C.2)

where also (GoC~1)T = —GyC~!. For correlators where the fermionic field is differentiated
we have

(OW00) = —t2[0Gy W], (90,0,) = (0GeC 1) g (C.3)

We may consider also (Vo0(0)),04(0")) = (VaGy(o,0") C71),, that leads to (A.15). In
particular (cf. (A.20))

(0D0) = 3N, Gy, (0T',0) = Ny Gy, (C.4)
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where the factor of Ny = 16 comes from the trace over the spinor indices (6 assumed to
be subject to the k-symmetry gauge in (B.25)).
For a correlator with 2 derivatives at the coincident points we get (assuming dimensional

reduction regularization)

d(d + 1) — 4m?
d+1

(Tab)y (T90)0) = (SapC Vs Sap = | Fas = dop . (C5)

Similarly (cf. (3.14))

~ 1 4d—5 4d+4
= Pa -1 af — 1+- 2)Fa _( -3 2) o ]F*
(@ab)p(D38)0) = BosC s Sar=7 | (14577 Tas— (a5 507" )gus| -

(C.6)
Sus| = 2T (d42) gus]T G (1)
mp=3  A(d+1)
This correlator vanishes in d = 2 in agreement with (3.15).
For correlators of 4 fermions we have?
(W6 OW6) = tr[W Ggltr[W Gy] — 2tr[W G W Gy] , (C.8)
(IW 00 OW ) = tr[WOG]tr[W Gy] — 2tr[WOGyW Gy) , (C.9)

with similar more involved expressions when the two fermions are differentiated.
Below we will consider the fermionic correlators at coincident points assuming generic

1 °

and first apply the projection in (C.1) using C~H(ToI'gl4)TC = [T, Ly, so that Ty sl —
3(TalgT 4+ TLaly) = gapls. Then (using the definitions in (3.14), (A.14), (A.15), (A.20))

oY = (AT D40 ATT 4T,0) = (HD0 6T, 0)
= tr,, [-3Cg]tr, [[x(~TxCg)] — 2tr,[-3GoT(~T4Cy)]] = 3(N3 — 2Np) Gy Gy, (C.11)

where tr, stands for the spinor trace under the x-symmetry projection in (3.4), (B.25) so that
tr,I = Ny = 16.2* In dimensional reduction regularization with Gy given by (3.15), (A.20)
we get

(4)  3d—2

oY =571 (NZ — 2Ng) G2 . (C.12)

2Here W and W are two different combination of T' matrices.
241t is useful to recall some standard Dirac matrix relations: {T'w,Ts} = 2gag, 9& = d + 1 so that

T4l = —(d — 1), °Tp, o = (d — 3)Ts,, [°TpysTa = —(d — 5)Tsys,
tr[[*Top] = —d(d + 1) tr 1, tr[0*P T ,] = —d(d® — 1) tr 1.
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Similarly, we find (using definitions in (3.14))

O = (AT°DFY AT 3 Do) = 3 G2 N7 — (9G2 — 6CpGo + 3CoGo) Np. (C.13)
In the dimensional reduction regularization this gives
= 3 72 14— 9)NZ + (12 + 4d + &) Ny] G 14

The results for other relevant quartic correlators found in an analogous way are summa-

rized below

O = (ATPD,0 OT°TsT,0) = 3(N2 — 2Ny) Gy Gy (C.15)
QY = (Aro®PY ArsD,0) = 3G2 N2 — (9G2 — 6GoGo + 3CpGy) N,
oY = (60 620) = 9G2 N2 — (9G2 + 6G4Gy + 3GGg) N,
= (ATPAT, D9 OT,Tpp0) = 12 GGy Ny
= (9T, D,000°T;0) = T72CGoCyNy

Q(4) (AT9T, D0 07T ) = T2 GGy Ny

In the dimensional reduction regularization that gives

QY = (ArPD,6 6T°TsT.0) = 3L2(NZ - 2N,) G2 (C.16)
oY) = (ATDBY 0T 5D,.0) S l(d = 2)NG + (12 + 4d + d*) Ng) G
g = (090 6D0) %Edﬂgz [BNG + (d = 2)Ng] Gj
Q") = (ATPAL, D9 LT p\6) = 6 92Ny G
QLY = (ArVT,D,000°T;0) =36 92N, G2
Q") = (AT™T,Daf LT ) = 36 L2N, G
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