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Abstract: 1
2 -BPS surface operator viewed as a conformal defect in rank N 6d (2,0) theory

is expected to have a holographic description in terms of a probe M2 brane wrapped on AdS3
in the AdS7 × S4 M-theory background. The M2 brane has the effective tension T2 = 2

π N

so that the large tension expansion corresponds to the 1/N expansion. The value of the
defect conformal anomaly coefficient in SU(N) (2,0) theory was previously argued to be
b= 12N − 9− 3N−1. Semiclassically quantizing M2 brane it was found in arXiv:2004.04562
that the first two terms in b are indeed reproduced by the classical and 1-loop corrections to
the M2 free energy. Here we address the question if the 2-loop term in the M2 brane free
energy reproduces the N−1 term in b. Remarkably, despite the general non-renormalizability
of the standard BST M2 brane action we find that the 2-loop correction to the free energy
of the AdS3 M2 brane in AdS7 × S4 is UV finite (modulo power divergences that can be
removed by an analytic regularization). Moreover, the 2-loop correction vanishes in the
dimensional and ζ-function regularizations. This result appears to be in disagreement with
the non-vanishing of the coefficient of the N−1 term in the expected expression for the
anomaly coefficient b. We discuss possible resolutions of this puzzle, including the one that
the M2 brane probe computation may be capturing the surface defect anomaly in the U(N)
rather than the SU(N) boundary 6d CFT.

Keywords: 1/N Expansion, AdS-CFT Correspondence, M-Theory

ArXiv ePrint: 2511.22306

1Also at ITMP of MSU and Lebedev Physical Institute.

Open Access, © The Authors.
Article funded by SCOAP3. https://doi.org/10.1007/JHEP03(2026)257

https://orcid.org/0000-0002-2152-3738
https://orcid.org/0000-0003-1477-7702
https://orcid.org/0000-0002-5066-8282
mailto:matteo.beccaria@le.infn.it
mailto:s.kurlyand23@ic.ac.uk
mailto:seytlin@ic.ac.uk
https://doi.org/10.48550/arXiv.2511.22306
https://doi.org/10.1007/JHEP03(2026)257


J
H
E
P
0
3
(
2
0
2
6
)
2
5
7

Contents

1 Introduction 1

2 2-loop contribution from bosons 5
2.1 Expansion of bosonic part of M2 brane action 5
2.2 Expectation value of quartic bosonic terms 7

3 2-loop contribution from fermions 8
3.1 Expansion of the fermionic part of the M2 brane action 8
3.2 Expectation values of the fermionic terms 10

4 Total 2-loop contribution 11

5 Concluding remarks 12

A Regularized Green’s functions and coincident limits 13
A.1 Scalar in AdSd+1 13
A.2 Spinor in AdSd+1 14
A.3 ζ-function and heat kernel regularization 15

B M2 brane action in AdS7 × S4 17
B.1 Supercoset relations 17
B.2 Expansion of the M2 brane action 19

C Fermionic correlators 21

1 Introduction

It was suggested in [1] that considering a quantum M2 brane wrapped on AdS3 ⊂ AdS7 in
AdS7 × S4 background one may capture not only the leading in N but also subleading coeffi-
cients in the defect b-anomaly coefficient of the S2 conformal defect in the boundary theory

b = 12N − 9 +O(N−1) . (1.1)

Here N is the number of M5 branes forming the AdS7 × S4 background (rank of the (2,0)
boundary CFT). It is related to the effective dimensionless M2 brane tension as T2 = 2

π N .
The first term in (1.1) corresponds to the classical M2 action contribution while the second
one is the 1-loop contribution to the AdS3 M2 free energy F [1].1

The general expression for the b-anomaly corresponding to a 1
2 -BPS surface defect operator

in (2,0) theory which corresponds to an SU(N) representation with the Young tableau having
1For a general discussion of the leading brane-probe action contribution to a boundary defect anomaly

see [2]. For an arbitrary 2-surface a defect operator has three anomaly coefficients, each multiplying a particular
conformally invariant integral on the surface related to its topology, extrinsic curvature and background Weyl
tensor [3].
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a large number of boxes is given by [4–6]

b = 24(ρ, λ) + 3(λ, λ) , (1.2)

where ρ is the Weyl vector of SU(N) and λ is the highest weight of the SU(N) representation.
If one formally assumes that this relation is valid for a finite number of boxes then for a
surface operator in the fundamental representation (with (ρ, λ) = 1

2(N − 1), (λ, λ) = 1−N−1)
which should be described by a single M2 brane probe one finds2

b = 12N

(
1 + 1

4N−1
)
(1− N−1) = 12N − 9− 3N−1 . (1.3)

The first two terms here match the ones in (1.1) while the N−1 term should then correspond
to the 2-loop M2 brane contribution.

The aim of the present work is to compute the 2-loop term in the M2 brane free energy
to check if it reproduces the −3N−1 term in (1.3). A similar 2-loop computation of the
free energy of the GS string with AdS2 minimal surface in AdS5 × S5 that is expected to
be related to the strong-coupling expansion of the circular Wilson loop in N = 4 SYM
theory (cf. [10]) will be discussed in [11].

Let us first review the general setup in [1]. We are going to consider an M2 brane probe
in the AdS7 × S4 background

ds2 = L2(ds2
AdS7

+ r2ds2
S4

)
, L3 = 8πNℓ3

p , r = 1
2 , (1.4)

F4 = dC3 = 3
8L3volS4 ,

∫
S4

volS4 = vol(S4) = 8π2

3 . (1.5)

The BST M2 brane action [12, 13] contains the bosonic part (the standard Dirac-Nambu
term S1(X) and a WZ-type term S2(X) of coupling to the 3-form C3) and also the fermionic
part Sf (X, θ)

S = Sb + Sf , Sb = S(1) + S(2) , S(1) = T2

∫
d3σ

√
h , hµν = ∂µXM ∂νXN GMN (X) ,

(1.6)

S(2) = iT2

∫
d3σ

1
3!ϵ

µνλCMNK(X) ∂µXM ∂νXN ∂λXK , T2 = 1
(2π)2ℓ3

p

. (1.7)

The explicit form of the M2 brane action in AdS7 × S4 can be found from [14, 15].
The world-volume geometry of an M2 brane ending on a 2-sphere at the boundary of AdS7

is described by the (Euclidean) AdS3 metric. The tree level contribution to the free energy
F = − logZ is given by the classical value of the M2 brane action which is proportional to

2The expression in (1.3) and thus (1.3) as an exact result in N could still be viewed as conjecture. However,
in [6] a similar expression for the d2 anomaly coefficient was derived as an exact result from a superconformal
index computation. It also follows from the 5d Wilson Loop localization computation as in [7]. Given that
b and d2 appear on an equal footing in the spherical entanglement entropy [5, 8] one may expect that the
expression for b should also be exact. Indeed, the same expression for b was found on the dual CFT side in [9]
using ’t Hooft anomaly considerations.
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the regularized volume of the induced AdS3 metric (cf. [16])3

F0 = T2 vol(AdS3) = −2πT2 log Λ̄ , vol(AdS3) = −2π log Λ̄, T2 = L3T2 = 2
π

N .

(1.8)
Since AdS3 is a homogeneous space, all quantum corrections to F will be also proportional
to vol(AdS3), i.e.

F = F0 + F1 + F2 + . . . = f(T2) vol(AdS3) ≡ −1
3b log Λ̄ , (1.9)

f(T2) = T2f0 + f1 + (T2)−1f2 + . . . , b = 6πf = N b0 + b1 + N−1b2 + . . . . (1.10)

Since Λ̄ plays the role of a UV cutoff in the boundary theory, b may be interpreted as an
S2 defect conformal anomaly in the (2,0) theory.

Fixing the static gauge and expanding the M2 action to quadratic order in fluctuations
near AdS3 background one finds that the spectrum of the resulting AdS3 fields consisting
of 4 bosons xi with m2

b = 3, 4 bosons ya with m = 0 and 8 fermions θ with mf = 3
2 . This

spectrum of transverse fluctuations of the M2 brane subject to the standard Dirichlet b.c.
is in direct correspondence with a protected supermultiplet (that includes the displacement
operator) of operator insertions on the defect surface [1]. The resulting 1-loop correction
F1 in (1.9) is given by

F1 = 1
2
[
4 log det(−∇2 + 3) + 4 log det(−∇2)− 8 log det∆1/2

]
= f1 vol(AdS3) . (1.11)

There are no 1-loop log divergences in 3d so that f1 is finite when computed using the
standard ζ-function regularization.4 As a result, one finds that [1]

f1 = − 3
2π

, i.e. b1 = −9 . (1.12)

Combining (1.8) and (1.12) we get the first two terms in (1.1), (1.3).
To find 2-loop correction to the free energy (1.9) requires expanding the M2 brane

action (1.6) near AdS3 surface to quartic order in the fluctuation fields (xi, ya, θ). Remarkably,
like for the M2 brane in static gauge in flat target space case [19, 20] (and also as for the
GS string expanded near AdS2 in AdS5 × S5 [11]) there exists a natural κ-symmetry gauge
in which there are no cubic couplings in the action. The M2 Lagrangian has then the
following symbolic form5

L=(∂x)2+m2
bx2+(∂y)2+ θ̄( /∇+mf )θ+T−1

2

[
(∂x)4+x2(∂x)2+x4+(∂x)2(∂y)2 (1.13)

+(∂y)4+y2(∂y)2+(∂x∂x+x2)(θ∇θ+θ2)+ . . .+θθθ∇θ+θ∇θθ∇θ+ . . .
]
+O(T−2

2 ).

3Here Λ̄ = ΛIR a where ΛIR is an IR cutoff in AdS3 and a is the radius of the boundary S2. In general, a
regularized volume of a global AdSp+1 space with Sp as its boundary is log IR divergent for even p (discarding
power divergences, see, e.g., [17]): vol(AdSp+1) = 2(−π)p/2

Γ(1+p/2) log Λ̄.
4Using heat-kernel cutoff, one finds that the leading cubic divergence cancels out due to supersymmetric

balance of degrees of freedom. Linear divergence does not automatically cancel but is absent in an analytic
regularization like the ζ-function one. Similar linear divergence was regularized away using ζ-function in a
different 1-loop M2 brane computation in [18].

5Here all indices are contracted with the induced AdS3 metric and derivatives are 3d covariant so there is a
manifest AdS3 symmetry with fermions θ treated effectively as a set of 8 Majorana 3d fermions. We rescaled
the fluctuations by

√
T2.
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As a result, the relevant 2-loop diagrams are just the bubble “OO” ones, i.e. are given
by products of (derivatives of) two boson, one boson and one fermion and two fermion
propagators in AdS3 at coinciding points.

Since in 3d the propagators have no log divergences, the 2-loop correction F2 may
then have only power divergences and thus will be finite assuming one uses an analytic
regularization like dimensional regularization where one replaces AdS3 with AdSd+1 with
d = 2− 2ε. Below we will use its dimensional reduction version by treating fermions (and
related Dirac matrices) not as d + 1 but as 3-dimensional ones. We will find that then the
2-loop coefficient in (1.10) is given by

(f2)dred = 12 d − 2
d + 1G

2
x + 12 (d − 2)(d + 7)

(d + 1)2 Gx Gθ + 24 (d − 2)2

(d + 1)2 G2
θ , (1.14)

where Gx and Gθ are the coincident-point limits of the massive scalar (m2
b = 3) and massive

fermion (mf = 3
2) propagators respectively. These are finite for ε = 2−d

2 → 0

Gx = − 1
2π

+O(ε) , Gθ = 1
2π

+O(ε) . (1.15)

Since f2 in (1.14) is proportional to d − 2, it thus vanishes in the ε → 0 limit, i.e.6

(b2)dred = 3π2

2 (f2)dred = 0 . (1.16)

This contradicts the prediction in (1.3) which implies that b2 in (1.10) should be equal to −3.

One may wonder if this mismatch is due to a “wrong” choice of regularization. In general,
the world-volume UV regularization should be the one which is consistent with underlying
symmetries of the problem and thus hopefully with the suggested AdS/CFT interpretation
of the M2 brane free energy as capturing the value of the surface defect anomaly. The
dimensional reduction regularization appears, in fact, to be a natural choice as it should
preserve the world-volume supersymmetry that is present in the M2 brane action expanded
near a supersymmetric minimal surface: this 3d supersymmetry is a residue of the target
space supersymmetry after fixing a κ-symmetry gauge [12, 13, 21, 22]. Still, it could be
that some other analytic regularization is a more adequate one. Below we will explore this
option and conclude that the same vanishing result is found also in the same ζ-function
regularization that was used at the 1-loop level in [1]. This strongly suggests that the
vanishing of f2 is indeed a robust conclusion.

One may also suspect that a reason for the disagreement between (1.3) and (1.16) may
be related to the fact that the formally non-renormalizable BST M2 brane action should be
supplemented by higher derivative counterterms [20]: these may then also contribute to the 2-
loop value of the free energy evaluated on the AdS3 surface. Alternatively, there may be some
profound reason for this disagreement that has to do with how the AdS/CFT correspondence
is to be implemented in the context of M2 brane partition functions (cf. [23, 24]).

6The same vanishing result for f2 is found also in the straightforward dimensional regularization as near 3d
Gx and Gθ do not have poles in 1

ε
.
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Finally, the simplest explanation for how to reconcile our vanishing 2-loop result with the
general expression for the b-coefficient in (1.2) was suggested to us by J. van Muiden. One
may conjecture that the quantum M2 brane free energy should correspond to a surface defect
in the U(N) rather than SU(N) boundary 6d theory. While the standard argument [25]
about decoupling of the U(1) subgroup may apply to bulk observables (captured by quantum
M2 branes in the bulk of AdS7 × S4 and, in particular, by 11d supergravity modes) the
boundary observables described by M2 brane ending on AdS7 may correspond to defect
operators in the U(N) (2,0) theory. Assuming that the general relation for b in (1.2) may
be formally applied to the U(N) case7 with the fundamental representation corresponding
to (ρ, λ) = 1

2(N − 1), (λ, λ) = 1 (with scalar product suitably generalized to non-simple
U(N) case) one finds instead of (1.3)8

b =
[
24(ρ, λ) + 3(λ, λ)

]∣∣∣
U(N),□

= 12N − 9 . (1.17)

The rest of this paper is organized as follows. In section 2 we will find the 2-loop
contribution to free energy (1.9) from the 4+4 transverse bosonic fluctuations in the static
gauge. The fermionic 2-loop contribution will be computed in section 3. The total result for
the 2-loop coefficient f2 will be presented in section 4. In section 5 we will discuss several
possible explanations for the above disagreement.

In appendix A we shall summarize the expressions for the bosonic and fermionic Green’s
functions and their derivatives in AdSd+1 and specify them to the case of dimensional reduction
regularization in d = 2− 2ε and the ζ-function regularization in d = 2. In appendix B we
will review the supercoset construction of the M2 brane action in AdS7 × S4 and discuss its
expansion in powers of fermions. In appendix C we will summarize the expressions for the
quadratic and quartic fermionic correlators at coincident points that are used in section 3.

2 2-loop contribution from bosons

2.1 Expansion of bosonic part of M2 brane action

Let us recall the expansion of the bosonic part of the M2 brane action in AdS7 × S4 in the
static gauge. As in [1, 27], for generality, let us consider a p-brane in AdSD+1 ×Sn with world
volume ending along a p-dimensional surface at the boundary. Let us choose the following
AdSp+1-adapted parametrization of AdSD+1 (with radius 1)

ds2
D+1 =

(1 + 1
4x2)2

(1− 1
4x2)2 ds2

p+1 +
dxidxi

(1− 1
4x2)2 , (2.1)

7Note that in [4] this relation was abstracted from their supergravity result assuming it corresponds to the
SU(N) case. For a n-symmetric SU(N) representation (in the context of [4] N is the number of M5 branes
and n is the number of M2 branes) one has from (1.2): b = 12nN − 3n(4− n)− 3n2/N . The supergravity
discussion in [4] is actually applicable for n, N ≫ 1 with n and N being of the same order. In this limit the
last −3n2/N term in b is subleading and thus one cannot actually distinguish between the SU(N) and U(N)
cases (see also footnote 8).

8The absence of the 1/N correction to the defect anomaly coefficients b and d2 (that have similar structure)
in the case of a general (n, m) representation of U(N) is implied by the matrix model computation of the 5d
Wilson loop expectation value related to the d2 coefficient [7], see appendix H and in particular eq. (H.22)
in [26] for details.
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where i = 1, . . . , D − p. In the static gauge where the p-brane world volume coordinates σµ

are identified with the AdSp+1 ones the induced metric is that of the AdSp+1

ds2
p+1 ≡ gµν(σ) dσµdσν = ds2

AdSp+1 . (2.2)

Then the volume S(1) part of the brane action in (1.6) takes the form

S(1) = Tp

∫
dp+1σ

√√√√det
[
(1 + 1

4x2)2

(1− 1
4x2)2 gµν(σ) +

∂µxi∂νxi

(1− 1
4x2)2 + ∂µya∂νya

(1 + 1
4r2 y2)2

]
≡

∫
dp+1x

√
g L.

(2.3)
Here ya are coordinates of Sn and r is its radius in units of the radius L of AdSD+1 (cf. (1.4)).
L is absorbed into the dimensionless effective tension Tp = Lp+1Tp, cf. (1.8).

Expanding (2.3) in powers of the fluctuations xi and ya we get [1]9

L = L2b +T−1
p L4b + . . . , L4b = L4x + L2x,2y + L4y , (2.4)

L2b = 1
2
[
∂µxi∂µxi + (p + 1)xixi]+ 1

2∂µya∂µya , (2.5)

L4x = 1
8(∂

µxi∂µxi)2 − 1
4(∂

µxi∂µxj) (∂νxi∂νxj) + 1
4p xixi ∂µxj∂µxj + 1

8(p + 1)2xixi xjxj ,

(2.6)

L2x,2y = 1
4(∂

µxi∂µxi) (∂νya∂νya)− 1
2(∂

µxi∂µya) (∂νxi∂νya) + 1
4(p − 1)xixi ∂µya∂µya ,

(2.7)

L4y = 1
8(∂

µya∂µya)2 − 1
4(∂

µya∂µyb) (∂νya∂νyb)− 1
4r2 ybyb ∂µya∂µya . (2.8)

The case of the AdS2 string in AdS5 × S5 considered in [11, 27] corresponds to p = 1, D =
4, n = 5, r = 1 while in the present case of AdS3 M2 brane in AdS7 × S4 (cf. (1.4))

p = 2 , D = 6 , n = 4 , r = 1
2 . (2.9)

We thus get 4 massive transverse AdS7 fluctuation fields xi (with m2 = 3) and 4 massless
S4 fields ya propagating in the induced AdS3 geometry.

The WZ term in (1.7) may be written as [1] (Y mY m = 1, m = 1, . . . , 5)

S2 = iT2

∫
C3 = iT2

∫
F4 = i

64T2

∫
d4σ ϵmnpqu ϵµνλρ Y m∂µY n∂νY p∂λY q∂ρY u

= i

4T2

∫
d3σ ϵµνλ ϵabcd ya∂µyb∂νyc∂λyd +O(y5) , (2.10)

where Y 5 = 1−y2

1+y2 , Y a = 2ya

1+y2 . The quartic term in (2.10) (see also (B.36)) will not contribute
to the 2-loop free energy F2 in (1.9) due to the symmetry of the resulting contractions
⟨yayb⟩ ∼ δab. As a result, the bosonic contribution to F2 will come only from (2.5)–(2.8)
and thus will have the form which is universal in p.

9Here µ, ν indices are contracted by AdSp+1 metric gµν and we rescaled fluctuations by the square root of
the tension.
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2.2 Expectation value of quartic bosonic terms

Defining the Euclidean M2 brane partition function as Z = e−F =
∫
[dx dy dθ] e−S where S

is the action in (1.6) the 2-loop contribution F2 to free energy in (1.9) may be written as
an expectation value of the quartic term in the expansion of the action

S4 = T−1
2

∫
d3σ

√
g L4 , L4 = L4b + L4bf + L4f , (2.11)

F2 = T−1
2

∫
d3σ

√
g ⟨L4⟩ = T−1

2 vol(AdS3) ⟨L4⟩ , f2 = ⟨L4⟩ , (2.12)

where we used that since the M2 brane action written in terms of the AdS3 metric has
constant coefficients and that AdS3 is a homogeneous space the AdS3 volume factor factorizes
(cf. (1.9), (1.10)). L4b in (2.11) stands for the quartic bosonic term in (2.4) while the terms
involving fermions (cf. (1.13)) will be discussed in section 3 below.

Then from (2.4) we find for the purely bosonic contribution

f2,4b = ⟨L4b⟩ =
1
8(p

2 − 1)N2
xG̃2

x − 1
4(p + 1)2NxG̃2

x

+ 1
4p(p + 1)N2

xGxG̃x + 1
8(p + 1)2Nx(Nx + 2)G2

x (2.13)

+ 1
4(p

2 − 1)NxNyG̃xG̃y + 1
4(p

2 − 1)NxNyGxG̃y

+ 1
8(p

2 − 1)N2
y G̃2

y − 1
4(p + 1)2NyG̃2

y − 1
4r2 (p + 1)N2

yGyG̃y .

Here Nx = D − p and Ny = n are the numbers of the corresponding fluctuations around
AdSp+1 in AdSD+1 × Sn, i.e. in the M2 brane case (2.9)

p = 2 : Nx = 4, Ny = 4 . (2.14)

Gx,y and G̃x,y are the coincident limits of the corresponding scalar Green’s functions in AdSp+1

⟨xi(σ)xj(σ′)⟩ = δijGx(σ, σ′) , Gx(σ, σ) = Gx ,

∂µ∂′
νGx(σ, σ′) = gµνG̃x(σ, σ′), G̃x(σ, σ) = G̃x , (2.15)

and similarly for ⟨ya(σ)yb(σ′)⟩ = δabGy(σ, σ′), etc.
Note that (2.13) written for general p is not the same as the result found using dimensional

regularization near a particular value of p: in the latter case we are first to specify p (i.e.
fix the coefficients in the fluctuation Lagrangian in (2.4)–(2.8), in particular the mass of
xi fluctuations as m2 = p + 1) and then replace AdSp+1 by AdSd+1 with d = p − 2ε, i.e.
extend the indices of derivatives and gµν to d + 1 values. Then gµνgµν = d + 1 giving a
generalization of (2.13)

f2,4b =1
8(d

2 − 1)N2
xG̃2

x − 1
4(d + 1)2NxG̃2

x

+ 1
4p(d + 1)N2

xGxG̃x + 1
8(p + 1)2Nx(Nx + 2)G2

x (2.16)

+ 1
4(d

2 − 1)NxNyG̃xG̃y + 1
4(d + 1)(p − 1)NxNyGxG̃y

+ 1
8(d

2 − 1)N2
y G̃2

y − 1
4(d + 1)2NyG̃2

y − 1
4r2 (d + 1)N2

yGyG̃y .
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Introducing the notation for the “equation of motion” (−∇2 + m2)G
∣∣
σ=σ′ or “δ(0)” com-

binations
Ĝx ≡ G̃x + p + 1

d + 1Gx , Ĝy ≡ G̃y , (2.17)

we may represent (2.16) as

f2,4b = (d − p)(p + 1)
4(d + 1) N2

x G2
x + Ĝx

{[1
8(d

2 − 1)N2
x − 1

4(d + 1)2Nx

]
Ĝx

+
[1
4(2p − d + 1)N2

x + 1
2(d + 1)(p + 1)Nx

]
Gx

}

+ Ĝy

{
1
4(d

2 − 1)NxNyĜx + 1
2(p − d)NxNyGx

+
[1
8(d

2 − 1)N2
y − 1

4(d + 1)2Ny

]
Ĝy − 1

4r2 (d + 1)N2
yGy

}
.

(2.18)

Thus the total expression for any p is given by the sum of the first G2
x term with the two

extra contributions proportional to Ĝx and Ĝy, i.e. to the “δ(0)” terms.
Using that in the dimensional regularization where d = p − 2ε (see appendix A.1)

Ĝx = 0 , Ĝy = 0 , (2.19)

we conclude that (2.18) reduces to

(f2,4b)dreg = (d − p)(p + 1)
4(d + 1) N2

x G2
x = − ε (p + 1)

4(p + 1− 2ε)N2
x G2

x . (2.20)

For p = 2, i.e. in d + 1 = 3− 2ε dimensions, Gx has no pole in ε (see (1.15) and appendix A).
We thus conclude that (2.20) vanishes in the limit d → p. The same conclusion applies
to other p > 1 brane cases.10

The expressions for the fermion contributions discussed below will have similar form:
they will also be proportional to d − p = −2ε and thus will vanish for d → p = 2 (cf. (1.14)).

3 2-loop contribution from fermions

3.1 Expansion of the fermionic part of the M2 brane action

The explicit form of the M2 brane action [12, 13] in AdS7×S4 may be found following [14, 15]
(see also [28, 29]). We review its structure in appendix B and discuss the expansion to
quartic order in the fermion field θ.

Let us first introduce the notation. Starting with the 11d Majorana spinor θ we will
analytically continue to the Euclidean signature, i.e. consider the 32 × 32 Dirac matrices
that satisfy the Clifford algebra (A = 0, . . . , 10)

{ΓA,ΓB} = 2δAB , ΓA =
(
Γα̂,Γi,Γa

)
, α̂ = 0, 1, 2 , i = 3, . . . , 6 , a = 7, . . . , 10 .

(3.1)
10Note that a similar general expressions (2.18), (2.20) is found also in the case of the AdS2 string in

AdS5 × S5 [11] but there Gx contains a pole and thus the analog of (2.20) is UV divergent.
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To account for the Wick rotation, we assume that the charge conjugation matrix C satisfies
the same properties as in the Lorentzian case: CT = −C, ΓA = −C−1ΓT

AC . Let us define
the matrices Γ∗ and Γ which satisfy

Γ∗ ≡ Γ7Γ8Γ9Γ10, Γ2
∗ = 𝕀, Γ∗ = C−1ΓT

∗ C,

[Γ∗,Γα̂] = [Γ∗,Γi] = 0, {Γ∗,Γa} = 0, (3.2)

ΓaΓbΓcΓd = ϵabcdΓ∗, ΓaΓ∗ =
1
3!ϵ

abcdΓbcd,

Γ ≡ iΓ0Γ1Γ2, Γ2 = 𝕀 , Γ = C−1ΓT C,

[Γ,Γα̂] = 0, {Γ,Γi} = {Γ,Γa} = 0, [Γ,Γ∗] = 0, (3.3)

Γα̂Γ = i

2!ϵ
α̂β̂γ̂Γβ̂γ̂ , ϵ012 = 1.

We shall choose the following κ-symmetry gauge that complements the bosonic static gauge
in the same way as in the flat target space case in [19, 20]

P θ = 0 , P ≡ 1
2
(
𝕀+ Γ

)
, P2 = P . (3.4)

Remarkably, like in the flat space case, the resulting expansion of the M2 brane action
(see appendix B.1) will then have no cubic boson-fermion-fermion coupling terms. This
substantially simplifies the computation of the corresponding 2-loop free energy.

The quadratic fermionic term in the action can be expressed in terms of the analog of
the massive AdS3 Dirac operator with mf = 3

2 [1, 30] defined by the following generalized
covariant derivative11

𝔇α = ∇α + 1
2Γ∗Γα, Γα ≡ eα̂

αΓα̂ , /𝔇 = /∇+ 3
2Γ∗ . (3.5)

Here eα̂
α is the AdS3 3-bein (gαβ = eα̂

αeβ̂
βδα̂β̂) and ∇α is the AdS3 spinor covariant derivative.

Defining

h
(2b)
αβ = h

(2x)
αβ + h

(2y)
αβ , h

(2θ)
αβ = θ̄Γα𝔇βθ, (3.6)

h
(2x)
αβ = ∂αxi∂βxi + x2gαβ , h

(2y)
αβ = ∂αya∂βya, (3.7)

one finds (see (B.35)–(B.38)) that the quadratic and quartic terms in the expansion of the
M2 brane Lagrangian that supplement the bosonic terms in (2.4) can be represented as (here
we specify to the M2 brane case of p = 2, r = 1

2)

L = L2 +T−1
2

(
L4b + L2b,2f + L4f

)
+ . . . , L2 = 1

2gαβ(h(2b)
αβ + h

(2θ)
αβ ), (3.8)

L2b,2f =
1
8gαβ(h(2x)

αβ − 2h
(2y)
αβ

)
θ̄Γ∗θ + 3

8x2gαβh
(2θ)
αβ + 1

8gαβgγδh
(2b)
αβ h

(2θ)
γδ − 1

4h(2b)αβh
(2θ)
αβ + . . . ,

(3.9)

L4f =
1
96gαβ θ̄ΓαM2

+𝔇βθ − 1
16gαδgβγh

(2θ)
αβ h

(2θ)
γδ + 1

16(g
αβh

(2θ)
αβ )2 . (3.10)

11One can formally view the 16-component fermion θ (remaining after the gauge fixing (3.4)) as a collection
of 8 2-component 3d Majorana spinors.
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We defined the following fermionic matrix (see (B.29))

M2
+ = Γ∗Γαθ θ̄Γα − 1

2(Γαβθ θ̄Γαβ + Γijθ θ̄Γij − 2Γabθ θ̄Γab)Γ∗, [Γ,M2
+] = 0 . (3.11)

In (3.9) dots stand for terms in (B.37) that will not contribute to the 2-loop free energy (they
vanish upon use of ⟨xixj⟩ ∼ δij , ⟨yayb⟩ ∼ δab, ⟨xiya⟩ = 0) so we will omit them in what follows.

Explicitly, we get from (3.9), (3.10)

L2b,2f =
1
8(∂αxi∂αxi + 3x2) (θ̄Γ∗θ + θ̄ /𝔇θ) + 1

8∂αya∂αya(θ̄ /𝔇θ − 2θ̄Γ∗θ)

+ 1
8x2θ̄ /𝔇θ − 1

4(∂
αxi∂βxi + ∂αya∂βya) θ̄Γα𝔇βθ , (3.12)

L4f =
1
96 θ̄ΓαΓβΓ∗θ θ̄Γβ𝔇αθ − 1

192 θ̄ΓαΓβγθ θ̄ΓβγΓ∗𝔇αθ − 1
192 θ̄ΓαΓijθ θ̄ΓijΓ∗𝔇αθ

+ 1
96 θ̄ΓαΓabθ θ̄ΓabΓ∗𝔇αθ − 1

16 θ̄Γα𝔇βθ θ̄Γβ𝔇αθ + 1
16(θ̄

/𝔇θ)2 . (3.13)

Anticipating the use of dimensional reduction regularization here the indices are contracted
using gαβ of AdSd+1 with d = 2− 2ε unless they are contracted with Γα matrices that restrict
them to AdS3 (Dirac algebra for Γα is assumed to be done in 3d).

3.2 Expectation values of the fermionic terms

To find the 2-loop contributions of (3.12) and (3.13) let us define the basic fermionic correlators
at coincident points that complement the bosonic ones in (2.15), (2.17)

⟨θ θ̄⟩ = −Γ∗Gθ, ⟨𝔇αθ θ̄⟩ = −ΓαĜθ, ⟨𝔇αθ𝔇βθ⟩ =
(
G̃θ Γαβ + Ḡθ gαβ

)
Γ∗ C−1 ,

(3.14)

where factors of gauge-fixing projector (3.4) are implicit. In dimensional reduction regu-
larization (see appendices A.2 and C)

Ĝθ = d − 2
2(d + 1)Gθ, G̃θ = Ĝθ , Ḡθ = −1

2(d + 2)Ĝθ . (3.15)

Note that these vanish in the strict d = 2 limit.
As a result, we get from (3.12)

⟨L2b,2f⟩ =
1
8(d + 1)NxNθĜx (3Ĝθ +Gθ) +

1
8NyNθ(d + 1)Ĝy (3Ĝθ − 2Gθ)

+
[3
8 + 9

4(d + 1)

]
NxNθGxĜθ −

3
4Nθ(NxĜx + NyĜy) Ĝθ . (3.16)

Similarly, the expectation value of (3.13) is found not to depend on Ḡθ and is given by
(see appendix C)

⟨L4f⟩ =
1
4Nθ(Ĝθ − 3G̃θ)Gθ + 1

32N2
θ Ĝθ(12Ĝθ +Gθ) . (3.17)
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4 Total 2-loop contribution

Combining (3.16) and (3.17) with the bosonic contribution in (2.18) (setting there p = 2, r =
1
2) we get the total result for the 2-loop coefficient f2 in (1.10) in a general regularization.

In dimensional reduction regularization where d = 2− 2ε we get from (3.16) and (3.17)
(see (2.17), (3.15); cf. (2.18), (2.20))

⟨L2b,2f⟩dred =3(d − 2)(d + 7)
16(d + 1)2 NxNθ GxGθ , (4.1)

⟨L4f ⟩dred =− (d − 2)
4(d + 1)Nθ

[
1− 7d − 11

16(d + 1)Nθ

]
G2

θ. (4.2)

where
Nx = Ny = 4 , Nθ = 16 . (4.3)

Like the bosonic contribution (2.20) the fermionic contributions to f2 in (4.1) and (4.2) are
all proportional to d − 2. Summing up (2.20), (4.1), (4.2) and using (4.3) we find that the
total 2-loop contribution in dimensional reduction regularization is given by12

(f2)dred = 12 d − 2
d + 1G

2
x + 12 (d − 2)(d + 7)

(d + 1)2 GxGθ + 24 (d − 2)2

(d + 1)2 G2
θ . (4.4)

It thus vanishes in the d → 2 limit as Gx and Gθ do not have poles near d = 2 (see (1.15)
and appendix A)

dred : Gx = − 1
2π

+O(ε) , Ĝx = 0 , Gy = − 1
4π

+O(ε) , Ĝy = 0 ,

Gθ = 1
2π

+O(ε) , Ĝθ = G̃θ = O(ε) . (4.5)

The same conclusion is reached also in the ζ-function regularization (see appendix A.3) where
the entries in (2.18), (3.16), (3.17) are the same as in the dimensional regularization for d = 2

ζ − reg : Gx = − 1
2π

, Ĝx = 0 , Gy = − 1
4π

, Ĝy = 0 , Gθ = 1
2π

, Ĝθ = G̃θ = 0 ,

(4.6)
so that

(f2)ζ−reg = (f2)dred = 0 . (4.7)

Note that the three terms in (4.4) vanish separately in d = 2. The vanishing of the bosonic
contribution in (2.18), (2.20) appears to be a consequence of the special structure of the
action in (2.3)–(2.8) leading to the result expressible in terms of the “δ(0)” constants Ĝx, Ĝy

(cf. (2.15), (2.17)) that vanish for d = 2 in both dimensional and ζ-function regularizations.
Then a similar vanishing of the mixed boson-fermion and the fermion contributions in (4.4)
may be attributed to the supersymmetry of the M2 brane action.

Let us note also that contribution of a priori possible ultralocal measure in the M2 brane
path integral vanishes as “δ(0)” terms are zero in the above regularizations. The measure may

12Similar expression is found in the standard dimensional regularization where instead of Ĝθ = d−2
2(d+1)Gθ

in (3.15) we have Ĝθ = 0.
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need to be accounted for in a generic cutoff regularization like the heat kernel one in which
the 2-loop correction to free energy may contain power divergences (see appendix A.3).13

5 Concluding remarks

To summarize, in this paper we computed the 2-loop correction to the free energy of
the M2 brane in AdS7 × S4 expanded near AdS3 minimal surface. Despite general non-
renormalizability of the M2 brane theory defined by the BST action (as demonstrated at 2
loops via flat-space S-matrix computation in [20]) we observed that the 2-loop AdS3 M2 free
energy is free from logarithmic UV divergences and, in fact, vanishes in either dimensional
or ζ-function regularization.

Our result implies the vanishing of the 1/N correction to the M2 brane free energy. This
appears to be in disagreement with the expected [4–6, 9] value (1.3) of the defect anomaly
coefficient b in the SU(N) (2,0) theory.

One may suspect that this disagreement is indicating that the “defect AdS/CFT” [27] or
quantum M2 brane probe description of the boundary defect CFT as proposed in [1] may be
breaking down at higher orders in the semiclassical M2 brane expansion.14 If true that would
also imply that one will fail to reproduce subleading terms in the boundary defect correlators
using perturbation theory in the AdS3 M2 brane world volume theory.15

One reason could be that since the M2 brane theory based on BST action is not UV finite
starting from 2 loops when expanded near a generic world-volume background [20] it may
require to be supplemented by certain higher-derivative counterterms. A 2-loop counterterm
(proportional to T−1

2 ) evaluated on the AdS3 background may then produce a non-zero 1/N

correction to the free energy. Unfortunately, there is no known principle (like integrability
in 2d string case) that could fix the structure of such counterterms.

As was already mentioned in the Introduction, the simplest possibility is to interpret
our result as indicating that the quantum M2 brane probe corresponds to a surface defect
in the U(N) rather than SU(N) boundary (2,0) theory where the b-coefficient should be
given by (1.17), i.e. should have no 1/N correction.

A further insight into this issue may come from performing similar 2-loop computations
in the case of M2 brane wrapped on either AdS2 × S1 [18] or S3/Zk [36] in AdS4 × S7/Zk

background defining M-theory dual of the ABJM theory. An analogy with the case discussed
above suggests that in the static gauge the expansion of the M2 brane action will also have

13One might worry about additional 2-loop contributions to the free energy arising from possible 1-loop
finite counterterms introduced to impose renormalization conditions on the 2-point functions ⟨xixj⟩ and ⟨θ θ̄⟩.
A natural requirement is that the values of the masses remain at their tree-level values, so as to keep the
conformal dimensions of the fields dual to the transverse fluctuations and fermions equal to their original
values. These fluctuations belong to the protected multiplet of operator insertions on the surface defect in the
(2, 0) theory which includes the displacement operator. It turns out, in fact, that the resulting counterterm
contributions carry the explicit d − 2 factors as in (4.4) and therefore vanish for d = 2.

14One may also wonder if N of the M-theory background may get shifted like that happens in the
AdS4 × S7/ℤk [31]. However, such shift is not expected in the maximally supersymmetric AdS7 × S4 case.

15Corrections to 2-point correlation functions of defect operators in (2,0) theory were discussed in [32–35].
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no cubic couplings and as a result the 2-loop M2 free energy will again vanish in an analytic
regularization.16 That may then be consistent with the ensemble conjecture in [23, 24].

Another example could be the 2-loop correction to the free energy of an M2 brane wrapped
on S1 × S2 in AdS7 × S4 where the expression for the (2,0) superconformal index suggests
that it should vanish [37]. The methods of the present paper should have a straightforward
generalization to these cases.
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A Regularized Green’s functions and coincident limits

A.1 Scalar in AdSd+1

For a scalar field in Euclidean AdSd+1 space subject to Dirichlet boundary conditions one
has (see, e.g., [38]))

S = 1
2

∫
dd+1σ

√
g (∇µϕ∇µϕ + m2ϕ2), (A.1)

⟨ϕ(σ)ϕ(σ′)⟩ = Gϕ(σ, σ′) , (−∇2 + m2)Gϕ(σ, σ′) = δ(σ, σ′) , (A.2)

Gϕ(σ, σ′) = Γ(∆)
2∆πd/2(2∆− d)Γ(∆− d

2)
1

(u + 2)∆ 2F1

(
∆,∆− d

2 + 1
2 , 2∆− d + 1,

2
u + 2

)
,

(A.3)

∆ = d

2 +

√
d2

4 + m2, m2 = ∆(∆− d) , u = (z − z′)2 + (wv − w′v)2

2zz′
.

(A.4)

Here u is the chordal distance which in (A.4) is specified to the Poincare coordinates,
ds2

AdSd+1
= gµν(σ)dσµdσν = 1

z2 (dz2 + dwvdwv).
To evaluate Gϕ(σ, σ′) in the coincident point limit u → 0 we use that

2F1(a, b, c; 1) = Γ(c)Γ(c − b − a)
Γ(c − b)Γ(c − a) , ℜ(c − a − b) > 0, c ̸= 0,−1,−2, . . . , (A.5)

and analytically continue in d to extend this relation beyond the above conditions on a, b, c

parameters. We then find that

Gϕ(σ, σ) ≡ Gϕ = 1
(4π)(d+1)/2

Γ(1
2 − d

2) Γ(∆)
Γ(1− d +∆) , ∂µGϕ(σ, σ′)

∣∣∣
σ=σ′

= 0 . (A.6)

16In particular, for k = 1 case the computation of free energy of “instanton” M2 wrapped on S3 in AdS4×S7

may be closely related to the one in the present paper by a certain analytic continuation (possibly modulo
zero and negative modes due to instability of M2 on S3 ⊂ S7 [36]) and thus the result may again vanish.
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Considering the second derivative of Gϕ we conclude that in dimensional regularization

∂µ∂′
νGϕ(σ,σ′)

∣∣∣
σ=σ′

≡gµνG̃ϕ , G̃ϕ=
1

2(4π)(d+1)/2
Γ(−1

2−
d
2)Γ(∆+1)

Γ(−d+∆) ,

(A.7)

G̃ϕ=−∆(∆−d)
d+1 Gϕ=− m2

d+1Gϕ , Ĝϕ≡G̃ϕ+
m2

d+1Gϕ=0 . (A.8)

We assume that the mass m is fixed, i.e. does not depend on d. In the case of the scalar
xi in (2.5) with m2 = 3 in the p = 2 case (corresponding to ∆ = 3 for d = p) one finds
setting d = 2 − 2ε, ε → 0

Gx = − 1
2π

+ 3− 4ℓ

8π
ε + . . . , G̃x = 1

2π
+ 1 + 4ℓ

8π
ε + . . . , Ĝx = 0 , ℓ ≡ log(πeγE) .

(A.9)
For the massless fluctuations ya we get

Gy = − 1
4π

− ℓ

4π
ε + · · · , Ĝy = 0 . (A.10)

A.2 Spinor in AdSd+1

Let us consider a Euclidean Dirac operator with a generalized mass term proportional to
a matrix γ̄ commuting with Dirac matrices17

/𝔇 = /∇+ m γ̄ , /∇ = γα∇α , γ̄2 = 1, [γα, γ̄] = 0 . (A.11)

The corresponding Green’s function is (see, e.g., [39, 40]; cf. (A.3))

G(σ,σ′)= 1
2m+(d+3)/2πd/2

Γ(m+ d+1
2 )

Γ(m+ 1
2)

1
(u+2)m+(d+1)/2

[
γ̄(/σγ0+γ0/σ′)F1(u)+(/σ−/σ′)F2(u)

]
,

F1(u)= 2F1

(
m+ d+1

2 ,m,2m+1,
2

u+2

)
, F2(u)= 2F1

(
m+ d+1

2 ,m+1,2m+1,
2

u+2

)
.

(A.12)

Similar expression will apply in the case of the fermionic variable θ in the M2 brane action
where (cf. (3.5), (3.14))

γα → Γα, γ̄ → Γ∗ , m → mf = 3
2 . (A.13)

In this case we find

Gθ(σ, σ) ≡ −Gθ Γ∗ , Gθ = − 1
2d+1π(d+1)/2

Γ(1−d
2 )Γ(1+d

2 + mf )
Γ(1−d

2 + mf )
, (A.14)

∇αGθ(σ, σ′)
∣∣∣
σ=σ′

= mf

d + 1ΓαGθ . (A.15)

Thus in dimensional regularization where d = 2 − 2ε and ΓαΓα = d + 1

Ĝθ ≡ −(d + 1)−1( /∇+ mfΓ∗
)
Gθ(σ, σ′)

∣∣∣
σ=σ′

= 0 . (A.16)

17Below we assume for definiteness that m > 0.
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The expansion of Gθ for ε → 0 and m = 3
2 is given by (cf. (A.9))

Gθ = 1
2π

+ 1 + 2ℓ

4π
ε + . . . . (A.17)

In dimensional reduction regularization that we used in section 3 the Dirac algebra is assumed
to be done in 3 dimensions so that ΓαΓα = 3. Defining 𝔇α as in (3.5)

𝔇α ≡ ∇α + 1
2Γ∗Γα = ∇α + 1

3mfΓ∗Γα , (A.18)

we then get (cf. (3.14), (3.15))

𝔇αGθ(σ, σ′)
∣∣∣
σ=σ′

= −ΓαĜθ , /𝔇Gθ(σ, σ′)
∣∣∣
σ=σ′

= −3 Ĝθ , (A.19)

Ĝθ = d − 2
3(d + 1) mf Gθ = O(ε) . (A.20)

A.3 ζ-function and heat kernel regularization

In the spectral ζ-function regularization we fix d = 2, i.e. consider all fields defined in
Euclidean AdS3 = ℍ3. Given a differential operator ∆ with a positive discrete spectrum
(with no zero modes), the corresponding Green’s function and heat kernel are defined as
(δ(σ, σ′) = 1√

g δ(σ − σ′))

∆G(σ, σ′) = δ(σ, σ′), K(t;σ, σ′) = ⟨σ|e−t∆|σ′⟩, ⟨σ|σ′⟩ = δ(σ, σ′) . (A.21)

For a complete set of eigenfunctions fn(σ) satisfying

∆fn(σ) = λnfn(σ),
∑

n

fn(σ)f †
n(σ′) = δ(σ,σ′),

∫
d3σ

√
g f †

n(σ)fn(σ) = δnm, (A.22)

the corresponding spectral ζ-function is defined as

ζ(s;σ, σ′) =
∑

n

fn(σ)f †
n(σ′)

λs
n

= 1
Γ(s)

∫ ∞

0
dt ts−1 K(t;σ, σ′). (A.23)

This gives

G(σ, σ′) = ζ(1;σ, σ′), ∆G(σ, σ′) = δ(σ, σ′) = ζ(0;σ, σ′). (A.24)

If the spectrum is continuous, i.e. λn → λ(ν), one may define the spectral measure µ(ν) as

∑
n

→ N
∫ ∞

0
dν µ(ν). (A.25)

For a massive scalar in ℍ3 one finds

∆ = −∇2 + m2 , µ(ν) = ν2, λ(ν) = ν2 + 1 + m2 , (A.26)

K(t;σ, σ) = 1
2π2

∫ ∞

0
dν µ(ν) e−tλ(ν) = 1

(4πt)3/2 e−t(m2+1) , (A.27)
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ζ(s) = 1
2π2

∫ ∞

0
dν

µ(ν)
[λ(ν)]s = 1

8π3/2 (1 + m2)
3
2−s Γ(s − 3

2)
Γ(s) , (A.28)

G(σ, σ) = ζ(1) = − 1
4π

√
1 + m2, δ(σ, σ′) = ζ(0) = 0 . (A.29)

To find the twice differentiated propagator at coinciding points we note that

∂µ∂′
νG(σ, σ′) = −∇µ∇νG(σ, σ′) = 1

3gµν
[
− m2G(σ, σ′) + δ(σ, σ′)

]
, (A.30)

so that using (A.29) we get

∂µ∂′
νG(σ, σ′)|σ=σ′ = 1

12π
m2

√
1 + m2 gµν . (A.31)

In the case of the squared spinor operator in (A.18) defined on ℍ3 one finds [41]18

∆ = /𝔇 /𝔇†
, /𝔇 = /∇+ mΓ∗ , (A.32)

µ(ν) = ν2 + 1
4 , λ(ν) = ν2 + m2, K(t;σ, σ) = 1

(4πt)3/2 e−tm2
(
1 + 1

2 t

)
, (A.33)

ζ(s) = m1−2s

16π3/2

(
s − 3

2 + 2m2
) Γ(s − 3

2)
Γ(s) , ζ(1) = −4m2 − 1

16πm
, ζ(0) = 0 . (A.34)

The Green’s function for the operator /𝔇 defined on the fermion θ is (cf. (A.24))

Gθ(σ,σ′)= /𝔇†
ζ(1;σ,σ′), 𝔇αGθ(σ,σ′)= 1

3Γαζ(0;σ,σ′), /𝔇Gθ(σ,σ′)=ζ(0;σ,σ′)=δθ(σ,σ′) .

(A.35)
Since on a symmetric space the coincident limit is independent of the point on the manifold,

Gθ(σ, σ) = mΓ∗ζ(1) , 𝔇αGθ

∣∣∣
σ=σ′

= 1
3γαζ(0) = 0 , 𝔇α𝔇′

βGθ

∣∣∣
σ=σ′

= 0 . (A.36)

As a result,

Gθ(σ, σ) ≡ −Γ∗Gθ , Gθ = −m ζ(1) = 4m2 − 1
16π

, Gθ

∣∣∣
m= 3

2

= 1
2π

. (A.37)

Let us note that if instead of the ζ-function regularization one uses the heat kernel (or
“proper-time”) cutoff so that

G(σ, σ′) =
∫ ∞

ϵ
dt K(t;σ, σ′) , δ(σ, σ) = K(ϵ;σ, σ′) , ϵ ≡ Λ−2 → 0 , (A.38)

then in the above bosonic and fermionic cases we find, respectively,

δ(σ, σ) = 1
4π

Λ3 − m2 + 1
(4π)3/2Λ +O(Λ−1) , G(σ, σ) = 1

4π3/2Λ−
√

m2 + 1
4π

+O(Λ−1) ,

(A.39)

δθ(σ, σ) = 1
8π3/2Λ

3 + 1− 2m2

16π3/2 Λ +O(Λ) , Gθ(σ, σ) = − 1
4π3/2Λ + 4m2 − 1

16πm
+O(Λ−1).

18Here with hermitian Γα one has /𝔇† = −Γα∂α + . . ..
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The resulting expectation value of the quartic Lagrangian given by the sum of (2.18), (3.16),
(3.17) then contains power divergences

⟨L4⟩ =
3

32π3Λ
6 − 27

32π3Λ
4 + 7

8π5/2Λ
3 − 7

128π3Λ
2 − 13

8π5/2Λ + 3241
1536π3 +O(Λ−1) . (A.40)

These may be cancelled by a contribution of an ultralocal measure in the M2 brane path
integral that may be contributing in the heat kernel regularization as here the “δ(0)” terms
are non-vanishing.

B M2 brane action in AdS7 × S4

Here we shall review the structure of the BST action [12, 13] in AdS7 × S4 [14, 15] using
its supercoset construction.

B.1 Supercoset relations

We shall assume the Euclidean signature, i.e. AdS7 = H7. This maximally supersymmetric 11d
background has the superisometry algebra 𝔬𝔰𝔭(7, 1 | 4) with the even part 𝔰𝔬(7, 1)⊕ 𝔲𝔰𝔭(4)
and the odd part represented by 32 supercharges transforming in the bi-spinor representation
of the bosonic groups. The corresponding commutation relations may be written as19

[Mrs, Mtu] = δstMru + . . . , [Pr, Mst] = δrsPt − δrtPs, [Pr, Ps] = Mrs,

[Mab, Mcd] = δbcMad + . . . , [Pa, Mbc] = δabPc − δacPb, [Pa, Pb] = − 1
r2 Mab,

[Pr, Q] = −1
2ΓrΓ∗Q , [Pa, Q] = − 1

2rΓaΓ∗Q , [Pr, Q̄] = 1
2Q̄Γ∗Γr , [Pa, Q̄] = 1

2rQ̄Γ∗Γa ,

[MAB, Q] = −1
2ΓABQ , [MAB, Q̄] = 1

2Q̄ΓAB , Q̄ = QT C ,

[Q, Q̄] = −2ΓAPA + Γ∗

(
ΓabMab −

1
r Γ

abMab

)
. (B.1)

where A, B = 0, . . . , 10 and r, s, . . . = 0, . . . , 6; a, b, . . . = 7, . . . , 10. Let us define the
supercoset element

g(X, θ) = g0(X) exp(Q) , Q = θ̄Q = Q̄θ , XA = (Xr, Xa) . (B.2)

The left-invariant Maurer-Cartan one-form can be decomposed as:

g−1dg = LAPA + 1
2LABMAB + Q̄L , LA = (Lr, La) , LAB = (Lrs, Lab) , (B.3)

where (LA, L) satisfy the structure equations:

dLA + LAB ∧ LB = L̄ ∧ ΓAL , (B.4)

dL + 1
4LAB ∧ ΓABL + 1

2La ∧ Γ∗ΓaL + 1
2rLa ∧ Γ∗ΓaL = 0 . (B.5)

19We use the notation [· , ·] for the graded commutator [U, V ] = UV −(−1)|U||V |V U, U, V ∈ 𝔤, satisfying the
graded Jacobi identity: [U, [V, W ]] = [[U, V ], W ] + (−1)|U||V |[V, [U, W ]]. The commutator [Q, Q̄] can be also
written in the 11d supergravity notation: [Q, Q̄] = −2ΓAPA + 1

144

(
ΓABCDEFFABCD + 24ΓABFABEF

)
MEF ,

where F4 = 6r4volS4 . We assume that the radius of AdS7 is 1 and the radius of S4 is r = 1
2 (cf. (1.4)). While

we formally keep track of the dependence on r, the AdS7 × S4 background is a 11d supergravity solution and
thus the M2 brane action is consistent (κ-symmetric) only for r = 1

2 .
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Using (B.2) the 1-form in (B.3) may be represented as

g−1dg = e−ad Q(g−1
0 dg0) +

1− e−ad Q

adQ dQ

= g−1
0 dg0 − (adQ/2)

sinh2(ad Q
2 )

(ad Q
2 )2

DQ+ sinh(adQ)
adQ DQ ,

(B.6)

where ad (Q) = [Q, ·] and D denotes the Killing spinor derivative defined as20

DQ = dQ+ [g−1
0 dg0,Q] . (B.7)

The bosonic 1-form expanded in the generators may be written as

g−1
0 dg0 = EAPA + 1

2Ω
ABMAB , EA = (Er, Ea), ΩAB = (Ωrs,Ωab) . (B.8)

Explicitly, we find

DQ = Q̄(Dθ) , Dθ = dθ + 1
4Ω

ABΓABθ + 1
2Γ∗

(
EaΓa + 1

rEaΓa

)
θ . (B.9)

Let us also define the fermion bilinear M2 as

ad 2Q(Q̃) = [θ̄Q, [θ̄Q, Q̄θ̃]] = Q̄M2θ̃ , Q = θ̄Q, Q̃ = Q̄θ̃ , (B.10)

M2 = Γ∗

(
Γrθ θ̄Γr + 1

rΓaθ θ̄Γa
)
− 1

2

(
Γrsθ θ̄Γrs − 1

r Γabθ θ̄Γab
)
Γ∗ . (B.11)

Then from (B.6) we get

g−1dg = g−1
0 dg0 + 4θ̄ΓA

(sinh2 M
2

M2 Dθ

)
PA + Q̄

(sinhM
M

Dθ

)
− 2θ̄Γ∗Γrs

(sinh2 M
2

M2 Dθ

)
Mrs +

2
r θ̄Γ∗Γab

(sinh2 M
2

M2 Dθ

)
Mab . (B.12)

Let us split the H7 indices as r = (α̂, i) where α̂ is the AdS3 tangent-space index and i labels
the 4 transverse directions. In the static gauge we set (using parametrization that makes
the transverse SO(4) × SO(4) symmetry manifest)

X = (σα, xi, ya) , g0(X) = gH3(σ) exp
(arctanh |x⃗|/2

|x⃗|/2 xiPi

)
exp

(arctan |y⃗|/(2r)
|y⃗|/(2r) yaPa

)
,

(B.13)

where |x⃗| =
√

xixi, |y⃗| =
√

yaya and gH3(σ) denotes any parametrisation of a totally geodesic
H3 ⊂ H7. The H7 × S4 metric is determined by the bosonic 1-form EA and has the same
form as in [1] (cf. (2.1), (2.3))

g−1
H3 dgH3 = eα̂Pα̂ + ωα̂β̂Mα̂β̂ , Eα̂ =

(1 + 1
4x2)

(1− 1
4x2)

eα̂ , Ei = dxi

1− 1
4x2 , Ea = dya

1 + 1
4r2 y2 ,

ds2
H7 =

(1 + 1
4x2)2

(1− 1
4x2)2 ds2

H3 +
dxidxi

(1− 1
4x2)2 , ds2

S4 = dyadya

(1 + 1
4r2 y2)2 . (B.14)

20Note that the Killing spinor on H7 × S4 can be obtained using the adjoint action (see also [42]): Qkil =
ϵ̄(g−1

0 Qg0).
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Here eα̂ = eα̂
αdσα and ωα̂β̂ correspond to the 3-bein and spin connection of H3. For example,

in the upper half-plane parametrization of H3 (σα = (σ0, σ1, σ2) = (z, wv))

ds2
H3 = 1

z2
(
dz2 + dwvdwv) , eα̂ = 1

z
dσα , ωα̂β̂ = 1

z

(
δα

0 dσβ − δβ
0 dσα) . (B.15)

The spin connection ΩAB is explicitly given by Ωα̂β̂ = ωα̂β̂ and

Ωα̂i = −Ωiα̂ = eα̂xi

1− 1
4x2 , Ωij = −1

2
xidxj − xjdxi

1− 1
4x2 , Ωab = 1

2r2
yadyb − ybdya

1 + 1
4r2 y2 .

(B.16)

B.2 Expansion of the M2 brane action

The BST action for the supermembrane in H7 × S4 can be written as [14] (cf. (1.6), (1.7))

S = T2

(∫
d3σ

√
h + i

∫
M4

H4

)
, hαβ = LA

α LA
β , (B.17)

H4 = 1
8rϵabcdLa ∧ Lb ∧ Lc ∧ Ld − 1

2 L̄ ∧ ΓABL ∧ LA ∧ LB, (B.18)

where LA
α = LA

M ∂αXM and H4 is a closed 4-form which is integrated over a 4d manifold that
has the AdS3 world volume as its boundary.21 The action is invariant under the κ-symmetry
which can be represented as a right action on the supercoset element

g(X, θ) = g0(X) exp(Q) 7→ g0(X) exp(Q) exp(δθ̄Q) . (B.19)

The corresponding vector field κ generating a diffeomorphism on the coset satisfies22

ικ(g−1dg) = g−1δg = δκθ̄ Q , ικL̄ = δκθ̄ , ικLA = 0 , ικLAB = 0 . (B.20)

Explicitly, the transformation under the κ-symmetry may be represented as

δκθ = Pκ , P = 1
2
(
𝕀+ Γ

)
, (B.21)

Γ ≡ i

3!
√

h
ϵαβγLA

α LB
β LC

γ ΓABC , Γ2 = 𝕀 , hαβLA
β ΓAΓ = i

2!
√

h
ϵαβγLA

β LB
γ ΓAB .

(B.22)

To expand the action in powers of θ it is convenient to do a rescaling

θ → sθ , Ls ≡ L(sθ) , LA
s ≡ LA(sθ) . (B.23)

21Its closure follows from (B.4), (B.5) for r = 1
2 combined with the 11d Fierz identity (here p, q, . . . are

spinor indices):
L̄ ∧ ΓABL ∧ L̄ ∧ ΓAL = 0 ↔ (ΓA)(pq(ΓAB)uv) = 0.

22A vector field κ defines a contraction of the same parity as κ, i.e., for a one-form α: ικα = ⟨κ, α⟩, and
ικ(α ∧ β) = ικα ∧ β + (−1)|κ|·|α|α ∧ ικβ.
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It then follows, by considering the special case of (B.19) with δθ = δs θ and using that
Ls=0 = 0, that the WZ term in (B.17) can be written as:∫

M4
H = 6r4

∫
M4

volS4 −
∫

d3σ ϵαβγ
∫ 1

0
ds θ̄ΓABLα s LA

β sLB
γ s . (B.24)

Imposing the κ-symmetry gauge as in (3.4), i.e.

Pθ = 0 , P = 1
2
(
𝕀+ Γ

)
, Γ = iΓ012 , (B.25)

the expansion of the basic 1-forms in (B.23) in terms of θ takes the form

LA
s = EA + s2θ̄ΓADθ + 1

12s4θ̄ΓAM2Dθ +O(s6) , Ls = sDθ + 1
6s3M2Dθ +O(s5),

(B.26)
where M2 was defined in (B.11). As a result, the induced metric and the integrand in the
WZ term in (B.24) take the form

hαβ =LA
α LA

β =
(

EA
α +θ̄ΓADαθ+ 1

12 θ̄M2Dαθ+...

)(
EA

β +θ̄ΓADβθ+ 1
12 θ̄M2Dβθ+...

)
,

(B.27)

θ̄ΓABLs∧LA
s ∧LB

s = θ̄ΓAB

(
sDθ+1

6s3M2Dθ

)
∧(EA+s2θ̄ΓADθ)∧(EB+s2θ̄ΓBDθ)+...

It is convenient to decompose the operators acting on spinors as

D = D+ + D− , ΓD+ = D+Γ , ΓD− = −D−Γ , (B.28)

D+ = d + 1
4Ω

α̂β̂Γα̂β̂ + 1
2Eα̂Γ∗Γα̂ + 1

4Ω
ijΓij +

1
4Ω

abΓab ,

D− = 1
2Ω

α̂iΓα̂Γi +
1
2EiΓ∗Γi +

1
2rEaΓ∗Γa ,

M2 = M2
+ +M2

− , ΓM2
+ = M2

+Γ , ΓM2
− = −M2

−Γ , (B.29)

M2
+ = Γ∗Γα̂θθ̄Γα̂ − 1

2

(
Γα̂β̂θθ̄Γα̂β̂ + Γijθθ̄Γij − 1

r Γabθθ̄Γab
)
Γ∗ ,

M2
− = Γ∗

(
Γiθθ̄Γi + 1

rΓaθθ̄Γa
)
− Γα̂Γiθθ̄Γα̂ΓiΓ∗ .

Since Γθ = θΓ, in the above κ-symmetry gauge (B.25) one needs to consider only the terms
which involve an even number of operators reversing the Γ-chirality. Using that ΓΓα̂ = Γα̂Γ
and ΓΓi = −ΓiΓ, we find

Lα̂
s = Eα̂ + s2θ̄Γα̂D+θ + s4

12 θ̄Γα̂M2
+D+θ + s4

12 θ̄Γα̂M2
−D−θ +O(s6) , (B.30)

Li,a
s = Ei,a + s2θ̄Γi,aD−θ + s4

12 θ̄Γi,aM2
+D−θ + s4

12 θ̄Γi,aM2
−D+θ +O(s6) , (B.31)

Ls = L+
s + L−

s , L±
s = sD±θ + s3

6 M2
+D±θ + s3

6 M2
−D∓θ +O(s5) . (B.32)

The spinor covariant derivative can be further expanded in the bosonic fluctuations as

D+ = 𝔇+ 1
4x2eα̂Γ∗Γα̂ − 1

4xidxjΓij +
1
4r2 yadybΓab +O(X4) , 𝔇 = ∇+ 1

2eα̂Γ∗Γα̂ ,

(B.33)
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D− = 1
2eα̂xiΓα̂Γi +

1
2dxiΓ∗Γi +

1
2rdyaΓ∗Γa +O(X3) , (B.34)

where 𝔇 is the pull-back of the Killing spinor derivative to the H3 surface (cf. (3.5)).
As a result, using the definitions in (3.6), (3.7) we find the following expansion of the M2

brane Lagrangian to quartic order in the fluctuation fields (cf. (2.4), (3.8)–(3.10))

L=L2+T−1
2

(
L4b+L2b,2f+L4f

)
+... , L2=

1
2gαβ(h(2b)

αβ +h
(2θ)
αβ ), (B.35)

L4b=
1
4x2gαβh

(2x)
αβ − 1

4r2 y2gαβh
(2y)
αβ −1

4gαδgβγh
(2b)
αβ h

(2b)
γδ +1

8(g
αβh

(2b)
αβ )2

+ i

8r√g
ϵαβγϵabcdya∂αyb∂βyc∂γyd , (B.36)

L2b,2f =
1
8gαβ(h(2x)

αβ −2h
(2y)
αβ

)
θ̄Γ∗θ+

3
8x2gαβh

(2θ)
αβ +1

8gαβgγδh
(2b)
αβ h

(2θ)
γδ −1

4h(2b)αβh
(2θ)
αβ

−1
2xi∂βxj θ̄γβΓijθ+ 1

2r2 ya∂βyb θ̄γβΓabθ+
1
2 θ̄γα(∂αxiΓi+∂αyaΓa)xjΓjθ

+1+r
4r ∂αxi∂αya θ̄Γ∗ΓiΓaθ− i

2√g
ϵαβγ θ̄γβ(∂γxiΓi+∂γyaΓa)

(
∂αxjΓj−

1
r ∂αyaΓa

)
Γ∗θ

− i

2√g
ϵαβγ θ̄(Γij∂βxi∂γxj+2ΓiΓa∂βxi∂γya+Γab∂βya∂γyb)𝔇αθ, (B.37)

L4f =
1
96gαβ θ̄ΓαM2

+𝔇βθ− 1
16gαδgβγh

(2θ)
αβ h

(2θ)
γδ + 1

16(g
αβh

(2θ)
αβ )2 . (B.38)

C Fermionic correlators

Here we provide some details of the computation of the quadratic and quartic fermionic
correlators used in (3.14)–(3.17).

We need to evaluate the expectation value of 2-fermion operators of the form ⟨θ̄Wθ⟩,
⟨θ̄W∇αθ⟩, where W is a string of gamma matrices containing Γα and also Γi,Γa matrices
with transverse indices. One requires (CW )T = −CW for these combinations to be non-zero.
As a result, we may apply the antisymmetric projection

CW → 1
2(CW − (CW )T ) , W → 1

2(W + C−1W T C) . (C.1)

The basic definitions are (here p, q are spinor indices and θ̄ = θT C)

⟨θp(σ) θ̄q(σ′)⟩ = (Gθ) q
p (σ, σ′), ⟨θpθq⟩ = (GθC−1)pq , ⟨θ̄Wθ⟩ = −tr[GθW ] , (C.2)

where also (GθC−1)T = −GθC−1. For correlators where the fermionic field is differentiated
we have

⟨θ̄W∂θ⟩ = −tr[∂Gθ W ] , ⟨∂θpθq⟩ = (∂GθC−1)pq. (C.3)

We may consider also ⟨(∇αθ(σ))p θq(σ′)⟩ = (∇αGθ(σ, σ′)C−1)pq that leads to (A.15). In
particular (cf. (A.20))

⟨θ̄ /𝔇θ⟩ = 3Nθ Ĝθ , ⟨θ̄Γ∗θ⟩ = Nθ Gθ , (C.4)
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where the factor of Nθ = 16 comes from the trace over the spinor indices (θ assumed to
be subject to the κ-symmetry gauge in (B.25)).

For a correlator with 2 derivatives at the coincident points we get (assuming dimensional
reduction regularization)

⟨(∇αθ)p (∇βθ)q⟩ ≡ (SαβC−1)pq , Sαβ = 1
4

[
Γαβ − d(d + 1)− 4m2

d + 1 gαβ

]
Γ∗ . (C.5)

Similarly (cf. (3.14))

⟨(𝔇αθ)p(𝔇βθ)q⟩≡ (ŜαβC−1)pq, Ŝαβ = 1
4

[(
1+4

9
d−5
d+1m2

)
Γαβ−

(
d− 4

9
d+4
d+1m2

)
gαβ

]
Γ∗ ,

(C.6)

Ŝαβ

∣∣∣
mf = 3

2

= d−2
4(d+1)

[
2Γαβ−(d+2)gαβ

]
Γ∗Gθ . (C.7)

This correlator vanishes in d = 2 in agreement with (3.15).
For correlators of 4 fermions we have23

⟨θ̄Wθ θ̄W̃ θ⟩ = tr[WGθ]tr[W̃Gθ]− 2tr[WGθW̃Gθ] , (C.8)

⟨θ̄W∂θ θ̄W̃ θ⟩ = tr[W∂Gθ]tr[W̃Gθ]− 2tr[W∂GθW̃Gθ] , (C.9)

with similar more involved expressions when the two fermions are differentiated.
Below we will consider the fermionic correlators at coincident points assuming generic

regularization. Let us start with

Q(4)
1 ≡ ⟨θ̄Γβ𝔇αθ θ̄ΓαΓβΓ∗θ⟩ (C.10)

and first apply the projection in (C.1) using C−1(ΓαΓβΓ∗)T C = ΓβΓαΓ∗, so that ΓαΓβΓ∗ →
1
2(ΓαΓβΓ∗ + ΓβΓαΓ∗) = gαβΓ∗. Then (using the definitions in (3.14), (A.14), (A.15), (A.20))

Q(4)
1 = ⟨θ̄Γβ𝔇αθ θ̄ΓαΓβΓ∗θ⟩ = ⟨θ̄ /𝔇θ θ̄Γ∗θ⟩

= trP [−3Ĝθ]trP [Γ∗(−Γ∗Gθ)]− 2trP [−3ĜθΓ∗(−Γ∗Gθ)]
]
= 3(N2

θ − 2Nθ) Ĝθ Gθ, (C.11)

where trP stands for the spinor trace under the κ-symmetry projection in (3.4), (B.25) so that
trP 𝕀 = Nθ = 16.24 In dimensional reduction regularization with Ĝθ given by (3.15), (A.20)
we get

Q(4)
1 = 3

2
d − 2
d + 1(N

2
θ − 2Nθ)G2

θ . (C.12)

23Here W and W̃ are two different combination of Γ matrices.
24It is useful to recall some standard Dirac matrix relations: {Γα,Γβ} = 2gαβ , gα

α = d + 1 so that

ΓαΓβΓα = −(d − 1)Γβ , ΓαΓβγΓα = (d − 3)Γβγ , ΓαΓβγδΓα = −(d − 5)Γβγδ,

tr[ΓαβΓαβ ] = −d(d + 1) tr 𝕀 , tr[ΓαβγΓαβγ ] = −d(d2 − 1) tr 𝕀 .
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Similarly, we find (using definitions in (3.14))

Q(4)
2 ≡ ⟨θ̄Γα𝔇βθ θ̄Γβ𝔇αθ⟩ = 3 Ĝ2

θ N2
θ − (9Ĝ2

θ − 6G̃θGθ + 3ḠθGθ)Nθ. (C.13)

In the dimensional reduction regularization this gives

Q(4)
2 = 3

4
d − 2

(d + 1)2
[
(d − 2)N2

θ + (12 + 4d + d2)Nθ

]
G2

θ. (C.14)

The results for other relevant quartic correlators found in an analogous way are summa-
rized below

Q(4)
1 = ⟨θ̄Γβ𝔇αθ θ̄ΓαΓβΓ∗θ⟩ = 3(N2

θ − 2Nθ) Ĝθ Gθ

Q(4)
2 = ⟨θ̄Γα𝔇βθ θ̄Γβ𝔇αθ⟩ = 3Ĝ2

θ N2
θ − (9Ĝ2

θ − 6G̃θGθ + 3ḠθGθ)Nθ

Q(4)
3 = ⟨θ̄ /𝔇θ θ̄ /𝔇θ⟩ = 9Ĝ2

θ N2
θ − (9Ĝ2

θ + 6G̃θGθ + 3ḠθGθ)Nθ

Q(4)
4 = ⟨θ̄ΓβλΓ∗𝔇αθ θ̄ΓαΓβλθ⟩ = 12 ĜθGθNθ

Q(4)
5 = ⟨θ̄ΓijΓ∗𝔇αθ θ̄ΓαΓijθ⟩ = 72 ĜθGθNθ

Q(4)
6 = ⟨θ̄ΓabΓ∗𝔇αθ θ̄ΓαΓabθ⟩ = 72 ĜθGθNθ

(C.15)

In the dimensional reduction regularization that gives

Q(4)
1 = ⟨θ̄Γβ𝔇αθ θ̄ΓαΓβΓ∗θ⟩ = 3

2
d−2
d+1(N

2
θ − 2Nθ)G2

θ

Q(4)
2 = ⟨θ̄Γα𝔇βθ θ̄Γβ𝔇αθ⟩ = 3

4
d−2

(d+1)2 [(d − 2)N2
θ + (12 + 4d + d2)Nθ] G2

θ

Q(4)
3 = ⟨θ̄ /𝔇θ θ̄ /𝔇θ⟩ = 3

4
(d−2)2
(d+1)2 [3N2

θ + (d − 2)Nθ] G2
θ

Q(4)
4 = ⟨θ̄ΓβλΓ∗𝔇αθ θ̄ΓαΓβλθ⟩ = 6 d−2

d+1Nθ G2
θ

Q(4)
5 = ⟨θ̄ΓijΓ∗𝔇αθ θ̄ΓαΓijθ⟩ = 36 d−2

d+1Nθ G2
θ

Q(4)
6 = ⟨θ̄ΓabΓ∗𝔇αθ θ̄ΓαΓabθ⟩ = 36 d−2

d+1Nθ G2
θ

(C.16)
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