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Maximal regularity for elliptic operators with second-order
discontinuous coefficients

G. METAFUNE, L. NEGRO AND C. SPINA

Abstract. We prove maximal regularity for parabolic problems associated to the second-order elliptic
operator

N

XiX; X _

L=A+@-1) Y ﬁDij—i-cW-V—blxl 2
i,j=1

with a > 0 and b, c real coefficients.

1. Introduction

In this paper, we consider second-order elliptic operators of the form

N
XiXj X )
L=A+(a 1)5231 o D,,+c|x|2 V — blx| (1)
witha > 0 and b, c constant real coefficients. The leading coefficients are uniformly
elliptic but discontinuous at 0, if a # 1, and singularities in the lower order terms
appear when b or c is different from 0. The operator commutes with dilations, in the
sense that IS_ILIS = 2L, if Lu(x) = u(sx). When ¢ =0 and a = 1, L reduces to a
Schrodinger operator with inverse square potential. Operators of this form have been
widely investigated in previous works. In particular generation properties of analytic
semigroups in L? spaces endowed with the Lebesgue measure, sharp kernel estimates
and Rellich-type inequalities have been proved (see [3,10-16]). Here, we prove that
the following parabolic problem associated with L
{B,M(t) —Lu(t) = f(t), t>0, )
u(0)=20
has maximal LY regularity, that is for each f € L9(0, oo; X) there exists u €
W14(0, oo; X) N L9(0, oo; D(L)) satisfying (2). Here, X is the underlying function
space where L acts and D(L) is the domain of L in X.
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The functional analytic approach we use for proving maximal regularity is widely
described in [9] and in the new books [6,7]. The whole theory relies on a deep interplay
between harmonic analysis and structure theory of Banach spaces but largely simplifies
when the underlying Banach spaces are L? spaces, by using classical square function
estimates. This last approach has been employed extensively in [4], showing that
uniformly parabolic operators have maximal regularity, under very general boundary
conditions. Here, we show that the same happens for a class of degenerate second-order
operators.

We deduce maximal regularity from the R-boundedness of the generated semigroup
in closed sectors of the right half plane, see [4, Chapter 4]. This last is deduced through
an extrapolation result in [1] which involves a family of Muckenhoupt weighted esti-
mates. We show that L has maximal regularity in L” when it generates a semigroup
in L?, that is when the necessary and sufficient conditions of Theorems 2.1 and 2.2
are satisfied. We consider L? spaces with respect to radial power weights |x|™ not
just for the sake of generality but because our proof relies on weighted estimates: we
are unable to obtain the result just fixing the Lebesgue measure or the symmetrizing
measure but we have to work simultaneously in different homogeneous spaces. Our
result is known for Schrédinger operators with inverse square potentials, due to a re-
cent result of Bui, see [2]. We adopt his strategy in Sect. 4.1 but new complications
arise due to the lack of symmetry of L in L” (R"). At a first sight one could think that
the symmetrizing measure (see Sect. 3) plays the same role as the Lebesgue measure
for Schrodinger operators. This is not true, however, and there are situations where the
symmetrizing measure is not doubling and the whole machinery of harmonic analy-
sis in homogeneous spaces breaks down. Let us explain these points by considering
Proposition 4.9. If 1, is the Lebesgue measure, maximal regularity follows if L gen-
erates in L2, which is not always the case since L is not symmetric. On the other
hand, if p,, is the symmetrizing measure |x|”dx, one needs N 4+ y > 0 in order to
work with a doubling measure and this condition would impose extra conditions on
the coefficients of L, not needed for the generation of a semigroup. The generality of
the weights |x|” allows to play with an extra parameter m, prove maximal regularity
when |x|"dx is doubling and L generates both in L?(d,,) and in L? (d1,,) and then
recover the general situation by similarity transformations. When |x|™ is doubling,
that is when m + N > 0, R boundedness follows from domination of the semigroup
by maximal functions. Both the Euclidean maximal function M f and the weighted
maximal function M, f are used and the proof distinguish between m > 0 and
—N <m <0, where |x|" € A).

The paper is organized as follows. In Sect. 2 we briefly recall generation results
for the operator L in L? spaces with respect to the Lebesgue measure and sharp
pointwise kernel estimates needed in the following. Then, in Sect. 3, we consider
the same operators in weighted L? spaces with weights of the form |x|™. A suitable
transformation allows to deduce generation results and kernel estimates in weighted
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spaces from the previous ones. Section 4 is devoted to the main maximal regularity
result.

Notation. We use Q for RV\{0}. The unit sphere {||x|| = 1} in RY is denoted by
SN=1 We denote by C := {z; Rez > 0}andfors > 0, Xs = {z € C : |Argz| < 8}.
We adopt standard notation for L?” and Sobolev spaces and the Lebesgue measure is
understood when no measure is explicitly written.

2. Generation results in L? (RV)

In this section, we recall, without proofs, the main results concerning generation
and domain characterization proved in [13,15]. Kernel estimates are, instead, proved
in [3,11,16].

If 1 < p < oo, we define the maximal operator L, max through the domain

D(Lpmax) = {u e LP(RN) N W2PRV\{0}) : Lu € L”(RN)} . 3)

The operator L, min is defined as the closure, in L” (RN) of (L, cr (RM\{0}) (the
closure exists since this operator is contained in the closed operator L ymax) and it is
clear that L min C L p max-

Let us employ spherical coordinates on R\ {0}. For every x € RV \{0} we write
X =rw, where r := |x|, o := \i_l e SV Ifu € C2RY), D,u, D,,u are the radial
derivatives of u and Vi u is the tangential component of its gradient. They are defined
through the formulas

N N
Xi XiXj X V,u
D,u = E Dyu—, Dyu= E Dx;x,-” —5 Vu =D,u— + .
r : r [x] r
i=l ij=1

Denoting by A the Laplace-Beltrami operator on S¥~!, the operator L takes the
form
N—-1+c¢ b— Ay

L=aD; + ———D, — —5—. “)
r r

The equation Lu = 0 has radial solutions |x| ™!, |x|™52 where s1, 52 are the roots of
the indicial equation f(s) = —as’+(N—=14c—a)s+b=0 given by

N—-1+c—a N—-1+c—a
slzzT—\/B, S2:=T+\/B (®)]

where

b (N—1l4+c—a\?
D;:_+<$>. (6)
2a
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Introducing the parameter

N—-1+4c
y=———N+1. 7

we may write

N+y-=2 N +y —2)?
512_—; F VD, D—a —( Z )

The above numbers are real if and only if D > 0. In the critical case D = 0, we
often write s for s; = 5. When D < 0 the equation u — Lu = f cannot have positive
distributional solutions for certain positive f, see [15].

Assuming D > 0 we have shown in [13,15] that there exists an intermediate
operator L, min C Lpint C Lp max Which generates a semigroup in L” (RN ) if and
only if % € (s1, 52 + 2). From now on, we assume that D > Oand 1 < p < o0
throughout this paper.

Theorem 2.1. Assume that D > 0. If% € (51,85 + 2) thatis 51 < % — 260 < so for
some 6 € (0, 1], then L endowed with domain

D(Lp,ind) = {u € D(Lpmac); 1xI7*u € L)
generates a bounded positive analytic semigroup of angle /2 on LP. Moreover,
D(Lpin) = {u € D(Lpmax); (LA 1xD* 72D, (LA D'V, [x] 7 u € LP)
for all/one 6 as above. In particular, if s1 + 2 < % < 8§+ 2, thend =1 and
D(Lpin)) = {u € W*PRY); |x|7'Vu, |x|%u € LP}.
When % & (51,52 +2), then o (L) = C for every L p min C L C Lp max-

Theorem 2.2. Assume that D = 0. If % € (50, S0 + 2), then L endowed with domain
2
D(Lpin) = {u € D(Lpuma)i e[ [1og [x|| 7u € LP(By)}

with 6y = %(so - %) € (0, 1) generates a bounded positive analytic semigroup of

angle w/2 on LP. Moreover,

ue Wap (RN\B )

X% llog ]| > Du € L7 (By).

x|'=2%] log |x|| "7 Vi € LP (31
26 2

x| 2% log |x|| " Pu € L? (B%>

D(Lp,int) =qucec D(Lp,max);

\—/M

When % ¢ (50, 50 +2), then o (L) = C for every L min C L C L p max-
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We refer the reader to [15, Theorem 3.29] for a detailed discussion of the inclusion
D(Lpint) C W2P(RN). As a consequence of the previous results, L generates a
semigroup in some LP(IRN), 1 < p < oo, if and only if (51,52 +2) N[0, N] # @.
We remark that, in general, the generated semigroup is not contractive. If @ = 1, in
fact, it is contractive if and only if 51 < (N — 2)/p < s2, see [13, Proposition 4.2].

The formal adjoint of L is given by

N
= YiXjoy -}
L*_A+(a—1).ZWD”+cW'V—bm (®)
i,j=1
where ¢* =2(N — 1)(a— 1) —cand b* = b+ (N —2)(c — (N — 1)(a — 1)).
Let us compute the numbers s, 55, D* defined as in (5), (6) and relative to L*. We
have

b* (N—1+c*—a\’
D* = — + (ﬁ) =D, ©))
a 2a
N—1l4c"—a a—1)(N-1)—c
s]“zzz—:Fx/D*zsl,z—l—( X ) =N-2—-s].
’ 2a a
(10)
Observe that % > s1 is equivalent to % < 55 + 2 and % < §7 is equivalent to
N

o> s7 + 2. Similarly, % > §1 + 2 is equivalent to % < §5 and % < sy +2is
equivalent to % > s}

L is formally self-adjoint, thatis L = L*, if and only if ¢ = (@ — 1)(N — 1), that is
when y = 0. Note also that N — sf =sy+2andsr; +2—51 =2+ 2/D. Moreover,
s1+2 <spifand only if D > 1.

The coefficients of the formal adjoint L* of L, taken with respect to the Lebesgue
measure and defined in (8), then satisfy

y*=—y, ¢*=c—2ay, b*=b+a(N -2y, si,=s12—V. (11
Proposition 2.3. If p, g satisfy the hypotheses of Theorems 2.1 or 2.2, then the gen-

erated semigroups coincide in L (RN) N LY(RN). Moreover, (Lpin)* = L;’,im'

In the following propositions we write the above results in a different way and we

also clarify when L i coincides with L, min OF L max. To shorten the notation we
write

N Nt o >0,
— =1 (12)
o oo, if <0,

Proposition 2.4. The following properties are equivalent

(i) There exists an intermediate operator L min C Lpint C L p max Which gener-
ates a semigroup on LP (RV).
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(i) (s1,82+2)N[0,N] # @and% € (s1, 52 + 2).
—51 —s* 1 RN h . * N ' N
(i) |x|7%, [x| 751 € L, (RY) that is 51, s < N and E <p<§.

We now characterize L iy coincides with L, min 0r L max.

Proposition 2.5. If D = 0 then L, min C L p.int © L p,max, whereas if D > 0 then

=

N I
® Lyint = Lp max if and only lf% € (s1, 52] or equivalently ( o 2) <p<
S
1
N

S1
N /
® Lyint = Lp min if and only if% € [s1 + 2, 52 4+ 2) or equivalently <—*> <
1
N
< .
51 +2
Therefore, the following properties are equivalent:

1) Lp,int = Lp,min = Lp,max;

(i) D > 1 and N /< < N
11 an
- ST—FZ _p_S1+2

(i) s1+2 <5 and% € [s1+ 2, s2].

Next we show that, under the assumptions of Theorems 2.1 and 2.2, the generated
semigroup el consists of integral operators, see [3,11].
Forz e Cy,x =rw,y =pn,r, p >0, |o| =|n| =1, let

1 r2 r
. y s1—v D 1% (n)
pL(z, x,y) == 202" (rp)~ eXP{ daz } E ﬁ< )Zw ).

13)

Here, I, is the modified Bessel function of order & > 0, fo ) is the zonal spherical
harmonic of order n € Ny and D,, :== D + M

Theorem 2.6. Assume that p €]1, oo[ satisfies the condition of Proposition 2.4. Then,

Liw = [ pernfody Rezs 0 xye@ ferr(Y). a4
RN

Moreover, the following properties hold.

(1) pr is analytic on C, for every fixed x, y € Q, it is continuous on C x Q x
and pr|y|™Y is symmetric on Q x 2 for every fixed z € C. Furthermore, one
has

_N X y N
s, X, y) =52 ,—,—), zeC4, s>0, x,yeRY\{0}.
pL(z y) PL(Zﬁ JE) z + y \{0}
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(ii) For every & > 0, there exist C; > 0 and k¢ > 0 such that for z € C satisfying
largz| < 7 — e, and (x,y) € Q x Q

—s1 —s7 2
N X X —
proxyl < Cola ¥ (A Dy exp(—' Yl )
|z|2 |z]2 Kelz|

_r —s1+% —s1+% 2
oy (lx\T2 dxd |yl lx =yl
~Celz| 2 | — — A1 — A1 exp | — .
] 2|2 2|2 Ke|z]

where s1 is defined in (5) and si" in (10).
(iii) For every 1 < p,q < oo satisfying the condition of Proposition 2.4, the semi-
groups generated by L, respectively, in L (RN ) and in L1 (RN ) are consistent.

Proof. The existence of the heat kernel as well as its regularity is proved in [3, Theo-
rems 4.3 and 4.5, Corollary 4.6] and in [16] (note that by [16, Lemma 5.4] the semi-
groups in L” (RN ) and in L? (RN , |x|V), as well as their generators, are consistent).
The decomposition (13) of p;, in spherical harmonics is proved in [3, Theorem 4.3],
[11, Proposition 6.7]. (ii) is proved in [3, Corollary 4.6]. The second inequality in
(ii) can be proved as in [16, Corollary 4.15]. The consistency of e/ in all the spaces
L? (RN ) follows after observing that the kernel py is independent of p. 0

In particular, when s1, s} < O the heat kernel of the generated semigroup satisfies
Gaussian estimates.

3. Generation results in L? (RY, |x|™dx)

In this section, we consider the operator L (keeping the assumption D > 0) in the
space L?(RM, du,,) where du,, = |x|™dx, m € R. The case m = y, defined in (7),
is important since this measure symmetrizes the operator and will be discussed at the
end of this section. The weighted case is deduced by the unweighted one by the use
of the following multiplication operator.

Proposition 3.1. Fork € R, let
Teu(x) := |x[fu(x), x e Q.

Then, Ty maps isometrically L? (2, dx) onto LP (2, |x|~*Pdx). Foreveryu € Wlf)’cl (2)
one has

T_«LTyu = Lu

where L is the operator defined as in (1) with parameters b, ¢ replaced, respectively,
by

b=b—ak(N—2+y +k), &=c+2ak. (15)
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Moreover, the discriminant D and the parameter y, 512 0fl~, defined as in (5), (6)
and (7) are given by

D=D, Si2=s12+k, S5{y,=s{,—k V=y+2k (16)

SV we

Proof. Employing spherical coordinates x = rw, r = |x|, ® = x/|x| €
immediately get

D, Teu(x) = r*Dyu + kr¥u.
Dy Tru(x) = rkDr,u + 2krk71Dru + k(m — l)rkfzu_
AoTiu(x) = r* Aou.

Then, recalling (4) one has

LTiu(x) = r [aDrru + Zakr_lDru + ak(k — l)r_zu

N-—1 b—A
+—+C(Dru+kr*1u) - 5 O]
r r
N-—1 2ak
=rk[aDrru+$Dru
r
u Ao
—(b—k(N—1+c+a(k—1)))—2—|——2]
r r

= Tkiu,

which is the first required claim. The second assertion follows from the definitions
(5), (6) since

. b (N—14+¢—a\> b N —1+c—a+2ak\>
p=ly(Nzltea =——k(N—=2+y+k+ te-atia
a 2a a 2a
b N—-1+c— 2
=7—k(N—2+y)—k2+<#+k)
a 2a
N—l4c—
—D-k(N—24p) +kr1FCT0_p
a

If 1 < p < oo, we define fork = —m/p
DL pmas) = Ti (DL pma) )+ DL pomin) = Tic (DA pmim)) (A7)
and

DL pin) = T (DL pin0))

= {u € D(Ly,p.max); |x|729u elL? (RN,d//Lm)} (18)
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as one easily verifies (with the usual logarithmic correction when D = 0). The operator
Ly, p,min 18 the closure, in LP(RV, dm) of (L, CE°(2)). We also define

W2P(Q, dpin) = [u € Live (R 1w, Vi, Du € L7 (@, dpn)}

where Vu, D?u consist of weak derivatives of u in € (not in RV). For a fixed ball B
centered at the origin, wZp (RN \B, d ) is defined in a similar way.

In what follows we extend the result of the previous section by showing that L
generates a semigroup in L? (2, du,,) for any 1 < p < oo satisfying s; < N—;fm <
57 + 2. All the results for L in L? (RN ,d ,um) are immediate consequence of those of

L in LP(RY, dx), using the isometry T yp.

Theorem 3.2. Assume that D > 0. If% € (51,85 +2) thatiss| < Np# —260 < 57
for some 6 € (0, 1], then L endowed with domain

D(L,pint) = 4 € DL pma)s ¥ € L7 (R i ))

generates a bounded positive analytic semigroup of angle w/2 on LP (RN , dum).
Moreover,

D(L,p.int) = {bt € D(Liy,p.max) = (1 A |X|)2720D2u, 1A |x|)1729Vu’
x|y e LP (RN, d,um> }

or all/one 6 as above. In particular, if s1 + 2 < Ntm s2 + 2, then 0 = 1 and
p

D(Ln pin) = fu € WP, dpn): ¥ Va, 1x1 2 € L7 (RY, ) |

When N;m & (51,52 +2), then o (L) = C for every Ly, p min C L C Ly, p,max-

Theorem 3.3. Assume that D = 0. If % € (s0, s+ 2), then L endowed with domain
_2
D(L,pint) = {u € DL pama)i. [¥I7 log|xI|"7u € L7 (By, dpn)]

with 6y = %(so - %) € (0, 1) generates a bounded positive analytic semigroup of
angle w/2 on L? (RN, d,um). Moreover,

we w2 (RM\B, . duy).

|22 log |x|| "7 D% € LP (B%, dum> :
x| 2% log |x|| "7 Vi € LP (B%, dum> ,

x| =20 | log [x|| 7 u € LP (B%,d,um)

D(Lm,p,int) =uc D(Lm,p,max);

When N;m & (50, 50 +2), then o (L) = C for every Lu, p.min C L C L, p max-
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Let us denote by Iy, the closed interval with endpoints 0 and N + m (note that
N + m < 0is allowed). As a consequence of the previous Theorems, L generates a
semigroup in some L? (RN, dum),1 < p < oo,ifandonlyif (s1, s2+2)NINym # 9.

In the following Proposition we compute the adjoint L*" of L with respect to the
measure i, = |x|™dx.

Proposition 3.4. The adjoint of Ly, p int is Lm o int where
_A+(a—1)2 |’|;D,,+c*m| 2 -V — b x| 72 (19)
i,j=1
and

*m

M =c—2a(y —m) =c* +2am,
b =b+a(N+m—2)(y —m)=b"+am(y —m — N +2).

The parameters s1 5. Y™, D™ defined as in (5), (6) and relative to L*" are
D™ =D, y™ =—y+2m, sih=s120—y+m=s{,+m.

Proof. Note thatif 1 < p < oo and k € R, then the adjoint operator of the isometry

Ty : LP(Q,dx) — LP(, |x|*7dx) defined in Proposition 3.1 is the operator T} =

Tj(1-p)- In this way, since by definition L = T_n LTun, where L is the operator acting
P P

on L” (RV) and defined by taking k = — " in Proposition 3.1, one has

* 7o\ ok * N
L™ = (Tﬂ) (L) (T_m) =T _m (L) Tnm.
P P ' P
The parameters of L*" can be computed using (11) and Proposition 3.1. The equality
(L, p,in)™ = (L™) ., p int 1S consequence, via the isometry T. of the analogous

——’

property of L* in L'P(RY, dx) stated in Proposition 2.3. 0

Note that L is self-adjoint with respect to the measure u,, = |x|"dx if and only if
m=y.

In the following Proposition we show an equivalent characterization of the range
of p for which L generates a semigroup on L” (RY, d ).

In what follows when N 4+ m > 0 we adopt the notation

N+m %, if a>0,

(20)
ot oo, if a<0.

Proposition 3.5. The following properties are equivalent.
(i) There exists an intermediate operator Ly p min C Ly, pint C L, p,max Which
generates a bounded positive analytic semigroup of angle /2 on LP (RN , d ).
(ii) (51,2 +2) N Iyim # @ and 552 € (s1, 52 4 2).
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In particular:

(a) When N + m < O then (i) is equivalent to sy, s < 0 and
q 1

N+m (N—I—m>/
<p< .

s*m

S1 1

(b) When N 4+ m = 0 then (i) is equivalent to sy, s{" < O0and 1 < p < 00;
(¢c) When N + m > O then (i) is equivalent to |x|™%!, |x|_sfm IS LllOC (RN, de)
thatis si, s{" < N +m and

<N+m>/ N +m
— ) <p< .

s S

Furthermore, p = 2 satisfies the above assumptions if and only if |y — m| <
2 (1 + @).

The coincidence of Ly, p int With Ly, p min OF L p max can be obtained similarly from
Proposition 2.5 but we do not state it here.
Let us compute the kernel of the generated semigroup

Proposition 3.6. Let 1 < p < oo satisfies the condition of Proposition 3.5. Then, for
zZ € (C+

LI = [ pnEr DO 120 xy e el (RY.dp)
R

(2D

with py(z, x,y) = |y|7" pr(z, x, ¥) and py, defined in (13). Moreover, the following
properties hold

(1) Forevery e > 0, there exist C; > 0 and k; > 0 such that for z € C4 satisfying
largz| < 5 — e, and (x,y) € Q x Q

—s1 —st 2
X X —
omxp)l < Colal ¥y (LEan) (2D A exp<_' y| )
lz|2 2|2 Kelz|

where sy is defined in (5), s{ in (10) and s{™ in Proposition 3.4. Furthermore, if
m > 0 then

CHI

=51 —S] 2
N+m X X —
vl = Gl =5 (FEar) (2L exp(—' )| )
|z]2 |z|2 Kelz]

(i) If m,n € Rand 1 < p,q < oo satisfy the generation conditions of Proposi-
tion 2.4 in both L? (RN, d,um) and L1 (]RN, dun). Then, the semigroups gen-
erated by L in L1 (RN, de) and in L1 (RN, d,un) are consistent.




3624 G. METAFUNE ET AL. J. Evol. Equ.

Proof. Let us consider the isometry 7_m : LP(2,dx) — L”(S2, |x|™dx). Then, by
P
the definition, we have for every u € LP (L2, |x|™dx)

ety =T_net (Tm u)
P

P

where L is the operator on L” (RV) defined as in (1) with parameters b, ¢ defined
by (15). Let p(z, x, y) the heat kernels of (eZL)ZE(C+ on L” (RN, du,,) taken with
respect to the Lebesgue measure. The last relation between the semigroups translate
into the analogous equality for the heat kernels:

i3

p(z,x,y) = Ix| 7 pj(z,x, y)yl

Recalling (13) and setting x = rw, y = pn,r, p > 0, |o| = || = 1, the last relation
yields

1 +
pen = 5 B (2

1 _m ,m _gm P2+
_ > V5 si+5-vD p Z VAR
=2’ rp" T (rp) T 28 { daz } f( ) o (1)

= pL(Z’x» )’),

where we used the fact that, from (16), we have D =D, S12=s12+ %, y=y —2%.
The other claims follow directly from Theorem 2.6. The estimate for m > 0 follows
after observing that, in this case,

VT (Y A DT < ((y A DT, yeq.
O

Let us end this section with some comments on the special case m = y, see (7).
Writing
L =1y div(lxl” a)V) = blx| 2,
- X Q®x
a(x) =1Iy+(a—-1)——7>-,
x|

we can see that L is associated to the symmetric form
a(u,v) = / ((&Vu, Vo) +b|y|_2uv> duy
RN

which is coercive if and only if D > 0. Then, L is self-adjoint in L2(d i) and the
generation conditions in L?(d 1, ) of Proposition 3.5 take the form

(N +9)(1/2=1/p)l < 1 +/D.

We refer to [3,11,16] for this approach.
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4. Maximal regularity

An analytic semigroup 7'(-) on a Banach space X with generator B has maximal
regularity of type LY (1 < g < oo) if for each f € L9([0, T], X) the function
t = u(t) = fé T(t — s)f(s)ds belongs to W4([0, T], X) N L4([0, T], D(B)).
This means that the mild solution of the evolution equation

u'(t)y = Bu(t) + f(t), t>0, u() =0,

is in fact a strong solution and has the best regularity one can expect. It is known
that this property does not depend on 1 < g < oo and 7 > 0. In recent years this
concept has thoroughly been studied and applied in various directions, see [4,9] for
applications to uniformly parabolic problems under general boundary conditions. A
characterization of maximal regularity is available in UMD Banach spaces, through the
R-boundedness of the resolvent in sector larger than the right half plane or, equivalently,
of the semigroup in a sector around the positive axis, can be largely simplified when
X = L? (with respect to any measure), through the classical tool of square functions
estimates. This is what we use and recall here after, see [9, Theorem 1.11, Remark 2.9]

Theorem 4.1. Let T () be a bounded analytic semigroup in L. Then, T (-) has max-
imal regularity of type LY if and only if there is a constant C > 0 such that for every
7€ %5,8>0, fjelL?

(lDT(z,-)fiﬂ)é <C (;w)

p p

1
2

4.1. Muckenhoupt weighted estimates

Let (S, d, v) be a space of homogeneous type, that is a metric space endowed
with a Borel measure v which is doubling on balls. When X = L” (S, d, v) the square
function estimate in Theorem 4.1 can be reduced to a family of Muckenhoupt weighted
estimates of the type

IT@ fllerw) < ClflliLew).

see Theorem 4.4 as follows. With this in mind, we recall preliminarily, the definition
and the essential properties about Muckenhoupt weights. For the proof of the following
results as well as for further details, we refer the reader to [1, Chapter 2 and 5] and [18,
Chapter 1]. Let w be a weight, i.e., a nonnegative locally integrable function defined
on S; we use the notation

]iw: v(lE)/Ew(x)dv(x), w(E)=/Ew(x)dV(x)-

Let M denote the uncentered maximal operator over balls in S defined by

M, f(x) = sup][|f|, x €S, (22)
B

B>x
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where the supremum is taken over all balls of S containing x. We recall that M is
bounded on L?(w) if and only if w € A, see for example [5, Theorem 7.3].
We say that w € A, 1 < p < oo, if there exists a constant C such that for every

ball B C § one has
(fo) (foro) <

For p = 1, we say that w € A if there is a constant C such hat M,w < Cw a.e..
The weight w is in the reverse Holder class of order ¢, w € RHy, 1 < g < 00, if
there is a constant C such that for every ball B € §

(o) =c fo

with the usual modification for ¢ = co. The best constants appearing in the previous
inequalities are referred, respectively, as the A, and the R H, constants of w.

We sum up in the following propositions the properties we need about these classes
of weights.

Proposition 4.2. The following properties hold:
(i) Ay C A, CAyforeveryl < p <q <00
(i) we Ay 1 <p<oo ifandonlyifw' =" € Ay;
(iii) Ifw € Ap, 1 < p < 00, then there exists 1 < q < p such that w € Ay;
(iv) RHoo C RH; C RHp forl < p < q < oo,
(v) Ifw e RH;, 1 < q < 00, then there exists q < p < 00 such thatw € RH,;
(VD) Aoo i=Ui<peoo Ap = Ui <g<co RHy-
(vii) Let 1 < pg < p < qo < 00. Then, we have

/
_r
P

PO

weAr ﬂRH(m)/ = wr=w""ea, mRH(%)/.
p 7

7
Eh) P

(viii) If 1 < p <oocand1 <r < oo then

1

weA,NRH, = w,w T €l = W €A (p-nt1.

Proof. Properties (i)-(vi) can be found in [5, Chapter 7], [18, Chapter 1]. Point
(vii) follows as in [1, Lemma 4.4]. The first equivalence in (viii) is proved in [18,
Lemma 11, Chapter 1]; the second follows as in [8]. O

A proof of the following result is in [18, Corollary 14] or [5, Chapter 7].

Lemma4.3. Letw € A, NRH,, 1 <r, p < oc. Then, there exists a constant C > 1
such that for any ball B and any measurable subset E C B,

o (v(E))” _wB) _ (v(E))’f_
vwB)) ~ w®B) —  \u(B)
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We now state an extrapolation result originally due to Rubio de Francia, adapted as in
[1, Theorem 4.9], which allows to reduce the square function estimate in Theorem 4.1
to a family of Muckenhoupt weighted estimates. Only weights and pairs of functions
appear and no operator is involved. In what follows we consider families 7 = {(f, g) :
f.g € LS_(S )}, where LS_(S ) is the set of all nonnegative, measurable functions
defined on S.

Theorem 4.4. Let (S, d, v) be a space of homogeneous type and let F C L(_)i_(S) X
Lg_(S). Suppose that there exists p with po < p < qo (and p < o0 if g9 = 00), such
that for (f, g) € F,

I fllerwy < CliglLrw), forallwe Ar N RH(@)”
P

PO
Then, for all py < q < qo and (f, g) € F we have
I fllLaw) = Cligleaw), forallw e Apio N RH(qJ)/,
q

Moreover, for all py < q,r < qo and {(f}, gj)} C F we have
(50 o =l

All the constant C above may vary from line to line but depend only on the A, and
RH, constants of w.

, forallw e Aq N RH(m)/.

L4 (w) 0 .

Combining Theorems 4.1 and 4.4 we derive the following characterization of max-
imal regularity in terms of boundedness over L (w) spaces.

Theorem 4.5. Let (S, d, v) be a space of homogeneous type and let T (-) be a bounded
analytic semigroup in LP (S, v) defined in a sector £5, 5§ > 0. Let 0 < pg < qo < 0o.
Suppose that pg < 2 < qo and that there exists p with pg < p < qo (and p < o0 if
qo = 00), such that for f € LP (S, v),

)
Po P

”T(Z)f”Ll’(w) < C“f”Lp(w), forallz (S 25, forallw S AL N RH(‘LO)/’

Then, for all py < q < qo, T(-) has maximal regularity on LY (w) for all w €
Ag NRH .
m )

The following three lemmas will be crucial in the proof of maximal regularity.

Lemma 4.6. Let w € A,, p > 1, and let vy, be the measure wdv. Denote by M,
and M, the maximal function defined by vy, and v. Then, (S, d, vy) is a space of
homogeneous type and

1 1
va S Ap(w)p (Mvw|f|p) 4 ) f € Lll()(; (S7 U) 9

where A, (w) is the A, constant of w.
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Proof. The doubling condition for the measure v,, follows from that of v and Lemma4.3.
To prove the second claim, let f € Ll (S, v). Then, for every ball B of S one has,
applying Holder’s inequality,

1 1 o1 P
- 7 7 _ 14 I-p
v(B)/BIfIdU_ B ./B [flwrw rdv < 5B </ | f] wdv) (/B dv)

Using (23) we get

loc

1 1 1 »
5 [ 171w < a7 (vw(B)/B|f|pde)

which, taking the supremum over B, yields the required claim. The case p = 1 follows
similarly. U

Lemma 4.7. Let p be a nonnegative, locally integrable function on RN and consider
the measure v = pdx. Let M,, be the uncentered maximal operator relative to v,
defined as in (22). If0 < ¢ € L' (RN , v) is radial and decreasing then

(¢ # PP < Il ey yMuf(x), x €RY, felj, (RN, v)_

If p is homogeneous of degree k, i.e., p(tx) = p(x)t* forall x € RN andt > 0, then
setting ¢ =1t~V (t~'x) one has

sup (% PO = Il .y Mo f @)
>

Proof. Let us suppose preliminarily that ¢ is a simple function and let us write, for
somedy, ..., a; > 0andballs By, ..., By centered at O,

k
$(x) =) ajxs; ().

Then, since ||¢||L1(RN’V) = Z?:l ajv(Bj)and (XB,- * pfHx) = fx—Bj f(y)dv, we
get

(¢ % pfHx) = Za, V(B)) 5 Oy % PG = I8l ) Mo f (0.

)

In the general case the first required claim follows since ¢ can be approximated by a
sequence of simple functions which increase to it monotonically. To prove the second
claim it is enough to observe that, under the homogeneity assumptions on p, one has
el L1y vy = NPl (RN ) U

Lemma4.8. Let m € R such that N +m > 0 and let du,,, = |x|"dx. For every
k € R let us consider the radial weight w(x) = |x|X. The following properties hold.
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(i) If1 < p <ocothenw € A, (uw) ifand only if —(N+m) < k < (N+m)(p—1).
(i) If1 < p<oocandl <r < oothenw € Ap(m) N RH, (i) if and only if
— Nk < (N +m)(p—1).

Proof. To prove (i), we start by considering balls of center xo and radius 1. Fix R > 1

__k_ . .
and assume first that |xo| < R. Then, both |x|¥ and |x|”7-T are integrable in B(xg, 1)
with respect to the measure p,, and

S — dpn ) [ ———— T dun)  <C
(um<B<xo, D) Joeon ™ W ) B ) Jp
(24)

for some positive constant C depending on R. On the other hand, when |xp| > R,

then
< ! |x|k dﬂm> ~ |x0|k9
mm (B(x0, 1)) JB(xo.1)

1 : - ¢
_— x| 77T dp ) ~ |xol”
<um<B<xo,1>) Blxo.1) "

and the left hand side in (24) is bounded from above and below by a constant. For a
general ball of radius r the claim follows by scaling. Property (ii) follows using (i)
and property (viii) of Proposition 4.2. U

4.2. Maximal regularity when N +m > 0

Letm € R be such that N +m > 0 and let us consider the measure d u,,, = |x|"dx
on RY . Denoting by d the Euclidean distance, (RN ,d, /,Lm) is of homogeneous type.
In what follows we write A, (), RH ), (tm), M, to denote, respectively, the class
of Muckenhoupt weights, the reverse Holder class and the maximal function over balls
taken with respect to the measure w,,. When m = 0 we write A,, RH,, M.

We fix 0 < § < /2 and we recall that for z € X5, z = wt, t = |z|, Proposition 3.6
yields the pointwise estimate

T f(0)| < Ci—3 <i' A 1>_Sl/ (M A 1>_Sl+y
' - Vi RN \ /7

)
exp(—'x i )If(y)ldy- (25)

Kt

When m > 0 we also have

*m

TG f ()] < € 3" (mM)_S'/ (MM)_S]
B NG RN \ /1

)
exp (— I Kty | )If(y)ldum(y). 26)
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We prove the R-boundedness of the family (7'(z)).cx;, using the extrapolation result
of Theorem 4.4. We follow the proof in [2, Theorem 2.9] but new complications arise
because the operator is non-symmetric and the measure u,, is not the Lebesgue one.
In particular we have to distinguish between the cases m > 0 and —N < m < 0 and
both the maximal functions with respect to the Lebesgue measure and the weighted
one appear.

For the reader’s convenience, in what follows we write for z € X5, B = B(0, /1),
t = |z|, and

T f = xBe (T(@)fxpe) + xg (T @ (fxB) + xBe (T(2)fxB) + xB (T(@(fxB))
=T f+ND@f +T3@) f +T42) f. 27)

Proposition 4.9. Let N +m > 0, 1 < p < 0o and let us suppose that the generation
conditions of Proposition 3.5 are satisfied, that is

N ' N
—i—m) <p< —i—m. (28)

s1, 87" < N +m, —
5] S

Then, for every weight

weA_»p (Mm)mRH(N+m)’(Mm)

7
N+m S1p
Siknl

there exist C > 0 depending on § and the Ay () and Ry () constants of w such
that for every z € X5 one has

IT@ fllLrw) < ClIf ey, f € LPRY, wdpy) =: LP (w).
Finally, if |y — m| < 2 (1 + \/5) then T(-) has maximal regularity on
LP@RY, wd ).
We split the proof in four lemmas according to (27).
Lemma 4.10. The estimate of Proposition 4.9 holds for (T1(2));ex;-

Proof. Assume first that m > 0. Then, using (26) and Lemma 4.7 with p(y) = |y|"
we get

Ix — y|?
Kt

_ Ntm
Ti(2) f(x)| =Cr™ 2 /RN exp (— ) [fDdum(y) = CMy, f(x),
The claim then follows since M, is bounded on L (w).
When —N < m < 0 we use (25) (and Lemma 4.7 with respect to the Lebesgue
measure) to get
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|—ﬂ2

ITi(2) f ()] < Ci™% /RN eXP( ) |fDIxpe(y)dy = CMf(x),

Since w € A _(um), by Proposition 4.2 there exists r sufficiently close to

N +m
s

(’\215,5") suchthat(Nﬁ,,’”) <r<p< Wandw € Ap (im). Since =N < m <0,
51

Lemma 4.8 (i) gives |x|" € A,(dx) and then Lemma 4. 6 yields

IT1(2) f (O] = € (M, | £17(2))7 -

Since w € Ap(up), My, is bounded on Lg(w) and we get |71(2) fllLrw) <
Cll fllLrw)- O

Lemma 4.11. The estimate of Proposition 4.9 holds for (12(2));ex;-

Proof. Using (25) and Holder’s inequality we get
T2(2)f ()] < C1 73" (|x|> / (M)JTW Lf D1 dpem ()
Vi B\NI

, 1
_N+m m i M —i"p 1-p’ ‘
<Ct 2 (ﬁ) £l Lr w) (/B (ﬁ) w(y) dum(y) | -

Setting v = w!=" this implies

—simp!
||T2(Z)f||u>(w) -3 ”f”Lp(w) (/B (5—1) v(y) dﬂm()’))

/<|x_|>—sll’ w(x) d, (x)
5 \/; Mm(X).

*m

= s

Let us treat the first integral. If s;™ > 0, then one has

*m ./

/(m)_srmﬂv(y) dum(y)=2/ <M)_Yl : v(y) dim(y)
B \1 jm0 /2 s g2 Vi

<CY 2"y 27 B).
Jj=0

KT 7
sip

>/. Lemma 4.3 then implies

By property (vii) of Proposition4.2,ve A , NRH v\ by property (v) of
wy ()

N+m

:Tmr

Proposition 4.2 there exists » > p’ suchthatv € RH <

pm (277 B N

. ) N+m -
J _ jrs
v(27/B) < Cv(B) ( o (B) = Cv(B)2 L.



3632 G. METAFUNE ET AL. J. Evol. Equ.

Therefore, since s;”" > 0

|Y|>Srmp, — s (r—p)
-— ) dum(y) < Cu(B) » 2774 P) = Cv(B).
/3(«/? v(y) dpm (¥ v ]; v

The last inequality holds also when si"’" < 0, since in this case

gy
/ <m) L) dpm () < / v() djim (y) = v(B).
B \1 B

Similarly if s; > O then

x|\ 7 [\ 7"
/B<$> w(x) i (6) = 2/2,1<m <ﬁ) w(x) dpm (x)

Jj=0

<C ZZ””’w(Z_JB).
j=0

N+m
s|p

SinceweA__p ﬂRH(

(37)

5
such that w € RH(

)/ by property (v) of Proposition 4.2 there exists r > p

m )/. By Lemma 4.3 then

slr
w(27/B) < Cw(B)27/".
Therefore

—s1p
/}3(%) w(x)dum(x)<Cw(B)]2>:02 Is1r=p) — Cy(B).

The last inequality holds also when s; < 0, since in this case

|x|

,Xl
/B<$> w(x) dum(X)S/Bw(x) dpim(x) = w(B).

Putting together the last inequalities we have in any case

172 F 12y < CILFIE iyt (B w(B).

Since s{™ < N 4 m from property (i) of Proposition4.2wegetw € A_» C A,

!
(N+m )
S

which implies, by the definition (23) of A, weights, sup,_q —pig (v(B)) P w(B) <
0. O
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Lemma 4.12. The estimate of Proposition 4.9 holds for (13(2));cs;-

Proof. Using (25) we get

_ 2
IT32) f (1)) <Ct—*/ <'y') exp (—'x Kty' )If(y)ldum(y)-

!
Let us fix r such that ( S ) <r < p < N Applying Holder’s inequality we
51

S1
obtain

1

_ 2 r

IT3() ()| sc(t”?" / exp (——'x Y| )If(y)l’ dum(y))
RN Kt

1
 Nem |y| 7Sikmr, r!
x|t 2 / - dpum(y) | -
B \t2

The substitution z = y/+/t and Lemma 4.7 yield

IT32) f )] < C (M, | fI7())7 (/B(O ) 2] ST dz> = C (My, 1T (0)"

/!
Since w € A__»__, by Proposition 4.2 there exists r sufficiently close to (N +m)
5

such that (N :C,,’”) <r<p< M andw € A L. This implies that M, is bounded
51

onL?¥ (w) which, using the latter mequahty, proves the required claim. g

To prove the boundedness of 74(z) we apply a duality argument. With this aim, let
p, m satisfy the assumptions in (28) and let 7*" (z) be the adjoint of T (z) taken with
respect to the measure u,,. The conditions in (28) are equivalent to

N+m , N+m\’
<p <|— .
S1 P s

If L*™ is the adjoint operator defined by Proposition 3.4, then the last conditions
assures that L™ generates a bounded analytic semigroup in LY (RN , /Lm) which
coincides with T*" (7).

s1, 57" < N +m,
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Lemma 4.13. The estimate of Proposition 4.9 holds for (T4(2));es;-

Proof. We apply a duality argument. Let g € LY (RN, wim); since Ty(z) = T3 (2)
we obtain

T*m
/ @) fg witm = / ST (@) (gw)m = / p ey,
RN RN RN

-
w

Using Holder’s inequality we then yield

T*m
<1 llLr @) %

‘/ Tu(2) fg witm
RN L (@)
= flzrw [T @) (gw)| LY (=7 -

Using Lemma 4.12 with L and p replaced, respectively, by L*" and p’ we get

= C”f”LP(w) “gw”Lp’(wl—p/) = C”f”L-”(w) ”g”LP/(w)

'/ T4(Z)fg Wm
RN

which concludes the proof. O
We can finally prove Proposition 4.9.

Proof of Proposition 4.9. The first claim follows by wusing (27) and
Lemmas 4.10, 4.11, 4.12, 4.13. If [y — m| < 2 (1 + JB) then the R-boundedness

of (T (z))zex; on LP (RN wd,,) follows by Theorems 4.1, 4.5 since, in this case, by
Proposition 3.5, p = 2 satisfies (28). O

4.3. Maximal regularity without restrictions on m

Let us start with the case of the Lebesgue measure, that is when m = 0.

Theorem 4.14. Let 1 < p < oo and let us suppose that the generation conditions of
Proposition 2.4 are satisfied, that is

. NY N
s1,8] <N, - <p<—.

Then, T (-) has maximal regularity on LP (RV).

Proof. Lets; < % <s+2.If|lyl <2 (1 + \/5) the required claim follows by

using Proposition 4.9 withm = 0 and w = 1. Let us suppose now |y| > 2 (1 + \/5),

in this case, from Proposition 3.5, L does not generate a semigroup in L (RN ) and
therefore p # 2. Let m € R and let us consider the isometry

Ty : LP(Q, 1x]"dx) —> LP(R,dx), > [x|7u.
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Using Proposition 3.1 we have
T_wLTnu=Lu
P p
where L is the operator defined as in (1) with parameters b, ¢ defined by (15); in

particular we have y =y + 2%. Let T(z) = T_m T (z)Tn be the analytic semigroup
P P

generated by L. From the latter equality one can easily deduce that (T'(2))zex, 1s
R-bounded on L?(RY) if and only if there exists m € R such that (f’(z))zez5 is
R-bounded on L?(RY, |x|"™dx). From Proposition 4.9 this is equivalent to require

2
’y+m<;—l>'=|)7—m|<2<l+\/5), N+m >0,

(note that, by construction, the generation conditions for L in LP(RY, |x|™dx) are
implicitly satisfied). By elementary calculation the latter inequalities read as

m(%_%)<§_s1;
m(l—%)>%—(sz+2),

If p < 2 the system has a solution m when

N ooy (LoD N
— — (s <—-N|—-——-=)<—=-5
2 2 p 2) -2

that is when s; < % < 53 + 2. If p > 2 the claim follows in the same way. O

The results for L in L? (RN ,d ,um) are immediate consequence of those of L in
LP (RN, dx), using the isometry T} of Proposition 3.1 with k = —m/p and Theo-
rem 4.14. Note that the condition N + m > 0 is no longer required.

Corollary 4.15. Letm € R, 1 < p < oo and let us suppose that the generation
conditions of Proposition 3.5 are satisfied, that is

N +m
(51,52 +2)N Inim # O,

€ (s1, 52 + 2).

Then, T (-) has maximal regularity on LP (RN, di,,).

The following remark follows by combining the previous corollary with Proposi-
tion 3.5.

Remark 4.16. The Laplacian A generates a semigroup in L?”(du,,) if and only if
—N < m < N(p — 1), that is when [x|" € Aj. In such a case it has maximal
regularity.
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