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1 Introduction and summary

The expectation value of the Wilson loop (WL) operator (Tr peid Y is a key observable
in gauge theories. In supersymmetric theories, it has a “locally supersymmetric” analog
obtained by adding a particular coupling to extra fields in the gauge field multiplet. The
prototypical example is the Wilson-Maldacena loop (WML) [1, 2] in the N = 4 Super
Yang-Mills (SYM) theory which contains an extra scalar coupling, and as a result has
a particularly simple structure controlled by the underlying supersymmetry. When the
Wilson loop contour is a circle or a straight line, both the WL and WML preserve a one-
dimensional conformal symmetry SL(2,R) and may be regarded as 1d conformal defects
of the N =4 SYM theory. A circular or straight WML also globally preserves half of the
superconformal symmetry.

For a generic smooth contour, the standard WL in YM theory is known to be renor-
malizable: power divergences exponentiate and factorize (or simply absent in dimensional
regularization) while the logarithmic divergences disappear after the renormalization of
gauge coupling [3-8]. The latter are absent in N = 4 SYM so both WL and WML have
finite expectation values which in the planar limit are given by the functions of the 't Hooft
coupling A = g%MN .

It is of interest to study a family of more general Wilson loop operators that interpolate
between the WML and the standard WL [9]. This one-parameter family was introduced



in [10] and further studied in [11, 12]. It is of interest, in particular, in the context of the 1d
defect QFT interpretation (see, in particular, [13-19]). Explicitly, this generalized Wilson
loop operator depends on an arbitrary coefficient ¢ in front of the coupling to the 6 scalars
¢m and so it interpolates between the standard the WL (¢ = 0) and the WML (¢ = 1)
cases [10]
1

WO(C) = - TP exp]{CdT [i Ay () & 4 Com () 07 1] ] 02 —1. (L1)
We may choose the unit vector 6, to be along 6-th direction, i.e. ¢$,,,0™ = ¢g = ¢. The
expectation value <W(<)> for a smooth contour C' will have logarithmic divergences that

can be absorbed into a renormalization of the coupling (. Then the renormalized value of
(W) will be given by (in the planar limit)

0

o dg
i

(W) = WX (), ) 0

where 4 is a renormalization scale.! The running of ¢ then defines a 1d RG flow between
the WL and WML operators. Since ¢, — —¢,, is a symmetry of the SYM path integral,
W should be invariant under ¢ — —(. In what follows we shall assume that ¢ > 0. In
the planar weak coupling expansion the leading order term in the beta-function was found
in [10] to be

B = — 01 = %) +O(3%). (13)

The WL (¢ = 0) and WML (¢ = 1) cases in (1.1) are expected to be the only two fixed
points also at higher orders in .2

One may view the running of ¢ as an RG flow in the effective 1d defect theory coupled
to the bulk SYM theory. This interpretation may be made more explicit by representing
the path ordering in (1.1) using the auxiliary 1d fermion path integral as in [5, 6, 20, 21] and
thus getting an interacting 1d defect action. Considering a circular contour, F' = —log W
may be interpreted as a 1d defect theory free energy on S!' (normalized by the partition
function of the bulk theory). It is then natural to expect that this quantity provides a defect
analog of the F-theorem. Specifically, the d = 1 version of the generalized F-theorem [22-24]

adapted to defects [25] requires that F = sin ™ log Z(Sd)‘d = log Z(S') = —F = log W

decreases under RG flow: FUV > F‘IR. This is analogous to the g-theorem [26, 27] that
applies to a 1d boundary of a 2d theory. The beta-function (1.3) implies that ¢ = 0 is the
UV fixed point and ¢ = 1 the IR one, and so one shall find that

log(W€=0) > log (W (=1 | (1.4)

'For a specific contour W will depend on p (that has dimension of a mass) in combination with some
effective length characterizing the loop geometry, like radius for a circular loop.

2While we shall mostly discuss only planar contributions let us mention that in general the coefficient
N in A (1.3) for a general simple group is the value of quadratic Casimir in the adjoint representation (and
thus does not depend on the representation of the Wilson loop). For U(N) the coefficient in (1.3) is to be
multiplied by (1 — 1/N?) and thus vanishes in the abelian U(1) case.



This was indeed verified in [11] to hold both in perturbation theory and in the strong
coupling expansion. A proof of the d = 1 defect version of the F-theorem was recently pro-
posed in [19], where a quantity that monotonically decreases along the flow (and coincides
with F' at fixed points) was also given.

On general grounds, consistent with the interpretation of log W as a defect free eneren-
ergygy, we should have
0
—logW = C g, 1.5
ac o8 B (1.5)
where the function € = C(\, ¢) has the weak coupling expansion € = % + O(\?) [11].

In the case of a circle or straight line the flow of ((u) is driven by the scalar operator
o6 = ¢(x(7)) in (1.1) restricted to the line. Then 8%<W(O>'g—01 = 0 implies that its
one-point function vanishes at the fixed points, as required by the 1d conformal invariance

on the defect line. From (1.5) we also have

2
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_ . (1.6)

According to (1.1) this second derivative is given by the integrated 2-point function of
¢ restricted to the line [11]. The latter is determined by the corresponding anomalous
dimensions at ¢ = 0 and ¢ = 1. Indeed, from (1.3) one finds that %—ﬁg reproduces [10] the
leading weak-coupling terms in the anomalous dimensions [9] of ¢ at the conformal points
(=1land (=0
_ 95
A —1 = B (1.7)
A

A
A — 14 2 2 AO -1 2 2y 1.
+4W2+O(>\ ), 87T2+O(>\) (1.8)

Our main aim here will be to find the A? term in the beta-function (1.3) which should
also exhibit the factor (1 —¢?). Let us start with writing down the general structure of

Be=bi AC(1 =)+ A2 (1= ¢ (ba+b3C?) + X3¢ (1—¢P) (ba+b5C% +bs ) + O\,
(1.9)

where b; = (cf. (1.3)) and bg,bs,... are to be determined. The dependence on

1

T Q]2
powers of ( atggach order in A follows from the structure of the relevant perturbation-
theory diagrams.

An important observation is that the coefficients of the highest (?"*! powers at each
A" order in (1.9), i.e. by,bs,bg,..., are determined by diagrams with maximal number
of scalar propagators attached to the line. Thus they should not have internal vertices,
i.e. should be given just by the scalar ladders. We shall compute them using the vertex

renormalization method of [4] generalizing the one-loop computation in [10]. The resulting



terms in 3¢ may be written as

A A\’ A° A\ A\’
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where (,, = ((n) are the Riemann zeta-function values. In particular, at the two-loop order,

we get from ¢o
1 1

bs = 1z (1.11)
To find the five-loop expression for the ﬁéadder in (1.10) we used planar loop equation (2.5)
and dimensional regularization. As the higher coefficients ¢, are transcendental, the exact
expression for this planar ladder-theory beta-function should be complicated. Note that
as this is essentially a one-coupling (¢ = A(?) model, the three and higher loop coefficients
are scheme-dependent (see below).

An indirect way to fix some combinations of other coefficients in the full beta-func-
tion (1.9) is to use the relation (1.7) between [ and the anomalous dimension of the
scalar operator and the value of A that was already found earlier from diagrammatic
computation for a cusp line in [28] (at the two-loop level) and from the quantum spectral
curve in [29] (at several higher loop orders). Explicitly, according to [29]

A A A A\
AW _1=q; = +4d () d () d <> 1.12
Ve T\ ) T \ge) T \ge) T (1.12)
7C4 G (3G 5G|, 119G
di=1, de=-1, dz3=2——=, ds=-— e
1=1, dy ; d3 0 W=t et o -5 s T 16

(1.13)

Comparing this with (1.7), (1.9) gives

dl d2
by = ———+ by +b3=——F" 1.14
T T 2(4n2)” 208 = oy (1.14)
byt by 4+ bg — —— B by + by + by + bio = —— 4 _ (1.15)
4+ b5 + bg = 2(4n2)3 7+ 08 + bg + 010 = 2(ax?)t .
Using (1.11) then (1.14) implies that
1 1
bo = -——5. 1.16
27 4 (4m2)2 (1.16)
Thus the explicit form of the 2-loop f¢ is given by
b=~ g )+ (1 - ¢ + 0. (117
872 6474
This in turn implies that the two-loop terms in the anomalous dimensions (1.8) are given by
A 22 A 22

AW =14 = — O3 A0 =1 = o 1.18
* 472 1674 +OW, 872 * 6474 + O, (1.18)



where A(D is of course the same as in (1.13) while the two-loop term in A©) is a new non-
trivial result.> Note that the sign-alternating structure of A-expansion in (1.17) and (1.18)
is consistent with expectation that the planar weak coupling expansion should have a finite

radius of convergence ﬁ = 1 with the strong-coupling A > 1 asymptotics [9, 11, 14]
1) —9_ 5 1 0) — 5 1) 4
AV =2-2.40(}), A0=210(3)

It is important to stress that the two-loop coefficients be, b3 in (1.9), (1.17), are scheme
independent: they are invariant under redefinitions of ¢ that do not change the positions
of the fixed points

(=C+CA-P) P+ 2 (2423 +-]. (1.19)
Since the f; transforms as a vector, we find that the coefficients in (1.9) change as

V, =b; +6b;, by = by = b3 =by =0, b5 = —0bs = by (327 + 223) — 2b32].
(1.20)

This means that the beta-function is scheme independent at two loops, while the invariant
combinations of the three-loop coeflicients are by and bs + bg. This is consistent with the
fact that the dimensions A =14 bA + bpA? + by A% + ... and AW in (1.13) (and thus
dy in (1.14), (1.15)) should be scheme independent.

Let us now comment on the implications of the above discussion for the structure of
higher order terms the expectation value of (W) in (1.2) on a circle (see [11, 12]). Since
the first derivative of W = (W(9)) at the conformal points ¢ = 0, 1 should vanish (cf. (1.5)),
we should have

W= (WD) [1 4w 32 (1= )2+ X (1= P (wp +ws () + -] (1.21)
where [31-33]
2
WMy = \2511 (Va) = 1+%+&+O(A3). (1.22)

The coefficients wy and w9 are scheme-independent, while wjs is finite after renormalization
of ¢ and in general contains log i dependence on the renormalization scale [12]. Using the
general relation (1.5) to the beta-function (1.9) where on general grounds we should have

C=Xep + A2 (o + e3¢%) + O(NY), (1.23)
we find

1 1 1
w; = _iblcb Wy = —E[bl (362 + 63) + (3b2 + b3)61], ws = _6(b163 + 5361) .
(1.24)

31t would be interesting to reproduce it by a direct diagrammatic approach similar to the one in [28].

4Ref. [29] found also several higher-order terms in the strong-coupling expansion, correcting the leading
terms [14] in AD =2 % + ... . These corrections were also obtained analytically from the bootstrap
approach in [30].



As by, by, bg, ws are scheme independent while w3 is not this implies that cg in (1.23) is
scheme dependent but 3cg + c3 is scheme independent.® Here [11]

1 1

_ _ 1.25
12872 =y (1.25)

w1

ws is determined by the contribution of scalar ladder diagrams (which is not UV finite
at order A\?). Its renormalized value was found (using a particular regularization scheme)
in [12] to be wg = —m [6+6log(uR)]. Here R is the radius of the circle and the coeffi-
cient 6 of log i in the bracket is related to the coefficient in the one-loop beta-function (1.3)
(cf. (1.2)) while 5 is scheme-dependent. In view of (1.24) this then also fixes the value of
c3 in the same scheme. The value of ws remains currently unknown. If we choose a scheme
in which the value of ws is equal to —ws then the A3 term in (1.21) will be proportional to
(1—¢?)3. One can then conjecture that there exists a scheme in which similar simplification
happens to all orders in A [11], i.e. one gets

(W) = (W) [1+7( 1 -¢)], (1.26)

where the function F(x) has a regular power series expansion F(z) = wy x + wo 2% + - - -.

The rest of this paper is organized as follows. In section 2 we shall explain how to
compute the coefficients in the beta-function (1.10) in ladder approximation using dimen-
sional regularization. We shall mention that defining the effective ladder theory in d = 4—¢
dimensions the corresponding beta-function has a Wilson-Fisher-like zero and the value of
the Wilson loop at the corresponding IR fixed point is consistent with the 1d defect version
of F-theorem [11, 19].

In section 3 we shall consider the computation of two-point functions of scalars inserted
on the Wilson loop at two loops in ladder approximation. We shall consider separately the
cases of a “transverse” scalar not coupled to the loop and the scalar coupled to the loop.
Using the Callan-Symanzik equation we shall find the corresponding anomalous dimensions
of the scalar operators relating them to the beta-function 3; and its derivative.

There are also a few technical appendices. In particular, in appendix D we shall present
some details of the computation of the linear in ¢ term in ¢ in (1.3) which were not spelled
out in [10].

2 Scalar ladder contributions to the beta-function

In this section we shall present the derivation of the coefficients of the A*¢?"*! terms in
the beta-function (1.10).

N -2
This of course follows also directly from the transformation law €'(¢’) = (%) C(¢) with ¢’ in (1.19):

ch =co—2c1z1 and ¢y = c3 + 6¢121 so that 3¢h + ¢4 = 3ca + cs. In general, for a set of couplings ¢* we have
8% = pd¢'/du transforming as a vector under their redefinitions and the relation a%i logW = €;; 4% means

that €;; transforms as a tensor. At a conformal point 3°(¢*) = 0, one has %;j logW’gzg* = Cyj Z%Z =g
Here g?: =t does not transform under ¢’ = ¢ + X (¢) that does not change the position of the conformal

point, i.e. ifX(g*) =0.



2.1 Vertex renormalization method

To compute the highest in ¢ terms in each order of the small A expansion in the beta-
function we need to consider ladder graphs with only scalar propagators attached to Wilson

ladder

loop. The perturbative expansion of the corresponding (W(O) is then given in the

planar limit by a power series in a single effective coupling &
(WO)edder = w(g), £=2¢%, (2.1)
where (for a closed contour parameterized by 7 € (0, 27))

W =W(2r), W(T) = ]\;lm — TrP exp/ dr’ ¢(r (2.2)
—)OO

Compared to (1.1) we have redefined the scalar ¢ — (!¢, and set ¢(7) = ¢(z(7)). The

averaging is done in the free adjoint scalar theory with the action

N
S=% / &'z Tr(0606) . (2.3)

In what follows we shall consider the case of a circular or straight line contour when the
(unregularized) propagator D(7 — 7') = (¢(7) #(7')) has the following form®

£ 1 : £ 1

circle: D(1) = 2 1 s 2 line: D(1)= S2 .3 (2.4)

The problem of computing (2.2) with (2.4) is well defined and we expect W to admit a
renormalizable perturbative expansion in £ such that all UV divergences can be absorbed
into a redefinition of { (any possible multiplicative renormalization of the loop operator
should be absent in dimensional regularization).

In the planar limit the function W(7) in (2.2) obeys the following integral equation”

= /OT d' W(r"YW(r — ") D(r — 7). (2.5)

Note that by definition in (2.2) we have W(0) = 1 and in (2.5) one has also W (0) =
0. Eq. (2.5) follows upon differentiation of the integral equation that is implied by the
structure of the planar expansion of (2.2) in the free scalar theory (here thick line denotes
the contour parameterised by 7)

_O_T—/dr/ i’ _O m . (26)

7'—7')

5The original N = 4 SYM action is schematically S = g21 z Te(F? 4+ DgDp + ¢* +...), and
Y

X = g3 N. Eq. (2.4) takes into account a factor 1/2 from T°T* = %17 valid for the generators T of
SU(N) in the fundamental representation.
"K. Zarembo, private communication.



Eq. (2.5) is valid for any propagator D. In particular, it can be applied to the case of the
ladder contributions to the expectation value of WML (i.e. { = 1 case of (1.1)) for a circle
when the effective propagator is constant [31]

A A
D(1) = Doy — —
8ST2N’ (T) = Do = {55

([iA"(r) + ¢" ()] A" (') + ¢ (7)]) = 5 (2.7)

where we used that 797 = £'1. Taking the Laplace transform of (2.5) we have —1 +
sW(s) = Do W?(s) and thus finally

W(s):ﬁ (1— 1—430) — W(T):T\/lﬁoll (27 VDo), (2.8)

reproducing (1.22) after setting 7 = 27 as in (2.2). Similar Dyson integral equations also
appear for the correlation function of two Wilson loops [34].

For a non-constant propagator D(7), the solution of the loop equation (2.5) appears
to be highly non-trivial, in particular, due to divergences starting at three loops. In ap-
pendix B we demonstrate how to use (2.5) to reproduce the two-loop result for (1.21), i.e.
find the value of w; in (1.25).

Following [4] and adapting their discussion to the present case, to compute the renor-
malization of ( it is useful to consider the “one-point” scalar correlator on a straight Wilson
line segment. Before performing the rescaling of ¢ into ¢ introduced above, one starts with
the quantity

(Tr (6(r0) Pexp [ [ dr Co(7)] )
(Tr (Pexp L7 dT{(b(T)D) '

Note that this is not exactly the standard one-point function of the operator ¢ on the

(2.9)

Wilson line, because we are integrating only over a segment 71 < 7 < 75 (with far-separated
points 71, 72) and 7p is also assumed to be far from that interval (hence ¢(7p) does not
participate in the path-ordering). Following [4], all UV divergences should come from
“internal” coinciding points not involving 7q, 71, T2, so it is sufficient to look at this object in
order to find the renormalization of ¢ (or £). The normalization in (2.9) by the expectation
value of the Wilson line segment without insertion is needed in order to remove some
spurious divergences associated with the finite endpoints [4]. After performing the rescaling
¢ — (1o, eq. (2.9) becomes

(Tr (@(70) Pexp [ [72 dr ¢(7)] )
C{Tr (P exp [ [[2dT ¢(T)])> '

(2.10)

In the planar limit, the numerator in this expression satisfies a relation analogous to (2.6)
and can be written as

lim %(ﬂ [qj(m) P exp /: dr ¢(T)]> - /: drW(r — 1) D(ro — ) W(rs — 7). (2.11)

N—oo



On the other hand, the denominator factor in (2.10) is simply equal to (W(7m2 — 71). When
performing the renormalization of (2.10), we may effectively factor out the 7 integration on
the right-hand-side of (2.11), since the integral over 7 cannot bring in new UV divergences
as the point 7y is supposed to be far away from 71, 5. Therefore, one can see that in the
planar limit the calculation reduces to study the renormalization of the “vertex function”

V =E&W(r) W(r2), (2.12)

where 71, 79 are arbitrary (far separated) fixed points on the line. Note that at planar level
the normalization by the denominator factor in (2.10) does not play an important role
since, being equal to (W(7m, — 71), it is essentially the same as the “square root” of the V'
function defined above (recall that £ = A(?), and hence it is finite once V is made finite by
renormalization (or vice-versa). At the non-planar level, however, the denominator factor
is expected to play a non-trivial role.

To summarize, in the planar limit it will be sufficient to consider the renormalization of
V as given in (2.12). The relevant collection of diagrams may be represented symbolically as

W(r2)  ¢(zo) W(m)

- _ (2.13)
0

Here we have chosen the “middle” point 7 in (2.11) as 0 (using translational invariance)
and replaced the argument 7y of ¢ by a generic point zy that may or may not lie on the
line. The vertical line represents the propagator D(rg — 7) or D(z¢ — x(0)) which will play
only a spectator role.

The strategy is to find the divergent part of V in (2.12) and then absorb the divergences
into the renormalization of £&. This requires computing W from the corresponding sum of
planar ladder diagrams (or using the loop equation (2.5)).

Let us note that the reason why this “scalar ladder” model is effectively an interacting
one (despite the bulk theory being free) is due to the path ordering in (2.2). As was
mentioned in the Introduction, one can cast the problem of renormalization of ¢ or £ in a
more standard form by representing the path ordering using a functional integral over 1d
fermions x?(7) in the fundamental representation. Integrating first over the free adjoint
bulk scalar field we then get an effective 1d action of the following schematic form

, , 1 .

I~ /dT Xix' + §/d7' dr’ x;(T)x' (1) T i (T (7)) . (2.14)
Introducing a cutoff into the propagator and expanding in £ one should be able then to
compute the corresponding ¢ in the usual way.

2.2 Five-loop beta-function in ladder approximation

Let us consider the loop equation (2.5) on a line with a simple analytic regularization of

the propagator
¢ 1

/|2—e'

Do =)= g e

(2.15)



This is essentially the standard dimensional regularization with d = 4 — €, € > 0, where
we did not include the usual e-dependent normalization factor (this is equivalent to a
redefinition of the renormalization scale). Solving the loop equation perturbatively, i.e.
expanding in powers of £

W(r) =14 EWy (1) + EWo(1) + - - -, (2.16)

we find at the leading order

9y )—E/Td'm _ /)—/Td’ 1 ___T (2.17)
or 17_5 0 TET T 0 7-871'2(7'—7")2_5_ 8m2(1—€) ’

Integrating this with the boundary condition W1 (0) = 0 gives

7_6

Wi(r) = S 8m2(1 —e)e’

(2.18)

The corresponding one-loop correction to the vertex (2.13) is represented by 1 x Wi(71) +
Wi (72) x 1, i.e. by the following diagrams

¢(z0) ¢(z0) ¢(x0)
T2 /j\ T — T2 mT]_"—TQm

(2.19)
Next, Wa(7) is given by

Wor) = gl LN 4 ﬁ . (2.20)

with the explicit expression being

,2€ [25(—1 +2e) (=14 e)I'(1+¢)+T(1+ 26)}

W = 2.21
2(7) 12874 (=1 + €)e2(—1 + 2e)T(1 + 2¢) (2.21)
All higher order functions W,,(7) may be expressed as
Kn(e)
W = 7" 2.22
o) = F g ™ (222)
where the coefficients K, (¢) are determined by the recurrence relation
1 = I'(—1+ (p+1)e)
K, (e) = 5z ;)Kp(e) Kn—1-p(€) NIERT Ko(e) = 1. (2.23)

This follows from the Laplace transform £ of the loop equation on the line that reads®

sW(s) =1 = % W(s) £ m@} _ 8%%(5) (=) 2W(s). (2.24)

8The perturbative solution takes the form Wn(s) = fli(,fe) , cf. (2.22). Replacing this in the loop equation

and using (—0,)% 25 = F}OE;)B) 7 gives (2.23).

~10 -



In the following we shall present the explicit results to five loop order, i.e. including W5(7)
in (2.16).
We can then find the divergences in (2.12), i.e. coefficients of poles in € — 0 in

V=EW(r)W(r) =€+ 128+ V36 + - (2.25)

and cancel them by replacing the bare coupling £ in terms of the renormalized one using
the familiar general relation®

€= u [+ P teoP + (22 + 22 (el + (224 222 4 222 gt
+<p:1+p€422+i§‘+]ti4> [g(u)]5+---}. (2.26)

The condition that the bare coupling does not depend on p implies various relations be-
tween the coefficients in (2.26) and the resulting beta-function expressed in terms of the
renormalized coupling is given by (see (A.15), (A.16))

d
Be = M@f =& +2pn& +3ps &t +dpu® + - (2.27)

Requiring that the vertex (2.25) expressed in terms of &(u) is finite gives

o Lo o Lo 12-m o 5L ST 12 (2.28)
W= ypz P2 6art’ 31T 4608760 P 7372878 ’ '
and thus
Be = ¢ 5_1<5)2+<1_C2> <5>3+<_17+2C2_C3) (5>4
¢ An2 2 \4n2? 2 4 ) \4r2 24" 3 6 ) \4n?
29 37C,  29Cs 2544) ( ¢ )5
29 K 92.99
(24 o1 a8 T 6a J\amz) T ’ (2.29)

where we added also the five-loop contribution and (,, are the zeta-function values. Re-
calling that according to (2.1) & = A(? where )\ is not running we may then read off the
ladder contribution to the beta-function of ¢

d
Pe = u@(kﬁ) =2 (B, (2.30)

reproducing (1.10). Explicitly, at the two-loop order

)\2
6474

a er A
Bé dder _ WCB _ SR (2.31)

Note that higher loop terms in Béadder obtained in this way have similar transcendental
structure to higher loop terms in A® in (1.12), (1.13) found in [29)].

9Note that the factor ;i is required to match the dimensions: defining the theory in d = 4 — e dimensions
we keep the dimension of the scalar field to be 1 (as it is coupled to the line which still has dimension 1)
so that the bulk action % f dtcx Tr(0¢0¢) should have £ with the mass dimension e. Equivalently, this
follows from the fact that the propagator (2.15) should still have dimension 2.
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2.3 Comment on Wilson-Fisher fixed point

Let us note that considering the theory in d = 4 — ¢ dimensions and thus keeping the order
€ term in the beta-function (2.29), we get from (2.26)

£ &

This implies that the effective 1d theory corresponding to the scalar ladder approximation
has, in addition to the trivial UV fixed point £ = 0, a non-trivial IR fixed point

& =dne 4+ 2m2l 4 - - - . (2.33)

The expectation value of (W () for a circle found in d = 4 — € in ladder approximation
may be written as [11]'°

(¢)\ladder _ —1_- 5 1 2, .
(W) = W(¢) 16 £+ 1282 5+ (2.34)
Evaluated at the fixed point (2.33) this gives
72
W(E)=1—-—€e+---. (2.35)

8

Thus log W (£*) < log W(0) = 0 in agreement with the 1d defect version of F-theorem. On
the other hand, note that directly in d = 4, the beta-function in the ladder approximation is
positive in perturbation theory, which means that the coupling £ grows in the UV. From the
point of view of the F-theorem, this is consistent with the fact that log W (&) = 128% £24...
is positive in perturbation theory.

3 Two-point function of scalars on the Wilson line

3.1 Two-point function for “transverse” scalar

Using the scalar ladder approximation let us compute the defect two-point function for
one of the “transverse” scalars ¢1, ..., ¢5 (to be denoted by ¢) which is not coupled to the
scalar Wilson line operator defined in (2.2)

(Tr [P $(0) (7) exp [*, dr’ ¢(7)]) .
(Tr [P exp ffL dr’ ¢(7")])

Here we shall consider an infinite straight line with L as an IR cutoff. We shall treat

G(r) = (3.1)

gg and ¢ on equal footing rescaling both by (, i.e. the averaging is done with the free
scalar action (2.3) where now S = % [d*z Tr(0¢0d + d$0¢). Then & will appear in
the propagators of both ¢ and QNS as in (2.4). Alternative equivalent option is to rescale
both fields in (3.1) by /€ getting the factor /€ in the exponents in (3.1), £&-independent
propagator and the overall factor of € in (3.1). It is then natural to remove it by rescaling

G — ¢'G. (3.2)

"Note that in [11] we used d = 4 — 2¢ while here d = 4 — e.
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The renormalization of G and 13 ~1G will differ just by a Z-factor corresponding to &, i.e.
they will satisfy closely related Callan-Symanzik equations (see below).
At the tree and one loop level we will then have from (3.1)

(Tr [P exp/LLdT'qb(T')]} =1+ _jp, m L T (3.3)

1 Ty
Y - L / / Il’ \‘\
(T [P3(0) 3(r) exp [ ar o()]) = _p — .y
—L 0 T
—+ L /’ \\ m L —+ —L m /’ Y L
0 T T ) T1 2 0 T
0 71 Ty T T 0 T T2

Using the propagator (2.15) and explicit expressions in (C.1)—(C.6), we get
_ —2+4€ —24€ L — € 27€ — (L €\ ¢2
Gry= T8, T o) 2~ (L4 T)E
872 6474 (—1 + €)e
Here ¢ is the bare coupling. Applying the renormalization, i.e. the redefinition of £ as
in (2.26)—(2.28), we find a finite result

1 1 L—
S |1 g (1 gloe g lostn)) 0] 39

where £ is now the renormalized coupling £(u) and the limit L — oo is straightforward.

+0(&%). (3.5)

G () =

Similarly, at two loops, from the results in (C.7)-(C.23) and using again the redefini-
tion (2.26)—(2.28), we find a finite expression which in the limit L — oo gives

3

T 8272 472 An2

N 2 2
G Ty p) = &1 [1 _ & (1+1log(pt)) + ( ) <2 + —+ 5 log(ut)+ logQ(,uT)> + 0(53)] )

24 2
(3.7)

Note that since éren(T) requires only the renormalization of £ for its finiteness (i.e. no extra
Z-factor) it satisfies

<uaau + 658(95) G rip) =0. (3.8)

Since for generic £ its beta-function is non-zero, i.e. the conformal invariance is broken in

the ladder theory in d = 4, this correlator cannot be put into the standard conformal form.

A way to achieve conformal invariance is to consider the scalar ladder theory in d = 4—e¢

and specify to the Wilson-Fisher fixed point (2.33). Considering one loop order we have to
keep the full € dependence of the tree and one-loop terms. Then instead of (3.7) we get

i) = 2 o ) (€ )
2727¢€ 472 4727¢(1 — €)e 472

1 ™ 5 1, £\°
- <1+48+410g(,u7')+210g (m)> <W> b (3.9)
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Evaluating this at £ = £* in (2.33), expanding in ¢, and taking the infinite line limit L — oo
gives simply
~ 1 1 2
Gren = — le—Ze+ =+ . 3.10
(T)L:s* 272 (e SRR ) (3:10)
The fact that all log 7 terms cancel implies that the scaling with 7 is non-anomalous at the
conformal fixed point (i.e. the corresponding dimension is A* = 1), at least to two loops.
This is analogous with what happens in full N = 4 SYM theory case, where the
insertion of the “transverse” scalars into the WML is BPS-protected. Here in the ladder
model we do not have an argument based on supersymmetry, but we can explain why
A* =1 as follows. If one starts with the WL coupled to two scalars as

TrPexp [ dr(Go+ ). (3.11)

then setting (1 = (cos a, (2 = (sin o and redefining the scalars (using SO(6) symmetry of
the bulk scalar action) we get back to the WL coupled to a single scalar with the coupling
¢. Thus the beta-function cannot be a function of «, but only of (, i.e. the angle a should
be a parameter of an exactly marginal deformation. For infinitesimal « the integrand in
the exponent in (3.11) is (¢ + Ca ¢ so that the insertion of ¢ into the WL coupled to ¢
should be exactly marginal with A = 1 at a fixed point.

3.2 Two-point function for coupled scalar
The same calculation for the scalar coupled to the loop, i.e. for

(Tr [P $(0) ¢(7) exp [, dr’ d(7")])
(Tr [P exp [X, dr' o()])

G(r) = : (3.12)

requires us to consider all possible contractions, including those involving the fields at 0
and 7. At tree and one-loop orders we then get the following contributions

L
(Tr [P #(0) ¢(7) exp /_L dT,¢(T,)]> =

(N e OO 7=

0 T

(3.13)

Each structure splits into 6 diagrams depending on the order of 7/ < 7” with respect to
0 < 7. The result is

/d2 /\ /\ _ ELL—T)) e + Leg?r— 2 + E2(L — 1)er—2te
T B 6471'4(—1 + 6)2 647T4(—1 T o) 6471'4(—1 ey

ELr) M E(L - (14 r
6474 (—1 + €)? * 6474 (—1 + €)? 6474 (=1 + €)T'(=1 + 2¢)’

+
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2,.-—2+2€¢ 2 —24€(T7€~ €
[ m £r | @ (L — L)

B 6474 (—1 + €)e 64L74(—1 + €)?

N Er (=14 29L + 7 — (L +7)9) N Er (= (L+71)+7(L+7))

6474 (=1 + €)e 6474 (—1+€)2(L + 1)
— —5—2¢ — € 3
B €27 2+QEB%(2_26’6) B 9=5=2e¢2, =242 (5 _6> T(~1+e¢)
6474 (—1 +¢) 79/2(—1 4+ ¢)
& ((L(L+7) e = (L) R (1 -6, ~1+ 66— L))
. 3.14
* 6474(—1 + €)? (3.14)
Taking L — oo limit in the B-function,'! using
I'(2 —2¢)I"
oFi(1—¢,—1+4¢€,6;,—x) = xl_ew + Oz, T — 400, (3.15)

I'(1—e¢)

and redefining ¢ according to (2.26) we find that the renormalization of G(7) in (3.12)
requires also an additional Z-factor

s L p=¢
ren . J— o e
G (T3 ) = nggoll_)I%ZG(T), Z =1+ 53 ¢ +ee (3.16)
As a result, we find
G (1) = MQL 1+ (-2- 310g(,u7'))i +--- (3.17)
’ 82 (ur)?—¢ 472 ’

where we restored the full e-dependence of the tree-level term. Replacing now & by its
Wilson-Fischer fixed point value ¢* = 4n%¢ + 2w2€% + - -+ in (2.33) we find

G* (i) = 2% [14 (=2 — 2log(ur))] € + O(2). (3.18)

This has the conformal form with a non-trivial dimension A* =1+ ¢+ ..., in agreement
with the expected relation between the anomalous dimension and the derivative of the
beta-function in (2.32)

1
A*Il—}—ﬁé*:l—{-e—iGZ—F“-. (3.19)

At the two-loop order we need the following contributions

[t LN N N N (N (AN N

AN AA] o

"Here B is the incomplete beta function B, («,8) = foz dww* (1 —w)?~! with By(a, 8) = 0.

~15 —



Each diagram correspond to 15 possible orderings of the positions on the line, two fixed at
0 and 7, and four at various possible positions consistent with the planarity constraint. To
extract divergences from closed expressions for the diagrams here we use a simple cutoff
regularization

13 1

D(7) = Da(7) = @m,

a—0. (3.21)

Then one finds, for example, that

/d47- m _ (F20+7)log2 € (—1+10g256 + 16log )

256amw673 10247642
3(=8+1og32+20log L —12log
+5 (=8 +1log32 + 2log 7 o8 7) (3.22)
5127671a
+ & [ 19+ 72 — 121og 2 — 16 log & — 8log 2log —
—_— |- —12]og?2 — 16log — — 8log2log —
1024 7672 T & 5T 62508 T

+121og? @ —4log1 +2log4log1 — 3210gglog1

.
18 log? —
L L L plosy tislosT o

where we already expanded in large L and small a (before the expansion the expression
is unwieldy). Recomputing the one-loop diagrams with this regularization and adding the

two-loop ones, one finds that one can define the renormalized correlator as'?

ren . T :
G (1) = ng)go CILI_IR)Z G(7). (3.23)
The bare coupling £(a) appearing in the expansion of G is related to the renormalized
coupling & = £(u) at the inverse length scale p by
€(a) = € ~log(ap) 5 + [ Hlog(an) +log*aw)| —Spmy + (324
a) = oglap) 5 5 log(ap og”(a i (an2)? , .
corresponding to the beta-function in (2.29). The renormalization factor Z is given by

¢ &

Z =1-2log(ap) el 2 log(a 1) + log*(a )] (a2 +-e (3.25)

The renormalized two-point function then reads

s 3

24 2

1
G (r;p) = ﬁ% [1+ (1 —3log(ur)) % + <2+

52
log(ur) + 6log2(ﬂr)> (422 + - } .

(3.26)

Like (3.7) this expression cannot be put into the conformal form (with all 7 dependence

appearing only as a power (u7)*?) since the conformal invariance is broken for generic €.
The renormalized correlator satisfies the Callan-Symanzik equation

0 0
e+ Bege +2AA=1)] €716 ) = 0. (3.27)

12The order of limits here is important.

~16 —



We have written (3.27) for the rescaled (3.2) correlator corresponding to the picture where
V€ coupling appears in the exponent of the WL operator and the two-point function
is defined for the canonically normalized fields (i.e. without extra coupling factor in the
bulk action compared to (2.3)). Thus A — 1 in (3.27) is the anomalous dimension of the
canonically normalized scalar ¢.

Using (2.29), i.e. B¢ = ﬁ{Q — 321”453 + -+, we obtain

A:1+7€—7§2+"" (328)
™ ™

This expression is in agreement with the general relation for the anomalous dimension
A—-1= d%ﬁg where the coupling here is g = /€ appearing in front of the scalar ¢ in the

exponent, i.e.
0 1 1 g°

N - S

bg = H@,ug 2\/?85 sn2? T Gard +
The dimension (3.28) in the effective ladder model corresponds to the terms with highest
power of ¢ in the dimension of the scalar ¢ = ¢g in the full N =4 SYM theory (cf. (1.17))

(3.29)

2

© 1w () =1 2 (32— 1)t N (1 _ 54 3
A =14 5(0) =1+ 56 = 1) + £ (1-5¢) + 0(). (3.30)

Similarly, the Callan-Symanzik equation (3.8) for the two-point function G™" for the “trans-
verse” scalar ¢ in (3.7) rewritten for the rescaled (3.2) correlator, i.e. in the form (3.27), is

0 0\ ~ 0 0 ~ =
(155 + Begg ) Gn(ran) = |y + Begge + 2B =] €716 (ma) 0. (331)

It implies that the anomalous dimension A —1 of the canonically normalized scalar field 5
found in the ladder approximation is directly proportional to the beta-function S in (2.29)
£ &

1
A=1+-18=1+—2> —
+2£ Pe +8772 6474

+0(&%). (3.32)

To reconstruct the expression for the corresponding anomalous dimension A —1 in the full
SYM theory (i.e. the analog of (3.30)) which is a function of A and ¢ we may use that (i)
it should reduce to (3.32) if one keeps only highest powers of ( at each order in A; (ii) it
should vanish at ¢ = %1; (iii) it should be equal to (3.30) at ¢ = 0 as then all 6 scalars are
on equal footing (not coupled to the loop). This gives

A A2

A AN O N AN
A 1+ 872 (=1 6474

This is simply related to the beta-function 3¢ in (1.17)?

(¢t —1)+ 0. (3.33)

A© =14¢71 5. (3.34)

Thus while the anomalous dimension of the coupled scalar (3.30) is given by the derivative
of the beta-function of ¢, the anomalous dimension of the “transverse” scalar (3.34) is
proportional to the beta-function itself.

13The relation between the prefactors in (3.32) and in (3.34) follows from %.571% = %CiZ%@ = (1B
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A way to understand why this relation of A© to the beta-function should hold in
general let us start again with the loop (3.11) coupled to the two scalars (¢ = ¢ and a
“transverse” ¢) with different coefficients, i.e.

Go+Co, G =Ccosa, (»=(sina. (3.35)

In this case we may formally define two beta-functions 3¢, = u%g}- but since « is an exactly
marginal parameter not running with p (see discussion below (3.11)) we should have

B¢, = cosa fic, Be, =sina fe . (3.36)

At the same time, the general relations for the anomalous dimensions of ¢ and 5 at the
point (2 = 0 or a = 0 (when ¢ is not coupled to the loop) are given by

0 ~ 0
A-1=-2 — g A= 2
a<15< Be 8@5@

where in the last equality we used that 5%562 o™ (g—lcosa%+sinaa%) (sinafB;) |a:0:<—1&.

The above argument implies, in particular, that the fact that A =1 at the fixed points

= (B, (3.37)
$2=0

1
¢2=0

when 3; = 0 and ¢ # 0 follows essentially from the rotational symmetry in the scalar space.
For the fixed point at { = 0, where all scalars are not coupled to the loop and the full
SO(6) rotational symmetry is restored, this does not apply as here all scalars have then
the same dimension A©®) =1 + Bele=o-
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A Conventions and useful formulae

For SU(N) generators in the fundamental representation we have

2 _
[T, T =i febe e, TrT% =0, TrTeT? = %6‘“’, (T°T*);; = % Sij-
(A1)
a a 1 1 ac Ci a
T = 5 (Gudn = 500 ), foef0 = Nt (A.2)

In computing higher-order corrections one also needs

2 _ 2 2
Te(T*TTT?) = %Tr(l)ﬂ(TbTb) - %T&"(TbTb) _ (N L ) N -1 _ (V' -1)

2 2N 2 AN
(A.3)
1 1 1 N2-1 N2 -1
arpbrpapby b by & brpby _ _ _~ = —
Tr(TTTT)_2Tr(T)Tr(T) 2NTI"(TT) N3 N (A.4)
arbrba arparbmb (N2_1)2
Tr(TTTT):Tr(TTTT):T. (A.5)
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Useful formulae for diagram computations are

1 N I(v1)---T'(vy)
do;oi 16 1N oy :4, A6
N (O e
1 I(s—w) _
2w =¥ M?)“75, (AT
J v = gy MO (A)
/ dTldTQdTg(’7’1—7’2)012(7‘2—7'3)023(7'1—7‘3)013:
T>T1>T9>73>0
FC12+c23+ci3+3 F(012 + 1)F(023 + 1) (AS)
(012 +co3+ci3 +2)(612 +co3+cCi3 +3)F(C12 +co3 +2) ’
1 11—«
| da [ asasyatsyi-a—py=
0 0
2712 /rT (1+p)L(2+2p+q)T(1+7) (A.9)

F(%+p)r(3+2p+q+r)

Let us also recall some general relations between pole coefficients and beta-function in
dimensional regularization. If £(¢€) is a bare coupling and £(y) is a renormalized one we have

0 = [e + T | TEGD |7, A10)

€

where T,,(£) have perturbative expansions

Ti(&) = pui&® + pn& +pn&* +pué + -+, To(€) = p2é® + pat® + pasd® + -,
T5(€) = pss€® + pas€® + -+ -, Ty(€) = paal®+ -+, ... (A.11)

Differentiating (A.10) over p, using u%f (e) = 0 and setting to zero the resulting coefficients
of poles in € gives differential constraints on 7},

—Ty + TS + TT] — T2 = 0, (A.12)
~Ts + ToT| — ThT{* + T + Th Ty — 26T T + T4 = 0, (A.13)
Ty + 3T — ToT}? + TyT}® — 17
+ToTy — 2Ty T{ Ty + 3ET)* Ty — €T3 + TyTh — 26T T4 + €T, =0, . ... . (A.14)

Plugging here the expansions (A.11) gives coefficients of all higher poles in terms of the
coefficients of the simple one

9 7 3 3 5 5 23 , 4
P22 =P, P32 = 3Pupa, Ps3=Pis Pa2 = 5P T PupsL, Pas = B Puib21, Pas = P
(A.15)
The beta-function can be expressed in terms of 17 as
d
B(€) E(p) = —T1+€T] = pui&® +2pn&® + 3psi &t +4pn &+ . (A.16)
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B Computation of Wilson loop on a circle in ladder approximation
Let us illustrate how to use the loop equation (2.5) to automatically generate relevant
ladder diagrams in the planar expansion on the example of the two-loop calculation of

the WL in (1.21). Following the mode regularization approach in [12], we replace the
propagator on the circle in (2.4) by its regularized version

Dc(1) = SL Z n) cos(nt), (B.1)

where ¢ = 3z — 0 and a is a cutoff of dimension of length. Using this in the loop equa-
tion (2.5), the first-order term in the expansion (2.16) is simply

—~ _pecos(nt) =1
:Z P (B.2)

Setting 7 — 27 before summing over n, one gets
Wi (27) = 0. (B.3)

Next, using (B.2) in the loop equation, we obtain

> n3 sin(n17) sin(naT) (n? + nd)ny cos(naT)
Wy(r) = ee(mtn2) { 2 + cos(niT) 1 2
m%;zl 3214 (n? — n3)? 64m4n (n? — n3)?
N9 (n2 —2n?)cos(nat)  (2nf — 5ndn? 4+ nj)
647r (n$ — nin3) 64miny(n? —n3)ne  64ming(n? — n3)Zng
(B.4)
Here the special case n1 = no should be treated separately and one gets
e = 15 —2n272  cos(nt)  cos(2nT)  Tsin(nr)
W — L. —2ne o o
2(7) Zﬁ ()2 e [ 5127402 327%n2 | 51274n2  12874m
ni1#ng=1
(B.5)
where the first term in the r.h.s. vanishes for 7 = 27. As a result,
Wo(27) = Z e 1 1 O(e) (B.6)
647r2 = 12872 12872 ’ ’

Dropping the singular term (linear divergence), we reproduce the ladder part of the ex-
pression in (1.21), (1.25) (cf. (2.1))

W=1+0- ¢4+ £+ (B.7)
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C Contributions to two-point function for “transverse” scalar to two
loops

Using the propagator in (2.15), we have the following explicit expressions for the one loop
diagrams in (3.4) and (3.3)

L /_\ L = ii (C.l)

LN N (L=r)T2 (C.2)

0 T T T2 L = 647’(’4(—1+€)6 ’

LN N LT (C.3)

sl T T0 T L= 6471'4(—1 +€)€

I m ig{ (C.4)

O sl To T L - 647?4(*1%*6)6

m T L b (L)) o (C.5)

—L T 0 T T2 L 6471'4(—1 + 6)6
/_\ 2*3+€L6
_ = ——¢. C.6
L T T L 7r2(—1—i-e)e5 (C.6)
At two loops, we have 15 diagrams N;, i = 1,...,15, in the numerator of (3.1) and two
14

diagrams D1, Dy in the denominator. Their expressions are

Ne TN N N (L 7

512767 (1 + 2¢)

Ny = m .'/-\\\ m (L(L —7)7)° 3 (0.8)

T h1270(—1 4 €)2e2r2

R 2¢, —2+eT(_ 2
Ny m m ; \ :L T F( 1+€) g37 (Cg)

51276T(1 + 2¢)
TN (L —7)%e772+%¢ 3
Ny= ! \ = C.10
* 102475 (—1 + €)€2(—1 4 2¢) & (C.10)
,’-"\\ L€7,72+26
Nee LN\ S 3 C.11
° 51276 (—1 + €)2€2 & (C.11)

O = N G B

"~ 5127572¢

- 2 2
+61447r67'2 |:7T +12(log” 2 +log4) + 6log 16log L 4 6 log 7(4 + log 4 + 3 log 7)

—6log(L+7)(4+3log(L +7)) — 12Li, (L;ﬂ € +0(e), (C.12)

MHere we omit the labels £L at the ends of the line.
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,’-"\\ L2€7_—2+€
N = m .' 1 = 3 1
! 102476 (=14 €)e2(—1 + 2¢) & (C.13)

Rl (L_T)ET—2+2€

_ oy N\ 3
Ns 512768(—1+€)2e? & (0'14)

Ng= m m —_— Mé

512(w072)e

1
+———— |2log® 2+ log 16 + log 161log L +log4log(L — 7) +4log T +log4log T
10247672

+2log Llog 7+ 3log® 7 — 4log(L + 1) — log 4 log(L 4 7) — 2log Llog(L +7)
L
) — 2Lis (—LJ“T)} £ +0(e), (C.15)
T

—T

—2log 7log(L + 7) —log®(L + 7) + 2Liy (—

-———

K W —243¢
Nig= —t. ﬁ = T €3, (C.16)

102478(—1 +€)e2(—1 + 2¢)

722 ((—1 4+ 29) L 4+ 7€ — (L +7)°)

Ny = = 3 C.17
H 51276(—1 + €)2€2 & (C.17)
N '/-\\ S 2+ lo 2+l 0g"2 log 2log(L —7) +1log21o
127 ' = 512762 | 12 TITlo8 2 golog\L =T/ Ti0g 28T
2r L 2L L\] .4
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D Computation of order ¢ term in the one-loop beta-function

Here we shall present some details of the computation of the one-loop term in 3¢ in (1.3)
that were not spelled out in [10]. Like the ¢® term in (1.3) that follows from the scalar
ladder graphs (cf. (2.19)) the —C term comes from similar graphs with gluon propagator
instead of the scalar one. For example, in the case of the Wilson line along Euclidean
time ¢ = 7 direction the exponent in (1.1) is given by [dr(iA; + ¢) and thus the gluon
contribution is minus that of the scalar due to extra i factor. This already reproduces the
expression (1.3) for the one-loop term in /.

However, there are two extra types of diagrams that are potentially contributing at
order (. Their total contribution should then be zero. Using the vertex renormalization
method discussed in section 2.1 they are represented by!®

¢(wo) ¢(wo) ¢(o)
04577 = 0_&_7 + OiT. (D.1)

Here the wavy line stands for the gauge field propagator and the blob in the second diagram

is the scalar one-loop self-energy correction (given by the sum of the scalar-gluon loop

and fermion loop). Below we shall demonstrate the mutual cancellation of these two

contributions as claimed in [10] which is similar to the cancellation of the non-ladder

diagram contributions to the expectation value of the circular WML observed in [31].
Explicitly, the contribution of the first diagram in (D.1) is'6

V= % / d?7 (Tr {¢(z0) P[2A(72)¢(73)]} (— / d'y [ 0.6 (y) AL (y) ¢§(y)>>, (D.2)

where A(7) = A§i#T? and ¢(7) = ¢%(x)[2|T* assuming we keep the contour general. If
T9 > T3 this gives

=TT [ i (60 (@0) AN m)¢(m) [ d'y 0,6 () AL (1) 6 (1)
— i (T [ty [ @690, Dy~ 20)) Dly ~ ) D(y - 7)

i e Ty(TOTPTe) / dy / & (#? .9, D(y — 1)) D(y — 20)D(y — )  (D.3)

5There are, of course, two copies of the first diagram depending on ordering of the end-points of the
propagators.
SHere 2iA(12)¢(73) comes from the mixed term in the expansion of (¢ + iA4)(¢ + iA).
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and for 7 < 75 we get
=i T [ty [ (a0 Am)dt () [ dy 0,08 () AL W) 6 ()
— i (T’ [ty [ @620, Dy~ 20)) Dly ~ ) D(y ~ )
—i T [dy [ dr @20, Dy - 1) Dy~ 20Dy~ ). (D)

Using that f¢ Tr(TT°T°) = %N 3 4 ... where dots stand for subleading terms at large
N we get

v = [dlyv). (D.5)
1 .

V= _Z/d% e(72,73) (2# - 9, D(y — 73)) D(y — 20) Dy — 72) , (D.6)
where €(73,73) is the antisymmetric path ordering symbol. Specifying to the case of the
contour being straight line we get!”

V= Z/d T 6(7’2,7‘3)%D(y—Tg)D(y—xo)D(y—Tg). (D.7)

Integrating by parts (using that %6(7’2, T3) = —2(12 — T3)) gives
V=3 [ @78~ m)D(y ) Dly — 20)Dly — )
+5 [ dn etraim) Dy = 7) Dly = 20) Dly = 5
— 5 [ @' Dy~ P Dy~ z0) - § [ 7' Dy~ 1) Dly ~ 20)Dly - 7)

+ [ dr DD~ 20) Dy — 7). (D.8)
This may be written as
V= [ar R Ho,7, )~ Hwo,7', ) + Hizo, 7,0 (D.9)
Here the function H is in general defined as (cf. [31])

H(zW, 2@ 2)) = / >y Az —y) Az —y) Az —y)

Pw=1)° [ 1 1 1

=i | G e Gy [ g (D-10)
Pw—1°T3w=3) [ o [ 5(1—a—B—7) ()

T 3w L(w—1)3 /d2 y/o dodBdry [a(z® — )2+ B(@® — )2 + v(2®) — y)2P-1)

7 To simplify the analysis we may assume that the point zo also lies on the line but far away from other
points and thus not participating in limits leading to short-distance singularities.
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where A is the scalar propagator in d = 2w = 4 — € dimensions (with canonical normaliza-
tion). It can be put into the form

HD, 2@ 20)) = / dadpdy 21 O‘_[E%QZZS(O"BV)H, (D.11)

M2, 2@, 2®) = a(1 - a) @V)? + 51 - §) @) + (1 =) (@)
— 20820 . 2® — 20y M . 20 — 28y 22 . () (D.12)

The UV divergent contribution to (D.9) comes only from the limits when two points on
the line approach each other, i.e. only from the first H-function term in (D.9). Focussing
on this term and setting xo = 0 we have

1
vV - i/dT/H(O,T,,T/)

N°T' (2w — 3) /T S(1—a—B—7v)(aBy)?
= a /d dBd ~220=3) (D13
g Jy N T s T (D49
Using (A.9) then gives for the corresponding integral in (D.5)
982w g 2w T—dw cse(nw)l'(=3+2w) N3 1
(=7 +4w)l (3 - W)l (=} +w) 64miT w —2

V =N?3 (D.14)

Turning to the scalar self energy contribution, it can be written as (see [31])
1 I2(w—1 T 1
5= 2 3272w (2 (— w)(2)w —3) /0 ar’ (xg — 7/)2(2w=3)" (D-15)
Setting as in (D.13) 29 = 0 we get
1 I(w-1) / g L 20T AT (1 + w)?
2 3272%(2 — w) (2w — 3) ’2(2w—3 64(7 — 4w)(2 — w)(—3 + 2w)
(D.16)

S=-—=

Then one can check that the contributions of the triangular graph and self-energy correction
indeed cancel (even exactly in w), i.e.

V+58=0. (D.17)
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