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Degenerate operators on the half-line

G. METAFUNE, L. NEGRO AND C. SPINA

Abstract. We study elliptic and parabolic problems governed by the singular elliptic operators
o c
y Dyy+;Dy —V(y), aeR

in Ry, where V is a potential having nonnegative real part.

1. Introduction

In this paper, we study solvability and regularity of elliptic and parabolic problems
associated with the degenerate operators

L:y"‘(Dyy—i—;Dy)—V and D, — L

in the half-line R.

Here, ¢, o are real numbersand V € L }OC (R+, y"’”‘) is a potential having nonneg-
ative real part. The operator B = Dy, + §Dy is a Bessel operator and satisfies the
scaling property

I7'BI; =B, Lu(y) = u(sy).

We study L in the weighted spaces Ly, := L” (R, y"dy), m € R, and we char-
acterize all m such that L generates a Cp-semigroup. When V > 0, we also prove
that the generated semigroup is analytic and we show that it has maximal regularity,
which means that both D;v and Lv have the same regularity as (D; — L)v. In the case
V(y) = y“%, we finally characterize the domain of L.

We observe that the results already available for B, see [13, Section 3] and also
[8—11,15] for the N-d version of B, imply the corresponding ones for y*B in L},
by a change of variables, as described in Sect. 3. The change of variables varies the
underlying measure and explains why we need the full scale of L%, spaces.
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More effort is needed to add the potential term. We consider first B — V in L?
(R4; y“dy). We use form methods to construct an analytic semigroup, and we prove
kernel bounds for complex times via Davies—Gaftney estimates and provide a core.
Then, with the methods of Sect. 3, we deduce similar results for y*B — V in L2(R+;
y“~*dy). Next we prove that the semigroup can be extended to L, under sharp con-
ditions on p and m. Finally, we prove that for every € > 0 the family of operators

{ez(yaB—V) = E%,e, 0<Ve Llloc (]R+, yc—a)}

is R-bounded in L},, which implies the maximal regularity of the semigroup when
V >0.

As a motivation for our investigation, we point out that, in the special case V (y) =
y%, all the results above play a crucial role in [14] in the investigation of the degenerate
operators

b
L=y Ay +y* (Dyy +oDy - —2> -
y y
Let us suppose, for simplicity, b = 0, &y = o2 = «. Assuming that y* (A, u +
Byu) = f and taking the Fourier transform Fu or & with respect to x, we obtain
YAIEPAE, y) = =y IEP(y¥IE P — y*By) "' (&, y). Therefore,

AL = F (v e PO e -y B TH) F
and the boundedness of y* A, £~ is equivalent to that of the multiplier
§ eRY — yIgP(y¥IE1P = y*By) "

For this reason, we prove in Sect. 8 that certain multipliers associated with y*B —
V satisfy a vector-valued Mikhlin theorem. These results rely on square function
estimates which we deduce from kernel bounds and the following equality, which
allows to treat A or |£|> as spectral parameters simultaneously

-1 A
(r—yB+1ePy) = <|s|2 ~ B+ y—a)

e

We restrict ourselves to @ < 2 and consider y* B with Neumann boundary condition
at 0, namely limy .o y“Dyu(y) = 0. This is equivalent to require y"‘_lDyu IS L{,;,
see [12, Proposition 5.11]. The restriction @ < 2 is not really essential since one can
deduce from it the case ¢ > 2, which requires a boundary condition at co, using the
change of variables described in Sect. 3.

Besides this, our strategy can be easily adapted to different boundary conditions
and to more general operators y* (Dyy + §Dy — y%) — V. We do this (in much more
generality) in [14, Sections 7, 8].
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The paper is organized as follows. In Sect. 2, we briefly recall the harmonic analysis
background needed in the paper, such as square function estimates, R-boundedness
and a vector-valued multiplier theorem.

In Sect. 3, we exploit an elementary change of variables, in a functional analytic
setting, to reduce our operators to the simpler case where o = 0.

Section 4 is devoted to the study of the Bessel operator y* B. In Sects. 5, 6 and 7, we
perturb the Bessel operator by adding the potential V and we prove real and complex
kernel estimates, generation results and maximal regularity for y* B — V. Finally in
Sect. 8, we treat the case V(y) = y“ and characterize the domain of y*B — y*.

Notation. For m € R, we consider the measure y”dy in R, and we write L}, for
LP (R4, y™dy). Similarly, W,];l’p ={uell 8% e Ll |a| <k}. When we write
VeLl (RT, y"dy), we mean that V € L9([0, b], y™ dy) for every b < oc.

We use CT™ = {A € C : Rer > 0}, and for |§| < 7, we denote by %y the open
sector {A € C: A #0, |[Arg())| < 6}.

Statements and declarations. Data sharing is not applicable to this article as no
datasets were generated or analyzed during the current study.

2. Harmonic analysis and maximal regularity

The study of maximal regularity of parabolic problems of the form u; = Au +
f,u(0) = 0, where A is the generator of an analytic semigroup on a Banach space X,
consists in proving estimates like

luellp + N Aullp, < I1F1p

where the L? norm is that of L” ([0, T'[; X). This can be interpreted as closedness of
D; — A on the intersection of the respective domains or, equivalently, boundedness of
the operator A(D; — A)~"in L?([0, T[; X).

Nowadays this strategy is well established and relies on Mikhlin vector-valued
multiplier theorems. Let us state the relevant definitions and main results we need,
referring the reader to [5,6,17] or [7].

Let S be a subset of B(X), the space of all bounded linear operators on a Banach
space X. S is R-bounded if there is a constant C such that

E £ Six; E £iXj
i i

for every finite sum as above, where (x;) C X, (S;) C Sandeg; : Q — {—1, 1} are
independent and symmetric random variables on a probability space €2. The smallest
constant C for which the above definition holds is the R-bound of S, denoted by
R(S). It is well known that this definition does not depend on 1 < p < oo (however,
the constant R(S) does) and that R-boundedness is equivalent to boundedness when

<cC

LP(Q2;X) LP(2:X)
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X is an Hilbert space. When X is an L? space (with respect to any o -finite measure),
testing R-boundedness is equivalent to proving square functions estimates, see [7,
Remark 2.9].

Proposition 2.1. LetS C B(LP(X)), 1 < p < 0. Then, S is R-bounded if and only
if there is a constant C > 0 such that for every finite family (f;) € LP(Z), (S;) € S

H (Xinsiﬁﬁ)é <C (;wﬁ)é

The best constant C for which the above square functions estimates hold satisfies
k~1'C < R(S) < «C for a suitable ¥ > 0 (depending only on p). The proposition
above R-boundedness follows from domination.

Corollary 2.2. LetS,7T C B(LP (X)), 1 < p < oo and assume that T is R bounded
and that for every S € S there exists T € T such that |Sf| < |Tf| pointwise, for
every f € LP(X). Then, S is R-bounded.

LP(%) LP(%)

Let (A, D(A)) be a densely defined, sectorial operator in a Banach space X; this
means that p(—A) D X, _, for some ¢ < 7 and that A(A+A)~!is bounded in pI
The infimum of all such ¢ is called the spectral angle of A and denoted by ¢ 4. Note that
— A generates a strongly continuous analytic semigroup if and only if ¢4 < 7 /2. The
definition of R-sectorial operator is similar, substituting boundedness of A(A + A)~!
with R-boundedness in X, _y. As above one denotes by qﬁf the infimum of all ¢ for
which this happens; since R-boundedness implies boundedness, we have ¢4 < ¢§ .

The R-boundedness of the resolvent characterizes the regularity of the associated
inhomogeneous parabolic problem, as we explain now.

An analytic semigroup (e~'4),~0 on a Banach space X with generator —A has
maximal regularity of type L1 (1 < g < oo)ifforeach f € L9([0, T]; X) the function
t > u(t) = [ye 94 f(s)ds belongs to Wh4([0, TT; X) N L4([0, T1; D(A)).
This means that the mild solution of the evolution equation

u'(t) + Au(t) = f(t), t>0, u(0) =0,

is in fact a strong solution and has the best regularity one can expect. It is known
that this property does not depend on 1 < g < oo and T' > 0. A characterization of
maximal regularity is available in UMD Banach spaces, through the R-boundedness
of the resolvent in a suitable sector w + X4, withw € Rand ¢ > 7/2 or, equivalently,
of the scaled semigroup e~ (A+0)1 in a sector around the positive axis. In the case of
L? spaces, it can be restated in the following form, see [7, Theorem 1.11]

Theorem 2.3. Let (e~'4),~( be a bounded analytic semigroupin L? (X), 1 < p < oo,
with generator —A. Then, T (-) has maximal regularity of type L9 if and only if the
set (A\(A+A)"1 1 e Y /24¢) 18 R- bounded for some ¢ > 0. In an equivalent way,
if and only if there are constants 0 < ¢ < w/2, C > 0 such that for every finite
sequence (A;) C Xxo4, (fi) CLP
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H (Z A (ki +A>—1ﬁ|2> <C (Z |ﬁ-|2>

or, equivalently, there are constants 0 < ¢’ < 7 /2, C' > 0 such that for every finite
sequence (z;) C Xy, (fi) C LP

H (Z |e—ZfAﬁ|2> <c (Z |ﬁ|2>

LP(%) LP (%)

LP (%) LP(%)

Finally, we state a version of the operator-valued Mikhlin multiplier theorem in the
N-dimensional case, see [5, Theorem 3.25] or [7, Theorem 4.6].

Theorem 2.4. Let 1 < p < oo, M € CN RN \ {0}; B(LP(X)) be such that the set
[1g1“1D2ME) & € RV \ (0}, Jal = N}

is R-bounded. Then, the operator Tyy = F~'MF is bounded in LP (RN, LP (X)),
where F denotes the Fourier transform.

We end this section with the following lemma on radially symmetric multipliers.

Lemma2.5. Let 1 < p < oo, m € CN(Ry; B(LP(X)) be such that the set
{skm(k)(s) cseRy, k< N}

is R-bounded. For a € R, let M(£) = m (|]%). Then, M € CN (RN \ {0}; B(L? (%))
and

[1g1“1D2ME) : & € RN\ (0), Jal = N}
is R-bounded and
R[|g|‘“'DgM(s) £ e RV\ {0}, Jaf < N] < C(N)R[skm<k>(s) cseRy, k< N}.

Proof. Let us first observe that for any multi-index o with O < |@| < N one has
o .
DEME) =Y hioE)m? (1€]%) (1)
i=1
where h; o € C>® (RN \ {0}) are homogeneous functions of degree ia — |cr|. Obviously,
(1) is valid for |o| = 1 since VM (&) = a m'(|£]%)|€|*2& and follows by induction,
and the derivatives of h; , are homogeneous of degree ia — || — 1.
The proof of the lemma now follows by Corollary (2.2) since from (1) one has for
feLP(E)
o _ o
E1NDEME) FI < (611 1hiw©)1ImD (11°) £1 < €D 1E1“Im @ (1519) f1.
i=1 i=l
O
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3. Degenerate operators and similarity transformations
We investigate when the operators
c o o c
B = Dyy + —Dy, y'B =y"| Dy, +—D,
y y
can be transformed one into the other by means of change of variables. Here, «, ¢ are

unrestricted real coefficients.
Forp e R, B # —1 let

> B+1
Tgu(y) =B+ 17u(y"™), yeR,. )
Observe that
T, =T
B+1

Proposition 3.1. Let 1 < p < o0, k, B € R, B # —1. The following properties hold.

(i) For everym € R, Tg maps isometrically ng onto LY, where

m—p
B+1

i =
(ii) Foreveryu € leo’g (R4), one has
1. y*Tgu =T (yﬁu),foranyot eR;
B
2. DyTgu =Tg ((,3 + 1)y A+t Dyu>,
2B B-1
Doy (Tyu) = Ty (B + D271 Dyyu + (B + DBy ¥ Dyu).

Proof. The proof of (i) follows after observing the Jacobian of y > y#+1is |1+ 8|yf.
Then, we compute

1 _B_
DyTgu(y) = 1B+ 117 ((B+ Dy Du(Ph) = 75 <(ﬁ +1y7e Dw)
and similarly
2 2B -1
DyyTyu(y) = Ty (B + D2y FT Dyyu + (B + DBy 71 Dyur).

O

Proposition 3.2. Let Tg be the isometry above defined. The following properties hold.
For every u € leo’cl (R4), one has

T Y(y*B)Tsu = 12y 5 B
p pu=(B+1D7y u
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where B is the operator defined as in (1) with parameter c replaced, respectively, by

c+pB+1+4+p8)
B+ 1?

Proof. Using Proposition 3.1, we can compute

¢ =

BTgu(y)
2 28 £=1 £=1 __2_
=T [(,3 + D2y Dyyu+ (B + DBy Dyt + c(B + 1)y #71 Dyu — by 751 u]

B+DE+a) _b%)}

28 2
=Tg|yPT | (B+ 1)"Dyyu + y

=Tﬁ(r"é)

which implies

a2
Ty (y*B) Tgu = y 71 Bu

4. The Bessel operator y* B"
In this section, we consider for ¢ < 2, ¢ € R the operator
o o c
y'B=y <Dyy + ;Dy)

in the space L}, under Neumann boundary conditions.
According to Proposition 3.2, for0 < (m+1)/p < ¢+ 1 —«, we use the isometry

S =

T

o _a
(L)~ L Togu() = 1= 3|7 uG ),

o
2

Sz

IR

+‘, , under which y“ B becomes 1sometr1ca11y equivalent to 7, ( y* B) T_

m
=
(1—%) B where B = Dy)+ Dy,c_ and0<(m+l)/p<c+l

All the results for y*B in L,’Z are then 1mmed1ate consequence of those of B in
L% already proved in [13, Section 3] (see also [9—11,15] for analogous results in the
multi-dimensional case).

If 1 < p < oo, we define

sz\’/p(oc, m) = {u € leo’cp(R+) tu, y*Dyyu, y%Dyu, y“_lDyu € L,’,’,}

and refer to [12] where these spaces are studied in detail in Rﬁ“. The Neumann
boundary condition, denoted by the P*4X \/_ is enclosed in the requirement y*~' D, u €
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L% This last is redundant when (m + 1)/p > 1 — o and equivalent to Dyu(y) — 0
asy — 0,when (m +1)/p < 1 — «, see [12, Proposition 4.3].

Consequently, we write y*B" or, more pedantically y*B,, , if necessary, for the
operator y* B endowed with the domain sz\,/p (o0, m). This time the suffix n reminds

the Neumann boundary condition at y = 0.
Remark 4.1. The restriction « < 2 is not really essential since one can deduce from it
the case @ > 2, which requires boundary condition at 0o, using the change of variables
described in Sect. 3 or directly from the equality 7 ) (y“ B) T¢=(1- %)2 B which
2
is valid for any @ # 2. However, here and in what follows, we keep to it in order to
simplify the exposition.
Theorem 4.2. If0 < mTj“l < ¢+ 1—a, then y* B" endowed with domain W_,z\}p (e, m)
generates a bounded positive analytic semigroup of angle w/2 on L? (R4, y"dy).
Proof. We use the identity T__g1 (y“B”)T_% = (1 - %)2 B" and apply [13, Proposi-
2
. . 17 _ 5 .
tion 3.3]in L. . Note that D(y* B,’,’l’p) = T_% D(Br';l’p) which means

2 ~
u e D(yaBr"n’p) — v(y) == u(y?a) € D(Br’;l,p)‘
U

Under the hypothesis of Theorem 4.2, the domain of y* B" consists of all functions
in the maximal domain satisfying a Neumann condition at 0, see [12, Proposition 4.6,
4.7], that is

D(y”‘B;’H,) = {u € WIZU’CP(RQ cu, y*Bu € L}, and )171_% y'Dyu = O} .

(The condition limy_,¢ y“Dyu = 0 can be deleted in the range 0 < ’";'1 <c-—1)

When ¢ > 1, the domain can also be described involving a Dirichlet, rather than
Neumann, boundary condition

D(y*B,, ,) = {u € W,z{,’f(R+) cu, y*Bu € L% and limoy"_lu = O}, ifc > 1;
, .

DBy, ) = [u € Wipd (R) 1w, y*Bu € Li and lim u ¢ (C} : ife=1.
, y—

We close this section by describing a core which does not depend on «, m, p and
on the coefficients of the operator.

Proposition 4.3. If0 < ’"TH < ¢+ 1—a, then a core for y* B" is
D= {u € Cfo([O, 00)) : u constant in a neighborhood of 0} .

Proof. The proof immediately follows by observing that, by [13, Proposition 5.4], D
is a core when o = 0, that is for Br’% » and the isometry T_% leaves invariant D since
o < 2. U
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Remark 4.4. We point out that, by the proof of [13, Proposition 5.4] or by [12, Remark
4.14], it follows that if u € D(y* Bﬁl’ p) has support in [0, b], then there exists a

sequence (#,),en € D such that supp u, < [0, b] and u, — u in D(y“B,’jw,).

5. The operator B" — V

We start our investigation by adding a potential 0 < V € L} . (R*, y°dy) to B".
Here, we prove kernel bounds and construct a core.

5.1. Kernel bounds

Forc+1>0and0 <V e L}oc (R+, y¢ dy), we prove upper bounds for the heat
kernel of B" — V, following the method used in [3, Sections 3, 4].

Setting HCl ={u e Lg, u' e L%}, we recall that from [13, Section 2] the operator
B, is associated with the nonnegative, symmetric and closed form in L%

o
a(u, v) = f DyuDyvy‘dy, D(a)=H_.
0
We consider the perturbed form ay in L% defined by

ay(u,v) =a(u,v) + (Vu,v)2 = / (DyuDyﬁ—i— Vuﬁ) y“dy
¢ R

+

D(ay) = D(a) N L* (R, Vy© dy) 3)
and define B" — V in L2 as the operator associated with the form ay
D(B" — V) = {u € D(ay) : 3f € L? such that ay (u, v)

o0
= / fvy“dy for every v € D(ay)},
0

B"u —Vu=—f.

The positivity of V implies that the norm induced by the form ay is stronger than the
one induced by a: As an immediate consequence, one deduces that ay is closed. By
standard theory on sesquilinear forms, we have the following result.

Proposition 5.1. Ifc +1 > 0,0 < V € L}, _(R", y°dy), then ay is a nonneg-
ative, symmetric and closed form in Lz. Its associated operator —B" + V is non-
negative and self-adjoint, and B" — V generates a contractive analytic semigroup
{eZ(Bn_V) : z € Cy}in L2 Moreover:

(i) The semigroup (et(BLV))t>0 is sub-Markovian (i.e., it is positive and L°°-

contractive), and it is dominated by e’ Bn, that is

BV < BYfl, >0, fell
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(ii) (e’(Bn_V))tzo is a semigroup of integral operators, and its heat kernel py, taken
with respect to the measure p€dp, satisfies

¢ 52
0= py(t,y.p) < Ct7op™ <ﬁl/\1> exp <_—|y i )
12 Kt

Proof. The first claim follows from the property of ay. ¢'®"~") is sub-Markovian
from [16, Corollary 2.17]. The domination property follows from [16, Corollary 2.21].
(ii) is a consequence of [2, Proposition 1.9] since e’ (8" ~") is dominated by the positive
integral operator /5" whose kernel satisfies the stated estimate, see [13, Proposition
2.8], where, however, the kernel is written with respect to the Lebesgue measure. [

To extend the above heat kernel estimates to the half-plane C,, we need the fol-
lowing lemma.

Lemma 5.2. Letc + 1 > 0 and for yo,r > 0

Qc(y0, 1) :=f yedy.
[y0,y0+7]

Then one has
c —C
Oc(yo, r) =~ rct! (&) (& A 1) , 1,y >0.
r r
In particular, the function Q. satisfies, for some constants C > 1, the doubling con-
dition
0o, s) <c (f)l\/(c+1)
QC(yOa r)

Proof. A scaling argument immediately yields Q.(yo, r) = retlo, (%, 1), and we
may therefore assume r = 1. The local integrability of y¢ implies that Q.(yo, 1) is

, Vyo >0, O0<r <s.
.

continuous as a function of yy and moreover Q.(yg, 1) — f(o n y°dy > 0as yg — 0.
Therefore, if yp < 1, then

Qc(yo, 1) ~ 1.

On the other hand, if ygp > 1, then y >~ yo for any y € (¥, yo + 1) which implies
Qc(yo, ) = / ydy > .
(>vo.yo+1)

The last two inequalities yield Q. (yo, 1) =~ (y0)¢ (yo A 1)7¢. The doubling condition
follows from the previous estimates and the fact that for 0 < r < s one has

0.(0.5) (%)CH; if $=P<L
c\)0, S Yo Yo.
conn =) st

s, if 1< <

(Note that in the range 2 < 1 < 2% one has (ys—o)C <1lifc <0and (;—0)" < (&)%if

c>0) O
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Proposition5.3. Let c +1 > 0,0 < V ¢ L} (R"‘,yc dy). The semigroup

loc
{eZ(BLV) 1z € (C+} consists of integral operators

o
eZ(B 7V)f(y) — /O pV(Z, v, p)f(p) pcdp’ f S Lz, y > O

Furthermore for every € > 0, there exist ke, Cc > 0 such that, for every z € E%,e
andy, p > 0,

¢ 2
1 . —
lpv(z,x,y)| < Celz|"2p~¢ (Ll A 1) exp <_|y Pl )

|z|2 Kelz|

Proof. Using the previous lemma, we rewrite Proposition 5.1 (ii) as

O S PV(ﬁy,P) E C;exp <_M> .
Qc(p, V1) Kt

Furthermore by [4, Theorem 3.3], /(8 "=V) satisfies the Davies—Gaffney estimates

2

r
>||f1||Lg||f2||Lg

' B V) f1, f2)] < exp <_4_t

for all ¢t > 0, U1, U open subsets of (0, +00), r := d(U;, Uz) = min{|x — y| : x €
Ui,y € Uy} and f; in LX(U;, y“dy). By [4, Corollary 4.4] and Lemma 5.2, we then
obtain for z € E%_E andy,p >0

2
lpv(z. v, p)| = Ce 11 T eXp (—%)
(Qc()’y \/E)z (Qc(:oy \/E)z Kelz

e (Gg) ()
-5 : Y.
) () ()

This is an equivalent form (after modifying the constant in the exponential) of the
estimate in the statement, by [13, Lemma 10.2] with y| = y» = —%. O

Remark 5.4. We remark that in [4], the authors work in an abstract metric measure
space (M, d, 1) and assume that the heat kernel p associated with a semigroup e <L,
where L is a nonnegative self-adjoint operator on L>(M, d), is continuous with
respect to the space variables. In such a case, in fact,

sup |p(z,x,y)|=sup{/ e fifrdu, MAllpiwaw = 120wy = 1)-
xeUy,yelUs M
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In our setting, the continuity assumption on p can be avoided since the proofs of
[4, Theorem 4.1, Corollary 4.4] hold only assuming that for a.e. x,y € M

_ 1
p(z.x.y) = lim / L £ T du = lim
2 J 2 (B, (B, 5)

/ Pz, x, ), du(x)du(y),
B(x,s)xB(y,s)

where f| = Mi‘g&jﬁ)), fr= u?gé; ’fs))). This holds, outside a set of zero measure, when

the measure p is doubling, by the Lebesgue differentiation theorem.

5.2. A core for B —V

We prove that under mild hypotheses the set
D= {u € C2°([0, 00)) : u constant in a neighborhood of 0}

is a core for B" — V in L%. Note that this is true when V = 0, by Proposition 4.3.
We need some elementary lemmas. Unless explicitly stated, we only assume that
0<VelL],. (RT, y"dy).

Lemma 5.5. Assume that 0 < V € L} (Ry,y°dy). Then, D(ay) = H} N L?
(RT, Vy©dy) is dense in H!.

Proof. By Proposition 4.3, D is dense in D(B™) with respect to the graph norm.
Moreover, since V € L% locally, D C D(ay). The claim follows from the density of
D(B")in H}. O

Lemma 5.6. Let u € HC1 such that Vu € L%. Then, u € D(B") if and only if
u € D(B" — V). Moreover,

(B" —V)u = Bu— Vu.
Proof. Letu € D(B"). Then, u € D(a) and there exists [ € Lg such that
o o
a(u,v) = / DyuD,vy“dy = / foy“dy
0 0
for every v € H/. Setting g = f + Vu € L2, we have
o o0
ay (u,v) = / (DyuDyv + Vuv)y“dy = f (f + Vuyoy“dy
0 0
for every v € HC1 and, in particular, for every v € D(ay) C Hcl. Therefore u €
D(B" — V). Conversely, if u € D(B" — V), then u € D(ay) and there exists g € Lg

such that

0 o
ay (u,v) = / (DyuDyv + Vuv)y“dy = / guy“dy
0 0
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forevery v € D(ay). Setting f =g — Vu € Lg, we have that

a(u,v) = /OO fuy“dy
0

for every v € D(ay), hence for every v € Hcl, by Lemma 5.5. g

Lemma 5.7. Let u € D(B" — V) and n be a smooth function such that n = 1 for
0<y<landn=0fory=>2. Then nu € D(B" — V) and

n n D)’n
(B" = V)Y(nu) = n(B" — V)u—{—ZDynDyu—i—uDyyn—i—cuT.
Proof. Letu € D(B" — V), then nu € D(ay) and, setting f = (B" — V)u,

o0
ay (i, v) = /0 (Dy (nu) Dy + Vuw)y© dy

o
= / (DyuDy(nv) + Vunv +uDynDyv — DyuDynv)y“dy
0

o o o
—/ nfiycdy—/ DyuDynindy—i—/ uDynD,vy“ dy
0 0 0

oo o0 oo
—/ nfiycdy—/ DyuDynindy—/ vDy(uDyny)dy
0 0 0

o) o
—/ nfoy‘dy — 2/ DyuDynvy“dy
0 0
0 . © oy .
— vuDyyny“dy — —vDyny“dy
0 0 y

for every v € D(ay). O

Lemma 5.8. Letu € D(B" —YV). Then, there exists (uy) € D(B" — V) with compact
support such that (uy) — u in D(B" — V).

Proof. Let n be a smooth function such that n = 1 for 0 < y < 1 and n = 0 for
y > 2. Setting nc(y) = 1 (%), by Lemma 5.7, ux = qeu € D(B" — V) and

cu
(B" = V) (nu) = ne(B" — Vyu + 2Dy77kDyu + uDyyni + 7Dy77k~

Then, upy — u, ng(B"™ — V)u — (B" — V)u in Lg by dominated convergence and,
since Dyni = 0in [0, 1],

lul  ful  |Dyul
5C<7+k—2+ . Xik,0of = 0.

cu
DyniDyu + uDyyni + TD’mk




60 Page 14 of 28 G. METAFUNE ET AL. J. Evol. Equ.

Lemma 5.7 shows that functions with compact support are a core for B” — V. To
show that D is a core, we need more information on the behavior near y = 0 of
functions in the domain of B" — V.

We start by recalling some well-known facts about the modified Bessel functions
I, and K,, which constitute a basis of solutions of the modified Bessel equation

2—+z— — (@ +vHv =0, Rez>0.

‘We recall that for Rez > 0 one has

7\ — 1 z\2m w1y (2) — 1,(z)
IV(Z):(E) Zm!F(u+1+m) (5) ’ KU(Z):E sinmv ’

m=0

where limiting values are taken for the definition of K,, when v is an integer. The basic
properties of these functions we need are collected in the following lemma, see, e.g.,
[1, Sections 9.6 and 9.7].

Lemma 5.9. Forv > —1, I, isincreasing and K, is decreasing (when restricted to the
positive real half-line). Moreover, they satisfy the following properties if z € Xy 2.
(i) 1,(2) # 0 for everyRez > 0.
(i) L&)~ e (3), asld =0, L@~ FA=1+0(z™"), aslz| -

V2mz
Q.
(i) Ifv #£0, Ko@)~ 2iT(vh (3)™". Ko@)~ —logz.  aslz| >0

Ky(z) ~ [3-e7F, as|z| — oo

(iv) I,(2) = I11(2) + 2 1u(2), K,(2) = —Kv11(2) + 2K, (2), for every Rez > 0.

Note that

Rez
1e
[1,(2)| >~ Cye(1 A 2])""2

T

for suitable constants C, > 0 which may be different in lower an in the upper

z € 2%_6 4

estimate.
The following estimates of the resolvent operator of B” — V are a consequence of
the domination property stated in Proposition 5.1.

Proposition 5.10. Let ¢ + 1 > 0 and A > 0. Then, for every f € Lg,

(—B"+V)'f= /O G(L, y, p) f(p)p“dp
with

0<GR,y,p) <G"(A,y,p)
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where

1—c

1—c
yzpz I%(ﬁy)K@(ﬁp) y<p

Gn()"a y’ p) = 1—c 1—c
[L%ﬂfTﬂTh%u@ng#M@w y>p,

(5)
is the integral kernel (taken with respect to the measure p“dp) of the operator () —
B~

Proof. Writing (A — B" 4+ V)~! = [ e *¢!B"~V)dt and using property (i) of
Proposition 5.1, we get that

6 —B"+V) ' fl<—BYYfl, r>0, fell

This yields the domination G(A, y, p) < G"(A,y, p). (The existence of the ker-
nel follows by [2, Proposition 1.9] as in Proposition 5.1.) Formula (5) is proved in
[13, Proposition 2.4]. [l

We now prove local pointwise estimates for functions in the domain of B” — V.

Proposition 5.11. Let ¢ + 1 > 0. Then, there exists C > 0, independent of V, such
that for everyu € D(B" — V) and0 <y < 1

(i) if—1l<c<3
) = € (lullz + 1B = Vullz)
(i) ifc =3
u)I = € (Il g2 + 1B = Vulz) [og yI2,
(iii) ifc > 3
3—c
)l = € (Nullz + 1B = Vull2) v

Proof. Letu € D(B"—V)and f = u—(B"—V)u € L?sothatu = (I—B"+V)~! f.
Let us distinguish between the following cases and always take 0 < y < 1.

(1) If =1 < ¢ < 1, Lemma 5.9 implies that for y < 1

1, p <l
G(l,y,p)’:{ c

p 2e P, 1 <p.
Then, one has
0 1 0 .
lu(y)] 5/0 G(1,y, p)|f(p)|p°dp SC(/O If(/O)Ipcd/oJr/l pffe*"lf(p)lpcdp>

<C (||f||L§((0,1)) +p"ze™” ”L%((l,oo))”f”Lg((l,oo))) =< C||f||L§-
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(i) If c =1, Lemma 5.9 gives for y < 1

l[logy| < [logpl, p<y<l,
G(l,y,p) = {|logpl, y<p<l,
p_%e_p, 1 <p.

Then, analogously
1 o
u(y) < C (/O [log pll f(p)pdp +/1 pfe’”lf(p)ldp>

N .
<C (|| IOgP”Lg((oJ))||f||Lg((o,1)) +llp ze p||Lg((1,oo))||f||Lg((1,oo))) <Clf ||L§-

(iii) Let now 1 < c. Then, Lemma 5.9 implies that for y <1

ylfc < 'Olfc7 p<y< 1,
G(l,y,p) = {p', y<p<l,
p_%e_p, 1 <p.

If ¢ < 3, one has

1 00
lu(y)l <C </O p' 1 f () dp +/1 p_%e_plf(p)lpcdp>

<C (||,0170||Lg((0,1)) If 1 z2¢0.1)) + ||p7767p”L%((l,oo))”f”Lg((l,oo))) < Cllflz-

If ¢ = 3, then we get

y 1 00 5
()| §C<y‘2 fo () dp + / o2 f (o) o*dp + /1 p—ie—0|f<p>|p3dp)
y

1 1
y 2 1 2 3
<Clfllg2 | ¥7? (/0 p3dp> + (/ /f4p3dp> + 1072 L2100
f
1
= Cllflzz (1 +110g 1)
and finally if ¢ > 3

y 1 o
lu(y)| < C(yH/O If(p)lpcder/ /OI*CIJ”(/J)I/J”d/JJr/1 pffe*"lf(p)lp“dp>
v

| 1
y 3 1 2 .
=Clfl2 y'e (/o Pcdﬂ> + </ Pz_chcdp) + 1072 llL2((1,000)
y

3—c
<Clfley.
O

We can now show that, under stronger assumptions, the potential term V' can be
seen as a perturbation of B” near 0, thatis Vu € Lg for every u € D(By) having
compact support. In particular, we prove that D is a core for B" — V.
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Proposition 5.12. Let ¢ + 1 > 0 and assume that
(i) c <3and V € L}, (R, y°dy) or
(ii) c =3 and V| logy|% e L} (RT, y°dy) or
(iii) ¢ > 3 and Vy% e L7 (RT, y“dy).
IfC, .= {u € L% s suppu < [0,r]}, then D(B" — V)N C, = D(B™) NC, with
equivalence of norms

lullpsr—vy = lullpny, Yu € D(B")NC,.
Finally,
D = {u € C([0, 00)) : u constant in a neighborhood of 0}

is a core for B* — V.

Proof. Letu € C,. Then, the hypotheses on V and Proposition 5.11 imply that Vu €
L% and ||Vu||Lg <Cllu—(B-— V)u||Lg. Then, by Lemma 5.6 u € D(B" — V) if and
only if u € D(B"). This shows the equality D(B" — V)N C, = D(B") NC,. Using
Proposition 5.11 again, we also have || Vu||L% < Cillu— Bu||L3 forany u € D(B")N
Cr, which proves the equivalence of the graph norms. Finally, letu € D(B" — V). We
have to prove that # can be approximated in the graph norm with functions belonging
to D. Using Lemma 5.8, we may suppose, without any loss of generality, that suppu <
(0, r). Then, by Proposition 4.3, there exist (#,) C D such that u,, — u in the graph
norm || - || p(pr). We may also assume, after multiplying by a suitable cutoff function,
that suppu, C (0, 2r) for every n. Then, the previous point implies that Vu,, — Vu
in Lg, too. O

6. The operator y*B" — V in L2_,
We consider now forc e R, <2,and0 <V € L}oc (R"’, yee dy) the operator

VOB —V = )® (Dyy + §Dy> —v

1 a
in the space Lg_a. Asin Sect. 4, we use the isometry T,%u(y) = |1 — %| P u(yl=2),

T a:L2— L2

IR

under which y* B — V becomes similar to

vy = (1-2)'(5-7)

~ ~ ~ L ~
where B = D, + %Dy and V(y) = (1 — %)_ZV y2—a> € Lllac (R+, y¢ dy).

/N
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Defining

DGOB" —V):=T_¢ (D(En - \7)),

one obtains that when ¢ > —1 + «, y*B" — V generates a contractive analytic
semigroup {0 B"=V) . z € Cy}in L2_, which satisfies

(ez(l—‘;f(é_v)) . ©
2

We state the properties obtained so far, together with a density result which is a
restating of Proposition 5.12 under the isometry 7_

ZOUB=V) _

IR

% .
Proposition 6.1. Letc+1—a > 0and0 <V € L}OC (R*, y"""). Then, the operator
y¥B" — V generates a contractive analytic semigroup in L%fa. If, in addition,

(i) c<3—aandV € L? (R+, y“_"‘) or

loc

(i) c =3 —aand V|logy|? € L2 (R*, y~9) or
3—

(iii) ¢ >3 —aand Vy 2 e L} (R*, y<%),
then

D= {u € C2°([0, 00)) : u constant in a neighborhood of 0}
is a core for y*B" — V in L%_a.

Remark 6.2. 1If V(y) = y%, then V always satisfies (ii) and (iii) when ¢ > 3 — «.
Instead, if c <3 — o, weneedc+ 1 — || > 0.

Let ay be the form in L%, defined in (3), associated with B" —V.In L? we

c—o?
introduce the form a,, v which is the image of a;; under the isometry TO,_%, that is

ag,v (1, v) = ay (Tilu, T:%}U) = / (y"‘DyuDyg_i_ VMU) Y dy,
Ry

5
D(awv) = T_s D(ay) = {u el e Lf} NL2(RY, Vy“@dy).  (7)

To keep consistency of notation, we often write ag y = ay. By construction, y*B" —V
is the operator associated with the form ag, v in L2_,

D(y*B" — V) ={u € D(aqy) : 3f € L>_, such that

c—au
o0
ag,v (U, v) = / Fuy“™*dy for every v € D(ag,v)},
0

y*B"u — Vu = —f.

The next lemma, which follows from the considerations above, will be used later to
relate the resolvents of y* B" — y* and B" — y™“.
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Lemma 6.3. Let a4, ye and ay—a be the sesquilinear forms associated, respectively,
with the operator y* B" — y* in Lg_a and B" — y=% in L%. Then,

Og,yo (U, V) = / (DyuDyi + uﬁ) y<dy,
Ry
ay-a(u, v) = / (DyuDyv + y~*uv) y° dy.
) R,
on the common form domain
D(agye) = D(ay«) = {u el’ NL:u e Lg}
Note that the above operators act in different Hilbert spaces; in particular, their
domains are different. However, the form domains coincide.
7. The operator y*B" — V in L},

Here, we investigate properties of y* B—V,« < 2,in L,’;l when0 < mT'H < c+l—a.

We introduce the family of integral operators (Sf)ii (*))¢=oon LD

—B+5 -3 _ 1-%2

1 o

Sy f(y) =172 / ( pl A 1) exp (—u> f(p)p~2dp
Ry \t2=a Kt

and note that

. p-2
Sﬁ(t) =T« oSO(t)oT‘C,, B = = é
2
Asusual T_au(y) = |1 — —‘!’ u(y'~%) is an isometry from L” onto L}, i = mtz

=
Here, k is a positive constant, but we omit the dependence on it. The following result
has been proved for « = 0 in [13].

Lemma 7.1. Letm € R, and let p € (1, 00) such that 0 < mT-i-l <1—a—B. The
families (S(f (t)) L and (PG = J5° re S8 (1) dt, & > 0} are R-bounded in L},
1>

Proof. Since the R-boundedness is preserved under isometries, from S(f (t) = T,% o

Sg (t)oT:g1 we may assume thatoe = 0. (Note that0 < mil —B+1—aisequivalent
~ 2 ~

to0 < 2L —pB 4+ 1.) The first result is then a consequence of [13, Theorem 7.7].

The family

oo
F(A):/ re MSP(rydr, 1>0
0

is R-bounded by [7, Corollary 2.14]. 0
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We can now prove our main results for the operator y*B — V.

Theorem 7.2. Let 0 < V € L} (R™,y"*dy). For any p € (1, 00) such that
0< mTH < ¢+ 1 —a, the semigroup ¢*O“B"=V) initially defined on Lg_a extends
to a bounded analytic semigroup on L%, of angle 7w /2 which consists of integral oper-
ators. Moreover, the generated semigroup has maximal regularity and the following
properties hold.

(i) Forevery e > 0, there exist C = C(¢, o) > 0 (independent of V' ) such that

GO F N < CSTRDISL S € Lhe Jaezl < T e
(ii) For every € > 0, the families of operators
[ez(yagn,V) zeTp . 0<Ve Ll (R, ycfoz)]’
(r=y B+ V) ae mac 0=V e Ll (BT y )]

are R-bounded in LY.

Proof. By Proposition 5.3 and (6), (i) holds for any f € L%fa. The boundedness
of e20“B"=V) in LY follows from the previous lemma, and (i) extends to LY. The
semigroup law is inherited from Lg_a via a density argument, and we have only to
prove the strong continuity at 0. Using the isometry T_g, we may suppose that o = 0.
Let f, g € C>°(0,00). Thenasz — 0, z € E%,e,

o0 n o0 n - -
/O @5V f) g y"dy 2/0 @ TV ) gy ey dy

o0 ) ) o
—>/0 fgy’”"y‘dy=/0 fey"dy,

by the strong continuity of e2B"=V) in Lg. By density and uniform boundedness of
the family (¢*8"~Y)).cx, _, this holds for every f € L}, g € LY. The semigroup
is then weakly continuousz, hence strongly continuous.

The R-boundedness of e2©“ 8" =V) follows then by domination from Lemma 7.1, see
Corollary 2.2. To prove the R-boundedness of the resolvent family, for A € ¥, _ \ {0}

let6 = ‘gigil (% - %) sothat u = e x E%, Then,

%.
’A (A —y*B" + V)_1 f‘ = ‘,u (,u —e (" B" — V)>71 f‘

o0 H o pn
/ Me—ute—zm(y B _V)fdt
0

o0
< c/o leRer s =€ o)1 ] dr

00 .
s [ e sz par
0
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The R-boundedness of the second family in (ii) now follows from [7, Corollary 2.14]
and the maximal regularity of the semigroup from Theorem 2.3. 0

In our investigation of degenerate Nd problems, see [14], we need also a weaker
version of the result above for potentials having nonnegative real part. We formulate
it in the next proposition.

Proposition 7.3. LetV € Llloc (R*, yee dy) be a potential having nonnegative real
part. Then, forany 1 < p < o0 such that 0 < ’"T'H <c+1—a, y*B"—V generates

a Co-semigroup on LY. The generated semigroup consists of integral operators, and
the following estimates hold

SVl < B fL felh, 120
In particular, the families of operators
[e0" = 120, Ve L), (R, y), ReV 2 0},
{A (h=yB"+V)': x>0, Vel (R",y), ReV > 0}

are R-bounded in LY.

Proof. Using the isometry Tp,—g, we may assume that « = 0. Let us treat first the
symmetric case in L%. The generation results can be proved as in Proposition 5.1 (where
we assumed V > 0). If a is the form associated with B", then B" — V is associated
with ay = a(u, v) + (Vu, v) 2 and, by the standard theory on sesquilinear forms,
B" — V generates a Cp-semigroup on Lg.

The domination properties follow from [16, Theorem 2.21]. Let u, v € D (ay) =
D(a)NL? (RF, |V]y dy) suchthatuv > 0.Sincee' 5" is positive, one has Re a(u, v) >
a(lul, |v]). Moreover,

o0
Re ay (u, v) = Re a(u, v) ~|—/ Re Vuv y°dy > Re a(|u], [v])
0

which by [16, Theorem 2.21] again implies the stated domination of the generated
semigroups. (One easily verifies that D (ay) is an ideal of D(a) since this last is an
ideal in itself, by the positivity of e’B”, see [16, Proposition 2.20].) The extrapolation
on LY, follows as in Theorem 7.2. The domination of the resolvent is a straightforward
consequence of that of the semigroup. The R-boundedness of the semigroup follows
by domination from the R-boundedness of (etB")lzo proved in Theorem 7.2. The
‘R-boundedness of the resolvent follows as in Theorem 7.2. U

8. The operator y* B" — y“

We end the paper by thoroughly investigating the special case V (y) = y%, keeping
a < 2. We prove, in particular, that the domain of y* B — V is D(y*B) N D(V), under
slightly more restrictive hypotheses than those of Theorem 7.2.
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As explained in Introduction, this case plays a crucial role in [14] in the investigation
of the degenerate operators

c b
E:yale+ya2<Dyy+_Dy——2), al’azeR
y y

in the spaces L” (Rf“, y"*dxd y). In particular, we prove in Propositions 8.3 and
8.4 that the multipliers

§eRY = Nu®) =k —y*By + 1617,

§eRY — M) =y 5P — y By + )y 1E1) !
satisfy the hypothesis of Theorem 2.4.

We start with the following lemma.

Lemma 8.1. Assume that c +1 > Q0 and c + 1 — a > 0, that is, B" generates a
Co-semigroup in Lg and y* B" generates a Co-semigroup in Lffa. If» € Ct and
w > 0, then
o n o -1 n )\' - f o0
(A =y"B"+uy*) f=|n—-B"+— =), VfeCX0,00)).
y y

Proof. Under the assumptions, y* B" — uy® and B" — Ay ™% generate a semigroup on
L%_a and Lg, respectively, see Theorem 7.2. Since Re A > 0, i > 0, both resolvents
are well defined but map to different spaces.

Letag, iy , 6;,-« be the forms associated with y* B" — uy® in Lg_a and B" — Ay ~“
in LZ

Ao, pye (1, V) = / (DyuDyi + uui) y“dy, yy—e (1, v)
Ry
=/ (DyuDyv + Ay~“uv) y“dy.
Ry
By Lemma 6.3, they are defined on the common domain
F = {ueL?_aﬂLg:u’eLZ]

-1
Given f € C2°((0, 00)), let u := (M — B" + )ia) (}%) In order to prove that

the equality u = (A — y* B" + uy®) ™! f holds, we have to show that u € F and that
for every v € F, u satisfies the weak equality

o0 o
/ fuy“™%dy = / Auvy % dy + ag, puye (u, v)
0 0

o0
=/0 (Ay~%uv 4+ DyuDyv + puv)y“dy. )
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By construction, u is in the domain of B —Ay~* which is contained in F and satisfies

oo f o
/ —aiyc dy = / puuvy© dy + aq -« (u, v)
0o 0

oo
= / (uuv + DyuD,v + Ay~ *uv)y“dy,
0

which is the same as (8). O

In the next results, we relate the resolvent of y* B" — y* with that of B" — }% We

shall assume both the conditions 0 < mT'H <c+1l—aand —a < mT'H <c+1l—«a

thatis o™ < 2l < ¢ + 1 — @). The first guarantees that y* B" is a generator in L7,
2 g y g

and the second that B” is a generator in L,’; +ap-

Corollary 8.2. Assume thata™ < " < ¢ 41 —a. If) € CTand > 0, then

P
(i) forevery f € LD,

-1
1 A f
(A= y*B"+wy*) f= </L — B" + y_"l> (y_"‘> € LfnJrap NnLh:
(ii) the operator y* (. — y*B" + ;Ly"‘)_l is bounded in LY, ;

—1
(iii) the operator }ia (u —B"+ %) is bounded in L,‘Z_pr.

Proof. Equality (i) is provedin Lemma 8.1 forany f € C2°((0, 00)). Since (A — y*B"
~1
+uy®)~! is bounded form L, into itself and (,u - B" + )la) (y_a> is bounded

from L} to L,I,)1 +aps by density, (i) holds for every f € L% . Parts (ii), (iii) are conse-

quence of (i).

O

In the next propositions, we prove the boundedness of the multipliers N; and M.
We start with M;,, used in [14] to characterize the domain of £ = y*(A, + B,).

Proposition 8.3. Assume that o= < mT?H <c+1—aandletforrne CH E#£0
2.« o pn 2.« -1 p
M) = 16 (= y"B" +18%*) € BLh).
Then, thefamily{|é|'ﬁ|Df(MA)(f§) £ €RV\ {0}, |B] <N, xe <c+} is R-bounded
inLb,.

Proof. Let my (1) = juy® 0. — y*B" 4+ puy*) ™', > 0.
Using Lemma 2.5, it suffices to show that the family{,ukDﬁ (my)(u) : >0, k
< N, € C*}is R-bounded in L.
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The map Tf = f/y® is an isometry of L, onto L

m+ap and by Corollary 8.2,

A —1
my () = T“M(M—B"+_a) T.
y

The family
k pyk + w A\
[ofrw p>0 k=N rect] mw=u(n-8+ G

is R-bounded in L?

m-+ap- Indeed,

o [(B"—2)
FM/L):/ e Me o de
0

n__ A
and e[(B @) :t>0, A e CT} is R-bounded in L;’Hap, by Theorem 7.3. The

‘R-boundedness of the derivatives follows either by the resolvent equation or by dif-
ferentiating the last equation under the integral and using [7, Corollary 2.14]. In fact,
if h(w,t) = we™H, then

o
W [ ke i < 6 s o
0

O

Next we deal with N, which is crucial in [14] for the proof that £ = y*(A, + By)
generates an analytic semigroup.

Proposition 8.4. Assume that o~ < ’"TH <c+1—aandletforrne Ct £ £0
Ni(&) = O — y*B" + &Py € B(L).
Then, the family
{161 DL 6N @©) 1 & € RY\ (0), 18] = N2 e CF

is R-bounded in LY.

Proof. For u > 0,letn)(u) = (A — y*B" + uy"‘)_l. Using Lemma 2.5, we have to
show that the family

[k DE ()G >0, k=N, neCt ©)

is R-bounded in L},.
Theorem 7.2 with V(y) = py® and Proposition 8.3 imply that the families

{)Ln;\(u) >0, AG(C+}, {;Ly“nx(u):,u>0, XG(C+} (10)
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are R-bounded in L7,.
We have that n,,(-) € C! (R4, B(L},)) and

Dy (ny.()) = —np () y“ny(p). D

Indeed setting A = A — y*BY, V = y, we have

m(u+h) —mw) A+ @p+hV) ' —A+p)!
h N h
A+ uVYA+(u+nV)~ ' =1
h
=—A+uV) ' VA+wu+hnv)!

=A+pV)!

which tends to —ny () y* ny () as h — 0 in the norm of B (Ly,) since, by Corollary
8.2,

» N L AN h
w—VA+wV)y  =puy (n—B"+ — -
y y
is continuous from (0, 00) to B (L},). This shows (11) and then n,.(-) € C*® (R4, B
(L)) and

D) = am () (*m )", @ =—1, @ =+ Da. (12)

Formula (12) follows by induction after observing that since y*n; (1) and its derivative
Dy (y¥n;) = — (y% n;.(11))* commute, then

Dy (yna(w)* = kD, (1. 0) (0¥ na () " = =k (yna(w)*

The R-boundedness of the family (9) then follows from the R-boundedness of the
families (10) since

k+1
1A DY (np () = axhmy () (1y“n ()™
In order to characterize the domain of y* B" — y%, we denote by
D(y*)={uelLh: y'uelL)}

the domain of the potential V = y% in L},. Recalling that Theorem 4.2 assures that
D(y*B™") = Wf\}p(oz, m), we consider, for 0 < ’”T“ < ¢+ 1 — «, the Banach space

sz\’/p(ot,m) NDG*) = [u € leo’f(R+) su, yu, y*Dyyu, y%Dyu, y“ilDyu € L,p,,]

endowed with norm [|y* Bull, » + ly*ullp + llullp.
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Theorem 8.5. Let o < 2, u > 0, ¢ € R. Then, for any 1 < p < 00 such that
a” < mTH < ¢+ 1 — « the operator L = y*B" — uy® with domain sz\}p(oe, m) N
D(y%) generates a bounded analytic semigroup in L}, which has maximal regularity.
Moreover,

D = {u € CX([0, 00)) : u constant in a neighborhood of 0}
is a core for y*B" — uy*.

Proof. The generation properties as well as the maximal regularity follow from The-
orem 7.2. Without any loss of generality, we may assume that u = 1. We prove
preliminarily that D is dense in sz\’[p(o(, m) N D(y*) = D*B") N D(y“). Let
u e Wi’/” (o, m) N D(y*); up to using a standard cutoff argument we may suppose
that supp u C [0, b] for some b > 0. Using Remark 4.4, let (u,),en € D such that
supp u, < [0, b] and u, — u in sz\’/p (o, m). Then by [12, Proposition 3.2 (ii)]

1Y% (n — W)l p < Cly* T (Dyun = Dyw)llp < CH*|y*~' Dy(utn — )l p

which tends to 0 as n — oo. This proves the density of D.

Let us now characterize the domain. By definition, D(y*B" — y*) = (1 — y*B" +
y) 71 (Lh). Letu = (1 — y*B" + y*)~! f with f € L},. Using Corollary 8.2 (ii),
we obtain

1y*ull  + 1y Bully < € (16 = yullp + lull, ) (13)

which proves the inclusion D(y* B" — y*) € D(y“B™)N D(y%). To prove the reverse
property, we observe that since the graph norm of y* B" — y“ is clearly weaker than
the norm of D(y“B") N D(y%), inequality (13) again shows that they are equivalent
on D(y*B" — y%), in particular on D which is dense in D(y*B") N D(y%), by the
previous step. Therefore, D(y* B" — y*) = D(y*B") N D(y*) and in particular D is
a core. 0

We remark that Theorem 7.2 assures that y* B” — y* generates a semigroup on L%,
under the milder assumption 0 < mTH <c+ 1 —aand c+ 1 > 0. However, the
hypothesis (m + 1)/p +« > 0 must be added when @ < 0 in order that D C D(y%).

The same method yields the domain of B" — yla, using Corollary 8.2 (iii) with m

replaced by m — ap .
Corollary 8.6. Ifa™t < % < ¢ + 1, then the domain of B" — yia is sz\’[‘" 0,m)N
D(5%).
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