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1. Introduction

The relationship between the structure of a group and that of its lattice of subgroups is
highly developed and has attracted the attention of many leading algebraists. According
to Schmidt ([18]), the origin of the subject can be traced back to Dedekind, who studied
the lattice of ideals in a ring of algebraic integers; he discovered and used the modular
identity, which is also called the Dedekind law, in his calculation of ideals. Since then
modularity and lattice conditions related to it have been studied in a number of contexts.
The lattice of submodules of a module over a ring is modular, and hence so is the lattice
of subgroups of an abelian group. The lattice of normal subgroups of a group is also
modular, but the lattice of all subgroups is not in general.

A lattice £ is modular if AU(BNC)=(AUB)NC forall A,B,C € £ with A C C.
Groups whose subgroup lattice is modular are called M-groups. These are known modulo
the Tarski monster groups (infinite groups in which every proper non-trivial subgroup
has prime order). Locally finite M-groups and those with elements of infinite order were
investigated in 1941 and 1943 by Iwasawa. The classification was completed by Schmidt
who, in 1986, characterised the periodic M-groups.

A lattice £ is upper semimodular if A is maximal in AU B whenever AN B is maximal
in B for A,B € £. It is lower semimodular if AN B is maximal in B whenever A is
maximal in AU B for A,B € £. In 1951, Ito showed that the subgroup lattice of a
finite group G is lower semimodular if and only if G is supersoluble and induces an
automorphism group of at most prime power order in every chief factor of G. Groups
with an upper semimodular subgroup lattice were studied by Sato in 1949 but, according
to Schmidt, are not considered as important as there is no related class of groups which
is significant from a group-theoretic point of view. All of the above references, together
with a comprehensive discussion of the state of questions concerning the subgroup lattice
in 1994 can be found in Schmidt ([18]).

The study of the subalgebra lattice of a finite-dimensional Lie algebra was popular
in the 1980’s and in the 90’s (see, for example, [3,7-11,13,14,25-30]), but interest then
waned. The likely reason is that most of the conditions under investigation were too
strong and so few algebras satisfied them. However, the lattice of restricted subalgebras
of a restricted Lie algebra is fundamentally different; for example, not every element
spans a one-dimensional restricted subalgebra. Thus, one could expect more interesting
results to hold for restricted algebras and, as we shall see, this is indeed the case.

In Section 2 we fix some notation and terminology and introduce some results that
are needed later. We also prove a result which is a slightly weaker version of a result of
Scheiderer for fields of characteristic zero, but which is valid over any field. This concerns
dually atomistic Lie algebras; that is, ones in which every subalgebra is an intersection of
maximal subalgebras. In Section 3 we first study restricted Lie algebras that are dually
atomistic in the sense that every restricted subalgebra is an intersection of maximal
restricted subalgebras. We show that such algebras over an algebraically closed field
of positive characteristic are solvable or semisimple, and then characterise the solvable
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ones more precisely. It turns out that they are more abundant than in the non-restricted
case. We then investigate those restricted Lie algebras all of whose subalgebras (not
necessarily restricted) are intersections of maximals. It is shown that if the ground field
is algebraically closed then there are no such algebras that are perfect.

The objective in Section 4 is to study restricted Lie algebras L in which every re-
stricted subalgebra is a restricted quasi-ideal; that is, such that [S, H] C S + H for all
restricted subalgebras S, H of L. These are characterised over an algebraically closed
field of characteristic different from 2, and the nilpotent ones more generally over a per-
fect field of characteristic different from 2. In this regard, we also mention that restricted
Lie algebras over perfect fields all of whose restricted subalgebras are ideals were char-
acterised by the second author in [19]. Section 5 then goes on to consider J-algebras and
lower semimodular restricted Lie algebras. The main result here is the same as for the
corresponding situation in the non-restricted case if the underlying field is algebraically
closed, but it is pointed out that the assumption of algebraic closure cannot be omitted.

The final section is devoted to studying upper semimodular restricted Lie algebras. It
is shown that, over an algebraically closed field, such an algebra is either almost abelian
or nilpotent of class at most 2. This is proved by considering first upper semimodular
restricted Lie algebras that are generated by their one-dimensional restricted subalgebras.
It is also shown that over such fields the conditions that L is modular, L is upper
semimodular and every restricted subalgebra of L is a quasi-ideal are equivalent.

2. Preliminaries

Here we fix some notation and terminology and introduce some results that will be
needed later. Unless otherwise stated, throughout the paper all algebras are supposed
finite-dimensional. Let L be a Lie algebra over a field F. As usual, the derived series for
L is defined inductively by L(®) = L, L*+1) = [L(®) L(*)] for k > 0, L(>) = Mo L"),
L is solvable if L(>) = 0. Similarly, the lower central series is defined inductively by
L' = L, L**Y = [LF L] for k > 1; L is nilpotent if L* = 0 for some k > 1. Also, L is
said to be supersolvable if it admits a complete flag made up of ideals of L, that is, there
exists a chain

0=LoGCILi G- CLy=1L

of ideals of L such that dim L; = j for every 0 < j < n. The centre of L is denoted
by Z(L), and Cg(A) = {z € B: [x,A] = 0} denotes the centraliser in a subalgebra
B of another subalgebra A. Also, the ascending central series is defined inductively by
C1(L) = Z(L), Cpy1(L) = {z € L: [z,L] C Cy(L)}. The nilradical N(L) is defined to
be the maximal nilpotent ideal, and the solvable radical, denoted by R(L), is defined
to be the maximal solvable ideal. For every x € L, the adjoint map of x is defined by
ad(z): L — L, a > [x,a]. If S is a subalgebra of L, then the largest ideal of L contained
in S is called the core of L and is denoted by Sr. The Frattini subalgebra F(L) of L is
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the intersection of all maximal subalgebras of L; the Frattini ideal of L is ¢(L) = F(L).
The abelian socle, Asoc(L), is the sum of the minimal abelian ideals of L. We will denote
algebra direct sums by @, whereas direct sums of the vector space structure alone will
be written as +.

We say that L is dually atomistic if every subalgebra of L is an intersection of maximal
subalgebras of L. The Lie algebra L is said to be almost abelian if L = Fx+A, where A
is an abelian ideal of L and ad(z) acts as the identity map on A. Scheiderer proved in
[17] that, over a field of characteristic zero, every dually atomistic Lie algebra is abelian,
almost abelian or simple. Here we establish a slightly weaker version of this which is
valid over any field.

Proposition 2.1. If L is a dually atomistic Lie algebra over any field then L is either
abelian, almost abelian or semisimple.

Proof. Let L be dually atomistic and suppose that L is not semisimple. Then Asoc(L) #
0 and L splits over Asoc(L), by [24, Theorem 7.3]. Furthermore, the minimal abelian
ideals of L are one-dimensional, by [17, Lemma 1], so we can write L = (Fa; & --- &
Fa,)+B, where Fa; is a minimal ideal of L for each 1 <4 < n, B is a subalgebra of L,
and n > 1.

Let M be a maximal subalgebra of L with a; ¢ M. We shall show that L) C M.
Now L = Fa;+ M, so M has codimension one in L. It follows that L/Mp, is as described
in [2, Theorems 3.1 and 3.2]. Also, [Fai, M1] C Fag N M = 0. We consider the three
cases given in [2, Theorem 3.1] separately.

Case (a): Here L/M}, is one-dimensional, so M = My, and L? C M.

Case (b): Here L /M, is two-dimensional, so L = Fay +Fm+ M, where m € M \ M.
Now L? C Fa; + My, and L® C My, C M.

Case (c): Here L/Mp, ~ L,,(T"). If m is odd then L., (T") is simple. But (Fay+Mp)/Mp,
is a one-dimensional ideal of L/M,, which is a contradiction. Hence m is even, in which
case L, (T') = Fa + L,,(I")?, where L,,(I")? is simple. Put L /M = L, and so on. Then
L=TFa @ L? and [L,a;] = 0; that is, [L,a;] € My, whence L? C M.

In any case we have established that, for any maximal subalgebra M of L, either
ay € M or L(>) C M. Suppose that L(>) # 0. Then L(>) # Fa; (since (Fa;)? = 0), so
there is an element z € L(™) \ Fa;. Let M be a maximal subalgebra containing z + a;.
Then either a; € M or L(®) C M. In each case, Fx+Fa; C M. It follows that F(x+ay)
cannot be an intersection of maximal subalgebras of L, a contradiction. Hence, L(>) =0
and L is solvable. The result now follows from [17, Lemma 1]. O

We shall need the following result which is due to Grunewald, Kunyavskii, Nikolova
and Plotkin for p > 5. However, the same proof works for p > 3 by using the Corollary
in page 180 of [20]. A. Premet has pointed out that the result is also valid for p = 3, but
that it relies on results that have not yet been published, so we omit this case.
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Lemma 2.2. Every simple Lie algebra L over an algebraically closed field F of character-
istic p > 3 contains a subalgebra S containing an ideal T of S such that S/T = sl(2,TF).

Proof. The proof is the same as for [12, Lemma 3.2] with the reference to [31, Part II,
Corollary 1.4] replaced by [20, page 180, Corollary]. O

In what follows we shall be studying the lattice of restricted subalgebras of a restricted
Lie algebra. Let L be a restricted Lie algebra over a field of characteristic p > 0. For a
subset S of L, we denote by (S), the restricted subalgebra generated by S. We say that
L is cyclic if L = (z), for some x € L. An element x € L is said to be semisimple if
x € (xlPl),, and toral if P! = x. An abelian restricted Lie algebra consisting of semisimple
elements is called a torus. An element = € L is said to be p-nilpotent if zP!" = 0 for
some n > 0 (in this case, the minimal n with such a property is called the order of x),
and L is said to be p-nilpotent if there exists n > 0 such that zPI" = 0 for every = € L.
A restricted ideal I of L is said to be strongly abelian if I is abelian and zP! = 0 for
all € L. We also introduce as “restricted analogues” of earlier concepts, Fj,(L), the
Frattini p-subalgebra of L, to be the intersection of the maximal restricted subalgebras
of L, and ¢, (L), the Frattini p-ideal of L, to be the largest restricted ideal of L which is
contained in F,(L). We say that L is ¢,-free if ¢,,(L) = 0. The abelian p-socle, A,soc(L),
is the sum of the minimal abelian restricted ideals of L. To avoid tedious repetition we
shall therefore often omit the word ‘restricted’.

3. Dually atomistic Lie algebras

We say that a restricted Lie algebra L is dually atomistic if every restricted subalgebra
of L is an intersection of maximal restricted subalgebras of L. It is easy to see that if L
is dually atomistic then so is every factor algebra of L, and if L is dually atomistic then
it is ¢p-free.

Lemma 3.1. Let L be a dually atomistic restricted Lie algebra. Then:

(i) N(L) is abelian;

(il) M NN(L) is a restricted ideal of L for every mazimal restricted subalgebra M of L;
and

(iii) for every subspace S of N(L), (S), is a restricted ideal of L.

Proof. (i) N(L)? C ¢,(L) = 0 by [24, Theorem 6.5] and [15, Theorem 3.5].
(ii) The result is clear if N(L) C M, so suppose that N(L) ¢ M. Then L = N(L)+M
and

[L,N(L)n M] = [N(L) + M, N(L) N M]
C N(L)*+ N(L)NM? C N(L) N M,
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using (i).
(iii) By (i), every subspace of N(L) is a subalgebra of L. Let S be any subspace of
N(L). Then

<S>p<5>pﬂN(L)( N M>0N(L) () (MAN(L)),

MeMm Mem

where M is the set consisting of all maximal restricted subalgebras of L containing
(S)p. Therefore, (S), is an intersection of restricted ideals of L, by (ii), and so is itself a
restricted ideal of L. O

Proposition 3.2. Let L be a dually atomistic restricted Lie algebra over an algebraically
closed field F. Then L is solvable or semisimple.

Proof. Suppose that L is not semisimple. Then L = N(L)+B = A1 ®---® A, +B, where
B is a restricted subalgebra of L and A1 & --- & A,, = A,soc(L) # 0, by [15, Theorems
3.4 and 4.2]. If B = 0, then L is nilpotent and we are done. Assume therefore that B # 0.

Suppose first that N(L) = Z(L). Then, L = Z(L) ® B and L? C B. Then we must
have that N(L) = R(L). For, otherwise, there is a minimal ideal A/N(L) of L/N(L)
with A C R(L). But A is nilpotent, which is a contradiction. Thus, B is semisimple and
Z(L) # 0. Let M be a maximal restricted subalgebra of L. If Z(L) is not contained in M
then M 4+ Z(L) is a restricted subalgebra properly containing M, so L = M + Z(L) and
(B?), = (L?), C M, since L> C M and M is restricted. Hence, either Z(L) or (B?),, is
inside M.

Let 2 € Z(L) and b € (B?),, and let M be a maximal restricted subalgebra con-
taining (z + b),. Then z,b € M, so we must have (z), + (b), = (2 + b),. But then
b= NP 2P so b =" \bP and 7 A\iz[P = 0. 1f b is not semisimple,
then \g = 1 which implies that z is semisimple, from the second sum. This must hold for
every choice of z € Z(L), so Z(L) is a torus of L, by [23, Chapter 2, Theorem 3.10]. A sim-
ilar argument shows that if z is not semisimple then every b must be, in which case (B2) »
is a torus of L. Hence, either Z(L) or (B?),, is a torus. In the latter case, (B?), is abelian,
contradicting the fact that B is semisimple. In the former case, both Z(L) and (B?),
have a toral element: z and b, say. But then (z), + (b), = Fz+Fb#F (2 +b) = (2 +b)p,
a contradiction.

Therefore suppose that N(L) # Z(L). Then there is a minimal restricted ideal A with
A C N(L) and An Z(L) = 0. Moreover, if a € A, we have that al?) € AN Z(L), so
A =TFa with al?! = 0, by Lemma 3.1(iii). Let M be a maximal restricted subalgebra of
L such that a ¢ M. We have L = M+A, by [15, Lemma 2.1], so M has codimension
one in L, and, as in Proposition 2.1, (L(O")}p C M. Tt follows that <L(°°)>ZJ NA=0.
Choose = € (L(*)),. Then [z,a] € L(®) N A = 0. If (x + a), = (z), + (a)p, then we
have a = >  Ni(z + a)[p]i =Xa+ Y i, /\ix[”]i. Hence A\g = 1 and x is semisimple. It
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follows from [23, Chapter 2, Theorem 3.10] that (L(°)),, is abelian. But this means that
L is solvable. O

For a field F of characteristic p > 0, we will denote by F[t, o] the skew polynomial
ring over F in the indeterminate ¢ with respect to the Frobenius endomorphism o of F.
We recall that F [, o] is the ring consisting of all polynomials f = Y, o;t* with respect
to the usual sum and multiplication defined by the condition ¢ -« = aPt for every a € F.

Proposition 3.3. Let L be a solvable restricted Lie algebra over any field F. If L is dually
atomistic then L = (Z(L) & I)+Fb, where b is toral, I is a strongly abelian restricted
ideal of L, ad(b) acts as the identity map on I, and

Z(L) = L/(f1)p ® - L/ (fr)p,

where L = (x), is a free cyclic restricted Lie algebra and fi= ZZ:O apzP¥ is an element
of L such that f; =Y ;_, axt® is an irreducible element of the ring F|t, o).

Proof. Suppose first that L is dually atomistic. The nilradical N(L) of L is non-zero and
abelian by Lemma 3.1(i). As L is ¢,-free, L = N(L)+B for some restricted subalgebra B
of L,and N(L) = Apsoc(L) := A, by [15, Theorems 3.4 and 4.2]. Now, if L is abelian then
L = A and the desired conclusion follows from [16, Proposition 3.1]. Suppose then that
L is non-abelian. Let a € A. Then Cp(A) is a restricted ideal of L and Cp(A)N A =0,
so Cp(A) = 0 and B acts faithfully on A. Also ad®(a) = 0 and so ad(al?!) = 0, whence
alPl € Z(L) for all a € A.

We can write A = A1®---P A, where A; is a minimal abelian restricted ideal of L for
1 <i < n. Moreover, A; ~ E/(fi>p, where fi = >0 arzP* is an element of £ such that
fi =Y >0 ut® is an irreducible element of the ring F[t, 0], by Lemma 3.1(iii) and [16,
Proposition 3.1]. Let A;@---® A, = Z(L), where we allow that r could be 0. Since B acts
faithfully on A we cannot have r = n. Then [B,A] = A,11®---®A, =Fa, 118 -®Fx,.
We have argp] = aux; for some a € F and so, as x; is not central, we deduce that z[?! = 0.
As a consequence, [B, A] := I is a strongly abelian restricted ideal of L. Moreover, C(x;)
is a restricted ideal of L, so Cg(x;) = 0 for each 7 + 1 < i < n. Let by,by € B. Then
[bi, zn] = \izm,, for some 0 # \; € F, ¢ = 1,2. But then [A2b; — A1be, z,] = 0, whence
b1 and by are linearly dependent and B is one-dimensional. Choose B = Fb such that
[b, 2] = . Let bl?) = pub. Then

LTy = [b[p]a xn] = :u’[ba xn] = HZn,

so i = 1 and b is toral. Finally, it follows from Lemma 3.1(iii) that ad(b) acts the identity
on I, completing the proof. 0O

The following example shows that the converse of Proposition 3.3 is not true in general.
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Example 3.4. Let L = Fz & Fx ® Fb be the restricted Lie algebra over a field F of
characteristic p > 0 with [b,z] = b, [z, 2] = [b, 2] = 0, bl = b, and z[?) = ylPl = 0. Then
(x+2)p, CN(L)=Fz®Fx, but (x + z), is not a restricted ideal of L. Therefore L is
not dually atomistic by Lemma 3.1(iii).

We introduce another piece of notation before presenting the following results. We say
that a Lie algebra is restricted dually atomistic if it is restricted and every subalgebra is
an intersection of maximal subalgebras.

Proposition 3.5. Let L be a perfect restricted dually atomistic Lie algebra over any field
F of characteristic p > 0. Then every subalgebra of L is restricted.

Proof. Arguing as in [15, Lemma 3.7], it is immediate to prove that every maximal
subalgebra of L is self-idealising. It follows from [15, Lemma 3.9] that every maximal
subalgebra of L is restricted. The result now follows from the fact that L is dually
atomistic. 0O

Theorem 3.6. There are no perfect restricted dually atomistic Lie algebras over an alge-
braically closed field.

Proof. Suppose that L is a counterexample of minimal dimension. By Proposition 3.5,
L is simple as a Lie algebra, and hence its absolute toral rank is just the dimension of
a maximal torus T (cf. [22, §1.2]). Given two linearly independent elements z,y € T,
Proposition 3.5 forces 0 # (x + \y)[P! € F(x + \y) for all A € F, but this cannot happen
since [ is algebraically closed. Hence, L has absolute toral rank 1.

Now, if F has characteristic p = 2, 3, then [21, Theorem 6.5] yields that L is solvable
or isomorphic to s[(2,F) or to psl(3,F). Otherwise, L has a restricted subalgebra with
a quotient isomorphic to sl(2,F), by Lemma 2.2 and Proposition 3.5. But both sl(2,F)
and psl(3,F) have elements which are neither semisimple nor p-nilpotent, which clearly
contradicts Proposition 3.5. O

As well as the three-dimensional non-split simple Lie algebra, which is dually atomistic
in the characteristic zero case, there exist other perfect dually atomistic simple restricted
Lie algebras over a perfect field which is not algebraically closed. For example, let L be the
seven-dimensional simple Lie algebra over a perfect field of characteristic 3 constructed
by Gein in [8, Example 2]. This algebra L can be endowed with a p-mapping such that
every element is semisimple. Any two linearly independent elements of L generate a three-
dimensional non-split restricted subalgebra which is maximal in L. Any second-maximal
restricted subalgebra is then one-dimensional, and every one-dimensional restricted sub-
algebra S is inside more than one maximal restricted subalgebra whose intersection is
S.

We finish this section by studying the so-called atomistic restricted Lie algebras, those
in which every restricted subalgebra is generated by minimal restricted subalgebras.
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Proposition 3.7. Let F be an algebraically closed field of characteristic p > 0. A re-
stricted Lie algebra L over F is atomistic if and only if every p-nilpotent cyclic restricted
subalgebra is one-dimensional.

Proof. Note that L is atomistic if and only if all its cyclic restricted subalgebras are
atomistic. Consider the cyclic restricted subalgebra C', whose semisimple elements form
a torus 7', and whose p-nilpotent elements form a p-nilpotent restricted subalgebra P.
By [23, Chapter 2, Theorem 3.6], T is atomistic. From [23, Chapter 2, Theorem 3.5],
it follows that C' = T' @ P, so C is atomistic if and only if P is atomistic. But this is
equivalent to requiring that dim P = 1 ([16, Theorem 3.8]). The result follows. O

4. Restricted quasi-ideals

A restricted subalgebra S of L is called a restricted quasi-ideal of L if [S,H] C S+ H
for all restricted subalgebras H of L. Clearly, every restricted subalgebra that is a quasi-
ideal is also a restricted quasi-ideal.

Denote by L[] the restricted subalgebra generated by all the elements z[?!, with z € L.

Lemma 4.1. If S is a restricted subalgebra of L, then Sy, is a restricted ideal of L
Proof. Simply note that (Sp)! is an ideal of L inside S. O

Proposition 4.2. If F is perfect then LP! is a restricted quasi-ideal if and only if it is an
ideal of L.

Proof. Suppose that LIP! is a restricted quasi-ideal of L. Then, for all z € L
[L[p},:c] cLlPl 4+ (x), = L’ 4 Fg,

so LIP! is a quasi-ideal. Suppose that L[P! is not an ideal of L, and factor out (LIP) 1, so we
can assume that LIP! is core-free. Then, by [1, Theorem 3.6], there are three possibilities
which we will consider in turn.

Suppose first that LI has codimension 1 in L. Define (LP!); as in [2, (5)]. Then every
element x € L can be written as x = x5+, where x is semisimple and x,, is p-nilpotent,
by [23, Theorem 3.5]. Moreover, all semisimple elements belong to LPl so L =LIPl 4 Fa
for some p-nilpotent element z. Suppose that 2P/ = 0. Now (LPY; = {y € LI | [y, 2] €
LPPI} for 4 > 0, by [2, Lemma 2.1(b)]. Hence [y,,» ] = [y, zP"] = 0 for h > k. Also,
(LPYg = LIP and (LIP)); 1, € (LIP)); for i > 0, so (L), = N2 (L)), = LI by [2,
Lemma 2.1], contradicting the fact that LI is not an ideal of L.

On the other hand, [1, Theorem 3.6(c)] cannot hold, as the three-dimensional simple
Lie algebra W (1,2)? over a field of characteristic 2 is not restrictable. To see this simply
note that the derivation ad?(z) is not inner.
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Finally, suppose that [1, Theorem 3.6(d)] holds. Then L = L? + Fy where ad(y)
acts as the identity map on L? and Ll = Fy. Let = € L?. We have ad?(y) = ad(y)
and ad?(z) = 0 for every x € L2. Therefore, as L is centerless, the p-mapping of L
is determined by the conditions 3! = 3 and z[?) = 0. This implies that LP! = L, a
contradiction.

The converse is straightforward. O

Proposition 4.3. Let L be a restricted Lie algebra such that every restricted subalgebra of
L is a restricted quasi-ideal. Then L? C LIP). It follows that L?> = LPT; in particular, if
L is nilpotent, then L has nilpotency class at most 2.

Proof. By Proposition 4.2, LIP! is a restricted ideal. Put £ = L/L[p]. Then £ = 0 and
every subalgebra of £ is a quasi-ideal. If £ is not abelian then it is almost abelian, by
[1, Theorem 3.8], so £ = £2 + Fy, where ad(y) acts as the identity map on £2. But
then, if 0 # = € £2, then 0 = [yl?], 2] = x, a contradiction. It follows that £2 = 0, so
L? C LIl Now, if p # 2, then we are done. Assume then that p = 2, and suppose,
by contradiction, that L has nilpotency class n > 2. Set H = L/C,,_35(L), which has
nilpotency class 3. By [4, Chapter 16, Proposition 1.1], H does not satisfy the second
Engel condition, and therefore there exist x,y € H such that [z,y?] = [[z,5],y] # 0.
Set #,§ to be preimages of z,y in L, and note that #2° 72° [z12 §2] € C,_5(L).
Then, by hypothesis we can write [z,y?] = Az + Azl + \3yl? for some \; € T,
i = 1,2,3. Also, we have that [[z,y[?],2] = 0 for any z € H. For z = 3 we obtain
that A\, = 0, for z = 2 we have A3 = 0 and, finally, for z = y we get [z[? y] = 0.
Now, write [z,y] = Az 4+ Aszl? + X\gy + A7y, for some \; € F, i =4,...,7. But then
(2,92 = [[x,y],y] = \[z,y], and 0 = [[z,y],y!?] = \[z,y!?]]. Consequently, Ay = 0
and [z,y?] = 0, a contradiction. O

Lemma 4.4. Let L be a restricted Lie algebra over an algebraically closed field of char-
acteristic p > 0 in which every restricted subalgebra is a restricted quasi-ideal. If H is a
Cartan subalgebra of L, then L has root space decomposition

L= H+(€Ba€<1>(La+Lfa) @ﬂe‘ll Lﬁ)v

where @ is the set of roots o for which —a is also a root, and V is the remaining set of
T001S.

Proof. Let T be a maximal torus, H = CL(T) and let L = H+4enLa be the corre-
sponding root space decomposition. Then

[Ta, 28] = Ao + pxp + h for some h € H,
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since L' € H for all o € I1, by [23, Corollary 4.3]. But [Ly,Lg] C Latg, so, either
[La,Lgl =0o0r [La,Lg) € Hand a+5 =0.1If [L,, Lg] = 0 for o #  then [L_,,Lg] =0
also, giving the root space decomposition claimed. O

Suppose that every restricted subalgebra of L is a restricted quasi-ideal. Let S be the
subspace spanned by the semisimple elements of L and let P be the subspace spanned
by the p-nilpotent elements of L. Then S and P are subalgebras of L, since [z,y] €
(x)p + (Y)p, and, if F is perfect, L = S + P. Moreover, both are restricted, since

p—1

(-t ) = 205+ 1+ 5 )
=1

and z!?!, y[Pl are semisimple (respectively, p-nilpotent) if so are z, y, and s;(z, ) € (z,y)?.

Proposition 4.5. Let L be a nilpotent restricted Lie algebra over a perfect field of charac-
teristic different from 2. Then every restricted subalgebra of L is a restricted quasi-ideal
of L if and only if L = S @& P, where S is a toral ideal and P is a p-nilpotent ideal in
which every restricted subalgebra is a restricted quasi-ideal.

Proof. Suppose that every restricted subalgebra of L is a restricted quasi-ideal of L. By
Proposition 4.3, L? = 0 and Ll C Z(L). Then, for all z,y € L, (z + y)P! = zlPl 4 ylP]
so S, P are just the sets of semisimple and p-nilpotent elements of L respectively. Then

SNP=0and SC Z(L). It follows that L = .S @& P and that S is toral.
The converse is straightforward. 0O

Corollary 4.6. Let L be a restricted Lie algebra over an algebraically closed field of charac-
teristic different from 2 in which every restricted subalgebra of L is a restricted quasi-ideal
of L. Then L has a Cartan subalgebra H such that H = S & P where S is a torus and
P is the set of p-nilpotent elements in H, and L = S+N where N is an ideal, N> =0
and NP C Z(H).

Proof. We have that L has the form given in Lemma 4.4 and H = S & P, by Proposi-
tion 4.5. Now L2 = L? , = L3 = 0 since 2a, —2a and 23 are not roots. For every h € H,
a € II = UV, we have that [h, 4] € ((h)p+(Za)p)NLa, S0 [h, To]) = Az, for some A € F;
that is, h acts semisimply on L,. Also oz(z[gf]) =0, by [23, Chapter 2, Corollary 4.3 (4)].
It follows that [mg’],x,a] = 0. Similarly, [:C[i,ma] =0. Now [Zq,2_o] € (mg’]>p+ (a:[fbp,

50, if N =P+ co(La+ L o)+ Y geq Ls we have N* =0 and NP C Z(H). O
5. J-algebras and lower semimodular restricted Lie algebras

For this section, it will be useful to have the following result.
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Lemma 5.1. Let L be a restricted Lie algebra over an algebraically closed field of charac-
teristic p > 0. If L is supersolvable, then L admits a complete flag made up of restricted
ideals of L.

Proof. Plainly, it is enough to show that L has a one-dimensional restricted ideal, from
which the conclusion will follow by induction. Suppose dim L > 1, the claim being trivial
otherwise. Consider a complete flag

0=LoCLiCCLy=L

of ideals of L. If the ideal L; is restricted, then we are done. Thus we can suppose that
there exists € L; such that z[! ¢ L. As L; is an abelian ideal, the restricted subalgebra
H generated by ! is contained in the centre of L. Since the ground field is algebraically
closed, by [23, Chapter 2, Theorem 3.6] we see that H contains a toral element t. We
conclude that I = Ft is a one-dimensional restricted ideal of L, as desired. O

Note that the assumption that the ground field is algebraically closed is essential for
the validity of Lemma 5.1. In fact, over arbitrary fields of positive characteristic, there
can be cyclic restricted Lie algebras of arbitrary dimension with no non-zero proper
restricted subalgebras (cf. [16, Proposition 3.1]).

Let L be a restricted Lie algebra. A restricted subalgebra U of L is called lower
semimodular in L if U N B is maximal in B for every restricted subalgebra B of L such
that U is maximal in (U, B),. We say that L is lower semimodular if every restricted
subalgebra of L is lower semimodular in L.

If U, V are restricted subalgebras of L with U C V, a J-series (or Jordan-Dedekind
series) for (U, V) is a series

U=UyCU,C...CU =V

of restricted subalgebras such that U; is a maximal subalgebra of U;;q1 for 0 <i <r —1.
This series has length equal to r. We shall call L a J-algebra if, whenever U and V
are restricted subalgebras of L with U C V, all J-series for (U, V') have the same finite
length, d(U, V). Put d(L) = d(0, L).

Proposition 5.2. For a solvable restricted Lie algebra L over an algebraically closed field
of characteristic p > 0 the following are equivalent:

(i) L is lower semimodular;
(ii) L is a J-algebra; and

(iii) L is supersolvable.

Proof. (i)=-(ii): This is just a lattice theoretic result (see [6, Theorem V3]).
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(ii)=-(iii): We first show by induction on dim L that there exists a series of restricted
subalgebras from 0 to L having length dim L. Suppose L # 0. As L is solvable, it holds
that (L), # L; otherwise, L) = (LY = L®) % 0, a contradiction. Then the
inductive hypothesis ensures the existence of a series of restricted subalgebras

U=UyCU C...CU = (L),

with dim U; = ¢ for all 0 < ¢ < r. Moreover, as L/(L'), is abelian, Lemma 5.1 yields the
claim.

Now, by hypothesis, all J-series of restricted subalgebras from 0 to L have length
dim L, and consequently all maximal restricted subalgebras have codimension one in L.
On the other hand, if H is a maximal subalgebra of L which is not restricted, then pick
an element z of H such that 2Pl ¢ H. Then H + FzlP! is a subalgebra of L properly
containing H, so H + FaP! = L by the maximality of H. Therefore, every maximal
subalgebra has codimension one in L, which allows to conclude that L is supersolvable,
by [5, Theorem 7].

(iii)=(i): Let U, B be restricted subalgebras of L such that U is maximal in (U, B),.
By Lemma 5.1, U has codimension 1 in (U, B),,, which forces (U, B), = U + B. It follows
that dim(B/(UNB)) = dim((U+ B)/U) = 1, whence UN B is maximal in B, completing
the proof. O

Note that the assumption of solvability is actually needed in the previous result. In
fact, consider the restricted Lie algebra L = sl(2,F) over an algebraically closed field F
of characteristic p > 2. Then all J-series of restricted subalgebras of L have length 3,
despite the fact that L is simple.

6. Upper semimodular restricted Lie algebras

Let L be a restricted Lie algebra. We say that a restricted subalgebra S of L is upper
semimodular in L if S is maximal in (S, T), for every restricted subalgebra T of L such
that S NT is maximal in T'. The restricted Lie algebra L is called upper semimodular if
all of its restricted subalgebras are upper semimodular in L.

This section is devoted to studying the structure of upper semimodular restricted Lie
algebras over algebraically closed fields. In particular, our main aim of this section is to
prove the following result:

Theorem 6.1. Let L be a restricted Lie algebra over an algebraically closed field. The
following conditions are equivalent:

(i) L is upper semimodular;
(ii) L s modular;
(iii) every restricted subalgebra of L is a restricted quasi-ideal.



60 P. Pdez-Guillan et al. / Linear Algebra and its Applications 660 (2023) 47-65

Moreover, if one of the previous statements holds, then L is either almost abelian or
nilpotent of class at most 2.

We start with some preliminary results.

Let L be an almost abelian Lie algebra over a field F of characteristic p > 0. Then
L = Fz+A, where A is an abelian ideal and ad(z) acts as the identity map on A. It is
immediate to check that L is restrictable and also centerless, so it admits a unique p-
mapping by [23, Chapter 2, Corollary 2.2]. Explicitly, this p-mapping is given by al’l =0
for all @ € A and zl?! = z.

Lemma 6.2. Let L be an upper semimodular restricted Lie algebra over an algebraically
closed field of characteristic p > 0. If L is generated by two distinct one-dimensional
restricted subalgebras X and Y, then L is two-dimensional.

Proof. Let Z be a non-zero proper restricted subalgebra of L. Assume first that X C
Z,Y ¢ Z. As X NY = 0 is maximal in Y, X must be maximal in L, yielding Z = X.
Assume now that X,Y ¢ Z and take a one-dimensional restricted subalgebra Z’ of Z.
By the previous case, (X, Z’), = L. Since X N Z’ = 0 is maximal in X, Z’ is maximal in
L and Z = Z'. Thus, all non-zero proper restricted subalgebras of L are one-dimensional,
and it follows from [32, Lemma 1.6] that L is two-dimensional. O

Lemma 6.3. Let F be an algebraically closed field of characteristic p > 0. Let L be a
non-abelian upper semimodular restricted Lie algebra over F generated by three one-
dimensional restricted subalgebras. Then, L is centerless.

Proof. Let Fx, Fy, Fz be three distinct one-dimensional restricted subalgebras gener-
ating L and suppose, by contradiction, that Z(L) # 0. Note that we can take x to be
either toral or such that z/"! = 0. By Lemma 6.2 and without loss of generality, we may
also assume z € Z(L) and that (y, z), is almost abelian, with [y,z] = 2, y?! = y and
2Pl = 0. If 2Pl = 0, then (24 2), NFy = 0 is maximal in (x+ z),, but Fy is not maximal
in (x + z,y), = L, a contradiction. On the other hand, if x is toral, then

zeE(r—2)p C{x+y,y+2)p,

so (x+y,y+2)p = L. Now (x4 y), N (y + 2)p = 0 is maximal in (x + y),, but (y + 2),
is not maximal in L, a contradiction. O

Proposition 6.4. Let F be an algebraically closed field of characteristic p > 0. Any upper
semimodular restricted Lie algebra L over I generated by its one-dimensional restricted
subalgebras is either abelian or almost abelian.

Proof. By Lemma 6.2, all the restricted subalgebras of L generated by two one-
dimensional restricted subalgebras are abelian or almost abelian. Suppose that (y, z1), is
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almost abelian, where Fy, Fa; are restricted subalgebras of L with [y, 1] = x4, yltl =y
and x[lp] = 0. Write L = (y, x1,...,%s)p, Where y, x1, ...,z are linearly independent. We
claim that (y, z;), is almost abelian for i = 2,...,s. Suppose otherwise that [y, z;] = 0
for some i # 1. By Lemma 6.3, we must have [x1, z;] # 0. Then (x1, 2;), would be almost
abelian and [z1, 2;] = Azq for some A € F, X # 0. But then y+A"'x; € Z({y, z1,2:)p) =0
by Lemma 6.3, a contradiction. Note also that [y, 2;] ¢ Fy, as otherwise yl?! = 0. There-
fore, we can clearly assume that [y, z;] = ;. For i # j write [2;, x;] = oy;x; + Bijz;. We
have

0= [ly; @il 5] + [[ws, 23], y] + ([, 9l ]
= Qi + Bijx; — aixi — Bijxj + T + Bija;

= ;T + Pija;,

hence «;; = B;; = 0.
Therefore, L = (z1,...,z5),+Fy is an almost abelian restricted Lie algebra of dimen-
sion s+ 1, as desired. O

Note that the hypothesis of F being algebraically closed is essential for our results.
Indeed, the Lie algebra L over a perfect field of characteristic 3 given by Gein in [8,
Example 2], with the p-mapping indicated in Section 3, is upper semimodular, generated
by its minimal restricted subalgebras and semisimple. The reader could ask if, ruling
out the hypothesis of F being algebraically closed, any upper semimodular restricted
Lie algebra generated by its minimal restricted subalgebras would be abelian, almost
abelian or semisimple, in a way somehow similar to the situation in the ordinary Lie
algebra setting (see [10]). However, this is not the case either: the restricted Lie algebra
Fz @ L, with P! = 0, is generated by its minimal restricted subalgebras and it is upper
semimodular, but it is neither abelian, nor almost abelian, nor semisimple. Furthermore,
it is even possible to pick a modular restricted subalgebra of Fx & L which does not lie
in any of these three cases.

Proposition 6.5. Let F be an algebraically closed field of characteristic p > 0, and let L
be an upper semimodular restricted Lie algebra over F. Let B be the restricted subalgebra

generated by the one-dimensional restricted subalgebras of L. If B is almost abelian, then
L=B.

Proof. Assume L # B. By Proposition 3.7, there exists a p-nilpotent element = € L
of order 2. Write B = A+4Fy, where A is a strongly abelian restricted ideal of B, and
y is a toral element which acts as the identity map on A. Since z[P! € A, we have
ad?(z)(y) = [zPl,y] = —zlP). Set w = ad?~'(x)(y), and note that [z,w] = —z[! and
[zl w] = [z, w[P]] = 0.

As (), Nz y), = FalPl is maximal in (2P y), = Fzl?) + Fy, one has that (z),
must be maximal in (z, 2", y), = (x,y),. We have
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()p & (@, w)p C (7, 9),p-

It follows that y € (z,w), = (x), + (w),, from which [z, y] = Mz, w] = —AzlP!, for some
A € F. But then

—al) = ad?(2)(y) = —Aad” (@) (2 = 0,
a contradiction. Therefore, L = B and L is almost abelian. O

Theorem 6.6. Let F be an algebraically closed field of characteristic p > 0. Any upper
semimodular restricted Lie algebra L over F is either abelian, almost abelian or of the
form

L= <$1,-~'7xT,B>pa

where x; is p-nilpotent of order n; > 1 for alli = 1,...,r, B is an abelian restricted
subalgebra and [L,L] C (x1,...,%r)p-

Proof. Let B be the restricted subalgebra generated by the one-dimensional restricted
subalgebras of L. By Proposition 6.4, B is either abelian or almost abelian. If L # B,
then B is abelian by Proposition 6.5, and every x; ¢ B is p-nilpotent of order n; > 1 by
Proposition 3.7.

To prove that [L, L] C (x1,. .., Zr)p, it suffices to see that [z;,b] € (x;)p, fori =1,...,r
and b € B such that (b), is one-dimensional. Take such a b € B. If b € (z;),, then we
are done. Otherwise, (z;), N (b), = 0 is maximal in (b),, = Fb, and then (z;), must be
maximal in (x;,b),. Write w = ad"~*(2;)(b) # 0, where r is such that ad”(z;)(b) = 0.
We have the following chain of inclusions

<$i>p c (xi,w>p - <xiab>p~

Then, w € (x;),. Assume now that ad”~*(z;)(b) € (z;), for some k& > 1, and set
w' = ad” "7 (z;)(b). Again, it is clear that
(@i)p C (@i, w')p C (@3, b)p,

where one inclusion has to be an equality. By assumption, if b € (z;,w'), = (z;)p +
(w')p, then [z;,b] € (x;)p. Therefore w' € (x;),, and by induction we have that [z;,b] €
<$i>p. O

Note that, although any abelian or almost abelian restricted Lie algebra is upper
semimodular, the converse of Theorem 6.6 does not hold, as the following example shows.

Example 6.7. Let L = (z,y, 2), with 2P/ = P} = 2[Pl = 0 and [z,y] = 2 as the only non-
zero product. Then the restricted subalgebra B = FaP! @ Fy & Fz generated by all the
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one-dimensional restricted subalgebras is abelian. However, L is not upper semimodular,
as (z), NFy = 0 is maximal in Fy, but (z), is not maximal in (z,y), = L.

Proposition 6.8. Let I be an algebraically closed field of characteristic p > 0, and let
L be an upper semimodular restricted Lie algebra over F. Then, L is almost abelian or
nilpotent.

Proof. Assume that L is not almost abelian. Let T be a torus of L. By [23, Chapter 2,
Theorem 3.6], T has a basis consisting of toral elements and therefore T C B, in the
notation of Theorem 6.6. Consequently, every semisimple element of L belongs to B, and
the restricted subalgebra T formed by the semisimple elements of L is the unique maximal
torus of L. Suppose, by contradiction, that L is not nilpotent. Consider the Cartan
subalgebra H = C(¥) and the associated root space decomposition L = H+(3" ,cq La)-
Then there exists a € ® and a toral element ¢t € ¥ such that a(t) # 0. Let z € L,,
x # 0. By [23, Chapter 2, Corollary 4.3(1)], we have [t,z] = a(t)x and a(t) € GF(p).
Thus one has

(t+ )P =t + 2Pl 4 a@)P e =t + 2P 4 2.

Moreover, by [23, Chapter 2, Corollary 4.3(3)] we have that P! € H and so [t, z[P]] = 0.
By induction, it follows that

(t+o)P" =4 ol (1)

=0

for every n > 0. Now, by [23, Chapter 2, Theorem 3.4] we see that (¢ + z)lP)" € T for
some sufficiently large n, and so we deduce from (1) that € H, a contradiction. O

Corollary 6.9. Let F be an algebraically closed field of characteristic p > 0, and let L be
an upper semimodular restricted Lie algebra over F. Then, L is also lower semimodular
and a J-algebra.

Proof. It follows from Proposition 6.8 and Proposition 5.2. O

Proposition 6.10. Let F be an algebraically closed field of characteristic p > 0, and let L
be an upper semimodular restricted Lie algebra over F. Then, every restricted subalgebra
of L is a restricted quasi-ideal.

Proof. By Proposition 6.8, L is either almost abelian or nilpotent. If L is almost abelian,
then we are done, so suppose that it is nilpotent. Let x,y € L. If x,y are semisimple, then
we have that z,y € B and [z,y] = 0. If z is semisimple and y is p-nilpotent, then = € B
and we get that [x,y] € (y), as in the proof of Theorem 6.6. If =,y are p-nilpotent, we
claim that [z,y] € (z),+(y),. Indeed, let s be the sum of their orders of p-nilpotency. We
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will proceed by induction on s. If s = 2, then z,y € B and therefore (z,y), C (2)p+ (¥)p-
Fix now s > 2, and assume that 2Pl # 0. If z € (z[P] y),,, it holds that (z,y), = (z,y),
is contained in (x[!),,+(y), by induction. Otherwise, (zPl),, = <x>pﬂ<x[p], Y}, is maximal
in (z),, so (z[Pl, y), is maximal in (z,y),. Then (zPl,y), has codimension one in (z,y),
and (z,y), = (2}, + (@, g}, But by induction, (2], 5}, (a7}, + (4),.

Now take z,y two arbitrary elements in L and consider their Jordan-Chevalley
decompositions, © = 3 + z, and y = ys + yn The above arguments show that
[z,y] € (Tn)p + (Yn)p- Since P e (x)p and gl e (y)p for r and t large enough
and zs,ys are semisimple, we get that z,, € (z), and y, € (y),. It follows that

[x,y] € <$>p + <y>p- u

The following simple lemma is all that is left to prove Theorem 6.1. We need an easy
consideration first.

Let X be a restricted quasi-ideal of a restricted Lie algebra L. Then, for every re-
stricted subalgebra Y of L, it holds that X +Y = (X,Y"), is a restricted subalgebra of
L.

Lemma 6.11. Let L be a restricted Lie algebra in which every restricted subalgebra is
a restricted quasi-ideal. Then, L is modular, and consequently, upper semimodular and
lower semimodular.

Proof. Let X, Y and Z be restricted subalgebras of L such that X C Z. Take z €
(X, Y),NZ = (X+Y)NZ, and write z = x + y for some z € X, y € Y. Then
x € Z, yielding that y € Y N Z. Therefore, z € X + (Y NZ) = (X,Y N Z),. Then, L is
modular. 0O

It is now a simple matter to prove the main result of this section:
Proof of Theorem 6.1. It follows from the combination of Proposition 6.8, Proposi-
tion 6.10, Proposition 4.3 and Lemma 6.11. O
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