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ABSTRACT

This paper presents a refined two-dimensional model, based on higher-order theories, for the hygro-thermo-
magneto-mechanical analysis of doubly-curved laminated shell structures. The formulation employs a general-
ized kinematic model with zigzag functions, and it uses curvilinear principal coordinates to describe the ge-
ometry of the panel. The model allows us to assess arbitrary values of the multifield unknown variables, due to
their description by using the Equivalent-Layer-Wise approach. The multifield analysis considers the coupling
between various physical effects, including hygro-thermal, piezomagnetic, pyromagnetic, and hygro-magnetic
constitutive interactions. The panel rests on an elastic foundation modelled with the Winkler-Pasternak the-
ory. Furthermore, each layer is homogenized with proper analytical expressions and it is treated as a continuum
material. The fundamental equations are solved analytically using the Navier method, while a recovery pro-
cedure based on three-dimensional balance equations reconstructs the multifield primary and secondary variable
distribution in the post-processing stage. The method adopts the generalized differential and integral quadrature
to solve the equations. Numerical examples demonstrate the accuracy and the efficiency of the theory compared
to more computationally demanding three-dimensional solutions obtained with a commercial finite element
software. Furthermore, parametric studies explore the sensitivity of governing parameters, considering various
curvatures and lamination schemes, load shapes, and load combinations. The model serves as a useful tool for
investigating the multifield response of curved laminates with simplicity and less computational effort. It can be
used for exploring new insights into the multifield coupling effects that are not considered in commonly used
software for multifield analysis.

1. Introduction

moisture distributions within a structure introduces combined effects
that differ from those caused by individual phenomena alone. The

New advances in engineering fields require sophisticated models to
predict the structural response under various environmental conditions
and physical phenomena [1-3]. For instance, refined numerical models
are being developed for applications in biomedical engineering [4],
aerospace industry [5], and civil engineering [6], focusing on the effect
of moisture diffusion and heat exchange. Moisture and elevated tem-
perature can induce additional stress and strain states within structures,
potentially leading to unexpected failure or damage if not adequately
considered during the design process [7,8]. In fact, each physical phe-
nomenon influences the mechanical response of a structure. For
example, hygrometric and thermal effects can alter the material prop-
erties of both the isotropic matrix and the reinforcing fibers in composite
materials, leading to a degradation of the overall mechanical perfor-
mance [9]. Moreover, the simultaneous presence of temperature and
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experimental evidence has largely shown that an increased temperature
can induce a moisture migration within a solid, and conversely, a
moisture concentration gradient can induce pronounced temperature
variations [8]. These phenomena are referred to as thermophoretic ef-
fect and thermal diffusion effect, respectively. Despite their significance,
theoretical investigations on these effects remain relatively scarce [9],
with existing studies relying on the Onsager principle to derive
phenomenological coefficients in the constitutive relations [10]. When a
structure is exposed to a hygrothermal environment and interacts with
magnetic fields, temperature variations and moisture content can alter
the distribution of magnetic quantities within the solid. These in-
teractions, known as pyromagnetic and hygromagnetic effects, are not
commonly addressed in practical applications [11-13]. However, they
can be modelled if a proper constitutive relationship for the material is
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available, which couple magnetic field with temperature and moisture
gradient components. Furthermore, minor variations in magnetic fields
induced by changes in temperature and moisture content, can generate
strain and stress states within the structure composed of piezomagnetic
materials, emphasizing the need for accurate modelling of these coupled
effects. In multifield analysis, additional terms and variables are intro-
duced into the governing equations [14,15], thus increasing the
computational cost for numerical investigations. For this reason, it is
important to employ efficient formulations that balance accuracy with
computational efficiency. Many formulations in the literature make
simplifying assumptions about multifield unknown variables, which are
then used to compute the corresponding deflection. For instance, in the
thermo-mechanical analyses from Refs. [16,17], a linear or a parabolic
profile of temperature distribution is assumed along the thickness di-
rection, and this assumption remains unvaried within the entire physical
domain. This approach aligns with the experimental evidence only for
thin laminated structures. However, for moderately thick panels, the
method is improved by solving the one-dimensional problem along the
thickness direction. In other words, it is assumed that the distribution of
temperature variation is unaffected by the boundaries of the structure.
Another common approach is the use of two-dimensional (2D) formu-
lations as an alternative to full three-dimensional (3D) analyses [18]. In
this context, it is essential to assess the accuracy and reliability of the
results. Among 2D formulations for laminated structures, the most
common approaches from literature are the Equivalent Single Layer
(ESL) and the Layer-Wise (LW) theories [19,20]. In the ESL theories, a
kinematic model is defined for the entire laminate, with various effects
analyzed by an appropriate selection of the analytical expressions for the
so-called thickness functions [21]. This approach derives the governing
equations for the reference surface, since a proper homogenization of
the laminate is performed. In contrast, LW theories establish kinematic
models on the middle surface of each lamina in the stacking sequence,
ensuring the compatibility conditions at the interfaces [22]. Conse-
quently, while ESL models allow an arbitrary selection of thickness
functions, LW theories require these functions to be consistent with
inter-layer kinematic compatibility [23,24]. LW formulations generally
yield more accurate results due to their higher number of Degrees of
Freedom (DOFs), which depend on the number of layers in the laminate.
However, this accuracy corresponds to an increased computational cost,
particularly for laminates with many layers. On the other hand, ESL
formulations are computationally more efficient than LW, since their
DOFs are fixed and do not depend on the layers, being predefined by the
user. In some recent works, a hybrid approach, named Equivalent Layer-
Wise (ELW), has been initially introduced for structural mechanics and
has been extensively applied to multifield analysis [25]. This method
ensures kinematic prescriptions at the top and bottom surfaces of the
laminate through the Dirichlet boundary conditions, in addition to the
well-known Neumann boundary conditions related to the secondary
variables such as surface tractions, thermal fluxes, and magnetic fluxes.
In this context, a key strategy is the well-known unified formulation,
first developed and proposed for structural mechanics problems by
Washizu [26] and Reddy [27]. This approach derives the governing
equations by introducing arbitrary thickness functions and equivalent
unknown variables, which serve as the DOFs of the problem. In this way,
the resulting general theory is independent on the selected thickness
functions, therefore the model can be enhanced by simply activating
additional terms in the kinematic expansion until the convergence of
results is achieved. Furthermore, this procedure embeds classical ap-
proaches such as the First-order Shear Deformation Theory (FSDT) and
the Third-order Shear Deformation Theory (TSDT), widely applied in
several applications and formulations over the years [28-32]. Higher-
order approximations, referred to as Higher-order Shear Deformation
Theories (HSDTs), are obtained by selecting more complex thickness
functions. These functions can be polynomial [33,34] or non-polynomial
[35,36], offering a certain flexibility and an improved accuracy for
analyzing laminated structures under multifield conditions. Refs.
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[37,38] introduce an innovative function to simulate the slope changes
in the through-the-thickness profile at each interface, known as zigzag
effect. This approach has been successfully integrated with HSDTs for
mechanical applications and multifield analyses, as demonstrated in
Refs. [39-41], among others. In addition, Refs. [42,43] propose a
refined zigzag function in the case of composite laminates, derived from
the shear properties of constituent materials. Another essential consid-
eration in multifield analysis is the evaluation of the constitutive prop-
erties of smart materials [44-46]. In fact, materials adopted in multifield
analysis usually consists of two or more coexisting phases, each exhib-
iting an enhanced response to specific physical phenomena. Starting
from the classical rule of mixtures, advanced methodologies have been
developed to determine the equivalent properties of smart materials. All
these approaches are based on the definition of a unit pattern within the
material, called Reference Volume Element (RVE), which characterizes
the geometric and physical properties of the overall material [47,48]. As
reported in the milestone paper in Ref. [49], RVE in smart composites
are often modelled in configurations such as laminates, cylindrical fi-
bers, or ellipsoidal inclusions. The homogenization of smart materials is
commonly performed using the Mori-Tanaka procedure [50], which
delivers more accurate results than classical methods, especially for high
concentrations of the constituent materials [51]. According to this
methodology, a key factor is the computation of the Eshelby tensor for
the RVE, which connects the strains in the heterogeneous material to
that in the homogenized solid [52,53]. While this tensor is computed
numerically [54-56], in case of ellipsoidal inclusions, some analytical
expressions have been derived, which are widely applied in various
contexts [57]. In some recent works, efforts have been made to extend
analytical derivations of the Eshelby tensor to polygonal inclusions, as
shown in Refs. [58,59]. The Mori-Tanaka procedure has been widely
used in structural engineering to determine the equivalent properties of
Carbon Nanotubes (CNTs) embedded in an isotropic matrix, accounting
for the effects of fiber agglomerations and curvature [60,61]. Once the
homogenized material properties are obtained for the RVE, it becomes
possible to model their variation within the solid. This variation can
occur, for example, due to changes in the concentration of the constit-
uent materials or the presence of voids [62].

For complex models, a closed-form analytical solution can become a
challenging issue. Even when an analytical solution is available, it is
typically valid only for specific geometric and material configurations,
as well as for loading and boundary conditions, as observed with
methods like the Navier technique [63]. Therefore, in complex models
the application of numerical procedures is required, providing approx-
imate solutions that offer a sufficient accuracy for design purposes. The
adoption of an efficient numerical method is crucial for obtaining ac-
curate results, while minimizing the computational effort. Among nu-
merical procedures, the Finite Element Method (FEM) has been
extensively used to obtain numerical solutions in structural analysis
[64-66]. The FEM-based approach involves a local approximation of the
unknown variables within finite regions of the structure, known as finite
elements, by using the so-called shape functions. However, this method
can be computationally demanding, especially in complex applications
involving singularities, curved region, mass concentrations, or cracks. In
contrast, spectral collocation methods require a reduced number of
DOFs by interpolating the solution at selected sample points distributed
across the entire computational domain. Among these, the Generalized
Differential Quadrature (GDQ) enables the numerical approximation of
derivatives of arbitrary order using a quadrature formula [67-69]. A key
advantage of the GDQ method is the direct approximation of derivatives,
allowing for the numerical solution of fundamental equations directly in
their strong form. The GDQ method has been widely applied to various
structural problems, including shell structures [70-73], advanced ma-
terial modelling [74,75], Functionally Graded Materials (FGMs) [76],
singularities [77], and time stepping algorithms [78-80], among others.
From the classical GDQ method, which employs Lagrange interpolating
polynomials, it is possible to compute numerical integrations, leading to
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the development of the Generalized Integral Quadrature (GIQ) method
[81]. Alternatively, when the Taylor series expansion is used to
approximate the unknown function, the Taylor-based Generalized In-
tegral Quadrature (T-GIQ) is applied. In this framework, analytical
closed-form solutions are often used to validate numerical results under
specific conditions. In fact, several attempts have been made in litera-
ture to consider different configurations when dealing with analytical
solutions. Among others, the Levy solution should be mentioned for
various boundary conditions modelling, as well as the boundary
discontinuous method, which is widely utilized for clamped laminated
structures, as detailed in Refs. [82,83]. Although analytical solutions are
often effective for deriving accurate results for unknown variables, the
stress and strain states, as well as gradient and flux components, may not
always be physically consistent. Indeed, the use of generalized kinematic
models along the thickness direction does not ensure a-priori the satis-
faction of balance conditions under external loads, as highlighted in
Ref. [84] for mechanical elasticity. To this end, a post-processing
correction of primary and secondary variables is necessary to align re-
sults with those ones obtained from 3D simulations. This correction,
known as recovery procedure, uses the GDQ to compute derivatives and
to solve the balance equations [85]. An alternative approach consists in
performing derivatives of in-plane quantities with the GDQ method,
while GIQ is used to solve balance equations along the thickness direc-
tion. In this way, the loading conditions are perfectly satisfied, and the
accuracy of 3D simulations is achieved using results derived from a 2D
formulation. A review of the existing literature underscores the need for
refined and efficient models capable of delivering highly accurate pre-
dictions for multifield analysis with a reduced computational effort.
Furthermore, comprehensive models that incorporate all possible
coupling effects among mechanical elasticity, heat transfer, mass
diffusion and magnetostatics for practical engineering designs, are still
lacking. Most studies focus only on some of the effects cited above. For
instance, Ref. [86] presents a preliminary study on coupled thermo-
mechanical modelling of laminated shell structures using higher-order
theories. Similarly, Ref. [87] introduces a comprehensive ELW model,
based on HSDTs, that includes electrostatic effects.

However, this model is limited in applicability to those lamination
schemes for which the electrical properties of the constituent materials
are known. For this reason, this paper introduces a refined 2D model,
based on higher-order theories, zigzag functions, and unified formula-
tion, for analyzing the multifield response of doubly-curved laminated
panels subjected to magnetic fields, thermal conduction, and moisture
diffusion. The governing equations are formulated in curvilinear prin-
cipal coordinates and derived using the Master Balance principle under
thermodynamic equilibrium conditions. Unlike most conventional tools,
this formulation incorporates various multifield coupling effects within
the constitutive model, including pyromagnetic and hygromagnetic
phenomena, which are often neglected. In addition, thermal diffusion
and thermophoretic effects are addressed through reciprocity relations.
The model employs a continuum-based approach, with the homoge-
nized properties of multiphase smart materials in the individual layers
derived analytically using the Mori-Tanaka scheme, which employs the
Eshelby tensor for the multifield case. The formulation is derived for
arbitrary doubly-curved shell structures, and a semi-analytical Navier
solution is applicable to specific geometries, boundary conditions, and
material orientations. A post-processing recovery procedure is imple-
mented to reconstruct the 3D distribution of unknown variables within
the solid, starting from results based on the 2D model. This procedure is
based on multifield balance equations, and accounts for the numerical
computations of derivatives and integrals with the GDQ and GIQ,
respectively. A systematic set of case studies is presented, demonstrating
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the accuracy of the model against more computationally expensive nu-
merical FEM-based results. By properly activating some terms within the
equations, the contributions of various multifield couplings are assessed,
highlighting their influence on the overall structural response of the
panel. Finally, a sensitivity analysis investigates the influence of some
key governing parameters. The results of this study offer some valuable
insights for practical engineering design in fields such as aerospace,
mechanical engineering, health monitoring, and biomedical applica-
tions, among others, and provide a base for future theoretical and
computational research on the topic.

2. Higher-order multiphysic formulation

The formulation begins with the geometric description of an arbi-
trary doubly-curved shell. This structure is represented in the Euclidean
space as a 3D solid, defined using the parameters (a1,a2,$) € [a9,a}] x

[@%,a%] x [ — h/2,h/2], where h denotes the total thickness of the shell.
In line with the ELW approach [25], the position vector R(a1,a2,() is

defined by the following relation:
h
R(al.a2,§):r(a1,a2)+§z n(a,az) (@]

In the previous relation, every arbitrary point within the solid is reduced
to the reference surface, denoted by r(a 1, a2), which is positioned at the
middle thickness of the shell ({ = 0). The height along the thickness
direction is characterized by the dimensionless coordinate z = 2(/h,
varying in the outward normal direction n(a1,a3). The reference sur-
face r, as described in Eq. (1), is parametrized using the curvilinear
principal coordinates @1, 3, which vary in the rectangular parametric
domain [a9,a}] x [a%,a}] with a% < a} for i = 1,2. In the same way,
the normal unit vector n to the reference surface is defined for each point
(a1,a2) as:
I ATy

n((ll,(lz> :m (2)

In the aforementioned equation, A is the well-known vector cross-
product. In addition, the quantities r; and r; with i = 1,2, refer to the
first-order and second-order partial derivatives of r with respect to a;;,
aj = ay,a, respectively. Other useful geometric quantities include the
Lamé parameters A; = A1,A 5 and the principal radii of curvature R; =
R1,R,, both defined along a; = @1, @ as follows:

Ai(ar,az) = /T;T;

3

Ri(aq,a2) =

r;n

Finally, the scaling parameters H; = H1,H , are introduced along the
thickness direction. These parameters are defined as Hj(a1,a2,{) =1 +
{/R i, and they are used to determine the length metrics at a given ¢,
thus ensuring a proper description of the shell geometry across its
thickness. The Lamé parameters in Eq. (3) are used to define the
curvilinear abscissa s; = 51,52 of an arbitrary parametric line along the
a; = ai,ay principal direction. The infinitesimal variation ds; = A ;da;
is, thus, linked to the infinitesimal variation de;. Then, the curvilinear
abscissa s ; is determined by integrating it over the interval [a?, a;] with
i = 1,2, and it varies within the interval s; € [s9,s!]. Finally, it is worth
noting that the total thickness h of the laminate is calculated as the sum
of the thicknesses hy of each k—th layer in the stacking sequence.
Once the geometry of the laminated structure is defined, the multi-
physic ELW model is introduced. The unknown variables for an arbitrary
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point in the 3D solid include the displacement field components Uﬁk) , U(zk%
U<3k), expressed in meters [m] and referred to the curvilinear geometric
reference system O'a;jay¢. In addition, the variation of the magnetic
potential Ay® = y®) —y , with respect to the reference value vy, is
expressed in ampere [A], the temperature variation AT = T® _T
with respect to the absolute reference temperature T is expressed in
kelvin [K], and the moisture concentration variation AC® = C® —C, is
measured with respect to the reference value Cg in terms of moisture
mass per unit volume of dry solid [kg/m?]. The reference variables y ,
Ty, Cy correspond to a zero-stress and zero-strain configuration at any
point within the solid. All these unknown variables are collected within
the vector A®) of size 6 x 1, and they are expanded using the following
kinematic model [25]:

[ u® Fha ¢ 0 0

Ul o FY= 0 0

AK) :%F}")é(’) - U§:) I S Y 0o FY (?)a
= Ayl S0 0 0 FM=
ATW 0 0 0 0

lac®| | o 0 0 0

In the above expression, each element of A®) is expressed as the sum of
N+1 terms. These terms consist of an arbitrary thickness function
ploa _ pla (¢) withi = 1,...,6, defined for each 7—th expansion order
with 7 =0,...,N + 1, which depends on the thickness coordinate ¢, and a
generalized variable associated with any arbitrary (a1,a2) point on the
reference surface. These generalized variables are grouped, for each 7 =
0,...,N + 1, into the vector 8?, with size 6 x 1. The thickness functions
introduced in Eq. (4) are defined following the ELW methodology and
they are expressed in terms of dimensionless coordinate z = 2¢/h where
z € [—1,1], as follows:
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expressions:

A(il) ((ll-,(lz«,f:: —g> = A(ii) = 550)(0’1«,(12)
(6)

h
A(ll) (a17a27¢/:§> = A(:r) = 6§N)(al,a2)

The zigzag function corresponding to the (N + 1)—th kinematic expan-
sion order assumes the following expression, setting zx = ({ — (x)/
(¢xy1 — ¢x) a proper dimensionless variable:

0 0 u;
0 0 |
0 0 | u?
()]
0 0 l//(f)
ke 0 g(f)
0 ke )
e
n=TL o
Fou — zk:(fl)k<2§k71>, k=2,..,1-1 )
(=8
—(—1)>_>u1
& ( CH] - CZ

The thickness function F%‘l‘;" in Eq. (7) is zero at the top and bottom

surfaces, while it becomes equal to 1 or —1 at the interfaces between

1-% adjacent layers of the laminate. For higher-order kinematic expansions
2 for =0 with 7 =1,...,N —1, the thickness functions are expressed, following Eq.
- . . . (r,8) = _ -
Fai ) = JE@ @) - J7 @) for =1, . N—1 (5) FS}, using Jacobi polynomials J;” (z) of the. 7—th order and chare'icter
3 istic parameters y,6 [67]. These polynomials are computed using a
1+z for =N recursive relation, where the characteristic parameters are set so that
2 A= 21+ y+4+ 6-2, B= A-2, C= A-1, and D=
" 2(t—1)(r+y+6—1)B:
The thickness functions F; )% introduced in Eq. (5) are designed such
1 r=1
1 ~
J(r.&)(’i): 5(2(?+1)+(}’+5+2)(Z—1)) T=2 (8)
C(ABZ +7* — W@ — 2 +y - 2)c +5—2AT0 @) 3 N

D

that they are equal to 1 for 7 = 0 at the bottom surface, and for 7 = N at
the top surface. For all other expansion orders, these functions are zero
at both the top and bottom surfaces. As a result, the 3D unknown vari-
ables at the top and bottom surfaces are directly related to the gener-
alized variables associated with 7 =0,N through the following

The Jacobi polynomials employed in Eq. (8) include a broad family of
polynomials determined the parameters y,5. More specifically, Lobatto
polynomials are obtained by setting y = § = 1, while Legendre poly-
nomials correspond to y = § = 0. Finally, from Eq. (8) the Chebyshev
polynomials of the first, second, third, and fourth kinds are obtained by
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selectingy =6 = -1/2,y =6 =1/2,y = -6 = —1/2,andy = -6 =
1/2, respectively. To classify the kinematic model used in each simu-
lation, a specific nomenclature is introduced. The acronym ELDZL —N is
used, where “EL” signifies that the ELW approach is applied within the
kinematic model, “D” indicates that displacement field components are
the unknown variables, and “ZL” refers to the inclusion of the zigzag
function as defined in Eq. (7). Finally, N identifies the expansion order of
the kinematic model.

Having established the higher-order generalized kinematic model in
Eq. (4), the ELW multifield kinematic relations are now formulated,
taking into account the mechanical elasticity, magnetostatic effects,
thermal conduction, and moisture diffusion equations. To this end, the
3D definition equations for a doubly-curved shell solid are introduced,
using curvilinear principal coordinates a1,a»2,¢. These equations relate
the 3D configuration variables vector A% and the vector of primary
variables, denoted by n¥). Using a compact notation, this relationship
can be expressed as [25]:

6
7% = DAY =D DeA® =D, > DAY ©)
i=1

where D is the 3D kinematic differential operator. The vector ) =
[eWT  7®T ATRACHYRTHOT ] T of 3D primary variables in Eq. (9)
consists in the 3D strain vector £, the magnetic field vector 7%, the

thermal gradient vector 8%, and the moisture concentration gradient

~ )
vector A, Finally, AT® = AT® and AC ~ = AC® are conveniently

introduced. These vectors can be written in their extended forms as
follows:

k) _ [k 3 (3 k k) ) 1T
£ *[8(1) 5(2) }’(1; 7<1; 7(23 53)}

k ok k) ok 1T
7o — []/(1) 7/(2) “7/(3) }

T (10)
k k k k
e( ) — [9(1) 0(2> 0(3) }
A k k k OBE
® = [l(l> ﬂ(z) 1(3) ]

It should be noted that in Eq. (9), the differential operator D is expressed
as the product of the operators D; and Dg, where D, contains the terms
with derivatives with respect to ¢ coordinate, and Dg includes de-
rivatives along a1, a» principal directions. The operator D is expressed
as the sum of the operators D with i = 1,...,6, as follows [25]:

Doy, O 0 O
. 0 Doy O O
w_ | 0 0 Dgs O
D, = ;DQ =1 0 0" Dy, 1)
a 0 0 DQ(gJ 0
0 0 0 Dgy

The terms Dg1), Dg(2) and Dg(s) assume the following extended form:

Do) = [EZ; D, B;‘;]

1 0 1 0 T 12)
Dog = |- — —— 2 1
@@ |: A1 a(ll A2 6(12 :|

DQ(3>:1

where
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1 9 1 oA, | T
Ay ooy A,A, Oay R.
1
1o, 10 X
A1A, dy ITQ 07(2 R,
2
1 19 0
A1A;z day Ail E
I I S I NS ") R I
Dy, =| Azda, Dy = | A4, 0o D, = |1 9
A1 0(11
L 0
R, 1 x ai
0 R, A daz
1 0
0 1 0
0 0 L i
13)
Finally, the operator D, is expressed as:
Dy 0 O 0O 0 O
0 Diy O O 0 O
0 0 Dg O 0 0
;=10 o 0 Dy 0 o0 a4
0 0 0 0 Dy O
0 o0 o0 o D)

The sub-matrices Dy (1), D;(2) and D3 are reported below in expanded
form [25]:

1
171 0 0 0O O 0O 0 0 O
i 0 0O O 0O 0 0 O
H,
1 1
0 — — 0 0O 0 0 O
H] H2
Dy = 1 P
0O O 0 0 E 0 074’ 0 0
1 0
0 0 0 0 172 0 a—C 0
0 0 0 0 0 0 0 i
L o |
-1
— 0 O
H,;
1
Dy =| 0 T, 0|, Dgs=1 (15)
J
0 0 —
I a*

The introduction of the generalized kinematic model from Eq. (4) into
the 3D definition equations (9) results in the introduction of the
generalized definition operator Z?% for each 7—th kinematic expansion
order, withz=0,...,N+1andi =1,...,6, varying in each point of the 3D
doubly-curved solid. This matrix is defined as follows [25]:
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Zq“)"" 0 0 0 0 0 As can be seen, the constitutive relation (20) introduces the complete
0 Z(;(T)‘li 0 0 0 0 coupling between the primary and secondary variables of the multifield
0 0o zkoa 0 0 0 problem. In particular, the secondary variables are collected within
YA o 0 30 L o (16) various  sub-vectors, namely the stress vector ¢® =
3 T ;
0 0 0 0 Z(;(f)rl,' 0 [a(lk) agk) 1(112 r<1k3) T(zkg) gg‘) } , the magnetic flux vector 20 =
T
0 0 0 0 0zl [,%q‘) 2 ¥ ] , as well as the thermal flux vector h® =
- - T

[hq‘) hg‘) h(;‘) ] and the moisture flux vector c® =

The sub-matrices ZX9% — z&)% zk0 7E0% introduced in Eq. (16) take ® © ®1F . )
the following form: [Cl ¢y ¢y ] . Furthermore, two scalar quantities are introduced:
the specific entro (k) and the chemical potential p*). The constitutive

ZS:TW =Dy ng)ul a7 P Py 1N p p

sub-matrices of Eq. (20) are taken from Ref. [25] and are reported below

. . . S . in extended form:
form = 1,2, 3. In this way, the kinematic definition equations are pro-

vided for the higher-order ELW model, according to the relations re- [ 1
ported below [25]: 6(1() C‘<k> E(k) E(k) E(k) E(,()
11 12 16 14 15 13
6 N+l 6 N+l 6 B =0 =) =k =k =k
7k = D, Z DEAK — Z ZkIupag — Z 7k g 18) Ciz) C(22> C(%) c(z 4) C(zs) (;(23
i=1 =0 i=1 =0 i=1 =) =k Fk) o Fk) o Fk) =k
=) Cl6 C26 CG6 C46 Css C36
. . (D)at @ & (7) . . Ie' = =) Hk) o Fk) o Fk) o Fk) Sk
In the previous equation, the vector z'7% = D{§'” of generalized pri- C, Cy Cup Gy Cu Cyy
mary variables is introduced for an arbitrary ¢ = 0,...,N + 1. In line with E;]: E(Z’;) 6(5,2 E:ks) 6(512 E»g;)
the 3D vector m*) of primary variables, the vector m(9% = —0) =k =k =) =k =k
. . C‘13 C23 C36 CS4 C35 C33
[e@al  @aT  AT@apCHugnuT)OaT) T contains the vectors of the
generalized primary variables for each physical problem within the N N
—~ ~ (t)ai
present formulation. The sub-vectors gV 7% AT@a Ac 9=
and A% take the following extended form:
£, _'— oy i 7 il a1 (a4 | e i iz, i F i ez T
£ {a['al}_!_'t‘:l £, Y1 ¥z Y ¥a i, Wy £y
Hh‘ur. {a1aa:}:[lHj”ul .H1::'.u, .Hli.'r.r. |
B 19

e — T

AT {al.az}:.ﬁ"m. Tadts (ey.a, )= AC

H.ru{arﬂrzlz[etrm. E|:.-|=z. H}."-‘.‘. 3:1 lum. {D‘-l,l?:!ZI:A;”; }llzru,. A;rlc.:lr

Once the kinematic relations for the higher-order multifield formulation

are presented, the coupled constitutive equations are introduced. To this
(k) =) (k)

end, the hygro-thermo-magneto-elastic constitutive relations are intro- my, myy; my
duced for a 3D solid. These relations allow one to express the 3D sec- fﬁ) = ﬁ;kz) ﬁ(zkz) ﬁ(zks)
ondary variables, collected into the vector %, in terms of the vector zt¥) k) =) =)

My Myz Mgy

of 3D primary variables within an arbitrary k—th layer [25]:

[o] [T 17 _por _pr g o ] &

g [T I ™ [ o o | WY
o ogegn o [0 [T T T T e o AT o0
) T I vl v - v I N o

b 0 0 0 0 T TP g®

¢ [0 o 0 o TY M| ;@
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k) =k =k =k =k =k
. 4y @y g @y s 4
Tl —k) =k =k =k =k =k
Lo =1 @ @& @i T B

—k) =) =k =) =k =k

4y @ @ @ T
O Tk o) sk sk sk ok
TO- [0 ) 28 & 2 &
T _ [0 S0 S0 S0 50 5k
I = [611 €2 €3 €3 €3 €33

7O T k) k) —(k
r - [

= k) [ k { &\ T LN T i KT
é 0 L o G L
. 1 ik Wi i i
B 5 | | " 0
1l Ej ik 1] 1]
:I'Ih P n = I, ok Iy I'rc 0
g ot ! i o
h' 0 0 0 0 rY
& 0 0 0 0o Iy
0 0 7R [0 -
kyp  kyy o kg x;f x%z) x(13)
—(k k)~ — —(k
L= &Y &y Ky | T = |x ok
—(k) (k) (K =) (k) (k)
k<13> k;g) k;; X1z X3 X33
. vy . SHEGHEH
3l — _ — Tl _ _ _
Uy = |79 ¥n ¥a |» Ts = |5 S5 sy
k) =k =k k) k) =k
eV ¥ si5 S S
wh k) k) Zk) k) Zk)
Iy =&, FTC:§12’ rcczfzz ey

The vectors T\

and l_“ék) account for the additional strains induced by

temperature variation and moisture concentration within the 3D solid.

- . - .ok
These quantities are expressed in terms of elastic stiffness matrix I‘f: ) by

introducing the vectors T = af) al) af) a)

a

® F(Ck)T(k>T _l rg)TH(k) _7k F(Ck> T(k)Tfik)
H<">T1“8‘)T“‘)T H(k)Trng)H(k) H(k)TF‘(,’:)T
o _ [TTOTETe  rlE® it
rfpwrplpe  pHgo Iy
0 0 0
0 0 0
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— T
I‘(bk> - Eg"f 5(2’;) Eg"z) Eg';) 1_,(2"3) 1_,(3"3) ] of size 6 x 1, which represent
the rotated thermal expansion coefficients and hygroscopic expansion

coefficients, respectively, denoted by 6(5) and E(g) fori,j=1,...,3 [25]:

—(T

=k
T (]T

S v SR VLS i (22)
The constitutive relation in Eq. (20) is referred to the geometric refer-
ence system of the 3D shell solid, as discussed in Eq. (1). This relation is
obtained by applying a proper transformation, within each k—th layer,

to the constitutive relation expressed in the material reference system

~ (k) ~ (k) >k . . .
O’aq()a(g)( ® This relationship is presented as follows:

n o | éltl
Fili
0 H
e L |
0
_ (23)
0 [ac
| g gt
l—sl'l_ }.-H'I

In this case, the vectors of primary and secondary variables in the ma-
terial reference system, 7® and Q(k), are associated with the 3D mul-
tifield constitutive matrix I'®), The transformation from the material to
the geometric reference system is carried out by defining an orthogonal
transformation matrix H®. If the parallelism between the agk) 73(? and
a1 —a planes for an arbitrary k = 1, ..., L is assumed, this matrix depends
on the angle 9k between 6({‘) and a; axes. In this case, the matrix H®
takes the following form [25]:

cosd®  sing® 0
H® = | —sind® cos9® 0 (24)
0 0 1

The transformation of the 3D matrix I'% is carried out by introducing, in
addition to the matrix H® from Eq. (24), the matrix T®) of size 6 x 6, via
the Kronecker product ® , as reported below:

k) _ gk
T = T([1.5.4.7.8A9]><[1,5,2+4.3+7.6+8,9])

_ <H<k>r & (HY )*1 ) (25)
T ([1,5:4,7.8,9]x([1,5,2+4,3+7,6+8,9] )
6(31‘3) ] and
In this way, the matrix f(k) is derived from Eq. (23) as follows:
L vl U v 0 0
Tk T
H®'T{ 0 0
(k)
| 0 0 (26)
k
r¥ ()} ()}
0 H(k)TFI((k)H(k) H(k)rrgc)H(k)
0 H(k)TFgc)H(k) H(k)TFék)H(k)
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As seen in Eq. (23), the matrices I‘g‘) and I‘§(k> couple the Fick equations
for mass diffusion with the Fourier equations for heat conduction. These
matrices can be expressed in terms of the thermal conductivity matrix
I‘I((k) and the diffusivity matrix I‘(sk), derived from the Onsager reciprocity
are intro-

relations. To this end, the coupling coefficients A%} and y®

duced, as shown below, with p®) representing the density of the material
in the k—th layer [25]:

rgﬂ — l/<k)p(k)c(k>l"ék)
k 27
® _ A0 ® (27)
X phck) K

The so-called heat-of-transport-ratio Q(,'f), which is defined as the heat
exchanged during the mass diffusion process, is evaluated as follows:

R F YR,

(k)

k) pc
QY =T,

u(yc((’;)

(28)

Here, R; = 461.9J/(kgK) is the universal gas constant, while T is the
reference temperature of the solid. Finally, C% = p®M¥ is the well-

known equilibrium moisture content, which represents the mass con-
centration that occurs at equilibrium. The quantity u%‘) is assumed to be

equal to 0.1. The following expression is, thus, adopted for )

= (29)

Finally, it should be noted that the product A%, is calibrated through
experimental tests, as extensively shown in Ref. [9]. The rotation

matrices from Egs. (24) and (25) are now used to obtain the vectors fgk)

and fﬁk) of the rotated thermal and hygroscopic expansion coefficients

from Eq. (22), which are conveniently collected into the matrices K(k>

and B of size 3 x 3:

A¥ —v. o (H<k>TK<">H(k> )E“‘) =Y. ® (HU‘)TEWH(") ) (30)
In the previous equation, the matrix Y. of size 3 x 3 relates the engi-
neering strain components to the 3D strain components, while the

and gk ) and b<: s

with i,j = 1,2,3. In the relation provided below, the matrices A% and

matrices A ) of size 3 x 3 contain the coefficients a a
B are conveniently introduced, whose elements are denoted by a(;)

and b respectively [25]:

U 5
[ ] [~ ~ |
) 0 (k) - q
ay] ay, ay 122 gy Ay Ay o
0| 0 ® & |_ (k) ~() ~(0) | _
AY=dl) ) af | ={2 1 2|0|a), ay ay | =Y.0A
&) L&) 4K 221 ~(k) ~(k) ~(k)
@13 423 @33 ) N ay3 A3 Ag3
r ] —~k) ~() (k)
b b b (1 2 2] bii b1z bis o
) — | ) (k) k) | — ~(k) ~(k) ~(k) | _ o
BY= bl b3 b |=|21 2|0 byy by boy | = Ye©B
p® p® pk 12 21] |~k ~00 ~k
L B » 33_ b13 b23 b33

B
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Finally, the hygro-thermal constitutive coefficients T(TkT) = F<TkT) = 5({?,
f(ckg =1 — ¥ and f(TkC) %) = &% are derived from the specific
chemical potential, based on the expression given below:

Ap® = p® & — R T®I0gACH (32)

The following definitions are then obtained by setting c<§> =0, as
detailed in Ref. [25]:

&= (anuo) _ (anuo) _ Wt
JT e,AC aT £.Ce Ty
&= <_"“(”)
ac e AT
o _ (apm) B (apm) B (aq<’<>)
12 — - -
aT e,AC aT €,Coo aC e, AT

Au(’t)
-,

_ dp o RgTO NRgTO_ RgTO
“\dC gy W T cH Ty

= —R,log(p®M¥))

~RlogC®

14

= nglog<C(fo) - c&?)
(33)

At this point, a new vector, denoted by Z(k), is introduced, which mod-

ifies the 3D secondary variables vector x¥), as follows:

1000 O O
ok 01 00 O 0 &®
ok 7
% oo10 0 o||lsY
n® n® =) ®
po [ =10 0 0 1 0 0 n® e X =By
(k) 1 (k)
h 0000 —1 Hoy||h
¢k To Ty c®

n
0000 0 Mg
L CDO -

(€2))
In the previous definitions, the matrices I andIare adopted, with sizes

6 x 6 and 3 x 3, respectively. In this way, the virtual variation §Y of the
total energy of the system can be expressed as [25]:

// /im
k=1 JaJaz

N+1 6
/ / 5 TBEO%A 1 A yda 1 dar (35)
7= 0 i=1 JarJaz

1A 2H 1H d(lld(lzdf:

where 57t represents the virtual variation of the 3D primary variables
of the model. As shown in Eq. (35), the introduction of the generalized
kinematic model from Eq. (5) leads to the definition of the vector of

generalized secondary variables for each 7 = 0, ..., N + 1, which is
BOal E@u  M@a gOaT coaT |
The sub-vectors 7% B®% HOx ¢
form:

expressed as (V% = [s@T
“ are reported below in extended
g@ai [ N(lr)a,» N(,?"i N(lr)zai N(;;ai T(lf)ai T(;)“f P<l,),,i P(g)”" S(g)“i }T
B — [Bgr)ul B(zr)a, B(31)u[ ]T
HO% — [H(lr)al H(Zr)ai H(;)ai ]T
e fepn a o

(36)
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In the same way, the matrix B in Eq. (35) takes the following form by
introducing a proper identity matrix of 9 rows and 9 columns:

1000 O O

0100 0 ©

0010 0 0
B=lo0oo01 0 o (7)

1

OOOOT—OI%I

0000 0 Mo

L Coo |

By substituting the constitutive relationship from Eq. (20) and the
higher-order definition Eqs. (18)-(35), the following generalized
constitutive relation is derived, which connects the secondary variables
vector T

% foreacht =0,...,N + 1, with the vectors of the generalized

primary variables ©% with = 0,...,N + 1:
Nil 6 Cki
S5 [ e
n=0 j=1 Sk
Nl 6
— ZA( )i 7 (1) (38)
n=0 j=1

The arbitrary element of the generalized constitutive matrix A™)®,
denoted by A% on)

o with r,s = e,y,T,C,6,4, can be evaluated for each

point of the rectangular physical domain using the following condensed
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relation [25], setting 7,y =0,...,.N +1,nm =1,...,17,p,q =0,1,2,and i,

j=1,..,6
g aia; Z/ k)afF Jar agF 1 Hledé’ (39)
rsnm(pq nm aé,f aé/g HI;HZ
(k)

Here, the coefficient Y = Kl“(k is defined from the element F of the

3D constitutive matrix I‘< in Eq. (20). In addition, x represents the shear

correction factor, which is equal to 1, except for those kinematic models
characterized by a uniform distribution of out-of-plane displacement
field components, where the value 5/6 is assumed. The generalized
constitutive matrix A% in Eq. (38) is conveniently expressed as fol-
lows [25]:

Ag»])aiaj AEZI’)””’J' Ag)aia, Aizz)aiaj 0 0

L WO O O 0

R P . SR, A S
Ag:)aia, ACT\z i A(g)aiaj Agg>aiaj 0 0

0 0 0 0 Ay Al

0 0 0 0 AT Al

(40)

The sub-matrices appearing in Eq. (40) are provided below to identify
the position of each generalized term derived in Eq. (39):

[ (m)00]aa; (n)[00]e,cz; (77)[00] e, (n)[00]a;cx; (zn)[00]e;cz; (n)[00]a,cx; (wn)[01] e, (wn)[01] e, (rn)[01]ea,
All(lzo) AIZZH) A16(720 Als(”ll) A14E720) Ali(lll) A14(,]10) Als(rllo) AIS(IIO)
(wn)[00]aez; (zn)[00]eez; (77)[00] ez, (wn)[00]a;ex; (7n)[00]esex; (wn)[00]a;er; (mn)[01] e, (mn)[01]esa, (mn)[01]esa,
Alz(ﬂl 1) Azz(]oz) 6?] 1) Azﬁ(]oz) 4(11 1) Azszoz) 4(101) Azs(]m) A23?m)
(mn)[00]acz; (n)[00]e,cz; (77)[00] e, (n)[00]a;cx; (zn)[00]e;cz; (7)[00]a;cx; (wn)[01] e, (rn)[01]ea, (rn)[01]ea,
Als(lzo) Azsr(l 1) Ass{zo) AGETI 1) A46’(720) Ass(ll 1) A%ZIO) ASGE]IO) 6(] 10)
(em)[00]acr; (en)[00]aer; (71)[00)evr; (em)[00]ascr; (em)[00]aer; (em)[00]acr; (em)[0t]ese (em)[ot]eye; (em)[01]esa;
AI 6(11) Azs(oz) AGGZI 1) A66(02) A46(I 1) A56(02) A46(OI) A56(OI) 36(01)
(m)eaje; () /2], _ (7n)[00] ez, (mn)[00]e;z; (7n)[00] ez (wn)[00]e;z; (wn)[00]e;cz; (7n)[00] ez, (mn)[01] ey, (mn)[01] e, (en)[01] e,
Aga - |:(Assnm(jq) ) bs },,:1 \\\\ ' A14(]20) A24I]11) A46720 A%Zn) A44I]20) A45(]11) AAAZlo) AAS?IO) 4(]10)
5=1,...9
" (mn)[00]a,ez; (7n)[00]e;ez; (7n)[00]e;ez; (wn)[00]a;ex; (7n)[00]esex; (wn)[00];er; (mn)[01] e, (mn)[01] e, (mn)[01]esa,
AIS(rII 1) Azs(loz) ASGZ] 1) Ass(loz) A45(]1 1) A55(702) A45(]01) ASSZOI) ;szm)
(mn)[10] e, (mn)[10]eyz, (mn)[10] e, (mn)[10] e, (mn)[10]eyz, (wn)[10] e, (en)[11]eer; ()1, ()1,
A14(7]10) A24?01) A46(]10) A467(]01) A44(710) A45(]01) AAA?OO) A4SI]00) A34I]00)
(wn)[10] e, (zn)[10] ez, (mn)[10]ea; (n)[10] ez, (mn)[10] ez, (en)[10] e, (w11, ()11, ()],
AI 5(71 0) Azsr(io 1) Ass(ll 0) ASsZo 1) AAS’(VI 0) Ass(lo 1) AAsr(ioo) Asszoo) 3 5?00)
(mn)[10]e;a, (mn)[10]eyz, (n)[10] e, (mn)[10] ey, (mn)[10]eyz, (wn)[10] e, (wn)[11]eer; ()1, ()11,
L A13(qm) 3?1)1) 6(] 10) A}s?m) A34(710) Azs(]m) ABAI]OO) Azsz]oo) A}}Zoo)
[ (m)[00]ase, (em)[00]ect; (m)01]ase,
MII(IZO) MIZ(”II) Ml}(]o)
(m)aa; _ ()| 2], _ (zn)[00]e;cz; (m7)[00]a;cz; (mn)[01]ea,
AW] 7|:(Aww;*ﬂ(iq) );,S :|h:1 23 Mlzzl) M22(102) M23’(701)
5=1,2,3
> (zn)[10]eex (en)[10] s, (en)[11]ee;
M13 710 M73 701 M33700)
(77)[00]e, (r7)[00]e,cz; (77)[00];z; (t7)[00]acz; (77)[00];z; 7)[00]; (77)[10] 5, ™)[10]e; (77)[10] e,
11(20) 12(11) 16(20) 16(11) 14(20) Q|5(11 14(10) QIS(I() 13(10)
(maa, [ (m)e)aa, _ )[00]a; (em)[00]act, (en)[00]e,a; (em)[00]a,ct, (em)[00]a,cr, )[00]acr, 10]aa, )[10]a,a, (en)[10]aet,
Au\: - [(Aswzm(iq) )h5 },H iiiii 9 anrlu zz(]oz) 26(”]]) 26(](12) 24:11) 25(]<)z> QZAZ()] 25(01) 23;7(”)
s=h23 (en)01]ase, (n)ol]aa, (olaa, (w0l T 2 (e, ()],
31(10) 32(01) 36(10) 36(01) 34(10) 35(01) 34(00 35(00) 33(00)
0 (7)[00]e,cz; (7)[00]a,z; (n7)[00]e;cz; (7)[00]a;az; (n)[00]e;cz; (7)[00]e,z; (zn)[01]e;a, (mn)[01]e;a, (en)[01]aa,
11(20) 12(11) 16(20) 16(11) 14(20) 15(11) 14(10) 15(10) 13(10)
Al rq)a,a, _ A(rq)[jg]a,a, _ (77)[00]e,2; (77)[00]e, (m7)[00]e,cz; (77)[00] ez, (w7)[00]ez; (77)[00] ez, (wn)[01]ea, (mn)[01]ea, (n)[01]ez;
ve wenm(pq) ps |h=1.23 21(11) 22(02) 26(11) 26(02) 24(11) 25(02) 24(01) 25(01) 23(01)
s=ld (wn)[10]e;, (en)[10] e, (mn)[10]e, (en)[10] e, (mn)[10]e, m)[10]ea; (7n)[1]ee; (en)[1]eya; (en)[11]eye;
31(10) 32(01) st(lo 36(01) 34(10) Q35(01 34(00) 35(00) Q33(00
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(m)aiay (en)fglaiay (w)[00]a; (77)[00]z; (7)[00]aitj (7)[00] a2 (7)[00] iz (e)[00] iz (7)[10]at; (an)[10]a; (e)[10]aij
Ay = [(AsTnm(pq)] )m] h=1,..,9 — [2111”10)(“11 szznoma% Zszﬂ(lo)N] lel(01)aa] Zlgl( o)aa] Zzgl(m)w lei(oo)m] sz'goo)mj Z3T3W<oo)m1 }
s=1
(m)aia; (mn)lfglaiy _ | #(m)[00]aia; (70)[00] iz (w0)[00] iz (z)[00]a;y (z)[00]a; 2 (71)[00] a2 (en)[01] iz (on)[01] iz (wn)[01) oz
A = [(ATsmn(pq>J )m] h=1 - [Zu(w) ’ Zzz((n) ’ Z12(1 ’ Z12(o1) ! Z13( 10) ’ Zz3(01) ’ Z13(oo) ’ Z23(00) ’ Z33(oo) ’ ]
s=1,...,9
(mai; (o) lfglaiay _ (e)[00] iz (e)[00]a; 2} (71)[00]a;z; (e)[00] iz (e1)[00]a; 2} (711)[00] i (en)[10]ai (o) [10]a;j ()10 |7
ASC L= {(AanrH(pq)J ),“] h=1,..9 =~ {Euao) ’ Ezz(m) ’ E12(1o ’ E12<01) ’ E13<1o) ’ E23(01) ’ EIS(OO) ’ Ezs(oo) ’ E33 (00) ’ ]
s=1
(m)aiaj () [fglaiay _ | g(m[00]aia; (7)[00]aitj (70)[00] iz (71)[00] e (7)[00] it} (7)[00] iz (en)[01]acy (e)[01]aitj (en)[01] oz
ACE L= [(ACH""(PQ)] )m] h=1 - [Eu(lo) ’ E22(01) ’ E12(10) ’ E12 (01) ' E13(10) ’ E23(01) ’ E13(00) ’ Eza(oo) ’ E33(00) ’ ]
s=1,..,9
(i) azaj o (mn)[fg] aiaj o 717)[00] (71)[00]aj; 70)[01]aza; T
A\uT T = [(Aanm(pq)j>hs] h=1,2,3 — [Ml(lo) ’ sz(m) ’ szs(oo) ’ ]
s=1
(tn)aiaj (m)[fg] aiay _ )[00]a;a; )[00]aja; )[10]a;a;
Ay = [(AT\vnmu’q)J ),,5] h= = [Ml(lo) ’ Wgz(m) ' W433(00) ’ }
s=1,2,3
(mm)aze (n)[fg] aiaj _ | (e[00]aia; (717)[00]aaz; (m)0ljaiag |7
Ay = KAWCnm@q)])m] h=1,2,3 — [Fll(lo) U Py Faeo) ]
s=1
(mm)aia; (mn)lfg] @iy _ | p(m)[00Ja;a, (701)[00] i (o) [10]aj
Acw T = {(AC\ynm(pq)J )hs] h=1 - [Fu(lo) ’ Fzz(o1) ’ F33(oo ’ ]
s=1,2,3
(en)aia (mn)lfg] @iy (70)[00] iz
A = {(A'ITnm(pq)J )m] h=1 ~ “11(00) !
s=1
(en)aia; (mn)lfg] @iy (z)[00]ai
A = [(ACCnm(pq)J )hj h=1 — I8 0) ’
s =
(mn)aiaj ()i (mn)[fg] @iay (e)[00] it
A ' =Ag = I:(ATCnm(pq)] ),J h=1 _Bu(oo ’
s=1
i (77)[00] ez, (77)[00]e;x; (zn)[01]eex;
K11(20) K12(11) K13(10)
(e, _ () fe]eva, (en)[00]ase (z)[00] ;e (n)[01]esz;
Aee - Aeenm(pq) s =123 Klz(l 1) Kzz(oz) K23(01)
s=1,2,3
‘ g0k, g0, | g,
13(10) 23(01) 33(00)
[ c@laa,  gm0as, | o(m@oas,
S11(20) S12(11) S13(10)
(zn /] fg]aa (m)[OO]aiaj (n])[OO]a‘aj (m)[Ol]a,-aj
A Amnm(pq h=12.3 S12(11) Szz(oz) S23(01)
=1,2,3
’ glmlilaa; — glmlivaa; | o(m)ias
13(10) 23(01) 33(00)
i (w7)[00]ey; (zn)[00]e;a; (n)[01]erex;
X11(20) X]Z(ll) X13(10)
(m)ee; _ () fe]eva, (n)[00]a;a, (en)[00]esa (en)[01]er;
Axe - Axenm(pq) s =123 X12(11) Xzz(oz) X23(01)
s=1,2,3
w (en)[10]e; (en)[10]esa; (en)[11]eye
X13(10) X23(01) X 33(00)

10
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(wn)[00]a;a, (en)[00]e;a, (em)[01]eyez;
YII(ZO) Y12(7171) YIS(TIIO)
(zn)eyer; () f2]aie, _ (z17)[00]e; (7n7)[00]e; @ (en)[01]e
Ae;:] = [(Agxing(il) )hx:|h—1’2‘3 - le(?l[) laiar, Y22(7702[) ] Yz}&][) ] (41)
s=1,2,3
. (en)[10]ex; (zn)[10]ex; (wn)[11]e;a;
Y13(7170) Y23(7701) Y33(:)0)

Finally, a more practical form of the generalized constitutive relation
from Eq. (38) is derived by introducing the definition of the generalized
primary variables, as given in Eq. (18), in terms of the generalized
configuration variable vector. The resulting expression is:

N+l 6 N+1
y@a — Z A(ﬂl)afajD‘ga(v) — Z o™i g (42)
n=0 j=1 n=0

work of mechanical surface loads and from elastic foundation, respec-
tively, 6Q,, is the virtual work of magnetic fluxes, while 5Qr, and 5Qc;,
are the virtual works of thermal loads and moisture fluxes, respectively.
In this way, the total virtual work 6L can be derived from the integration
of these contributions over the reference surface of the doubly-curved
shell. To this end, the scaling parameters HIH and Hf” are defined
with i = 1,2 by assuming { = h/2 and { = —h/2, respectively:

0

(=) (=)
oL, = / / ( <q(h)5U<1) +ah 8UL ) + gl oUy ) + gy + B satt) 4 Belle sact) >H(1)H§> +
a J ay 0

(+) ()
n <q<1z>5U§+)+q<£>5U<2+) +qsul +q}<3§>5mu(+>+‘{FL5AT<+>+HOEQCS SACH)
0

The elements of the matrix Q™%
provided in Ref. [25].

The doubly-curved solid is assumed to be subjected to various mul-
tifield surface loads acting at { = h/2 (+ ) and { = —h/2 (-), which are
the heights of the top and bottom surfaces of the panel, respectively.

for an arbitrary 7,y = 0,...,N+1 are

These loads include the mechanical surface loads q(f >, q(; ), q<; ) and q(fr ),
q(;r ), q(; ), the surface tractions q(ll}k,q(;e}(7q(;e},c and q(;}wq(;e}bq(;}k
induced by an external elastic foundation, as well as the surface mag-
netic fluxes q5; ', g}, the thermal fluxes g\, ¢{", and the hygrometric

), q(CH. All these external surface loads are defined as the

fluxes q<C*
product of a normalized distribution ﬁff> with a = 1,2, 3,B, T, C,

depending on the geometry principal coordinates a1, @3, and the cor-

1 g 1

0o

(44)
>H§+)H(2+) >A 1A gdal d(lz

with qgs’) = ql(’) +q§e},2 and qéj) = qf” +ql§;,1 fori =1,2,3, while qf,}) =

qf[) and qg) = q&“ for @ = B, T, C. The actions from the elastic foun-
dation at the top and bottom surfaces are derived using the well-known
Winkler-Pasternak model, as shown in the following definitions:

(£) _ () p7(£)
Qi = _klf [ﬂ1

(£) _ (&) 77()
Doec = _sz U(z

(£) (£) 77(£) (+) 72 +)
Qe = —k3' Uy~ + G; V(i)Ug

(45)

In the previous relation, the symbol V(Z ) refers to the Laplacian operator

associated with the top and bottom surfaces of the shell. This operator is
expressed in curvilinear principal coordinates as follows [25]:

Vi) = 52 % 302
A% (H(lt)) oy A% (Hgt)) o
O0R, | 0 1

1 0A 4 h KA 0A4

h oR, |

o (H2 )2 9n opaps (H )3 dar | 0y

1 0A h 0R, | 0

Ay (H) )" 0 o () 0 ) O

responding magnitude g\*/, as follows:
4.7 =47, (a1,a2) (43)

The virtual work of the multifield surface actions in Eq. (43) is 6L, =
OLes + OLg + 6Qys + 6Qrg + 5Qcs, where 6L and SLg are the virtual

vy (Hg ) [y (s )"y 9

11

(46)

The Winkler foundation model is derived from Eq. (45) by setting G}i)
0. If the kinematic model from Eq. (5) is used to define the virtual
variation of the 3D configuration variables at the top and bottom of the
solid, Eq. (44) is expressed as follows [25]:
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N+1

we ][
o Jaz =0

+ poéqu 6K_(r)

(7)
(q nou + q'poul) + q'hou) + qRoy® + ?F—T:éé(”

)

)A 1A zdal dag
(47)

In the previous relation, the virtual work 6L of surface loads acting on
the outer surfaces is expressed in terms of the generalized surface loads

qﬁfs) with @ = 1,2,3,B, T, C, introduced for each z =0,....N + 1:
o =gl BB g R
q23 — q2s F(l)(lg H( + q(+)F(l Nag (+) H;HH(;)

T T

f13s —q F51 Josl )H +q Fil ot )H§+)H(2+) (48)
— g pMaa- H( () pDaa(+) H(+)H(+>

qu q T +q B 1 Hy

qu = q F£1 Jost )H H +q(+)F§l o )H§+)H(2+>

qu _ qu Fgl)aﬁ(f)H + q(+)F(Z)“"’(+)H§+)H(2+)

T

The generalized surface loads in Eq. (48) are expressed in terms of the
generalized thickness functions Fila) F(l)a‘(ﬂ, evaluated at the top and
bottom surfaces. By employing the definitions from Eq. (45)-(48), the

extended expression for the generalized loads q%’e}k,q(;e)fk,qge}k are

derived, dependent on the generalized configuration variables u 1 ,uzf)

(@)

l.l3,

as shown in the following:

q(lfe}k = - <k§;)F(l>al(7)F£1)a1(7)H(17)H(7>

i = (kRO

qge)ﬂ( = *<<k(3;) -

+ K FOe 0

+ k +)F( )z (+) 1!

G](Z)V(Zf) )Fql a3(-) (1) ’)Hf H

It should be noted that qLS = ql ) +q% withi = 1,2,3, while ¢& = ¢

mﬂ(
for @ =B, T,C. For convenience, the generalized surface actions from Eq.

(49) are collected for each 7=0,..,N+1 into the vector q(:f)k =

the

Similarly, vector q'? =

T
)

{q(;Zﬂ( qgejk q(;ifk 000 ] :
[q(f) @ ¢ ¥
the definition in Eq. (48). This allows the total generalized load vector
@ _ [0 4@ 40 4@ 40 491 tob das q? —
qs q15 qZS q35 qu qu qu O De expressed as q;
q+q"
over the 3D solid are associated with the virtual works 6Lt and 6L,
respectively, which are evaluated using the following expression:

T
q(p q%) ] is conveniently introduced based on

. Finally, the reference entropy f*) and chemical potential i)

Lkt
SLy = / / 0 SATOH, HyA1 Ayday daoadl
o ag

. (50)
k+1
SLc=— Z / / TOSACY Hy HyA  Ayday dayd

ay J ag

These energy contributions arise because the shell solid is maintained at
a given absolute reference temperature T and a specific equilibrium
moisture concentration C,. Under thermodynamic equilibrium, the
integrals in Eq. (50) assume a null value. If the total virtual work is

H
1 H

)y (k3f Gf V 2, )Ff?l ““”FEZ) 3 )Hg+>H(2+)
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denoted by 6L = 6Lt + SLc + SLs, the multifield equilibrium configu-
ration of the solid can be determined using the Master Balance principle
[25], according to the relation provided below, with [t1,t2] representing
an arbitrary time interval where t; < t3:

ty ty
/5Edt:/ (8Y — 8L)dt = 0

t 4

(51)

The balance equations, along with the boundary conditions of the
problem, are derived by substituting the expressions from Eq. (35), Egs.
(44) and (50) into the energetic contributions of Eq. (51). By applying
the integration by parts rule and performing some mathematical ma-
nipulations, the following relations are obtained for an arbitrary z—th

order with 7 =0,...,N+1 [25]:
1N NTT A, 1 ONG™ N 9A, | NPT 0A,
A 1 60!1 A 1A 2 0(11 A 2 6012 A 1A 2 6(12 A 1A 2 ()(12
N™ 0As TV o
. P 7P 7)o T — O
ALA, om 1
1 oNy™  N§™ 0A; 1 ONjY™ N 0A, Ny 0A,
A 2 6(12 A 1A 2 0(12 A 1 6(11 A 1A 2 60!1 A 1A 2 ()al
Ngr)az dA 1 Tgr)(lz a @
_ bkt 3 _p 7)ay 7 _ 0
ALA, o, PR DN
(+) )ui ) alalu(?
+) )u — _pm azazu(z) (49)
)u<§> — Ly
1 o1 TV 0A, 1 9TY™  TyY™ 0A; N Ny
Al 0&1 AlAz 0011 A2 6(12 A1A2 00’2 R1 R2
s g =0
1 0B B 90A, 1 0BY™ By 0A
o 1 1 2, 2 1 B(r)m, +q(r) -0
A 1 0(11 A 1A 2 601 A 2 602 1A 2 (9(12 3 Bs
i aH;r)as H(lr)as 0A, i 0H(21)a5 H(r % 9A 1 H(T)fls N q(T) o
A 1 60[1 A 1A 2 6(11 A 2 daz 1A 2 ()(12 3 Ts
L aCY)‘“ C(lr)us aAfz L aC(zr)aa C(r % 9A 1 (s 4 q(f) -0
A 1 60(1 A 1A 2 ()al A 2 60(2 1A 2 ()az 8 Cs
(52)

The previous equations are, therefore, expressed in compact matrix form
as follows:

6 6
S DEO 4 qf) = 3 DED 1 g 4 q = 53)

i=1 i=1

where the balance operators D;"" with i=1,...,
aspect:

6 take the following
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ﬁg" 00 0 0O 0O 0 0 0 0O 0O 0 0 0 OO
0 00O0O0O D,” 0 0 0 00 0 000O0O
. 0 0000O0 . D, 000 00
por_ | 0 0000 0] nu pros — | Do
0O 00 O0OOTO 0O 0 00 0O 0O 0 0 0 OO
O 00 O0OTUO 0O 0 0 0 0O 0O 0 0 0 OO
0O 00 O0OTUO 0O 0 0 0 0O 0O 0 0 0 OO
- - - - - - 54
0O 0 OO0 O0O0 0 00O O O 0 00 OO0 O
0O 0 00 0O 0 00O O o 0 00 0O O
we |0 0O 00 00O w |00 00 0 O w |0 0000 O
DQ4 = N 5 Dﬂs = 5 DQ6 =
0 D,” 0 0 0O 00 0O O O 0 00OO O
0 0 0000 0 000D, 0 0000O0 O
0 0 0000 0000 0 O 00000 D
The sub-operators ﬁ;a" withi=1,...,6 are defined as follows:
—* 1 0 1 0A 1 0A 1 0A 1 0 1 0A 1
D= | = “h2 “r2 “h 2 Y - 1
@ |:A1 ()(11 +A1A2 00!1 AlAz 60[1 A1A2 ()(Xz A2 0(12 +A1A2 6(12 R] 0 00
—* 1 0A 1 0 1 0A 1 0 1 0A 1 0A 1
D.2=|— k. k. 2 Z2 - 1
@ |: A]Az (){12 A2 602 +A1A2 00:2 A1 0(11 +A1A2 (9(11 A1A2 (3(11 0 Rz 0 0 (55)
—*a 1 1 1 0 1 0A, 1 0 1 04
D,)’=|— —— 0 0 —— — —— — 0 0 -1
@ |: R1 R2 A] ()(11 +A1A2 dal A2 6(12 +A1A2 ()(lz :|
R S—— 1 9 1 0A 1 9 1 0A
D“=D"=D" = | 2 - 2 |
@ @ @ A, 6a1+A1A2 duy, A, 6(12+A1A2 day
7 ~(7) 3 —(7
From the Master Balance principle in Eq. (51), when the integration by N;l)m = N(mal or u(1) = u(l)
parts rule is applied, some relations are derived which are enforced at N = N(zfm or uf =u
the four edges of the rectangular parametric domain [a,a}] x [a%, a}]. @ _ s @ oo
In particular, the following set of boundary conditions is obtained for ?) 7(2) . (3) (3) (57)
ay T)a. 7) _ (1
each7=0,...N+lata; =a% anda; =al: B, =B, or y =
(t)as __ 3()as (r) _ 2@
N(r)al _ N(T)fll or u(r) _ ﬂ(r) H2 - Hz or 5 - 5
1 1 1 1 C(Zr)as _ E(zr)as or K(r) _ E(T)
NiE =NG® or uf =af
™ = T(lrm or uf =u? (56) In the previous relations, the quantities @}, @}, @y, 7*, &9 % refer to
BY™ — 1_3(11)“4 or y = prescribed values of configuration variables, while N(f)al 7N(11)2a27T(11)a37
H(lr)a5 _ Ifl(lf)as or &9 — E(z) E(f)"“ﬁ(f)"sf(f)“" and N(z?al,N(;)"z,7"(27)“3,E(ZT)(“,ITI(;)GS,E(ZT)% are specific
ces _ G0 L @) ) values assumed by the higher-order multifield secondary variables, as
! ! defined in Eq. (38), enforced at the edges of the 2D parametric domain.
Similarly, the boundary conditions at as = a% and a; = a), can be As a particular case of Egs. (56) and (57), the Simply-supported (S)
expressed as follows: boundary conditions set is defined, for an arbitrary 7 = 0, ..., N + 1,

according to the relations reported below:

13
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NP =0, uf) =ul) =y® =D =@ =0 at a;=0a% and a; =a}
NP2 =0, uf =ul) =y@ =9 =0 =0 at ay=0d% and a, =d},
(58)

Finally, the generalized constitutive relationship of Eq. (42), which ex-
presses the secondary variable vector in terms of the configuration
variables of the model, is introduced into Eq. (53) to derive the higher-
order fundamental equations for the hygro-thermo-magneto-mechanical
problem. These relations assume the following compact matrix form:
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N+l

Zi(rv)ﬁ(v) i q(r) _ %L(”’)S(") " q(fk) " q(f) _ Z(L(fﬂ) _ L(ff]) )5(f7) " q(;) -0

ef s fm (59)
n=0 n=0 7=0
The matrix L™ associated with an arbitrary kinematic expansion order
7,n =0,...,N + 1, is evaluated within the rectangular parametric domain
as follows:
_L(ITIV)"M _ L(;l’lil)“la\ L(lg’l)‘l\’xz L(]Z’?)%a; L(IZ”)%% L(I;’I)a\% L(lzl)a\% 7]
L(ZTIV)HZ'X\ L(Zzl)azuz _L(;Z;%‘lz L(ZT;I)”:“J L(ZZI)%W L(;;i)“z"‘s L(Zfé’i)uza(y
ﬂm) _ L(;Iq)a’a‘ L(;zr/)aza: L(3’3’I)‘13‘13 _ L(;Z;%“} L(;v)a;w L(;Sﬂ)“z“s L(;:)alab _
LE,T>H4H‘ L(g)dﬂz L(g)mas L(g)mm L(Agi)a‘as L(::)adab
0 0 0 0 L(Sfjfl)'lsﬂs L(S?)'Is%
i 0 0 0 0 L((:;])(vaaﬁ L((;:])(vaab ] (60)
f);m A(;ﬂ)am f)r(zl. _L(;Zl)am ﬁ;ay AE;’])”I”E f)g f);ly A(;ﬂ)ayaz f)g; f);;lv A(E‘fvfi)mou ﬁ;« f)gl\ A(EfTﬂ)mas f)?; f);ay A(Ezi)m% f)gﬁ
DPACUDY  DPATDE LRt DEATRODY  DPADTUDE D ATRODy D ALRD
f);ax A(ﬂ:v)ﬂ:m f)g f);x; Agz’i)azaz f)g ﬁ;‘;z AE;")”"I‘IS?; _ L(/fy:})fl;fl; f);az A(;V'/)azm ﬁ;z? ﬁ:;‘z A(;r’l)”xas f);z; f);z; Agzﬂam f)?;

N ) et Ty e A (e pe, N, ) e Ty s
D, A(w:) Dy D, AW;]) Dg; D, Ai,:) D,
0 0 0
0 0 0

f);w ASX,!)%% ﬁ;f;
0
0

s A (T)asas pyas
D Q AwT D Q
D' A (T)asas yas
DQ A99 DQ
e A (T7)asas pyas
DQ A)\O DQ

e A (1) pae
Dn ch Dn
Do A (Tasas pya
DQ A 3 DQ

6!

D *ah (TY])(IGIX‘, D A6
D, Aj; D i

Note that the terms L};”l)“lal , L},;"Z)“Z"Z,Lm;”“ consider the effects of the
Winkler-Pasternak foundation, as defined in Eq. (49) for each 7, n—th
kinematic expansion order. At this point, a semi-analytical solution of
the fundamental Eq. (59) is derived according to the Navier method
[25]. To this end, a double trigonometric expansion of each unknown
field variable is assumed, following the expressions reported below:

14
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N
nr \ . (mn
u(s1,82) = Z Z U cos L—.ﬁ)sm (L—52>
n=1 m=1 2
N M
. (nm mrn
uf(s1,52) = Y Ufsin L—sl)cos (L—sz>
n=1 m=1 1 2
N M
nz \ . (mn
uy’(s1,82) = Z ZU§2m51n —sl>51n(—52>
n=1 m=1 Ll L2

(61)

with N =M = + 0. Note that in the previous relations, the solution is

expressed in terms of the curvilinear coordinates s; = s1,s2 along a1,

a2, which are defined in the closed interval [s%,s}] fori = 1,2, withL; =
st —s0 being the length of the physical domain along @;. Furthermore,
U(fnm U(erzm,Ugn)m,‘I‘g,)l,Er(lﬁ,L,Kﬂ withn=1,..,N and m =
1,...,M introduced for any 7 = 0,...,N + 1, denote the amplitude of the
configuration variables distribution along the physical domain. These

the quantities

quantities are conveniently arranged into the vector U% =
T
U(l’rzm U(zfnm Ué’,zm \Pm Eﬁf,,)l Kg” . Similarly, generalized sur-

face loads are expanded as follows [25]:

N M
nr mrx
)(s1,82) = cos(—sq |sin| —s
ot = 3 (g0 o0 ()
Nom
. nn mzx
qy'(51,82) = Z ZQ(ZJ,MSln(L—sl)cos<L—sz>
n=1 m=1 1 2
N M
nw . (mx
q(s1,52) = > ZQ(;S)msm (L—s 1>sm<L—sg>
n=1 m=1 1 2
_ (62)
N M
. nr \ . (mx
qy(s1,82) = Z ZQ&S)nmsm L—.ﬁ)sm(L—sz>
n=1 m=1 1 2
N M
. nn . (mzx
gy (s1,82) = Z ZQ(TS),,mmn(L—sl)sm(L—sz)
n=1 m=1 1 2
N M
z 3 . (nm . (mr
a9 (s1,82) = > Zanmmn(L—sl)mn(L—sz)
n=1 m=1 1 2

where the corresponding wave amplitudes are collected into the vector

T

Qggﬂ = [Q(l?nm Qanm Qi(;s)nm Qg?nm Q"(l;)nm QCsnm ] ’ defined  for
any wavenumbern =1,..,Nandm =1, ..., Matagivent = 0,...,.N + 1.
These amplitudes, assoc1ated with generalized loads on the reference
surface, are derived from the trigonometric expansion of the multifield
surface loads applied at the top and bottom surfaces of the doubly-
curved 3D solid. If Q,(,;zm and Q,(;,Zm with a =1,2,3,B,T,C are the
wave amplitudes of these external surface loads, the following expres-
sions are derived for the generalized load amplitudes Qo by using Eq.
(48):
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lenm _ leanil Jai (-) H H{ + lenm Tz +)H<+>H(+)
Qi = QoF1 " HH, Qm “(H"H
Qsmm = 3san§1 Jas) H H{ + Q a3(+ H(1+)H2 (63)
Qo = QBsnm VesOHTHY + QBmm (14(+)H§+>H(2+)
© QL) f 51)115( HOHS) + QL) FUest) H<+>H(2+)
Qi = Qe H B+ QU )

The quantities Qf,,;zm and ng,i,,,, introduced for each n, m, are obtained
from the double trigonometric expansion of surface loads directly
applied at the top and bottom surfaces of the 3D solid, as shown below:

(&) SR ()
+ 7 +) . (07T
qy ' (s1,82) = 2:1 m§: st”mSIIl(LlSl

|
) 64
|
|

N M
. (nm mn
qy ) (s1,82) = Z Z QL) sin (L—sl sin (L—SZ
n=1 m=1 1 2
NoMm
nr \ . (mx
qr (s1,82) = Z Z Q) sin (L—s sin (L—Sz
n=1 m=1 1 2
Nomo nr
ac!(s1,82) =Y ZQés,lmsin<L—sl)s1n(L sz>
n=1 m=1 1

In the same way, it is useful to introduce the relation reported below,
which contains the double trigonometric distribution of unknown
configuration variables at the top and bottom surfaces. This relation can
be enforced on the panel while ensuring the boundary conditions at the

lateral surfaces. One gets for N = M = 1:

N M
Z Z —(+ nr . mnr
U<1 )(51752) - n=1 m=1 U(M)COS <H51>Sln <E52>
N M
— nm mrx
U (s ,S9) = E E msm(—s )cos(—s)
2(1 2) ":1"[:12; 11 L22
N M
—+) . (nm . [m
U<3 )(sl $y) = "5:1 m§:1 U,, sin (ﬂsl)sm (L—sz)
_ (65)
N M
=) =33 A% si nze Vsin( ™
Ay'H(s1,85) = 2. 2 AV sm(Llsl sin L S
N M =)
AT®) (51,8,) = "2:1 m§:1 AT, 'sin (L—s1>sm( L Sz>
N M
(+) - &) . (T . (mrm
ACH(s1,82) = r?:l miﬁ AC, sm(Llsl sin i Sy

Once Egs. (61) and (62) are introduced into Eq. (59), a closed-form
solution is derived for an arbitrary n,m and 7 =0,..., N+1 by intro-
ducing some geometric and material assumptions within the model.
More specifically, a uniform value of curvatures and Lamé parameters is
assumed throughout the entire parametric domain. In other words, the
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following relation is considered:

an+mR .
R; = cost=> asnlas'gl =
JmA (66)
A, = L
; = cost=> 357087

Under these assumptions, three different geometries are selected for the
analysis, namely a shallow spherical shell, a cylindrical panel, and a
rectangular plate. Thus, the curvilinear coordinates s1, s, introduced
previously in their infinitesimal form, can be evaluated for a spherical
panel as follows, along with the parametric lengths L1,L 5:

s1=R(p—¢y) =L1 =51 -5 =R(p; — ¢p) (67)
s3=R(9—8) =L, =s5%—s3=R(d — )

In the previous relation, the generalized coordinates a1, a5 vary within
the rectangular parametric interval [09,a}] x [a%,a}] = [¢0%,0}] x
[:902, 1912]. In the case of a circular cylinder with the generatrix along o
and the directrix along a3, the definitions s; =R(p — ¢y) and sz =y
should be considered, and therefore the lengths in Eq. (67) are evaluated
asLy = st —s? = R(p; — ¢y) and Lo = s} —s9. On the other hand, if the
generatrix is oriented along a; and the directrix identifies the a; prin-
cipal direction, the relations s; =y, s2=R(d—9) and L,
st—s9 Ly =5 —s) =R(91 — ) are considered. Finally, for a rectan-
gular plate, with null curvature, the lengths quantities L1, L are the

physical dimensions of the plate, and are evaluated as L1 = s! —s?,

L, =s} —s, since the coordinates are defined ass; = x,s = y.Onthe
other hand, the Laplacian operator V(zi) of Eq. (46) is simplified under
the assumptions of Eq. (66). Finally, a cross-ply constitutive relationship
is assumed for the laminate, which means that the orthotropic layers are
considered with the orientation angle equal to 0 or +7/2. The homog-
enized constitutive properties are derived using the analytical procedure
detailed in Appendix 1. The following 3D matrices are considered for Eq.
(21):

=0 ) =)
Cll ClZ 0 0 C'13
=k =k (k)
C, Cp O 0 0 Cyy
—(k
_ |0 0 Cg 0 0 0
¢ - (k)
0 0 0 CY 0 o0
~(k)
0 0 0 C¥ o
) (k)
C13 CZ3 0 0 C33
~(tn)ay a1 ~(mn)arm ~(t)araz ~(m)aras
Lllnm ~ Hfmlnm 12nm 13nm
=(magm =(magay  =(m)azas F(mazas
L21nm L22nm - Lfm2nm 23nm
N M | N+1 F(maza ~(m)agaz z(m)flaus ~(m)azaz
Z Z Z 31nm 32nm 33nm  ~ “fm3nm
=1 m=1| =0 =(masm =(m)asaz ~(mnasaz
41nm 42nm 43nm
~(t)asay ~(m)asaz ~(t)asas
51nm 52nm 53nm
=(m)asa F(onasaz ~(m)agas
61nm 62nm 63nm
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my o 0 0
SO —(k)
l—‘M = 0 My, 0
0o o0 Y
—(k
. o0 0o o0ogy o o
TV — —(k
I=10 0o 0 0o g¥ o
@ g 0 0 0 gy
—(k k
I =2 2 00 0 2] =[e & 0 0 0 e
(k) _ (k) _
[0 o wa] = fo 0 7]
Z(k)
ky 0 0 ¥ 0 o
3=(k) - 3=(k) —
/=10 ky o |- Iy=|0 ¥ o
_ —(k
0 o kY 0 ¥
0 o 0 o
=k —(k
=0 x o[ TY=|0 5% o
0 0 x% 0 0 39
= k) =k k) =k k)
Ly =81, Te=¢1 Tee=E0 (68)

Once the geometric, material, and kinematic relations are introduced
into the fundamental governing equations (59), the following relation is
obtained, where the unknown variables are collected, for eachn =1, ...
,Nandm = 1,...,M, into the vector U,ﬁ',’,l:

M N+1 ()
z(anmquﬁ;;) o
— =0

n=1 m=1

N
(69)

Note that, if N = M = + oo, the solution of the linear algebraic system
in Eq. (69) leads to the exact analytical solution of Eq. (61). However, if
KL M assume finite values, a semi-analytical solution is obtained, which
becomes of engineering interest once a certain level of convergence is
reached. Using an expanded notation, Eq. (69) takes the following form:

=(mamas  ~(maras  =(m)arag B T B ]
14nm 15nm 16nm 0) ()
~(tn)aza. ~(tn)aza ~(tn)azaq Ul”m lenm
(mn)azas (mn)azas Ll)zs @ 0
24nm 25nm 26nm U(2’7) Qanm 0
nm
Fmazas  =(mazas  =(m)azas s Q(r)
34nm 35nm 36nm Ugnm + -3snm — 0 (70)
~(m)asas  ~(m)asas  ~(m)asae p) Q<7) 0
nm Bsnm
44nm 45nm 46nm o ) 0
(masas  =(masas  =(masas | | Byl Qtom 0
54nm 55nm 56nm )
K (x)
~(masas  =(masas  ~(mn)acas nm Qcsnm
64nm 65nm 66nm L . L d
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) aia;

The expression of semi-analytical coefficients Lunm withi,j=1,...

,6 of the matrix an in the previous relation is reported in Ref. [25].
Finally, it should be noted that, for geometries and materials assumed in
Eq. (66) and Eq. (68), the expression in Eq. (41) leads to a uniform value
of the generalized constitutive coefficients along the entire parametric
domain.

3. Numerical evaluation of derivatives and integrals

In this section, some details regarding the numerical evaluation of
derivatives and integrals are presented. More specifically, the GDQ and
the T-GIQ methods are introduced for performing numerical derivation
and integration, respectively, during the post-processing step to recover
the 3D solution from the higher-order 2D semi-analytical solution. To
this end, non-uniform computational grid of sample points is defined
within a reference interval, based on the Chebyshev-Gauss-Lobatto
(CGL) distribution. The following coordinate transformation is adop-
ted, where I is the total number of sample points [67]:

(Yi —?1) +X1

In the previous relation, x; with i=1,...,Io represents the arbitrary
element of the discrete grid associated with an arbitrary interval [a, b],
while X; is the corresponding CGL element defined within a reference
interval [ — 1, 1]. Referring to this reference interval, the CGL grid of I
sample points is defined as follows:

X1, —X
xizy (71)

fIQ —fl

(72)

where X; withi = 1, ...,1 represents the arbitrary element of the grid. In
this way, the n—th order derivative of a one-dimensional smooth func-
tionf = f(x), defined over the interval [a, b], at the sample point x; € [a,
b] is computed as [67]:

If(x)

ox™

Iq

Z n)f XJ

Jj=1

~

£ i) =

(73)

X=X

Here, cgl) are the quadrature coefficients for the n—th order derivative.
These coefficients are derived in terms of the first-order derivatives of
the Lagrange polynomials .~ (x;) and 2
x;and xj withi,j = 1,...,Iq, as follows [67]:

)(x;) at the sample points

;’Z’(U(X*) (@.n*l)
) i n W -1 Si .
G =7, o G =n|G¢ G S 1 ?é]
b i x) 2 V() ' X=X, 74)
(n) _ Ia (n) P
Gi = _E Y 1=]

It is very likely that Eq. (74) is adopted for simplicity over the interval
[—=1,1], with the corresponding weighting coefficients denoted by E;").

When an arbitrary interval [a, b] is considered, the GDQ coefficients are
transformed as follows:

m_ X

"’_xl) g (75)
1o — X1

Similarly to the GDQ rule in Eq. (73), the integral of the function f = f(x)
over an interval [x;x;] C [a,b] is computed numerically using the T-
GIQ method as follows [67]:

[ s =Y upw
Xi k=1

(76)
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In this way, the integral of f is approximated as the sum of the values
taken by the function at a set of I > m discrete points, denoted by x.
On the other hand, W;Z with k=1, ...
efficients corresponding to the integration interval [x;, x;]. To compute
these coefficients, it is useful to express the integral in Eq. (76) as the
sum of two distinct integrals over the intervals [x;, (x; +x;) /2] and

,Iq are the T-GIQ weighting co-

[(x; + ;) /2,x;]. These integrals are, then, expanded through Taylor’s
series near the sample points x; and x;, respectively, as follows:

Xj+X; r
[ eoae - (2 ()" a
r? (r+1)!

r+1
x) ar
]

(5
ZO (r+1)! dx’xj

Employing the GDQ rule from Eq. (73) to compute the derivatives in Eq.
(77), one gets:

/f

77)

Xi

r+l Iq

r+1 ,Z(

r+1 Iq

= (i—x)"
Z<ﬂ< (%)

7 2r! r+1 !

Iq m-1 X x; r+1 . X — X; r+1 .
: kzl(z(éri«rw : ”) ) :
(SRR ) o =St
k=1 r=0

(78)
When the integration interval is [a = x;,b = x;,], the integral of f =

f(x) can be expressed as the sum of the integrals associated with
[xi,xi11], leading to the final form of the T-GIQ rule [67]:

b 10 1 lo— o
[ feoax / flix =3 (Zw;“*“f(xk))
a Xi k=1
= Z( >f () =
k=1 k=1

4. Recovery of primary and secondary variables

Iq-1

i(i+1
S
i=1

o

wy o () (79)

When the solution of Eq. (61) is derived using Navier’s method as in
Eq. (71), the distribution of configuration, primary, and secondary
variables within the 3D solid is recovered starting from the 2D solution.
To this end, the total thickness of the shell is discretized in each k—th
layer, with k = 1,...,1, using the CGL distribution defined in Eq. (72). A
vector of size I 7 x 1 is introduced within each lamina, located within the
interval [¢y, (1], being ¢, and ¢, the extreme heights of each layer

along the thickness direction. The arbitrary element ¢ (r’;l) of the discrete

grid with m =1,.... It within the k—th layer is, then, evaluated as
follows:

C(,l-,f,) _ Sk — §k¥m+€k+12+ Cr _ %Tc,;.+§k“2+ Ok (80)

All the discrete points derived from Eq. (80) are conveniently arranged
(0 W

- I

T
- } . Then, another vector

into the vector C(k) = {C (f )

of size [Iy x 1 is introduced, which assembles those vectors ¢*) defined
in each lamina of the shell:

[ - r_ [ng e g7 4—<1>T]
Here, the arbitrary element of this vector is denoted by ¢,,, where the

index m = (k — 1)Iy +m varies between 1 and l1,. Note that during the
C(k+1
1

. CUT] (81)

assembly in Eq. (81), the relation ( =ity = k1)1 18

considered. This means that the last element of the vector ¥ is equal to

the first element of the vector ¢, namely the last sample point in the
k—th lamina is located at the same height as the first sample point in the
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(k + 1)-th layer. In addition, the 2D parametric domain is discretized by
identifying the sample points distribution of size Iy x Iy, with the
arbitrary element denoted by (s1;,s2) withi=1,...Iyandj = 1,....Iy.
Following the CGL distribution of Eq. (72), the quantities s1; € [0,L4]
and sy € [0,L ] are evaluated as follows:

)

s L 1 —cos i1 s _L. 1 — cos j-1t
L) Inv_1")) %773 Im—1
(82)

N —
Starting from the higher-order kinematic expansion of Eq. (5), the vector
A®

(ijm

) is evaluated, for each (s 11-,52]-) within the parametric domain, at

the height ¢,,, as defined in Eq. (81), by means of the quantities 8((2)

associated with the discrete points of the physical domain and 7 =
0,...,N+1 as follows:

Z B 80 (83)

ym

(k)

Similarly, the elements of the vector m;;, , are evaluated from the higher-

order kinematic relations of Eq. (18) in terms of the generalized primary

(7)o

variables vector T according to the relation reported below:

N+1 6

-5 Sy

=0 i=1

(84)

um

At this point, the 3D primary variables derived in Eq. (84) are used to
determine the in-plane components of vector %) of secondary variables
through Eq. (20), while keeping in mind the material assumptions
adopted for the Navier solution as outlined in Eq. (68). After performing
some matrix multiplications, the following expressions are obtained:
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k k
aT;;HUQ( 1, 2 ): 1 agy}

0 " P\R1+¢ Ra+<C A>(14{/R2) das
ng) - a(zk) 0A 1 615’2 215"2) 0A

a +§/R2)E
(86)

Ay(1+C/Ry) day A1(1+C/Ry) 0ay  ALA,

Note that the in-plane stress components are determined from Eq. (85)
at each point of the discrete grid. Therefore, their derivatives in Eq. (86)
are computed numerically using the GDQ method, as outlined in Eq.
(73). These first-order differential equations are solved for each k—th
layer. More specifically, the following boundary conditions set is
considered for k = 1 at the first sample point, located at { = —h/2:

=(1)
T13(1) —
=(1)
Ta3(1) —

Gas(ij) 87)

‘h;(ij)

For the other laminae, characterized by k # 1, the boundary conditions
are traced through the stress compatibility at each interface between
adjacent layers:

20 -1)
Fa((k-Dig1)) =7, 13(i((-11g ) )
) —kD 88)
23(j((k-1ig+1) ) — "23(ii((k-1)1g ) )

. . - —() -
Finally, the loading conditions at the top surface, namely T130i1q)) =

q%) and ?(zl;(ij(uq)) = q(z&, are satisfied by correcting the shear stress
profile along the entire thickness of the shell through the following

linear transformation, where ?(1"3)(1.].,") and %é’;)(ijm) are the shear stresses

obtained from the solution of Eq. (86) [25]:

i &) = =& (1] [14] == 1] &) — &l . 11 = k| ==1k) i & L3
Hiaw) = Crb S 1 gm) + C JIHIE"IJ.DHI +Cl5l|1-mls.‘|-:'ak = i gm) t!-wml _'I.'.--:.nl‘f"T"'J""" :IIIym"jC‘*'“'
k| =ik) (K =iE) (K =ity Lk =i E] (%) T L. =[] Rt
GJﬁlq,'m C:‘ 'mlgllrn- +CEI.{,‘-|'ISZI-.','I.!I +C:3| = 3 gm) _q!lln_rm gl ‘:::',-r-l‘ﬂT”"' "|um-‘£‘C'L"'
[F1) = 1] &)
1N C\ﬁl'vrl 13w |
kj — =kl ikl T1E| | &)
Ngm) — I!--f:H||_|n|||?"|3\.;.;-m| '|’|.:||.I I.I'IH'IH_,II.Ul
ik _ =ik} ik FIEL aglk (85)
'ﬁlll_lrul o q}fl[..ﬂ'-?:} ) + Ill-12|um| Hﬂ il
k) k) | k| —I| kj 1|
Ih:ll.:,'wl . 1#‘I:L [m|ﬁi| ymi t) 131 o 1 o |
[k = ikl ki =k} ik}
IF’:I el lI::-“lj m|g:| ) = X2 pe |‘ﬂ'}||m||
(£4] _—-ﬁl k) —Il'l ixh
Him) — Itlunlﬁl-'wl 1Y WIA“L.JHI
Tl _ =|k} Ei -—|h 4]
r!:.;uul . '\-Jllqmre:lr_.n- I"luli 2w
The out-of-plane secondary variables are derived from the multifield g 70
balance equations along the thickness direction, expressed in curvilinear 15"3)( = T<1’<3> )+ S 13(5(e)) (g + h)
ym ym m
principal coordinates. More specifically, the following equations are ! @ h 2 (89)
used for the shear stresses 1(1"3) and 1(2’2 [25]: o ® q(z;)lj) - ?(22 (5(10)) h
o) 2 1 1 oe B = F23gm) h (C'" i 7)
13 1
+ = |
ot (R1+C R2+c) AL+ ¢/Ry) day | "
( T ® ® In the same way, the actual profile of the o3’ stress component and of the
-0, 0A 1 0ty 21y, 0A,

AAL (A CRy) o As(L+C/Rs) 0y ArAs(L+E/Ry) oty

out-of-plane multifield secondary variables M(g) :9,9];’(§>,h<§),c(§) are

18
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evaluated from the following differential equations, setting 2% 1= %’({0,

Oy(k)

W) and /%) — 78 0 b s AR =pi ) ©3)
doy N (k)< L )7 1 orfy ® 0Az.

()é‘ R1+C R2+§ A1(1+§/R1) 0(11 A1A2(1+C/R2) 6011

1 017(2"3)7 1(2](3) ()Ail agk) i a(zk)
Az(l +C/R2) ()az A1A2(1+§/R1) 0@2 R1+C R2+C
0./%) S ( 11 > B 1 o/ o™ 0A;
oc Ri+¢ Ra+¢) A(1+¢/R1) day  AA(1+E/Ry) 0ay ©0)
1 0./%) % 0A,

Ay(1+¢/Ry) day  A1A(1+C/Ry) Oay

The boundary conditions associated with Eq. (90) are given below: The coefficients a® — a® ( ® ) and bk — pk) ( £® ) in the differential

equation can be expressed employing the following relations, setting c,

—(1) d =1,2, and B(f) (C(k) )7B(§) (4‘(")) proper quantities:

T3y = Dasy

—0 () c d
P = Do) a¥ (W) =gt
k=1= 0.0 0 ) =R R
sy = G BY(¢®) BY(c®) 9
o b0 () =21 (¢ ) LB
a1 ~ @) Ry +¢®  Ry+¢®
(91)

The solution of Eq. (93) is, thus, provided in closed-form within each
—(k-1) k—th layer of the structure, for k = 1, ...,I, by means of the thickness
T3(ji((k-1ir+1)) — O3

(i((k=1)Ir)) coordinate ¢ € [¢, C k1] as follows:
—(k) _ k1)
k#1 = PBi-1)1r+1)) = L 3(i((k-1ir)) ) (o “
H<k) h(k 1 y(k) (é’(k)) _ e—A(k)(éUO) /( eAua (g(k))b(k) (C(k) )dC(k)
3(((k=1)lr+1)) = L3G((k-1r )) o

=(k) 1)
Caii((k-1)Ip +1 ‘:3 k-1)Ir) (®
(((-Dir+1)) = ©33((k-1r)) :e,Am(;tk,»)/; f(é,(k))dé,(k)+y§k) (95)
&

— (k)

The solution of Eq. (90) through Eq. (91) is denoted by & 03 (im) 7 3(im)*

The term A® = A® (¢®)) represents the integral of the coefficient a®) =

_ k) (#(k . P .
h“;)ﬁjm)a C(l;)(ijm>- Finally, the multifield conditions at the top surface are a®)(¢") from Eq. (94). The closed-form expression of this integral is
satisfied by means of the following relations, and the secondary vari- evaluated as follows:
(k) k) (k) (k) : .
ables O3jim) > B 3(ijm),h 3Gjm) € 3(jm) L€ thus, obtained [25]: A® (g(k)) _ /a(k) ({(k) )dC(k>
) _ =0 c d
o +qgsaj) % 3(i(i) ) (g +§> 10g<(R1 +CW) (R +¢W) ) R1# o0,Ry #
J } " 2 _ ] log((R24¢M)) Ry =o00,Ry # (96)
© 0 ¢
g0 _ B~ P am)) h log((R1+¢%)°) Ry #00,Ry =
sim = Pagm T (mtyg 0 Ri=R,= oo
(D 62)
(+) 7
h(;(f“ - E(;).. ) Qr) — h3(ij(Uo)) ( ¢ 7_1) The quantity f%) = f® (¢®)) in Eq. (95) takes the following expression:
ijm ijm h m
c d
) (Ri-+%) (Ra +£)'B(E) Ry £ 0B
R W~ "3(i(k)) (ém +ﬁ> foEwy={ [Ra+¢Y )c (") Ry =00,Ry # o0
h 2 (R1+¢%)p® (™) Ry #o0,Ry =00
b(k(é‘k)) R1:R2:00

It should be noted that the external load considered for the mechanical
case is the sum of the surface loads applied to the structure and the
surface tractions from the elastic foundation. The solution of each first-
order differential equations of Egs. (86) and (90) is generally denoted by

97)

Since Eq. (97) is evaluated at each discrete point C&‘) € [{x;Cky1] along

y® = y® (¢®), where (¥ € ¢}, p.q] for k = 1,..., L These equations the thickness direction, a vector f* of size It x 1 is introduced to
can be expressed in their general form as: contain the discrete values of f®). This vector is expressed as follows:
£% — g% & b® = diag(g® )b® = GHbY (98)
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In the previous equation, b®) is a vector of size Iy x 1 containing the
discrete values of the quantity b at each height (% withm = 1,..,Ir,
while ® denotes the Hadamard product. The arbitrary element of g,
denoted by g(,lﬁl), takes the following expression:

Ry +C%) Ry +¢¥) Ry #00,Ry # o0
(Ry+¢%)" Ry =co,Ry# 0
(R1 +C(,,,?)C Ry # 0,Ry =00
1 Rl :R2:00

g = (99)

Finally, the integral of f*) occurring in Eq. (95) is evaluated along the
entire thickness of the laminate by considering the interval [,y 4],
with k = 1, ...,1, and employing the T-GIQ rule as shown in Eq. (79),
resulting in the following expression:

(k) (k)
K A (%) po (¢®)dg® = Wi (¢®)dg®
5;’() {gk)
N ®)
=) Win — win)f® e
> (&)

It
=> Wi (ay)) (100)
=1
where a local thickness coordinate Cgf) has been conveniently adopted.
In this way, the solution of Eq. (95), consisting of the values y*) (C,(;’f) )

collected within the vector y%), can be computed numerically as follows:

1 &
k k k k
Y (th)) = Zwilmg(i )pk) (Cf >> +yPsy®
&m =1
= (6") "W gPp® 1 y® o1

The previous expression can be simplified by assuming G® =~ 1, since
for a doubly-curved panel, the geometric relation ¢ (ik>,§ (lk)<<R 1,R» can
be assumed. In this way, Eq. (101) becomes:
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Iy
yOen) = 2w (e ) £y Pyt = Wb 4y (102)
i=1

Once the secondary variables are recovered using the balance-equation-
based recovery procedure, the out-of-plane primary variables of the
model are determined from the inverse form of the constitutive rela-
tionship in Eq. (20), resulting in the following linear system at each
discrete point of the solid [25]:

(k) (k) (k)
® 40 _ g Angm 0 Xim | | Bigm
(Gjm) > (Gm) — 7 (ijim) 0 A(k) (k) - B(k)
226m) | | X2(5m) 2(jjm)
(103)
where
(k) (k) (k) —(k)
Casgm  Casgm  Caagm  —Tsam)
—(k) =) (k) (k)
AY = Casgm  Cssm Casgm  —ssm)
1 (m (k) ) ) —k)
Caagm  Casgm  Casgm  ~Ds30m)
—(k) —(k) —(k) —(k)
Daam)  Das@m  D33gm) M s3m) (104
7 (k) —(k)
® | Kasgm  Yasgm
22(Gm) | (k) —(k)
33jm) S 33(jm)
The unknown vector in Eq. (103), denoted by x(('gm, is conveniently split

T
; k) _ |,k k (k) o (k)
into the sub-vectors x| (gm) = { 136m) Y23am E3m 7 30m) ] and

T
x(;‘()ijm) = [Q(g()ijm) A(é‘zijm) } . Similarly, the vector B((’;;m) is divided into
T
k) _ pk) (k) (k) (k) k) _
the vectors B,y = [BTm D) Sy Bl | and B, =

)
bsijm)

[o¥

T
sijm) ] , whose elements are expressed as follows:

(X _ k) _ =ik ik) ik by _ ALkl [k} =ik k) =|kj (k)
bllunl_rljluwl Cl'l{lﬂ'ls1lfﬂl {-Hluwl's_‘la,wn Cﬂﬁllylzl[ﬂ'iq("‘HHH'I-}!I]I;IWI+q:*||.’.lIIHJI[Fl|+
T | Tl
oy :mﬁT'-'i"’” ey n-u‘-'ic”-""
(5  _ Lk _ Al ik SR (k). _ Ak (&) ={ k] k) ={k} g d¥)
b“’.«"’"_rﬂlﬁ'ﬁl F’-‘Iu"'lshﬂl C!flwlshnl C.‘lu-rlrul{.'-r:+qlﬂ|;.-p?-[1l.|.nl+GE|+-|:|-|H‘:”..|+
e S
+-ﬂwmﬁ‘rwﬂn+Fl-,wm|".‘ic”;.'m
(R T B L I L B (& _ AlE (%) ={X) k) ={X) g el¥)
b!,[.m_dlhym Cn.:.mflwm r:!.um'szwm C!ﬂluﬂlyl?uwa+q|—'|'.IWIH|I’.'WI+q35ﬂ'”‘H'-""-'*'+ (105)
=) =ty =t
+ "”II;I'MIJI:'ITHN +enlw|rﬁﬂ|y-|
% _ ¥l _ =ik (&) _ =l%) & _ =% ) _ =X g AR =(R] (%)
bﬂm-n_mrwr F 3iigmErjm) ™ a2y g & 2gm) ﬂiﬂnn‘nu?Jﬂlr-l ""11[;:-|H'1.:.u| ”'BWMHIP.L*'"
k) oiEl | i,
= Wiy . ATipm — Hrﬁ'mld‘{'"l""
(k) _ gkl pik) [x1 gk ¥ _ =k (¥ _ =ik (k)
bs.l..,.— "I:Hmrdl I"'Ik‘rﬂ-'rﬂ'!u-'»ﬂ 'ﬁ.-‘!lfhlglwm -'!!I;mannm - Hl.;ldlj.‘-'i.ym
(& _ B —{k) ] —{ k) kj —{k} [H] —{ k) (%)
b'HJ_.'JrI = Cagym) ~ 13t gl :Ilg.hl_I:Ju,-mllﬂjzlq.'m_slhw-r’llwn_‘s:rip.--l“a'zlmml
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This procedure for reconstructing the primary and secondary variables is
iterated until convergence is achieved between two successive itera-
tions. The recovery procedure is essential for an accurate reconstruction
of the profiles for the various quantities, as higher-order theories alone
do not inherently ensure equilibrium along the thickness direction.

5. Applications and results

In this section, the higher-order 2D formulation is applied to some
numerical examples to investigate the multifield response of panels of
various sizes and curvatures under mechanical, hygro-thermal, and
magnetic external fields. These investigations aim to evaluate the
coupled multifield behavior of these structures, accounting for various
coupling effects that are not contemplated in commercial software,
while maintaining a reduced computational effort. In addition, it is
demonstrated that the results align well with those obtained from 3D
finite element simulations. A preliminary example is provided to vali-
date the formulation. A simply-supported rectangular plate is consid-
ered, consisting of four layers with thicknesses h; = 4 x 1073m, hy =
hs=3x103mand h3 = 5x 1073 m. The equation for the reference
surface is given below, where (x,y) € [0,L1] x [0,L 5] represents the
rectangular parametric domain:

Table 1
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r(s1,52) =r(x,y) = —xe, +ye; (106)
According to Eq. (3), the relations A; =A;=1and 1/R1 =1/R2 =0
can be assumed for the rectangular plate. The geometric dimensions of
the physical domain are Ly =1.2x10"'m and L, = 2.2x 107 !m,
while the lamination scheme is (MAT - I\ CoFe;04\MAT - III\CoFe304),
and the material orientation is (0\0\0\0), following a cross-ply
arrangement. The materials MAT-I, MAT-II, and MAT-III are character-
ized by fiber volume fractions of Vy = 0.2, Vy =0.4 and V; = 0.6,
respectively. The homogenized properties of these materials are derived
using the analytical expressions provided in Appendix 1, considering
barium titanate (BaTiO3) and cobalt ferrite (CoFe;O4) as raw materials.
For simplicity, these properties are summarized in Table 1. A
sinusoidally-distributed mechanical surface traction is applied at the top
surface ({ = h/2). The mechanical response of the panel is evaluated at
(0.25L41,0.75L ) within the physical domain. Three simulations are
conducted: magneto-mechanical (M—D), thermo-mechanical (T-D), and
hygro-mechanical (H-D) analysis. The loading conditions for each case
are illustrated in Fig. 1, and the results are presented in Tables 2-5,
Tables 6-9, and Tables 10-13, which include the distributions along the
thickness direction of unknown variables, primary variables, and sec-
ondary variables. The simulations are performed using the ELDZL7

Homogenized properties of smart materials with hygro-thermo-magneto-mechanical properties employed in the simulations. These materials are obtained from the
combination with proper volume fraction of barium titanate and cobalt ferrite, according to the procedure detailed in Appendix 1.

Material CoFey04 MAT -1 MAT - 11 MAT - III BaTiO3
vy 0 0.2 0.4 0.6 1
To[K] 297 297 297 297 297
p[kg/m?] 5300 5400 5500 5600 5800
M, [%] 0.01 0.01 0.02 0.01 0.03
¢ [J/kgK] 377.36 414.58 450.45 357.14 550.62
Ci = Cas[ x 10°N/m?] 286 252.38 224.95 202.08 166
Ciz[ x 10°N/m?] 173 144.72 122.34 104.26 77
C13 = Ca3[ x 10°N/m?| 170.5 143.99 122.66 105.13 78
Ces = (Ci1 — C12)/2 [ x 10° N/m2] 56.5 53.83 51.30 48.91 445
Cas = Cs5[ x 10°N/m?] 45.3 47.15 48.99 50.81 43
Css[ x 10°N/m?] 269.5 24.11 217.22 196.54 162
P14 = Pp2s[C/m?] 0 0.04 0.10 0.23 11.6
D31 = P32 [C/m?] 0 ~1.26 -2.28 —3.11 —4.4
p33[C/m?] 0 3.39 6.99 10.76 18.6
q14 = qas [Wb/m?] 550 367.81 237.00 138.50 0
@31 = q32 [Wb/m?] 580.3 414.00 280.18 170.17 0
33 [Wb/m?] —699.7 -602.79 —478.06 -332.94 0

@ = axn|x101/K] 10 11.02 12.09 13.22 15.7
ass[ x 10°°1/K] 5 5.17 5.39 5.65 6.4
bi = by[ x 104 m®/kg] 1.1 0.90 0.70 0.48 0
b3z [ x 10 m®/kg] 0 0.01 0.02 0.02 0

Ly = lp[ x 107°F/m] 0.08 11.94 18.44 0.31 11.2
I3z x 109 F/m| 0.093 26.10 5.11 7.62 12.6
di1 = dpp [ x 10712 s/m] 0 -2.56 —4.46 -5.91 0
da3 [ x 1072 s/m} 0 2.05 2.77 2.52 0
My =my; [ x 1079 H/m] 590 396.10 0.06 152.2 5
m33[ x 10~ H/m] 157 127.87 1.71 69.1 10
033 x 1073 C/m?K] 0 3.60 7.46 11.51 20
g33[ x 107* Cm/kg| 0 -1.78 -2.41 -2.20 0
wss | x 107 T/K] 3.2 —2.69 -5.18 —5.19 0
fa3[Tm® /kg| 0 —0.02 —-0.03 —-0.03 0

ki1 = ko2 [J/mK] 3.2 3.03 2.88 2.74 2.5
ks3[J/mK] 3.2 3.06 2.92 2.78 2.5
511 =522 x 108 m?](ug = 0.1, v = 0.25) 16 13.24 11.29 9.84 7.83
s33[ x 108 m?](ug = 0.1, i = 0.25) 16 14.37 12.73 11.1 7.83
x11 =x22[ x 1078kg/mK](ug = 0.1, v = 0.25) 4.08 4.46 4.61 4.66 4.57
X33 x 1078 kg/mK](ug = 0.1, v = 0.25) 4.08 4.50 4.68 4.73 4.57
Y11 =y22[J/m?K](ug =0.1, v = 0.25) 3.14 2.25 1.76 1.45 1.07
y33[J/m?*K|(uqg = 0.1, v = 0.25) 3.14 2.44 1.99 1.63 1.07
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Fig. 1. Load shapes and combinations for multifield analysis in examples of investigation. Rectangular plate with sinusoidally-distributed mechanical loads and
prescribed configuration variables (a), rectangular plate under multifield uniform and hydrostatic surface loads and mechanical ring pressure (b), cylindrical panel

with hydrostatic and patch loads (c), spherical shell with mechanical ring load (d).

Table 2

Numerical prediction of the distribution along the thickness direction of the 3D displacement field components and magnetic potential variation of a simply-supported
rectangular plate employing higher-order ELW theories for M—D analysis. The results are provided at (0.25L 1,0.75L ;) within the 2D physical domain. The reference

solution is derived by using 3D FEM commercial software.

Uy [x107m] Uz [ %10 7m] Us [ x 10 °m)] Ay [ x 10'A]
¢[1073m] 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7
-7.5 ~2.51 -2.51 1.37 1.37 -1.36 -1.36 0.00 0.00
-6.3 -2.09 -2.30 1.14 1.26 -1.36 -1.36 1.00 0.81
-5.5 -1.82 -2.16 0.99 1.18 -1.37 -1.36 1.59 1.29
-4.3 ~1.41 -1.95 0.77 1.07 -1.37 -1.37 2.36 1.96
-35 -1.14 -1.82 0.62 0.99 -1.37 -1.37 2.81 2.40
-35 -1.14 -1.82 0.62 0.99 -1.37 -1.37 2.81 2.40
-2.0 ~0.64 —0.64 0.35 0.35 ~1.38 -1.38 3.49 2.91
-0.5 -0.15 -0.15 0.08 0.08 -1.38 -1.38 4.00 3.40
-0.5 -0.15 -0.15 0.08 0.08 -1.38 -1.38 4.00 3.40
0.7 0.27 0.27 ~0.14 -0.14 -1.38 -1.38 4.64 4.03
2.0 0.68 0.68 -0.37 -0.37 -1.38 -1.38 5.18 4.62
3.2 1.10 1.10 ~0.60 ~0.60 ~1.37 -1.37 5.63 5.11
4.5 1.52 1.52 -0.83 -0.83 -1.37 -1.37 5.97 5.43
4.5 1.52 1.52 -0.83 -0.83 -1.37 -1.37 5.97 5.43
6.0 2.03 2.03 -1.11 -1.11 -1.37 -1.37 5.58 5.32
7.5 2.55 2.55 -1.39 -1.39 -1.36 -1.36 5.00 5.00

kinematic model. In other words, higher-order polynomials withy =6 =
0 and N = 7 are employed in Eq. (6), while the ELW zigzag function from
Eq. (8) is used for 7 = N + 1. In addition, a 3D FEM solution is obtained
using a commercial software. The 3D mesh consists of 536268 nodes
with parabolic brick elements. For the M—D case, a sinusoidal distri-
bution of magnetic potential with n = m = 1 and magnitude AW(SH =1A
is applied at the top surface, while a null value (A@(ﬁ = 0A) is main-
tained at the bottom surface ({ = —h/2). Furthermore, a sinusoidal
distribution (N = M = 1) of mechanical pressure is applied at the top
surface with a magnitude of g5 =1 x 10° N/m?. The same mechanical
load is applied in the H-D simulation, where sinusoidal mass fluxes are
enforced at the top and bottom surfaces, with magnitudes qg*) =28x

1077 kg/m? and g = 1.6 x 10~7 kg/m?, respectively. Finally, in the

22

T-D simulation, a temperature variation with Aﬁ*) =—1Ks applied at
¢ = —h/2, while a sinusoidal thermal flux with magnitude q(T” =
1J/m? and N =M =1 is enforced at the top surface. In addition, a si-

nusoidal mechanical pressure with qg” =1 x 10° N/m? is considered at
the top surface. As shown in Table 2, the in-plane displacement field
components exhibit typical linear profiles, while U3 shows a parabolic
distribution. The ELW predictions are perfectly aligned with the results
from 3D finite elements. In addition, the through-the-thickness distri-
bution of magnetic potential displays a slope change at each interface of
the panel, highlighting the importance of the zigzag function in the
multifield kinematic model. The in-plane strain components in Table 3
follow linear distributions, while the out-of-plane components exhibit
more complex profiles, particularly when the stiffness of adjacent
laminae varies significantly. However, the recovery procedure ensures
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Table 3

Numerical prediction of the distribution along the thickness direction of the 3D strain components of a simply-supported rectangular plate employing higher-order
ELW theories for M—D analysis. The results are provided at (0.25L1,0.75L ) within the 2D physical domain. The reference solution is derived by using 3D FEM
commercial software.

€1 x 10 °m/m| €2 [ x 10 °m/m| 712 [ x 10 °m/m| 713 [ x 10 °m/m] 793 [ x 10°°m/m] €3 x 10 °m/m|
I [10’3[11] 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7
-7.5 6.58 6.58 1.96 1.96 7.18 7.18 —0.01 0.00 0.00 0.00 —4.92 —4.91
—-6.3 5.48 5.48 1.63 1.63 5.98 5.98 —-0.92 -0.92 0.50 0.50 —4.09 —4.08
-5.5 4.76 4.75 1.41 1.41 5.19 5.19 —1.45 —1.44 0.79 0.79 —3.55 —3.54
—4.3 3.69 3.68 1.10 1.10 4.02 4.02 —-2.10 —-2.09 1.14 1.14 —-2.75 —2.74
-3.5 2.98 2.98 0.89 0.89 3.25 3.25 —2.44 —2.43 1.33 1.32 —2.23 —2.22
-3.5 2.98 2.98 0.89 0.89 3.25 3.25 —2.57 —2.57 —0.22 1.40 —2.37 —2.37
-2.0 1.68 1.68 0.50 0.50 1.83 1.83 —3.08 -3.07 1.68 1.67 —-1.34 —-1.34
-0.5 0.39 0.39 0.12 0.12 0.43 0.43 —-3.32 -3.31 1.81 1.80 —-0.34 -0.32
-0.5 0.39 0.39 0.12 0.12 0.43 0.43 —3.32 —2.89 —0.12 1.57 -0.29 —0.29
0.7 —0.69 —0.69 —0.21 —0.21 —-0.76 -0.76 —2.87 —2.86 1.56 1.56 0.42 0.44
2.0 —-1.78 -1.78 —0.53 —0.53 —1.94 —-1.94 —-2.73 —-2.71 1.48 1.48 1.13 1.15
3.2 —2.87 —2.87 —0.86 —0.86 -3.14 -3.14 —2.44 —2.43 1.33 1.33 1.85 1.87
4.5 -3.98 —3.98 -1.18 -1.18 —4.34 —4.34 —2.02 —2.02 1.10 1.10 2.59 2.60
4.5 —-3.98 —-3.98 -1.18 -1.18 —4.34 —4.34 —2.40 —-2.39 -0.39 1.31 3.08 3.09
6.0 —5.31 —5.31 —1.58 —1.58 -5.79 -5.79 —1.43 —1.41 0.78 0.77 4.13 4.15
7.5 —6.68 —6.68 -1.99 -1.99 —7.28 —7.28 -0.17 —0.16 0.09 0.09 5.23 5.24

Table 4

Numerical prediction of the distribution along the thickness direction of the 3D stress components of a simply-supported rectangular plate employing higher-order ELW
theories for M—D analysis. The results are provided at (0.25L1,0.75L 5) within the 2D physical domain. The reference solution is derived by using 3D FEM commercial
software.

o1 [ x 10°N/m?] 62 [ x 10°N/m?] 712 [ x 10° N/m?] 713 [ x 10° N/m?] 723 [ x 10*N/m?] 63 [ x 10*N/m?]
¢[107%m] 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7
-7.5 1.27 1.25 7.68 7.57 3.87 3.87 -0.01 0.00 0.02 0.00 0.03 0.00
—6.3 1.06 1.06 6.42 6.47 3.22 3.22 —0.43 —0.43 2.32 2.32 —0.08 —0.09
-5.5 0.92 0.92 5.58 5.58 2.79 2.79 —0.67 —0.67 3.63 3.64 -0.23 —0.24
-4.3 0.71 0.71 4.35 4.28 2.16 2.16 -0.97 -0.96 5.28 5.26 -0.55 -0.57
-3.5 0.58 0.57 3.53 3.47 1.75 175 -1.13 -1.12 6.14 6.11 -0.83 ~0.86
-3.5 0.63 0.63 3.91 3.96 1.84 1.84 -1.13 -1.12 6.14 6.11 —0.84 —0.86
-2.0 0.36 0.36 2.24 2.30 1.04 1.04 -1.35 -1.35 7.36 7.35 -1.48 -1.49
-0.5 0.09 0.09 0.59 0.58 0.24 0.24 -1.45 -1.45 7.92 7.91 -2.20 -2.21
-0.5 0.07 0.06 0.43 0.37 0.21 0.21 ~1.45 -1.45 7.92 7.91 -2.21 -2.21
0.7 -0.11 -0.11 -0.62 -0.65 —0.37 -0.37 —1.44 ~1.44 7.86 7.86 -2.83 -2.83
2.0 -0.29 -0.29 -1.66 -1.69 -0.95 -0.95 -1.37 -1.36 7.45 7.43 -3.43 -3.42
3.2 —0.47 —0.46 —-2.71 —2.66 -1.53 -1.53 -1.22 -1.22 6.64 6.64 -3.98 -3.97
4.5 —0.65 -0.62 -3.77 —3.49 -2.12 -2.12 -1.01 -1.01 5.48 5.49 —4.47 —4.45
4.5 -0.82 -0.85 -5.06 -5.38 —2.45 —2.45 -1.01 -1.01 5.48 5.49 —4.48 —4.45
6.0 -1.10 -1.09 —6.74 -6.71 -3.27 -3.27 -0.57 —0.56 3.09 3.07 —4.89 —4.85
7.5 -1.38 -1.39 -8.46 -8.63 -4.12 -4.12 -0.01 0.00 0.02 0.00 -5.03 —5.00

Table 5

Numerical prediction of the distribution along the thickness direction of the 3D magnetic primary and secondary variables of a simply-supported rectangular plate
employing higher-order ELW theories for M—D analysis. The results are provided at (0.25L 1, 0.75L ) within the 2D physical domain. The reference solution is derived
by using 3D FEM commercial software.

71| x 10'A/m)] A 2 [A/m] Z'3[ x10'A/m] Z1 [ x107°Wb/m?] %2 [ x107°Wb/m?] %3 [ x107°Wb/m?
¢[107%m] 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7

-7.5 0.00 0.00 0.00 0.00 -7.16 ~7.49 0.00 0.00 0.00 0.00 ~2.66 -3.08
-6.3 -0.21 -0.21 1.16 1.15 -6.33 ~6.68 -1.18 -1.18 0.64 0.64 ~2.69 -3.14
-5.5 -0.34 -0.34 1.85 1.84 ~5.80 -6.17 -1.87 -1.86 1.02 1.02 -2.73 -3.20
-4.3 -0.51 -0.51 2.78 2.80 -5.05 —5.45 -2.79 -2.80 1.52 1.53 —2.82 -3.33
-35 -0.61 -0.63 3.33 3.42 —4.57 -4.99 -3.32 -3.38 1.81 1.84 -2.90 ~3.44
-35 -0.61 -0.63 3.33 3.42 —4.33 ~4.67 ~5.01 -5.10 2.73 2.78 -2.90 ~3.44
-2.0 -0.76 -0.76 4.16 4.16 —3.44 -3.80 -6.19 -6.19 3.38 3.37 -3.19 -3.77
-0.5 -0.88 -0.89 4.80 4.85 -2.59 -2.98 ~7.02 ~7.07 3.83 3.86 -3.53 -4.15
-0.5 -0.88 -0.89 4.80 4.85 ~5.37 ~6.26 -1.74 -1.75 0.95 0.96 -3.53 -4.15
0.7 -1.05 -1.06 5.71 5.76 —4.80 ~5.74 -1.99 -2.00 1.09 1.09 -3.61 ~4.26
2.0 -1.20 -1.21 6.52 6.60 ~4.23 ~5.23 ~2.20 ~2.22 1.20 1.21 ~3.70 ~4.39
3.2 -1.32 ~1.34 7.22 7.29 -3.68 ~4.72 -2.35 -2.37 1.28 1.29 ~3.80 ~4.52
4.5 ~1.44 -1.42 7.83 7.75 -3.12 -4.21 —2.47 —2.44 1.34 1.33 -3.90 ~4.66
45 ~1.44 -1.42 7.83 7.75 0.80 0.32 -9.79 -9.63 5.34 5.25 ~3.90 ~4.66
6.0 -1.39 -1.39 7.58 7.60 1.60 1.10 -8.98 -9.01 4.90 4.91 ~4.38 -5.18
7.5 -1.31 -1.31 7.14 7.14 2.47 1.94 ~7.82 -7.77 4.26 4.24 ~4.81 ~5.65
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Table 6

Numerical prediction of the distribution along the thickness direction of the 3D displacement field components and temperature variation of a simply-supported
rectangular plate employing higher-order ELW theories for T-D analysis. The results are provided at (0.25L1,0.75L ») within the 2D physical domain. The refer-
ence solution is derived by using 3D FEM commercial software.

Uy [x107m| Uz [ %10 7m] Us [ x 10 °m)] AT [ x 10 'K]
¢[10°m] 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7
-7.5 —0.43 —0.43 0.23 0.23 -1.31 -1.32 ~5.00 ~5.00
-6.3 ~0.02 ~0.02 0.01 0.01 ~1.32 -1.33 -4.93 -4.93
-5.5 0.25 0.25 —0.14 -0.14 -1.33 ~1.34 —4.88 ~4.89
-4.3 0.65 0.65 -0.35 -0.36 ~1.34 -1.35 —4.82 ~4.83
-35 0.91 0.92 ~0.50 ~0.50 ~1.35 -1.35 -4.78 -4.79
-35 0.91 0.92 -0.50 -0.50 -1.35 -1.35 -4.78 -4.79
-2.0 1.40 1.41 -0.77 -0.77 -1.36 -1.36 —4.72 —4.74
-0.5 1.89 1.90 -1.03 -1.04 -1.36 -1.37 ~4.67 ~4.69
-0.5 1.89 1.90 -1.03 -1.04 -1.36 -1.37 ~4.67 ~4.69
0.7 2.31 2.32 -1.26 -1.26 -1.37 -1.37 ~4.63 ~4.65
2.0 2.72 2.74 -1.49 -1.49 -1.38 -1.38 -4.59 ~4.62
3.2 3.14 3.16 -1.71 -1.72 -1.38 -1.39 ~4.56 ~4.60
4.5 3.56 3.58 -1.94 -1.95 -1.38 -1.39 —4.54 ~4.58
4.5 3.56 3.58 -1.94 -1.95 -1.38 -1.39 —4.54 —4.58
6.0 4.08 4.10 -2.23 -2.23 -1.38 -1.39 ~4.53 ~4.57
7.5 4.61 4.63 -2.52 -2.53 -1.38 -1.39 —4.52 ~4.57

Table 7

Numerical prediction of the distribution along the thickness direction of the 3D strain components of a simply-supported rectangular plate employing higher-order
ELW theories for T-D analysis. The results are provided at (0.25L;,0.75L ;) within the 2D physical domain. The reference solution is derived by using 3D FEM
commercial software.

€1 x10°m/m| €2 [ x10"°m/m] 712 [ x 10°m/m| 713 [ x 10 "°m/m] 723 [ x 10"°m/m] €3 [x10°m/m|
4 [10’3m] 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7
-7.5 0.11 0.11 0.33 0.33 0.12 0.12 —0.01 0.00 0.00 0.00 -1.00 —1.00
—6.3 0.00 0.00 0.01 0.01 0.01 0.00 -0.91 —0.90 0.49 0.49 —0.91 -0.91
-5.5 —0.07 —0.07 —0.20 —0.20 —0.07 —0.07 —1.42 —1.42 0.77 0.77 —0.84 —0.85
-4.3 -0.17 -0.17 —0.51 —0.51 -0.19 -0.19 —2.06 —2.04 1.12 1.11 —0.75 —0.75
-3.5 —0.24 —0.24 -0.71 —0.72 —0.26 —0.26 -2.39 —2.35 1.30 1.28 —0.69 —0.70
-3.5 —0.24 —0.24 -0.71 —0.72 —0.26 —0.26 —2.48 —2.45 1.35 1.34 —0.65 —0.65
-2.0 -0.37 —0.37 -1.09 -1.10 —0.40 —0.40 —2.87 —2.87 1.56 1.56 —0.54 —0.54
-0.5 —0.50 —0.50 —1.48 —1.48 —0.54 —0.54 —-2.99 —2.97 1.63 1.62 —0.43 —0.43
-0.5 —0.50 —0.50 —1.48 —-1.48 —-0.54 —0.54 —2.66 —2.65 1.45 1.45 -0.59 —0.59
0.7 —0.60 —0.61 -1.80 -1.81 —0.66 —0.66 —-2.75 —2.74 1.50 1.50 —0.51 —0.51
2.0 -0.71 —0.72 —2.12 —2.13 —0.78 —0.78 —-2.70 —2.68 1.47 1.46 —0.43 —0.44
3.2 —0.82 —0.83 —2.45 —2.46 —0.90 —0.90 —2.50 —2.49 1.36 1.36 —0.35 —0.36
4.5 —-0.93 —-0.94 —-2.78 -2.79 —-1.02 —-1.02 —-2.18 -2.19 1.18 1.19 -0.27 —0.28
4.5 —0.93 —0.94 —2.78 —2.79 —1.02 —1.02 —2.44 —2.46 1.33 1.34 —0.05 —0.06
6.0 -1.07 -1.07 -3.18 -3.19 -1.17 -1.17 -1.37 —1.34 0.74 0.73 0.06 0.06
7.5 —-1.21 -1.21 -3.59 -3.61 —-1.32 -1.32 —0.01 0.00 0.00 0.00 0.18 0.17

Table 8

Numerical prediction of the distribution along the thickness direction of the 3D stress components of a simply-supported rectangular plate employing higher-order ELW
theories for T-D analysis. The results are provided at (0.25L,0.75L ») within the 2D physical domain. The reference solution is derived by using 3D FEM commercial
software.

o1 [ x 10°N/m?] 62 [ x 10°N/m? 712 [ x 10°N/m? 13 [ x 10°N/m? 723 [ x 10* N/m?] 63 [ x 10*N/m?|
I4 [10’31-11] 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7
-7.5 1.45 1.41 1.36 1.33 0.66 0.65 —0.01 0.00 0.02 0.00 0.05 0.00
—-6.3 1.23 1.25 1.23 1.24 0.03 0.02 —-0.43 —0.43 2.32 2.33 —0.04 -0.09
-5.5 1.09 1.09 1.14 1.14 -0.39 -0.39 —0.67 —0.67 3.64 3.65 -0.19 —0.24
—4.3 0.88 0.85 1.01 0.98 —1.00 -1.01 -0.97 —0.96 5.28 5.25 —0.51 -0.57
-3.5 0.74 0.69 0.92 0.87 —1.40 —1.41 -1.13 -1.11 6.13 6.05 -0.79 —0.86
-3.5 0.69 0.75 0.88 0.94 —1.47 —1.48 -1.13 -1.11 6.13 6.05 —0.80 —0.86
-2.0 0.41 0.43 0.71 0.72 —2.27 —2.28 —1.30 -1.30 7.08 7.09 —1.43 —-1.48
-0.5 0.14 0.11 0.54 0.50 —3.06 -3.07 —-1.35 -1.35 7.37 7.35 —-2.11 -2.16
-0.5 0.39 0.40 0.73 0.74 —2.65 —2.66 —-1.35 -1.35 7.37 7.35 —2.12 -2.16
0.7 0.20 0.20 0.62 0.62 —3.22 —-3.24 —1.40 -1.39 7.60 7.60 —-2.70 —2.74
2.0 0.02 0.01 0.51 0.50 -3.80 -3.82 —-1.37 —1.36 7.47 7.44 -3.30 -3.33
3.2 -0.17 —0.15 0.40 0.42 —4.39 —4.41 -1.27 -1.27 6.92 6.91 —3.86 -3.89
4.5 —0.35 —0.28 0.29 0.37 —4.98 —5.00 —-1.11 -1.11 6.02 6.07 —4.38 —4.40
4.5 -0.77 -0.87 —0.03 -0.12 -5.75 -5.78 —-1.11 -1.11 6.02 6.07 —4.40 —4.40
6.0 —1.04 -1.03 -0.19 —0.18 —6.58 —6.61 —0.62 —0.61 3.36 3.32 —4.85 —4.84
7.5 —-1.32 -1.37 —0.36 —0.40 —7.45 —7.47 —0.01 0.00 0.02 0.00 —5.02 —5.00
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Numerical prediction of the distribution along the thickness direction of the 3D thermal primary and secondary variables of a simply-supported rectangular plate
employing higher-order ELW theories for T-D analysis. The results are provided at (0.25L 1, 0.75L ) within the 2D physical domain. The reference solution is derived by

using 3D FEM commercial software.

91 [ x 10'K/m] 92 [K/m| 93 [K/m| hy [ x 10'/m?] ha [ x 10'/m?] hs [ x 10'J/m?]
¢[10°m] 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7
-7.5 1.31 1.31 -7.14 -7.14 -6.12 —6.00 3.96 3.97 -2.16 -2.16 -1.87 -1.84
-6.3 1.29 1.29 ~7.04 ~7.04 -5.77 ~5.47 3.91 3.91 -2.13 -2.13 -1.77 -1.68
-5.5 1.28 1.28 -6.97 ~6.98 -5.43 -5.13 3.87 3.88 -2.11 -2.12 -1.66 -1.57
-4.3 1.26 1.26 —6.88 —6.90 —4.91 ~4.61 3.82 3.83 -2.09 -2.09 -1.50 -1.41
-35 1.25 1.26 ~6.83 ~6.85 ~4.74 ~4.28 3.79 3.80 -2.07 -2.07 ~1.45 -1.31
-35 1.25 1.26 -6.83 ~6.85 —4.22 -4.09 4.00 4.02 -2.19 -2.19 -1.35 -1.31
-2.0 1.24 1.24 —6.74 -6.77 ~3.74 -3.45 3.95 3.97 -2.16 -2.17 -1.20 -1.10
-0.5 1.22 1.23 ~6.67 ~6.70 -3.27 -2.82 3.91 3.93 -2.13 -2.14 -1.05 -0.90
-0.5 1.22 1.23 ~6.67 —6.70 ~3.42 -3.25 3.35 3.36 -1.83 -1.84 -0.95 -0.90
0.7 1.21 1.22 -6.61 —6.65 -3.08 ~2.74 3.32 3.34 -1.81 -1.82 -0.86 -0.76
2.0 1.20 1.21 ~6.56 ~6.60 -2.57 -2.23 3.29 3.32 -1.80 -1.81 -0.71 ~0.62
3.2 1.19 1.20 —6.52 ~6.57 -2.07 -1.73 3.27 3.30 -1.79 -1.80 -0.58 -0.48
4.5 1.19 1.20 —6.49 —6.54 -1.74 -1.22 3.26 3.28 -1.78 -1.79 -0.48 ~0.34
4.5 1.19 1.20 —6.49 —6.54 -1.21 -1.06 3.80 3.84 -2.08 -2.09 -0.39 —0.34
6.0 1.18 1.20 ~6.46 —6.52 -0.76 -0.45 3.79 3.83 -2.07 -2.09 ~0.24 -0.14
7.5 1.18 1.20 —6.45 —6.52 -0.31 0.16 3.78 3.83 -2.07 -2.09 -0.10 0.05
Table 10

Numerical prediction of the distribution along the thickness direction of the 3D displacement field components and moisture concentration variation of a simply-
supported rectangular plate employing higher-order ELW theories for H-D analysis. The results are provided at (0.25L1,0.75L ) within the 2D physical domain.

The reference solution is derived by using 3D FEM commercial software.

Uy [x107m] U [ x 10 m] Us [x107°m] AC[ x 10'kg/m?]
¢[107%m] 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7
-7.5 -2.17 -2.17 1.19 1.19 -1.04 -1.04 -1.00 -1.00
—6.3 -1.85 -1.85 1.01 1.01 -1.05 -1.04 —0.74 -0.74
-5.5 —1.64 -1.64 0.90 0.90 -1.05 -1.05 —0.56 —0.56
-4.3 -1.33 -1.33 0.73 0.73 -1.05 -1.05 -0.30 -0.30
-3.5 -1.13 -1.13 0.62 0.62 -1.06 -1.05 -0.12 -0.11
-3.5 -1.13 -1.13 0.62 0.62 -1.06 -1.05 -0.12 -0.11
-2.0 -0.75 -0.75 0.41 0.41 -1.06 -1.06 0.17 0.17
-0.5 —0.38 -0.38 0.21 0.21 -1.06 -1.06 0.47 0.47
-0.5 -0.38 -0.38 0.21 0.21 -1.06 -1.06 0.47 0.47
0.7 -0.07 -0.07 0.04 0.04 -1.06 -1.06 0.82 0.82
2.0 0.24 0.24 -0.13 -0.13 -1.06 -1.06 118 118
3.2 0.56 0.55 —0.30 —0.30 -1.06 -1.06 1.53 1.54
4.5 0.87 0.87 —0.48 —0.47 -1.06 -1.05 1.89 1.88
4.5 0.87 0.87 —0.48 -0.47 -1.06 -1.05 1.89 1.88
6.0 1.26 1.25 —0.69 —0.68 -1.05 -1.05 2.19 2.20
7.5 1.66 1.65 —0.90 -0.90 -1.04 -1.04 2.50 2.50

that kinematic conditions are always satisfied at the top and bottom
surfaces. Similar observations apply to the stress components presented
in Table 4. However, in-plane stresses maintain linear distributions with
minor variations between layers, while out-of-plane shear stresses
exhibit parabolic profiles. Finally, the ¢ 3 distribution perfectly satisfies
the loading conditions at the top and bottom surfaces. Table 5 presents
the through-the-thickness distributions of the magnetic primary and
secondary variables. Similarly to the magnetic potential in Table 2, the
in-plane magnetic field components exhibit characteristic zigzag pro-
files, while /7" 3 shows a stepwise linear distribution. In Table 6, the
results for the T-D analysis demonstrate that the in-plane displacement
field components are distributed linearly along the thickness direction,
whereas the Uz component exhibits a more complex profile. A poly-
nomial distribution is observed in the temperature variation profile. A
perfect agreement is achieved at the bottom surface between the
ELDZL7 model and 3D FEM results, since a specific value of temperature
variation is enforced at this location through a kinematic constraint. At
the top surface, however, where a thermal flux is applied, a lower ac-
curacy is observed for the thermal configuration variable. Table 7 shows
that €1, e and y 1, are linearly distributed along the thickness direction,
while ¢ 3 exhibits some discontinuities at the interface between adjacent
laminae. The out-of-plane distortions y ;3 and y 53 assume null values at
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the top and bottom surfaces, while their profile exhibit interfacial steps
across the thickness. Regarding the 3D stress components, Table 8 shows
that, at the selected points, the in-plane strain components are linearly
distributed, whereas the in-plane stresses exhibit some discontinuous
linear profiles due to the varying stiffness of each layer in the lamination
scheme. On the other hand, the recovered profiles for the out-of-plane
shear stresses 713 and 7,3 display parabolic distributions with charac-
teristic zigzag patterns at each interfaces, while ¢ 3 follows a polynomial
distribution. The ELDZL7 model aligns consistently with the reference
solution, reflecting accurately the loading conditions. The distributions
of the in-plane temperature gradient components 9; and 9 o, as reported
in Table 9, closely reflect that one of the temperature variation profile,
whereas 9 3 exhibits a discontinuous linear distribution. On the contrary,
in-plane thermal flux components h; and h, show discontinuous dis-
tributions, while hs presents a linear profile. The final validation is
conducted for an H-D analysis on the same plate. As shown in Table 10,
which presents the results at (0.25L1,0.75L3) in terms of unknown
variables of the formulation, the in-plane displacement field compo-
nents exhibit linear distributions, while Ugj displays a parabolic
dispersion with a zigzag profile near the reference surface. In contrast,
AC is linear along the thickness direction, with slope changes at each
interface. These numerical predictions match well with the 3D FEM
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Table 11

Numerical prediction of the distribution along the thickness direction of the 3D strain components of a simply-supported rectangular plate employing higher-order
ELW theories for H-D analysis. The results are provided at (0.25L1,0.75L ) within the 2D physical domain. The reference solution is derived by using 3D FEM
commercial software.

€1 x 10 °m/m| €2 [ x 10 °m/m| 712 [ x 10 °m/m] 713 [ x 10 °m/m] 793 [ x 10°°m/m] €3 x 10 °m/m|
I [10’3[11} 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7
-7.5 5.69 5.69 1.69 1.69 6.21 6.21 —0.01 0.00 0.00 0.00 —5.50 —5.50
—-6.3 4.85 4.85 1.44 1.44 5.29 5.29 —0.88 —0.88 0.48 0.48 —4.56 —4.56
-5.5 4.30 4.30 1.28 1.28 4.69 4.69 -1.38 —1.38 0.75 0.75 -3.95 -3.95
—4.3 3.49 3.49 1.04 1.04 3.81 3.80 —2.00 -1.99 1.09 1.08 -3.05 -3.05
-3.5 2.96 2.95 0.88 0.88 3.22 3.22 —2.33 —2.30 1.27 1.25 —2.46 —2.44
-3.5 2.96 2.95 0.88 0.88 3.22 3.22 —2.42 -2.39 1.32 1.30 —2.63 —2.61
-2.0 1.97 1.97 0.59 0.59 2.15 2.15 —-2.90 —-2.89 1.58 1.58 —1.44 —-1.44
-0.5 1.00 1.00 0.30 0.30 1.09 1.10 -3.12 -3.12 1.70 1.70 -0.25 -0.25
-0.5 1.00 1.00 0.30 0.30 1.09 1.10 -2.78 —2.78 1.51 1.52 —0.56 —0.56
0.7 0.19 0.19 0.06 0.06 0.20 0.21 —2.80 —2.80 1.52 1.53 0.16 0.16
2.0 —-0.63 -0.63 -0.19 -0.19 —0.69 —0.69 —-2.71 —2.69 1.47 1.47 0.89 0.89
3.2 —1.46 —1.45 —0.43 —0.43 —-1.59 —1.58 —2.48 —2.47 1.35 1.35 1.62 1.62
4.5 —-2.29 —2.28 —0.68 —0.68 —2.49 —2.48 —2.14 -2.16 1.17 1.18 2.36 2.35
4.5 —-2.29 —2.28 —0.68 —0.68 —-2.49 —2.48 —2.40 —2.43 1.31 1.32 4.34 4.33
6.0 -3.29 -3.28 —0.98 —0.98 -3.59 —3.58 -1.35 -1.32 0.73 0.72 5.57 5.57
7.5 —4.34 —4.33 -1.29 -1.29 —4.73 —4.72 —0.01 0.00 0.00 0.00 6.85 6.85

Table 12
Numerical prediction of the distribution along the thickness direction of the 3D stress components of a simply-supported rectangular plate employing higher-order ELW
theories for H-D analysis. The results are provided at (0.25L 1, 0.75L ) within the 2D physical domain. The reference solution is derived by using 3D FEM commercial
software.

o1 [ x 10°N/m?] 62 [ x 10°N/m? 712 [ x 10°N/m? 13 [ x 10°N/m?| 723 [ x 10* N/m?] o3[ x 10*N/m?|
I [10’31-11] 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7
-7.5 1.25 1.21 0.82 0.78 3.34 3.34 0.00 0.00 0.02 0.00 0.03 0.00
—-6.3 1.04 1.06 0.67 0.69 2.85 2.85 —-0.41 —0.41 2.25 2.26 —0.08 —0.09
-5.5 0.90 0.91 0.58 0.58 2.53 2.52 —0.65 —0.65 3.53 3.55 —0.22 -0.23
—4.3 0.70 0.67 0.44 0.41 2.05 2.05 —0.94 —0.94 5.13 5.11 —0.53 —0.56
-3.5 0.56 0.52 0.34 0.30 1.74 1.73 —-1.10 —1.08 5.97 5.91 —0.81 -0.83
-3.5 0.61 0.64 0.38 0.41 1.82 1.82 -1.10 -1.08 5.97 5.91 —0.81 —0.83
-2.0 0.33 0.36 0.18 0.20 1.22 1.22 —-1.31 -1.31 7.16 7.15 —1.44 —1.45
-0.5 0.06 0.05 —0.02 —0.03 0.62 0.62 —-1.41 —1.41 7.69 7.70 —-2.14 -2.15
-0.5 0.11 0.09 0.04 0.02 0.53 0.54 —-1.41 -1.41 7.69 7.70 —2.15 —-2.15
0.7 —0.06 —0.07 —0.07 —0.09 0.10 0.10 —1.42 —1.42 7.74 7.75 —-2.75 —-2.75
2.0 -0.23 —-0.24 -0.18 -0.19 —0.34 —0.34 —-1.38 -1.37 7.49 7.46 -3.35 -3.35
3.2 —0.40 -0.37 —0.30 —0.28 —0.78 -0.77 —-1.26 -1.26 6.86 6.85 —-3.91 -3.90
4.5 —0.56 —0.46 —0.41 —0.31 —1.22 —-1.22 —-1.09 -1.10 5.93 6.00 —4.43 —4.41
4.5 —0.99 —-1.12 —0.80 —0.94 —-1.41 —1.40 —1.09 -1.10 5.93 6.00 —4.45 —4.41
6.0 —-1.27 -1.25 —1.01 —-0.99 —2.03 —2.02 —0.61 —0.60 3.31 3.26 —4.89 —4.84
7.5 —1.56 -1.63 —1.21 —-1.28 —2.67 —-2.67 0.00 0.00 0.02 0.00 —5.04 —5.00

Table 13

Numerical prediction of the distribution along the thickness direction of the3D hygrometric primary and secondary variables of a simply-supported rectangular plate
employing higher-order ELW theories for H-D analysis. The results are provided at (0.25L 1, 0.75L 2) within the 2D physical domain. The reference solution is derived
by using 3D FEM commercial software.

21 [ x 10'kg/m*] Ag [kg/m?] A3 [kg/m*] c1 [ x 10 7kg/m?] c2 [ x 10 %kg/m?] c3 [ x 10 "kg/m?]
I4 [10’3[1‘1} 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7
-7.5 0.26 0.26 -0.14 —0.14 —2.20 —-2.28 0.35 0.35 -1.89 -1.89 -3.16 -3.27
—-6.3 0.19 0.19 -0.11 -0.11 —-2.19 —-2.27 0.26 0.26 -1.39 -1.39 -3.15 —3.26
-5.5 0.15 0.15 —0.08 —0.08 —-2.19 —2.27 0.19 0.20 —1.06 —1.06 -3.15 —3.26
—4.3 0.08 0.08 —0.04 —0.04 —-2.19 —-2.27 0.10 0.10 —0.56 —0.56 —-3.14 -3.26
-3.5 0.03 0.03 —0.02 —0.02 -2.19 —-2.27 0.04 0.04 -0.23 —0.21 -3.14 -3.26
-3.5 0.03 0.03 —0.02 —0.02 -1.96 —2.03 0.05 0.05 —0.28 —0.25 -3.14 —3.26
-2.0 —0.04 —0.04 0.02 0.02 —1.96 —2.04 —0.07 —0.07 0.39 0.38 -3.14 —3.26
-0.5 —-0.12 —0.12 0.07 0.07 —-1.96 —-2.05 -0.19 —0.20 1.06 1.08 -3.14 -3.27
-0.5 —0.12 —0.12 0.07 0.07 —2.84 —2.95 —0.12 —0.12 0.65 0.66 -3.15 -3.27
0.7 —0.21 —0.22 0.12 0.12 —2.84 —-2.96 —0.21 —0.21 1.15 1.15 -3.15 -3.28
2.0 -0.31 -0.31 0.17 0.17 —2.85 —-2.97 —0.30 —0.30 1.65 1.66 -3.16 -3.30
3.2 —0.40 —0.40 0.22 0.22 —2.86 -2.99 —-0.39 —0.40 2.15 2.16 -3.18 —3.32
4.5 —0.50 —0.49 0.27 0.27 —2.88 —3.01 —0.49 —0.48 2.66 2.64 -3.19 —3.34
4.5 —0.50 —0.49 0.27 0.27 —2.00 —-2.09 -0.79 -0.79 4.32 4.30 -3.21 -3.34
6.0 —-0.57 —0.58 0.31 0.31 —2.03 —-2.12 —0.92 -0.92 5.01 5.02 —-3.24 -3.39
7.5 —0.65 —0.65 0.36 0.36 —2.05 —2.15 —1.05 —1.05 5.71 5.71 —3.28 —3.44
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Table 14
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Static deflection two-layered square plates of various sizes under thermal temperature loads. Comparison and validation against existing
literature and effect of the maximum polynomial order in the kinematic expansion. The maximum vertical deflection U3 is presented in

103 m.

Ly =Ly [m] 2 5 10 50 100

LD4-L — [17] 0.0014 0.0141 0.0587 1.4857 5.9448
LD4-T — [17] 0.0009 0.0137 0.0585 1.4855 5.9446
LD4-TD — [17] 0.0012 0.0116 0.0553 1.4818 5.9409
ELD4 0.0014 0.0117 0.0553 1.4818 5.9407
ELDZL4 0.0014 0.0116 0.0551 1.4816 5.9407
ELD5 0.0012 0.0117 0.0554 1.4818 5.9408
ELDZL5 0.0012 0.0116 0.0552 1.4817 5.9408
ELD6 0.0012 0.0117 0.0553 1.4818 5.9408
ELDZL6 0.0011 0.0116 0.0552 1.4817 5.9408
ELD7 0.0012 0.0117 0.0554 1.4818 5.9408
ELDZL7 0.0012 0.0116 0.0553 1.4818 5.9409

reference solution, demonstrating a high accuracy. Similarly, an excel-
lent agreement is observed between ELW results and the 3D FEM
reference solution for the strain components reported in Table 11. The
in-plane strains €1,¢2 and y,, exhibit a linear through-the-thickness
distribution. Regarding the out-of-plane components, ¢3 shows a
linear dispersion along the thickness direction within each layer, with
step variations at the interfaces but without any slope change. On the
other hand, y ;5 and y 3 display some parabolic distributions within each
lamina, with stepwise profiles. Finally, €3 exhibits a stepwise linear
distribution along the thickness direction. Due to the variation in the
material properties along the thickness, the in-plane strain components
are linearly distributed, but Table 12 reveals that in-plane stress com-
ponents ¢, and o 5 are characterized by linear distributions with step-
wise variations between adjacent layers. A similar behavior is observed
for the in-plane shear stress component 715. In contrast, a continuous
smooth profile is observed for ¢ 3, starting from a null value at { = —h/2
to approximately —5 x 104 N/m? at { = —h/2, consistently with the
mechanical loading conditions. Similarly, the out-of-plane shear stresses
713 and 713 are continuously distributed along the thickness direction,
with a slope change at the interface among layers within the laminate.
Finally, Table 13 presents the simulation results in terms of mass con-
centration gradient components and mass flux components. A linear
distribution with slope variation is found for the in-plane primary var-
iables 17 and 4, while a stepwise distribution characterizes 13. Note,
also, that the in-plane components predicted using the ELDZL7 simula-
tion match those from the reference solution, with highly comparable
results also for 4 3.

To further validate the model, some comparisons with the results
from existing literature are considered. To this end, a thermo-
mechanical analysis is conducted on a simply-supported square me-
chanical plate of dimensions L = L, under thermo-mechanical loads.
The structure consists of two layers of equal thickness h; = hy; = 0.5m
made of a composite material with density p® = 1500 kg/m?, whose
orthotropic mechanical properties are expressed in terms of the engi-
neering constants reported in the following:

E¥ =172.37GPa, E¥Y =E¥ = 6.895GPa

G% = G% =3.447GPa, G%, =1.379GPa (107)
y(ﬂ = yq‘; = U(Q =0.25
In addition, the thermal expansion coefficients are set as aq? =11/K

and ag‘; = a%‘% = 1125 1/K. The lamination scheme is (0/90). The two-

layered panel is subjected to a sinusoidal distribution of temperature
variation at the top surface, located at { = h/2, with magnitude

ATE” =1K for M = M = 1. On the other hand, a null temperature

variation is prescribed at the bottom surface, namely ATi_) = 0K. The
vertical deflection at the center of the plate is evaluated by using various
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kinematic models for different dimensions of the plate, ranging from
L, = Ly = 2m which corresponds to a very thick plate, to L1 = L, =
100 m, associated with a very thin laminate. The results are successfully
compared in Table 14 to those derived from 3D simulations carried out
in Ref. [17]. In particular, the simulation identified with “LD4-L” is
evaluated with a layer-wise magneto-mechanical model with a fourth-
order polynomial, which assumes a linear distribution of the tempera-
ture variation along the thickness direction. Furthermore, “LD4-T” re-
sults are taken from the same reference starting from a through-the-
thickness temperature profile derived from the solution of the one-
dimensional Fourier equation. Finally, solution “LD4-TD” is derived
from a Layer-Wise simulation with complete thermo-mechanical
coupling. As can be seen, for each geometric size of the plate, the re-
sults from higher-order kinematic field perfectly match those from “LD4-
TD” simulation, while some discrepancies are seen between the results
from the present model and those ones from “LD4-L” and “LD4-T”,
because the model proposed in this research is fully coupled. At this
point, an additional simulation is conducted on a single layered rect-
angular plate with magneto-mechanical properties. The single layer is
made up of cobalt ferrite, whose multifield properties are reported in
Table 1. The total thickness of the plate is hy = h = 0.3m, and the di-
mensions are L1 = L, = 1 m. The plate is simply-supported, and it is
under magnetic sensor configuration. In other words, no external mag-
netic fields are applied at the top and bottom surface, and a sinusoidal

mechanical pressure with magnitude q(; ) =1 N/m? and wave numbers

M =M =1 is applied from the top surface. The magneto-mechanical
response of the plate is evaluated with various higher-order theories,
considering both ESL and ELW kinematic assumptions. The results are
provided in Table 15 in terms of the through-the-thickness distribution
of displacement field components U+, U 3 and scalar magnetic potential
variation Ay. In particular, the in-plane component U; is taken at
(0,0.5L ), while U3 and AY are evaluated (0.5L 1, 0.5L 3) within the 2D
physical domain. The simulation is validated against the results taken
from literature. Refs. [14] and [15] contain the results from 3D simu-
lations based on exponential matrix method and discrete layer approx-
imation method, respectively. The present 2D refined theory can predict
well the through-the-thickness distribution of the magneto-mechanical
configuration variables derived from 3D simulations. In particular, a
very high accuracy level is observed for displacement field components,
and the predictions in terms of temperature variation agree with those
from literature at both the upper and lower surface region, as well as in
the mid-thickness of the panel.

Once the semi-analytical formulation has been validated against the
3D FEM results and those from literature, further investigations are
conducted on a rectangular plate to study the convergence of results for
different load shapes. In addition, the effect of multifield coupling is
examined by selectively activating the terms within the constitutive
matrix that couple primary and secondary variables of the various
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Table 15
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Magneto-mechanical response of a single layered thick rectangular plate employing various higher-order equivalent layer-wise and equivalent single layer kinematic

model. Comparison against literature results from 3D analysis.

Ui [107'2 m]

(¢+h/2)/h 3D [14] 3D [15] ED4 ELD4 ED5 ELD5 ED6 ELD6 ED7 ELD7
0 3.20 3.20 3.20 3.20 3.20 3.20 3.20 3.20 3.20 3.20
1/3 1.08 1.08 1.09 1.09 1.10 1.10 1.10 1.10 1.10 1.09
2/3 —0.47 —0.47 —0.43 —0.43 —0.43 —0.43 —0.43 —0.43 —0.43 —0.44
1 —2.77 —2.77 —2.77 —2.77 —2.77 —2.77 -2.77 —2.77 —2.77 -2.76
Us [107! m]

(¢+h/2)/h 3D [14] 3D [15] ED4 ELD4 ED5 ELD5 ED6 ELD6 ED7 ELD7
0 0.92 0.92 0.92 0.92 0.92 0.92 0.92 0.92 0.92 0.92
1/3 1.01 1.01 1.01 1.01 1.01 1.01 1.01 1.01 1.01 1.01
2/3 1.04 1.04 1.04 1.04 1.04 1.04 1.04 1.04 1.04 1.04

1 1.01 1.01 1.01 1.01 1.01 1.01 1.01 1.01 1.01 1.01
AY¥[10°° A

(¢+h/2)/h 3D [14] 3D [15] ED4 ELD4 ED5 ELD5 ED6 ELD6 ED7 ELD7
0 -5.20 -5.20 -5.20 —5.20 —5.20 —5.20 —5.20 —5.20 —5.20 —5.20
1/3 —-4.91 —4.91 —-4.91 —4.91 —4.92 —4.92 —4.92 —4.92 —4.92 —4.92
2/3 —2.66 —2.66 —2.72 —2.72 —2.71 —2.71 —2.71 —2.71 —2.71 —2.71
1 0.04 0.04 0.04 0.04 0.04 0.04 0.04 0.04 0.04 0.04

physical problems. For these analyses, a simply-supported rectangular
plate consisting of four layers with thicknesses h1 = 4 x 1073m, hy =
hs4=3x103m and h3 =5 x 10 3m is considered. The lamination
scheme is identical to the previous example, and the geometric di-
mensions of the plate along a1 and a , directionsare L1 =1.2 x 10! m

and L, = 2.2 x 10~! m, respectively. At the top surface of the plate, a

mechanical load with magnitude q(; ) =1 x 105 N/m? is applied. The
surface load distribution is referred to as a ring load, since it is applied
near the boundaries of the plate, leaving the central part of the panel
unloaded. This distribution is achieved by superimposing a uniform load

ik}

Fig. 2. Through-the-thickness distribution of displacement field components (a) and multifield configuration variables (b) of a rectangular plate subjected to hy-
grometric, thermal, magnetic, and mechanical loading conditions with various surface distributions for the point located at (s1,s2) = (0.25L1,0.25L ). Effect of
multiphysics coupling and comparison against numerical predictions from 3D FEM.
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and a patch load with equal magnitude but opposite direction. A similar
load distribution is applied at the top surface for the mass flux, with the

corresponding load magnitude equal to q% ) = 28x 107 kg/m2. The
semi-analytical coefficient Q,(If,zm with @ = 3,C for eachn=1,...,N and
m =1, ..., M for the uniform load is expressed as follows:

()
%i) — 4qa
snm T 2nm

(1 — cos(nz) )(1 — cos(mx)) (108)

On the other hand, the patch load distribution is defined as follows:
51 € [(s10 — €10), (810 + C10) ]

S2 € [(s20 — €20), (820 + €20) ]
0 otherwise

—q for

a7 (s1,52) = (109)

As can be seen, this load distribution is centered at (sio,520) =
(0.5L1,0.5L,), and the corresponding shape parameters are cio =
3/8L; and cy9 = 1/8L 2, which define the extension of the loaded area
along a1 and a » directions, respectively. The semi-analytical coefficient
for Eq. (109) is reported in the following for any n,m:

16(‘1(i). nusio\ . (Masy\ . (Nrcio) . [Macy
Q&fgmzfﬂzn;nsm T, sl Jsinl 7 )sin( (110)

On the other hand, a uniform distribution of mass flux is applied to the

bottom of the plate, assuming g'c' = 1.6 x 10~7 kg/m2. Regarding the
magnetic field, the loading condition consists of prescribed values of the
magnetic potential at the top and bottom surfaces with sinusoidal dis-
tributions. In particular, the magnitude of magnetic potential is given by

¢/(h/2)

¢fhf2)
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A¥") = 1A and AW’ = 0A. Finally, a null temperature variation is

assumed at the top surface by setting AT@ = 0K, while a hydrostatic

thermal flux oriented along @ is applied at the bottom surface with
magnitude g’ = 5 x 10%J/m2. The thermal flux follows the distribu-
tion q,(,i)(sl,sz) =g (s2/Ly) with @ = T. The corresponding semi-
analytical coefficients for trigonometric expansion are:
4q,”

——%—(1 — cos(nn) )cos(mr)

2 (111)
m*nm

Q=
The numerical investigations on this structure are conducted using the
ELDZL?7 kinematic model, and the results are provided in Figs. 2-7,
showing the thickness plots of multifield configuration, primary, and
secondary variables at (s1,s2) = (0.25L1,0.25L 3). The semi-analytical
solution is derived by assuming N = M = 150. These parameters are
selected to ensure the convergence of results for M—D, T-D, and H-D
simulations. Furthermore, for these cases, a comparison with 3D FEM
numerical predictions is performed to validate the results. The finite
element model is developed using a commercial software, employing
parabolic brick elements, and consists of a structured mesh with 576695
nodes. In addition, H-T-M—D coupled simulations are conducted using
higher-order theories, with different couplings between the involved
physical phenomena to observe the influence of the various multifield
interactions on the overall structural response. In particular, the
acronym H-T-M-Dg, accounts for thermal and hygroscopic
expansion phenomena, along with the piezomagnetic effect, while the
A L f(TkC) =TV =T¥ =0 is assumed. Furthermore,
simulation considers also pyromagnetic and

relation T,

w f

H-T-M-D gay

Fig. 3. Through-the-thickness distribution of 3D strain components of a rectangular plate subjected to hygrometric, thermal, magnetic, and mechanical loading
conditions with various surface distributions for the point located at (s1,s2) = (0.25L1,0.25L ). Effect of multiphysics coupling and comparison against numerical

predictions from 3D FEM.
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Fig. 4. Through-the-thickness distribution of 3D stress components of a rectangular plate subjected to hygrometric, thermal, magnetic, and mechanical loading
conditions with various surface distributions for the point located at (s1,s2) = (0.25L1,0.25L ). Effect of multiphysics coupling and comparison against numerical
predictions from 3D FEM.
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Fig. 5. Through-the-thickness distribution of magnetic primary (a) and secondary (b) variables of a rectangular plate subjected to hygrometric, thermal, magnetic,
and mechanical loading conditions with various surface distributions for the point located at (s;,s2) = (0.25L1,0.25L>). Effect of multiphysics coupling and
comparison against numerical predictions from 3D FEM.
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Fig. 6. Through-the-thickness distribution of thermal primary (a) and secondary (b) variables of a rectangular plate subjected to hygrometric, thermal, magnetic, and
mechanical loading conditions with various surface distributions for the point located at (s1,s2) = (0.25L1,0.25L ). Effect of multiphysics coupling and comparison

against numerical predictions from 3D FEM.

hygromagnetic coefficients, and assumes T'so =Ty =Ty’ = 0.0On the

other hand, in H- T - M - D gy analysis, thermal and hygrometric
fields are coupled with the Dufour and Soret effects, while pyromagnetic

and hygromagnetic terms are neglected (fg,‘) = ﬁm). Finally,
H - T - M - D genpx accounts for all the multifield coupling effects as
introduced in Eq. (20). As can be seen from Fig. 2, for each case, a linear
distribution is found for in-plane displacement field components, while
U 5 exhibits non-uniform dispersions with slope variations. It is evident
that classical theories like FSDT and TSDT could not have predicted
these profiles with sufficient accuracy, as they account for uniform out-
of-plane displacement field components. Furthermore, these theories are
not suitable when zigzag effects occur. A zigzag profile is also observed
for variations in magnetic potential and moisture concentration,
whereas the through-the-thickness temperature distribution remains
approximately linear. It should be noted that the zigzag profile is
observed in the simulation when the multifield material properties are
different from one layer to its adjacent one. Furthermore, the zigzag
behavior is not automatically observed in all multifield quantities. For
example, in the present simulation, the temperature and the moisture
concentration variation are linearly distributed along the thickness in
uncoupled simulations. However, in multifield coupled investigations
the same curves may exhibit zigzag profiles, since the coupling co-
efficients are different from one layer to another. Note that the hygro-
thermal coupling effect is more evident in the moisture profile, with
only a slight change observed in the temperature distribution. In Fig. 3,
which presents the 3D strain components, linear profiles are found for
the in-plane components ¢1,¢, and y,,, while 3 exhibits a stepwise
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linear distribution, due to the variation in mechanical stiffness across the
lamination scheme. The influence of multifield coupling is particularly
evident in terms of stretching in the first and second laminae, whereas
the other layers experience minimal influence from these coupling terms
in the constitutive relation. Finally, discontinuous parabolic distribu-
tions are observed for y |5 in all simulations, while y ,5 is continuous but
characterized by significant slope variations between adjacent layers. A
similar trend is observed in Fig. 4, which shows the through-the-
thickness distributions of 3D stress components. Due to the heteroge-
neity of the laminate, 01,0, and 712 exhibit discontinuous profiles
across the thickness, whereas 7 13 follows a parabolic distribution, with a
pronounced slope variation between the second and the third laminae.
Finally, o3, assumes a polynomial distribution that ensures that the
loading conditions are satisfied at both the top and bottom surfaces.
Similar profiles for the out-of-plane stress components 713 and ¢ 3 are
observed in all multifield simulations. The dispersion of 7 53 shows some
characteristics in each simulation, while consistently satisfying the
external loading conditions. In the M—D analysis, both the higher-order
theories and 3D FEM yield a parabolic profile. However, a significant
zigzag behavior is observed in the T-D and H-D analyses. Furthermore,
in all H-T-M-D simulations, the same curve is obtained since the mul-
tifield coupling terms have a minimal impact on the out-of-plane stress
state of the solid. Conversely, the inclusion of various multifield terms in
the simulation results in different profiles for the in-plane stress com-
ponents 61,0 2 and 712. In particular, the greatest sensitivity is observed
when accounting for the hygro-thermal coupling with thermophoretic
and thermal mass transfer effects. On the contrary, the hygro-thermo-
electric coupling does not introduce additional stresses into the
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Fig. 7. Through-the-thickness distribution of hygrometric primary (a) and secondary (b) variables of a rectangular plate subjected to hygrometric, thermal, mag-
netic, and mechanical loading conditions with various surface distributions for the point located at (s1,s2) = (0.25L1,0.25L 5). Effect of multiphysics coupling and

comparison against numerical predictions from 3D FEM.

structure. The influence of these terms is more evident in the magnetic
primary and secondary variables, as shown in Fig. 5. Here, the out-of-
plane magnetic field component /7 3 exhibits a variation as the num-
ber of coupling terms increases, especially within the third lamina. In
any case, a very good agreement is observed between the ELDZL7 theory
and 3D FEM simulations in the M—D analysis. The magnetic flux com-
ponents are also sensible to multifield coupling, especially .%#3. The
greatest deviation from M-D results is observed in the
H -T-M - D gy simulation. In fact, the introduction of magnetic,
thermal, and hygrometric coupling in the H - T - M - D g5, analysis
results in a reduced variation of the magnetic flux. Nevertheless, both
primary and secondary magnetic variables can be accurately studied
only by using a higher-order kinematic model and zigzag functions, due
to the complexity of their through-the-thickness distributions, as
observed in the 3D simulations. The thermal primary and secondary
variables, namely the temperature gradient components and thermal
flux components, are shown in Fig. 6. A parabolic distribution, without
zigzag effects, is observed for 6, in the T-D analysis using both 3D FEM
and the present formulation, while 0, is characterized by a linear
dispersion. Finally, a discontinuous distribution is observed for 6s.
Similar results are obtained in the H-T-M-Dg and
H-T-M - D gy simulations, indicating that the mechanical defor-
mation does not affect the temperature gradient components profiles.
However, a significative variation is observed in all temperature
gradient components when the hygro-thermal coupling terms are
considered in the analysis. As far as the thermal flux components is
concerned, the in-plane components are discontinuous along the thick-
ness direction, while the out-of-plane thermal flux h 3 is continuous. All
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hs3 curves converge at the bottom surface to the same value, thus
balancing the external thermal loads. In contrast, the profiles diverge
near the top surface, where a fixed temperature value is assigned.
Furthermore, the zigzag effect is most evident in H - T - M - D gzeupx
analysis, while a smoother profile is observed in the other simulations.
The most significant effects of multifield coupling are shown in Fig. 7,
which presents the primary and secondary hygrometric variables. More
specifically, pyromagnetic and hygromagnetic coupling terms have
minimal impact on both in-plane and out-of-plane primary variables,
whereas the Dufour and Soret effects lead to substantial variations in the
final distribution. This is particularly evident in c; and c 5 through-the-
thickness dispersions. On the other hand, limited variations are observed
in c 3, where the multifield analysis induces slight changes in the curve
slope at each interface.

Next example primarily focuses on the coupling between thermal
conduction and moisture diffusion. For this purpose, a cylindrical panel
withradiusR = 2.5 x 10"' mand length L; = 3 x 1072 m is considered.
According to Eq. (1), the reference surface equation r(ai,asz) is
expressed in the appropriate principal coordinates as follows:

r(aq,a2) =r(x,9) = Rcosde; — Rsinde, + xe (112)

More specifically, the a; direction is designated as the longitudinal axis,
while the circumferential direction aligns with a . The 2D parametric
domain is defined as [a%,a}] x [a%,a}] = [0,L1] x [— 7/2,7/6]. The
cylindrical panel under consideration consists in three layers with
thicknesses h; =h3 =5x10°m and h, = 1.5x 10~?m, arranged
according to the lamination scheme (MAT - I\MAT - II\MAT - III). The
material orientations for the various layers are (0\0\0). The loading
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conditions include a mechanical surface pressure of magnitude q(; ) =
—1 x 10° N/m? applied to the top surface, modelled as a patch load, as
described in Eq. (109), by assuming @ = 3, centered as (s19,S20) =
(0.5L1,0.5L3) and with shape parameters ci9 =1/8L; and cgz =
1/8L ». In addition, the magnetic loading condition involves a sinusoidal
distribution of magnetic potential at the top surface with magnitude

AW(;) = 1A, while a null magnetic potential variation is prescribed at
the bottom surface, namely A@;) = OA. A hybrid thermal loading
condition is also applied. More specifically, a null temperature variation
(ATiH = 0K) is enforced at the top surface, whereas the bottom surface
is subjected to a hydrostatic distribution of out-of-plane thermal flux,
oriented along « 1, with a reference magnitude q%’ ) =5x102J /m?2. The
corresponding distribution for @ = T, is defined as qf,i)(sl,sz) =

q@®)(s1/L 1). The corresponding semi-analytical coefficients for the

trigonometric expansion are expressed as:

4g,”

2 (113)
7’nm

Q) = — cos(nr)(1 — cos(mr))
Regarding the hygrometric loading condition, a hydrostatic distribution
of moisture flux along a; with @ = C, is applied at the top surface, and at
the same time, a uniformly distributed mass flux is enforced at the

bottom of the cylinder. The moisture flux magnitudes are 6% ) =28 x
107 kg/m? and ﬁ(g ) = 1.6 x 10~7 kg/m2, respectively. The results are
computed using the ELDZL7 kinematic model and presented as thickness
plots of mechanical, magnetic, thermal, and hygrometric variables, as
well as primary and secondary variables. These results are shown in

Composite Structures 370 (2025) 119329

Figs. 8-13 for a point located at (s1,s2) = (0.25L1,0.75L ) within the
physical domain. Semi-analytical solutions are derived by assuming N =
M = 150. In addition, a 3D FEM model is developed using commercial
software for M—D, T-D, and H-D analyses, where 3D structures have
been discretized with parabolic brick elements for a total number of
410751 nodes. As illustrated in Fig. 8, the displacement field compo-
nents, magnetic potential, temperature, and mass concentration varia-
tions for M—D, T-D, and H-D cases obtained with the proposed
formulation align perfectly with the reference 3D FEM solution. For
uncoupled H-T-M-D analysis, the elements of the hygro-thermal

N I (K
constitutive sub-matrices I}(() and I“;) are set to zero, therefore the

multiphysic coupling arises solely from piezomagnetic, pyromagnetic,
and hygromagnetic effects. Thus, the displacement field components
exhibit different profiles compared to preliminary investigations, while
temperature and moisture concentration variations maintain similar
distributions. On the contrary, the magnetic potential dispersion differs
due to the additional strains induced by thermal and moisture loads. The
inclusion of hygro-thermal coupling terms induces a minor variation in
magnetic potential, while the temperature variation remains unaffected.
On the other hand, a significative change is observed in the moisture
concentration variation, particularly near the bottom surface, due to the
non-zero temperature variation along the thickness direction. At the top
surface, however, no variation is noticed in the profile since the tem-
perature variation is assumed to be null in this region. For the 3D strain
components reported in Fig. 9, a gradual deviation from the results of
the uncoupled simulation is observed as the magnitude of the product Av
increases. More specifically, in fully-coupled analyses, the magnitudes of
the 3D strains increase, with a noticeable translation of the profile in ¢,

i

\_-|||

£/hS2)

kY

(k)

Fig. 8. Through-the-thickness distribution of displacement field components (a) and multifield configuration variables (b) of a circular cylinder subjected to hy-
grometric, thermal, magnetic, and mechanical loading conditions with various surface distributions for the point located at (s1,s2) = (0.25L1,0.75L »). Effect of
multiphysics coupling and comparison against numerical predictions from 3D FEM.
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Fig. 9. Through-the-thickness distribution of 3D strain components of a circular cylinder subjected to hygrometric, thermal, magnetic, and mechanical loading
conditions with various surface distributions for the point located at (s1,s2) = (0.25L1,0.75L ). Effect of multiphysics coupling and comparison against numerical

predictions from 3D FEM.

€ 5. Variations are also evident in y 13 and y 55, with the most pronounced
changes occurring in the mid-thickness of the laminate. Finally, the ¢3
strain component shows a minimal sensitivity to coupling effects.
Similar observations can be repeated for the 3D stress components
illustrated in Fig. 10. Unlike the strain components, the stress distribu-
tions exhibit discontinuities, as the panel is made by three laminae. It
should be noted that the out-of-plane normal stress o3 displays a
smooth, continuous profile in M—D and T-D simulations, while the H-D
analysis results are characterized by a pronounced zigzag effect. On the
contrary, multifield analyses yield some smooth stress profiles. This
aspect is important because it remarks the importance of using specific
thickness functions in the kinematic model to arbitrarily select the
multiphysic coupling without any loss of accuracy. In addition, the re-
covery procedure ensures the structural equilibrium under external
mechanical pressures, in line with finite element predictions. After de-
tailing the mechanical response of the cylindrical shell, a special
attention is given to the magnetic primary and secondary variables,
whose distributions in the thickness direction are shown in Fig. 11. In
the M—D analysis, both 3D FEM and ELDZL7 simulations predict a
zigzag effect for the in-plane magnetic field components, while multi-
field analyses yield smooth distributions. Regarding the out-of-plane
component 7 3, the introduction of additional physical phenomena
primarily increases its magnitude due to the piezomagnetic effect within
the solid. Similar observations are made for the magnetic in-plane flux
components .%# 1 and .% 5. On the other hand, the profile of % 3 rotates
as the hygro-thermal coupling effect becomes higher. The thermal
conduction primary and secondary variables are presented in Fig. 12.
Here, the additional thermal effect due to moisture concentration is
minimal, with results close to 3D FEM-based predictions for the T-D
case. In particular, it is observed a linear distribution for 6, a parabolic
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profile for #,, and a discontinuous distribution along the laminate
thickness for €5. In addition, h3 follows a linear distribution. The in-
fluence of hygro-thermal coupling is evident in Fig. 13, which collects
the components of the moisture concentration gradient vector and those
of the moisture diffusion flux. Notable deviations are observed in 1, and
c1 distributions near the bottom surface, whereas 1, and ¢, remain
unaffected by hygro-thermal coupling. These deviations near the top
and bottom surfaces are observed because the structure is subjected to
non-sinusoidal surface loads. For this reason, a Fourier trigonometric
expansion of the solution is assumed, and the solution for N = M = 150
is not converged to stable results in those regions. The obtained profiles
have been considered acceptable because the complete convergence of
the solution would have requested additional computational effort with
small sensitivity of the results. The out-of-plane flux component c3
shows a small variation, while its corresponding gradient component,
denoted by A3, is translated, since the mass diffusion driven by tem-
perature gradients becomes significant. In addition, an increased value
of the product iv leads to more pronounced variations and discontinu-
ities in the curves at each interface.

The final example investigates the coupled multifield response of a
shallow spherical panel subjected to mechanical, magnetic, thermal, and
hygrometric loads. The geometry of the panel is described by Eq. (1),
with the reference surface r(a 1, a 2) satisfying the geometric constraints
of the Navier solution detailed in Eq. (66), where R; =Ry =R =2.5 x
10 'mand A; = A». The 2D physical domain is defined as [aol s (xll] X
[0%,a)] = [77/18,11x/18] x | — x/3,7/3]. The panel consists of three
layers with the same lamination scheme as in the previous example,
namely (MAT - I\MAT - II\MAT - III), and layer thicknesses hy = h3 =
3x10°m and hy, = 4 x 10 3m. The material orientation is set to
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Fig. 10. Through-the-thickness distribution of 3D stress components of a circular cylinder subjected to hygrometric, thermal, magnetic, and mechanical loading
conditions with various surface distributions for the point located at (s1,s2) = (0.25L1,0.75L ). Effect of multiphysics coupling and comparison against numerical

predictions from 3D FEM.
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Fig. 11. Through-the-thickness distribution of magnetic primary (a) and secondary variables (b) of a circular cylinder subjected to hygrometric, thermal, magnetic,
and mechanical loading conditions with various surface distributions for the point located at (s1,s2) = (0.25L1,0.75L ). Effect of multiphysics coupling and

comparison against numerical predictions from 3D FEM.
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Fig. 12. Through-the-thickness distribution of thermal primary (a) and secondary variables (b) of a circular cylinder subjected to hygrometric, thermal, magnetic,
and mechanical loading conditions with various surface distributions for the point located at (s1,s2) = (0.25L1,0.75L ). Effect of multiphysics coupling and
comparison against numerical predictions from 3D FEM.
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Fig. 13. Through-the-thickness distribution of hygrometric primary (a) and secondary variables (b) of a circular cylinder subjected to hygrometric, thermal,
magnetic, and mechanical loading conditions with various surface distributions for the point located at (s1,52) = (0.25L,0.75L ). Effect of multiphysics coupling
and comparison against numerical predictions from 3D FEM.
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(0\0\0). Three different loading conditions are considered, namely a
uniform load, a patch load, and a ring load. In each case, multifield loads
are applied, differing only in the surface distribution of the mechanical
load. Magnetic kinematic constraints are enforced by applying a sinu-
soidal distribution of magnetic potential at the top surface, with

magnitude AW(SH =1A and wave number N = M = 1, while zero
magnetic potential variation (A@;) = 0A) is assumed at the bottom
surface. Uniform thermal flux is applied at { =—h/2 with q({ ) = 5x
102 J/m?, while uniform moisture flux is applied at both the top and
bottom surfaces, with magnitudes q(g ) = 2.8 x 107 kg/m? and ﬁ% ) =

1.6 x 1077 kg/m?, respectively. In addition, a null temperature variation

distribution is ensured at the top surface by setting AT = OK. As far

s
as the mechanical surface load is concerned, uniform and ring distri-

butions are characterized by the reference magnitude qg* )= —1x
105 N/m2, while for a patch load, the value gy’ = 1 x 10°N/m? is
adopted. The governing parameters of this load shapes are (s10,520) =
(0.5L1,0.5L5) and (c10,c20) = (3/8L1,1/8L>). The panel lies on an
elastic foundation which follows the Winkler-Pasternak model, setting

k(;f) =5x10°N/m?® and G(ff) =5x10°N/m? the stiffnesses of the
linear springs and of the shear layer, respectively. The ring load
configuration is obtained from the superimposition of the uniform dis-
tribution and the patch load. Thickness plots from the simulations on
this structure are evaluated at (si,sz) = (0.25L1,0.25L ) within the
physical domain, and the results are displayed in Figs. 14-19. The results
derived with the ELW approach are evaluated by setting N = M = 150.
Focusing on the hygro-thermo-magneto-mechanical configuration

Ly
()
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variables shown in Fig. 14, a linear distribution is observed for the in-
plane displacement field components, while Us exhibits a parabolic
profile in each simulation. As can be seen, in this example the zigzag
effect is limited. The curves for the temperature variation and moisture
concentration variation are smooth and continuous along the thickness
direction, whereas the magnetic potential is discontinuous. In the case of
mechanical ring load, the vertical deflection profile lies between those
profiles associated with uniform and patch loads. It should be noted that
a downward deflection occurs even under an upward surface traction
due to strains induced by the multiphysic loading conditions. However,
the remaining configuration variables exhibit the same distribution
across all load cases. A similar behaviour is observed in Fig. 15, which
presents the plots of 3D strain components. In particular, the model
predicts that ¢; and y;, are linearly distributed along the thickness of
the laminate, while ¢ 5 follows a parabolic profile. In contrast, € 3 shows a
stepwise distribution with approximately linear variations within each
layer of the stacking sequence. Limited variations are observed for the
out-of-plane distortions y |5 as the shape of the mechanical load changes,
while a higher variability is observed for y,5. As far as the 3D stress
components shown in Fig. 16 is concerned, o7 and o 5 are characterized
by stepwise linear distributions, and 71, displays a discontinuous vari-
ation. On the other hand, 713 and ¢ 3 are linearly distributed in the first
and third lamina, whereas the second layer contains the parabolic dis-
tributions of out-of-plane stresses. The variation in the stress state due to
changes in load shape is particularly evident in 73 within the second
layer. The stress and strain variations caused by various surface pres-
sures result in changes in the magnetic field distribution due to the
piezomagnetic phenomenon. As shown in Fig. 17, each magnetic field
component is affected by mechanical load variations, and a deviation of

1

&

AC
b

Fig. 14. Through-the-thickness distribution of displacement field components (a) and multifield configuration variables (b) of a spherical panel subjected to hy-
grometric, thermal, magnetic, and mechanical loading conditions with various surface distributions for the point located at (s1,s2) = (0.25L1,0.25L ). Effect of

various load distributions.
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Fig. 15. Through-the-thickness distribution of 3D strain components of a spherical panel subjected to hygrometric, thermal, magnetic, and mechanical loading
conditions with various surface distributions for the point located at (s1,s2) = (0.25L,0.25L ). Effect of various load distributions.
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Fig. 16. Through-the-thickness distribution of 3D stress components of a spherical panel subjected to hygrometric, thermal, magnetic, and mechanical loading
conditions with various surface distributions for the point located at (s1,s2) = (0.25L1,0.25L ). Effect of various load distributions.
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Fig. 17. Through-the-thickness distribution of magnetic primary (a) and secondary variables (b) of a spherical panel subjected to hygrometric, thermal, magnetic,
and mechanical loading conditions with various surface distributions for the point located at (s1,s2) = (0.25L1,0.25L ). Effect of various load distributions.
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Fig. 18. Through-the-thickness distribution of thermal primary (a) and secondary variables (b) of a spherical panel subjected to hygrometric, thermal, magnetic, and
mechanical loading conditions with various surface distributions for the point located at (s1,s2) = (0.25L1,0.25L ). Effect of various load distributions.
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Fig. 19. Through-the-thickness distribution of hygrometric primary (a) and secondary variables (b) of a spherical panel subjected to hygrometric, thermal, magnetic,
and mechanical loading conditions with various surface distributions for the point located at (s1,s2) = (0.25L1,0.25L ). Effect of various load distributions.

curve is observed. Both /7' and /7 , are continuously distributed along
the thickness direction, while a discontinuous profile is observed for
Z 3. In contrast, the magnetic flux component .% 3 is continuously
distributed, while .%#; and .#, are discontinuous. The highest vari-
ability in magnetic field and flux components is observed along the
thickness direction, whereas a more limited variability is observed for
magnitudes of in-plane components. As noted in the previous examples,
the thermal and hygrometric primary and secondary variables are un-
affected by variations in the mechanical pressure applied to the struc-
ture. In fact, for all load shape configurations, identical profiles are
observed for temperature gradient components and thermal flux com-
ponents, as depicted in Fig. 18. Similarly, no differences are observed in
Fig. 19, which illustrates the thickness plots of hygrometric primary and
secondary variables.

6. Conclusions

In this paper, a refined 2D formulation, based on unified formulation
and higher-order theories, has been proposed for the multifield analysis
of doubly-curved laminated panels under thermodynamic equilibrium
conditions. The model considers mechanical, magnetic, thermal, and
hygrometric effects, addressing coupling phenomena that are often
neglected in classical commercial softwares. A generalized geometrical
model, based on higher-order theories, has been employed, and the
governing equations have been derived from the Master Balance prin-
ciple considering the various coupling effects between the involved
physical phenomena. The multifield material properties have been ob-
tained through an analytical homogenization procedure based on Mori-
Tanaka approach and Eshelby tensor evaluation for smart materials. By
using the ELW approach, the model can consider the loading conditions
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in terms of both secondary variables and multifield kinematic con-
straints at the laminate’s top and bottom surfaces. A semi-analytical
Navier solution has been developed, and the 3D response of the solid
has been reconstructed using an equilibrium-equation-based recovery
procedure, which has adopted GDQ and GIQ numerical methods. The
proposed model has demonstrated its utility in conducting multifield
analyses with high accuracy, while significantly reducing the compu-
tational effort compared to established finite element simulations.
Parametric investigations have been performed to explore various
multifield coupling configurations, geometries, and load shapes, point-
ing out the efficiency of the model. Thus, the formulation can provide
very accurate results in a simple and efficient way for advanced appli-
cations involving smart materials and laminated structures in multifield
environments. Since the equations have been designed for arbitrary
geometries and generally anisotropic materials, further enhancement of
the research can be identified in the numerical implementation of the
derived equations to obtain approximate solutions for more complex
geometries, loading conditions, and lamination schemes.
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Appendix 1

In this appendix, a smart material with hygrometric, thermal, magnetic and mechanical properties is homogenized with proper analytical
expression, following the 3D constitutive relationship of Eq. (23). These expressions are derived from the Mori-Tanaka procedure, which accounts for
the evaluation of the Eshelby tensor, as detailed in Ref. [49]. The input parameters for deriving equivalent multifield properties are the constitutive
coefficients of the base materials occurring in the unit cell, as well as the volume fractions V¢ and V, of cylindrical fibers oriented along { and of an
isotropic medium, respectively. These quantities satisfy the relation V, +V = 1 because it is assumed that no voids are present within the solid. The
homogenization accounts for the full coupling between mechanical elasticity, electrostatics, magnetostatics, heat transfer, and moisture diffusion.
More specifically, the homogenized smart material is characterized by the following constitutive relationship, written in the material reference
system:

s 2
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Here, 61,62,03,712,713, 723 and €1,€2,€3,7 12,7 13,7 23 are the 3D stress and strain components, while /Z\’l,/é;z,/g\’g and 71, T, T 5 are the
electric field components and the electric flux components, respectively. Furthermore, @1752,53 and h lﬁz, /};3 are the primary and secondary
variables associated with the heat transfer problem. Finally, 2 1,22, 13 and €1, ¢ 2, € 3 are the moisture concentration gradient components and the
moisture concentration flux components within the solid. In what follows, the constitutive constants related to fibers are denoted with the subscript
“f”, while the quantities associated with the isotropic matrix are denoted by “m”.

Preliminary computations

C gaml11mM 11m +p2‘14mmllm + lllmq214m —2d 11mP 14m — d211mC44m
(ic — gb)h + (fb —ia)e + (ga — fc)d

Jj=2Vs
a= Vm((q 14f — (I14m> (lllmm 11m — d211m) - (dllf - dnm)(P 14mM11m — d11mq 14m) — (mllf - mllm) (q14ml11m — d11mP 14m)>
b= Vm((P 14f — P 14m) (lllmmllm - dznm) - (dllf - dllm) (q 14ml11m — d11mD 14m) — (lllf - lllm) (P 1amM11m — d11mq 14m))

c= Vm((c44f - C44m) (lllmmllm - dzum) + (P 14f — P 14m) (P 1amM11m — d11mq 14m) + (q 14f — (I14m> (q 14ml11m — d11mP 14m) )+

+é—; ((ic — gb)h + (fb — ia)e + (ga — fc)d)
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d= Vm( - (d 11f — dllm)(d 11mC 44m + P 14mq 14m) + (P 14f —P14m> (P 1amM11m — d11mq 14m) + (lllf - lllm) (q214m + C4amm llm) >+

+‘ﬁ—f ((ic — gb)h + (b — ia)e + (ga — fe)d)

e=Vy, ((q 14f — Q14m) (dllmC44m +P14mq 14m) + (C44f - C44m)(P14mm 11m — dllm(I14m) - (P 14f —P14m) (q214m + C 44mm llm) )

f= Vm( - (d 11f — dllm)(d 11mC 44m + P 14mq 14m) + (q 14f — fI14m) (q14ml11m — d 11mP 14m) + (m 11f — mllm) (p214m + C44ml11m) )+

+Vif ((ic — gb)h + (fb — ia)e + (ga — fe)d)

g=Vn ((P 14f —P14m) (d11mC 44m + P 14mq 14m) + (C44f - C44m) (q1aml11m — d 11mP 14m) — (q 14f — Q14m> (P214m + C44mlllm) )

h= Vm( - (mllf - mllm) (d11mC 44m — P 14mq 14m) + (q 14f — 4 14m> (P 14mM11m — d11mq 14m) + (dllf - dllm) (q214m + C44mmllm) )

i= Vm< - (lllf - lllm)(d 11mC 44m + P 14mq 14m) + (P 14f —P14m> (q14ml11m — d11mP 14m) + (d 11f — dllm) (P214m + C44mlllm) ) (A2)
Density
P=Vmput+Vipy (A3)

Elastic stiffness coefficients

- knks+Vimpks + Vampky,

k
Viks+ Vikpy +mp

7 Mo (ks + Vek mmy + Vik pm o + 2mpmy)
© Vikmmy + kM + ViknMmy + 2V amgmy + 2Vm2,

Ci=Coxp=k+m
ClZ =k—-m

Vf(Cl3f - Cl3m) (km + mm)
mGf + kam +mp

Vo (Crm — Cigp)’
Viks+ Viky+my

Ci13=C23=Cisn+

C33 =Casn+ Vy <C33f — Cazm —
Ca44 = Cs5 = Caam +j<<P14f —P14m> (fe —gh) + (C44f — C44m)(ih —fd) + (q 14f — q14m)(gd - ie)) (A4)

Piezomagnetic coefficients
Vf(q:nf - q31m)(km +mp)
mGf + kam +mp

Vi (C13m — C1sf) (q 31f — (I31m) )

Viks+ Viky+mp

g3 =(q32 =g31m+

Q33—Q33m+Vf<Q33f—lI33m+

14 =25 = (q14m +f(<P 14f — P 14m)(Ch —ae) + (C 44r — C4am) (ad — bh) + (q 14 — (I14m> (be — Cd)) (A5)

Magnetic permeability coefficients

M1y = Mas = Miim +j((duf — dyym)(ch— ae) + <q14f - q14m)(bh —ad) + (M1 — M) (be — cd))

Vm(m31f - msm)2 (A6)
mGf + kam +mpy

M3z = Mazy + Vg <m33f — M3zm +
Thermal expansion coefficients

- VfEfaf + ViEn@ o,

an
E,
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Ao =A33 = (1 +vf)afo+(l +um)amvm—1/12au

Hygroscopic expansion coefficients

- VfEfbf + ViEmb m

bll El

ba=bsa = (1+u5)bfVy+ (L4 VmbmVm—vibn

Pyromagnetic coefficient

(q 31f — 4 3lm) (Z 11f — Zum)
Cllm + mGf - mGm

Waz = Vi Wagm + Viwagr — V,, Vg

Hygromagnetic coefficient

(q 31f — Q31m) (e 11f — € llm)
Crim+ Viks — Vikn

f3s = Vafaam+ Vifasr — Vi Vs

Specific heat capacity.
_ Vip iCor + VP Cpm
P
Equilibrium moisture content.
Vb Moo m + prmef
P

Cp

£

Thermal conductivity

Kk

N S

kss =Vakm+Viks= (1= Vi)km+Viks= (ks —kn)Vi+kn

Diffusion coefficients
S =Sp=—om
1 2 VisSm+ Vnsy

Sss=VuSm+Vsp=(1—=Vg)sm+Vysp=(sp—Sm)Vy+5m
Thermodiffusion (Dufour) coefficients

Y1 =vpcesiy =vugkiy, Yor =UpCSa = UgKay, Y33 =Upcsss = vlgkss

Thermophoretic (Soret) coefficients

A A A
X111 =—kq1, Xop=—kg, X33 =—kss3
pc pc pc

Data availability

No data was used for the research described in the article.
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