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A Network Approach for Wireless Resonant Energy
Links Using Relay Resonators

Giuseppina Monti, Senior Member, IEEE, Laura Corchia, Luciano Tarricone, Senior
Member, IEEE, Mauro Mongiardo, Fellow, IEEE

Abstract—In this paper a network approach for the analysis
of a wireless resonant energy link consisting of N inductively
coupled LC resonators is proposed. By using an artificial
transmission line approach, the wireless link is modeled as a
transmission line described by effective parameters. It is shown
that the analyzed system exhibits a pass–band filter behavior.
More specifically, the reported results demonstrate that in the
wireless link pass–band the effective parameters assume negative
values resulting in a negative phase delay. Useful design formulas
are derived and validated by comparisons with experimental
data.

Index Terms—Wireless Energy Transfer, Wireless Power
Transmission, Magnetic Coupling, Multi-hop Wireless Transmis-
sion, Resonators, Artificial Transmission Line.

I. INTRODUCTION

Reactive Wireless Power Transfer (WPT) based on near
field magnetic coupling, also referred to as Wireless Resonant
Energy Link (WREL), is currently receiving considerable in-
terest [1]–[12]. Generally, a WREL consists of one transmitter
and one receiver; oftentimes, in order to extend the range of
the transmitter, multi–hop schemes are adopted [13]–[18]. In
these schemes, synchronous resonators (relay elements) are
added between the transmitting and the receiving resonators.
Naturally, by adding a considerable number of relay elements
the presence of the magnetic field may extend significantly in
space. So far, the study of multi-hop wireless inductive links
has been done by considering each specific case.

For instance, in [13], a two-hop wireless link for capsule
endoscopy inspection is presented: the proposed link exploits
the use of a relay resonator embedded in the patient’s jacket
in order to enhance the power transfer efficiency between a
resonator on the floor and a capsule endoscopy. Similarly, in
[14] the case of a single relay is considered and a design
approach able to guarantee an improvement of the energy
efficiency with respect to a two-coil link is proposed. In [15], a
detailed analysis of a system using one or two relay resonators
is performed. The effect on the performance of the WPT link
of the position of the repeaters is analyzed demonstrating that
for optimum operation a frequency adjustment is necessary in
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the case where the repeater is placed in close proximity to the
transmitter or to the receiver.

However, when many relay elements are added, it may be
appropriate to deal with them in a more systematic way. In
this regard, some interesting investigations are reported in
[16]–[19]. In more detail, in [16], the case of a multi-hop
WPT link using a single transmitter and multiple receivers is
discussed demonstrating that the hop count affects the power
division ratio of each receiver. In [17]-[18], the case of N
in-line magnetically coupled resonators is analyzed by using
K-inverters to model the magnetic coupling between adjacent
resonators. More specifically, in [17] it is demonstrated that
at the frequency of resonance and in the case of a load and a
generator having the same impedance, a lossless symmetrical
WREL system with an odd number of relay resonators is
always matched. Similarly, in [18], an impedance matching
method is proposed in order to maximize the efficiency of the
link for a generic value of N . In [19], a design approach based
on the coupled resonator bandpass filter model is proposed and
at the frequency of resonance of the coupled resonators the
analytical expressions of the system performance are derived.
Additionally, it is demonstrated that the bandwidth of a multi–
hop WPT link narrows as the distance between the resonators
increases.

However, studies reported in [16]–[19] focus on a single-
frequency analysis. In this regard, of particular interest is the
broadband investigation presented in [20] where the similarity
between a multi-hop wireless link and a magneto–inductive
waveguide [21] is highlighted. More specifically, in [20] a
multi-hop link using N in-line identical and equally-spaced
resonators is considered and analyzed on the basis of an
Artificial Transmission Line (ATL) approach that exploits the
properties of periodic networks [22]-[31]. The multi-hop link
is modeled as a cascade of LC unit cells and in the case
of identical resonators having the same mutual coupling, the
existence of a pass–band characterized by negative values of
the effective parameters (i.e., a Double Negative–DNG pass–
band) [31] is demonstrated. In addition, it is shown that for
the lossless case, a list of frequencies can be identified in
the DNG pass-band where the WREL is perfectly matched
independently of the impedance termination of the input and
output port.

By developing the analysis presented in [20], further new
significative results and considerations are presented in this
paper. In particular, the analysis is extended to the case of
real resonators by including loss. Useful design formulas are
derived and discussed. In particular, the effective parameters
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of the analyzed multi-hop link are calculated and a closed–
form expression of the scattering parameters is derived. The
proposed design formulas allow a systematic development of
WPT networks possibly including several relay elements.

The paper is structured as follows: the system here con-
sidered is presented in section II and analyzed by using an
ATL approach. The scattering parameters in the lossless and
in the lossy case are derived in section III and IV, respectively.
Comparisons with circuit simulation results and experimental
data are provided in section V. Finally, conclusions are drawn
in section VI.

(a)

pr abcd ab(b)abccd prova prova abcd(c) de rova abscde(d)

Figure 1. a) Schematic representation of the WREL system analyzed in this
paper: a cascade of N inductively coupled unit cells each one consisting of
an LC circuit. b) Artificial transmission line representation of the periodic
network illustrated in Fig. 1a; c) equivalent circuit of the unit cell highlighted
in Fig. 1a; d) unit cell representation using a generic series impedance and a
generic shunt admittance.

II. ARCHITECTURE OF THE PROPOSED WREL

We consider a multi-hop wireless link consisting of (N + 1)
resonators: a transmitting (the first resonator) and a receiving
resonator (the last resonator) wirelessly connected through
(N − 1) relay elements. It is assumed that the mutual coupling
between non-adjacent resonators is negligible. According to
the analysis developed in [32], this hypothesis is verified in
applications where the distances between every two adjacent
resonators are relatively large with respect to the radius of
the loops (e.g., distance/radius > 2). In fact, in these cases
the mutual inductance between two non-adjacent resonators
is negligible with respect to the mutual inductance between
two adjacent resonators [32]. It also assumed that: 1) all the
resonators are synchronous, 2) the inductive coupling between
adjacent resonators is the same for all resonators, 3) the
(N − 1) relay resonators are identical and can be modeled
as an inductor of value 2L in series with a capacitor of
value C, and 4) the transmitting and the receiving resonator
are identical and can be modeled as an inductor of value L
in series with a capacitor of value 2C. According to these
assumptions, the multi-hop link can be described by using
the equivalent circuit illustrated in Fig. 1a. It can be noticed
that the equivalent circuit is a periodic network obtained as
repetition of N identical unit cells, each one associated to two
adjacent resonators. In more detail, the first cell includes the
first resonator (i.e., the transmitting one), half of the first relay
element and the magnetic coupling between them. Similarly,
the last cell includes the last resonator (i.e., the receiving

one), half of the last relay element and the magnetic coupling
between them. As for the generic ith cell, it includes half of
two consecutive relay resonators and the magnetic coupling
between them. Consequently, according to hypotheses 3)-4),
the N unit cells are identical. Additionally, by using inverters
to model the inductive coupling between adjacent resonators,
the T-network illustrated in Fig. 1c can be derived as equivalent
circuit of the unit cell.

According to the detailed analysis developed in [29]-[31],
in the frequency range where the phase shift associated to the
unit cell is much smaller than 2π (|ϕunit cell| � 2π ), the
network behaves as an effectively homogeneous transmission
line. In this frequency range, the network can be described by
using the following effective parameters [29]-[31]:

ϕunit cell = keffd =
√
−ZY ,Zeff =

√
Z

Y
. (1)

In (1) keff and Zeff are the effective phase propaga-
tion constant and characteristic impedance, respectively. With
reference to Fig. 1d, Z and Y are the per unit cell series
impedance and shunt admittance, respectively.

Furthermore, from transmission line theory, it can be
demonstrated that the propagation along the network is equiv-
alent to the propagation in a medium described by the follow-
ing expression for the electric permittivity and the magnetic
permeability [29]-[31]:

εeff =
Y

jω
, µeff =

Z

jω
. (2)

The per unit cell propagation constant keffd is related
to εeff and µeff by the well-known relation: keffd =√
εeffµeff . Referring to the unit cell highlighted in Fig. 1a,

which consists of two inductively coupled LC resonators,
the following expressions can be derived for Z and Y (see
Figs. 1c–1d):

Z = jω2 (L− LM ) +
1

jωC
, (3)

Y =
1

jωLM
, (4)

which leads to the following cases:

keffd = ±
√
2
(1−M)

M

√
1

f2
norm

− 1 (5)

Zeff = ±ωL
√

2M (1−M)

√
1

f2
norm

− 1 (6)

with

f = 2πω,

f0 =
1

2π
√
2LC (1−M)

,

fnorm =
f

f0
. (7)

In (7) it has been introduced the normalized frequency
(fnorm). LM is the mutual inductance which depends on L



3

and on the coupling coefficient M :

LM = ML, M ∈ [0, 1] . (8)

The absolute value of the real part of the effective propaga-
tion constant keff is illustrated in Fig. 2, and it is evident that
it is equal to zero for frequencies above f0. Furthermore, from
(2) the following expressions can be derived for the effective
electric permittivity and permeability:

εeff = − 1

ML (2πf0fnorm)
2 ,

µeff = 2L (1−M)

(
1− 1

f2
norm

)
. (9)

The frequency characteristics corresponding to (9) are
shown in Fig. 2. For frequencies below f0 both the effective
constitutive parameters are negative, whereas for frequencies
above f0 the relative magnetic permeability becomes positive.
As a consequence, the propagation along the periodic network
illustrated in Fig. 1 is allowed only for frequencies lower than
f0 and is characterized by negative values of the real part of
the effective phase propagation constant and positive values
of the effective characteristic impedance (i.e., in (5) and (6)
the negative and the positive sign of the square root must be
taken, respectively) [31] :

keffd = −

∣∣∣∣∣
√
2
(1−M)

M

√
1

f2
norm

− 1

∣∣∣∣∣ = βeffd,

Zeff = +ωL
√
2M (1−M)

√
1

f2
norm

− 1 = Zeff . (10)

In fact, the WREL illustrated in Fig. 1 behaves as a DNG
medium below f0, whereas it behaves as an epsilon negative
medium above f0.

(a)

(b)avcprova prova prova abvvvvcde(c)

Figure 2. Effective parameters of the periodic network illustrated in Fig. 1:
a) real part of the phase propagation constant; b) relative electric permittivity;
c) relative magnetic permeability.

III. SCATTERING PARAMETER DETERMINATION:
LOSSLESS CASE

In order to use the network of Fig. 1 for WPT applications,
we need to determine its transmission coefficient; to this end,
we consider the WREL configured as illustrated in Fig. 1b.

We assume that it consists of the cascade of N unit cells, and
according to the analysis developed in the previous section it
is modeled as an ATL described by effective parameters. For
a lossless system the following expressions can be derived
for the scattering parameters of the network when the same
reference impedance is assumed at port 1 and at port 2 (ZL =
ZG = Z0 ):

|S21|2 = 1− |S11|2, S11 = S22 =
Zin − Z0

Zin + Z0
(11)

where, Zin is the input impedance of the WREL when it is
terminated on a load impedance ZL = Z0:

Zin = Zeff
Z0 + j tan (keffdN)Zeff

Zeff + j tan (keffdN)Z0
=

= Z0|keffdN=mπ (12)

consequently, for the scattering parameters, we get:

S11 = S22 = 0 when keffdN = mπ, m ∈ =. (13)

In the above expressions N is the number of unit cells (see
Fig. 1). Equation (11) highlights that solving the WREL of
Fig. 1 as an ATL described by effective parameters leads to
the well know behaviour of a conventional transmission line:
for any value of Z0 and Zeff the WREL is perfectly matched
at all frequencies corresponding to a phase shift multiple of
π. By using (5)–(7), it can be derived that these frequencies
are given by:

f̃norm,m =
1√

M
2(1−M)

(
mπ
N

)2
+ 1

, m ∈ =. (14)

It is worth observing that for any m, N and M , these
frequencies are lower than the upper bound f0 of the WREL
pass-band. On the other hand, it should be considered that for
frequencies lower than f0 the phase-shift of the unit cell is
smaller than π and then the phase shift of the cascade of N
unit cells is smaller than Nπ. Additionally, from Fig. 2a it
can be seen that the phase shift of the ATL increases as the
frequency decreases, therefore the upper bound on the phase
shift leads to the following lower bound for the frequencies
f̃norm,m:

flow =
1√

M
2(1−M)π

2 + 1
. (15)

Consequently, the network of Fig. 1 consisting of N iden-
tical unit cells exhibits a list of (N − 1) frequencies where
it is perfectly matched with respect to a generic reference
impedance, i.e.:

S11 = S22 = 0

when

fnorm = f̃norm,m ∈ (flow, 1) , m ∈ [ 1, (N − 1) ] . (16)

Considering that the network of Fig. 1 represents a WREL
system consisting of a transmitting and a receiving resonator
connected through (N−1) relay elements, it can be concluded
that the number of matching frequencies is equal to the number
of relay resonators.
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IV. LOSSY CASE

The results obtained in the previous section can be easily
extended to the case of a WREL consisting of magnetically
coupled lossy LC resonators by adding to the equivalent circuit
of Fig. 1 a series resistance R. In more detail, we add a
resistance of value R/2 in series configuration to the LC
resonators of the two branches of the T-network illustrated
in Fig. 1c. As a consequence, in the lossy case (3)–(5) modify
as follows:

Z = R+ jω2 (L− LM ) +
1

jωC
,

Y =
1

jωLM
, (17)

keff,L = βeff,L − jαeff =

= ±

√
2
(1−M)

M

(
1

f2
norm

− 1

)
× (

√
1 + jξ)1/2,

ξ =
fnorm

Q (1− f2
norm)

,

Q =
4πf0L (1−M)

R
. (18)

Where, the subscript L is used to indicate that we are dealing
with the lossy case, while the subscript 1/2 indicates the two
possible solutions of the complex square root

√
1 + jξ. Ad-

ditionaly, in (18) the dependence of the propagation constant
on the quality factor Q of the series resonator of the unit cell
(see Fig. 1c) is highlighted. In order to fully specify keff,L,
a physical choice has to be made for the solution of the two
square roots appearing in (18). In this regard, it should be
considered that for R → 0 we must recover the expression
of keff calculated for the lossless case and given in (10).
Accordingly, the solution with a negative sign has to be taken
for the first square root. As for the square root

√
1 + jξ, it

admits the following solutions:

√
1 + jξ =

[
ν1
ν2

]
=

=


√

1 + ξ2 ×
[
cos

(
ξ
2

)
+ jsin

(
ξ
2

)]
√
1 + ξ2 ×

[
cos

(
ξ
2 + π

)
+ jsin

(
ξ
2 + π

)]
 .(19)

In this case, the solution to be taken is the one which
guarantees a result consistent with the propagation in a passive
medium characterized by positive values of the attenuation
constant αeff . According to this consideration, and taking into
account that the negative sign has been selected for the first
square root, it can be derived that the solution corresponding
to a positive imaginary part has to be taken for

√
1 + jξ.

From (19), it can be seen that the solution corresponding to
a positive imaginary part is ν1 for ξ > 0, while it is ν2 for
ξ < 0. Additionally, from (18) it can be noticed that ξ is
always positive in the frequency range where the propagation
along the WREL is allowed (i.e., fnorm < 1); therefore, to
obtain for keff,L a result consistent with the propagation in a

passive medium, the solution ν1 has to be selected in (19):√
1 + jξ = ν1 =

√
1 + ξ2 ×

[
cos

(
ξ

2

)
+ jsin

(
ξ

2

)]
. (20)

According to the above reported considerations, for the
effective propagation constant and characteristic impedance we
get:

keff,Ld = βeffd× ν1 (21)
Zeff,L = Zeff × ν1 (22)

where βeffd and Zeff are the effective phase propagation
constant and characteristic impedance calculated in the lossless
case (10).

In most cases of practical interest, the LC resonators satisfy
the small loss condition:

|ξ| � 1 (23)

and simple closed forms of the effective parameters of the ATL
can be derived by approximating the square root

√
1 + jξ by

its Taylor polynomial of degree n centered at ξ = 0:
√
1 + jξ ≈

= 1 + j ξ
2 + ...+

∏(
1
2−l+1

)
l=1,n

n! ξn + o (ξn) . (24)

Results obtained in the case of a second– and first– order
approximation are presented and discussed in the following
part of this section.

A. Small loss: Second Order Approximation

Let us approximate the square root
√
1 + jξ by its Taylor

polynomial of degree 2:√
1 + jξ ≈ 1 + j

ξ

2
+

ξ2

8
+ o

(
ξ3
)
= T2 (25)

and then for the propagation constant we get:

keff,Ld = βeff,Ld− jαeffd =

≈

∣∣∣∣∣
[√

2
(1−M)

M

√
1

f2
norm

− 1

]∣∣∣∣∣× T2

βeff,Ld ≈ βeffd×
(
1 +

ξ2

8

)
+ o(ξ4),

αeffd ≈ βeffd×
ξ

2
+ o(ξ3). (26)

With respect to the lossless case, from (26) it can be noticed
that the presence of loss affects both the real and the imaginary
part of the propagation constant. In particular, this leads to an
imaginary part different from zero, and thus corresponding to
an attenuation experienced by the propagating signal. Further-
more, from (26) it can be seen that the use of a second order
approximation for

√
1 + jξ introduces an error on both the

real and imaginary part of keff,Ld. This error is proportional
to ξ4 for βeff,Ld, while it is proportional to ξ3 for αeffd.
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Similarly, the effective characteristic impedance becomes:

Zeff,L = R0,eff + jX0,eff = Zeff × T2,

R0,eff = Zeff ×
(
1 +

ξ2

8

)
+ o(ξ4),

X0,eff = Zeff × ξ

2
+ o(ξ3). (27)

B. Small loss: First Order Approximation

Let us now approximate the square root
√
1 + jξ by its

Taylor polynomial of degree 1:√
1 + jξ ≈ 1 + j

ξ

2
+ o

(
ξ2
)
= T1 (28)

By using (28) in (18) for the propagation constant we get:

keff,Ld = βeff,Ld− jαeffd =

≈

∣∣∣∣∣
[√

2
(1−M)

M

√
1

f2
norm

− 1

]∣∣∣∣∣× T1

βeff,Ld ≈ βeffd+ o(ξ2),

αeffd ≈ βeffd×
ξ

2
+ o(ξ3). (29)

From (29), it can be seen that by using a first order
approximation of the square root

√
1 + jξ the error on βeff,Ld

is proportional to ξ2 while the error on αeffd is proportional
to ξ3. It can be also noticed that, in this case, the real part of
the propagation constant is the same calculated for the lossless
case: the presence of loss only leads to the presence of an
imaginary part that is the same calculated by using a second–
order approximation.

As for the effective characteristic impedance, we obtain:

Zeff,L = R0,eff + jX0,eff = Zeff × T1,

R0,eff = Zeff + o(ξ2),

X0,eff = Zeff × ξ

2
+ o(ξ3). (30)

C. Scattering Parameters determination

According to results reported in the previous part of this
section, the input impedance of the lossy WREL becomes:

Zin,L = Zeff,L
Z0 + tanh (keff,LdN)Zeff,L

Zeff,L + tanh (keff,LdN)Z0

= Zeff,L
1 + Γ0e

−2αeffdNe−j2βeff,LdN

1− Γ0e−2αeffdNe−j2βeff,LdN
,

Γ0 =
Zeff,L − Z0

Zeff,L + Z0
. (31)

where keff,L and Zeff,L can be expressed by using the exact
solution given in (21)-(22). Alternatively, if the small loss
condition is satisfied, the second– or first–order approximated
expressions given in (26)-(27) and in (29)-(30) can be used.

As for the scattering parameters, the reflection coefficients
S11 and S22 can be calculated by using (11) with Zin,L in
place of Zin. As can be derived from (31), in the lossy case
(12) is no longer valid; as a consequence, at the frequencies
f̃norm,m the analyzed WREL is not perfectly matched with
respect to a generic impedance, and the presence of reflections

must be taken into account. However, the magnitude of these
reflections is increasingly negligible as is true the hypothesis
of small loss. In fact, from (31) it can be seen that under the
small loss condition and for f = f̃norm,m the input impedance
Zin,L assumes values very close to the reference impedance
Z0. In this case, the frequencies f̃norm,m are the frequencies
of the relative minima of the S11 parameter.

Finally, both the presence of reflections and of an atten-
uation factor must be taken into account in calculating the
transmission coefficient S21:

|S21| =

√
1−

∣∣∣∣Zin,L − Z0

Zin,L + Z0

∣∣∣∣2 × exp(−αeffdN) . (32)

In the following, analytical formulas discussed in this section
will be validated by comparisons with circuital simulations
and experimental data.

Figure 3. Photograph of the WREL system analyzed in section V. It consists
of five capacitively loaded loops coupled by their electromagnetic field. The
first and last resonators have a diameter of 2.6 cm and a loading capacitor of
82pF, while the relay resonators have a diameter of 5.4 cm and a loading
capacitor of 39pF. The distance between each resonator and the preceding
one is 1.5 cm

(a)

(b)

Figure 4. Comparison between analytical, simulated and experimental data
of the WREL of Fig. 3. Results obtained for the S21 (a) and the S11

parameter (b). Although there is not a precise agreement between measured
and analytical data, it can be observed that the frequency behaviour of the
S21 and S11 parameters is qualitatively the same. Measured data confirm that
the WREL system exhibits a number of matching frequencies that is equal to
the number of relay resonators.
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Figure 5. Comparison between numerical and experimental data of the
WREL of Fig. 3. Full–wave simulations were performed both for the case
of ideal capacitors and the case of real capacitors with a finite Q factor
(simulations were performed by using an equivalent series resistance of 0.1Ω
for the relay resonators and of 0.05Ω for the first and last resonators).

Figure 6. Comparison between analytical data obtained for the WREL
illustrated in Fig. 3 by using different order of approximation for the square
root

√
1 + jξ.

(a)

(b)

Figure 7. Analytical, simulated and experimental data obtained by adding
four relay resonators to the WREL of Fig. 3. (a) Results obtained for the
S21 parameter, (b) results obtained for the S11 parameter. Analytical data
and circuital simulations were calculated for the lossy case by using a value
of 0.4Ω for R.

Figure 8. S21 parameter of a lossless WREL consisting of 64 unit cells (i.e.,
65 resonators): comparison between circuital simulations and results obtained
by using (11). The unit cell parameters are: L = 49nH, LM = 11.8nH,
C = 39pF.

V. RESULTS

In order to verify the suitability of using the proposed ATL
approach for the analysis of a multi–hop inductive wireless
power link, results obtained by means of analytical formulas
were compared with circuital simulations and experimental
data. Experiments were performed for the WREL illustrated
in Fig. 3 which consisted of five resonators: a transmitter and
a receiver connected through 3 relay elements. Each resonator
was a loop loaded with a lumped capacitor and was fabricated
using a cardboard tube as support and adhesive copper strips.
The parameters of the copper strips were: width = 12mm,
thickness = 0.035 mm, conductivity = 5.8 × 108 S/m. In
order to accurately reproduce the periodic network illustrated
in Fig. 1 and analyzed in the previous sections, the first and
last resonators were fabricated so to have an inductance half
of that corresponding to the central resonators (i.e., the relay
resonators). Similarly, the capacitor used as loading capacitor
for the first and last resonators approximately doubled that
used for the relay resonators. In more detail, the first and last
resonators had a diameter of 2.6 cm and a loading capacitor
of 82 pF, while the relay resonators had a diameter of 5.4 cm
and a loading capacitor of 39 pF; the distance between each
resonator and the preceding one was 1.5 cm. Referring to
Fig. 1, the system illustrated in Fig. 3 is equivalent to an ATL
consisting of 4 unit cells (i.e., the number of resonators minus
one). The R & S ZVL6 VNA (Vector Network Analyzer)
was used for scattering parameters measurements; semi-rigid
coaxial cables (UT141) with 50Ω SMA connectors were
employed for connecting the WREL to the VNA. A short,
open, load and through calibration technique was adopted for
all measurements presented in this work.

With reference to the equivalent circuit illustrated in Fig. 1,
a first set of measurements was performed in order to deter-
mine the unit cell parameters. More specifically, the equivalent
inductance of each resonator was determined through measure-
ments of the reflection coefficient. As for the mutual coupling
between adjacent resonators, it was determined by fitting
circuital simulation results and measurements. In more detail,
circuital simulations were performed in order to calculate the
transmission coefficient of the equivalent circuit illustrated
in Fig. 1 for different values of the number of unit cells
N . Similarly, measurements were performed by varying the
number of relay elements interposed between the transmitting
and the receiving resonators while keeping at 1.5 cm the
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mutual distance between adjacent resonators. The value of
the mutual coupling M was set to guarantee the best fitting
between simulated and measured data. This way, the following
values were obtained for the unit cell parameters: L ≈ 49 nH,
LM ≈ 11.8 nH, M ≈ 0.24, thus corresponding to a value for
f0 of about 91.08MHz. These data were used for calculating
the scattering parameters of the WREL illustrated in Fig. 1
according to the ATL theoretical model presented in the
previous sections. In Fig. 4, the obtained results are compared
with circuital simulations and measurements. Analytical and
circuital simulations data are reported for both the lossless and
lossy case. A value of 0.4Ω was assumed for R for the lossy
case, thus corresponding to a value of the resonators Q factor
of about 107. In order to investigate the physical phenomena
determining the value of R (i.e., the system loss), full–
wave simulations were performed by using the commercial
software CST Microwave studio. From full–wave simulations
it was derived that the system loss is mainly due to three
different contributions: the materials adopted for fabrication
(i.e., the finite conductivity of the copper tape and the non zero
conductivity of the cardboard tube), proximity effects resulting
in a non-uniform current density across the cross section of the
resonators, and the Q factor of the lumped capacitors. In more
detail, a first set of simulations was performed by neglecting
the loss of the lumped capacitors. Starting from these results,
the Q factor of the lumped capacitors was determined by fitting
numerical and measured data. The transmission coefficient
obtained this way for the WREL illustrated in Fig. 3 is reported
in Fig. 5. The results obtained for both the case of ideal lumped
capacitors and the case of capacitors having a Q factor of
about 448 are reported. These results highlight the loss due to
the materials adopted for fabrication and to proximity effects
(see the curve referring to ideal capacitors). This loss could
be reduced by using Litz wires to build the coils [5], [33].

With regard to loss, analytical data reported for the lossy
case in Fig. 4 were calculated by using the exact solution
of the square root

√
1 + jξ. According to the discussion

developed in the previous section, a comparison of analytical
data corresponding to different approximations of

√
1 + jξ is

given in Fig. 6. It can be seen that results obtained by using
a second– and a first–order approximation are in very good
agreement with those obtained by using the exact solution
of the square root

√
1 + jξ. This demonstrates that, for the

considered case, a first–order approximation provides a good
accuracy in calculating the scattering parameters.

Experiments were also performed by adding four relay
resonators to the WREL illustrated in Fig. 3, and thus
corresponding to an ATL consisting of 8 unit cells. In
Fig. 7, the measured scattering parameters are compared with
analytical and simulated results.

Observing Fig. 4, it can be seen that from simulated and
experimental data the WREL using 5 resonators, and thus
corresponding to an ATL consisting of 4 unit cells, exhibits
3 minima of the reflection coefficient and that these minima
are below f = 91.08 MHz corresponding to fnorm = 1.
Similarly, observing Fig. 7, it can be seen that from simulated
and experimental data, the WREL using 9 resonators, and thus

corresponding to an ATL consisting of 8 unit cells, exhibits 7
minima of the reflection coefficient and that also in this case
these minima are below fnorm = 1. These results confirm that
a WREL using (N +1) resonators exhibits (N − 1) matching
frequencies, thus validating the analytical result summarized
in (16). From Fig. 4 and Fig. 7, it can be also noticed that
analytical data are in fairly good agreement with simulated
and measured data in the upper part of the bandwidth. The
agreement worsens as the frequency decreases. This result is
a direct consequence of an intrinsic limit of the ATL model,
which assumes that the unit cell phase shift is much smaller
than 2π. This hypothesis limits the validity of the model to
frequencies corresponding to a phase-shift of the unit cell
at least lower than π/4. As a consequence, (14) provides
a good accuracy in calculating the frequencies f̃norm,m for
m < N/4. These considerations were verified by means
of circuital simulations: Fig. 8 compares results obtained by
means of circuital simulations and the ones corresponding to
the ATL analytical model in the case of a WREL consisting
of 65 resonators (i.e., equivalent to an ATL of 64 unit cells).
The unit cell parameters are the same corresponding to the
WREL of Fig. 3 (i.e., L = 49nH, LM = 11.8 nH, C =
39pF). It can be seen that a good agreement was obtained
for f̃norm,m < 0.95 which is the normalized frequency
corresponding to f̃norm,m=N/4=16 = 0.954. According to
these considerations, it can be concluded that a viable solution
for extending the frequency range where the analytical model
provides a good accuracy is represented by the use of a unit
cell with a a phase delay as small as possible in the frequency
range of interest.

Figure 9. Circuital simulation results obtained for different values of the
reference impedance Z0.

Further investigations for the WREL of Fig. 1 were per-
formed by means of both circuital simulations and experi-
ments; the corresponding results are given in Figs. 9-10. In
particular, Fig. 9 shows the results obtained for the WREL of
Fig. 3 for different values of the port reference impedance
(ZL = ZG = Z0). In agreement with (16), for all the
analyzed values of Z0 and below f0, the WREL exhibits a
perfect matching at a number of (N − 1) = 3 frequencies.
Furthermore, it can be noticed that for small values of Z0,
the WREL is matched also to a fourth frequency, which
approaches to f0 as Z0 approaches to zero. This result is in
agreement with (7), (11); in fact, it can be noticed that the
WREL effective characteristic impedance, and then its input
impedance, approaches to zero when the frequency approaches
to f0:
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Zeff → 0 ⇒
f→f0

Zin → 0
f→f0

The effect of the coupling factor M on the WREL pass–band is
highlighted in Fig. 10. In more detail, Fig. 10a shows circuital
simulation results calculated by varying the coupling factor
M of a WREL consisting of four unit cells with L = 49nH,
C = 39pF, R = 0.4Ω. Figure 10b illustrates experimental
data obtained for the WREL illustrated in Fig. 3. In this case,
in order to investigate the effect of the coupling factor on
the transmission coefficient, measurements were performed
for different values of the distance between two consecutive
resonators. From Fig. 10, it can be seen that circuital and
experimental data are in good agreement. In fact, in both cases
it can be seen that higher values of M correspond to a wider
bandwidth. This is in agreement with the upper and lower
bound determined in section III for the f̃norm,m . In fact, from
(15) it can be derived that the lower bound (flow) approaches
to the upper bound (f0) as M approaches to zero. Conversely,
when M approaches to 1, flow approaches to zero and f0
approaches to ∞.

(a)

(b)

Figure 10. Results obtained for different values of the coupling factor M . (a)
Circuital simulation results obtained for a WREL consisting of four unit cells
with: L = 49nH, C = 39pF, R = 0.04Ω. (b) Experimental data obtained
by varying the distance (d) among the resonators of the WREL illustrated in
Fig. 3.

VI. CONCLUSION

A multi–hop wireless system consisting of a cascade of
inductively coupled resonators was investigated. The general
case of a link consisting of (N + 1) resonators, a transmitting
and a receiving resonator connected through (N − 1) relay
elements, was considered. By using an artificial transmission
line approach, useful design formulas that allow linking the
frequency behaviour of the WPT system to its parameters were
derived and discussed.

In particular, it was demonstrated that the analyzed multi–
hop wireless link exhibits a pass–band characterized by neg-
ative values of the effective parameters. The frequency be-
haviour corresponding to analytical formulas was validated by

comparisons with experimental data and circuital simulation
results.

Reported results highlight the convenience of using relay
resonators in wireless energy links. In fact, as demonstrated
in this paper, a multi–hop wireless link using (N − 1) relay
elements exhibits (N − 1) frequency values, for which it is
perfectly matched with respect to a generic termination.

It can therefore be concluded that the use of relay elements,
beside extending the distance covered by the wireless link,
extends its operating bandwidth by adding frequencies useful
for power transmission.
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