Post print
https://link.springer.com/article/10.1007/s13398-018-0564-2

OPERATORS ON THE FRECHET SEQUENCE SPACES
ces(p+),1 <p <

ANGELA A. ALBANESE, JOSE BONET, WERNER J. RICKER

ABSTRACT. The Fréchet sequence spaces ces(p+) are very different to
the Fréchet sequence spaces /,y,1 < p < oo, that generate them,
[3]. The aim of this paper is to investigate various properties (eg.
continuity, compactness, mean ergodicity) of certain linear operators
acting in and between the spaces ces(p+), such as the Cesaro opera-
tor, inclusion operators and multiplier operators. Determination of the
spectra of such classical operators is an important feature. It turns
out that both the space of multiplier operators M/(ces(p+)) and its
subspace M.(ces(p+)) consisting of the compact multiplier operators
are independent of p. Moreover, M (ces(p+)) can be topologized so
that it is the strong dual of the Fréchet-Schwartz space ces(1+) and
(Mc(ces(p+)) =~ ces(1+) is a proper subspace of the Kothe echelon
Fréchet space M(ces(p+)) = A*°(A4),1 < p < oo, for a suitable matrix
A.

1. INTRODUCTION

Given an element x = (x,), = (1, 7,...) of CN let |z] := (|z,|), and
write > 0 if 2 = |z|. By x < y we mean that (y — 2) > 0. The se-
quence space CV is a (locally convex) Fréchet space with respect to the
coordinatewise convergence. For each 1 < p < oo define

ces(p) == {z € CV: [[@llcese) = II(5; 2z [kl < 00}, (1.1)

where || - ||, denotes the standard norm in ¢,. An intensive study of the
Banach spaces ces(p),1 < p < oo, was undertaken in [6], [12]; see also
the references therein. They are reflexive, p-concave Banach lattices (for
the order induced by the positive cone of CV) and the canonical vectors
er = (Opk)n, for k£ € N, form an unconditional basis, [6], [9]. For every
pair 1 < p,q < oo the space ces(p) is not isomorphic to ¢,, [6, Proposition
15.13]; it is also not isomorphic to ces(q) if p # ¢, |4, Proposition 3.3].
The Cesaro operator C : CN — CV, defined by

Clz) i= (2, ft2, . mdmebedon 0 7 e CN, (1.2)
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satisfies |C(z)| < C(|z|) for z € CY and is a topological, linear isomorphism
of CM onto itself. Tt is clear from (1.1) that

||5E”665(p) = ||C(|x|)||p7 r € ces(p), (1.3)

for each 1 < p < oco. Hardy’s inequality, [14, Theorem 326|, ensures that
l, C ces(p) with ||2||cesp) < 9'||z]|, for « € £, where the conjugate index p/
of p is given by %—I—I% = 1. Moreover, the containment ¢, C ces(p) is proper,
[9, Remark 2.2|. It is routine to verify that C maps ces(p) continuously into
l,.

For each 1 < p < oo define the vector space £, =) o>p Lqi 16 18 a Fréchet
space (and Fréchet lattice for the order induced by the positive cone of CN)
with respect to the increasing sequence of lattice norms

QG x— ||z, €Ly, keN, (1.4)

for any sequence p < pyy1 < py with py | p. It is known that each ¢,, C CY
(with a continuous inclusion) is a reflexive, quasinormable, non-Montel,
countably normed Fréchet space which is solid in CY and contains no isomor-
phic copy of any infinite dimensional Banach space, [10], [18] . Clearly, for
each 1 < p < oo, the Banach space ¢, C ¢, continuously and with a proper
inclusion. Since C: ¢, — ¢, is continuous for each 1 < p < oo (with opera-
tor norm p'), [14, Theorem 326|), it follows that C : ¢, — ¢, is also con-
tinuous, [2, Section 2|. The class of Fréchet spaces ces(p+) := (1, ces(q),
for 1 < p < oo, where ces(p+) is equipped with the increasing sequence of
lattice norms

et T [|Tllesp) = [C(|12D[lpy, = € ces(pt), kEN, (1.5)

for any sequence p < pri1 < pg satisfying limy o pr = p (i.e., ces(p+) =
proj, ces(px) ), has been studied in the recent article [3|. It was shown there
that ces(p+) coincides with the power series space of order one and finite
type A_1/y(a) with a := (log(k))ren. The spaces ces(p+) are generated by
the spaces £, in the sense that the largest solid Fréchet lattice in CY which
contains ¢, and which C maps continuously into ¢, is precisely ces(p+),
3]

The aim of this note is to investigate the behaviour of several natural
operators defined in the spaces ces(p+) for p > 1. We point out that a
detailed investigation of the Cesaro operator C acting on the Banach spaces
ces(p),1 < p < oo, was carried out in [4], [9], and on the Fréchet spaces
lp+ for p > 1 was undertaken in [2|. Here we treat C when it is acting
in the Fréchet spaces ces(p+) for p > 1. Its spectrum is determined in
Theorem 2.3 and its mean ergodic properties are presented in Proposition
2.6. The properties of multiplier operators on ces(p+) are studied in Section
3, especially their spectrum, compactness and mean ergodicity. Curiously,
when acting in ces(p+), the multipliers (resp. the subclass of compact ones)
and their spectrum are independent of p; see Proposition 3.1 and Remark
3.2(ii) (resp. Proposition 3.7). The same is true for multipliers acting in £, ;
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see (3.9) and Proposition 3.15. Actually, the space of compact multipliers
for ces(p+) (resp. {,;) can be topologized so that it is isomorphic to the
strong dual space of the Fréchet-Schwartz space ces(1+) (resp. the reflexive
Fréchet space (14 ); see Proposition 3.11 (resp. Proposition 3.17). This is
reminiscent of the dual space description of the space of compact (Fourier)
multiplier operators from LP(G) to LY(G) when G is a compact group and
1 < p,q < oo, [5]. Section 4 is devoted to various operators acting between
different spaces. For instance, it is shown that C maps ces(p+) continuously
into ces(g+) if and only if 1 < p < ¢ < oo (see Proposition 4.4), whereas it is
a compact operator if and only if p < ¢ (cf. Proposition 4.5). These results
rely on a knowledge of the continuity /compactness properties of various
inclusion maps between the family of spaces {{,;,ces(qg+) : 1 < p,q < co};
see Propositions 4.2 and 4.3.

We now introduce a few relevant notions needed in the sequel. Let X and
Y be locally convex Hausdorff spaces (briefly, IcHs). The identity operator
on X is denoted by I and L£(X,Y) denotes the space of all continuous
linear operators from X into Y. If X =Y, we denote £(X,Y) simply by
L(X). Denote by I'y any system of continuous seminorms determining the
topology of X. Let L£4(X) denote £(X) endowed with the strong operator
topology 75 which is determined by the seminorms 7" — ¢, (7 := q(T'z), for
each x € X and g € I'y. Moreover, L£,(X) denotes £(X) equipped with the
topology 7, of uniform convergence on the bounded subsets of X which is
determined by the seminorms vg, : T — ¢p(T) := sup,cp ¢(Tx), for each
bounded set B C X and g € I'y. For unexplained notation and standard
concepts from functional analysis and IcHs , we refer to [17]; see also [15].

Given a IcHs X and T € L£(X), the resolvent set p(T) of T consists
of all A € C such that R(A\,T) := (M — T)7 ! exists in £(X). The set
o(T) :=C\ p(T) is called the spectrum of T'. The point spectrum o, (T) of
T consists of all A € C such that (Al — T') is not injective. If we need to
stress the space X, then we write o(T; X), 0,:(T; X) and p(T; X). Given
A, € p(T') the resolvent identity RO\, T)—R(u,T) = (u—A\) RN\, T)R(u, T)
holds. Unlike for Banach spaces, it may happen that p(T") = () or that p(T)
is not open. This is why some authors prefer the subset p*(T') of p(T)
consisting of all A € C for which there exists 6 > 0 such that B(\,¢) =
{z€C:|z—=A <6} Cp(T) and {R(n,T): € B(A,0)} is equicontinuous
in £(X). Define o*(T) := C\ p*(T"), which is a closed set containing o (7).
If T e £(X) with X a Banach space, then ¢(T) = ¢*(T). The range
{Sz:xz € X} of S € L(X) is denoted by Im(S) and its closure by Im(S).

2. THE CESARO OPERATOR ON ces(p+)

The aim of this section is to investigate certain properties of C when it is
acting on the Fréchet spaces ces(p+) for p > 1. Given 1 < p < o0, it follows
from Hardy’s inequality that

1€ leese = ICAC@) DI < PICE)p < PIC(2DIp = Pll2llcestr),
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for each x € ces(p), i.e., C € L(ces(p)) with operator norm ||C|,, < p'. In
view of the fact that the sequence of norms (1.5) generate the topology of
ces(p+) it is clear that C : ces(p+) — ces(p+) is necessarily continuous,
ie., C € L(ces(p+)). The continuity of C from ces(p+) into ces(g+) with
p # q will be treated in Section 4. We will require the following description
of the spectrum of C € L(ces(p)); see |9, Theorem 5.1] and its proof. The
dual operator of a Fréchet space operator T' € L(X) is denoted by T :
X' — X', where X’ is the space of all continuous linear functionals on X.
When X’ is equipped with its strong topology 8 we write Xj.

Theorem 2.1. Let 1 < p < oo. Then C € L(ces(p)) satisfies ||C|lop = D
and has spectra given by

o(Cyces(p)) ={rAeC:|\— %/| < %/} and o,(Cices(p)) =0. (2.1)
Moreover, if |\ — %/\ < %, then Im(Al — C) # ces(p). In addition,
opu(C; (ces(p))!) = (A € C: A — ] < 2}, (2.2

The following result concerning the spectrum of certain operators on
Fréchet spaces will be needed in the sequel, |2, Lemma 2.1].

Lemma 2.2. Let X = N,en X, be a Fréchet space which s the intersection
of a sequence of Banach spaces ((Xp, ||+ ||n))nen satisfying X,,v1 C X,, with
llz]ln < ||@||nt1 for eachm € N and v € X, 11. Let T € L(X) satisfy the
following condition:

(A) For each n € N there exists T,, € L(X,,) such that the restriction of
T, to X (resp. of T,, to X,+1) coincides with T (resp. with T,11).

Then o(T;X) C Upeno(Th; X,) and R(N,T) coincides with the restriction
of R(\,T,) to X for each n € N and each A € Npenp(Th; Xn).

Moreover, if Upeno(T; X)) C o(T; X), then o*(T; X) = o(T; X).

The spectra of the Cesaro operator acting in ces(p+),p > 1, can now be
determined.

Theorem 2.3. (i) Let 1 < p < oco. The following statements are valid.
(al) 0,(C;ces(p+)) = 0.

a2) o(Cees(p+)) = {A € C: A -2 < Z}u{0}.

a3) o*(C;ces(p+)) = o(Cyces(p+)) ={A e C: |A— %'| < %/}

) Forp=1 the following statements are valid.

1) 0,t(C;ces(14)) = 0.

2) 0(Csces(1+)) ={A € C:ReX >0} U{0}.

b3) 0*(C;ces(1+)) = o(C;ces(1+4)) = {A € C: Re(\) > 0}.

Proof. The statements (al) and (bl) follow from (2.1) since ces(p+) C

ces(q), for 1 < p < ¢, implies that 0,:(C; ces(p+)) C 0,:(C; ces(q)).
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For the remainder of the proof fix 1 < p < p,1 < p, satisfying p, | p
(i.e., p, T p') and denote by C, : ces(p,) —> ces(p,) the Cesaro operator
C € L(CY) restricted to the Banach space ces(p,), for n € N.

We now prove statements (a2) and (b2). First of all, for p > 1, apply
Lemma 2.2 (with X := ces(p+) and X,, := ces(p,),n € N) and (2.1) for
each p,,n € N, to conclude that

o(C;ces(p+)) C Upeno(Cypices(pn)) C{AeC:|A— %/| < %/} U {0}.

Similarly, for p = 1, in which case p’ = oo and p|, 1 oo, we can conclude
that

o(C;ces(1+4)) C Upeno(Cy;ces(py)) € {A € C: ReX > 0} U {0}.
Next we verify that 0 € o(C; ces(p+)), for which it suffices to show that

o0

C € L(ces(p+)) is not surjective. To this effect, definey := 377 ~Loey 1 €
Uy C ces(p+). We point out that e, := (dnx)k, for n € N, are an un-
conditional basis for ces(p+), |3, Proposition 3.5]. Then the element = :=
CYy) = (1,-1,1,—1,...) in CN satisfies |x| = (1,1,1,1,...) with C(|z]) =
|z| ¢ ces(q) for every ¢ > 1. Accordingly x ¢ ces(p+) for all p > 1. Since x
is the unique element in C" satisfying y = C(x) (as C € £L(CV) is an isomor-
phism), it follows that y € ces(p+) is not in the range of C € L(ces(p+))
for every p > 1. So, we have shown that 0 € o(C; ces(p+)) for p > 1.

Now fix A € C with |)\—%/| <%ifp> 1, and Re(\) > 0 if p = 1.
In both cases there is ng € N such that |\ — %;1 < %/" for all n > ny.
We prove that Im(AI — C) is not dense in ces(p+), which implies that
A € 0(C; ces(p+)). Proceeding by contradiction, assume that Im(Al — C) is
dense in ces(p+). Since the natural inclusion map of ces(p+) into ces(pp,)
is continuous with dense range, also Im(Al — C,,) is dense in ces(py,).
However, this contradicts Theorem 2.1. So, we have established that {\ €
C:|A— %| < %} C 0(C; ces(p+)). This completes the proof of parts (a2)
and (b2).

It remains to show that statements (a3) and (b3) hold. In the proof of
parts (a2) and (b2) it was established that

Uneno (Cp; ces(pn)) = o(C; ces(p+)) € o(C; ces(p+)).
Then Lemma 2.2 implies that o*(C; ces(p+)) = o(C; ces(p+)). O
Proposition 2.4. (i) If 1 < p < o0, then
AEC: A =] < £} Cou(C (ces(p))).
(i) If p=1, then
{A € C:ReX >0} C op(C, (ces(14))}).
Proof. (i) Let A € C satisfy |)\—%/| < %/, in which case |A— %/| < %/ for some

p < r < oo. Since ces(p+) = A_1y(), with o = (log(k))ren, is a power
series space, its dual space (ces(p—i—))/’g C CV is a sequence space, [17, p.
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357] . It is then routine to verify that the dual operator C' : (ces(p+)) —
(ces(p+))} is given by

Cly) = (22 T ¥ = (Yn)n € (ces(ph))j.
Since (ces(r))" € (ces(p+))js, Theorem 2.1 implies that

{n e Cxlp— 5 < 5} = 0u(C (ces(r)) € ou(C (ces(pt))).
But, A € 0,:(C’; (ces(r))’) via (2.2) and hence, A € 0,:(C’; (ces(pt)))-
(if) Fix A € C with ReXA > 0 and select 7 > 1 such that [\ — 3| < . By

(2.2) there exists 0 # u € (ces(r))" C (ces(1+))} such that C(u) = Au. The
conclusion then follows as in part (i). O

Remark 2.5. (i) An operator 7' € £(X), with X a lcHs, is called bounded
(resp. compact) if there exists a neighbourhood U of 0 € X such that T'(U)
is a bounded (resp. relatively compact) subset of X. If X is Montel (i.e.,
each bounded set is relatively compact), then T is compact if and only if
it is bounded. We point out that each ces(p+),1 < p < o0, is a Fréchet-
Schwartz space, |3, Proposition 3.5], hence, a Montel space. Accordingly,
there is no distinction between C : ces(p+) — ces(p+) being compact
or bounded. Since the spectrum of a compact operator is necessarily a
compact subset of C, [11, Theorem 9.10.2|, it follows from parts (a2) and
(b2) of Theorem 2.3 that C : ces(p+) — ces(p+) fails to be a compact
operator for every p > 1.

(ii) For the Banach spaces ¢,,1 < p < oo, it is known that ¢(C;¢,) =
o(C;ees(p)) = {A € C: |X— %/| < %/} and, moreover, that ces(p) is
the largest solid Banach lattice X C CN which contains ¢, and such that
C: ¢, — ¢{, has a continuous linear extension C : X — ¢,, |9, Section
5]. Analogous to the Banach space case it turns out that also o(C; ¢, ) =
o(C; ces(p+)) for p > 1; see Theorem 2.3 above and Theorems 2.2 and 2.4
in [2].

An operator T € L(X), with X a IcHs space, is called power bounded
if {T"}2°, is an equicontinuous subset of £(X). Given T € L(X), the
averages

ﬂn] = %Zn Tm, nGN,

m=1
of the iterates of T are called the Cesaro means of 7. It is routine to
verify that % =T — @T[n—l} for n > 2. The operator T is said to be
mean ergodic (resp., uniformly mean ergodic) if {1, }o2, is a convergent
sequence in L4(X) (resp., in L£4(X)), [16]. A lcHs operator 7" € L(X), with
X separable, is called hypercyclic if there exists x € X such that the orbit
{T"z: n € Ny} is dense in X, where Ny := N U {0}. If, for some z € X,
the projective orbit {\T"z: A € C, n € Ny} is dense in X, then T is called

supercyclic. Clearly, hypercyclicity implies supercyclicity.
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Proposition 2.6. The Cesaro operator C € L(ces(p+)), for 1 < p < oo, is
not power bounded, not mean ergodic and not supercyclic.

Proof. First let 1 < p < co. By Proposition 2.4(i) A := (1 + p’)/2 belongs
to o,e(C', (ces(p+))) and so there exists a non-zero vector u € (ces(p+))j
satisfying C'(u) = Au. Choose = € ces(p+) such that (z,u) # 0. Then

<%C”x,u) = %(x, (CH™(u)) = %/\”@U,u), n €N,
with A > 1. Hence, the set {+C"(z) : n € N} is unbounded in ces(p+)
and so the sequence {£C"}>2, cannot converge to 0 in L,(ces(p+)). This
implies that C is not mean ergodic as % = Cpy— @C[n_l] for n > 2. Since
each space ces(p+),1 < p < o0, is reflexive and power bounded operators
in reflexive spaces are necessarily mean ergodic, [1, Corollary 2.7], it follows
that C € L(ces(p+)) cannot be power bounded.

Suppose that C € L(ces(p+)) is supercyclic. As ces(p+) is dense in CV, it
follows that C : CY — CV is supercyclic; a contradiction to [2, Proposition
4.3].

Consider now p = 1. By Proposition 2.4(ii), there is a non-zero vector
u € (ces(14)); satisfying C'(u) = 2u. Choose x € ces(p+) such that
(z,u) # 0. Then (1C"z,u) = Z(x,u), for each n € N. The proof can now

be completed as for the case p > 1 above. ([l

3. MULTIPLIER OPERATORS ON ces(p+)

Given ¢ = (¢;); € CV, the multiplication operator M, : CNY — CV
is defined coordinatewise by M, (z) := (p;z;); for each z = (z;); € CN.
We will also write gz for (p;z;);. According to entry 16 in the table on
p.69 of [6], given 1 < p < ¢ < oo an element ¢ = (p;); € CN satisfies

M, (ces(p)) C ces(q) if and only if (z%_%gpz)l € lw; see also [6, p.71]. Observe
that (; —2) <0.
The aim of this section is to investigate the class

M(ces(p+)) == {p € CV: M, € L(ces(p+))}, 1<p< o0,
of all multipliers acting in ces(p+) as well as its subclass
M.(ces(p+)) == {p € M(ces(p+)) : M, € L(ces(p+)) is compact},

for 1 < p < oo, consisting of all the compact multipliers. Both of these
classes will be explicity identified and the spectra of their members deter-
mined. Recall that ces(p+) is generated, via a certain averaging process, by
the space ¢, , for p > 1. Accordingly, it is of some interest to also identify the
corresponding multipliers spaces M(¢,+) and M.(¢,1) of £, and to com-
pare the situation with ces(p+). It will be shown that both M_.(ces(p+))
and M. ({y;) are the strong dual spaces of suitable Fréchet spaces (inde-
pendent of p). The mean ergodic properties of multiplier operators in £,
and ces(p+) will also described.
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Proposition 3.1. Let 1 < p < 0o and ¢ = (¢;); € CN. The following
conditions are equivalent .
(i) My(ces(p+)) C ces(p+).
(ii) » € M(ces(p+)), i.e., M, € L(ces(p+)).
(iii) For each r > p there exist s € (p,r| and C > 0 such that |p;| <
Cisr for all i € N.
(iv) For each n € (0,1) there exists K > 0 such that |p;| < Ki", for
ieN.

Proof. Conditions (i) and (ii) are equivalent by the closed graph theorem
for Fréchet spaces.

Since ces(p+) = proj,,ces(q) is the projective limit of the Banach spaces
(ces(q), || « |lces(q)) for ¢ > p, condition (ii) is equivalent to the following
requirement:

Vr>p 3s e (p,r] 3A >0 such that |[My(2)]]cesr) < All2|]ces(s)s

for = € ces(s). This requirement is equivalent to the fact that for each r > p
there exists s € (p,r] such that M, : ces(s) — ces(r) is continuous. By
entry 16 in the table on p.69 of [6], this is precisely the condition (iii).

(ii) = (iv). Fixn € (0,1). Set r := (p+n) > p and select s € (p,r)
according to (iii). Then 6 := (s — p) satisfies 0 < 6 < pand s = p + J.
Moreover,

1 _ _ (n=9) (n—9)
T T e np2 <(n-4)<n. (3.1)

Since |¢;] < Cis~+ for i € N (by (iii)), condition (iv) follows from (3.1).
(iv) = (iii). Let r > p be given. Select € € (0,1) with ¢ < (r — p).
Then s := p+5 satisfies p < s < r. By (iv) applied to n := »&D € (0,1)
there exists K > 0 such that |p;| < K" for all i € N. Since (p+1)(2p+1) >

(p+¢)(2p + €), it follows that
1 1 1 1

0<n< (p+€)f2p+€) ~ p+(E/2)  (pte) < (E - F) :

©® =

Accordingly, |¢;| < Ki" < Kis—r fori € N, ie., (iii) is satisfied. O

Remark 3.2. (i) It is clear from (iv) of Proposition 3.1 that ¢, C
M(ces(p+)) for every 1 < p < oo. Note that ¢ := (log(i + 1)); ¢ l
also satisfies condition (iv) of Proposition 3.1. So, fs & M(ces(p+)) is a
proper containment for all p > 1.

(ii) Given 0 < n < 1, define the weight w, := (i7"); € CY and write
u € lo(wy) if and only if the coordinatewise product uw, € . Then the
characterization given in Proposition 3.1(iv) can be formulated as

M(ces(p+)) = ﬂ loo(wy), p>1. (3.2)

In particular, M(ces(p+)) is independent of p € [1,00) and, by part (i),
properly contains ¢.,. Observe that 0 < 7; < 7o < 1 implies that (o (w,, ) C
Uoo(wy, ). It follows that the vector space (3.2) is also an algebra relative to
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coordinatewise multiplication (which corresponds to composition of opera-
tors in L(ces(p+)) ). It is routine to check from (3.2) that M(ces(p+)) is
also solid, that is, if ¢ € M(ces(p+)) and ¢ € CN satisfies [¢] < ||, then
also 1 € M(ces(p+)). Let A = (a,,)%°; be the Kothe matrix corresponding
to the increasing sequence of functions a,, : N — C given by a, := wy,
for n € N. Then, as a linear subspace of CY, the right-side of (3.2) is pre-
cisely the Kothe echelon space of infinite order corresponding to A, which
we denote symbolically by A*(A), [17, Ch.27]. That is,

M(ces(p+)) = AX*(A), p>1. (3.3)

We now turn our attention to the compactness of multipliers. For this we
first require a description of the spectra of multiplier operators in L(ces(p+)).

Proposition 3.3. Let 1 < p < oo and ¢ € M(ces(p+)).
(1) op(My;ces(p+)) = {p; : i € N}, where ¢ = (¢;);.
(ii) The complex number X € p(My,;ces(p+)) if and only if for each
r > p there exist s € (p,r| and € > 0 such that

A—i| >e-ir75, ieN.

In this case the inverse operator (My_,) ™' = M —y) in L(ces(p+))
and so 1/(X — @) € M(ces(p+)).
(iii) o(M,;ces(p+)) = 0*(My; ces(p+)) = {¢i : i € N}.

Proof. (i) Since M,(e;) = pie; for i € N, it is clear that {¢;, : i €
N} C o, (M,y; ces(p+)). Moreover, if X € C satisfies M,(z) = Az, that
is, (¢iri); = (\x;); for some = € ces(p+) \ {0}, then X € {p; : i € N}.

(i) It is clear (from (i)) that A € C belongs to p(M,;ces(p+)) if and
only if A ¢ {¢; : i € N} and the element ¢, := (ﬁ)Z € CY belongs to
M(ces(p+)). Accordingly, the stated condition follows from Proposition 3.1
applied to 9. Clearly, (M,_,)~" = My, whenever ¢, € M(ces(p+)).

(iii) Part (i) implies that {¢; : i € N} C o(M,; ces(p+)). Hence,

{pi i e N} C o(My;ces(p+)) C o™ (M,y; ces(p+)). (3.4)

Suppose that A ¢ {¢; : i € N}. Then there exists ¢ > 0 such that [A—¢;| > ¢
for each i € N. If p € C satisfies |u — A| < /2, then |u — ¢;| > /2 for
each i € N. Via part (ii) we can conclude (by choosing s := r for each
r > p) that p € p(M,;ces(p+)) and (M,—,)~' = Mi/(u-y). Moreover, for
each r > p, we have

[ M) (u—g) (@) |ces(r) = H(Hﬁpi)iHCES(r) < 2/9)|zllcesry,  x € ces(p+).

Since ces(p+) = proj,.,ces(r), it follows that {(M,_,) " : [p—A| <e/2}is
an equicontinuous subset of L(ces(p+)), that is, A € p*(M,; ces(p+)). So,
we have established that (C ~\ {y; : i € N}) C p*(M,; ces(p+)). Combined
with (3.4) this yields the desired conclusion. O
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Remark 3.4. (i) Remark 3.2(i) and Proposition 3.3(iii) show that the
spectrum of ¢ € M(ces(p+)) need not be a compact subset of C. This
may occur because ¢ & {; consider ¢ := (log(i + 1)); as in Remark 3.2(i).
The phenomenon also occurs for certain bounded multipliers. For instance,
Y= (1/p) € o C M(ces(p+)) has bounded spectrum o (M,y; ces(p+))
but, o(My;ces(p+)) is not compact in C as it fails to contain the limit
point 0 (because (M)~ = M, € L(ces(p+)) and so 0 € p(My; ces(p+)) ).

(i) If T" e L£(X), with X a lcHs, is compact, then o(T; X) is a com-
pact subset of C and every non-zero point of o(7;X) is isolated, [11,
Theorem 9.10.2|, [13, p.204]. This implies, via Proposition 3.3(iii), that
if o € M.(ces(p+)), then necessarily ¢ € ¢o. That is,

M.(ces(p+) Ccy, p>1

(iii) For each p > 1, Proposition 3.3(ii) implies that the unital, commu-
tative subalgebra {M, : ¢ € M(ces(p+))} of L(ces(p+)) is inverse closed
in L(ces(p+)). That is, if T € {M, : ¢ € M(ces(p+))} is invertible in
L(ces(p+)), then T~ = M, for some ¢ € M(ces(p+)).

Lemma 3.5. Let 1 < p < oo and ¢ € M(ces(p+)). The operator M, €
L(ces(p+)) is compact if and only if there exists ¢ > p such that for all r €
(p, q) the operator M, € L(CY) maps the Banach space ces(q) continuously
into the Banach space ces(r) (denoted simply by M, : ces(q) — ces(r) ).

Proof. Assume first that there exists ¢ > p such that M, : ces(q) — ces(r)
is continuous for all © € (p,q). Set Upq := {x € ces(p+) : ||@]|ces(q) < 1},
which is a neighbourhood of 0 in ces(p+). Since U, , is contained in the
closed unit ball of the Banach space ces(q), the continuity assumption on
M, implies that M,(U,,) is a bounded set in ces(r) for all » € (p,q)
Accordingly, M, (U,,) is a bounded set in ces(p+) and hence, is relatively
compact as ces(p+) is a Montel space.

Conversely, if M, € L(ces(p+)) is compact, then by definition there
exists ¢ > p such that M,(U,,) is a relatively compact (i.e., bounded) set
in ces(p+). Thus, M,(U,,) is a bounded set in ces(r) for all r € (p,q).
Hence, for each r € (p, q), the operator M, : (ces(p+), || * l|ces(q)) — ces(r)
acting between these two normed spaces is continuous. The density of
ces(p+) in ces(q) ensures that there is a unique continuous, linear extension
T : ces(q) — ces(r) of M,. By considering the canonical basis vectors
{en : n € N} it is routine to check that this unique extension 7' is precisely
M, : ces(q) — ces(r). O

Given z = (x;); € lw, its least decreasing majorant T € (o, is defined by

T := (sup |z;|)k,
i>k

[6, p.9]. For each r € (1,00) the space
d(r) ={rely T €}
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is a Banach space when endowed with the norm
[zllaey = IZll, @ € d(r),

[6, p-3 & p.9]. Since |x| < & whenever © € {, it is clear that d(r) C ¢, C ¢
for 1 <r <oo. If 1 < p < oo, then d(p) is isomorphic to the dual Banach
space (ces(p))’ of ces(p), [6, p.61 & Corollary 12.17].

The following result is Proposition 2.5 of [4].

Proposition 3.6. Let 1 < r < q. For ¢ € CN the following assertions are
equivalent.
(i) The operator M, : ces(q) — ces(r) is continuous.
(ii) The operator M, : ces(q) — ces(r) is compact.
11

(iii) ¢ € d(s), where s > r is given by £ :=1 — r

It is now possible to characterize the compact multipliers for ces(p+).

Proposition 3.7. Let 1 < p < oo and ¢ € M(ces(p+)). The following
conditions are equivalent.

(i) ¢ € Mc(ces(p+)), that is, M, € L(ces(p+)) is a compact operator.
(ll) {5 S 6(00—) = Ut>1€t g Co.
(ili) ¢ € d(oco—) := Us=1d(s) C co.

Proof. Recall from Remark 3.4(ii) that M.(ces(p+)) C ¢o.

(ii) = (i). Since @ € (co—), there exists t > p such that @ € ¢;. Select
e > 0 according to p + p; =t and set ¢ :== p+¢. Now fix any r € (p,q) and
define s > 0 by % = %—é. Since p < r, it follows that % < prrsp = % Hence,
s > t. Therefore ¢ € (5 as {; C l,, that is, ¢ € d(s). Proposition 3.6 implies
that M, : ces(q) — ces(r) is continuous. Since ¢ > p with r € (p,q)
arbitrary, we can apply Lemma 3.5 to conclude that M, € L(ces(p+)) is
compact.

(i) = (ii). Since the operator M, € L(ces(p+)) is compact, there exists
q > p such that M, : ces(q) — ces(r) is continuous for each r € (p,q);

see Lemma 3.5. Define r := (p + ¢)/2 and s := %. Then 1 =1 —
Proposition 3.6 yields that p € ¢, C (. as s > 1.

(ii) <= (iii). Observe, that ¢ € Uss1d(s) if and only if ¢ € d(t) for some
t > 1, that is, if and only if @ € ¢; for some t > 1, which is equivalent to
© € L(co—). O

Q=

Remark 3.8. (i) Proposition 3.7 shows that M.(ces(p+)) = Ug=1d(s) is
independent of p € [1,00). Moreover, the containment Ug~1d(s) C ¢p is
proper. To see this consider v := (m)l Since ¢ € f4, Remark 3.2
implies that ¢ € A*(A). However, 1 is not a compact multiplier. Indeed,
by Remark 3.2(i) also ¢ := i € AX*°(A). So, if ¥ were compact, then the
identity operator I = M,M, would be compact.
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(ii) Via the description of the dual space (ces(1+))} of ces(1+) as given
in Proposition 4.6 of [3] it follows from Proposition 3.7(iii) that also

M. (ces(p+)) = (ces(1+)), 1 <p < oo, (3.5)

as an equality of linear spaces.
(iii) It is immediate from Proposition 3.7(iii) that M. (ces(p+)), for
p > 1, is a solid sublattice of CN.

Fix any p > 1. There are two natural ways to topologize the linear space
A>®(A) of all p-multipliers for ces(p+). Indeed, it is clear from (3.2) and
(3.3) that A*°(A) = projy.,<1fe0(wy) is the Kéthe echelon Fréchet space of
infinite order (see Chapter 27 of [17]) when it is equipped with the topology
Koo determined by the increasing sequence of norms

Il = sup loii ™%, o € X(4), kEN.

On the other hand, Proposition 3.1 implies that the map J, : A>*(A) —
Ly(ces(p+)) given by

Jp(@) = Mgm NS )‘OO(A):

is well defined, linear and injective. Accordingly, the topology 7, can be
transferred from £, (ces(p+)) to A>°(A). Namely, each continuous seminorm
v on Ly(ces(p+)) defines a corresponding seminorm on A*°(A) via the for-
mula ¢ — v(J,(p)) for ¢ € A>*(A). Denote this lcH-topology on A*°(A)
by 7,(00). Of course, 7,(00) is generated by the family of seminorms 5,
given by

78.4(P) 7= VB leesi) (Jp(9)) = SUD | M (2) lecs(), - € AT(A),  (3.6)

zeEB
for all bounded sets B C ces(p+) and all ¢ > p; see Section 1. Somewhat
surprisingly, 7,(c0) coincides with the Fréchet space topology ko, on A (A).
In order to establish this we require a preliminary result.

Lemma 3.9. (i) For each p > 1 there exist positive constants A,, B, such
that

A B
7y S leilleesip) < -5, i€ N.

(ii) For each s > 0, the canonical basis vectors {e;}ien C d(s) satisfy
leillaesy = i'/* fori € N.
(iii) For each q > 1 there exist positive constants Cy, D, such that

qul/q, < ||€z'||(ces(q))’ < inl/q” 1€ N. (37)
iv) For all pairs 1 < p < q < oo and with n := (2 — 1) > 0 the space
p q

Uoo(wy) as defined in Remark 3.2(ii) is a Banach space relative to the norm

lpll{e) = sup [iili ™", € loouy).
1€
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Given ¢ € U (wy) the operator M, is continuous and so belongs to the Ba-
nach space Ly(ces(p), ces(q)). Moreover, there exists a constant M (p,q) > 0
satisfying

HM<P||0P ‘= sup ||M<p(“)||ce8(q) < M(p, Q)HSOHZ(;?;)a U2S £OO<w77)-

HuHCes(p)Sl

Proof. (i) See Lemma 4.7 in [6].

(ii) Since ¢; = (1,...,1,0,0,...) with 1 in the first ¢ coordinates, it
follows that ||e;||acs) = [|€ills = /%, for i € N.

(iii) Since the dual Banach space (ces(q))’ is isomorphic to d(q’), there
exist positive constants C,, D, such that

Collzllawy < Nllces@y < Dallzllaw), = € d(q).
Part (ii) and the choice z := ¢;, for each i € N, then imply (3.7).

(iv) Since (loo(wy), || - ||}(,?§)) is a weighted /..-space, it is surely a Ba-
nach space. The discussion prior to Proposition 3.1 shows that M, €
L(ces(p),ces(q)) for each ¢ € l(wy,). It follows that the map ®,, :
Uoo(wy) — Ly(ces(p),ces(q)), acting between Banach spaces and given
by ®,,(¢) := M, is well defined, linear and injective. The existence of
M (p,q) > 0 is equivalent to the continuity of ®,, which we establish via

the closed graph theorem.
Consider any sequence {¢®}ieny C o (w,) which converges to 0 for

the norm || - ||1(f§) and such that {®, ,(¢*))}ren converges for the operator
norm to some element 7' € L,(ces(p),ces(q)). The aim is to show that
T = 0, for which it suffies to show that T'(e;) = 0 for each basis vector
e; € ces(p),i € N. This is achieved by verifying that M ) (e;) — 0 in

ces(q) for k — oo. So, fix iy € N. Since M (€i,) = gogf)éio (where ¢é;,

(resp. e;,) indicates the ig-th canonical basis vector considered as an element
of ces(q) (resp. of ces(p)), it follows that

k ~ . ~ k) .—
1M i (€3l eesta) = 19571 - 1o lleesta) = 10 leesta| oo i ™

< igllis llces(@ 101D,

for each k € N. Letting k — oo it is clear that M w(e;,) — 0 in
ces(q). O

Proposition 3.10. Let 1 < p < co. The linear map J, : (A°(A), ko) —
Ly(ces(p+)) is a bicontinuous isomorphism of A>°(A) onto its image Im(.J,) =
Jp(AP(A)) in Ly(ces(p+)). In particular, the lcH-topology m,(c0) and the
metrizable le-topology ks coincide on A (A).

Proof. To verify that J, is continuous fix any seminorm 7p, of the form

(3.6) with ¢ > p and B C ces(p+) a bounded set. Since each r € (;17,9)

satisfies . = (% — é) < 1, it is possible to choose r close enough to ¢

so that also r € (p,q). Fix such an r, in which case 0 < a, < 1. Since
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|| + [|ces(ry is @ continuous norm on ces(p+), there exists R(r) > 0 such that
|Z||cesry < R(r) for all x € B, that is,

|56 leesty <1, @ € B. (3.8)

It follows from (3.6), (3.8) and Lemma 3.9(iv) that, for each ¢ € A>*(A),
we have

VB.4(Jp(#)) = R(r) sup,c g | Mo (55 lcestq) < B(r) suppyy,. ., <1 1M (1) [lces(q)
< R(NM(r.9)lle ],

where the norm || - ||5«°;) of loo(w,,.) restricted to (A°(A), k) is continuous.
The continuity of J, is thereby established.

To establish the continuity of J,; : (Im(J,), 1) — (A*°(A), ko) We need
to consider two separate cases.

Case (i). Let p > 1. Fix 0 < a < 1 and choose s € (0, %) such that
0< (% —5) < . Then g(a) := 1 satisfies p < ¢(«r) and ( q(a)) (0, @).
Let ¢ € A*°(A) C l(w,). For each i € N we have |g01\ = (My(e;), &),
with e; € ces(p) and where ¢; indicates the i-th canonical basis vector

considered as an element of (ces(g(«)))’. Since ¢ € l(w,) implies that
M, € L(ces(p), ces(q(a))), it follows from parts (i), (iii) of Lemma 3.9 that

_ 1
10l < I Mllopllesleest 1 eestatany < BoDate | My lopi @7 7
= Bqu(a)HMsa“opﬁ_Wv

for each i € N. Because 0 < (]l? — ﬁ) < « implies v A < i, it follows
that
HSOH(aOO) = S‘ég |3]i™" < BypDy(ay | Mol op-

But, continuity of the inclusion ces(p) C ces(p+) implies that the unit ball
U, of ces(p) is a bounded subset of ces(p+). Hence,
[ Mopllop = sup [[My(2)||ces(a(a)) = 'VUP,II-IlceS(q(a))(Jp<90))

z€Up

which, together with the previous inequality, yields

H(‘IOHgtOO) S Bqu(a)’yUPv”'”ces(q(a))(Jp(gp))’ 2 € )\OO(A)

Since 0 < o < 1 is arbitrary, this shows that J ' : (Im(J,),7) —
(A*(A), koo ) is continuous.

Case (ii). Suppose now that p = 1. Since there is no Banach space
“ces(1)”, the proof of Case (i) is not applicable. The continuous inclusions
0y C ty4 C ces(1+) imply that the unit ball V; of ¢; is a bounded subset of
ces(1+).

Fix any 0 < @ < 1 and choose g(«) > 1 such that 0 < (1_ﬁ) < a. Since
0, C ces(1+) C ces(q(a)) and Ji(p) € Ly(ces(1+)), for each ¢ € A*(A),
imply that M,(ces(1+)) C ces(1+), it follows that M,(¢1) C ces(g(w)).
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Via the closed graph theorem it can be shown that M, € L(¢, ces(q(a)))
for all ¢ € A*(A). Fix i € N. As for Case (i), now with e; € ¢; (so that
lleill1 = 1) and é; € ces(g(«)) the canonical basis vectors, we have

1
[ ||M<pH0pHeiHceS(q(a)) < HMgOHOPDq(a)“(a)l

-1 o
= ”M<pH0qu(a)Z ate) < HM¢Hoqu(a)Z .

Moreover,
[Mollop = sup [ Mo (%) [l cesata)) = WAl leeatatan (F1(#))
which, together with the previous inequality, yields
IG5 = Sup ili™ < D) Wil eesaiay (1(2)): 9 € A¥(A),

So, also J;* : (Im(J;), 7)) — (A®(A), kso) is continuous. O
Proposition 3.7 shows that the compact multipliers for ces(p+) satisty
M. (ces(p+)) = d(0o—) := Ugsad(s), 1< p< oo,

where the union is formed with respect to the increasing family of Ba-
nach spaces {d(s)}s>1. Hence, we can endow d(co—) with the inductive
limit topology Ting, [17, Ch.24]. In particular, (d(co—),Tnq) is a regular
(LB)-space, [17, p.291]. According to Proposition 4.6 of [3| the space
(d(00—), Tina) is linearly isomorphic to the strong dual space (ces(1+))j
of the Fréchet space ces(14). So, we have established the following fact.

Proposition 3.11. For eachp > 1, the space of compact multipliers M.(ces(p+))
is linearly isomorphic to the strong dual space of the fived Fréchet-Schwartz
space (independent of p)

Me(ces(p+)) = (d(00—), Tina) = (ces(14)), 1 <p <oo.

Since M, (ces(p+)) € M(ces(p+)) for 1 < p < oo, that is, d(oco—) C
A®(A), one can also equip d(co—) with the relative topology k. from
A% (A). The relationship between the IcHs’ (d(oco—), Ting) and (d(co—), kso)
is clarified by the following result.

Proposition 3.12. The identity map j : (d(co—), Tina) — (d(00—), Kso)
is continuous and the topology Ting on d(co—) is strictly stronger than the
le-metrizable topology Kee.

Proof. To establish the continuity of j it suffices to show that j : (d(co—), Tina) —
(A®(A), ko) is continuous. By [17, Proposition 24.7| this reduces to show-

ing, for each fixed s > 1, that the identity inclusion j, : (d(s), || - ||as)) —
(A®(A), kao) between Fréchet spaces is continuous. Since js = j3 0 j1, with
both jy : (d(s), [+ llags)) — (loo, [+ [loc) and ja = (€, [|+[lec) — (A7 (A), Kicc)
being the natural inclusion maps, it suffices to show that both j;, 75 are con-
tinuous.
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Concerning ji, note that [[¢]lec = ||@|lec for every ¢ € (. and that
1V]|oo < [|20]|s for every b € €. Since ¢ € d(s) C l implies that @ € £, it
follows that

171(D)llee = IPlloc = Plloe < NI@lls = llllacs), € d(s).

Accordingly, j; is continuous.
To establish the continuity of 75 fix 0 < a < 1. Then

15

172152 = 1ol = supjen L < [@]loes ¢ € Loo-

Hence, j, is also continuous. The continuity of j is thereby established.
The continuity of j implies that 7,4 is certainly a stronger topology on
d(0o—) than k. If these two topologies were equal, then the identity map
1 (d(oco—), keo) — (d(00—), Ting) Would also be continuous and so Tinq
would be a lc-metrizable topology on d(co—). By the Grothendieck-Floret
factorization theorem this is impossible, [19, Proposition 8.5.38]. Hence,

Ting 18 strictly stronger than k.. 0J

Because of significant differences, it is worthwhile to compare the spaces
M (Ly4), M (€, ) with the corresponding spaces M.(ces(p+)), M(ces(p+)),
where M((,,) :={p € CN: M, € L({,1)} and M.(€,.) :=={p € M({,,) :
M, € L(,;) is compact}, for 1 < p < co. The multiplier space M({,) is
already known, namely

M(by) = by 1< p< o0, (3.9)

[7, Corollary 5.3]. This space is obviously independent of p > 1 and different
to M(ces(p+)) = A*°(A), which contains £, as a proper subspace; see
Remark 3.2(i). In order to identify M.(¢, ) we require some preliminaries.
The following fact is immediate from the entries 1 and 17 in the tables on
pp. 69-70 of [6].

Lemma 3.13. Let 1 < p,q < oo be an arbitrary pair and ¢ € CV.

(i) If p <gq, then M, : £, —> {, is continuous if and only if ¢ € l.
(i) If p > q, then M, : lip —1> l, is continuous if and only if ¢ € (.

where r satisfies L =1 — 1,
r g p

Concerning compactness of the Banach space operators M, from ¢, to ¢,
we have the following characterization.

Lemma 3.14. Let 1 < p,q < oo be an arbitrary pair and ¢ € CV.

(i) If p <gq, then M, : £, —> €, is compact if and only if ¢ € co.
(i) Ifp > q, then M, : £, — £, is lcom;f)act if and only if it is continuous

if and only if p € £, with % =55

Proof. (i) Suppose that ¢ € ¢o. Then M, € L(¢,,¢,) by Lemma 3.13(i).
Define o) := (¢1,...,0n,0,0,...) for N € N. Then Moy 2 by — £y 18
a finite rank operator and hence, is compact for each N € N. Since p < ¢,
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(N)

it is routine to verify that each ¢ — ") satisfies (relative to the operator

norm in £(¢,,4,))
1My llop < llp = 'V [loe, N €N.

Hence, as || — ™) ||, — 0 for N — oo, it follows that M, is a compact
operator.

Conversely, suppose that M, is compact. In particular, M, € L({,,{,).
By a standard compactness criterion for continuous linear operators be-
tween Banach sequence spaces, it follows that lim,,_,. M,(z,,) = 0 in ¢,
whenever {z,,}5°_; is a bounded sequence in ¢, satisfying lim,, o 2, = 0
in the Fréchet space CV, [4, Lemma 2.1]. Since the canonical basis vectors
T = €m, for m € N, are norm bounded in ¢, and satisfy e,, — 0 in
CMN for m — oo, it follows that |p,,| = ||M,(en)|l, — 0 for m — oo.
Accordingly, ¢ € ¢.

(ii) This follows from the facts that compact operators are necessarily
continuous, Lemma 3.13(ii), and Pitt’s theorem, which states that every
operator T € L({,,{,) is necessarily compact whenever p > ¢, [20]. O

The following result for ¢, is the analogue of Proposition 3.7 for ces(p+).

Proposition 3.15. Let 1 < p < oo and ¢ € M({y1) = . The following
conditions are equivalent.

(i) ¢ € Mc(lpy), that is, M, € L(Lp1) is a compact operator.
(i) ¢ € L(oo—) = Ug=1ls.

Proof. (i) = (ii). Let ¢ € M.({y4). By definition there exists ¢ > p
such that the Banach space operator M, : ¢, — £, is compact (hence,

continuous) for every r € (p,q). Choose r := ’% € (p,q) in which case
q > r. Then s := % > 0 satisfies T = 1 — % and so Lemma 3.14(ii)

implies that ¢ € £, C ¢(oco—).
(i) = (i). Fix ¢ € f(oco—). Then there exists s > p such that ¢ € /;.
Set ¢ := % > 0 (in which case s = p+ p;) and define ¢ > p by ¢ := p+-e¢.
1_ 1

Now, fix any r € (p,q) and define ¢ via ; = + — 5 Since p < r, we have

% < pZ-T-Ep = % and t > s, that is, ¢ € ¢; (as {5 C ¢;). Then Lemma 3.14(iv)
implies that M, : ¢, — £, is compact. So, we have shown that there
exists ¢ > p such that M, : ¢, — ¢, is compact for all r € (p, q), that is,

M, € L({,4) is a compact operator. O

Given any p > 1, we know that ¢ € CV satisfies ¢ € M({,,) if and only
if p € l+ and that ¢ € M.({,) if and only if ¢ € ¢(co—); see Proposition
3.15.

Proposition 3.16. Let 1 < p < oo. The linear map A, : (loo, || * |loo) —
(Ly(lys), ) defined by Ap(p) == M, for ¢ € U, is a bicontinuous isomor-
phism of the Banach space (Uwo, || + ||00) onto its image Im(A,) in Ly(€,4).
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In particular, the lcH-topology on U induced by 7, (from Ly(£y1)) coincides
with the norm topology on U induced by || « ||o-

Proof. 1t is clear from (3.9) that A, is well defined, linear and injective. The
seminorms %z , determined by transfering the topology 7, from Ly(£,4) to
l are given by

¥B.4(@) = 1811, (Ap(0)) = Sup | My(2)]lg, ¢ € loo,

for all bounded sets B C ¢, and all ¢ > p; see Section 1. Fix such a set B
and g > p. It follows that

Tpa($) S llelloesupfizlly = 0pgll¢lloc, @ € loc,

with 0p, := sup,cp ||z]l; < oo because B is bounded in ¢,; and hence, is
also bounded in ¢, as ¢, C ¢, continuously. This establishes the continuity
of A,.

To verify the continuity of AJ' : (Im(Ap), 1) — (loos || * [|oc), let B,
denote the unit ball of ¢, and let ¢ > p be arbitrary. Since ¢, C /(,,
continuously, B, is also a bounded set in £,,. Note that the canonical basis
vectors {ej}ren of ¢, lie in B,. Let &, for i € N, denote the basis vector
e; € CN considered as an element of the dual Banach space £, of £;, in which
case ||&|ly = 1. For each ¢ € { it follows from Lemma 3.13(i) that the
Banach space operator M, : £, — {, is continuous. Since {e;}ren C By,
it follows that

il = [{Mp(ea), )] < [[Mip(en)lall€ille = [ Mplea)lg < sup 1M (2)lq

= f)/Bp7Q<Ap(90))7
for each 7 € N. Forming the supremum with respect to i € N yields
[ello < 7B,.4(Ap(0)), @ € Lo,
that is, A, ' is continuous from (Im(Ap), 7) — (Coo, || * |lsc)- O

Proposition 3.15 shows that
MC<€P+> - K(OO—) = Us>1£s; 1< p < 0.

Equip ¢(co—) with the inductive limit topology Tinq, in which case (¢(co—), Ting)
is a regular (LB)-space. It is known that (¢(co—), Ti,q) is precisely the strong
dual space (KH)’ﬁ of the reflexive Fréchet space ¢;,. Summarizing yields the
following result.

Proposition 3.17. For each p > 1, the compact multipliers for €, are
given by
Me(lpr) = (£(00=), Tina) = (L14)5,

a space which is independent of p.

Since £(oco—) C l+, one can also equip ¢(co—) with the topology induced
by the norm || « ||o-
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Proposition 3.18. The identity map p : (¢(co—), Tina) —> (€(00—), || - |lo0)
s continuous and the topology Twma s strictly stronger than the topology
induced by the norm || + || -

Proof. For each s > 1, the identity inclusion ps : (¢s, || * ||ls) — (Coo, || * ||o0)
is well known to be continuous. This implies that p is continuous; see the
proof of Proposition 3.12.

The analogous argument as in the last paragraph of the proof of Propo-
sition 3.12 shows that 7,q is a strictly stronger topology on ¢(co—) than
the topology induced by || + ||o- O

Remark 3.19. (i) The identity inclusion ¢, C ces(1+) is continuous
between reflexive Fréchet spaces and is proper, [3, Lemma 2.1|, which implies
for their strong dual spaces that

d(oo—) = (ces(14)) & (b11)5 = {(00—).
Hence, for each 1 < p < co we have
M.(ces(p+)) & Me(lpy)
in contrast to
M(ces(p+)) = A7(A) 2 loo = M(lp).

(ii)) Due to the reflexivity of the Fréchet space ces(1+), the strong dual
of the compact multipliers (M.(ces(p+))) = (d(00—), Tina) = ces(1+) is
identifiable with a proper linear subspace of the Fréchet space M(ces(p+)) =
(A*(A), Koo) of all p-multipliers , for p > 1. Similarly, (M.(ly1))5 =
(f(00—),Tina)5 = (14 is a proper linear subspace of the Banach space
M(lpy) = (loo, || * ||oo) of all multipliers for ¢,,, for p > 1. This is in
contrast to the situation for the space of all compact (Fourier) multiplier
operators acting in LP(G), for G a compact group, where equality occurs,
[5].

The final part of this section examines the mean ergodic properties of
multiplier operators. We begin with the spaces ces(p+).

Proposition 3.20. Let1 < p < oo. The following conditions are equivalent
for o € M(ces(p+)).
(i) ng is power bounded.
(il) M, sa is mean ergodic.
(ili) M, is uniformly mean ergodic.
(iv) ¢ € los and [|¢||o < 1.
(v) o(My;ces(p+)) C D.

Proof. (i) = (ii) because ces(p+) is a reflexive Fréchet space, |1, Corollary
2.7].

(ii) <= (iii). Clearly (ili) == (ii). Concerning (ii) = (iii), note that
the convergence of the sequence {(M,)pm}r2, in Ly(ces(p+)) implies that
it is an equicontinuous subset of L(ces(p+)). Since ces(p+) is a Montel
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space, it follows that 7, restricted to {(M,)m}ee, agrees with 7, and so
{(My)m )2, also convergences in Ly(ces(p+)), that is, M, is uniformly
mean ergodic.
(i) = (iv). By condition (ii), for each = € ces(p+) the sequence
1

{+(My)*(z)}72, converges to 0 in ces(p+). In particular, for each basis

vector x = e; it follows that limj_,. %? = 0 and hence, |p;| < 1. Since
j € N is arbitrary, ||¢|| < 1 and so condition (iv) is satisfied.

(iv) = (i). Recall that a sequence {ry}32; of lattice norms generating
the topology of ces(p+) is given by (1.5). Suppose that ¢ € £ and ||¢]|e <
1. Then, for each n € N, we have ||¢"|l« < 1 and so

re((My)"(2)) = ri(¢"z) < (), € ces(p+), n,keN,

which implies that {(M,)" : n € N} is an equicontinuous subset of L(ces(p+)).
Hence, condition (i) is satisfied.
(iv) <= (v). This is a direct consequence of Proposition 3.3(iii). O

In order to determine the mean ergodic properties of multiplier operators
in ¢, we first require a knowledge of their spectra.

Proposition 3.21. Fiz 1 <p < 0o and let p € M({yy) = lo.

(1) ou(Myi £ys) = {1 1 i € N}, where o = (1)
(i) o(My: 1) = 0* (M byy) = (i -7 € NJ.

Proof. (i) The analogous argument used in the proof of Proposition 3.3(i)
applies here.

(i) Let P: 2% —s £,(¢,4) denote the canonical spectral measure defined
via P(A) := M,, for A C N; see [7, Section 1|. Then the lcHs L'(P)
consisting of all the P-integrable functions is precisely

L'(P) = M(61) = (e

and [ fdP = M; for all f € L'(P), [7, Proposition 5.1 & Corollary 5.3|.
Part (i) implies that

{pi i €N} C o(Myi6e) C 0" (Myi ). (3.10)

Keeping in mind that

(I) the 7s-bounded subsets of L£(f,;) are precisely the equicontinuous
subsets of L({p),

(IT) if f : N — C* := CU{oo} is a P-integrable function, then f~*({occ})
is a P-null set, [21, p.279|, and

(III) the only set A C N satisfying P(A) = I is the set A =N,
it follows that the spectrum o( [ dP) of M, = [ o dP € L({,), for
¢ € L'(P), as defined in [21] coincides with the spectrum o*(M,; () as
defined in Section 1 above. It then follows from the identity (2) in Theorem
1 of [21] that

o (M lpy) ={pi i € I}, (3.11)
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where the closure of {¢; : i € N} in C coincides with its closure in C* as
¢ € . Combining (3.10) and (3.11) yields the desired equalities. O

Proposition 3.22. Fiz 1 < p < oo and let ¢ € M({,y) = lo. The
following conditions are equivalent.
(i) My, e L(Cyy) is power bounded.
i) M, is mean ergodic.
i

(i
(1ii) H@I!oo S Lo
(iv) o(My; py) € D.

Proof. (i) = (ii). This follows from the reflexitivity of the Fréchet space
Uy, |1, Corollary 2.7].

(ii) = (iii). Adapt the proof of (ii) = (iv) in Proposition 3.20 by
replacing ces(p+) with £,

(ili) = (iv). A sequence {qx}32, of lattice norms generating the topol-
ogy of ¢, is given by (1.4). Now, ||¢|l < 1 implies that ||¢" |l < 1 for all
n € N and so

r((Mp)" () = ar(9"2) < [l¢"[loo - gr(2), = € bpy,

for all n,k € N. Hence, {(M,)" : n € N} is an equicontinuous subset of
L(¢,y1), that is, M, is power bounded. O

There is no analogue for Proposition 3.22 of the condition (iii) in Propo-
sition 3.20. This is due to the fact that ces(p+) is a Montel space whereas
1 is not and is illustrated by the following example.

Remark 3.23. Fix 1 < p < oo. Let 0 < ¢ = (¢;); be any increasing
sequence satisfying ¢; 1 1. Then ||¢|l < 1 and so M, is mean ergodic by
Proposition 3.22. However, M, is not uniformly mean ergodic; see the proof
of Proposition 2.15 in [1] and note that the operator T defined there is
precisely M,,.

Given 1 < p < oo, the multipliers M(ces(p)) = o (see entry 16 in the
table on p. 69 of [6]). Similarly, for 1 < p < oo, also M({,) = ( (see entry
1 in the table on p. 69 of [6]). In both cases, if ¢ € l, then it is known that
the corresponding multiplier operators M, € L(¢,) and M, € L(ces(p)) are
not supercyclic, [4, Proposition 2.12|. For the Fréchet space £,+,1 < p < oo,
we know that M(€,;) = . It is routine to check that if ¢ € ¢, then the
dual operator (M,)" € L((£p+)) of M, € L({y) is precisely M, € L(CV)
acting continuously in (€,4)3 = £y = Ugpls. On the other hand, let
© € M(ces(p+)) = A>*(A). Recall that (ces(p+)); = d(p'—) = Upspd(r),
|3, Proposition 4.6]. Let T' := (M,)" € L((ces(p+));) and consider the
canonical vectors {e;}ien C (ces(p+))j = d(p'—). Fix i € N. Then

(2,T(e;)) = (My(x), ;) = piwi = (x,pi€;), « € ces(p+),
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which implies that T'(e;) = p;e;, that is, (M,,) (e;) = pie; for all i € N. So,
in both cases, we have shown that

{i i €N} Cop((M,)'; 2), (3.12)
where Z = ({1 ) if ¢ € M({,y) and Z = (ces(p+))} if ¢ € M(ces(p+)).

Proposition 3.24. Let 1 < p < o0.
(i) For each ¢ € M({,y), the operator M, € L({,.) is not supercyclic.
(i) For each ¢ € M(ces(p+)), the operator M, € L(ces(p+)) is not
supercyclic.

Proof. In both cases, if ¢ is non-constant, then (3.12) implies that (M)’
has at least two linearly independent eigenvectors. Since supercyclic is the
same as being 1-supercyclic in the sense of (8], it follows from Theorem 2.1
of [8] that M, is not supercyclic.

In the event that ¢ = «(1,1,1,...) for some « € C is constant it follows,
again in both cases, that M, = ol and so (M,)" = "I, for n € N. This
implies that {A\(M,)"(z) : A € C,n € N} C span{z} for each z (in the
appropriate space £, or ces(p+)). Accordingly, M., is not supercyclic. [

4. INCLUSIONS AND OPERATORS FROM ces(p+) INTO ces(q+)

Consider a pair 1 < p, ¢ < oo. Denote by Ce) () (resp. Cep).q; Cp.eta); Cpog)
the Cesaro operator C when it acts from ces(p+) into ces(q+) (resp. ces(p+)
into {4 ; resp. (,4 into ces(g+); resp. £, into ¢, ), whenever this oper-
ator exists. The closed graph theorem then ensures that this operator is
continuous. We use the analogous notation for the natural inclusion maps
Le(p),e(@)s Le(p),g tpe(q)i tpg Whenever they exist. The main aim of this section
is to identify all pairs p,q for which these inclusion operators and Cesaro
operators do exist and, for such pairs, to determine whether or not the
operator is bounded or compact.

The following known result is needed below. Due to the difficulty in find-
ing a precise reference, we include a proof for the sake of self-containment.

Lemma 4.1. Let F := proj,, E,, and F := proj, I, be Fréchet spaces such
that E = NpmenEm with each (Ey,, ||+ ||lm) @ Banach space (resp. F' = NpenFy,
with each (Fy,|| - ||) a Banach space). Moreover, it is assumed that E is
dense in E,, and that E,, 1 C FE,, with a continuous inclusion for each
m € N (resp. F,i1 C F, with a continuous inclusion for each n € N). Let
T:E — F be a linear operator.

(i) T is continuous if and only if for each n € N there exists m € N such
that T' has a unique continuous linear extension T, , : Ey, — F,.

(ii) Assume that T is continuous. Then T is bounded if and only if
there exists mg € N such that, for every n € N, the operator T has
a unique continuous linear extension T, » + Ep, — F,.
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Proof. (i) Suppose that T': E — F is continuous. According to [22, V
Proposition 4.12| the operator T': E — F,, is continuous for each n € N.
That is, for each n € N, there exists m € N such that 7": (E, ||-||,,) — F,
is continuous. By the density of F in E,, there exists a unique continuous
linear map T, , € L(Ey,, F,,) whose restriction T, ,|g = T

On the other hand, suppose that for each n € N there exists m € N
such that T": E — F has a unique continuous linear extension 7,,, €
L(En,, F,). Then T : (E,|| - ||;,) — F, is continuous and hence, so is 7" :
E — F, as the inclusion map E < (E,,, ||+||m) is continuous. Accordingly,
T : E — F is continuous, |22, V Proposition 4.12].

(ii) Assume that 7" € L(E,F) is a bounded map. Then there exists
mo € N such that the neighbourhood Uy, := {z € E : ||z|n, < 1} of
0 in £ has the property that T'(Uy,) is a bounded subset of F. That is,
T(U,,) is a bounded set in the Banach space (F,,| - ||,) for all n € N.

In particular, T : (E,|| + |lme) — (Fu,|| - ||») is also continuous for each
n € N. By the density of F in F,,, there exists a unique continuous linear
extension Ty (Emg, ||+ llmo) — (F, || - ||n) for n € N.

Conversely, suppose there exists my € N such that, for each n € N, the
operator 71" has a unique continuous linear extension T5,,, : En, — .
The 0-neighbourhood U,,, C E satisfies U, C {z € En, : ||Z|lme < 1}
and hence, T'(Up,) = Tingn(Unmg) is a bounded set in F), for n € N. Since
F = proj, F,, it follows that T'(U,,,) is a bounded set in Fi.e., T € L(E, F)
is a bounded operator. O

For the rest of this section, given pairs 1 < p, g < oo, we define p,, := p—i—%
and ¢, :=q+ %, for n € N. In this case ¢, = proj,¢,, and £, = proj,t,,
as well as ces(p+) = proj,ces(p,) and ces(qg+) = proj, ces(qn).

Proposition 4.2. Let 1 < p,q < oo be an arbitrary pair.
(i) The inclusion map iy, : by —> Ly exists if and only if p < q, in
which case the inclusion is continuous.
(i) The inclusion map ipcq) : lpy —> ces(q+) exists if and only if
p < q, 1n which case the inclusion is continuous.
(iii) The inclusion map icp)q) : ces(p+) — ces(q+) exists if and only
if p < q, in which case the inclusion is continuous.
(iv) ces(p+) € Lyv for all choices of 1 < p,q < oo.

Proof. (i) Let p > q. Then £, € {, since x := (n~/?),, belongs to ¢, but
r &L, with g <7r:=(p+q)/2, ie, v & lyy.

On the other hand, if p < ¢, then p,, < g, for each n € Nand so £,y C {44
continuously (by Lemma 4.1(i) with E,, =¢,, , F, = {,, and T =i,,).

(ii) If p > g, then there exists n € N such that ¢,, < p. Hence, £, Z ces(qy)
by |9, Remark 2.2(ii)]. Since ¢, C £, and ces(q+) C ces(gqy), it follows that
lpy & ces(q+).

Let p < g. Then ¢, C ces(g,) with a continuous inclusion, for each n € N,
[4, Proposition 3.2(ii)]. Hence, ¢, C ces(¢+) and via Lemma 4.1(i), with
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En =g, Fn = ces(qn) and T' = i, o), we can conclude that i, ) exists
and is continuous.

(iii) If p < ¢, then ces(p,) C ces(g,) with a continuous inclusion for
each n € N, [4, Proposition 3.2(iii)|. Again we can apply Lemma 4.1(i) to
conclude that the inclusion map i) : ces(p+) — ces(g+) exists and
is continuous.

In case p > ¢, we have (,; ¢ ces(q+) by part (ii). But, £,+ C ces(p+)
and so ces(p+) € ces(q+).

(iv) This is a direct consequence of [4, Proposition 3.2(iv)]. O

Proposition 4.3. Let 1 < p < q < oo be arbitrary.

(1) The inclusion map i, : bpy — Lyt is bounded if and only if p < q.
Moreover, i, , s never compact.

(ii) The inclusion map icp).c(q) : ces(p+) — ces(q+) is bounded if and
only if p < q. In this case, icp)c(q) S also compact.

(iii) The inclusion map ipcq) : lpr —> ces(q+) is bounded and compact
whenever p < q.

(iv) The inclusion map ipop) @ lpr — ces(p+) is not bounded.

Proof. (i) The inclusion map i,, is precisely the identity operator on ¢, .
Since /,; is not normable, it follows that i,, cannot be a bounded map.
On the other hand, if p < ¢, then we have the factorization ¢,, = B o A,
for the continuous inclusion maps A : ¢, — ¢, and B : {, — {,, with
ro= Wg—q) € (p,q). But, A is a bounded map as x — ||z||, is a continuous
norm on £, and so A~!(B,) is a neighbourhood of 0 in ¢, which is mapped
into the bounded set B, := {z € ¢, : ||| < 1} C /.. Hence, i,, is also
bounded. On the other hand, still for p < ¢, if i, , were compact, then the
inclusion ¢, C /5, would also be compact as it is the composition of the
continuous inclusions .
gp c ngr ﬂ £q+ < £2q-

But, it is known that the inclusion ¢, C {5, is not compact, [4, Proposition
3.4(1)].

(ii) The inclusion icp) ) is not bounded (hence, not compact) since
ces(p+) is an infinite dimensional Fréchet-Montel space. However, if p < ¢,
then the inclusion map . (g is bounded (hence, compact as ces(p+) is
Montel) because it has the factorization (via the continuous natural inclu-
sions)

ces(p+) C ces(r) C ces(q+),
with r := 224 € (p, q) and the inclusion ces(p+) C ces(r) is bounded.

For p > ¢ there is no inclusion of ces(p+) into ces(q+); see Proposition
4.2(ii).

(iii) This follows from part (ii) because of the continuous inclusions ¢, C
ces(p+) C ces(q+).

(iv) Proceeding by contradiction, assume that the inclusion i, () : £y —
ces(p+) is bounded. By Lemma 4.1(ii), with E,, = ¢, and F,, = ces(p,)
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for m,n € N, there exists mg € N such that for all n € N the natural
inclusion £, C ces(p,) is continuous. However, for n := mg + 1 we have
Pme > Prn, Which yields a contradiction to [4, Proposition 3.2(ii)]. O

Now that the relevant properties of the inclusion operators are completely
determined we can do the same for the Cesaro operators C : X — Y where
XY € {l,+,ces(¢+) : p,q € [1,00)}. We begin with continuity.

Proposition 4.4. Let 1 < p,q < oo be an arbitrary pair.

(1) Cpyq & lpr —> Lyr exists if and only if p < q, in which case C, 4 is
continuous.

(i) Cpeq) @ bpt — ces(q+) exists if and only if p < q, in which case
Cp.e(q) 18 continuous.

(iii) Cerp)e(q) : ces(p+) — ces(q+) ewists if and only if p < q, in which
case Cc(p),c(q) 1S continuous.

(iv) Cepyq : ces(pt) — Loy exists if and only if p < q, in which case
Cepy,q 18 continuous.

Proof. The proof of each of the four statements is similar and depends on
[4, Proposition 3.5]. We only present the details of part (i).

If p < ¢, then p, < g, for each n € N. Proposition 3.7(i) of [4] implies
that C: ¢, — {,, is continuous for each n € N. The continuity of C, , now
follows from Lemma 4.1(i).

Assume now that p > ¢. Set r := @ € (p,q) and select n € N such
that ¢, < r. If C,, : {,4 — {44 exists (and is necessarily continuous by
the closed graph theorem for Fréchet spaces), then Lemma 4.1(i) ensures
the existence of mg € N such that C: ¢, —~— £, is continuous. But, this

contradicts [4, Proposition 3.5(1)] as ¢, <7 < p < Dim- O

Proposition 4.5. Let 1 < p < g < oo be arbitrary.

(i) The Cesaro operator Cp,, : L,y — Loy is bounded if and only if it
1s compact if and only if p < q.

(i) The Cesaro operator Cp (q) : {py — ces(q+) is bounded if and only
iof it s compact if and only if p < q.

(iii) The Cesaro operator Cyp).cqq) : ces(p+) — ces(q+) is bounded if
and only if it is compact if and only if p < q.

(iv) The Cesaro operator Cyp 4 : ces(p+) — Ly is bounded if and only
if it is compact if and only if p < q.

Proof. The argument that the Cesaro operator is not bounded for the case
p = q is similar for each of the four cases. So, we only verify one of these
cases. For example, in the statement (i), assume that C,, : £, — £, is
bounded. By Lemma 4.1(ii) there is mo € N such that C: £, ~— £, is
continuous for all n € N. If we choose n := mg + 1 say, then p,,, > p, and

we have a contradiction to [4, Proposition 3.5(i)].

Now assume that p < ¢, set r := @ and consider each of the four cases.
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(i) Since p < r < ¢, Propositions 4.2(i) and 4.4(i) imply that the Cesaro
operator C,, : ¢, — {41 factors continuously as C,, = C,, o i,,. More-
over, the operator i,, : £, — {, is bounded by Proposition 4.3(i). Hence,
C, 4 is also bounded.

The operator C,, is even compact. Indeed, C,, = Co j; with j; the
continuous inclusion of ¢, into ¢, and C: ¢, — ¢, the Cesaro operator,
whose compactness follows from the fact that C: ¢, — ¢, is compact for
each n € N, [4, Proposition 3.6(i)].

(ii) In this case C,.q) : fpr — ces(q+) is bounded because it factors
continuously as C,.q) = Cy () © ip, (see Propositions 4.2(i) and 4.4(ii))
and iy, is bounded by Proposition 4.3(i). The operator C, ., is then also
compact since ces(g+) is a Montel space.

(iii) The operator Cep)e(q) : ces(p+) — ces(q+) is compact because it
factors continuously as Ce(p) e(q) = Ce(r),e(q) Ole(p),c(r) (s€€ Propositions 4.2(iii)
and 4.4(iii)) and i)y is compact by Proposition 4.3(ii).

(iv) The Cesaro operator C.y)q @ ces(p+) — {44 is compact since it
factors continuously as Cep)q = Copr)g © tep)er) (see Propositions 4.2(iii)
and 4.4(iv)) and i) () is compact by Proposition 4.3(ii).
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