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a b s t r a c t 

This paper focuses on the impact of cross-diffusion for Turing-Hopf instability in a morphochemical model for 

electrodeposition (DIB) and completes the analysis on the role of cross-diffusion on pattern formation in electrode- 

position we recently carried out in [Lacitignola et al. 2018]. We derive and discuss conditions for the destabiliza- 

tion 𝑎́ la Turing of the Hopf limit cycle in the neighborhood of the codimension-two Turing-Hopf bifurcation point, 

resulting in oscillatory Turing patterns. Numerical validation of the above theoretical findings is provided both 

in the case of Weak and Strong Turing-Hopf instability. Experimental evidence of this kind of phenomenology is 

then discussed also in relation to the charging and discharging process of a battery. 
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. Introduction 

Turing patterns appear in reaction-diffusion systems via Turing in-

tability, a mechanism that can lead to spatial pattern formation when

 homogeneous steady state which is stable in the absence of diffusion

ecomes unstable to an infinitesimal perturbation when diffusion is con-

idered ( Turing, 1952 ). It is based on Turing’s revolutionary intuition

hat the interplay of two stabilizing processes can cause instability and

ead to the arising of spatial structures. Turing’s diffusion-driven insta-

ility is now universally recognized as one of the leading mechanisms

f spatial self-organization in reaction-diffusion systems and boasts a

arge number of applications in many different fields, see e.g. Cross and

reenside (2009) and Sherratt (2012) . Over the years, several general-

zations of the reaction-diffusion theory for pattern formation have been

ndertaken in order to increase the complexity of the Turing’s paradigm

nd drive the systems towards higher degree of realism. Among them,

ross-diffusion has been widely used in reaction-diffusion models within

he chemical, biological and environmental framework. Cross-diffusion

efers to the phenomenon in which a flux of one species is induced by

 gradient of another species. Such process can be characterized by the

ickian diffusivity matrix, whose off-diagonal elements are not both zero

nd can be either positive or negative. From a theoretical point of view,

he analysis of reaction-diffusion systems with cross-diffusion can be a

hallenging task. Complications can arise from the strong nonlinear cou-

ling and because the diffusion matrix may be neither symmetric nor in

eneral positive definite such that even the local existence of solutions
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s far from being trivial. A well known assumption to prove - at least lo-

ally - existence of solutions is in fact that the diffusion matrix is positive

efinite, see e.g. Amann (1990) and Smoller (1994) . 

In addition, a large number of theoretical papers have analyzed the

ffects of cross-diffusion on Turing pattern formation and discussed its

mportance for the occurrence and understanding of the many types of

atterns found in these systems. For example cross-diffusion can pro-

ote pattern formation even through small or negative cross-diffusion

oefficients ( Chattopadhyay and Tapaswi, 1997; Vanag and Epstein,

009 ) or, when cross-diffusion is involved, nonlinearity in the source

erms becomes not necessary for pattern formation to occur ( Wang and

ai, 2013 ). Moreover, cross-diffusion driven instability conditions are a

eneralization of the classical conditions for Turing instability without

ross-diffusion and the activator-inhibitor mechanism is no longer a nec-

ssary premise for pattern formation since activator-activator, inhibitor-

nhibitor reaction kinetics as well as short-range inhibition and long-

ange activation have the same potential to promote cross-diffusion-

riven instability ( Madzvamuse and Barreira, 2014; Madzvamuse et al.,

015 ). Cross-diffusion also has a clear role into influencing the occur-

ence of supercritical or subcritical Turing instability, as recently shown

n Gambino et al. (2016) by using the weakly nonlinear multiple scales

nalysis. 

In Lacitignola et al. (2018) , the effects of cross-diffusion on Turing

attern formation and selection were investigated for a morphochemical

lectrodeposition model introduced in Bozzini et al. (2013) and called

IB as an acronym by the authors’ names. In electrodeposition processes
o.it (I. Sgura), benedetto.bozzini@polimi.it (B. Bozzini). 
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i  
he morphological features - described by the DIB solution 𝜂 - and the ad-

orbates that interact with the phase-formation process - quantified with

olution 𝜃 - can cross-diffuse in a range of modes, corresponding to dif-

erent real values of the cross-diffusion coefficients 𝑑 𝜂 and 𝑑 𝜃 . To be more

recise but without exhausting this topic that deserves more insightful

heoretical and experimental analysis, the most representative scenarios

an be outlined as follows. (i) Steps of crystalline metal surfaces - typi-

al structural units that can be modelled by 𝜂 - diffuse on the electrode,

ragging adsorbates, that, in addition, can independently diffuse on

he crystalline terraces, separated by steps. This physical condition can

e described with 𝑑 𝜃 = 0 , 𝑑 𝜂 > 0 . (ii) If adsorbates ( 𝜃) strongly complex

he surface metal atoms forming the steps, loosening their bonding to the

etal substrate, the geometry of a step can change from a well-defined

ine, following the crystal structure, to a blurred one, resulting from a

uctuation of the position of the atoms at the step. In this case, diffusing

dsorbates ( 𝜃) haul sections of steps, represented by 𝜂. This experimen-

al situation can be described by 𝑑 𝜃 > 0 . If steps also flow, then, 𝑑 𝜂 > 0 ,
hile, if they fluctuate around an average position that is constant in

pace, 𝑑 𝜂 = 0 . Because of the considerable interest that the two subcases

 𝜂 = 0 or 𝑑 𝜃 = 0 have from an experimental point of view, in this paper

e specifically focus on them, postponing the complete case 𝑑 𝜂 ≠ 0 and

 𝜃 ≠ 0 to future investigations. 

The DIB spatio-temporal dynamics in the absence of cross-diffusion

as extensively investigated in Bozzini et al. (2015) ; Lacitignola et al.

2017, 2014, 2015) revealing that it can undergo to Turing’s diffusion-

riven instability and that it can exhibit a variety of spatio-temporal

henomena, including also oscillatory inhomogeneous patterns caused

y the interplay between Turing and Hopf instabilities. The Turing-Hopf

nteraction can take place either due to different competing bifurcations

f multiple stationary states ( De Wit, 1999 ) or through a codimension-

wo Turing-Hopf bifurcation ( De Wit et al., 1996; Rudovics et al., 1996 ).

owever, as for the DIB model ( Lacitignola et al., 2015 ), the spatio-

emporal phenomenology in the neighborhood of a codimension-two

 𝐻 point can be further enriched with the destabilization 𝑎́ la Turing of

 Hopf limit cycle. In Ricard and Mischler (2009) , this different way in

hich Turing and Hopf instabilities can interact is referred to as Turing-

opf instability and involve the interesting problem of understanding

ow the oscillations of the stable limit cycle can impact the formation

f diffusive instabilities in a reaction-diffusion model. In this paper, as

n Lacitignola et al. (2015) , we consider Turing-Hopf instability in this

atter sense. 

In Lacitignola et al. (2018) , we found that the DIB model with neg-

tive cross-diffusion in the morphological elements as well as positive

ross-diffusion in the surface chemistry is able to produce larger Turing

arameter spaces and favor a tendency to stripeness that is not found in

he case without cross-diffusion. However, the possible impact of cross-

iffusion on Turing-Hopf instability was not addressed. This is the key

ontribution of the present paper. 

. The DIB model with cross-diffusion 

The DIB model ( Bozzini et al., 2013 ) with cross-diffusion is given

y: 

𝜕𝜂

𝜕𝑡 
= Δ𝜂 + 𝑑 𝜃 Δ𝜃 + 𝜌 𝑓 ( 𝜂, 𝜃) , 

𝜕𝜃

𝜕𝑡 
= 𝑑Δ𝜃 + 𝑑 𝜂 Δ𝜂 + 𝜌 𝑔 ( 𝜂, 𝜃) . (1) 

efined for ( 𝑥, 𝑦 ) ∈ Ω = 

[
0 , 𝐿 𝑥 

]
×
[
0 , 𝐿 𝑦 

]
, with initial conditions

( 𝑥, 𝑦, 0) = 𝜂0 ( 𝑥, 𝑦 ) , 𝜃( 𝑥, 𝑦, 0) = 𝜃0 ( 𝑥, 𝑦 ) , with ( 𝑥, 𝑦 ) ∈ Ω and zero-flux

oundary conditions on 𝜕Ω. The variable 𝜂( 𝑥, 𝑦, 𝑡 ) ∈ ℝ expresses the

isplacement from the instantaneous average electrodeposit plane

hereas 0 ≤ 𝜃( 𝑥, 𝑦, 𝑡 ) ≤ 1 is the surface coverage with the functionally

rucial adsorbate. The parameter 𝑑 accounts for self-diffusion, being

he ratio of the diffusion coefficients for the individual chemical and

orphological processes, respectively; 𝑑 𝜂 and 𝑑 𝜃 are the cross-diffusion
oefficients that describe the flux of a variable due to the concentration D  

2 
radient of the other variable; 𝜌 can be interpreted as proportional to

he area of the spatial 2D domain or as the relative strength of the

eaction terms, Murray (2003) . The nonlinear reaction terms 𝑓 and 𝑔,

iven by 

( 𝜂, 𝜃) = 𝐴 1 ( 1 − 𝜃) 𝜂 − 𝐴 2 𝜂
3 − 𝐵 ( 𝜃 − 𝛼) , (2a)

 ( 𝜂, 𝜃) = 𝐶 
(
1 + 𝑘 2 𝜂

)
( 1 − 𝜃) [ 1 − 𝛾 ( 1 − 𝜃) ] − 𝐷 

[
𝜃( 1 + 𝛾𝜃) + 𝑘 3 𝜂𝜃( 1 + 𝛾𝜃) 

]
, 

(2b) 

account for the generation (deposition) and the loss (corrosion) of

he relevant material. In the source term (2a) : 𝐴 1 (1 − 𝜃) 𝜂 accounts for

he charge-transfer rate at sites free from adsorbates; 𝐴 2 𝜂
3 describes

ass-transport limitations to the electrodeposition process; − 𝐵 ( 𝜃 − 𝛼)
uantifies the effect of adsorbates on the electrodeposition rate; the pa-

ameter 0 < 𝛼 ≤ 1 accounts for the fact that adsorbates can have both

nhibiting and enhancing effects on the growth rate. The source term

2b) can be regarded as 𝑔 ( 𝜂, 𝜃) = 𝐶 𝑔 𝑎𝑑𝑠 ( 𝜂, 𝜃) − 𝐷 𝑔 𝑑𝑒𝑠 ( 𝜂, 𝜃) and features

dsorption (parameter 𝐶) and desorption (parameter 𝐷) terms including

oth chemical and electrochemical contributions. Further details about

he physico-chemical meaning of the source terms are extensively pro-

ided in Bozzini et al. (2013) . 

Without loss of generality, we assume that: (i) except for the cross-

iffusion coefficients, all the other constants are taken as real positive or

qual to zero, with 𝛼 and 𝛾 ∈ (0 , 1) ; (ii) 𝑘 3 < 𝑘 2 , meaning that adsorption

s the dominating chemical contribution to growth; (iii) the following

elation holds: 

 = 

𝐶(1 − 𝛼)(1 − 𝛾 + 𝛾𝛼) 
𝛼(1 + 𝛾𝛼) 

(3) 

o that the adsorption and desorption rates are proportional ( 𝐷 ∝ 𝐶). 

As discussed in Lacitignola et al. (2015) , the source terms (2a) - (2b)

ith condition (3) allow model (1) to support a multiplicity of spatially

niform equilibria, whose number and numerical values are not depen-

ent on the parameter 𝐶. Among them, it is particularly interesting to

ocus on the equilibrium 𝑃 𝑒 = ( 𝜂𝑒 , 𝜃𝑒 ) = (0 , 𝛼) that is a spatially indepen-

ent equilibrium for any choice of the parameter values and corresponds

o a flat electrode surface from which morphologies can develop. In

acitignola et al. (2015) , by considering 𝐵 and 𝐶 as bifurcation param-

ters, we found that in the spatially uniform case 𝑃 𝑒 can loose its stability

ither by transcritical or by Hopf bifurcation. Conditions 

 = 𝐵 𝑡𝑟 = 

𝐴 1 (1 − 𝛼) 𝐹 2 ( 𝛼, 𝛾) 
( 𝑘 2 − 𝑘 3 ) 𝐹 1 ( 𝛼, 𝛾) 

, (4)

nd 

 = 𝐶 ℎ𝑜𝑝𝑓 = 

𝐴 1 (1 − 𝛼) 
𝐹 2 ( 𝛼, 𝛾) 

, 𝐵 > 𝐵 𝑡𝑟 , (5)

ith 

 1 ( 𝛼, 𝛾) = (1 − 𝛼)(1 − 𝛾 + 𝛼𝛾); 𝐹 2 ( 𝛼, 𝛾) = 

2 𝛼𝛾(1 + 𝛼𝛾 − 𝛾) + 1 − 𝛾

𝛼(1 + 𝛼𝛾) 
, (6)

re respectively the transcritical and the Hopf bifurcation thresholds.

e stress that, holding the assumptions on the parameters 𝛼 and 𝛾, both

 1 ( 𝛼, 𝛾) and 𝐹 2 ( 𝛼, 𝛾) are positive quantities. 

In the spatial case without cross-diffusion, we proved - through lin-

ar stability ( Lacitignola et al., 2015 ) and weakly nonlinear stability

 Bozzini et al., 2015 ) analysis - that 𝑃 𝑒 can experience Turing insta-

ility and that both the Turing and the Turing-Hopf instabilities can

e responsible for the emergence of spatio-temporal organization in

odel (1) –(2) . In Lacitignola et al. (2018) , we investigated the effects

f cross-diffusion on Turing pattern formation. Here, we want to ex-

lore how Turing-Hopf patterns can be affected by the cross-diffusion

echanism. To this aim, we start by recalling conditions - derived

n Lacitignola et al. (2018) - for the emergence of Turing patterns in the

IB model with cross-diffusion and show the impact of cross-diffusion
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n the Turing parameter space. We preliminary stress that a reaction-

iffusion system is said to exhibit Turing instability driven by both dif-

usion and cross-diffusion if a spatially uniform steady state - that is

ocally stable in the absence of diffusion and cross-diffusion - becomes

nstable to small spatial perturbations when diffusion and cross-diffusion

re present Madzvamuse et al. (2015) . 

. Cross-Diffusion and Turing parameter space 

The DIB model with cross-diffusion (1) - (2) can be equivalently ex-

ressed as: 

𝜕𝑤 

𝜕𝑡 
= 𝐷̃ Δ𝑤 + 𝜌𝑆( 𝑤 ) (7)

ith zero flux boundary conditions on Ω, where 

 = 

( 

𝜂

𝜃

) 

, 𝐷̃ = 

( 

1 𝑑 𝜃
𝑑 𝜂 𝑑 

) 

, 𝑆 = 

( 

𝑓 ( 𝜂, 𝜃) 
𝑔 ( 𝜂, 𝜃) 

) 

, 

.e. 𝑤 contains the system variables, 𝐷̃ contains the diffusion and cross-

iffusion coefficients and 𝑆 accounts for the reaction kinetics. The dif-

usion matrix 𝐷̃ must satisfy 𝑑𝑒𝑡 ( ̃𝐷 ) > 0 for the system to be well posed

 Miller et al., 1986; Mutoru and Firoozabadi, 2011; Vanag and Epstein,

009 ), i.e. 

 − 𝑑 𝜂 𝑑 𝜃 > 0 . (8)

he stability of the homogeneous equilibrium 𝑃 𝑒 = ( 𝜂𝑒 , 𝜃𝑒 ) = (0 , 𝛼) is ob-

ained by studying the behavior of the system when a small inhomoge-

eous perturbation 𝛿𝑤 

𝑤 ( 𝐳, 𝑡 ) = 

∑
𝑘 

𝑐 𝑘 𝑒 
𝜎𝑘 𝑡 𝑈 𝑘 ( 𝐳) , (9)

s introduced in the neighborhood of 𝑤 𝑒 , i.e. 𝑤 = 𝑤 𝑒 + 𝛿𝑤 . In (9) , the

 𝑘 ( 𝐳) are the spatial eigenfunctions associated with the spatial eigen-

alues 𝜆𝑘 , with 𝑘 ∈ ℕ , of the unbounded non-negative linear operator

Δ with zero-flux boundary conditions on 𝜕Ω. We also observe that,

ince Ω = [0 , 𝐿 𝑥 ] × [0 , 𝐿 𝑦 ] , and recalling that the spatial variable 𝐳 is

 = ( 𝑥, 𝑦 ) and the wave number 𝐤 is 𝐤 = ( 𝑘 𝑥 , 𝑘 𝑦 ) , the eigenfunction in

9) can be chosen as 𝑈 𝑘 ( 𝐳) = cos 𝑘 𝑥 𝑥 cos 𝑘 𝑦 𝑦 where 𝑘 𝑗 = 𝑝 𝑗 𝜋∕ 𝐿 𝑗 , for

 𝑗 ∈ 𝑁, 𝑗 = 𝑥, 𝑦 and the related spatial eigenvalue 𝜆𝑘 turns out to be

𝑘 = 𝑘 2 . The eigenvalues 𝜎 = 𝜎( 𝜆𝑘 ) account for the temporal part and

escribe the growth rate of the perturbation. They are solutions of the

econd order algebraic equation: 

𝜌 𝐽 ( 𝑃 𝑒 ) − 𝜆𝑘 𝐷̃ − 𝜎 𝐼 
||| = 0 , (10)

here 𝐼 is the 2 × 2 identity matrix and 𝐽 ( 𝑃 𝑒 ) is the Jacobian matrix

valuated at the steady state 𝑃 𝑒 : 

( 𝑃 𝑒 ) = 

( 

𝐴 1 (1 − 𝛼) − 𝐵 

𝐶( 𝑘 2 − 𝑘 3 ) 𝐹 1 ( 𝛼, 𝛾) − 𝐶 𝐹 2 ( 𝛼, 𝛾) 

) 

, (11)

ith 𝐹 𝑖 ( 𝛼, 𝛾) given by (6) . For a given 𝜆𝑘 , Turing instability occurs if

q. (10) admits a solution 𝜎 such that 𝑅𝑒 [ 𝜎( 𝑘 2 )] > 0 for some 𝑘 2 non-

ero. By (10) hence follows that 𝜎( 𝑘 2 ) verifies the dispersion relation:

2 + 𝑎 ( 𝑘 2 ) 𝜎 + ℎ ( 𝑘 2 ) = 0 (12)

ith 

 ( 𝑘 2 ) = 𝑘 2 (1 + 𝑑) − 𝜌 𝜏𝑒 , ℎ ( 𝑘 2 ) = ̃𝛿 𝑘 4 − 𝜌 ( 𝑑 𝐽 𝑒 11 + 𝐽 
𝑒 
22 − 𝑑 𝜂 𝐽 

𝑒 
12 − 𝑑 𝜃 𝐽 

𝑒 
21 ) 𝑘 

2 + 𝜌2 𝛿𝑒 

nd where the quantities 𝜏𝑒 , 𝛿𝑒 , ̃𝛿 are defined as 

𝑒 = 𝑡𝑟 ( 𝐽 ( 𝑃 𝑒 )) , 𝛿𝑒 = 𝑑 𝑒𝑡 ( 𝐽 ( 𝑃 𝑒 )) , 𝛿 = 𝑑 𝑒𝑡 ( ̃𝐷 ) . (13)

he Turing space - consisting of parameters resulting in Turing instabil-

ty - is hence bounded by the following set of inequalities: 

𝜏𝑒 < 0 and 𝛿𝑒 > 0 , 

𝑑 𝐽 𝑒 11 + 𝐽 𝑒 22 − 𝑑 𝜂 𝐽 
𝑒 
12 − 𝑑 𝜃 𝐽 

𝑒 
21 > 0 , 

( 𝑑 𝐽 𝑒 + 𝐽 𝑒 − 𝑑 𝜂 𝐽 
𝑒 − 𝑑 𝜃 𝐽 

𝑒 ) 2 − 4 ̃𝛿 𝛿𝑒 > 0 , 

(14) 
11 22 12 21 

3 
here 𝐽 𝑒 
𝑖𝑗 

is the ij entry of the Jacobian matrix (11) . The first inequality

s derived by stability considerations on the homogeneous equilibrium

 𝑒 in the absence of diffusion and cross-diffusion, the others are ob-

ained by considerations on the onset of instability when diffusion and

ross-diffusion are introduced. We refer to Lacitignola et al. (2018) and

eferences therein for the explicit derivation of (14) . 

By choosing 𝐵 and 𝐶 as bifurcation parameters and provided that

he cross-diffusion coefficients satisfy the requirement (8) , the general

onditions (14) for Turing instability in the presence of cross-diffusion

pecialize to 

𝐵 > 𝐴 1 (1 − 𝛼) 𝑑 ∗ 

𝐶 𝑚𝑖𝑛 < 𝐶 < 
𝑑 𝐴 1 (1 − 𝛼) + 𝐵 𝑑 𝜂

𝐹 2 ( 𝛼, 𝛾) + 𝑑 𝜃 𝐹 1 ( 𝛼, 𝛾)( 𝑘 2 − 𝑘 3 ) 

𝑎 2 𝐵 
2 + 𝑎 1 𝐵 + 𝑎 0 > 0 , 

(15) 

here 𝐶 𝑚𝑖𝑛 = 𝐶 ℎ𝑜𝑝𝑓 or 𝐶 𝑚𝑖𝑛 = 𝐶 𝑑 , with 𝐶 ℎ𝑜𝑝𝑓 defined in (5) and 𝐶 𝑑 =
𝑑 

𝑑 − 1 
𝐶 ℎ𝑜𝑝𝑓 . The positive quantity 𝑑 ∗ and the coefficients 𝑎 𝑖 , with 𝑖 =

 , 1 , 2 , are instead given by: 

 ∗ = 

𝐹 2 ( 𝛼, 𝛾) 
𝐹 1 ( 𝛼, 𝛾)( 𝑘 2 − 𝑘 3 ) 

, (16)

nd 

𝑎 2 = 

𝑑 2 𝜂

4 ( 𝑑 − 𝑑 𝜂 𝑑 𝜃) 
, 

𝑎 1 = 

𝑑 𝜂

2( 𝑑 − 𝑑 𝜂 𝑑 𝜃) 
[
𝐴 1 𝑑 (1 − 𝛼) − 𝐶 𝐹 2 ( 𝛼, 𝛾) 

]
− 𝐶 𝐹 1 ( 𝛼, 𝛾) ( 𝑘 2 − 𝑘 3 ) 

[ 
1 + 

𝑑 𝜂𝑑 𝜃

2( 𝑑 − 𝑑 𝜂 𝑑 𝜃) 

] 
, 

𝑎 0 = 

[
𝐴 1 𝑑 (1 − 𝛼) − 𝐶 𝐹 1 ( 𝛼, 𝛾) 𝑑 𝜃 ( 𝑘 2 − 𝑘 3 ) − 𝐶 𝐹 2 ( 𝛼, 𝛾) 

]2 
4 ( 𝑑 − 𝑑 𝜂 𝑑 𝜃) 

+ 𝐴 1 𝐶 𝐹 2 ( 𝛼, 𝛾)(1 − 𝛼) . 

(17) 

n the next, we specifically focus on the case of cross-diffusion in one

omponent only. For this case, conditions for the emergence of Tur-

ng patterns are provided in the following theorems ( Lacitignola et al.,

018 ): 

heorem 3.1. [case 𝑑 𝜂 = 0 , ∀𝑑 𝜃] 
If 𝑑 𝜂 = 0 and − 𝑑 ∗ < 𝑑 𝜃 < 𝑑 ∗ ( 𝑑 − 1) , then the set of inequalities (15) –

17) , with 𝐶 𝑚𝑖𝑛 = 𝐶 ℎ𝑜𝑝𝑓 , locate a Turing region in the ( 𝐶, 𝐵) parameter

pace. 

heorem 3.2. [case 𝑑 𝜃 = 0 , ∀𝑑 𝜂] 
(a) If 𝑑 𝜃 = 0 and − 

( 𝑑−1)𝐴 1 (1− 𝛼) 
𝐵 

< 𝑑 𝜂 < 
1 
𝑑 ∗ 
, then the set of inequalities

15) –(17) locate a Turing region in the ( 𝐶, 𝐵) parameter space with 𝐶 𝑚𝑖𝑛 =
 ℎ𝑜𝑝𝑓 . (b) If 𝑑 𝜃 = 0 and 𝑑 𝜂 > 

𝑑 

𝑑 ∗ ( 𝑑−1) 
, then the set of inequalities (15) –(17)

ocate a Turing region in the ( 𝐶, 𝐵) parameter space with 𝐶 𝑚𝑖𝑛 = 𝐶 𝑑 . 

The related bifurcation diagrams are depicted in Fig. 1 with the aim

o show how cross-diffusion can impact the Turing parameter space so

o elucidate its role in enhancing or inhibiting spatial pattern formation.

For the case of cross-diffusion in the 𝜂 component only, i.e. 𝑑 𝜂 = 0 ,
egative values of 𝑑 𝜃 produce Turing parameter spaces larger than those

btained in the absence of cross-diffusion, whereas positive values of

 𝜃 gives Turing parameter spaces that are progressively smaller than

hose found without cross-diffusion, Fig. 1 (a). Differently, for the case

f cross-diffusion in the 𝜃 component only, i.e. 𝑑 𝜃 = 0 , positive values of

 𝜂 produce Turing parameter spaces that are considerably larger than

hose found in the absence of cross-diffusion whereas negative values of

 𝜂 produce Turing parameter spaces that are progressively smaller than

hose obtained without cross-diffusion, Fig. 1 (b). 
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Fig. 1. Bifurcation diagram in the (C,B) parameter space. The other parameters in the DIB model are fixed as: 𝑑 = 20; 𝛼 = 0 . 5; 𝛾 = 0 . 2; 𝑘 2 = 2 . 5; 𝑘 3 = 1 . 5; 𝐴 1 = 10; 𝐴 2 = 
30 . The vertical and horizontal straight lines are respectively the Hopf and the transcritical bifurcation lines; the curved lines are the Turing bifurcation curves. The 

Turing region is the area bounded by the Hopf, the transcritical and the Turing curves. The Turing-Hopf region corresponds to a neighbor of the intersection point 

between each Turing curve and the Hopf line. (a) Case 𝑑 𝜂 = 0 , 𝑑 𝜃 ≠ 0 , cross-diffusion in the 𝜂 component only: the Turing curves for 𝑑 𝜃 = −3 . 5 , 0 , 5 , 20 are showed. For 

𝑑 𝜃 = 20 , the solid Turing curve and the point 𝑃 2 identify the TH region for the weak Turing-Hopf numerical simulations reported in Section 4.1 . (b) Case 𝑑 𝜃 = 0 , 𝑑 𝜂 ≠ 0 , 
cross-diffusion in the 𝜃 component only: the Turing curves for 𝑑 𝜂 = −1 , 0 , 0 . 1 , 1 are showed. For 𝑑 𝜂 = 0 . 1 , the solid Turing curve and the point 𝑃 1 identify the TH 

region for the strong Turing-Hopf numerical simulations reported in Section 4.1. 
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o  
. Cross-diffusion and Turing instability of the Hopf cycle 

Inspired by the paper ( Ricard and Mischler, 2009 ), in Lacitignola

t al. (2015) we investigated the onset of diffusive instabilities of the

patially uniform limit cycle - generated by a supercritical Hopf bifur-

ation - for the electrodeposition model (1) - (2) without cross-diffusion.

ore precisely, we showed that this peculiar mechanism is responsible

or the appearance of an interesting class of spatio-temporal patterns in

he neighborhood of the codimension-two TH point. In this section we

ntend to show the effect of cross-diffusion on the emergence of such a

henomenology. 

In Lacitignola et al. (2015) and Ricard and Mischler (2009) it was

hown that there are essentially two ways in which the Hopf limit cycle

an give rise to Turing instabilities near a TH point, that are defined

s (i) weak and (ii) strong Turing-Hopf instabilities, respectively. Weak

nstabilities are characterized by dominant inhomogeneous steady pat-

erns onto which slightly time periodic oscillations can be overlapped,

xhibiting the same frequency as the limit cycle. Differently, strong

nstabilities are characterized by an intermittent switching between the

nhomogeneous patterns and its complementary pattern . In this case, the

scillating spatial pattern and the Hopf cycle exhibit different frequen-

ies. 

To obtain conditions for the occurrence of Weak or Strong 𝑇 𝐻 insta-

ilities for model (1) - (2) , we make use of Theorem 4.1 , derived in Ricard

nd Mischler (2009) , that also applies to a general reaction-diffusion

odel with cross-diffusion: 

heorem 4.1. Ricard and Mischler (2009) Let 𝜆𝑘 be a positive spatial

igenvalue. Let 𝜏𝑇 and 𝛿𝑇 be defined as: 

𝑇 = tr ( 𝐽 ( 𝜂𝑒 , 𝜃𝑒 ) − 𝜆𝑘 𝐷̃ ) , 𝛿𝑇 = det ( 𝐽 ( 𝜂𝑒 , 𝜃𝑒 ) − 𝜆𝑘 𝐷̃ ) . 

urther assume that the reaction system has a limit cycle attained via a Hopf

ifurcation. If 𝜏 ≤ 0 and 𝛿 < 0 then weak TH instabilities appear. If 𝜏 > 0 ,
𝑇 𝑇 𝑇 

4 
H instabilities appear and they are weak provided 𝜏2 
𝑇 
− 4 𝛿𝑇 ≥ 0 while they

re strong if 𝜏2 
𝑇 
− 4 𝛿𝑇 < 0 . 

For the general reaction-diffusion system (7) , the quantities 𝜏𝑇 and

𝑇 become: 

𝑇 = 𝜌 𝜏𝑒 − 𝜆𝑘 (1 + 𝑑); 𝛿𝑇 = 𝜌2 𝛿𝑒 + 𝜆2 
𝑘 
𝛿 + 𝜆𝑘 𝜌

[
𝑑 𝜃𝐽 

𝑒 
21 + 𝑑 𝜂𝐽 

𝑒 
12 − 𝐽 𝑒 22 − 𝑑 𝐽 𝑒 11 

]
here 𝜏𝑒 , 𝛿𝑒 , 𝛿 are defined in (13) . We recall that the occurrence of a

table limit cycle because of a supercritical Hopf bifurcation means that

 < 𝜏𝑒 ≪ 1 . We also observe that, the positive values of 𝜆𝑘 for which

𝑇 < 0 belong to the open interval Λ = ( 𝜆− , 𝜆+ ) with 𝛿𝑇 ( 𝜆± ) = 0 , where

± = 

− 𝜌 𝜁 ± 𝜌

√ 

𝜁2 − 4 𝛿𝑒 ̃𝛿

2 ̃𝛿
, (18) 

nd 𝜁 = 𝑑 𝜃𝐽 
𝑒 
21 + 𝑑 𝜂𝐽 

𝑒 
12 − 𝐽 𝑒 22 − 𝑑 𝐽 𝑒 11 . In the following we assume, for the

patial domain Ω = 

[
0 , 𝐿 𝑥 

]
×
[
0 , 𝐿 𝑦 

]
, that the non-dimensional lengths

re such that 𝐿 𝑥 ≥ 𝐿 𝑦 . Therefore, the smallest positive spatial eigenvalue

s given by 𝜆(1 , 0) = 𝜋2 ∕ 𝐿 2 𝑥 . 
As observed before in Section 2 , the electrodeposition model (1) -

2) experiences at 𝐶 = 𝐶 ℎ𝑜𝑝𝑓 a supercritical Hopf bifurcation such that a

table limit cycle can be found, surrounding the unstable uniform steady

tate 𝑃 𝑒 . As a consequence, it makes sense to investigate if and how cross-

iffusion can impact the occurrence of the TH instability of this Hopf

ycle. To this end, we consider the quantities 𝜏𝑇 and 𝛿𝑇 only as function

f (i) the bifurcation parameters 𝐵 and 𝐶, (ii) the diffusion and cross-

iffusion coefficients 𝑑, 𝑑 𝜂 , 𝑑 𝜃 , (iii) the scaling parameter 𝜌. The other

arameters are fixed as in Fig. 1 . 

Let us define the following quantity as effective domain size , intro-

uced and discussed in details in Lacitignola et al. (2017) : 

 = 𝜌𝐿 2 𝑥 . 

s easy to see that  is proportional to the geometric size of the domain

f integration and 𝜌 can indeed be regarded as a scaling parameter of
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b  
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he surface area ( Murray, 2003 ). From linear stability analysis, it also

ollows that - fixing all the other parameters - the range of wavenumbers

ielding the arising of spatial patterns enlarges with increasing the size

arameter 𝜌. This implies that more complex and structured patterns

an be expected by increasing the value of  . 

In order to better characterize the emerging of 𝑇 𝐻 instability, we

hoose to express the relevant quantities in Theorem 4.1 in terms of the

ffective domain size  . We hence obtain: 

𝑇 ≤ 0 ⇔  ≤ 

𝜋2 (1 + 𝑑) 
𝜏𝑒 

(19)

here 0 < 𝜏𝑒 << 1 and 

𝛿𝑇 < 0 ⇔ 𝑏 2  

2 + 𝑏 1  + 𝑏 0 < 0 , 
𝜏2 
𝑇 
− 4 𝛿𝑇 < 0 ⇔ 𝑐 2  

2 + 𝑐 1  + 𝑐 0 < 0 . 
(20) 

here 𝑏 𝑖 and 𝑐 𝑖 , 𝑖 = 2 , 1 , 0 are given respectively by 

𝑏 2 = 𝐶 ( . 45 𝐵 − 8 . 9090 ) , 
𝑏 1 = 

(
−49 . 3480 𝑑 − 9 . 8696 𝐵 𝑑 𝜂 + 4 . 4413 𝐶 𝑑 𝜃 + 17 . 5858 𝐶 

)
, 

𝑏 0 = 97 . 4090 
(
𝑑 − 𝑑 𝜂 𝑑 𝜃

)
. 

(21) 

nd 

 2 = 

(
25 . 00 + 17 . 8182 𝐶 + 3 . 1749 𝐶 2 − 1 . 80 𝐶 𝐵 

)
, 

 1 = ( −98 . 6960 + 98 . 6960 𝑑 − 35 . 1717 𝐶 + 35 . 1717 𝐶 𝑑 

+ 39 . 4784 𝐵 𝑑 𝜂 − 17 . 7653 𝐶 𝑑 𝜃
)
, 

 0 = 

[
97 . 4091 (1 + 𝑑 2 ) − 194 . 8182 𝑑 + 389 . 6364 𝑑 𝜂 𝑑 𝜃

]
. (22) 

o explore the role of cross-diffusion for the possible destabilization 𝑎́ la

uring of the Hopf cycle, we fix 𝑑 = 20 and consider the two cases: (A)

ross-diffusion in the 𝜂 component only, i.e. 𝑑 𝜂 = 0 ; (B) cross-diffusion

n the 𝜃 component only, i.e. 𝑑 𝜃 = 0 . 
Case A: 𝑑 𝜂 = 0 . We recall by Theorem 3.1 that the codimension 2

 𝐻 point - given by the intersection between the Hopf line and the

uring bifurcation curve - can be found for each value of 𝑑 𝜃 such that

 𝑑 ∗ < 𝑑 𝜃 < 𝑑 ∗ ( 𝑑 − 1) , where 𝑑 ∗ is given in (16) . For our choice of the

arameters, we have −3 . 9595 < 𝑑 𝜃 < 75 . 2329 and the 𝑇 𝐻 point is given

y: 

 𝑇𝐻 = 𝐶 ℎ𝑜𝑝𝑓 = 

𝐴 1 (1 − 𝛼) 
𝐹 2 ( 𝛼, 𝛾) 

= 2 . 8061 , 𝐵 𝑇𝐻 = 𝐵 𝑇𝐻 ( 𝑑 𝜃) (23)

ig. 2 (a) shows how the value of 𝐵 𝑇𝐻 decreases for increasing values

f 𝑑 𝜃 . In particular, for 𝑑 𝜃 = 0 , we recover the TH point ( 𝐶 𝑇𝐻 , 𝐵 𝑇𝐻 ) =
2 . 8061 , 109 . 7979) found in Lacitignola et al. (2015) for the DIB model

ithout cross-diffusion. 
ig. 2. (a) Cross-diffusion in 𝜂 components only, i.e. 𝑑 𝜂 = 0 . 𝐵 𝑇𝐻 as a function of 𝑑 𝜃
he other parameters are fixed as in Fig. 1 . 

5 
By increasing 𝑑 𝜃 from negative to positive values, by

heorem 4.1 and (19) - (20) , we conclude that Weak or Strong TH

nstabilities can be expected for the ranges of the parameter  summa-

ized in Table 1 . The last row in Table 1 , i.e. the case 𝑑 𝜃 = 20 (shown in

old typing), corresponds to the Weak TH phenomenology reported in

ection 4.1 . We observe that, when the other parameters are fixed, to

ave Strong TH instability the effective domain size  must be greater

han a threshold value that is independent on the value of 𝑑 𝜃 but only

epends on 𝑑 and 𝐶. Instead, for the emergence of Weak TH instability,

he ranges of  depend on 𝑑 𝜃 and are bounded intervals whose size

ncreases with increasing 𝑑 𝜃 . 

Case B: 𝑑 𝜃 = 0 . By Theorem 3.2 it follows that the codimension-two

 𝐻 point can be found only for 𝑑 𝜂 ∈ [−4 . 5 , 0 . 2525] . We observe that in

he ( 𝐶, 𝐵) parameter space, with 𝐵 verifying condition (5) , the 𝑇 𝐻 point

s such that: 

 𝑇𝐻 = 𝐶 ℎ𝑜𝑝𝑓 = 

𝐴 1 (1 − 𝛼) 
𝐹 2 ( 𝛼, 𝛾) 

= 2 . 8061 , 𝐵 𝑇𝐻 = 𝐵 𝑇𝐻 ( 𝑑 𝜂) 

e report 𝐵 𝑇𝐻 ( 𝑑 𝜂) in Fig. 2 (b). Also in this case, when 𝑑 𝜃 = 0 , we find

he 𝑇 𝐻 point ( 𝐶 𝑇𝐻 , 𝐵 𝑇𝐻 ) = (2 . 8061 , 109 . 7979) found in Lacitignola et al.

2015) in the absence of cross-diffusion. 

In the following, we shall consider decreasing values of the cross-

iffusion coefficient 𝑑 𝜂 . By Theorem 4.1 and taking into account of

19) - (20) , we conclude that Weak or Strong 𝑇 𝐻 instabilities can be ex-

ected for ranges of the parameter  summarized in Table 2 . The row

n Table 2 for 𝑑 𝜂 = 0 . 1 (shown in bold typing) corresponds to the Strong

H phenomenology reported in Section 4.1 . 

Also in this case, when the other parameters are fixed, to have Strong

 𝐻 instability the effective domain size  must be greater than a thresh-

ld value that is independent on the value of 𝑑 𝜂 . The ranges of  allow-

ng for the Weak 𝑇 𝐻 instability depends instead on 𝑑 𝜂 and are bounded

ntervals whose size becomes larger for decreasing values of 𝑑 𝜂 . 

.1. Numerical validation 

To validate the above results we present numerical simulations for

oth the Weak and the Strong phenomenologies. Numerical simulation

or model (1) - (2) with cross-diffusion have been obtained by the ADI-

CDF method described in detail in Sgura et al. (2012) , Settanni and

gura (2016) . As in Lacitignola et al. (2018) , this method approximates

he new Laplace operators related to the cross-diffusion terms by finite

ifferences with the same accuracy in space and the reaction terms are

lways approximated explicitly in time. The initial conditions 𝜂 ( 𝑥, 𝑦 ) =
0 

. (b) Cross-diffusion in 𝜃 components only, i.e. 𝑑 𝜃 = 0 . 𝐵 𝑇𝐻 as a function of 𝑑 𝜂 . 
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Table 1 

Case A - 𝑑 𝜂 = 0 . 1st and 2nd columns: cross-diffusion coefficient 𝑑 𝜃 and corresponding codimension-two TH points. 3rd column: chosen point in the neighborhood 

of the TH point. 4th-5th columns: ranges of the effective domain size  for which Weak or Strong TH instabilities can be expected in the neighborhood of the 𝑇 𝐻

point. 

𝑑 𝜃 ( 𝐶 𝑇𝐻 , 𝐵 𝑇𝐻 ) (C, B) values Weak TH Strong TH 

-3.5 (2 . 8061 , 117 . 6340) (2 . 794 , 117)  ∈ (3 . 5953 , 4 . 4339)  > 9595 . 4492 
1 (2 . 8061 , 106 . 7779) (2 . 794 , 106)  ∈ (3 . 7680 , 4 . 7705)  > 9595 . 4492 
10 (2 . 8061 , 86 . 9656) (2 . 794 , 86 . 2)  ∈ (4 . 2292 , 5 . 5176)  > 9595 . 4492 
20 (2 . 8061 , 67 . 9508) (2 . 794 , 67 . 2)  ∈ ( 𝟒 . 𝟖𝟗𝟖𝟗 , 𝟔 . 𝟔𝟕𝟐𝟓 )  > 9595 . 4492 

Table 2 

Case B - 𝑑 𝜃 = 0 . 1st and 2nd columns: decreasing values of 𝑑 𝜂and the corresponding codimension-two TH-points. 3rd column: chosen points in the neighborhood of 

the TH point. 4th-5th columns: Ranges of the parameter  for which Weak or Strong TH instabilities can be expected in the neighborhood of the TH point. 

𝑑 𝜂 ( 𝐶 𝑇𝐻 , 𝐵 𝑇𝐻 ) (C, B) values Weak TH Strong TH 

0.2525 (2 . 8061 , 400 . 6875) (2 . 794 , 400)  ∈ (1 . 8842 , 2 . 1629)  > 9595 . 4492 
0.1 (2 . 8061 , 136 . 6972) (2 . 794 , 136)  ∈ (3 . 3137 , 4 . 0241)  > 𝟗𝟓𝟗𝟓 . 𝟒𝟒𝟗𝟐 
-1 (2 . 8061 , 44 . 7719) (2 . 794 , 44 . 2)  ∈ (6 . 3519 , 9 . 9968)  > 9595 . 4492 
-3.5 (2 . 8061 , 22 . 4587) (2 . 794 , 22)  ∈ (14 . 0070 , 50 . 2370)  > 9595 . 4492 
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𝑒 + 10 −5 rand(x, y), 𝜃0 ( 𝑥, 𝑦 ) = 𝜃𝑒 + 10 −5 rand(x, y) are uniformly random

patial perturbations of the homogeneous equilibrium 𝑃 𝑒 . 

Weak 𝑇 𝐻 instability. 

To illustrate the phenomenology related to Weak 𝑇 𝐻 instability in

he neighborhood of the codimension-two bifurcation point ( 𝐶 𝑇𝐻 , 𝐵 𝑇𝐻 ) ,
e choose the case of cross-diffusion in the 𝜂 component only, Case A.

ccording to our theoretical findings, in this case Turing-Hopf instabil-

ty is possible for − 𝑑 ∗ < 𝑑 𝜃 < 𝑑 ∗ ( 𝑑 − 1) so that, for the chosen set of pa-

ameter values, −3 . 9595 < 𝑑 𝜃 < 75 . 2323 . As a consequence, we set 𝑑 𝜂 = 0
nd 𝑑 𝜃 = 20 and, since ( 𝐶 𝑇𝐻 , 𝐵 𝑇𝐻 ) = (2 . 8061 , 67 . 9508) , we fix 𝐶 = 2 . 794
nd 𝐵 = 67 . 2 corresponding to the values of the fourth row of Table 1 ,

ee also Fig. 1 (a). We choose 𝐿 𝑥 = 2 , 𝐿 𝑦 = 1 and 𝜌 = 1 . 6250 so that

 ∈ (4 . 8989 , 6 . 6725) . Table 1 hence suggests that weak 𝑇 𝐻 instability is

xpected, associated with 𝜆(1 , 0) , implying the appearance of a dominant

teady pattern slightly oscillating only in time with the same frequency

f the limit cycle. This phenomenology is depicted in Fig. 3 (a) where the

D snapshots of the solution every Δ𝑡 = 20 until 𝑇 𝑓 = 180 show that the

symptotic stationary spatial structure oscillates only in time. Fig. 3 (b)

hows instead the oscillating behavior of ⟨𝜂( 𝑡 ) ⟩ (left panel) and the cor-

esponding limit cycle in the phase plane ( ⟨𝜂( 𝑡 ) ⟩, ⟨𝜃( 𝑡 ) ⟩) (right panel),

here ⟨𝜂( 𝑡 ) ⟩, ⟨𝜃( 𝑡 ) ⟩ are the mean spatial values of the unknowns evolv-

ng in time. An asymptotic oscillating behavior of these approximated

unctions for long times will indicate that in the phase plane a limit cycle

as been attained. 

Strong 𝑇 𝐻 instability. 

We consider cross-diffusion in the 𝜃 component only, Case B, to

how the emerging of Strong 𝑇 𝐻 instability in the neighborhood of the

odimension-two TH point. Our theoretical findings indicate that in this

ase Turing-Hopf instability is possible only for 𝑑 𝜂 < 0 . 2525 so that we

et 𝑑 𝜃 = 0 and 𝑑 𝜂 = 0 . 1 , corresponding to the values of the second row

f Table 2 . As a consequence, ( 𝐶 𝑇𝐻 , 𝐵 𝑇𝐻 ) = (2 . 8061 , 136 . 6972) and we

x 𝐶 = 2 . 794 and 𝐵 = 136 , corresponding to the point 𝑃 1 in Fig. 1 (b).

e choose 𝐿 𝑥 = 100 , 𝐿 𝑦 = 70 and 𝜌 = 50 so that  > 9595 . 4492 . Accord-

ng to Table 2 , strong 𝑇 𝐻 instability is expected, associated with 𝜆(1 , 0) .

his implies the appearance of an intermittent pattern whose theoret-

cal frequency is 𝜎𝑖 = 

√ 

𝛿𝑇 − 𝜏2 
𝑇 
∕4 = 604 . 3561 that is different from the

requency 𝜔 𝑐 𝑦𝑐 𝑙𝑒 = 529 . 9987 of the limit cycle obtained via supercritical

opf bifurcation. In Fig. 4 (a) the 3D snapshots of the solution every

𝑡 = 0 . 2 until 𝑇 𝑓 = 1 . 8 show that the spatial structure oscillates both in

pace and time. Fig. 4 (b) shows instead the oscillating behavior of the

pace mean integral ⟨𝜂( 𝑡 ) ⟩ (left panel) and the corresponding limit cy-

le in the phase plane ( ⟨𝜂( 𝑡 ) ⟩, ⟨𝜃( 𝑡 ) ⟩) (right panel). The symbols ′𝑜 ′ in

ig. 4 (b), left, indicate the points ( 𝑡 𝑖 , ⟨𝜂( 𝑡 𝑖 ) ⟩) , 𝑖 = 1 , … , 9 corresponding

o the patterns in Fig. 4 (a) for the same time values. In particular, for

 = 1 . 2 and 𝑡 = 1 . 4 , a maximum and a minimum in ⟨𝜂( 𝑡 𝑖 ) ⟩ correspond to
 p  

6 
omplementary patterns in Fig. 4 (a), thus showing the Strong TH be-

avior of the solution. 

. Discussions and concluding remarks 

In Lacitignola et al. (2018) , with the aim to compare the dynamical

roperties of the DIB model with other reaction-diffusion systems found

n literature and typically referring to biological phenomena, we dis-

ussed the DIB model within the activator-inhibitor framework. In fact

he structure of the source terms of the DIB model, allowed us to clas-

ify it among the pure activator-inhibitor systems, with 𝜂 the activator

nd 𝜃 the inhibitor. We found that when cross-diffusion in the activator

nly was considered ( 𝑑 𝜂 = 0 ), negative cross-diffusion of the activator

nhanced Turing instability driven by diffusion and cross-diffusion, by

roducing larger Turing parameter spaces with respect to the case in

hich cross-diffusion is absent. A similar effect was obtained by consid-

ring positive cross-diffusion only in the inhibitor ( 𝑑 𝜃 = 0 ). As a result,

he specific role of cross-diffusion on activator or on inhibitor emerged

ery clearly with respect to the system capability to promote Turing

nstability. 

The present study shows that this same specificity emerges, even

ore markedly, with respect to the system capability to support Turing-

opf instability. We find in fact that, when cross-diffusion in the 𝜂

omponent only is considered ( 𝑑 𝜂 = 0 ), a very large range of the cross-

iffusion coefficients 𝑑 𝜃 makes the emergence of the 𝑇 𝐻 instability pos-

ible. On the contrary, when cross-diffusion in the 𝜃 component only is

onsidered ( 𝑑 𝜃 = 0 ), 𝑇 𝐻 instability can occur only for a very small range

f the cross-diffusion coefficient 𝑑 𝜂 . 

This would suggest that, for an activator-inhibitor system, 𝑇 𝐻 in-

tability could be more easily detectable for models exhibiting cross-

iffusion in the activator component. We stress that this circumstance

s not particularly pronounced for the Strong 𝑇 𝐻 instability, that we

ere able to find numerically for the cases of cross-diffusion in the ac-

ivator as well as in the inhibitor. On the contrary, the Weak 𝑇 𝐻 insta-

ility - although theoretically possible in both the previous situations

 was captured numerically only when cross-diffusion in the activator

s considered and, more precisely, only for values of the cross-diffusion

oefficient 𝑑 𝜃 sufficiently large. 

A further difference between Weak and Strong 𝑇 𝐻 instabilities, can

e expressed in terms of the effective domain size required for the oc-

urrence of these two phenomenologies. In the case of Strong 𝑇 𝐻, the

ffective domain size has to be larger than a critical value  

∗ that

esulted: (i) independent on the cross-diffusion coefficients but only

ependent on the parameter 𝑑 and 𝐶; (ii) considerably larger if com-

ared to the values of  for which Weak 𝑇 𝐻 can emerge. In fact, for
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Fig. 3. Cross-diffusion in the 𝜂 component only, i.e. 𝑑 𝜂 = 0 , 𝑑 𝜃 = 20 . Weak 𝑇 𝐻 instability obtained for 𝐶 = 2 . 794 and 𝐵 = 67 . 2 . Here 𝐿 𝑥 = 2 , 𝐿 𝑦 = 1 , 𝜌 = 1 . 6250 . (a) 

Snapshots of 3D spatial patterns: oscillations in time of a stationary spatial pattern can be recognized by the colorbars and by comparing the spatial structures in 

each snapshot (b) Left panel: spatially averaged value < 𝜂 > and < 𝜃 > as a function of time. Right panel: the corresponding oscillatory dynamics in the ( < 𝜂 >, < 𝜃 > ) 

phase plane. 
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(b)

Fig. 4. Cross-diffusion in the 𝜃 component only, i.e. 𝑑 𝜃 = 0 , 𝑑 𝜂 = 0 . 1 . Strong 𝑇 𝐻 instability obtained for 𝐶 = 2 . 794 and 𝐵 = 136 . Here 𝐿 𝑥 = 100 , 𝐿 𝑦 = 70 , 𝜌 = 50 . (a) 

Snapshots of 3D spatial patterns: oscillations both in space and in time can be recognized by the colorbars and by comparing the spatial structures in each snapshot 

(b) Left panel: spatially averaged value < 𝜂 > as a function of time. Right panel: the corresponding oscillatory dynamics in the ( < 𝜂 >, < 𝜃 > ) phase plane. The symbols 
′𝑜 ′ indicate the points ( 𝑡 𝑖 , ⟨𝜂( 𝑡 𝑖 ) ⟩) , 𝑖 = 1 , … , 9 corresponding to the patterns in (a) for the same time values. In particular, note that for 𝑡 = 1 . 2 and 𝑡 = 1 . 4 , a maximum 

and a minimum in ⟨𝜂( 𝑡 ) ⟩ correspond to the complementary patterns as shown in (a), thus emphasizing the typical Strong TH behaviour of the solution. 

8 



D. Lacitignola, I. Sgura and B. Bozzini Applications in Engineering Science 5 (2021) 100034 

Fig. 5. (A) Current-density time-series, obtained with a Zn electrode in contact with a 6 M KOH aqueous solution, polarized potentiostatically at -1018 mVHg/HgO. 

(B) Typical scanning-electron micrograph of a Zn electrode subjected to the conditions leading to the electrochemical behaviour depicted in Panel (A). 

Fig. 6. (A) Upper panel: in situ soft-X ray elec- 

trochemical imaging of the growth of a single 

Mn-Co/polypyrole island. Lower panel: absorp- 

tion ratio relative to the initial state. In this case, 

the background-normalized absorption is propor- 

tional to the amount of Mn deposited. (B) Black 

squares: measured amount of material deposited 

in successive electrodeposition steps (mean and 

standard deviation); blue line: growth trend of 

electrodeposited island; red line: a guide for the 

eye highlighting that global growth goes through 

oscillations in the amount of instantaneously de- 

posited material. Panel (A) is adapted by permis- 

sion from Springer Nature Customer Service Cen- 

tre GmbH: Springer Nature, Nano Research, ‘Shed- 

ding light on electrodeposition dynamics tracked 

in situ via soft X-ray coherent diffraction imaging’, 

G. Kourousias, B. Bozzini, A. Gianoncelli, M.W.M. 

Jones, M. Junker, G. van Riessen, M. Kiskinova, 

Nano Research 9 (2016) 2046-2056 ©. 
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eak 𝑇 𝐻 instability to appear, the value of the effective domain size

ust belong to a bounded interval whose size depends on the cross-

iffusion parameters (increasing with increasing 𝑑 𝜃 and decreasing with

ncreasing 𝑑 𝜂). Although for rather binding values of the effective do-

ain size, the introduction of cross-diffusion would therefore seem to

ake the Weak 𝑇 𝐻 easier to find. The Weak 𝑇 𝐻 instability exhibits in

act a less easily detectable phenomenology with respect to the Strong

 𝐻 that appears instead more influenced by diffusion and kinetics

echanisms. In this respect, it is worth to stress that, for the DIB model

ithout cross-diffusion, we theoretically predicted in Lacitignola et al.
9 
2015) the emergence of the Weak 𝑇 𝐻 instability although it was not

ossible to show numerically this phenomenology. The introduction of

ross-diffusion in the DIB model allowed us to provide such an exam-

le. The cross-diffusion mechanism seems in fact to have increased the

apability of the system to express this behavior by enlarging the range

f the parameter values required for the Weak 𝑇 𝐻 instability to occur

nd, likely, by increasing the stability of the resulting spatio-temporal

atterns. 

We would like to extend the present study based on cross-diffusion

ffects to solve the DIB model on surfaces, as done in the case of the
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Fig. 7. A typical chunk of a cell voltage time series for a Zn/Zn symmetrical 

cell, polarized galvanostatically at 1 mAcm 

−2 . Electrolyte: 6 M KOH + 0.1 M 

ZnO + 0.3 mM TBAB. 
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phere in Lacitignola et al. (2017, 2019) . In this case, a suitable nu-

erical method would be applied to solve RD with cross-diffusion on

xed and evolving surfaces, like the Lumped surface finite element

ethod (LSFEM) studied in Frittelli et al. (2017) . Experimental evidence

s available of both weak and strong Turing-Hopf instabilities. In the fol-

owing we report two representative cases, measured by the Authors.

otentiostatic current oscillations observed in conditions close to

seudo-passivation of zinc electrodes ( Fig. 5 -A) yielding homogeneous

orrosion on the mesoscopic scale ( Fig. 5 -B), can be modelled with

eak Turing-Hops instabilities since the current is directly proportional

o 𝜂. 

In Kourousias et al. (2016) we observed that the single Mn-

o/polypyrole islands can grow in an oscillating mode, fully compat-

ble with strong Turing-Hopf instability. In Fig. 6 -A, we report local ma-

erial redistribution resulting from consecutive in situ electrochemical

rowth steps, as observed by phase soft-X ray absorption imaging, to-

ether with the absorption ratio relative to the initial state, pinpointing

he redistribution of material within each island. The plots of Panel B

ighlight that the net growth rate goes on through steps in which the

mount of deposited material varies in an oscillatory way. It is worth

oting that Turing-Hopf type processes are of interest for the dynam-

cs of batteries with metallic anodes, in which oscillating space-time

hape changes can take place during charge or discharge periods. Re-

erring to the classical case of zinc anodes, oscillations under electro-

hemical conditions that are characteristic of charge ( Nishikiori et al.,

011; Wang et al., 2003 ) and discharge ( Bozzini et al., 2019; Chen et al.,

012; Mogi et al., 1996; Piatti et al., 1980 ) processes, have been de-

cribed in the literature and explained on the basis of both cathodic

 Despic et al., 1976 ) and anodic ( Baugh and Baikie, 1985; Hull et al.,

970 ) pseudo-passivation processes, leading to alternating formation

nd disruption of reaction-product films at the electrode-electrolyte in-

erface, that trigger relaxation oscillations. In Fig. 7 we report a typical

xample from our laboratory of potential oscillations observed during

he operation at 1 mA cm 

−2 of a symmetric zinc cell with 6 M KOH, 0.1

 ZnO aqueous electrolyte, containing 0.3 mM tetrabutylammonium

romide additive. Potential oscillations of this type accompany mor-

hology evolution that can lead to periodically changing metal pattern

istributions on the electrode surface. In fact, complex morphochemical

rocesses are generated by the reactions involved in the energy storage

rocesses, that can modulate the electrode surface area, causing reorga-

izations in space and time that can be periodic in nature. For instance,

he following sequences of cathodic and anodic processes can be fig-

red out, as a simplified model of these phenomena. During charge,

etal protrusions typically tend to form ( Fig. 8 -A), initially increasing
e  

10 
he active electrode area. At later stages of growth, branched portions

f the protrusion ( Fig. 8 -B) can detach, giving rise to ‘dead metal parti-

les’ in the electrolyte, thus decreasing the active metal surface. More-

ver, unstably growing metal features tend to screen the neighboring

egions of the cathode, where oxide films tend to precipitate ( Fig. 8 -C),

ut their conversion back to metal can be triggered by the protrusion

eactivation processes, such as the one mentioned above. Similar pro-

esses can also occur during discharge, where regions of low and high

urrent density give rise to the formation, respectively, of soluble and

nsoluble forms of oxidized metal Mele et al. (2017) ( Fig. 8 -D), that in

urn modulate the metal dissolution rate in space and time: fast react-

ng regions tend to passivate, increasing the reaction rate of neighboring

egions that initially react slower; in addition, under appropriate con-

itions, the passivating film tends to fail for mechanical and chemical

easons, reactivating the underlying metal. These processes, and similar

nes that are likely to occur at the surface of metal battery anode, yield

oupled dynamic morphochemistry that is compatible with Turing-Hopf

henomenology. 

Oscillations of integral electrical quantities, such as cell current

r potential, can be readily measured, but in situ observation of dy-

amic morphological processes is still in its infancy. X-ray based imag-

ng methods, based on direct- Bozzini et al. (2020) or Fourier Bozzini

t al. (2017) space approaches are starting to find application and con-

ribute unprecedented insight into the internal workings of operating

lectrodes. In view of an expected notable expansion of these studies,
Fig. 8. Selected images of Zn electrodes, showing typical mor- 

phologies. (A) Electrodeposition from 2M ZnSO4 aqueous solu- 

tion, pH 4.5 at 40 mA cm 

−2 for the indicated times. (B) Elec- 

trodeposition from 2M ZnSO4 solution, pH 4.5 at 80 mA cm 

−2 

for 16 h. (C) Thick ZnO passive film obtained by exposure of 

a Zn electrode to a 6M KOH, 0.1M ZnO aqueous solution. (D) 

Surface of an electrodeposited Zn film, treated anodically in 6M 

KOH, 0.1M ZnO aqueous solution at -1020 mV 𝐻 𝑔∕ 𝐻 𝑔𝑂 for 1 h. 
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nabled by next-generation high-throughput microspectoscopy methods

eing actively developed at X-ray light sources around the world, the

vailability of mathematical models of the practically relevant meso-

copic materials science processes, like the DIB model for battery sys-

ems in which conversion reactions are implemented, will be a necessary

ool for both physico-chemical rationalization and parameter-based data

ompression. 
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