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The paper presents a refined two-dimensional formulation for the thermo-mechanical analysis of laminated
doubly-curved shell structures under thermodynamic equilibrium conditions. Both the kinematic configuration
variables and the temperature variation with respect to the natural equilibrium state are described with a
generalized formulation, following the Equivalent Layer-Wise (ELW) approach employing higher order poly-
nomials, along with some proper zigzag functions. The governing equations are derived from the stationary
configuration of the Helmholtz free energy of the system, and a semi-analytical solution is found. In the post-
processing phase, the Fourier-based Generalized Differential Quadrature (F-GDQ) is applied to recover the

actual three-dimensional response of the doubly-curved shell solid, and very accurate results are obtained for the
quantities of both mechanical and heat conduction problems. In addition, the integrals occurring in the theory
are performed numerically with the Taylor-based Generalized Integral Quadrature (GTIQ), showing a high level
of accuracy with a reduced number of sample points. The model is validated in some case studies, where the
accuracy of the model is shown, and the numerical predictions are successfully compared with those ones from
refined three-dimensional numerical simulations. After that, an extensive set of parametric investigations is
reported, pointing out the effects of the panel curvature, lamination schemes and different levels of coupling on
the thermo-mechanical structural behavior of the investigated panels.

1. Introduction

In recent years, new applications have emerged in which structures
of complex shapes are subjected to various external loads, including
mechanical, thermal, electric and magnetic external forces [1,2]. For
this reason, new advanced materials are adopted which can withstand to
all these actions. For instance, in aerospace applications, the structural
response of mechanical components must not be affected by the thermal
environment, which may otherwise introduce additional stresses due to
the thermal expansion phenomenon [3,4]. In the same way, the presence
of an external electric or magnetic field can induce bending, potentially
giving rise to some issues in the whole structural system [5-7]. Conse-
quently, classical mechanical models are being enhanced to better pre-
dict both the structural response and the influence of other external
fields.

When a smart structure is in a thermal environment, both coupled
and uncoupled theoretical formulations can be employed [8-10]. In
uncoupled simulations, the heat conduction problem is solved inde-
pendently, and the temperature distribution is derived within the three-
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dimensional solid. This distribution is then used to obtain the corre-
sponding volumetric forces which are computed as external mechanical
loads applied to the structure [11-13]. On the other hand, in coupled
thermo-mechanical simulations both the mechanical elasticity and heat
conduction problems are simultaneously solved within the same system
of equations. Therefore, additional terms are introduced into the total
energy expression of the system accounting for the coupling effects be-
tween the involved physical problems [14-17].

Thermo-mechanical models can be developed using either two-
dimensional (2D) and three-dimensional (3D) approaches. However, a
closed form solution cannot be obtained for all possible geometries,
lamination schemes and boundary conditions. Therefore, an approxi-
mate numerical solution is usually derived which can be computation-
ally expensive, especially in 3D simulations, due to the high number of
Degrees of Freedom (DOFs) involved [18-21]. For this reason, among
two-dimensional theories refined formulations for doubly-curved shells
are developed, incorporating Higher Order Shear Deformation Theories
(HSDTs) [22-24], which account for a higher order description of the
unknown field variables. In this way, an axiomatic assumption along the
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thickness directions for the problem variables are made using thickness
functions, dependent on the thickness coordinate, which can be either
polynomial or non-polynomial [25,26]. Among two-dimensional the-
ories, Equivalent Single Layer (ESL) and Layer-Wise (LW) approaches
are adopted [25,27-30]. In addition, the Equivalent Layer-Wise (ELW)
theory is introduced, which is a hybrid approach combining aspects of
ESL and LW formulations, allows one to assess kinematic boundary
conditions, as happens in LW models, but it requires a limited compu-
tational cost like the ESL theory [31]. In ESL and ELW theories the
interaction between two adjacent laminae is kinematically described by
zigzag functions [32-35] that provide a slope change in the deflection
profile. Refined zigzag theories [36,37] are developed based on the
mechanical properties of the actual lamination scheme, yielding very
accurate results even though for a limited number of cases. In applica-
tions with complex lamination schemes with a softcore layer a gener-
alized model is required in which variable kinematic assumptions can be
made. For this reason, the unified formulation, presented for the first
time in the works of Washizu and Reddy [38,39], is adopted. According
to this methodology, the structural theory is developed for an arbitrary
set of thickness functions. In this way, several structural theories,
including the classic approaches, can be embedded within the same
model [40-42]. Governing equations are derived from the computation
of the total energy of the system. In thermo-mechanical problems both
the mechanical and thermal energy must be evaluated [43]. In addition,
the coupling effects are considered through the introduction of some
additional terms. In the same way, multifield structural theories account
for the computation of the total free energy of the system [44], which
turns out to be made of the energy associated with all fields, and the
contributions coming from coupling effects between the physical prob-
lems. In other words, the total free energy can be seen as the virtual work
of all generalized forces acting on the system. The solution of a multi-
field problem can be found if the total energy is a thermodynamic po-
tential, thus enabling the application of the Master Balance principle. In
the same way, the fundamental equations can be derived for the thermo-
mechanical case once the Helmholtz energy is derived, which depends
on the deformation gradient and absolute temperature [45]. Similarly,
the heat conduction equations, depending on the temperature gradient,
can be derived using the same principle, yielding the well-known
Fourier equations in a stationary configuration of the system [46,47].
As far as the solution of the problem is concerned, from the pio-
neering works by Pagano [48,49] closed-form analytical procedures
have been developed to validate two-dimensional and three-
dimensional models. Most of these solutions is based on the Classical
Plate Theory (CPT) and the First Order Shear Deformation Theory
(FSDT). These solutions are expanded in semi-analytical procedures
such as those by Navier and Levy in order to provide some relevant
results in practical applications [50,51]. On the other hand, the three-
dimensional profiles of primary and secondary variables derived from
a two-dimensional model may not satisfy a priori the equilibrium con-
ditions along the thickness direction [52]. For this reason, a post-
processing procedure has been developed [53-55], based on the three-
dimensional equilibrium equations. It allows for an accurate predic-
tion of the three-dimensional structural response starting from a refined
two-dimensional solution. The correction of primary and secondary
variables profiles can be performed using a numerical technique, which
should not be computationally expensive. In this context, the General-
ized Differential Quadrature (GDQ) [56-59], a spectral collocation
method, has been proven to be a valuable alternative to the Finite
Element Method (FEM), which is widely adopted in literature, and it is
implemented in most commercial software [60,61]. The GDQ method
provides a quadrature approximation of derivatives, enabling the solu-
tion of a differential problem directly in the strong form without relying
on shape functions [62,63]. Based on a global interpolation of the field
variables, it evaluates the derivative of a function as a weighted sum of
the values assumed by the function itself in a computational grid. The
weighting coefficients are evaluated once the interpolating basis
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functions of the polynomial vector space are declared. Starting from the
first pioneering works by Shu, the GDQ method is based on a quadrature
formula that adopts Lagrange interpolating polynomials. When Taylor’s
series are adopted as basis functions, the Taylor-based Differential
Quadrature is obtained. In the same way, the Harmonic Differential
Quadrature (HDQ) accounts for a Fourier series expansion of the given
functions [64-67]. Finally, when trigonometric functions are used, the
Fourier-based Generalized Differential Quadrature (F-GDQ) comes out.

Derived from the F-GDQ method, the Generalized Taylor-based In-
tegral Quadrature (GTIQ) method provides an efficient evaluation of
integrals, taking into account a reduced number of DOFs. Several pre-
vious studies demonstrate that both GDQ and GTIQ methods reach the
highest level of accuracy when non-uniform computational grids are
used [68,69]. These numerical methods have found extensive applica-
tion in various structural problems, including bending and vibration
analysis of innovative structural components [70-73], time integration
formulations [74-77], and fracture and contact problems, among others.
In addition, some interesting papers can be found in literature involving
multifield simulations based on the GDQ method [78-83].

In this paper, an innovative ELW formulation, employing higher
order theories, is presented for the evaluation of the thermo-mechanical
stationary response of laminated doubly-curved shell structures made of
advanced materials. The geometry of the solid is described using the
differential geometry with curvilinear principal coordinates, while the
mechanical behavior is modelled under the assumption of linear elastic
materials. On the other hand, the heat conduction problem is addressed
with the Fourier equations, expressed in principal coordinates. The
present theory is built employing the unified formulation, and the ELW
thickness functions enables the imposition of prescribed values on the
displacement field components and temperature variation. A semi-
analytical solution is derived under the assumption of an harmonic
expansion of the unknown field variables. A post-processing procedure
is then employed to recover the actual three-dimensional response of the
structure from the higher order two-dimensional solution. The proced-
ure in hand is performed using the F-GDQ numerical technique for de-
rivative computation, yielding highly accurate results with a reduced
number of DOFs. An extensive set of case studies is presented, evaluating
the thermo-mechanical response of panels with different curvatures and
lamination schemes. Results are successfully compared with predictions
from refined three-dimensional simulations developed using a com-
mercial software. Various load cases and the influence of a two-
parameter elastic foundation [84], based on the Winkler-Pasternak
model [85,86], are investigated. This ELW formulation is shown to
predict accurately the response of structures subjected to either pre-
scribed values of configuration variables, as well as to external pressures
and thermal fluxes. Furthermore, it allows one to accurately predict the
thermo-mechanical three-dimensional response of these structural
components under various load shapes with a semi-analytical method.
The recovery procedure, along with the F-GDQ numerical method, is
shown to be an essential tool for deriving the actual distribution of
primary and secondary variables from the analytical solution, even in a
two-dimensional formulation, especially when lamination schemes
containing softcore layers are considered. The present higher order
theory is a valuable tool for thermo-mechanical simulations of curved
and layered panels, providing results in line with predictions from
computationally expensive models. This enables rapid and accurate
parametric investigations for the design of laminated structures in
thermal environment, saving the computational time.

2. Esl geometric description of a laminated shell structure

A laminated doubly-curved shell is a solid in the three-dimensional
Euclidean space. Therefore, its position vector, denoted by R, can be
expressed through three different parameters (a1,a2,a3) € [a9,a}] x
0 1 0

[0%, )] x [a%,a}] as follows:
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R(ay,as,a3) =fi(a,az,as)e, +fa(a,aras)e, +f3(a,ar,a3)es

€Y

being e1,e5 and e3 the unit vectors of the global Cartesian coordinate
system. Following to the ELW methodology, the description of the shell
solid can be achieved through the geometric properties of the reference
surface, located in the middle thickness of the solid. If the position vector
of the surface is denoted by r(a1,az), the previous relation can be
expressed as [22]:

h((l],(lz)

R(a,ay,8) =r(a,a,)+ )

zn(a,a,) ()]
Here, h is the total thickness of the shell, while z = 2{/h is a dimen-
sionless parameter which is defined from the thickness coordinate ¢. The
outward normal unit vector n(ai,a2) is evaluated by applying the
principles of differential geometry to the reference surface r, leading to
[22]:

r;pAr,

3

n(al,az):m

being r; = dr/da; the partial derivative of the position vector r with
respect to a; = a1, . The total thickness of the laminated shell solid is
computed as the sum of widths h of each layer in the stacking sequence,
setting k =1,...,Lt

1 1

h(al:az):th<a1:az):Z(Ck+l*gk) 4

k=1 k=1

where [ is the total number of layers. In the previous relation, the
quantities {; and {4, denote the location along the thickness direction
of the lower and the upper skin of an arbitrary k-th layer, respectively.
On the other hand, the well-known Lame parameters A; = A1,A, as
well as the principal radii of curvature R; = Rq,R, referred to a; = a1,
ao principal directions, are evaluated at each point of the reference
surface as follows [22]:

[
R =100 ®
Ai(ay,a,) = Jr;T;

In addition, the principal curvatures k; = kn1,kn2 of the reference
surface are evaluated as k,; = 1/R; with i = 1,2. The curvature effect is
considered along the thickness direction via the definition of the scaling
quantities H; = Hq,H, defined at each point of the three-dimensional
solid in terms of the principal radii of curvature R; introduced in Eqn.
(5):
H 4L

f(‘11705275)*1+R' (6)
In the same way, the quantities A; of Eqn. (5) are adopted to compute
the length, denoted by ds; = ds;,dsz, of an infinitesimal arc along a; =
a1, directions:

ds; = Ada; )

The integration of the previous equation allows one to derive the
curvilinear abscissa s; =s1,52 along a@; = a1,y principal direction,
defined so thats; € [s%,s}]. In this way, a measure of the arc length along
a; is provided within the laminated doubly-curved shell.

3. ELW assessment of the thermo-mechanical definition
equations

In this section, a two-dimensional ELW model is introduced, incor-
porating the configuration variables of both the mechanical elasticity
problem and the heat conduction problem within a solid. To this end, the
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vector AK) (a1,a2,¢) is introduced at each point of an arbitrary k-th
layer of the stacking sequence. This vector collects the three-
dimensional displacement field components ng), U(zk), ng>, referred to
the curvilinear reference system of the shell, and the temperature vari-

ation AT® = T® _T, with respect to the natural equilibrium condi-
tions, characterized by the absolute temperature T o:

AV a0 = [0 vP UuP aT® ] ®)

Following the International Standard (S.1.) guidelines, the displacement
field components are expressed in meters [m], whereas the kelvin [K]
unit is adopted for the temperature variation. Following the ELW
approach, each element of the vector A® is expanded up to the N + 1-th
order via the introduction of generalized thickness functions, denoted by

FR% — pO% () witht =0,..,N+1andi =1,...,4:

v FO= 0 0

0 u,
v | Ni 0 Fh= 9 0 uy ©)
v = | O 0 F¥= 0 uld
AT® 0 0 0 Fkas &o

3
configuration variables for the thermo-mechanical problem, defined for
each 7-th kinematic expansion order. Employing a compact notation,
Eqn. (9) is expressed as follows [22]:

T
Here, §) = [u@ u) Wy o ] is the vector of the generalized

AW = "FU8" (10)

where F®) is the matrix of the generalized thickness functions associated
with each z-th order. Note that Eqn. (9) allows for the development of a
generalized theory regardless of the actual expression of the thickness
functions set. As a consequence, it embeds many classical theories like
the FSDT and the TSDT. Furthermore, some advanced model can be
considered, which can predict exotic deformations of the laminae, as
well as the stretching effects that act along the thickness direction. In the
present paper, higher order thickness functions are selected that can
capture the zigzag effects acting between two adjacent laminae. More
specifically, the following analytical expressions, taken from Ref. [22],

are considered for ng)“" with7=0,...Nandi =1,...,4:

11—z
- ° f =0
5 or 7
Fik)al — Zr+1 — 72! for r = 1,.,N—1 11)
1
T+z for t=N

where the quantity z is a dimensionless parameter dependent on the
thickness coordinate ¢ according to the following expression:

z:%C 12)

The zigzag effects are modelled in Eqn. (9) by means of the thickness
function reported below, referred to © = N + 1, setting [ the total
number of laminae of the shell:

, (=1)" 2 fork=1
Fili={ (= 1)z fork=2,..,1—-1 13)
(—1)"z; fork=1I

The quantities zj,z and z; are defined for each k-th layer of the
stacking sequence as follows:
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Lotk
§k+l - élk
2 CkJr] +CA —
= - =25 -1 14
@ §k+l - gk §k+l - Ck “ ( )
o &= G
e §k+l - gk

The following nomenclature is, thus, introduced in order to identify the
thickness function set of the present generalized model:

ELD - N

ELDZL — N 15

being N the maximum kinematic expansion order, while the symbol “ZL”
is adopted when the zigzag function (13) is selected. On the other hand,
the symbol “D” means that the displacement field components (D) and
the temperature variation are the configuration variables of the theory,
whereas “EL” indicates that these variables are modelled according to
the ELW approach.

The thickness functions introduced in Eqns. (11) and (13) are defined
so that the arbitrary elements A<ik) of the vector A®) of the three-
dimensional configuration variables referred to the points at heights
{ =-h/2 and { = h/2 are equal to the corresponding generalized vari-

ables 5(1?) of the vector 8 associated with 7=0 and 7 = N + 1,
respectively. In aspect allows prescribing a value of the configuration
variable at the top and the bottom surfaces of the panel within a two-
dimensional model:

h
A(,-l)<01170527§: *§> =6"(a,a)
16)

h
A(i]) (fll-,az.,C:§> :551\/)((111“2)

At this point, the definition equations for the present model are derived
starting from the generalized kinematic assumption of Eqn. (10). To
achieve this, the three-dimensional definition equations of the mechanical
and heat conduction problem are considered for a doubly-curved lami-
nated shell solid, expressed in a compact form as follows [22]:

(®) D 0
€ (1) uw
} a7)

(k) — (k) ATH | —
a® = DA o AT =] 0 Dg [ ®
o 0 Dy AT

being k = 1, ..., I, while e®, AT® 9®) are the vectors of the three-
dimensional thermo-mechanical primary variables:

k) _ [ .(k (k k k k) R
£ _[9(1) 53> Y(li 7<1; 7<23 5<3]

AT = ZTH, b = [gh b o0 |

(18)

As can be seen, the differential operator D of Eqn. (17) is defined in terms
of the sub-operators Dy, D(2) and D 3. In particular, D(;) is the symmetric
part of the definition operator of the mechanical problem, while D y) is
the definition operator of an arbitrary scalar field. Finally, D(3y = 1. The
three-dimensional operator D is here modelled as the product of two
matrices D, and Dq according to the following expressions:

D = DDg (19)

More specifically, the operator D collects the terms involving the partial
derivatives with respect to the principal coordinates of the shell a1, 2:

DQ( 1) 0
Do = 0 Dggy (20)
0 Dgp

The sub-operators D1y, Dg(2) and D) occurring in the previous rela-
tion take the following form:
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Doy =[D, Dy Dg]
1 9 . !
Do) = _A_l a_(ll —i o -1 21)
Do) =1

where the quantities Dy , Dy and D}, read as:

L i 1 0A | ] [ 1 1
A Oa A A, Oay R,
1 oA, 19 |
AA, da; A, oo =
1o 1o o
A LA, Oay A, da,
"l L i ™2 — ! % ] 0 a
Dy =1| Ay00, | Do =|"44 00, |> DPa= LI @
1 0 A Oduy
"Ry 1 19
0 7R72 Az a(lg
1 0 0
1 0
0 0 L ! i

In the same way, D, accounts for the derivation with respect to the
thickness coordinate {:

=1 0 Dy 0 (23)

1
EOOOOOOOO
oL 0 0 0 0 0 0 o0
H,
11
OOEEOOOOO
D) = | 9
0 0 0 0 — 0 — 0 0
H a
1 d
0 0 0 0 0 — 0 — 0
H, o (24)
0
0 0 0 0 0 0 0 0 —
o

1
ﬁl 0O O
1
D) = i 0|, Dy =1
il
0 0 a_C

Finally, the differential operator Dy is conveniently expressed as the
sum of the operators D& withi =1,...,4:

4
Do =) D (25)
i=1

The quantities D{; assume the following extended matrix form, setting
— ~a.
D?; = Dg(z) and DQ4 = DQ(3):
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D, 0 0 0 0 D, 00
Di=|0 00 0|, DF={0 0 0 0
0 00 0 0 0 00
(26)
0 0 D) 0 000 0
Q —a
D=0 0 0 0|, Dy=1|0 0 0 D,
00 0 0 0 0 D

Once the definition equations are introduced for a three-dimensional
solid, they are embedded within the ELW model by substituting Eqn.
(10) in Eqn. (17), as extensively shown in Ref. [22]:
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in terms of the corresponding thickness function Fa

following expression:

according to the

Z89% = Dy FO% m=1,2,3 (30)

4. Constitutive equations

In the present work, an arbitrary k-th layer of the doubly-curved shell
solid is modelled as a linear elastic generally anisotropic material [22],
accounting for both the mechanical and the heat conduction problem.
To this end, the following constitutive relation is considered in each
point of the solid, written with respect to the curvilinear reference sys-
tem of the shell:

4
7% = DAY =D DAY =D, > " DEAY =
i=1
N+1 4 N+1 4 N+1 4 N+l 4 @7
:ZZDgngF(Tk)a(r):ZZDLFEk alDa, Zzz(kfa,na, ZZZ(M%R a;
=0 =1 =0 i=1 =0 i=1 =0 i=1
As can be seen, the vector n%) of the three-dimensional primary vari-
ables, introduced in Eqn. (17), is expanded up to the N + 1-th order. In
this way, the vector of the generalized primary variables, denoted by
R I e < <l I ECHC I
o |aY cp ay ) a0 o ol e
W |ay al aw o cw oaw |0 o o || Y
W ey e e ar ap ar|= o o o | A
— —, — - — —( k
L e A U I o
ol ay e ) ay e |0 o0 o &
—~~(k
[ N ERE R - N o
AT Lo 0 0 0 0 0| o K K K| e
(k —) ) T )
A 0 0 0 0 0 0 0 [& EY K] e
(k =) T T )
B Lo o 0 0 0 0| o B Y K] eY |

n(9%, is introduced for each 7 = 0,...,N+1 andi = 1,...,4. Employing a
matrix notation, the previous relation can be expressed as follows [22]:

N+1 4 S(k)
_ Z ko)ai 7 (0) A’T(k)
=0 =1 o
kt)a;
N+l 4 Zi o 0 0 gl
=22 z{ o || ATl 28)
—0 =1 o) (.)(f)a,
0 Z(2 7)a,

where the vectors %, AT and 0% collect the generalized primary
variables of the thermo-mechanical problem:

AT (ay,a0) = ATO%, 0% (0, a) = [9% 97" g9 |
()i — )ai Jai (D (@ai @Oa @ @a (0w ]
el (alvaZ) — [eira 8;1(1 lra 72111 711311 }’21311 11311 wzga (:'3“1 ]

(29

The matrices Z(f i Zg“)a‘ and Z(;“)“‘ introduced in Eqn. (28) are written

In a more compact form, the previous equation takes the following form:

(k) T
e « T, 0 e®
x® —TWa® o [nm =[tY ™ o ||aT® (32)
h® o oW
o o TV
T
where the vectors ¢ = [g(f) F L L R } and h® =

k k
[h(l) h(z)
the heat flux components, respectively, while the scalar quantity y®
denotes the specific entropy of the system. The multifield stiffness ma-

T
h(? ] collect the three-dimensional stress components and

o= . Lok (K .
trix T® contains the sub-matrices T and Ty, which are the three-
dimensional stiffness matrix and the conductivity matrix, respectively.

The matrix f(T’(T) = E(lkl) =p®c® /Ty is a 1 x1 matrix that allows
expressing the specific entropy n® in terms of the temperature variation
AT® = AT®), being p® and c® the density and the specific heat of the

constituent material, respectively. Finally, fi’o accounts for the coupling
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between the heat conduction problem and the mechanical elasticity
equations. The thermo-mechanical constitutive matrix I'®) occurring in
Eqn. (32), written in the geometric reference system, is obtained from
the rotation of the matrix I'®¥) written for each point of the three-
dimensional solid in the material reference system of the k-th layer,
denoted by o’a<f >a<§>2<k>. In this way, the constitutive relation (32) can
be expressed in terms of the vectors of the primary and secondary var-

. ~ ~ . (k) ~ (k)5
iables #% and x(k), respectively, referred to 0(1(1)(1(2)4’ OF
® I‘fjk) —FE“T 0 Q)
7O =TOWa® o |nq® | = r® ¥ 0 Zj"“‘) (33)
h® NG
0 o Iy

In the present study, it is assumed that the material and geometric
reference systems have the same origin. Furthermore, the planes
a® g —ay are parallel, therefore the identity ¢

considered. In other words, the material axis &(f) is rotated by an angle

and oy = { can be

9% with respect to a;. As a consequence, the following rotation

matrices H®Y and T® are conveniently introduced [22]:

cos9®  sing® 0

H® = | —sind® cosd® 0 34
0 0 1
cos>9® sin?9® —2sind% cos9™® 0 0 0
sin?9® cos?9® 2sin9®cos9® 0 0 0
T® — sind®cosd® —sind®cos9® cos?9® —sin’9® 0 0
0 0 0 cos9® —sing® 0
0 0 0 sind®  cos9® 0
0 0 0 0 0 1
(35)

A AzHledald(lzdé‘ =

/«./J
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IS v o 37)
where l_“( ) is the vector of the rotated quantities a ) with i J=1,2,3,

conveniently arranged in the matrix A% defined as:
AW =Y, (H<k>Tg(k>H<k> ) (38)

setting © as the well-known Hadamard product. In the previous relation,
Y . is the matrix that allows for the conversion between the engineering
strain components and the strain components. If the thermal expansion

coefficients a ) of the constitutive material are collected in the matrix

A® one gets:

(k) (k) (k)

ay ayp apg

(k) _ (k) (k) (k)
AV =laly dy dy
(k) (k) (k)

a3 Gy dz

Il
D =
0=

2

'”(k)A(k) (k) (k) (k) (k) (k) (k) —(k) NG
21 ©|agapazanayasr;a;dyds; =Y, 0A®
1

(39)

The three-dimensional thermo-mechanical constitutive relation (32) is
embedded in the generalized ELW model through the evaluation of the
virtual variation of the total free energy of the system Y [22], remem-
bering the kinematic assumptions of Eqn. (10):

(40)

! . i1 h® I
= / / seWT6®) — nWSATH — s9WT (Z— 4 Leoc® ) ) A A H Hyday dandl
' Jaay Je, To T

After some proper substitutions, the multifield constitutive matrix T'K),
written in the geometric reference system, is thus derived from the
constitutive relation (33) of the material reference system as follows:

TOr®T®r OO wrp® 0
Y=oy ) 0 36)
0 0 HOTTOH®

The matrix f;k) is derived from the three-dimensional stiffness matrix

f(ck) according to the relation reported below [22]:

where 67 denotes the virtual varlatlon of the vector of the thermo-
is the modified vector of the
secondary variables, derived from the vector ¥

mechanical primary variables, while %*)
introduced previously

as follows, setting T and I the identity matrices of size 6 x 6 and 3 x 3,
respectively:

T0 0
o P
W =By® & |g0|=|0 1 0 n® (41)
h® 1 h®
0 0 —I
To

Introducing the ELW definition equations (28) in Eqn. (40), as well as
the definition of Eqn. (41), one gets the following relation:

Chett N+l 4 T
Z / / / >z sE | By YA AH Hyd¢dayda, =
k=1 JarJax J ¢y

=0 i=1

N+1 4
z//m
=0 i=]1 JaJax

N+l 4
BZ %A Aydayda, = / / ST )
7=l 0 i=1 JaJa

! Sk+1
< / (Z49% ) W Hy Hodg ) AAydayda, = (42)
k=1 7

TOUA,Ayday da



F. Tornabene et al.

The vector =% = [§@aT  gOa  gO=T }T of the generalized second-
ary variables resultants is introduced previously for each i = 1,...,4,
defined as follows [22]:

E(T)ai —

! "Crrt T
3 / (209 ) YW H \H g (43)
9

k=1 k

The sub-vectors $% H®% belonging to the vector (7% take the
following aspect:

SO% = [N yEa NOa NOa pOa poa poa pa r

T)a, T
HO« — [Hgi)a, Hér)al ng)m ]

S;r)a, ]

(44)

Performing the matrix multiplications of Eqn. (42), one gets the defi-
nitions reported below:

! /{Hl
k=1 Y&k

) g0 @a N\~ [*
o FVHydl, N, = 0,
k=1 Y&

et ! i1
N =37 / ty FOeH g, TP = / ) FOU AL, T =
k=1 v ¢k

k=1 Y6k

(k) dF

! fk+l !
T
13
k=1 &k o k=1

! (o ! it
n b s oot [
Sk s

k+1
nOFWE g ] ode

The generalized vector % introduced in Eqn. (42) is linked to the
vector V% through the matrix B defined in terms of identity matrices of
proper size, according to the following condensed relation:

g ro s

TOu _ Br@a o E@a | = 0 1 0 E@a (46)
HOa 1 (1)a;
H 0 0o —1|LH

To

Moving from Eqn. (43), a novel expression of the generalized actions is
provided introducing the constitutive relation (32) and the ELW defi-
nition equations outlined in Eqn. (28). In this way, the vector (% is
directly linked to the vectors % of the generalized strain resultants

with # = 0,...,N+1 as follows [22]:
Nel 4 G r—

0 Z 3 Z / (249 ) TO 200 b dg |
=0 j=1 e

N+1

=35 A gl

n=0 j=1

IS

47)

where A% is the generalized multifield stiffness matrix, defined for
each i,j=1,..,4 and 7,7 = O, ..., N+ 1, whose arbitrary element

i1 aF (k)a - ! il aF )ai
ar. P = [ e, 0= [z
k k

FOuH g, HY =
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Agz:ﬂ[fg(]pl;;zf with r,s =€, T,0 is calculated from the relation reported

below [22]:
for 7,n=0,...N+1

for nym=1,...,6

i 5k+l d"F(k)"' agF,(Ik)aj H\H,
@ z d
n nm (pq) Zk 1 / "m aé'f 3@ HIIJH;I ¢

for p,q=0,1,2
for i,j=1,...,4
(48)

Here, Yim)[ denotes the arbitrary element of the three-dimensional
constitutive matrix (31), which is corrected by means of the shear
correction factor x(¢) = 5/6 that allows one to compute the effects of
shear stresses even in those structural theories with a uniform through-
the-thickness distribution of the out-of-plane variable:

!

k+1
FOUHd;, NPT =Y /( iy FO% Hd,
Sk

k=1

vl
/ FO“H,dg,
k=1 &

(45)
k=1
! vl ()F(k)fl:
W= [ H.dc,
k=1 ‘/Q ’ aC
Yo = k(T (49)

When lower order theories are considered, it can be useful to adopt the

reduced elastic constants Y Can ianm, which can be computed
from the following relation from Ref. [22]:

(k) _(k)
~(k) Ak C C3 —(k) ~w _ G
Can = C —(k )n > ZRnm = r(m)x _i—(k) (50)
C33 C33
Moving from Eqn. (32), the generalized matrix A™%% takes the
following form:
Agﬂ)m@ AifT'i)a'a/ 0
A("?)"r”‘/ = A(TZI)UMJ Afrqp”'”z 0 (51)
o0 AP

where the sub-matrices Al A4S AAh ATAG ang Al gre
reported in the following in an extended form [22]:
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Ao A Al AU Al AR | Al Al Al
Ao A Al G Al g | gl gl gl
AZI AU Al AN Al gl | g Al Al
Al inlob et kol ntobe | ol fnlobes gl
AT Al A Al A gl gl | g aglie gl
AR g Al gk gl gl | aglive gl gl
AR A Al A A Al el A
A,(;,]L[;O]a‘n/ Ai:(](:[l) ], A;Y‘)lgl)O]a’a/ Ai;zggl)(r]a,a, Ai:(]])&l)t)]a,a, A,:E’gﬂ(}] o) Ai:(]l;gl)l]a,a, Ai:ggl)l]a,a, Aj(;y(}([}l)l]a,a, (52)
LA gl gl g Al Qe | Al Al Al
A =2l gl 2l gl 2 iz 2 gl |
A [l 2 2l 2 2l a2l 2l gl ]
A il
K K | Kl
A =] Kigiee kgl | kgl
KRG R

Introducing in Eqn. (47) the definition of the generalized strains )% in
terms of the vector 8" of the unknown variables of the formulation, the
following useful relation is obtained:

N+1 4 N+1

@ _ A s — 3 g
n=0

n=0 j=1

(53)

In Appendix I, the interested reader can find the extended expression of

with the reference entropy of the system, while the quantity SL; is the
virtual work of the generalized external actions that are applied at the
top (+ ) and bottom (—) surfaces of the shell, located at { = h/2 and ¢ =

—h/2, respectively. It consists of the external surface loads q1 ,q ?,

qé? and qgg),qg),q;), along with the virtual work of the thermal loads

(") and q(T_)

)
8Ly = L, + bl + 6Qr, = / / ( (’ziiﬁéUP + 38U+, 4+ L aTO) ) HyH +
a'_a 0

(55)

(+)
+ (’éi?)ﬁUW + @ sul + G sult + —qTT SAT™ > HOHY >A Asdaydas
0

the elements of the vector £(% in terms of the generalized configuration
variables, as already outlined in compact form in Eqn. (53).

5. Thermo-mechanical governing equations

In the present section, the governing equations are derived for the
present generalized thermo-mechanical formulation. To this end, the
Master Balance principle is adopted under thermodynamic equilibrium
conditions, thus neglecting all the irreversible processes. In this context,
the time integral of the virtual variation of the total energy of the system
E, restricted to an arbitrary time interval [t1,t5], assumes a null value
[22]:

o) 1
/ 6Edt:/ (8Y — 8L)dt = 0
I 1

where Y is the total free energy of the doubly-curved shell solid, and
8L = 6Lt +6Ls denotes the generalized virtual work of the thermo-
mechanical external actions. This virtual work is made up of two con-
tributions. The first one, denoted by SLr, is the virtual work associated

(54)

being sU\", U5, sU"
the three-dimensional

) and 6U zSU<27)7 5U(;) the virtual variations of

displacement field variables, whereas
3. =4 +q§e},z and g\ = ¢\ +q§§£ fori = 1,2,3. On the other hand,
6Ly denotes the virtual work of the elastic foundation located at the top
and bottom shell surfaces It should be noted that Eqn. (55) is based on

the definition of virtual work also for the case of thermal loads since the

quantities gy S ,qT

deﬁnlng the secondary variables of the heat transfer
problem, are multiplied by SAT*), which is the virtual variation of the
corresponding configuration varlable. On the other hand, the integral
(55) accounts for the geometric scale factors H(IH,H(;) and H(lf),H({),
which are calculated according to Eqn. (6) setting { =h/2 and { =
—h/2, respectively:

h h

H) =1—— HY =14+—

! 2R/ B 2R; (56)

The virtual work 6Lf5 of Eqn. (55) is associated with the actions qg}fk), q(zj?k) ,
q3fk and q1 ﬂ( qzﬂ( q3fk induced by the elastic foundation at the top and
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bottom surfaces of the shell. The Winkler-Pasternak two-parameters
foundation model [22] is employed in the present study to derive these
external actions:

511e/1 = _klf U1

q;e_/;\' = _sz Uz * (57)

=+ + + + +
i = UL+ GV

where kgfi) with i = 1,2, 3 are the spring stiffnesses, whereas G}i> is the

shear modulus of the foundation. The Laplacian operator V(Zi) in Eqn.
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configuration variables defined in Eqn. (10). The generalized surface
actions are thus computed from the following expressions [22]:
7 = ql\ PO H + g FO O H T HY
@) = ‘12s FVeO T+ PO
7 = q;\ FOeCO R+ PO H Y

) = g FORO RS 4 g O

3

(60)

being Fgl)m(*) F(l)az -) F(l as(—) F§1>a4 and F D (+) 1,71(_1)012(+)71:,-51)0!3(+)7

FV%™) the values assumed by the thickness functions at { = h/2 and

(57) is expressed in the curvilinear coordinate system of the solid as ¢ = —h/2, respectively. These quantities are conveniently arranged in
follows [22]:
1 0 1 0 1 0A > h OR >
Vi, = —+ —+ —- —+
) 2 2
A2 (H ( ) n A2 (H ( ) 0o A2A, (H§i>) Oay 2A2RY, (Hfi>) HY day

1 0A h OR, 0 1 0A |

h OR,

A (Hfi) )2 Oa; R, (Hii) )3 ooy | day

1 0A » h OR, | 0

O 9\ oar | da
(1) 0% 2 () 0 ) 0

A3

being Hgi) and H(zi) the scaling operators calculated for the top ({ =
h/2) and bottom ({ = —h/2) surfaces according to Eqn. (56). Moving
from Eqn. (55), generalized surface actions are defined for each 7-th

kinematic expansion order, denoted by q. qw = qm) +ql;) withi = 1,23,
which correspond to the mechanical pressures oriented along «; prin-
cipal directions, along with the external thermal flux q(T? oriented along

9\2 day 5\, o
Ay () 0% anw () Hp 0

f (58)

(7 (@) (0 _

the algebraic vector q@ =q" + 4 with q” =

T
, defined

, N + 1. The nonzero elements vector qg;( can be

@ 40 40 01" and ¢@ = [4¢ 90
915 925 935 9 an qeﬂ( - qleﬂ( q2eﬂ( q3eﬂ(
for each 7 = O, ...

evaluated as follows:

Ghop = — Ly u}) = (k(l;)F CFOaO R 4 k) “'<+1F§1>“1<+>H§”H§”)uﬂ”
e (k;;w,,w:'>«2<7>H;>H; ) ) o
qu}k = —Lf(,;’g)azaxu(? — _((,%.;) _ G}—)vi) >Fr(ll)ax(*)Fil)a3(*)H§*)H£* + (kgf _ G}”V( ))F(l)a;( ) FO ) ) ) >u(31)

¢ axis. Introducing the kinematic model (10) in Eqn. (55), one gets after
some mathematical substitutions:

OL; = oL;,

N+1
_ / / Z<qh5ul + 306 + 306l + id 55“) Adaydas
aJa

2 =0

(59

setting sul”, suly), 5uY) and 56 the virtual variation of the generalized

et
[ L=
k=1 JarJa S

N+1 4
WA A,H Hyd¢daday = / / (5
7= 0 i=1 JaJa

SO%A A, dayday+

—ﬁz/a./m

=0 i

Finally, the virtual work SLr associated with the reference entropy

density 7% of each point of the three-dimensional solid is computed as
follows [22]:

Lir1
oLt = — / / NSATY H HyA Arda dasdl (62)
ayJay

In this paper, since irreversible processes are neglected, the virtual work
SLy is set equal to zero. This simplification results in the virtual variation
of the total free energy of the shell taking the following form:

7:(I'A A daldaz

(63)

N+l 4 N+l 4
-3 Z / / (507" H(’ “AAdaday = N / / D4 SAT A A, daty daty
ay J oy ay Jay

=0 i= =0 =l



F. Tornabene et al.

Finally, the higher order thermo-mechanical balance equations are ob-
tained for an arbitrary 7 = 0,...,N + 1, remembering that the time in-
tegral assumes a null value according to Eqn. (54):

1 oNP“ NO® 94, 1 oND NDU 9A, NOY A,
A, Oy AA, ooy A, Oy AA, Oa, A LA, Oy
N 04, T}”“' ®
+ PP g =0
A A, 00[1 R, 1 9
1 oNy™  NY™ 9A, 1 ONG™  NE™ oA, N oA
) 2 otr 2 12 12 YAz 20 Y2
A, Oay AA, oo, A, Oa; AA, da;  AA, day

NO™ 94, N T

(t)az | ~(7)
— —_— — P ' =0
A A, om R, Y Ty

1 04 1 0A, 1 04 1 0 1 04
Al 6(11 A A2 0(11 AlAz (3(11 A1A2 6012 Az daz A1A2 6(12
- 1 oA, 1 0 1 0Ay 1 0 1 0A, 1 04,
N A2 ()az A2 66{2 A1A2 00:2 Al 601 AIAZ 60{1 AIAZ 0011
-~ 1 1 0 0 1 0 n 1 04, 1 0 1 0A,
o R] R2 Al 0(11 A1A2 80{1 A2 (){12 A1A2 00:2
pe_[1 o, 1 o 10 1 oA
A da,  AA, day A, dan  AA, Oy
L ()T](T)‘l‘i Tl(f)flz % i aT2(T)a3 TZ(T)W % _N](T)az _Néf)llz
A, oa AA, ooy A, Oa,  AA, dmy R, R,

s =0

1 oH™

A1 60!1

HET)GA % L ngf)bm
A IAZ Bal A2 0(12

i 0A

1 Az F —H" 44 =0 (64)

In the same way, the application of the integration-by-parts rule allows
one to derive the following relations:

(1 )

(v
((r)az N(f )5
)

(Nﬁ’)“‘ — N )5;45’) -0 — N >5u :
(W™ =N Jau =0

(T( T(’ 3 )514; =0
AR vy

As will be seen later, Eqn. (65) will be employed later for the assessment
of the boundary conditions along the four edges of the rectangular
physical domain. Using a compact notation, the balance relations from
Eqn. (64) can be expressed as [22]:

(65)

2
;T)m - 5u3

\’“z|

T

[~ H ) o

4 4
Z D“K‘za/z(f)m +q7 = Z Dg”Z(’)"' + qif) + qi;z =0 (66)
i=1 i=1
where D;"‘ with i=1,...,4 are the equilibrium operators, whose

extended form is reported below:
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DS 00 0 00

. . D, 0 0 .

Dﬂal = 0 00 s DQaz = ° ) Dﬂas
0 00 0 00
0 0 0 0 00
0 0 0 0 0 0
0 00 0 0 0

= | e, , DG4 = (67)

D,” 0 0 00 0
0 00 0 1 D°

The extended version of matrices Dy withi = 1, ..., 4 can be found in the

following equation:

(68)

By substituting the definition of the generalized secondary variables
given in Eqn. (53) into Eqn. (66), the fundamental governing equations
are derived for each 7 = 0,...,N + 1. These equations are expressed in
terms of the elements of the vector 8", with y = 0,...,N + 1, collecting
the unknown field variables of the present formulation:

N+l N+1
Z L8 4 ¢ +q = Z (L“’” . >5(n) +q? =0 (69)
n=0 n=0

being L™ the fundamental matrix, written for each 7,5 = 0,...,N + 1,
while L};:’) denotes the fundamental matrix of the elastic foundation. In a

more expanded form, Eqn. (69) can be expressed as:

L pEime pgee | pgpes
”2*:‘ Ly e e | e
el I DA A SO I AV
Ly e pEine | pgns
L(fn”l”'”‘ 0 0o |0 uff 4"
I AR | P
0 o L o | |u? 45
0 0 0 |0 &o 4%
[0
0 70)
K

setting L;.T”)“‘”j withi,j=1,..
which can be evaluated from the following relation:

, 4 the arbitrary element of the matrix L,
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ﬁ;m AEZ”)“‘"'ﬁg ﬁ*"‘A(m)umzﬁaz ﬁ;"' Agma.asﬁg | D Al () “1“4])
L(,,,) _ ﬁéazAg)agu,ﬁg D A f'7 umZD ﬁéazAE-zmzajﬁ?; ‘ D A () a2a4D 1
Dy ALD) B ADSODS D AODE | DAy
0 0 0 | DQ Agp ) ”‘“‘D
Finally, the boundary conditions of the two-dimensional formulations @ ) O O g ( ) () g0 )
_ - ) (— - - a
are derived from Eqn. (65), by setting either a null value of the virtual Qiun = Qrgwnt> 7 H, + Quo " H T Hy
variation of the thermo-mechanical field variable or a null value of the ;’wm = QZ\nm e g 4 Q2wm ;’)“2‘*)H](”H§+) 75
generalized actions along the boundaries of the physical domain. As a Q; _ Q3 1as(— H( 4 Q; Das (+) H}(+> Hé” (75)
consequence, the Simply-supported (S) boundary condition [22], o ot Yas(L) ol as(2) £+ ()
QTmm - QTmm T ! H +QT‘nm 1 Hl H2

considered in the simulations, can be defined as follows:

NP =0, u(z)_ug’)_f(’):O at a;=ad or a, =a

@ (72)
NP2 =0, W) =4l = ¢

=0 at a,=a’ or @, =a’
2 2

At this point, a semi-analytical solution of the fundamental system of
equations (70) is obtained. Each element of the vector 87 of the
generalized configuration variables is expanded for each 7 =0, ..., N+1
along a1, @, directions with a harmonic expression, where L; = sli 75(2
fori =1, 2 denotes the total length of the parametric line along a; = a1,
asz [22]

N M
nr \ . (mm
' (s1,52) = Z ZU(I?MCOS —s1>sm (L—s2>
n=1 m=1 1 2
Nt
. (nzm mm
ul (s1,9) = Z ZU;)msm —ﬁ)cos (—sz>
n=1 m=1 1 2
_ (73)
Nt
@ @ o (mE\  (ma
uy (s1,8) = U3, sin <—sl>sm (—52

setting Ulm, UZH)m7 U<3nm
m € N, of the unknown variables of the problem u< ) ( ) u; and &7

respectively. In the same way, an harmonic expansion through trigo-
nometric functions is assumed for the external surface loads qgrs), q(z? , qf{s)

and ¢\ is assumed with wave amplitudes Q") Q%) QY and Q(Trs)nm,

all arranged within the vector Qff), = [Qg?nm Qo Qom - Qonm
vox e n mu
ql: Sty Yz ; ; 1mmC0$(f{§]>§'l ( )
ul & n. mnr
fbs (51,%2) ; 2 stnmsm (L—ls1>cos< >
) 74
N M n
a5 (s ; ; Q3\,,msm (L—]sl ) sin ( >
N M
(JT: 51,52) ; ; QTmmsm <L7,[S >sin (HZ_Z[SZ>

The comparison of Eqn. (74) to the ELW definition (60) of thermo-
mechanical external surface loads leads to the following relations for
the previously introduced wave amplitudes [22]:

and 2 Hnm ) the wave amplitudes, defined for each n,

Here lenm7 QZSnm7 QSSnm' QTsnm and Q 1snm> Qanm7 QSSnm' QTsnm represent
the wave amplitudes of the harmonic expansion of the external surface
loads applied at the top and bottom surfaces of the shell, respectively.
The semi-analytical solution proposed here is valid under the assump-
tion of uniform Lame parameters A; =A1,A, and principal radii of
curvature R; = Rq, R, throughout the physical domain:

an+rvai
Ai=cost=> == =0
05", 05"
(76)
dn+mRi
R;=cost=> —— =0
05", 05"

As a consequence, the expression of the Laplacian operator V<2 ) of Eqn.

(58) is simplified as follows:
v<2 ) = ! 702 + ! 762
+ 2 2 2 2
(Hii)) 0Os} (Héi)) 0s3

The integration of the geometric relation in Eqn. (7) enables the

computation of the lengths L1, L, of the physical domain [a?,a]] x [a3,

77)

a}] along a1,as, respectively, as follows:

s1=R(p—q,) —L, S: _S(l) =R(p, — @)

78
52 =R(9—8)) —L,=s)—s)=R(9 — ) (78)

In case of cylindrical surface with R; =R and k2 = 0, Eqn. (78) re-
duces as follows:

s1=R(p —q,) —L, :S} *S(l):R(% — @)

79
S, =y —L,=s)— s
In this case, the generalized constitutive coefficients Aﬁ::;n[fg(]: " in Eqn.
(48) are calculated using the relation provided below:
Sl a/‘F kn)a j FF (kt)at ; H
m)[fgla aj (k 2 224 80
nnm (pq) / nm 0 Cr a éag qu C ( )
Similarly, for a rectangular plate characterized by k,; = k2 =0 the
expression of Arzzm[fggp(;’;l 7 is assumed as follows:
ék\l —( a’ Flkna; 8 F
Al
o (1) Z / 7 Cg i (81)

The semi-analytical solution of the thermo-mechanical formulation is
derived for cross-ply lamination schemes [22]. Therefore, for each k-th
layer, the following three-dimensional constitutive relationship, written
in the geometric reference system, is considered instead of Eqn. (31):
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s®] [@9 ¢ o o o &¥|-z9]0 o o] &

dl (e e o 0 o cY|=zh| o o o &

Ml lo o c® o o oo o o olfn

1 1o 0o o c” o oflo o o of7n

1 1o o o o c® oflo o o olf7n

o | choch o o0 o cW|=00 o o & ©2
E 0z 9 o o [0 [0 o o |at”

A 0 0 0 0 0 00 [ 0o of e"

A 0 0 0 0 0 0[O0 [0 K2 ofe¥

Kl 1o o o o o of oo o k|eW

Eqn. (82) is obtained if the laminae of the shell solid are made of (@ ~(m)aza (on)asas
orthotropic materials and are oriented with either %) = 0 or 9% The expressions for the coefficients L ; Ljnoun  and Lf’”3'"" s

+x/2. Under these kinematic (73), geometric (76) and mechanical (82)

Lf(;:?l)nfl’ll _ kgf)F'sl)m( )Fil)m (7)H§7)H£7) + ki;)F,(]I)a'H)Fy)al(

(e _ 4(-) p(hao( Daz
L = k5, FimO) pe

=) (=) gl
‘fm2nm n ( )Hl H,

+)H§‘)H§+)

- + ) g+
)+kéf)F;’)GZH)Fy)HZ(HHi )Hé )

counting for the presence of the Winkler-Pasternak elastic foundation,
take the following form:

m\a _ _ 1 nr\ 1 mr\’ 2y
Lo =k + 67— (1) + i\ e Of H 85)
<H<—> ) L (H<—> ) Ly
1 2
la e | L (7 2 oL (m z FmE) pOs® gty
3f f ) 2\ L ) 2\ n 1
() M7 () R
assumptions, the fundamental equations (69) are expressed as an alge-
braic linear system, as shown below: The complete expression of the coefficients Ll( m:la‘aj with i,j=1,...,4 of

uw

nm

(83)

1
=) =
<Lum - fnm )

where the vector UE,’Z,), = [UY,E,,,

)

U(T)

2nm

T
ul? =l ] gathers the am-

3nm
plitudes of the unknown field variables introduced in Eqn. (73), written
for each n,m, while N =M = + oo.Inamore expanded form, Eqn. (83)
takes the following expression:

~(maay ~(majay ~(majaz | ~(m)ajas
Ll Inm 12nm Ll3nm | Ll4nm
v i | v Faar F(mma, +(m)aas LT'I)!IZDM
Z E 21nm 22nm 23nm I 24nm
== | | Fmmar glmasae S (masas Lm a3a4
! 31nm 320m s3um | Laun
Flmean e Fmas | 5o
‘41nm 42nm 43nm | 44nm
-~ - . - (84)
pmaa g 0 |0 ) ®
fmlnm Ulnm Ql:nm 0
F(oarar () (1)
_ 0 Lfman 0 ‘ 0 2nm 2snm _ 0
(n) (7) 0
0 0 ;szm ‘ 0 U3nm Q3.snm
m3nm
=) () 0
0 0 0 |o||]Zm T

12

the semi-analytical fundamental matrix L,(lm) can be found in Appendix
II. Finally, it should be noted that Eqn. (83), which accounts for an
harmonic expansion of the solution with an infinite number of terms, is
usually truncated up to a real value of N, M when the convergence of
results is seen with a sufficient level of accuracy.

6. Numerical implementation

The present formulation is based on a semi-analytical approach for
the derivation of the solution of the fundamental equations. On the other
hand, a numerical technique is adopted for the computation of de-
rivatives in the post-processing recovery procedure. In the same way, the

) |fg] @ia
rsnm. (pq)
to Eqn. (48) with an integral, which is computed numerically. To this

end, the F-GDQ and the GTIQ method are adopted, respectively, and
they are presented hereafter for the one-dimensional case.

Generally speaking, the n-th order derivative of an arbitrary smooth
function f = f(x) with x € [a, b] is calculated in matrix form as follows,

generalized constitutive coefficients A" are calculated according

where D™ represents the n-th order differentiation matrix [56]:

£ = pf (86)

In the previous relation, f denotes the vector of the values assumed by

the function f on a discrete grid of I, sample points, while f® collects the
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Rectangular plate

r(s,,sz)=r(x,y)=—xe2 +ye,
(xy)efo.L]x[0.L, ]
L=2m,L =1m

[sha]=[0.L.]. [str]=[0.L,]

Lamination scheme: (0/90/0/90), h =h,=h,=h, =0.025m

Material properties: 1 to 4™ layer - Graphite-epoxy

Cylindrical panel
r(Sl,Sz)=I'((P:y)=RCOS(/)e]—ye2+RSin¢e3, R=3m
5, =R(p-@,), s:=
(e.v)elenp]x[0.L,]
[01:0]=[-60°60°], L, =2m

[sh.51]=[0.R(01-9)]. [s3.5:]=[0.L, ]

Lamination scheme: (0/90/0/90), h =h,=hy=h, =0.025 m

Material properties: 1% to 4" layer - Graphite-epoxy
Shallow spherical panel
r(s,,sz) =r(p,9)=R,(p)cosIe, — R, (p)sin Je, +

(R R (R (0] Je

§ =R(¢_¢o)a S, =R(‘9_‘90)
Ro((p):RSin(/’, (¢’9)€[¢0’¢1]X[‘90>‘91]
[(oo,gol] =[75°,105°], [190,191]=[—15°,15°], R=3m

[ss1]=[0.R (2 ~)]. [s5.5%]=[0.R(8-9)]

Lamination scheme: (90/0/0/90), h =h,=h,=h,=0.025m
Material properties: Gr-Ep = Graphite-epoxy
1" and 4" layer - Gr-Ep, 2™ layer - Gr-Ep-s5, 3™ layer - Gr-Ep-s10

Fig. 1. Two-dimensional models developed for the thermo-mechanical analysis of a rectangular plate, a cylindrical panel and a spherical surface under various
thermal and mechanical loading conditions.

Table 1

Vertical deflection of the central point of a SSSS rectangular plate made of three layers made of Gr-Ep. Convergence of GDQ and F-GDQ numerical techniques for
different sizes of the computational grid for various higher order theories. Comparison to ELW analytical solutions and a 3D FEM model. All the quantities reported in
the table are expressed in 10~* m.

3D FEM (1298247 DOFs) 5.74625

ELD2 ELDZL2 ELD3 ELDZL3 ELD4 ELDZL4
Exact 5.69873 5.73171 5.74178 5.74386 5.74174 5.74383

GDQ F-GDQ GDQ F-GDQ GDQ F-GDQ GDQ F-GDQ GDQ F-GDQ GDQ F-GDQ
Iy=In=5 5.87898 5.73576 5.73919 5.73916 5.73916 5.73916 5.73916 5.73916 5.73916 5.73916 5.73916 5.73916
Iyv=Iy=7 4.58233 5.74075 5.73864 5.73915 5.73916 5.73916 5.73916 5.73916 5.73916 5.73916 5.73916 5.73916
Iy=Iy=9 5.91973 5.77654 5.77997 5.77994 5.77994 5.77994 5.77994 5.77994 5.77994 5.77994 5.77994 5.77994
Iy=Iy =11 4.60795 5.78182 5.77941 5.77993 5.77994 5.77994 5.77994 5.77994 5.77994 5.77994 5.77994 5.77994
Iy =Iy = 13 5.88143 5.73837 5.74181 5.74178 5.74178 5.74178 5.74178 5.74178 5.74178 5.74178 5.74178 5.74178
Iy =Iy = 15 4.40082 5.74386 5.74115 5.74176 5.74177 5.74178 5.74178 5.74178 5.74178 5.74178 5.74178 5.74178
Iy =Iy = 17 5.88349 5.74046 5.74389 5.74386 5.74386 5.74386 5.74386 5.74386 5.74386 5.74386 5.74386 5.74386
Iy =Iy = 19 4.40202 5.74598 5.74323 5.74385 5.74386 5.74386 5.74386 5.74386 5.74386 5.74386 5.74386 5.74386
Iy =Iy = 21 5.88140 5.73834 5.74177 5.74174 5.74174 5.74174 5.74174 5.74174 5.74174 5.74174 5.74174 5.74174
Iy =Iy = 23 4.40076 5.74382 5.74111 5.74173 5.74174 5.74174 5.74174 5.74174 5.74174 5.74174 5.74174 5.74174
Iy =Iy = 25 5.88347 5.74043 5.74386 5.74383 5.74383 5.74383 5.74383 5.74383 5.74383 5.74383 5.74383 5.74383
Iy =Iy = 27 4.40197 5.74595 5.74320 5.74382 5.74383 5.74383 5.74383 5.74383 5.74383 5.74383 5.74383 5.74383
Iy =Iy = 29 5.87898 5.73576 5.73919 5.73916 5.73916 5.73916 5.73916 5.73916 5.73916 5.73916 5.73916 5.73916
Iy =Iy = 31 4.58233 5.74075 5.73864 5.73915 5.73916 5.73916 5.73916 5.73916 5.73916 5.73916 5.73916 5.73916
Iy =Iy = 33 5.91973 5.77654 5.77997 5.77994 5.77994 5.77994 5.77994 5.77994 5.77994 5.77994 5.77994 5.77994

13
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Table 2
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Vertical deflection of the central point of a SSSS rectangular plate made of two external layers of Gr-Ep and a central Gr-Ep-s5 core. Convergence of GDQ and F-GDQ
numerical techniques for different sizes of the computational grid for various higher order theories. Comparison to ELW analytical solutions and a 3D FEM model. All
the quantities reported in the table are expressed in 10~* m.

3D FEM (1298247 DOFs) 7.63086
ELD2 ELDZL2 ELD3 ELDZL3 ELD4 ELDZL4
Exact 6.9621 7.6157 7.2560 7.6313 7.2559 7.6315
GDQ F-GDQ GDQ F-GDQ GDQ F-GDQ GDQ F-GDQ GDQ F-GDQ GDQ F-GDQ
Iy=Iy=5 7.47634 6.03116 8.19939 6.50823 7.69509 5.95638 8.02557 6.15858 7.69498 5.95627 8.02565 6.15852
Iy=Iy=7 7.30514 7.31250 8.02727 8.03712 7.52393 7.53288 7.85391 7.86423 7.52381 7.53276 7.85398 7.86430
Iyv=Iy=9 7.30916 7.30855 8.03129 8.03051 7.52795 7.52716 7.85705 7.85793 7.52783 7.52704 7.85800 7.85712
Iy=Iy =11 7.30913 7.30912 8.03125 8.03125 7.52791 7.52790 7.85790 7.85789 7.52780 7.52779 7.85797 7.85796
Iy =Iy = 13 7.30913 7.30913 8.03125 8.03125 7.52791 7.52791 7.85790 7.85790 7.52780 7.52780 7.85797 7.85797
Iy =Iy = 15 7.30913 7.30913 8.03125 8.03125 7.52791 7.52791 7.85790 7.85790 7.52780 7.52780 7.85797 7.85797
Iy =Iy = 17 7.30913 7.30913 8.03125 8.03125 7.52791 7.52791 7.85790 7.85790 7.52780 7.52780 7.85797 7.85797
Iy =Iy = 19 7.30913 7.30913 8.03125 8.03125 7.52791 7.52791 7.85790 7.85790 7.52780 7.52780 7.85797 7.85797
Iy =Iy = 21 7.30913 7.30913 8.03125 8.03125 7.52791 7.52791 7.85790 7.85790 7.52780 7.52780 7.85797 7.85797
Iy =Iy = 23 7.30913 7.30913 8.03125 8.03125 7.52791 7.52791 7.85790 7.85790 7.52780 7.52780 7.85797 7.85797
Iy =Iy = 25 7.30913 7.30913 8.03125 8.03125 7.52791 7.52791 7.85790 7.85790 7.52780 7.52780 7.85797 7.85797
Iy =Iy = 27 7.30913 7.30913 8.03125 8.03125 7.52791 7.52791 7.85790 7.85790 7.52780 7.52780 7.85797 7.85797
Iy =Iy = 29 7.30913 7.30913 8.03125 8.03125 7.52791 7.52791 7.85790 7.85790 7.52780 7.52780 7.85797 7.85797
Iy =Iy = 31 7.30913 7.30913 8.03125 8.03125 7.52791 7.52791 7.85790 7.85790 7.52780 7.52780 7.85797 7.85797
Iy =Iy = 33 7.30913 7.30913 8.03125 8.03125 7.52791 7.52791 7.85790 7.85790 7.52780 7.52780 7.85797 7.85797
Lamination scheme without soffcore
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Fig. 2. Maximum vertical deflection of a SSSS laminated rectangular plate subjected to a sinusoidal load with n = m = 1 of magnitude Qg,zm

= —1x 10° N/m2.

Convergence of the results derived from a numerical GDQ-based model and a F-GDQ-based model with respect to those coming from an analytical higher order
simulation (a) and a refined 3D FEM model (b).
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Fig. 3. Through-the-thickness distribution of the three-dimensional displacement field components [m] along the thickness direction of a simply-supported lami-

nated rectangular plate with a prescribed sinusoidal dispersion of each configuration variable with N = M = 1, whose amplitudes are set equal to U(lt) =U (;_:) =

- = ~1x 1073 m. Effect ofa uniformly-distributed Winkler foundation of various stiffnesses. Visualization of thickness plots at the point (0.25L1,0.25L ) of the
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physical domain.

15



F. Tornabene et al.

Composite Structures 335 (2024) 117995

1 T T T # 1 T T T
an 1 L1113 & 20 FEM - [ 1
—ELIRELT - I
QRN L B of I FEM - s 4
B P e FLERELT - [ L
L | ) 04 20 I - 1
— =k FES| - =ELERELT - [
Ll g m2 -
ﬁ_ ELOTLE :\i o PN 1
= b e e 4 = o ELIELT < (5, 4
—_— |—LaneLs — - 30 FEM -
iy D3l e e F 4 3 02 e NLERELT - [T E
ELARLE - | i
QAR & ol 1 1 o4 ELDELT - I, 0 1
ELEHELT ® 8 M - B L
DB g a1 st 1 s L - B L 1
PP i LRy ] a8 30 FEM - E L e gl J
e ELERELT - 0T,
E] o - + - - A - -
A < 4 L] L] . os 1 2
1w =4 1
U = 1 o T = T T
I \l_n‘ - y
oAk L B vafT R PR O - $ i
LT HY T ¥ iHe - 3
e 1 M =TLIKELY - # y
Ll g [ ELDELT = AT, . iy OBl & a0 st 00, 6, - ¢ b 1
- e - |— et - B & %
n4f e o4 . g 3 -
b TR T - : b 3
- o aly P - 0
— iy FEsd - 00 — LT - 1L f t
-y 02p s g o Qe oy i 15' -
S KILTs e« By . My PN - 0 H
== ik & A0 TEM - 0 = a0 ELIRELE - £, i, : g o
— f=toeny - 0y — '
- = -l PP - 0 .
G.n;‘- ® 30 PR - 0T A T_}".u} i tsers - g1 ¢ .
RLDILT - 05" iy o A FEM - 0, i i
A4 * a0 FEM - R QAN s o 1 1
I ELTGLY - 7 PR ® 3y i - 06 3 § E
- &30 FEM - 00D | e & .|II
2 P=ELDELY - AT LR by i I T
4.8 _N- 08 'll"ll'l_l 40yl e i i) l.[.. 4
T - 1000, ),
i - 4 - A i i i
25 (] 1 15 25 k] 1.5 o 0.5
=107 =i
- ' ;
bl ] " M
L B ! E L h" ELIVELT - I
b=LOELT # w0 FEN - O
GBM P . ; 4 aBk
|—inEy ¥
o4 I E oal
® 30 FEM "
o O f—ELDTLT - 7 H 4 =y o3k s
e RN ' — v
= Of— Doy " 4 4 of -
— e
= ® 50 FEM ' | o | 13
s P2 —prneLr - L e '
= A0 FEM 1 4
| HET ; 1 . - ¢
2 -
P R R . ¥ 4 aBl ¥ 1
ELDTLT Lt it H I
LB A0 FEM AT e 1 o DRk 4 I
e L EELT - AR ¥ #
. : L i X ) 4 i ) i1 4 ES v
5 -4 -3 - -1 (1] i <2 <15 <A 5 (1] s 1
3 - 3
= a3y £y «10

Fig. 4. Through-the-thickness distribution of the three-dimensional strain components along the thickness direction of a simply-supported laminated rectangular

plate with a prescribed sinusoidal dispersion of each configuration variable with N = M = 1, whose amplitudes are set equal to U(fj = U(?:) =

ﬁ(+) _

35 -1x1073 m.

Effect of a uniformly-distributed Winkler foundation of various stiffness. Visualization of thickness plots at the point (0.25L1,0.25L ) of the physical domain.

values of the n-th order derivative of f at the same grid:

£=[f) fn) -~ flu,)]
(o [""f o 7y }T 0
= | o Xt ox"
X X3 X1

The value assumed by unknown function f at the discrete point x; can be

approximated through a linear combination of I, basis functions,

denoted by y; = yj(x;) for i,j = 1, ...,Iq, according to the following

relation from Ref. [56]:
o

FOa) = dgwy(xi) (88)
j=1

where 1 with i,j = 1, ..., I, are proper weighting coefficients. Employ-

ing a matrix notation, Eqn. (88) can be written as:

f =AM (89)

The arbitrary element of the matrix A is denoted as A ; = y;(x;). In this
way, the n-th order derivative of f, evaluated at x = x;, can be computed

16

as follows:

a'f 'y,
— y— 90
o, = 2o, 0
or equivalently in matrix form:
'y,
£ — AW with A(;) _ i 91
Y axn Y

If the matrix A is invertible, from Eqn. (89) one gets A = A"'f. As a
consequence, Eqn. (91) can be written as follows:

£ = AW) = AWA~'f = DO (92)
Finally, from Eqn. (92) it can be stated that the n-th order derivative of
the function f = f(x) can be numerically approximated as a weighted
sum of the values assumed by the function itself in a discrete compu-
tational grid of I, elements [56]:
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Fig. 5. Through-the-thickness distribution of the three-dimensional stress components [Pa] along the thickness direction of a simply-supported laminated rectan-

gular plate with a prescribed sinusoidal dispersion of each configuration variable with N = M = 1, whose amplitudes are set equal to U(lt) = U(;;) = [7(;;) = —1x
1073 m. Effect of a uniformly-distributed Winkler foundation of various stiffnesses. Visualization of thickness plots at the point (0.25L1,0.25L>) of the phys-

ical domain.

Io
IR S S 93
X=X Jj=1

for i = 1, 2,..., I. In this relation, Dlg-") = (A(")A’1 ) denotes the
ij

GDQ weighting coefficients. The selection of discrete points x; from the
definition domain is made according to the Chebyshev-Gauss-Lobatto
(CGL) harmonic distribution [56], which has demonstrated in previ-
ous papers to provide computational efficiency and stability to the
present numerical method. Referring to the interval [ —1,1], an arbi-
trary element denoted by r; withi = 1, ..., I of the CGL grid is computed
as follows:

i—1
ri = —cCos (IQ——1”> (94)

In the present study, Fourier functions are used as basis functions y;
defined in the closed interval [ — 1,1]:

17

vy =wtr) =eos((= 1 f 1 (-17) ) ©5)

It should be noted that Eqn. (95) allows one to derive the GDQ co-

efficients for the n-th order derivative, denoted by ﬁi-n), defined for the
interval [ — 1, 1]. As a consequence, a coordinate transformation is per-
formed to express the GDQ coefficients Dg') of Eqn. (93) referred to the
interval [a,b]. The following relation [56] is adopted to derive the
discrete points x; € [a,b] with i=1,..., I, starting from those r;
belonging to [ — 1, 1] defined in Eqn. (94):

Xi:u(”i—rl)-‘rxl (96)

r,erl

fori =1,...,Io. Employing this coordinate transformation, the derivative
of an arbitrary n-th order of the function f at a discrete point x; is
expressed by means of the chain rule:
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Fig. 6. Three-dimensional displacement field components [m] and temperature distribution [K] of a rectangular plate with a uniformly-distributed heat flux at the

top surface of magnitude q(,:] =—80 J/m? subjected to a uniform mechanical pressure of magnitude qgtj =

—7 x 10° N/m?2. The temperature variation configu-

ration variable is enforced to assume a null value at the bottom surface, namely AT(") = 0 K. Effect of a Winkler-Pasternak elastic foundation of stiffness k<3}) =5x

107 Pa/m and shear modulus equal to G}(f

300.
J"f (=T "o'f
ox" u - (x,Q 7x1) o . ©7)

Finally, from Eqn. (97), it can be shown that the F-GDQ coefficients ng")
are calculated as follows [56]:

op = (1Y o
XIQ — X

where D  for i ,j=1,..., I are the GDQ coefficients referred to the in-

terval [— 1,1].

Moving from the GDQ rule of Eqn. (93), the GTIQ method [56]
provides an efficient numerical computation of the integral, restricted to
the interval [x;x;] with i,j = 1, ...,Iq, of a given function f = f(x)
defined in the closed interval [a,b], being x;, x; € [a,b] the extremes of
integration. If the integrand function f is expanded through Taylor’s
series near the sample point x;, the integral of f can be expressed as:

[ s

T+
being m<I . Following the same approach, a more accurate evaluation
of the integral in hand can be performed by means of the following

relation:
/M ) f Fx) F flx

If the two integrals occurring in the previous relation are expanded
through Taylor’s series near the discrete points x; and x, and if the r-th
order derivatives are numerically calculated using the GDQ method of

df

dx|, 99

(100)

18

) = 5x 10° Pa. Visualization of thickness plots at the point (0.25L1,0.25L5) of the physical domain, setting N = M =

Eqn. (93), one obtains the following relation:

/ " fladr = Z

X m—1 "

r+l N
j T j :
r+| <lk xk r

=2
r+1 r+l
i) (r) _

Xi — X;
r+] \tk ( :
27 (r+ 1)1

+1 N
E <ﬂ( Xk

e

+(= 1)) )f(xk)

27+](r+ 1) \/k

Wi=x)
o
(101)

Finally, Eqn. (101) is used to compute the integral of f restricted to [a =

x1,b = xy] as the sum of the integrals of the same functions evaluated in
the intervals [x;,x 1], leading to the following equation:

/ﬂ s

Yit1

Z: f(x) M—;(Zw”“ xk>
S (St P =t

(£

The GTIQ weighting coefficients introduced in Eqn. (102) are thus
calculated from the following recursive relation [56]:

(<

(102)

i=1

— N—1 m—1 r+l

IR p) plten
r=0

i=1 i=1

(=17, ) 03)

7. Post-processing reconstruction of secondary variables

In the previous sections, a semi-analytical solution was provided for
the higher order two-dimensional thermo-mechanical ELW model. The
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Fig. 7. Three-dimensional strain components of a rectangular plate with a uniformly-distributed heat flux at the top surface of magnitude g, =

to a uniform mechanical pressure of magnitude q(;u) =

bottom surface, namely AT(") = 0 K. Effect of a Winkler-Pasternak elastic foundation of stiffness k(s_f) =5 x 107 Pa/m and shear modulus equal to G](,_) =

7' = —80 J/m? subjected

—7 x 10° N/m?. The temperature variation configuration variable is enforced to assume a null value at the

5%

10° Pa. Visualization of thickness plots at the point (0.25L1,0.25L ) of the physical domain, setting N = M = 300.

solution of the two-dimensional formulation is used to derive the actual
distribution of primary and secondary variables within the laminated
three-dimensional solid, composed of [ laminae. The starting point is the
definition of discrete grid consisting of I o sample points, denoted by ¢ (,';l)
with m = 1,...,Iq, in each k-th layer of the solid. Each sample point is
located in the interval [{y, (1], where {; and (., are the locations of
the lower and upper skins of the k-th lamina:

,Ck+12—Ckxm+Ck+1 +Ck:ﬂ)_cfn+5k+l + ¢k

W= 5 5 5 (104)

The discrete points (104) are collected in the vector C(k) =

T
[g(f) 4’(,';? 4"312 ] of size I3 x 1, defined for eachk = 1,...I,.
The quantity X5 € [—1,1] is computed according to the CGL grid
distribution:

(105)

19

The vector CU‘) is, thus, assembled into a vector of size [l x 1, where [
denotes the number of layers within the solid, and its arbitrary element
is denoted as ¢, with m = (k — 1)Iq + m:

& - & o L:”T]T: [§<1)T e gWT Q(UT}

As can be seen, Eqn. (106) provides a set of LI, discrete sampling points
throughout the interval | — h/2,h/2]. Following a similar procedure, a
two-dimensional grid of size Iy x Iy can be defined within the rectan-
gular physical domain employing the CGL grid distribution, setting s 1; €

[O,Ll] and Sa9j € [O,Lg}l
_1;1 _ i—1 ._2 B j—1
S = ) (1 cos (IN—lﬂ))’ S = ) (1 cos (IM_1ﬂ>>
(107)

In this way, the three-dimensional configuration variables, collected in

the vector AEZZH
computed at each point of the three-dimensional solid from the discrete
form of Eqn. (10) reported below:

(106)

) withi=1,...Iy,j=1,...,Iy and m = 1, ..., 11, are
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Fig. 8. Three-dimensional stress components [Pa] of a rectangular plate with a uniformly-distributed heat flux at the top surface of magnitude q(,;)

subjected to a uniform mechanical pressure of magnitude ﬁ(;u =

at the bottom surface, namely AT~

) = 0 K. Effect of a Winkler-Pasternak elastic foundation of stiffness k<3}) =5 x 107 Pa/m and shear modulus equal to G}’)

10° Pa. Visualization of thickness plots at the point (0.25L1,0.25L5) of the physical domain, setting N =M = 300.

N+1

DR

(108)

t]m

where 8((2) is the vector of the generalized configuration variables, so-
lution of the fundamental equations (69) for the point (s li,szj), while

®
Fim)
A®

(jm)
ables is calculated from the discrete form of Eqn. (27):
1

Nl 4
Um Z Z Z(kr a; (1),

=0 i=1

represents the matrix of the thickness functions. Once the vector

is derived from Eqn. (108), the vector n ym of the primary vari-

(109)

In-plane secondary variables of the thermo-mechanical problem are
derived from the three-dimensional constitutive relationship (31), under
the assumptions of Eqn. (82):

o

o

®
it

®
2(ijm)

ijm)

=Clel) 4+ Thel Tl —zﬁ"l)AAT((k;m)
= 5@6 1m) T sz (f(),,m + E(ZI;)S(;()zjm) - 2(21;)4/'} ((kij)'m)
T(lg(ljm = C(sta) Q(ym)
Ay S
h(é)ym = k22 6(221,;11)

—80 J/m?

—7 x 10° N/m?2. The temperature variation configuration variable is enforced to assume a null value

= 5x

(110)

The out-of-plane secondary variables r(f; and r@ are derived from the
three-dimensional equilibrium equations, which are reported in the
following [22]:

20

(k)
6113

(k)
do,

2 1 1
e A (R1+C+R2+C)7 A(1+¢/R)) Oay

o(zk) - agk) 0A, 1 01&‘;)

I141142(1 +¢/R3) 0oy

Ay(1+¢/R,) 0oy

B Y]
A A (1 +E/R)y) Oy

0A1
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Fig. 9. Three-dimensional thermal gradient components (a) and heat flux components (b), expressed in [J/m?], of a rectangular plate with a uniformly-distributed
heat flux at the top surface of magnitude q(,;) =—80 J/m? subjected to a uniform mechanical pressure of magnitude q(;lf = —7x 10° N/m?. The temperature
variation configuration variable is enforced to assume a null value at the bottom surface, namely AT(-) = 0 K. Effect of a Winkler-Pasternak elastic foundation of
stiffness k(;f) =5 x 107 Pa/m and shear modulus equal to G}_) = 5x 10° Pa. Visualization of thickness plots at the point (0.25L1,0.25L ») of the physical domain,
setting N = M = 300.

() L
=5 40 + = : - )
o¢ Ri+¢ Ry+¢ Ay(1+¢/Ry) daa k=1 = Ty = 9is(i)
- =) (=)
‘ ot — 6% A, 1 61_(1’;) B 2r® 0A, Ta31) = Das(i)
AAS(L+E/R)) o Av(1+E/R1) dar ALAs(1+E/R) dm —® ) (112)
an f(li)(ii((k—l)’wl)) :Ez_(?)(w—w))
These first order differential equations are solved once the boundary TZ3(U((k*1)IQ+1)) - 723(0((%1)19))
conditions are written in each k-th layer of the shell. When k = 1, the
boundary conditions are derived from the loading conditions at the It should be recalled that the doubly-curved shell element is loaded at
bottom surface, while for k # 1 they are modelled from the interlaminar the top surface; therefore, the equilibrium conditions at ¢ = h/2 are

equilibrium conditions [22]: =) _ g =) _ g
q Tiae)) = i) and Toagitg)) = o)~ AS @ consequence, the actual

through-the-thickness distribution of stresses 1(1"3) and 1(2"3) is evaluated,

for each (s1;,52), from the following relation [22]:

21
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Through-the-thickness distribution, referred to the point located at (0.25L 1, 0.25L ) within the physical domain, of the thermo-mechanical configuration variables of
a simply-supported rectangular plate subjected to a uniformly-distributed external pressure and thermal flux. Effect of an elastic foundation located at the bottom of the
panel. Comparison between 3D FEM results and those obtained from the ELW two-dimensional semi-analytical formulation. The results are provided for the point

located at the middle height of each layer of the stacking sequence.

F(H ()

=(

_ D () (e ) ) 1) e
) Dhu93u qhuj>q(l;u"k(3f) T T ~rk(3f' ) GE, )
3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 ELDZL7

Layer 1
U, [ X 10’5m} -3.13 -3.10 —6.33 —6.38 —-6.13 —6.17 —5.96
U, [ X lO’Sm} -0.71 —0.67 —15.50 —15.58 —14.70 —14.77 —13.92
Us [ X 10’5m} 35.48 35.97 —71.40 —72.39 —65.74 —66.59 —60.56
AT [K] 1.81 1.81 1.81 1.81 1.81 1.81 1.81
Layer 2
U, [ x 10 5m} -3.87 -3.87 —-3.94 -3.95 -3.95 —-3.95 —-3.95
U, [ X 10’5m} -3.26 —-3.24 —10.18 —10.22 —9.81 —-9.84 —-9.45
Us [ X lO’Sm} 35.74 36.24 —71.61 —72.61 —65.94 —66.79 —60.75
AT [K] 5.45 5.45 5.45 5.45 5.45 5.45 5.45
Layer 3
U, [ X 10’5m} —4.62 —4.65 —-1.59 —1.54 -1.79 —-1.75 —-1.97
U, [ X 10’5m} —5.80 -5.80 —5.45 —5.45 —5.47 —5.47 —5.50
Us [ X lO’Sm} 36.31 36.80 —71.18 —72.18 —65.51 —66.37 —60.32
AT [K] 9.19 9.18 9.19 9.18 9.19 9.18 9.18
Layer 4
U, [ X 10’5m} —-5.28 —5.33 0.83 0.93 0.41 0.50 0.08
U, [ X 10’5m} —8.36 —8.38 -0.72 -0.67 —-1.14 —1.09 —1.54
Us [ X lO’sm} 37.18 37.67 —70.14 —-71.13 —64.48 —65.33 —59.30
AT [K] 13.00 12.99 13.00 12.99 13.00 12.99 13.00
(+)
91 (i) 13(ij h
® =W : (i(t10) ) o
T13m) = T13(ijm) h Cn + 5 =1 > O331) = D3
(113) 7 )
4 70 31 = i)
L 26) "3 (ii(110)) ¢ +ﬁ (116)
BGm) — T T \Sm T Eg‘z)-m ety = ngzi(l)k )
(k=) I+ ij((k—
k 7& 1 = ij T j(( T

with m = 1,..., . Once the out-of-plane shear stresses are recovered,

the normal stress ng) can be derived from the three-dimensional equi-

librium equation [22] reported below, where the quantities 1(1"3) and 1(2';)

are known, along with ng) and 6(21‘):

w6 1 1
3 +6§”< +

): 1 o) 7% 0A,
a Ri+{ Ry+¢ Ay (1+¢/Ry) O

77A1A2(1+C/R2) Ja, !

T YO
A2(1+C/R2)6(12 A1A2(1+C/R1)0a2 R1+C Rz-‘r(;

(114)

In the same way, the following balance equation is considered to
determine the actual distribution of the out-of-plane heat flux h(g):

oy < . )_ Lo A 9A,
o S\R +¢ Ra+E) A(14E/Ry) 0y AJA,(1+C/Ry) 0ay
[ O )
A>(14+¢/Ry) 0oy A\AS(1+C/Ry) Oary
(115)

Note that the quantities h({‘) and h@ occurring in Eqn. (115) have been
already derived from Eqn. (110). The solution of the first order differ-
ential equations (114)-(115) is obtained by applying the following
loading conditions referred to the bottom surface, which serve as the
boundary conditions for the problem under consideration [22]:

22

—) ()
a1y = Pagia-nim)

Following the same approach as in Eqn. (113), the loading conditions at
the bottom surface are modelled through the following linear correction

of the through-the-thickness distribution of ngk) and h%():

® =0
D) ~ 7 5(y h
© = 3(i(te) )
G3(ijm) - G3(i/’m) + h Cm + 5

(+) ()
9ra) —

+w<ém+%>

The thermo-mechanical constitutive relations of Eqn. (82) are now
adopted to determine the adjusted dispersions of the out-of-plane pri-
mary variables yq(; }/(2)7 sg‘) and 19(;‘) foreachi =1,....Iy,j=1,...,Iy and

m=1,.,lUq

(117)

k)  _ 7
h3(i/"") T 3(ijm)

k =K (k
53) =Cy 7(13)
(k) _ =K _(k)
T, = C.
23 55723 (118)

ol = Cilel + Colel) +Clel!) —2 AT
3 (k)
h(§) _ k33 0(;‘)

(k) ;
iim)> ¥ 23(im) ) with
i=1,..IN,j=1,...,Iyand m=1,...,1Iq are derived for any point of
the doubly-curved three-dimensional solid from Eqn. (118), leading to
the following relations:

In this way, the primary variables y@'( sg(gijm) and 8(§2ijm
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Through-the-thickness distribution, referred to the point located at (0.25L;,0.25L ) within the physical domain, of the thermo-mechanical primary variables of a
simply-supported rectangular plate subjected to a uniformly-distributed external pressure and thermal flux. Effect of an elastic foundation located at the bottom of the
panel. Comparison between 3D FEM results and those obtained from the ELW two-dimensional semi-analytical formulation. The results are provided for the point

located at the middle height of each layer of the stacking sequence.

=(+)

gt

i a5l 5Ky a5 k)6
3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 ELDZL7
Layer 1
gly[ % 1079] 5.42 5.40 13.54 13.59 13.20 13.24 12.85
£2[x1079] 2.87 2.57 51.80 52.35 49.31 49.79 47.13
e3[x107°] 4.93 5.09 -23.20 -23.52 -22.07 -22.36 -21.15
Y12 [ %1079 —4.63 ~4.60 -32.89 -32.95 —31.00 ~31.04 —29.14
713 [x 107%] ~2.23 ~2.03 ~1.41 ~1.65 -1.18 ~1.39 -1.18
Va3 [x107%] 0.07 0.05 ~3.92 -3.79 ~3.67 ~3.55 -3.30
91 [K/m] -0.05 ~0.06 ~0.05 ~0.06 -0.05 -0.06 ~0.06
95 [K/m] -1.91 ~1.89 -1.91 ~1.89 -1.91 ~1.89 ~1.89
93 [K/m] ~144.98 ~144.56 ~144.98 ~144.56 ~144.98 ~144.56 ~144.56
Layer 2
gly[ x1079] 8.40 8.40 8.70 8.70 8.70 8.70 8.70
ey [%x107°] 12.57 12.41 35.17 35.44 34.03 34.26 33.03
£3[x1079] 16.63 16.68 5.35 5.19 5.64 5.49 5.80
712 [ % 107%] -9.27 ~9.25 ~17.79 ~17.84 ~17.23 -17.27 ~16.70
713 [ % 107%] ~4.26 -3.99 -3.87 ~4.32 -3.37 -3.79 -3.33
Va3 [ % 107%] 0.70 0.61 —24.41 -23.99 -22.84 -22.44 ~20.83
91 [K/m] -0.15 -0.15 -0.15 -0.15 -0.15 -0.15 -0.15
95 [K/m] ~5.54 ~5.50 ~5.54 ~5.50 ~5.54 ~5.50 ~5.50
93 [K/m] ~147.24 ~146.92 ~147.24 ~146.92 ~147.24 ~146.92 ~146.92
Layer 3
ely[ % 107°] 11.41 11.43 3.94 3.90 4.28 4.25 4.64
£2[x107] 22.24 22.23 21.11 21.08 21.19 21.17 21.25
£3[x1079] 28.40 28.38 28.98 28.98 28.67 28.66 28.32
712 [ % 107%] -13.71 -13.72 -3.41 ~3.40 —4.11 —4.11 ~4.82
713 [ % 107%] -2.14 -1.92 -2.81 -3.09 ~2.44 ~2.70 -2.36
73 [ x107%] 1.03 0.89 -39.95 -39.57 —37.40 —37.03 —34.41
91 [K/m] —0.23 -0.23 ~0.23 —0.23 —0.23 —0.23 ~0.23
95 [K/m] -8.27 -8.22 -8.27 -8.22 -8.27 -8.22 -8.22
93 [K/m] ~150.79 ~150.61 ~150.79 ~150.61 ~150.79 ~150.61 ~150.61
Layer 4
gly[ x1079] 14.21 14.25 -1.32 ~1.39 —0.62 —0.67 0.12
£2[x107] 32.11 32.25 7.14 6.80 8.44 8.15 9.55
£3[x1079] 41.77 41.66 55.25 55.41 54.30 54.43 53.39
712 [ % 107%] ~17.94 ~17.98 11.16 11.20 9.18 9.20 7.21
713 [ x 107%] 0.59 0.67 -0.74 ~0.80 ~0.60 ~0.66 ~0.53
Va3 [ %1079 0.38 0.30 —21.33 ~20.92 ~19.96 -19.57 -18.18
91 [K/m] ~0.25 —0.26 ~0.25 —0.26 —0.25 —0.26 ~0.26
95 [K/m] -10.17 -10.11 -10.17 -10.11 -10.17 -10.11 -10.11
93 [K/m] ~155.92 ~155.90 ~155.92 ~155.90 ~155.92 ~155.90 ~155.90
© T(lg)([jm the entire recovery process is iteratively repeated until a convergence of
Yi3Gm) = =@ the through-the-thickness dispersions of the variables is achieved. In this
Cu way, the solution of the present model, even though it is based on a two-
® ng)(ymj dimensional formulation, aligns with the predictions of more compu-
V23(ijm) = o tationally expensive three-dimensional simulations.
3 (119)
: 1 ( — — : —~ (k f ot
82‘8, = = ( g/zzjm) B C(,];) 8(1‘8/ - Cgk; 8%} o+ —Z® ATE;’")) 8. Applications and results
33
) In this section, some examples of investigations are presented, where
9(3’%7m> _n EEZ;’U the current formulation is applied to predict the mechanical response of
k33 laminated panels of different curvatures in a thermal environment.

A higher level of accuracy can be reached by evaluating the in-plane
stresses, and thermal flux components are determined from the three-
dimensional constitutive relationship of Eqn. (82), considering the
updated values of the in-plane and out-of-plane primary variables. Then,

23

Various panels are considered, each of them characterized by different
curvatures and loading conditions. In addition, the effect of a Winkler-
Pasternak elastic foundation is studied. A geometric representation of
the panels can be found in Fig. 1, where some information regarding the
ELW geometric description of the solid has been added, along with the
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Through-the-thickness distribution, referred to the point located at (0.25L1,0.25L ) within the physical domain, of the thermo-mechanical secondary variables of a
simply-supported rectangular plate subjected to a uniformly-distributed external pressure and thermal flux. Effect of an elastic foundation located at the bottom of the
panel. Comparison between 3D FEM results and those obtained from the ELW two-dimensional semi-analytical formulation. The results are provided for the point

located at the middle height of each layer of the stacking sequence.

F(+) 4

T 4. q5, 7y a5 k) 45,38 K. 6}

3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 ELDZL7
Layer 1
o1 [ x 10°N/m?| 11.94 11.60 137.81 138.57 132.23 132.87 126.60
62 [ x 10°N/m?| -1.26 -1.53 44.98 45.49 42.49 42.92 40.24
63 [ x 10°N/m?] —0.02 -0.02 -0.11 -0.14 —0.44 —0.46 —0.82
712 [ x 10° N/m?] -3.29 -3.27 -23.35 -23.39 -22.01 -22.04 —20.69
713 [ x 10° N/m?] —~1.58 —1.44 -1.00 -1.17 -0.83 -0.99 -0.84
723 [ x 10°N/m?| 0.05 0.03 —2.43 -2.35 —2.28 -2.21 ~2.05
hy [J/m?] -0.08 -0.08 —0.08 —-0.08 -0.08 -0.08 -0.08
hy [J/m?] —-0.96 —-0.95 —0.96 —-0.95 —0.96 -0.95 -0.95
hs [J/m?| ~72.49 —-72.28 ~72.49 —-72.28 —~72.49 ~72.28 ~72.28
Layer 2
o1 [ x 10°N/m?] -5.07 -5.07 0.75 0.82 0.30 0.37 -0.11
63 [ % 10°N/m? -16.28 -18.25 296.87 300.68 280.89 284.20 267.06
03 [ x 10° N/m2 —-0.12 —-0.10 —~1.27 —~1.29 -1.54 -1.57 -1.86
712 [ x 105 N/m?] —~6.58 —6.57 ~12.63 —~12.66 -12.23 ~12.26 ~11.86
713 [ x 10° N/m?] ~2.65 —2.48 —2.40 —2.68 —2.09 -2.35 -2.07
723 [ x 10° N/m?] 0.50 0.43 -17.33 -17.03 -16.22 -15.93 ~14.79
hq [J/m?] —-0.07 —-0.08 —-0.07 —0.08 —-0.07 -0.08 -0.08
ho [J/m?| -8.32 -8.25 -8.32 -8.25 -8.32 -8.25 -8.25
hs [J/m?] ~73.62 ~73.46 ~73.62 ~73.46 ~73.62 ~73.46 ~73.46
Layer 3
61 [ % 10°N/m?] —-160.62 —-159.98 —266.28 —266.55 —261.54 —-261.72 —256.38
02 [ x 10° N/m?] -3.85 -3.82 -8.89 -8.90 -8.80 -8.80 -8.69
03 [ x 10°N/m?] -0.15 -0.12 —4.16 —-4.15 —4.30 —4.29 —4.44
712 [ x 10° N/m?] -9.73 -9.74 —2.42 —2.42 -2.92 ~2.92 —3.42
713 [ % 10° N/m?] ~1.52 -1.36 -1.99 -2.19 -1.73 ~1.92 -1.67
723 [ x 10° N/m?] 0.64 0.55 —-24.81 —24.57 -23.23 -23.00 -21.37
hy [J/m? —0.34 -0.35 -0.34 -0.35 —0.34 -0.35 -0.35
hy [J/m?] -4.13 -4.11 -4.13 —4.11 -4.13 -4.11 —-4.11
hs [J/m?] —75.39 —75.30 —75.39 —75.30 —75.39 ~75.30 —75.30
Layer 4
61 [ % 10°N/m?] -16.63 -16.51 —40.66 —40.77 —39.68 —39.78 —38.69
02 [ x 10°N/m?] —-10.47 -8.21 —364.02 —368.36 —345.74 —349.51 -329.88
63 [ x 10°N/m?] -0.05 -0.03 —6.64 —6.62 —6.66 —6.64 —6.66
712 [ % 10° N/m?] -12.74 -12.77 7.92 7.95 6.52 6.53 5.12
713 [ x 10° N/m?] 0.37 0.42 —0.46 -0.50 -0.37 -0.41 -0.33
723 [ x 10° N/m?] 0.27 0.21 -15.14 —~14.86 -14.17 —~13.90 —-12.91
hy [J/m?] -0.13 -0.13 -0.13 -0.13 -0.13 -0.13 -0.13
ha [J/m?] -15.26 -15.16 -15.26 -15.16 -15.26 -15.16 -15.16
hs [J/m?] —~77.96 —~77.95 —~77.96 —~77.95 ~77.96 —~77.95 ~77.95

stacking sequences for each case.

In all the simulations presented in this study, the lamination schemes
are made of Graphite-Epoxy (Gr-Ep) composite material (p® =
1450kg/m?®). The thermo-mechanical elastic properties are taken from
Ref. [22] and they are reported below:

EY = 137.90 GPa ¢" —7.10 GPa 2% 030
EY =896 GPa ¢ =7.10 GPa 79 =030
E e (0
EY =896 GPa G — 621 Gpa 7% = 0.49

k% =0.50 J/mK
a¥) =250 x 107 1/K
(120)

k) =150 J/mK kY = 0.50 J/mK
a¥) =250 x10° 1/K %) =2.50 x 10 1/K

(k) ~(k) =k ~k) ~k) Ak
being E<1),E<2),E(3> and Gﬂi, G(1;= G(zg the tensile and shear moduli,
(k)

respectively, while Dq‘;,ﬁls,ﬂg‘; denote the Poisson’s coefficients. On
the other hand, k(ﬁ , k@, k@ and aq? , a(g, a@ are the non-zero elements
of the conductivity matrix and the thermal expansion coefficients of the
material in hand, respectively. The derivation of the elements of the

mechanical stiffness matrix Fék) from the orthotropic engineering con-
stants can be found in Ref. [22]. The reference temperature is assumed
equal to T = 300 K, while the specific heat is c¥) = 1256.04 J/kgK.
Lamination schemes with softcore behavior are obtained through the
use of Graphite-Epoxy-soft5 (Gr-Ep-s5) and Graphite-Epoxy-soft10 (Gr-
Ep-s10) materials. Their mechanical properties are obtained by scaling
of elastic constants of Eqn. (120) by a factor of 5 and 10, respectively,

with the exception of the Poisson’s coefficients 7%}, %) 7%) and the
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Fig. 10. Different loading conditions considered in the simulations for a laminated cylindrical panel made of four layers of orthotropic composite materials.
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Fig. 11. Three-dimensional displacement field components [m] and temperature distribution [K] of a cylindrical panel subjected to a uniform mechanical pressure of
magnitude q‘;u) =7 x 10° N/m? applied at the top surface. Effect of a Winkler-Pasternak elastic foundation of stiffness k(;f) =5 x 107 Pa/m and shear modulus

equal to G}’) = 5x 10° Pa. The structure is subjected to linear thermal fluxes oriented along a1 and a, with magnitudes q({u) =

80 J/m?2 and g';) = —20 J/m?

applied at the top and the bottom surface of the panel, respectively, setting N = M = 300. Visualization of thickness plots at for the point (0.25(¢} — ¢%),0.25L>)

of the physical domain.
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Fig. 12. Three-dimensional strain components of a cylindrical panel subjected to a uniform mechanical pressure of magnitude q(;]
top surface. Effect of a Winkler-Pasternak elastic foundation of stiffness k(e}) =5 x 107 Pa/m and shear modulus equal to
subjected to linear thermal fluxes oriented along a1 and a » with magnitudes 6(,::‘)

panel, respectively, setting N = M = 300. Visualization of thickness plots at for the point (0.25 (¢}

(k)
thermal expansion coefficients a'f 11 ,a 22,a 33

Regarding the external loads, it should be noted that, from Eqn (74)
and Eqn. (75), an arbltrary distribution of external loads qls Jbs ,q3s )

Y and q1 s qQ_g , q35 , qT ) acting at each point of the top and the bottom
surfaces of the three-dimensional solid, respectively, is expanded using
the following expression:

N M
nm . (mnm
qsf) (s1,82) = Z ngfjmcos (—sl)sm (L—sz)
n=1 m=1 1 2
N M
nmw mm
¢ (s1,5,) = Z Z 0% sin (L—sl)cos (—sz)
n=1 m=1 1 2
(121)
N M
) nm mm
G5, (51,8 0f nm51 (— )sm(—s
3 (1 2) = ;; 34 L L 2
N M
. (nm . (mnm
& (s1,8) = Z ZQTMmsm (— )sm (L—sz)
=1 m=1 1 2

26

—7 x 10° N/m? applied at the
GfH = 5x 10° Pa. The structure is

—80 J/m? and q(,:;) =—20 J/m? applied at the top and the bottom surface of the

—¢%),0.25L5 ) of the physical domain.

where the quantities Q1 > szm Qm,,17 anm are the wave amplitudes
associated with each n,m. The symbol “1” denotes the actual distribution
of the external forces. In the case of a sinusoidal (A = s) dispersion of
external loads, the following relation is considered [22]:

+ —(+
Qo =1,

(122)
with i = 1,2,3,h, being qiﬁ the corresponding load amplitude. A uni-
form (4 = u) distribution [22] of the external loads is computed as
follows:

43,

Qb == (123)
n-nm

(I = cos(nx) )(1 — cos(mm) )
Similarly, a patch load (A = p) centered in the point (s 19, 20) within the
physical domain, acting on a surface of dirnensions A = 4cqpco0 ac-

counts for the following expression of Q [22]:
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Fig. 13. Three-dimensional stress components [Pa] of a cylindrical panel subjected to a uniform mechanical pressure of magnitude q(s'u) =7 x 10° N/m? applied at

the top surface. Effect of a Winkler-Pasternak elastic foundation of stiffness kg}) =5 x 107 Pa/m and shear modulus equal to G}’) = 5x 10° Pa. The structure is

subjected to linear thermal fluxes oriented along a; and @ » with magnitudes 6(,:‘) =-80 J/m? and q(,;) =—20 J/m? applied at the top and the bottom surface of the

panel, respectively, setting N = M = 300. Visualization of thickness plots at for the point (0.25(¢Y} — ¢9),0.25L> ) of the physical domain.

@ E’(”i)sin (ﬂﬂslo> “in (mmzo> “in (nﬂclo) “in (mﬂ'Czo) (124) magnitude Q4) =—1 x 105 N/m? with N = M = 1 applied at the top
P T 2 . L, L, L, surface. The structure consists of three layers with thicknesses h; =
h3 =0.03 m and h, = 0.04 m. Two different lamination schemes are

A hydrostatic loading (4 = h) along the a; principal direction is considered: the first one accounts for three laminae of Gr-Ep material
expanded as [22]: with (0 /90 /0), while in the second one the central core of the panel is
e made of Gr-Ep-s5. The vertical deflection of the central point of the

o) = — %cos(nﬂ)(l — cos(mm) ) (125) plate, located ats; =L1/2,s2 =Ly/2and { =0, is evaluated from the

present model employing various displacement field assumptions. The
results are reported in Table 1 and Table 2 for the two different con-
figurations of the stacking sequence of the plate. To validate the results,
a closed-form solution is found employing the same kinematic field as-
) 4@,%) sumptions as those adopted in the numerical simulation. In addition, the

Finally, a hydrostatic load along a, [22] is embedded in the present
semi-analytical formulation through the relation reported below:

Qiam = m2nm (I = cos(nr) )cos(mn) (126) vertical deflection of the plate is evaluated from a computationally

demanding three-dimensional FEM model developed with a commercial
The first two preliminary examples aim to validate the proposed model software. The numerical simulations employing various higher order
and the implemented numerical techniques. The first example focuses ELW kinematic fields are performed with both the GDQ method and the
on the bending response of a SSSS rectangular plate with geometric sizes F-GDQ method based a CGL computational grid. For further details on

L, =200m and L, = 1.20 m, subjected to a sinusoidal pressure of

27
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Fig. 14. Three-dimensional thermal gradient components (a) and heat flux components (b), expressed in [J/mz], of a cylindrical panel subjected to a uniform

mechanical pressure of magnitude q(;} =—7 x 10° N/m? applied at the top surface. Effect of a Winkler-Pasternak elastic foundation of stiffness k(;f) =5x 107 Pa/m

and shear modulus equal to GfH = 5x 10° Pa. The structure is subjected to linear thermal fluxes oriented along a, and a» with magnitudes g,

g% = —80 J/m? and

q(;] =—20 J/m? applied at the top and the bottom surface of the panel, respectively, setting N = M = 300. Visualization of thickness plots at for the point

(0.25(¢Y — ¢%),0.25L ) of the physical domain.

this numerical model, the interested reader should refer to [56]. The
static response of the panel is evaluated for different sizes of the CGL
grid employing various higher order theories. In order to check the
convergence of results, the percentage error parameters e o,; and e o are
introduced, defined as follows:

chanical case employing both the GDQ and F-GDQ numerical tech-
niques. In Fig. 2, these two quantities are derived for the values reported
in Table 1 and Table 2, showing the convergence of the numerical
methods for various higher order theories. Note that both the GDQ and
F-GDQ simulations provide very low discrepancies with respect to the
analytical solutions and the 3D FEM results. More specifically, the same

eqr = Woo = Wewaat| . 100% numerical predictions are provided for different values of Iy = Iy,
Weracr 127) showing the excellent stability of these numerical techniques. For both
ey = Woo — WrEM| 1009 configurations of the lamination schemes, the convergence analysis is
WEEM performed with various kinematic field assumptions, and the lowest

In particular, w gy is the vertical deflection obtained from the 3D FEM
simulation, while w . denotes the predictions from the analytical
model employing various higher order kinematic equations. Finally,
wpq accounts for the outcomes of the ELW formulation for the me-

28

values of e, and e, are observed when higher order ELW theories are
selected, especially in the configuration without the softcore.

The second example aims to verify the accuracy of the model in
predicting the three-dimensional response of a SSSS rectangular plate
for the mechanical elasticity case. The plate, with dimensions L; =
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Fig. 15. Three-dimensional displacement field components [m] and temperature distribution [K] of a cylindrical panel subjected to a uniform mechanical pressure of
magnitude 6(3‘,) =7 x 10° N/m? applied at the top surface lying on a Winkler elastic foundation of stiffness k(s}) =5 x 107 Pa/m employing various wave numbers
N, M. A patch thermal flux of magnitude q(,;} =—80 J/m? is applied at the top surface, whose governing parameters are (s10,520) = (0.75 (¢} — ¢9),0.5L> ) and (c1o,
c20) = (0.125(p}; — ¢%),0.25L ). Another patch thermal flux of magnitude q(,;f =—20 J/m? and governing parameters (s1o,520) = (0.25(¢, — ¢%),0.25L> ) and
(c10,¢20) = (0.25(pY; — ¢9),0.25L ) is applied at the bottom surface of the panel. Visualization of thickness plots at for the point (0.25(¢% — ¢%),0.25L ;) of the
physical domain.

2.00 m and L, = 1.00 m, consists of four layers of Gr-Ep with h; = upwards, whereas it bends downwards when the out-of-plane
hy, = hs = hy = 0.025 m, setting a cross-ply lamination scheme with displacement field is enforced at the top surface. Referring to the
(0/90/0/90). The loading conditions consist in a prescribed value of three-dimensional strain components represented in Fig. 4, it can be
the displacement field components at the top skin of the plate employing shown that the out-of-plane strain components y 3,7 53, € 3 are charac-
a sinusoidal dispersion of prescribed values of u(lﬂ’ ug)7 u(;) for 7 — N with terized by a piecewise through-the-thickness profiles, due to the fact that

a different orientation is assigned to each lamina of the stacking

N=M= 1, according to Eqn. (16) and Eqn. (73). The wave amplitudes . . . )
sequence. This aspect becomes more evident in Fig. 5, where the

PR 7 ) ) -3
of the d1str1but10ns.are set equal‘ to Uy, = Us =Us - fl X 19 m. through-the-thickness profile of the three-dimensional stress compo-
Furthermore, a uniformly-distributed Winkler foundation is applied at nents are provided. It can be seen that highest magnitudes of in-plane
the bottom surface, according to Eqn. (57). Various load cases are stresses are obtained for layers with 9 = 0. Furthermore, the effect of
considered. In the first simulation, a prescribed value of f](l? is applied, the presence of the Winkler foundation is evident in the distribution of

the normal stress o 3, since external actions induced by the springs at the

and a spring stiffness equal to k(;f) =5 x 107 Pa/m is considered. In the
bottom surface are balanced by an additional stress along the thickness

second and third load cases, sinusoidal distributions of u%v ) and u%v ) are

direction.
considered with N = M = 1. Finally, a sinusoidal dispersion of each Next example presents the thermo-mechanical response of a rect-
displacement field component is modelled in the same simulation for the angular plate with dimensions L, = 2.00 m and L, = 1.00 m made of

last load case. The stiffness of the Winkler foundation is set equal to four Gr-Ep layers of thickness h; =h, =hs =h4 =0.025 m with
k(; =5 x 10° Pa/m. Thickness plots are provided for the point located (0/90/0/90). A uniform external pressure of magnitude

at (0.25L1,0.25L ) and represented in Figs. 3-5. For each case study, q%*j =-7x10°N/m? and a uniformly-distributed heat flux
the results are successfully compared to those ones obtained from a q(ht) =-80 J/m? are considered, both applied at { = h/2. An elastic
refined 3D-FEM simulation, developed with a commercial software,

consisting of 439,215 DOFs. As can be seen from Fig. 3, the present two-
dimensional closed-form solution of the mechanical elasticity problem
with N = 7, together with the zigzag function, predicts well the three- k(?}) =5 x 107 Pa/m and G(f’> =5 x 10° Pa. Furthermore, a null value of
dimensional response of the panel for all load cases, even in the out-  temperature variation is prescribed at the bottom surface of the plate.
of-plane principal direction. As visible in Fig. 3, which collects the The thickness plots, evaluated with the ELDZL7 theory with N = M =
thickness plots of the displacement field components, when an in-plane 300, are provided for the point located at (0.25L 1,0.25L 5) within the
displacement field component is prescribed, the panel tends to bend physical domain, and they are plotted in Figs. 6-9. Furthermore, the

foundation is present at the bottom surface modelled with either the
Winkler (k(?;,) = 5x 107 Pa/m) and Winkler-Pasternak models with

29
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Fig. 16. Three-dimensional strain components of a cylindrical panel subjected to a uniform mechanical pressure of magnitude q‘;] =7 x 10° N/m? applied at the

top surface lying on a Winkler elastic foundation of stiffness k(;f) = 5 x 107 Pa/m employing various wave numbers N, M. A patch thermal flux of magnitude qﬁ;} =

—80 J/m? is applied at the top surface, whose governing parameters are (si,520) = (0.75(¢} — ¢%),0.5L2) and (c10,¢20) = (0.125(¢p}; — ¢%),0.25L ). Another

patch thermal flux of magnitude 6(,;)

=-20J/m? and governing parameters (s1o,520) = (0.25(¢p} — ¢%),0.25L2) and (cio,c¢20) = (0.25(p}, — 99),0.25L) is

applied at the bottom surface of the panel. Visualization of thickness plots at for the point (0.25(p} — ¢9%),0.25L, ) of the physical domain.

numerical results regarding configuration, primary and secondary var-
iables are summarised in Table 3, Table 4 and Table 5, respectively, for a
futher comparison. The response of the panel, derived from the present
model, is compared to the results of a 3D FEM simulation, showing an
excellent agreement between the two models. In a first simulation, the
mechanical response of the structural component subjected to the
external pressure is considered. Then, the coupled thermo-mechanical
response is calculated under the influence of the thermal flux, as well
as the elastic foundation. Finally, the shear stiffness of the foundation is
evaluated with the ELW theory following the Winkler-Pasternak model.
As can be seen from Fig. 6, when a shear layer is added, a minor vertical
deflection is observed due to the additional stiffness of the structural
system. Furthermore, a slight variation of the in-plane displacement
field components is found. A linear profile of the temperature variation
is found in all load cases. The three-dimensional strain components of
Fig. 7 clearly show that the plate bends upward when a negative thermal
flux is applied at the top surface; therefore, the deflection induced by the

30

mechanical surface traction is completely balanced by the stresses
induced by a temperature variation within the solid. In Fig. 8 the three-
dimensional stress components are reported for all load cases, showing,
above all, that different profiles are obtained when Winkler and
Winkler-Pasternak theories are used to model the elastic foundation. In
all cases, the recovery profile provides the exact through-the-thickness
distribution of these quantities under the effect of the external me-
chanical pressures, thus allowing one to derive the numerical pre-
dictions of a refined three-dimensional simulation with a reduced
computational cost. Thanks to the recovery procedure applied to a
multifield problem, the present model predicts with a high level of ac-
curacy the profile, within each lamina, of both in-plane and out-of-plane
temperature gradient components and thermal flux components, all of
them derived from a thermo-mechanical two-dimensional simulation
(Fig. 9).

In next example of investigation, a cylindrical panel is studied, made
of four layers of Gr-Ep material with (0/90/0/90) as lamination
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Fig. 17. Three-dimensional stress components [Pa] of a cylindrical panel subjected to a uniform mechanical pressure of magnitude q(s'l} =7 x 10° N/m? applied at

the top surface lying on a Winkler elastic foundation of stiffness kg}) =5 x 107 Pa/m employing various wave numbers N, M. A patch thermal flux of magnitude

()

4y, =—80J/m? is applied at the top surface, whose governing parameters are (s10,520) = (0.75(¢'y — ¢%),0.5L2) and (c10,¢20) = (0.125(¢y — ¢5),0.25L> ).

Another patch thermal flux of magnitude g

’(h;) =—20 J/m? and governing parameters (s10,520) = (0.25(¢p} — ¢%),0.25L > ) and (c10,¢20) = (0.25(p}, — ¢%),0.25L )

is applied at the bottom surface of the panel. Visualization of thickness plots at for the point (0.25(¢} — ¢9),0.25L5 ) of the physical domain.

scheme, while the thicknesses of the laminae are setequaltoh; = hy =
hs = hs = 0.025 m. The structure lies on an elastic foundation,

modelled with the Winkler-Pasternak theory, setting k(;f) = 5x
107 Pa/m and G(ff) = 5x 10°Pa. A uniformly-distributed external

pressure of magnitude q(;u) =5 x 107 N/m? is applied to the panel at the
top surface. The thermal loads consist of two thermal fluxes of magni-
tude q&ju’ =-80J/m? and 6(,:”) = —20J/m? applied at the top and bot-
tom surfaces, respectively. More specifically, the former flux is linearly
distributed along @1, whereas the latter accounts for an hydrostatic
distribution along a ;. In other words, thermal flux loads are expanded
according to Eqn. (125) and Eqn. (126). Another loading condition is
studied, in which the same thermal fluxes are uniformly distributed in
specific regions of the top and bottom surfaces according to expansion of
Eqn. (124) for patch loads. For this distribution, the governing

31

parameters  (s10,S20) = (0.75(¢p} —99),0.5L2) and  (c1o,C20) =
(0.125(¢", — ¢9),0.25L ) are adopted for the thermal flux applied at
the top surface, while (s1o,520) = (0.25(¢}, — ¢%),0.25L2) and (cyo,
c20) = (0.25(¢} — ¢9),0.25L ) are used at the bottom surface of the
panel. For the sake of clarity, a three-dimensional representation of the
thermal loading conditions can be found in Fig. 10. The thickness plots
are calculated at (0.25(¢p} —¢9),0.25L, ), and they are collected in
Figs. 11-14 for the first load case, while the results of the second load
case are represented in Figs. 15-18.

It should be noted from Fig. 11 that, for the selected lamination
scheme, when two hydrostatic thermal fluxes are considered the tem-
perature variation deviates from the classical linear distribution typi-
cally adopted in uncoupled models that can be found in literature. In
addition, a linear profile is observed for the out-of-plane displacement
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Fig. 18. Three-dimensional thermal gradient components (a) and heat flux components (b), expressed in [J/mz], of a cylindrical panel subjected to a uniform
mechanical pressure of magnitude q{;} = —7 x 10° N/m? applied at the top surface lying on a Winkler elastic foundation of stiffness k(g}) =5 x 107 Pa/m employing
various wave numbers N, M. A patch thermal flux of magnitude ﬁ(h;) =-80 J/m? is applied at the top surface, whose governing parameters are (s19,$20) =
(0.75(¢, —9%),0.5L) and (c10,c20) = (0.125(¢}, — ¢%),0.25L5 ). Another patch thermal flux of magnitude q") =-20J/m? and governing parameters (s,
s20) = (0.25(¢} — #9),0.25L ) and (c10,¢20) = (0.25(p}, — 9% ),0.25L ) is applied at the bottom surface of the panel. Visualization of thickness plots at for the
point (0.25(p} — ¢9),0.25L, ) of the physical domain.

field component. Even though the mechanical load is downward- magnitudes of out-of-plane stress components are observed when both
oriented, the presence of curvature, together with the cross-ply lami- mechanical and thermal loads are applied to the structural component,
nation scheme, leads to an upward bending of the structure at the especially in the case of 713 and o 5. Finally, different slopes of 7 o3 profile
investigated point. Finally, the shear stiffness of the elastic foundation are seen with respect to more complicated load cases when only thermal
moves the distribution of both U; and U 3. The three-dimensional strain loads are applied to the structure under consideration. It should be noted
components of Fig. 12 show that the deformation of the structure in- that the same distribution of the three-dimensional temperature
duces different piecewise profiles, especially in out-of-plane strain gradient components and the thermal flux components is obtained in all
components, for all loading conditions. In particular, the introduction of load cases using either the present semi-analytical model and a 3D FEM
a thermal load can vary the slope of the strain distribution, as seen, for simulation, as clearly shown in Fig. 14.

example, in the thickness plots of y 5 and ¢ 5. Similar considerations can Referring to the load case in which the thermal loads are applied
be made for the through-the-thickness dispersion of the stress compo- according to the patch load expansion, it should be noted that the pre-
nents of Fig. 13. In-plane stresses are distributed, for each load case, with dictions of the present theory converge rapidly to the numerical results
a linear or piecewise linear profile. On the other hand, higher of a coupled three-dimensional thermo-mechanical FEM model, espe-
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Fig. 19. Three-dimensional displacement field components [m] and temperature distribution [K] of a shallow spherical panel lying on an elastic foundation sub-

jected to external sinusoidal pressures with N = M = 1 of magnitudes 6(1? = E(;s) =7 x 10° N/m? and q(;s) = —7 x 10° N/m?, along with sinusoidal distributions of
thermal fluxes with N = M = 1 of magnitudes q(,;) =-80 J/m? and ﬁ(h;) = —20 J/m?, applied at { = h/2 and { = —h/2, respectively. The structure is located on a
Winkler-Pasternak elastic foundation of stiffnesses k(ff) = k(2}> =5 x 107 Pa/m and k(;f) =1 x 10® Pa/m, whose shear modulus is set equal to GfH = 5x 10° Pa.

Visualization of thickness plots at the point (0.25(¢" — ¢ ),0.25(89% — 99) ) of the physical domain employing different higher order kinematic expansions, together
with the zigzag function.

cially for the mechanical quantities. As can be seen from Fig. 15, only ten gradient component of Fig. 18 assumes a null value at the top surface,
waves are needed to derive correctly the in-plane displacement field and a vertical profile of the temperature variation of Fig. 15 is observed
components, and a high level of accuracy is observed for U3 and AT near the top surface of the cylinder.

three-dimensional configuration variables. Note that in this case the At this point, the thermo-mechanical response of a laminated
structure bends downwards with a linear profile of in-plane displace- shallow spherical panel of radius R; = Ry =R = 3 m is studied. The
ment field components, while a parabolic profile is seen for Us. In the structure is made of four layers of equal thicknessh; =hy, =hs =h4 =
same way, a very high convergence rate of results can be observed in all 0.025 m made of composite materials, including a central softcore re-
three-dimensional strain components of Fig. 16. Note that the 3D FEM gion. The two external layers are made of Gr-Ep, while the second
results can be well predicted by the present two-dimensional ELW model lamina is made of Gr-Ep-s5. The third layer is made of Gr-Ep-s10.
because higher order theories are embedded in the formulation, External loads are distributed with a sinusoidal dispersion character-
resulting in a non-uniform value of ¢ 3. Looking at the distributions of the ized by N = M = 1. A Winkler-Pasternak foundation is present at the
three-dimensional stress components of Fig. 17, it can be shown that the bottom surface with a uniform distribution of linear elastic springs. The

present higher order model predicts accurately the 3D-FEM results in
each point of the three-dimensional solid for both in-plane and out-of- O , ) i ] i )
plane variables. With particular reference to the profile of 3 normal ki =5x 107 Pa/m, while the stiffness of the linear springs oriented

stress, all curves converge to the same regionnear { =h/2and{ = —h/2  along the thickness direction is k(;f) = 5 x 10® Pa/m. Finally, the shear
since the recovery post-processing procedure allows the model to fulfil

stiffness of the linear springs oriented along a1, a is set equal to k(ff) =

the three-dimensional balance equations along the thickness direction. modulus of the foundation is set to G(f )= 5% 10°Pa. Sinusoidally-
In this way, a similar profile to that one obtained from the 3D FEM distributed mechanical loads are applied at the top surface, with mag-
simulation is found. Finally, in Fig. 18 we provide the thickness plots of nitudes q(lt) = q‘;) =7 x 10°N/m?, and q(;s) = —7 x 106 N/m?. As far
the three-dimensional primary and secondary variables of the thermal as the thermal loads is concerned, two sinusoidal distributions of
conduction problem. Unlike the mechanical case, the convergence to the external thermal fluxes are applied at the top and bottom of the shell
three-dimensional solution is seen only with higher values of N, M. The with q(ht) =-80J/m? and qS;) = —20J/m?. The results are calculated
thickness plots are provided in a region where the adiabatic thermal using different higher order theories, and the thickness plots are pro-
condition is enforced at the top surface, since a null value of the external vided for the point (0.25(p} — ¢9),0.25( 9% — 9% )), all collected in
flux is considered here, while a nonzero heat flux is applied at the bot- Figs. 19-22. The through-the-thickness distribution of the three-

tom surface. As a consequence, the thickness plot of the temperature dimensional configuration variables in Fig. 19 shows that the
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Fig. 20. Three-dimensional strain components of a shallow spherical panel lying on an elastic foundation subjected to external sinusoidal pressures with N = M = 1

of magnitudes g\, = g =7 x 10° N/m? and 5 = —7 x 10° N/m?, along with sinusoidal distributions of thermal fluxes with N = M = 1 of magnitudes g, =
—80 J/m? and q(,;) = —20 J/m?, applied at { = h/2 and { = —h/2, respectively. The structure is located on a Winkler-Pasternak elastic foundation of stiffnesses
k(l}) = k(2}) =5 x 107 Pa/m and k(;f) =1 x 108 Pa/m, whose shear modulus is set equal to G)(f) =5 x 105 Pa. Visualization of thickness plots at the point (0.25(¢}, —

99),0.25(9% — 99)) of the physical domain employing different higher order kinematic expansions, together with the zigzag function.

lamination scheme of the structure is characterized by a meaningful As far as the three-dimensional stress components is concerned,
softcore behavior for both the mechanical and thermal cases. A Fig. 21 shows that the model exhibits a high convergence rate to a
nonlinear profile of the displacement field components and temperature particular through-the-thickness profile of in-plane stress components.
variation is obtained in each layer, and the adoption of a zigzag function However, lower order theories provide different results when compared
within the ELW kinematic assumption provides a slope change at the to those obtained from other ELW theories, especially for the out-of-
interface between two adjacent laminae. For this reason, a convergence plane shear stress 7 3. It is observed that the adoption of zigzag func-
of results is seen as the kinematic expansion order increases, indicating tion leads to different profiles of the configuration variables for a given
that the thermo-mechanical response of the present panel cannot be kinematic expansion order, while similar results are provided for pri-
predicted with classical two-dimensional theories, because higher order mary and secondary variables. Fig. 22 illustrates the three-dimensional
theories are essential. This issue becomes more evident in Fig. 20, which temperature gradient components and the thermal flux components. The
shows the thickness plots of the three-dimensional strain components. adoption of higher order theories enables the prediction of a nonlinear
In-plane strains are characterized by a slope change of the profile, while profile for the in-plane temperature gradient components. Furthermore,
a piecewise distribution is observed for the out-of-plane strain the figure shows that the adoption of the ELW zigzag function introduces
components. variations in the profile of the in-plane primary and secondary variables.

34



F. Tornabene et al. Composite Structures 335 (2024) 117995

T T T T
L -

=N

=1 02 FLog !

— |—ELn

= g} rL07EY ]

e b L1

e o H=e ELEE o 4

b s

L . L L L L L L
ity 12 <] 4 =] 4 2 1] 2
e '
T T T T T T el
4 TR
|—ILms
s ELIFELY
4 -
== FLEWEL

— EWELY

=] 1 _-_—

iy |-+ ELIKELA

— E b 1

— s ELEKELT]

PR 4 -

L == ELEWL M
0sf E E
L8 . s

i i L L L i "
] T & & -+ : | £ a Q L]
1w’ e
Tia o '
T T T T T T 1 T T T T
[—Hz
TR
—ri 08 | il
SRR e FLEREL
L | T T nar ik
f=+ ELLIZL . == ELEWEL |
. nar |—mns

— — =« FLTIL Y

[y ] 1 L] -

- <. - FLDZLA

=] 4 = dF e ELEFT

= = T

- o ,::I_ 03 L F1

sl |- mnzid

04
1.8 4 NEF 4
0.8 E nak E
1 1 L i i
] & ] - 3 (1] ¥ ] L] (] 35 3 % I LE] 1
H '
T ¥ 73 W

Fig. 21. Three-dimensional stress components [Pa] of a shallow spherical panel lying on an elastic foundation subjected to external sinusoidal pressures with N =

M =1 of magnitudes g =g =7 x 10° N/m? and g3} = —7 x 10° N/m2, along with sinusoidal distributions of thermal fluxes with N = M = 1 of magnitudes
q(,;) =-80 J/m? and q(,;) = —20J/m?, applied at { =h/2 and { = —h/2, respectively. The structure is located on a Winkler-Pasternak elastic foundation of
stiffnesses k(l}) = k(2}) =5 x 107 Pa/m and kg}) =1 x 10® Pa/m, whose shear modulus is set equal to G}’) =5x 10° Pa. Visualization of thickness plots at the point

(0.25(¢} — ¢9%),0.25(9} — 9%) ) of the physical domain employing different higher order kinematic expansions, together with the zigzag function.

Furthermore, the recovery procedure ensures the fulfillment of the variables are described using higher order thickness functions, following
thermal balance equations along the thickness direction in all distribu- the ELW approach. Mechanical and thermal external actions are applied
tions. All the h 3 curves converge to the same point at the top and bottom as external pressures and thermal fluxes or prescribed values of each
surfaces, and the value assumed by this secondary variable in those configuration variable. A semi-analytical solution is derived, and the
regions is equal to that of the external loads at the point where the three-dimensional thermo-mechanical response is calculated from the
thickness plot is derived. ELW model using a computationally efficient recovery procedure. After
some preliminary examples where the model is employed to derive the

9. Conclusions numerical predictions coming from refined three-dimensional simula-
tions, some interesting results are presented, in which it is shown that

In the present manuscript, the stationary thermo-mechanical the present model is capable of predicting accurately the mechanical
response of laminated curved panels is investigated using higher order response of curved and layered structures in a thermal environment,
theories. The fundamental equations are derived from a stationary including the effect of an external thermal load in terms of prescribed
configuration of the Helmholtz free energy and are expressed in curvi- temperature and thermal flux. The presented semi-analytical theory is
linear principal coordinates within a unified formulation. Configuration valuable not only for validating numerical models but also for providing
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Fig. 22. Three-dimensional thermal gradient components (a) and heat flux components (b), expressed in [J/m?], of a shallow spherical panel lying on an elastic
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distributions of thermal fluxes with N = M = 1 of magnitudes q(,j;) =-80 J/m? and q(,;) = —20 J/m?, applied at { = h/2 and { = —h/2, respectively. The structure
is located on a Winkler-Pasternak elastic foundation of stiffnesses k(l}) = k(z}) =5 x 107 Pa/m and k(; ) —1x 108 Pa/m, whose shear modulus is set equal to G}’) =

5x 10° Pa. Visualization of thickness plots at the point (0.25(¢} — ¢9%),0.25(9% — 89)) of the physical domain employing different higher order kinematic ex-
pansions, together with the zigzag function.
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Appendix I

In the present Appendix each element of the vector =% is written explicitly in terms of the configuration variables of the present formulation
belonging to the vector 8" with 5 = 0,...,N + 1. The same procedure can be found in a compact matrix form in Eqn. (53).
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Appendix L. I

In the present section the complete expression can be found of the semi-analytical fundamental coefficients i

the matrix of Eqn. (84).
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(A.1)

Y with i,j =1,...,4 belonging to
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