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R
(α , α ,α ) ∈ [α , α

]×[
α ,α

]× [α ,α
]



R(α 1, α 2, α 3) = f 1(α 1,α 2,α 3)e 1 + f 2(α 1,α 2, α 3)e 2 + f 3(α 1,α 2,α 3)e 3

e , e e

r(α ,α )

R(α 1, α 2, ζ) = r(α 1,α 2)+ h(α 1, α 2)
2

z n(α 1, α 2)

= ζ/
ζ

n(α ,α )
r

n(α 1, α 2) = r,1 ∧ r,2⃒⃒
r,1 ∧ r,2

⃒⃒
r, = ∂r/∂α r 

α = α ,α

= , ...,

h(α 1, α 2) =
∑l

k=1

h k(α 1,α 2) =
∑l

k=1

(ζ k+1 − ζ k)

ζ ζ +

` = ,

= , α = α ,

α

R i(α 1,α 2) = −r,i⋅r,i
r,ii⋅n

A i(α 1,α 2) = ̅̅̅̅̅̅̅̅̅̅r,i⋅r,i
√

= ,

= / = ,

= ,

Hi(α 1,α 2, ζ) = 1+ ζ
R i

= , α =
α ,α

dsi = A idαi

= , α = α , α
∈ [ ,

]
α

Δ( )(α ,α , ζ)

( )
,

( )
,

( )

ΔT( ) = T( ) −

Δ(k)(α 1, α 2, ζ) = [U(k)
1 U(k)

2 U(k)
3 ΔT(k) ]T

Δ( ) +

( )α
τ = ( )α

τ (ζ) τ = , ..., + = , ...,⎡⎢⎢⎢⎢⎢⎢⎣
U(k)

1

U(k)
2

U(k)
3

ΔT(k)

⎤⎥⎥⎥⎥⎥⎥⎦ =
∑N+1

τ=0

⎡⎢⎢⎢⎢⎢⎣
F(k)α1

τ 0 0 0

0 F(k)α2
τ 0 0

0 0 F(k)α3

τ 0

0 0 0 F(k)α4
τ

⎤⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎣
u(τ)

1

u(τ)
2

u(τ)
3

ξ(τ)

⎤⎥⎥⎥⎥⎥⎥⎦
δ(τ) =

[
(τ) (τ) (τ) ξ(τ)

]
τ

Δ(k) =
∑N+1

τ=0

F(k)
τ δ(τ)

F( )
τ 

τ

( )α
τ τ = , ..., = , ...,

F(k)αi
τ =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

1 − z
2

for τ = 0

zτ+1 − zτ−1 for τ = 1, ..,N − 1

1 + z
2

for τ = N

ζ 

z = 2

h
ζ

τ = +

F(k)αi
N+1 =

⎧⎪⎪⎨⎪⎪⎩
(−1)k z⌢k for k= 1

(−1)kzk for k= 2, ..., l−1

(−1)k z⌣k for k= l

⌢
,

⌣



z⌢k = ζ − ζk

ζk+1 − ζk

zk = 2

ζk+1 − ζk
ζ − ζk+1 + ζk

ζk+1 − ζk
= 2zk − 1

z⌣k = ζ − ζk+1

ζk+1 − ζk

ELD − N
ELDZL − N

“ ” 

“ ” 

“ ” 

Δ
( ) Δ( )

ζ =− / ζ = /

δ(τ) δ(τ) τ = τ = +

Δ
(1)
i

(
α 1, α 2, ζ = −h

2

)
= δ(0)i (α 1, α 2)

Δ
(l)
i

(
α 1,α 2, ζ = h

2

)
= δ(N)

i (α 1,α 2)

π(k) = DΔ(k) ⇔

⎡⎣ ε(k)
Δ̂T(k)

θ(k)

⎤⎦ =
⎡⎣D(1) 0

0 D(3)
0 D(2)

⎤⎦[ U(k)

ΔT(k)

]

= , ..., ε( ), Δ̂T( ), θ( )

ε(k) = [ ε(k)1 ε(k)3 γ(k)12 γ(k)13 γ(k)23 ε(k)3

]T
Δ̂T(k) = Δ̂T(k), θ(k) = [ θ(k)

1 θ(k)
2 θ(k)

3

]T
D 

D( ),D( ) D( ) D( )
D( )

D( ) =
D 

Dζ DΩ 

D = DζDΩ

DΩ 

α ,α

DΩ =
⎡⎣DΩ(1) 0

0 DΩ(3)
0 DΩ(2)

⎤⎦
DΩ( ),DΩ( ) DΩ( )

DΩ(1) = [Dα1

Ω Dα2

Ω Dα3

Ω
]

DΩ(2) =
[
− 1

A1

∂
∂α1

− 1
A2

∂
∂α2

−1

]T

DΩ(3) = 1

Dα
Ω ,Dα

Ω Dα
Ω 

Dα1

Ω =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1

A 1

∂
∂α1

1

A 1A 2

∂A 2

∂α1

− 1

A 1A2

∂A1

∂α2

1

A 2

∂
∂α2

− 1

R 1

0

1

0

0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, Dα2

Ω =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1

A 1A 2

∂A 1

∂α2

1

A 2

∂
∂α2

1

A 1

∂
∂α1

− 1

A 1A2

∂A2

∂α1

0

− 1

R 2

0

1

0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, Dα3

Ω =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1

R 1

1

R 2

0

0

1

A 1

∂
∂α1

1

A 2

∂
∂α2

0

0

1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Dζ 

ζ

Dζ =
⎡⎣Dζ(1) 0 0

0 Dζ(3) 0
0 0 Dζ(2)

⎤⎦
Dζ( ),Dζ( ) Dζ( )

Dζ(1) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1

H1

0 0 0 0 0 0 0 0

0
1

H2

0 0 0 0 0 0 0

0 0
1

H1

1

H2

0 0 0 0 0

0 0 0 0
1

H1

0
∂
∂ζ

0 0

0 0 0 0 0
1

H2

0
∂
∂ζ

0

0 0 0 0 0 0 0 0
∂
∂ζ

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Dζ(2) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1

H1

0 0

0
1

H2

0

0 0
∂
∂ζ

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, Dζ(3) = 1

DΩ 

Dα
Ω = , ...,

DΩ =
∑4

i=1

Dαi
Ω

Dα
Ω 

Dα
Ω = DΩ( ) D̃α

Ω = DΩ( )



Dα1

Ω =

⎡⎢⎢⎢⎣
Dα1

Ω 0 0 0
0 0 0 0
0 0 0 0

⎤⎥⎥⎥⎦, Dα2

Ω =

⎡⎢⎢⎢⎣
0 Dα2

Ω 0 0
0 0 0 0
0 0 0 0

⎤⎥⎥⎥⎦,

Dα3

Ω =

⎡⎢⎢⎢⎣
0 0 Dα3

Ω 0
0 0 0 0
0 0 0 0

⎤⎥⎥⎥⎦, Dα4

Ω =

⎡⎢⎢⎢⎢⎣
0 0 0 0
0 0 0 Dα4

Ω

0 0 0 D̃α4

Ω

⎤⎥⎥⎥⎥⎦

π( )

+

π(τ)α τ = , ..., + = , ...,

π(k) =
∑N+1

τ=0

∑4

i=1

Z(kτ)αi π(τ)αi ⇔

⎡⎣ ε(k)
Δ̂T(k)

θ(k)

⎤⎦

=
∑N+1

τ=0

∑4

i=1

⎡⎢⎢⎢⎣
Z(kτ)αi

1 0 0
0 Z(kτ)αi

3 0
0 0 Z(kτ)αi

2

⎤⎥⎥⎥⎦
⎡⎣ ε(τ)αi

Δ̂T(τ)αi

θ(τ)αi

⎤⎦

ε(τ)α , Δ̂T(τ)α θ(τ)α

Δ̂T(τ)αi (α1,α2)= Δ̂T(τ)αi , θ(τ)αi (α1,α2)=
[

θ(τ)αi
1 θ(τ)αi

2 θ(τ)αi
3

]T
ε(τ)αi (α1,α2)=

[
ε(τ)αi

1 ε(τ)αi
2 γ(τ)αi

1 γ(τ)αi
2 γ(τ)αi

13 γ(τ)αi
23 ω(τ)αi

13 ω(τ)αi
23 ε(τ)αi

3

]T

Z( τ)α
,Z( τ)α Z( τ)α

( )α
τ 

Z(kτ)αi
m = Dζ(m)F(k)αi

τ m = 1, 2, 3

χ(k) = Γ(k)π(k) ⇔

⎡⎣σ(k)

η(k)

h(k)

⎤⎦ =

⎡⎢⎢⎢⎣
Γ(k)

C −Γ(k)T
z 0

Γ(k)
z Γ(k)

TT 0
0 0 Γ(k)

K

⎤⎥⎥⎥⎦
⎡⎣ ε(k)

Δ̂T(k)

θ(k)

⎤⎦

σ( ) =
[

σ( ) σ( ) τ( ) τ( ) τ( ) σ( )
]

h( ) =[
( ) ( ) ( )

]
η( )

Γ( ) Γ( ) Γ( )

Γ( ) = ξ( ) = ρ( ) ( )/ ×
η( )

Δ̂T( ) = ΔT( ) ρ( ) ( )

Γ( )

π(k) = DΔ(k) = DζDΩΔ(k) = Dζ

∑4

i=1

Dαi
Ω Δ(k) =

=
∑N+1

τ=0

∑4

i=1

DζDαi
Ω F(k)

τ δ(τ) =
∑N+1

τ=0

∑4

i=1

DζF(k)αi
τ Dαi

Ω δ(τ) =
∑N+1

τ=0

∑4

i=1

Z(kτ)αi Dαi
Ω δ(τ) =

∑N+1

τ=0

∑4

i=1

Z(kτ)αi π(τ)αi



Γ( )

Γ( )

′α̂( ) α̂( ) ζ̂( )

π̂( ) χ̂( ) ′α̂( ) α̂( ) ζ̂( )

χ̂(k) = Γ(k) π̂(k) ⇔

⎡⎣ σ̂(k)

η(k)

ĥ(k)

⎤⎦ =

⎡⎢⎢⎢⎣
Γ(k)

C −Γ(k)T
z 0

Γ(k)
z Γ(k)

TT 0
0 0 Γ(k)

K

⎤⎥⎥⎥⎦
⎡⎣ ε̂(k)

Δ̂T(k)

θ̂(k)

⎤⎦

α̂( ) −α̂( ) α −α ζ̂( ) = ζ 
α̂( )

ϑ( ) α
H( ) T( )

H(k) =
⎡⎣ cosϑ(k) sinϑ(k) 0

−sinϑ(k) cosϑ(k) 0

0 0 1

⎤⎦

T(k) =

⎡⎢⎢⎢⎢⎢⎢⎣
cos2ϑ(k) sin2ϑ(k) −2sinϑ(k)cosϑ(k) 0 0 0

sin2ϑ(k) cos2ϑ(k) 2sinϑ(k)cosϑ(k) 0 0 0

sinϑ(k)cosϑ(k) −sinϑ(k)cosϑ(k) cos2ϑ(k)−sin2ϑ(k) 0 0 0

0 0 0 cosϑ(k) −sinϑ(k) 0

0 0 0 sinϑ(k) cosϑ(k) 0

0 0 0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎦

Γ( )

Γ(k) =

⎡⎢⎢⎢⎣
T(k)Γ(k)

C T(k)T −T(k)Γ(k)
C T(k)T Γ(k)

a 0
Γ(k)T

a T(k)T Γ(k)
C T(k) Γ(k)

TT 0
0 0 H(k)T Γ(k)

K H(k)

⎤⎥⎥⎥⎦
Γ( )

Γ( )

Γ(k)T
z = Γ(k)

C Γ(k)
a

Γ( ) ( )
, = , ,

A( )

A(k) = Y ε ⊙
(
H(k)T Â(k)H(k) )

⊙
Y ε 

⌢( )

Â( )

A(k) =

⎡⎢⎢⎢⎣
a(k)

11 a(k)
12 a(k)

13

a(k)
12 a(k)

22 a(k)
23

a(k)
13 a(k)

23 a(k)
33

⎤⎥⎥⎥⎦

=
⎡⎣ 1 2 2

2 1 2

2 2 1

⎤⎦⊙

⎡⎢⎢⎢⎢⎣ a⌢(k)
11 a⌢(k)

12 a⌢(k)
13 a⌢(k)

12 a⌢(k)
22 a⌢(k)

23 a⌢(k)
13 a⌢(k)

23 a⌢(k)
33

⎤⎥⎥⎥⎥⎥⎦ = Y ε ⊙ Â(k)

δπ( )

χ( )

χ( )

Î I × ×

χ(k) = B χ(k) ⇔

⎡⎣σ(k)

η(k)

h(k)

⎤⎦ =

⎡⎢⎢⎢⎣
Î 0 0
0 1 0

0 0
1

T0

I

⎤⎥⎥⎥⎦
⎡⎣σ(k)

η(k)

h(k)

⎤⎦

δY =
∑l

k=1

∫
α1

∫
α2

∫ ζk+1

ζk

(
δπ(k)T χ(k) )A1A2H1H2dα1dα2dζ =

=
∑l

k=1

∫
α1

∫
α2

∫ ζk+1

ζk

(
δε(k)T σ(k) − η(k)δΔ̂T(k) − δθ(k)T

(
h(k)

T0

+ μ∞

T0

c(k)
))

A1A2H1H2dα1dα2dζ

δY =
∑l

k=1

∫
α1

∫
α2

∫ ζk+1

ζk

(∑N+1

τ=0

∑4

i=1

Z(kτ)αi δπ(τ)αi

)T

B χ(k)A1A2H1H2dζdα1dα2 =

=
∑N+1

τ=0

∑4

i=1

∫
α1

∫
α2

(
δπ(τ)αi

)T B
(∑l

k=1

∫ ζk+1

ζk

(
Z(kτ)αi

)T χ(k)H1H2dζ

)
A1A2dα1dα2 =

=
∑N+1

τ=0

∑4

i=1

∫
α1

∫
α2

(
δπ(τ)αi

)T B Σ(τ)αi A1A2dα1dα2 =
∑N+1

τ=0

∑4

i=1

∫
α1

∫
α2

(
δπ(τ)αi

)T Σ(τ)αi A1A2dα1dα2



Σ(τ)α = [S(τ)α (τ)α H(τ)α ]
= , ...,

Σ(τ)αi =
∑l

k=1

∫ ζk+1

ζk

(
Z(kτ)αi

)T χ(k)H 1H 2dζ

S(τ)α ,H(τ)α Σ(τ)α

S(τ)αi = [N(τ)αi
1 N(τ)αi

2 N(τ)αi
12 N(τ)αi

21 T (τ)αi
1 T (τ)αi

2 P(τ)αi
1 P(τ)αi

2 S(τ)αi
3

]T
H(τ)αi = [H(τ)αi

1 H(τ)αi
2 H(τ)αi

3

]T

Σ(τ)α

Σ(τ)α B 

Σ(τ)αi = B Σ(τ)αi ⇔

⎡⎣ S(τ)αi

E(τ)αi

H(τ)αi

⎤⎦ =

⎡⎢⎢⎢⎢⎣
I
⌣

0 0
0 1 0

0 0
1

T0

I

⎤⎥⎥⎥⎥⎦
⎡⎣ S(τ)αi

E(τ)αi

H(τ)αi

⎤⎦

Σ(τ)α

π(η)α

η = , ..., +

Σ(τ)αi =
∑N+1

η=0

∑4

j=1

(∑l

k=1

∫ ζk+1

ζk

(
Z(kτ)αi

)T Γ(k)Z(kη)αj H 1H 2dζ

)
π(η)αj

=
∑N+1

η=0

∑4

j=1

A(τη)αiαj π(η)αj

A(τη)α α

, = , ..., τ, η = , ..., +

(τη)[ ] α α
( ) , = ε,T, θ 

A(τη)[fg]αiαj
rs nm (pq) =

∑l

k=1

∫ ζk+1

ζk

Υ
(k)
nm

∂f F(k)αi
τ

∂ζf

∂gF(k)αj
η

∂ζg
H1H2

Hp
1 Hq

2

dζ

for τ,η= 0, ...,N +1

for n,m= 1, ...,6

for p,q= 0,1,2

for i, j= 1, ...,4

Υ
( )

κ(ζ) = /

Y
(k)
nm = κ(ζ)Γ(k)

nm

Υ
( ) = ( )

,± ( )

C(k)
Rnm = C(k)

nm −C(k)
m3C(k)

n3

C(k)
33

, z(k)Rnm = z(k)nm −C(k)
m3z(k)33

C(k)
33

A(τη)α α

A(τη)αiαj =

⎡⎢⎢⎢⎣
A(τη)αiαj

εε A(τη)αiαj
εT 0

A(τη)αiαj
Tε A(τη)αiαj

TT 0
0 0 A(τη)αiαj

θθ

⎤⎥⎥⎥⎦
A(τη)α α

εε ,A(τη)α α
εT ,A(τη)α α

ε ,A(τη)α α
TT A(τη)α α

θθ 

N(τ)αi
1 =

∑l

k=1

∫ ζk+1

ζk

σ(k)
1 F(k)αi

τ H2dζ, N(τ)αi
2 =

∑l

k=1

∫ ζk+1

ζk

σ(k)
2 F(k)αi

τ H1dζ, N(τ)αi
12 =

∑l

k=1

∫ ζk+1

ζk

τ(k)12 F(k)αi
τ H2dζ,

N(τ)αi
21 =

∑l

k=1

∫ ζk+1

ζk

τ(k)12 F(k)αi
τ H1dζ, T(τ)αi

1 =
∑l

k=1

∫ ζk+1

ζk

τ(k)13 F(k)αi
τ H2dζ, T (τ)αi

2 =
∑l

k=1

∫ ζk+1

ζk

τ(k)23 F(k)αi
τ H1dζ,

P(τ)αi
1 =

∑l

k=1

∫ ζk+1

ζk

τ(k)13

∂F(k)αi
τ

∂ζ
H1H2dζ, P(τ)αi

2 =
∑l

k=1

∫ ζk+1

ζk

τ(k)23

∂F(k)αi
τ

∂ζ
H1H2dζ, S(τ)αi

3 =
∑l

k=1

∫ ζk+1

ζk

σ(k)
3

∂F(k)αi
τ

∂ζ
H1H2dζ,

H(τ)αi
1 =

∑l

k=1

∫ ζk+1

ζk

h(k)
1 F(k)αi

τ H 2dζ, H(τ)αi
2 =

∑l

k=1

∫ ζk+1

ζk

h(k)
2 F(k)αi

τ H 1dζ, H(τ)αi
3 =

∑l

k=1

∫ ζk+1

ζk

h(k)
3

∂F(k)αi
τ

∂ζ
H 1H 2dζ,

E(τ)αi =
∑l

k=1

∫ ζk+1

ζk

η(k)F(k)αi
τ H 1H 2dζ



π(η)α

δ(η)

Σ(τ)αi =
∑N+1

η=0

∑4

j=1

A(τη)αiαj Dαj
Ω δ(η) =

∑N+1

η=0

O(τη)αi δ(η)

Σ(τ)α

E [ , ]

∫ t2

t1
δE dt =

∫ t2

t1
(δY − δL)dt = 0

Y 

δ = δ +δ

δ

δ

+ − ζ = / ζ =
− /

(+)
,

(+)
,

(+) (−)
,

(−)
,

(−)

(+) (−)

δ (+)
, δ (+)

, δ (+) δ (−)
, δ (−)

, δ (−)

̃(−) = (−) + (−) ̃(+) = (+) + (+) = , ,

δ

(+)
,

(−)

δΔT(±)

(+)
,

(+) (−)
,

(−)

ζ = / ζ =
− /

H(−)
i = 1− h

2R i
, H(+)

i = 1+ h
2R i

δ (−)
,

(−)
,

(−) (+)
,

(+)
,

(+)

δLs = δLes + δLfs + δQTs =
∫

α1

∫
α2

((
q̃(−)

1s δU(−)
1 + q̃(−)

2s δU(−)
2 + q̃(−)

3s δU(−)
3 + q(−)

T

T0

δΔT(−)
)

H(−)
1 H(−)

2 +

+
(

q̃(+)
1s δU(+)

1 + q̃(+)
2s δU(+)

2 + q̃(+)
3s δU(+)

3 + q(+)
T

T0

δΔT(+)
)

H(+)
1 H(+)

2

)
A 1A 2dα1dα2



q(±)
1efk = −k(±)

1f U(±)
1

q(±)
2efk = −k(±)

2f U(±)
2

q(±)
3efk = −k(±)

3f U(±)
3 + G(±)

f ∇2
(±)U

(±)
3

(±) = , ,
(±)

∇(±)

(±) (±) ζ =
/ ζ = − /

τ̃(τ) = (τ) + (τ) = , ,

α
(τ)

ζ 

δLs = δLis

=
∫

α1

∫
α2

∑N+1

τ=0

(
q̃(τ)

1s δu(τ)
1 + q̃(τ)

2s δu(τ)
2 + q̃(τ)

3s δu(τ)
3 + q(τ)

Ts

T0

δξ(τ)
)

A 1A 2dα1dα2

δ (τ)
, δ (τ)

, δ (τ) δξ(τ)

q̃(τ)
1s = q̃(−)

1s F(1)α1(−)
τ H(−)

1 H(−)
2 + q̃(+)

1s F(l)α1(+)
τ H(+)

1 H(+)
2

q̃(τ)
2s = q̃(−)

2s F(1)α2(−)
τ H(−)

1 H(−)
2 + q̃(+)

2s F(l)α2(+)
τ H(+)

1 H(+)
2

q̃(τ)
3s = q̃(−)

3s F(1)α3(−)
τ H(−)

1 H(−)
2 + q̃(+)

3s F(l)α3(+)
τ H(+)

1 H(+)
2

q(τ)
Ts = q(−)

T F(1)α4(−)
τ H(−)

1 H(−)
2 + q(+)

T F(l)α4(+)
τ H(+)

1 H(+)
2

( )α (−)
τ ,

( )α (−)
τ ,

( )α (−)
τ ,

( )α (−)
τ 

( )α (+)
τ ,

( )α (+)
τ ,

( )α (+)
τ ,

( )α (+)
τ ζ = /

ζ = − /

q(τ) = q(τ) + q(τ) q(τ) =[
(τ) (τ) (τ) (τ)

]
q(τ) =

[
(τ) (τ) (τ)

]
τ = , ..., + q(τ)

δ
η( )

δL T = −
∑l

k=1

∫ ζk+1

ζk

∫
α1

∫
α2

η(k)δΔT(k)H1H2A1A2dα1dα2dζ

δ

∇2
(±) =

⎛⎜⎝ 1

A2
1

(
H(±)

1

)2

∂2

∂α2
1

+ 1

A2
2

(
H(±)

2

)2

∂2

∂α2
2

+

⎛⎜⎝ 1

A2
1A 2

(
H(±)

1

)2

∂A 2

∂α1

− h

2A2
1R2

2

(
H(±)

1

)2

H(±)
2

∂R 2

∂α1

+

− 1

A3
1

(
H(±)

1

)2

∂A 1

∂α1

− h

2A2
1R2

1

(
H(±)

1

)3

∂R 1

∂α1

⎞⎟⎠ ∂
∂α1

+

⎛⎜⎝ 1

A 1A2
2

(
H(±)

2

)2

∂A 1

∂α2

+ h

2A2
2R2

1

(
H(±)

2

)2

H(±)
1

∂R 1

∂α2

+

− 1

A3
2

(
H(±)

2

)2

∂A 2

∂α2

− h

2A2
2R2

2

(
H(±)

2

)3

∂R 2

∂α2

⎞⎟⎠ ∂
∂α2

⎞⎟⎠

q(τ)
1efk = −L(τη)α1

fm1 u(τ)
1 = −

(
k(−)

1f F(1)α1(−)
η F(1)α1(−)

τ H(−)
1 H(−)

2 + k(+)
1f F(l)α1(+)

η F(l)α1(+)
τ H(+)

1 H(+)
2

)
u(τ)

1

q(τ)
2efk = −L(τη)α2α2

fm2 u(τ)
2 = −

(
k(−)

2f F(1)α2(−)
η F(1)α2(−)

τ H(−)
1 H(−)

2 + k(+)
2f F(l)α2(+)

η F(l)α2(+)
τ H(+)

1 H(+)
2

)
u(τ)

2

q(τ)
3efk = −L(τη)α3α3

fm3 u(τ)
3 = −

((
k(−)

3f − G(−)
f ∇2

(−)
)

F(1)α3(−)
η F(1)α3(−)

τ H(−)
1 H(−)

2 +
(

k(+)
3f − G(+)

f ∇2
(+)
)

F(l)α3(+)
η F(l)α3(+)

τ H(+)
1 H(+)

2

)
u(τ)

3

δY =
∑l

k=1

∫
α1

∫
α2

∫ ζk+1

ζk

δπ(k)T χ(k)A1A2H1H2dζdα1dα2 =
∑N+1

τ=0

∑4

i=1

∫
α1

∫
α2

(
δπ(τ)αi

)T Σ̃(τ)αi A1A2dα1dα2 =

=
∑N+1

τ=0

∑4

i=1

∫
α1

∫
α2

(
δε(τ)αi

)T S(τ)αi A1A2dα1dα2+

−
∑N+1

τ=0

∑4

i=1

∫
α1

∫
α2

(
δθ(τ)αi

)T 1

T0

H(τ)αi A1A2dα1dα2 −
∑N+1

τ=0

∑4

i=1

∫
α1

∫
α2

E(τ)αi δΔ̂T(τ)αi A1A2dα1dα2



τ = , ..., +

1

A 1

∂N(τ)α1

1

∂α1

+ N(τ)α1

1

A 1A 2

∂A 2

∂α1

+ 1

A 2

∂N(τ)α1

21

∂α2

+ N(τ)α1

21

A 1A 2

∂A 1

∂α2

+ N(τ)α1

12

A 1A 2

∂A 1

∂α2

− N(τ)α1

2

A 1A 2

∂A 2

∂α1

+T (τ)α1

1

R 1

−P(τ)α1

1 + q̃(τ)
1s = 0  

1

A 2

∂N(τ)α2

2

∂α2

+ N(τ)α2

2

A 1A 2

∂A 1

∂α2

+ 1

A 1

∂N(τ)α2

12

∂α1

+ N(τ)α2

12

A 1A 2

∂A 2

∂α1

+ N(τ)α2

21

A 1A 2

∂A 2

∂α1

− N(τ)α2

1

A 1A 2

∂A 1

∂α2

+T (τ)α2

2

R 2

−P(τ)α2

2 + q̃(τ)
2s = 0  

1

A 1

∂T (τ)α3

1

∂α1

+ T (τ)α3

1

A 1A 2

∂A 2

∂α1

+ 1

A 2

∂T (τ)α3

2

∂α2

+ T (τ)α3

2

A 1A 2

∂A 1

∂α2

−N(τ)α3

1

R 1

−N(τ)α3

2

R 2

− S(τ)α3

3 + q̃(τ)
3s = 0  

1

A 1

∂H(τ)α4

1

∂α1

+ H(τ)α4

1

A 1A 2

∂A 2

∂α1

+ 1

A 2

∂H(τ)α4

2

∂α2

+ H(τ)α4

2

A 1A 2

∂A 1

∂α2

−H(τ)α4

3 + q(τ)
Ts = 0

(
N(τ)α1

1 − N(τ)α1

1

)
δu(τ)

1 = 0
(

N(τ)α1

21 − N(τ)α1

21

)
δu(τ)

1 = 0(
N(τ)α2

12 − N(τ)α2

12

)
δu(τ)

2 = 0
(

N(τ)α2

2 − N(τ)α2

2

)
δu(τ)

2 = 0(
T (τ)α3

1 − T (τ)α3

1

)
δu(τ)

3 = 0
(

T (τ)α3

2 − T (τ)α3

2

)
δu(τ)

3 = 0(
H(τ)α6

1 − H(τ)α6

1

)
δξ(τ) = 0

(
H(τ)α6

2 − H(τ)α6

2

)
δξ(τ) = 0

∑4

i=1

D αi
Ω Σ(τ)αi + q(τ) =

∑4

i=1

D αi
Ω Σ(τ)αi + q(τ)

s + q(τ)
efk = 0

D α
Ω = , ...,

D α1

Ω =

⎡⎢⎢⎢⎢⎢⎣
D α1

Ω 0 0
0 0 0
0 0 0
0 0 0

⎤⎥⎥⎥⎥⎥⎦, D α2

Ω =

⎡⎢⎢⎢⎢⎢⎣
0 0 0

D α2

Ω 0 0
0 0 0
0 0 0

⎤⎥⎥⎥⎥⎥⎦, D α3

Ω

=

⎡⎢⎢⎢⎢⎢⎣
0 0 0
0 0 0

D α3

Ω 0 0
0 0 0

⎤⎥⎥⎥⎥⎥⎦, D α4

Ω =

⎡⎢⎢⎢⎢⎢⎣
0 0 0
0 0 0
0 0 0
0 1 D α4

Ω

⎤⎥⎥⎥⎥⎥⎦
D α

Ω = , ...,

τ = , ..., +
δ(η) η = , ..., +

∑N+1

η=0

L(τη)δ(η) + q(τ)
efk + q(τ)

s =
∑N+1

η=0

(
L(τη) − L(τη)

fm

)
δ(η) + q(τ)

s = 0

L(τη) τ,η = , ..., +
L(τη)

∑N+1

η=0

⎛⎜⎜⎜⎜⎜⎜⎝

⎡⎢⎢⎢⎢⎢⎢⎣
L(τη)α1α1

11 L(τη)α1α2

12 L(τη)α1α3

13 | L(τη)α1α4

14

L(τη)α2α1

21 L(τη)α2α2

22 L(τη)α2α3

23 | L(τη)α2α4

24

L(τη)α3α1

31 L(τη)α3α2

32 L(τη)α3α3

33 | L(τη)α3α4

34

L(τη)α4α1

41 L(τη)α4α2

42 L(τη)α4α3

43 | L(τη)α4α4

44

⎤⎥⎥⎥⎥⎥⎥⎦

−

⎡⎢⎢⎢⎢⎢⎢⎣
L(τη)α1α1

fm1 0 0 | 0

0 L(τη)α2α2

fm2 0 | 0

0 0 L(τη)α3α3

fm3 | 0

0 0 0 | 0

⎤⎥⎥⎥⎥⎥⎥⎦

⎞⎟⎟⎟⎟⎟⎟⎠

⎡⎢⎢⎢⎢⎢⎢⎣
u(τ)

1

u(τ)
2

u(τ)
3

ξ(τ)

⎤⎥⎥⎥⎥⎥⎥⎦+
⎡⎢⎢⎢⎢⎢⎢⎣

q(τ)
1s

q(τ)
2s

q(τ)
3s

q(τ)
Ts

⎤⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎣
0

0

0

0

⎤⎥⎥⎦
(τη)α α

, = , ..., L(τη)

D α1

Ω =
[

1

A1

∂
∂α1

+ 1

A1A2

∂A2

∂α1

− 1

A1A2

∂A 2

∂α1

1

A1A2

∂A1

∂α2

1

A2

∂
∂α2

+ 1

A1A2

∂A1

∂α2

1

R 1

0 −1 0 0

]
D α2

Ω =
[
− 1

A1A2

∂A 1

∂α2

1

A2

∂
∂α2

+ 1

A1A2

∂A1

∂α2

1

A1

∂
∂α1

+ 1

A1A2

∂A2

∂α1

1

A1A2

∂A2

∂α1

0
1

R 2

0 −1 0

]
D α3

Ω =
[
− 1

R 1

− 1

R 2

0 0
1

A1

∂
∂α1

+ 1

A1A2

∂A2

∂α1

1

A2

∂
∂α2

+ 1

A1A2

∂A1

∂α2

0 0 −1

]
D α4

Ω =
[

1

A 1

∂
∂α1

+ 1

A 1A 2

∂A 2

∂α1

1

A 2

∂
∂α2

+ 1

A 1A 2

∂A 1

∂α2

−1

]



N(τ)α 1

1 = 0, u(τ)
2 = u(τ)

3 = ξ(τ) = 0 at α 1 = α0
1 or α 1 = α1

1

N(τ)α 2

2 = 0, u(τ)
1 = u(τ)

3 = ξ(τ) = 0 at α 2 = α0
2 or α 2 = α1

2

δ(τ)

τ = , ..., +
α , α = −

= , α = α ,

α

u(τ)
1 (s1, s2) =

∑Ñ

n=1

∑M̃

m=1

U
(τ)
1nmcos

(
nπ
L1

s1

)
sin
(

mπ
L2

s2

)

u(τ)
2 (s1, s2) =

∑Ñ

n=1

∑M̃

m=1

U
(τ)
2nmsin

(
nπ
L1

s1

)
cos

(
mπ
L2

s2

)

u(τ)
3 (s1, s2) =

∑Ñ

n=1

∑M̃

m=1

U
(τ)
3nmsin

(
nπ
L1

s1

)
sin
(

mπ
L2

s2

)

ξ(τ)(s1, s2) =
∑Ñ

n=1

∑M̃

m=1

Ξ(τ)
nmsin

(
nπ
L1

s1

)
sin
(

mπ
L2

s2

)
(τ)

,
(τ)

,
(τ)

Ξ
(τ)

,

∈ N
(τ)
,

(τ)
,

(τ) ξ(τ)

(τ)
,

(τ)
,

(τ)

(τ) (τ)
,

(τ)
,

(τ) (τ)

Q(τ) =
[

(τ) (τ) (τ) (τ)
]

q(τ)
1s (s1, s2) =

∑Ñ

n=1

∑M̃

m=1

Q(τ)
1snmcos

(
nπ
L1

s1

)
sin
(

mπ
L2

s2

)

q(τ)
2s (s1, s2) =

∑Ñ

n=1

∑M̃

m=1

Q(τ)
2snmsin

(
nπ
L1

s1

)
cos

(
mπ
L2

s2

)

q(τ)
3s (s1, s2) =

∑Ñ

n=1

∑M̃

m=1

Q(τ)
3snmsin

(
nπ
L1

s1

)
sin
(

mπ
L2

s2

)

q(τ)
Ts (s1, s2) =

∑Ñ

n=1

∑M̃

m=1

Q(τ)
Tsnmsin

(
nπ
L1

s1

)
sin
(

mπ
L2

s2

)

Q(τ)
1snm = Q(−)

1snmF(1)α1(−)
τ H(−)

1 H(−)
2 + Q(+)

1snmF(l)α1(+)
τ H(+)

1 H(+)
2

Q(τ)
2snm = Q(−)

2snmF(1)α2(−)
τ H(−)

1 H(−)
2 + Q(+)

2snmF(l)α2(+)
τ H(+)

1 H(+)
2

Q(τ)
3snm = Q(−)

3snmF(1)α3(−)
τ H(−)

1 H(−)
2 + Q(+)

3snmF(l)α3(+)
τ H(+)

1 H(+)
2

Q(τ)
Tsnm = Q(−)

TsnmF(1)α4(−)
τ H(−)

1 H(−)
2 + Q(+)

TsnmF(l)α4(+)
τ H(+)

1 H(+)
2

(+)
,

(+)
,

(+)
,

(+) (−)
,

(−)
,

(−)
,

(−)

` = ,

= ,

A i = cost ⇒
∂n+mA i

∂sn
1∂sm

2

= 0

R i = cost ⇒
∂n+mR i

∂sn
1∂sm

2

= 0

∇(±)

∇2
(±) =

1(
H(±)

1

)2

∂2

∂s2
1

+ 1(
H(±)

2

)2

∂2

∂s2
2

,
[
α , α

]× [α ,

α
]

α ,α

s 1 = R(φ − φ0) →L 1 = s1
1 − s0

1 = R(φ1 − φ0)
s 2 = R(ϑ − ϑ0) →L 2 = s1

2 − s0
2 = R(ϑ1 − ϑ0)

= =

s 1 = R(φ − φ0) →L 1 = s1
1 − s0

1 = R(φ1 − φ0)
s 2 = y →L 2 = s1

2 − s0
2

(τη)[ ] α α
( )

A(τη)[fg]α iα j
rsnm (pq) =

∑l

k=1

∫ ζk+1

ζk

Υ
(k)
nm

∂f F(kη)α j

∂ζf
∂gF(kτ)α i

∂ζg
H 2

Hq
2

dζ

= =
(τη)[ ] α α

( )

A(τη)[fg]α iα j
rsnm (pq) =

∑l

k=1

∫ ζk+1

ζk

Υ
(k)
nm

∂f F(kη)α j

∂ζf
∂gF(kτ)α i

∂ζg dζ

L(τη) =

⎡⎢⎢⎢⎢⎢⎢⎣
D α1

Ω A(τη)α1α1

εε Dα1

Ω D α1

Ω A(τη)α1α2

εε Dα2

Ω D α1

Ω A(τη)α1α3

εε Dα3

Ω | D α1

Ω A(τη)α1α4

εT Dα4

Ω

D α2

Ω A(τη)α2α1

εε Dα1

Ω D α2

Ω A(τη)α2α2

εε Dα2

Ω D α2

Ω A(τη)α2α3

εε Dα3

Ω | D α2

Ω A(τη)α2α4

εT Dα4

Ω

D α3

Ω A(τη)α3α1

εε Dα1

Ω D α3

Ω A(τη)α3α2

εε Dα2

Ω D α3

Ω A(τη)α3α3

εε Dα3

Ω | D α3

Ω A(τη)α3α4

εT Dα4

Ω

0 0 0 | D α4

Ω A(τη)α4α4

θθ Dα4

Ω

⎤⎥⎥⎥⎥⎥⎥⎦



ϑ( ) = ϑ( ) =
±π/

∑Ñ

n=1

∑M̃

m=1

(∑N+1

η=0

(
L̃(τη)

nm − L̃(τη)
fnm

)
U(η)

nm + Q(τ)
snm

)
= 0

U(η) =
[

(τ) (τ) (τ)
Ξ
(τ)
]

, ̃ = ̃ = + ∞

∑Ñ

n=1

∑M̃

m=1

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
∑N+1

η=0

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

L̃
(τη)α1α1

11nm L̃
(τη)α1α2

12nm L̃
(τη)α1α3

13nm | L̃
(τη)α1α4

14nm

L̃
(τη)α2α1

21nm L̃
(τη)α2α2

22nm L̃
(τη)α2α3

23nm | L̃
(τη)α2α4

24nm

L̃
(τη)α3α1

31nm L̃
(τη)α3α2

32nm L̃
(τη)α3α3

33nm | L̃
(τη)α3α4

34nm

L̃
(τη)α4α1

41nm L̃
(τη)α4α2

42nm L̃
(τη)α4α3

43nm | L̃
(τη)α4α4

44nm

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

−

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

L̃
(τη)α1α1

fm1nm 0 0 | 0

0 L̃
(τη)α2α2

fm2nm 0 | 0

0 0 L̃
(τη)α3α3

fm3nm | 0

0 0 0 | 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

U
(η)
1nm

U
(η)
2nm

U
(η)
3nm

Ξ(η)
nm

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
+

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

Q(τ)
1snm

Q(τ)
2snm

Q(τ)
3snm

Q(τ)
Tsnm

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎡⎢⎢⎢⎣
0

0

0

0

⎤⎥⎥⎥⎦

̃(τη)α α
,̃(τη)α α ̃(τη)α α

̃(τη)α α
, = , ...,

L̃(τη)

̃, ̃

(τη)[ ] α α
( )

= ( ) ∈ [ , ]
D( )

f(n) = D(n)f

f 
f( )

L(τη)α1

fm1nm = k(−)
1f F(1)α1(−)

η F(1)α1(−)
τ H(−)

1 H(−)
2 + k(+)

1f F(l)α1(+)
η F(l)α1(+)

τ H(+)
1 H(+)

2

L(τη)α2

fm2nm = k(−)
2f F(1)α2(−)

η F(1)α2(−)
τ H(−)

1 H(−)
2 + k(+)

2f F(l)α2(+)
η F(l)α2(+)

τ H(+)
1 H(+)

2

L(τη)α3

fm3nm =

⎛⎜⎝k(−)
3f + G(−)

f

⎛⎜⎝ 1(
H(−)

1

)2

(
nπ
L1

)2

+ 1(
H(−)

2

)2

(
mπ
L2

)2

⎞⎟⎠
⎞⎟⎠F(1)α3(−)

η F(1)α3(−)
τ H(−)

1 H(−)
2 +

+

⎛⎜⎝k(+)
3f + G(+)

f

⎛⎜⎝ 1(
H(+)

1

)2

(
nπ
L1

)2

+ 1(
H(+)

2

)2

(
mπ
L2

)2

⎞⎟⎠
⎞⎟⎠F(l)α3(+)

η F(l)α3(+)
τ H(+)

1 H(+)
2



−

= =
= =
= =
= =
= =
= =
= =
= =
= =
= =
= =
= =
= =
= =
= =



−

= =
= =
= =
= =
= =
= =
= =
= =
= =
= =
= =
= =
= =
= =
= =

= = (+) = − × /



̃ = ̃ = (+) = (+) =
(+) = − × − ( . , . )



f = [ f (x1) f (x2) ⋯ f
(
xIQ

) ]T
f(n) =

[
∂nf
∂xn

⃒⃒⃒⃒
x1

∂nf
∂xn

⃒⃒⃒⃒
x2

⋯ ∂nf
∂xn

⃒⃒⃒⃒
xIQ

]T

ψ = ψ ( ) , = , ...,

f (xi) ≅
∑IQ

j=1

λ ijψj(x i)

λ , = , ...,

f = Aλ

A = ψ ( )
=

∂nf
∂xn

⃒⃒⃒⃒
xi

=
∑IQ

j=1

λ ij
∂nψj

∂xn

⃒⃒⃒⃒
xi

f(n) = A(n)λ with A(n)
ij = ∂nψj

∂xn

⃒⃒⃒⃒
xi

A λ = A− f

f(n) = A(n)λ = A(n)A−1f = D(n)f

= ( )

̃ = ̃ = (+) = (+) = (+) = − × −

( . , . )



f (n)(x i) = ∂nf (x)
∂xn

⃒⃒⃒⃒
x=x i

≅
∑I Q

j=1

D(n)
ij f
(
x j
)

= , , ...,
( ) =

(
A( )A−

)

[ − , ]
= , ...,

r i = − cos

(
i − 1

I Q − 1
π
)

ψ
[ − , ]

ψij = ψj(r i) = cos

(
( − 1)j−1j − 1

2
r i + π

4

(
1 + ( − 1)j ))

̃( )

[ − , ]
( )

[ , ]
∈ [ , ] = , ...,

[ − , ]

x i =
xIQ − x 1

rIQ − r 1

(r i − r 1)+ x 1

= ,...,

̃ = ̃ = (+) = (+) = (+) = − ×
− ( . , . )



∂nf
∂xn

⃒⃒⃒⃒
xi

=
(

rIQ − r 1

xIQ − x 1

)n∂nf
∂rn

⃒⃒⃒⃒
ri

( )

D(n)
ij =

(
rIQ − r 1

xIQ − x 1

)n

D̃
(n)
ij

̃( )
, = , ...,

[ − , ]

[
,
]

, = , ..., = ( )
[ , ] , ∈ [ , ]

’

∫ xj

xi

f (x)dx =
∑m−1

r=0

(
xj − xi

)r+1

(r + 1)!
drf
dxr

⃒⃒⃒⃒
xi

⩽

∫ xj

xi

f (x)dx =
∫ xj+xi

2

xi

f (x)dx−
∫ xj+xi

2

xj

f (x)dx

’

∫ xj

xi

f (x)dx =
∑m−1

r=0

(
xj − xi

)r+1

2r+1(r + 1)!
∑N

k=1


(r)ik f (xk) −
∑m−1

r=0

(
xi − xj

)r+1

2r+1(r + 1)!
∑N

k=1


(r)jk f (xk) =

=
∑N

k=1

(∑m−1

r=0

((
xj − xi

)r+1

2r+1(r + 1)!

(r)
ik −

(
xi − xj

)r+1

2r+1(r + 1)!

(r)
jk

))
f (xk) =

=
∑N

k=1

(∑m−1

r=0

(
xj − xi

)r+1

2r+1(r + 1)!
(
(r)ik + ( − 1)r+2
(r)jk

))
f (xk) =

∑N

k=1

wij
k f (xk)

[ =
, = ]

[ , + ]∫ b

a
f (x)dx =

∑N−1

i=1

∫ xi+1

xi

f (x)dx =
∑N−1

i=1

(∑N

k=1

wi(i+1)
k f (xk)

)

=
∑N

k=1

(∑N−1

i=1

wi(i+1)
k

)
f (xk) =

∑N

k=1

w1N
k f (xk)

w1N
k =

∑N−1

i=1

wi(i+1)
k =

∑N−1

i=1

∑m−1

r=0

(xi+1 − xi)r+1

2r+1(r + 1)!
(
(r)ik + ( − 1)r+2
(r)(i+1)k

)

(+) =− /
(+) = − × /

Δ (−) = (−) = ×
/

(−) = × ( . , . ) ̃ = ̃ =



ζ( )
˜̃ = , ...,

[ζ , ζ + ] ζ ζ +

ζ(k)
m̃ = ζ k+1 − ζ k

2
x m̃ + ζ k+1 + ζ k

2
= h k

2
x m̃ + ζ k+1 + ζ k

2

ζ( ) =[
ζ( )

⋯ ζ( )
˜ ⋯ ζ( )

]
× = , ...,

˜ ∈ [ − , ]

x m̃ = − cos

(
m̃ − 1

I Q − 1
π
)

ζ( ) ×

ζ = ( − ) + ̃
[ζ1 ⋯ ζm ⋯ ζl IT ]T = [ζ(1)T ⋯ ζ(k)T ⋯ ζ(l)T

]

[ − / , / ]
×

∈
[ , ] ∈ [ , ]

s 1i = L 1

2

(
1 − cos

(
i − 1

I N − 1
π
))

, s 2j = L 2

2

(
1 − cos

(
j − 1

I M − 1
π
))

Δ( )
( ) = , ..., = , ..., = , ...,

(+) = − /
(+) = − × /

Δ (−) = (−) = × /
(−) = ×

( . , . ) ̃ = ̃ =



Δ(k)
(ijm) =

∑N+1

τ=0

F(k)
τ(ijm)δ

(τ)
(ij)

δ(τ)
( ) (

,
)

F( )
τ( )

Δ( )
( ) π( )

( )

π(k)
(ijm) =

∑N+1

τ=0

∑4

i=1

Z(kτ)αi
(ij) π(τ)αi

(ij)

σ(k)
1(ijm) = C(k)

11 ε(k)1(ijm) + C(k)
12 ε(k)2(ijm) + C(k)

13 ε(k)3(ijm) − z(k)11 Δ̂T
(k)
(ijm)

σ(k)
2(ijm) = C(k)

12 ε(k)1(ijm) + C(k)
22 ε(k)2(ijm) + C(k)

23 ε(k)3(ijm) − z(k)22 Δ̂T
(k)
(ijm)

τ(k)12(ijm) = C(k)
66 γ(k)12(ijm)

h(k)
1(ijm) = k(k)11 θ(k)

1(ijm)

h(k)
2(ijm) = k(k)22 θ(k)

2(ijm)

τ( ) τ( )

∂τ(k)13

∂ζ
+ τ(k)13

(
2

R 1 + ζ
+ 1

R 2 + ζ

)
= − 1

A 1(1 + ζ/R 1)
∂σ(k)

1

∂α1

+

+ σ(k)
2 − σ(k)

1

A 1A 2(1 + ζ/R 2)
∂A 2

∂α1

− 1

A 2(1 + ζ/R 2)
∂τ(k)12

∂α2

− 2τ(k)12

A 1A 2(1 + ζ/R 1)
∂A 1

∂α2  

(+) = − /
(+) = − × /

Δ (−) = (−) = × /
(−) = ×

( . , . ) ̃ = ̃ =



∂τ(k)23

∂ζ
+ τ(k)23

(
1

R 1 + ζ
+ 2

R 2 + ζ

)
= − 1

A 2(1 + ζ/R 2)
∂σ(k)

2

∂α2

+

+ σ(k)
1 − σ(k)

2

A 1A 2(1 + ζ/R 1)
∂A 1

∂α2

− 1

A 1(1 + ζ/R 1)
∂τ(k)12

∂α1

− 2τ(k)12

A 1A 2(1 + ζ/R 2)
∂A 2

∂α1

=

∕=

k = 1 ⇒

⎧⎪⎨⎪⎩ τ(1)13(ij1) = q(−)
1s(ij)

τ(1)23(ij1) = q(−)
2s(ij)

k ∕= 1 ⇒

⎧⎪⎪⎨⎪⎪⎩
τ(k)

13(ij((k−1)IQ+1)) = τ(k−1)
13(ij((k−1)IQ ))

τ(k)
23(ij((k−1)IQ+1)) = τ(k−1)

23(ij((k−1)IQ ))

ζ = /

τ( )( ( ) ) = (+)
( ) τ( )( ( ) ) = (+)

( )

τ( ) τ( )(
,
)

(+) =− /
(+) = − × /

Δ (−) =
(−) = × /

(−) = × ( . , . )̃ = ̃ =



τ(k)13(ijm) = τ(k)13(ijm) +
q(+)

1(ij) − τ(l)
13(ij(l IQ))
h

(
ζm + h

2

)

τ(k)23(ijm) = τ(k)23(ijm) +
q(+)

2(ij) − τ(l)
23(ij(l IQ))
h

(
ζm + h

2

)
= , ...,

σ( )

τ( ) τ( )

σ( ) σ( )

∂σ(k)
3

∂ζ
+σ(k)

3

(
1

R1 +ζ
+ 1

R2 +ζ

)
=− 1

A1(1+ζ/R1)
∂τ(k)13

∂α1

− τ(k)13

A1A2(1+ζ/R2)
∂A2

∂α1

+

− 1

A2(1+ζ/R2)
∂τ(k)23

∂α2

− τ(k)23

A1A2(1+ζ/R1)
∂A1

∂α2

+ σ(k)
1

R1 +ζ
+ σ(k)

2

R2 +ζ

( )

∂h(k)
3

∂ζ
+h(k)

3

(
1

R 1 +ζ
+ 1

R 2 +ζ

)
=− 1

A 1(1+ζ/R 1)
∂h(k)

1

∂α1

− h(k)
1

A 1A 2(1+ζ/R 2)
∂A 2

∂α1

+

− 1

A 2(1+ζ/R 2)
∂h(k)

2

∂α2

− h(k)
2

A 1A 2(1+ζ/R 1)
∂A1

∂α2

( ) ( )

k = 1 ⇒

⎧⎪⎨⎪⎩
σ(1)

3(ij1) = q(−)
3(ij)

h(1)
3(ij1) = q(−)

T(ij)

k ∕= 1 ⇒

⎧⎪⎨⎪⎩
σ(k)

3(ij((k−1)IT+1 ) ) = σ(k−1)
3(ij((k−1)IT ) )

h(k)
3(ij((k−1)IT+1 ) ) = h(k−1)

3(ij((k−1)IT ) )

σ( ) ( )

σ(k)
3(ijm) = σ(k)

3(ijm) +
q(+)

3s(ij) − σ(l)
3(ij(l IQ))

h

(
ζm + h

2

)

h(k)
3(ijm) = h(k)

3(ijm) +
q(+)

T(ij) − h(l)
3(ij(l IQ))

h

(
ζm + h

2

)

γ( )
, γ( )

, ε( ) ϑ( ) = ,..., = , ...,

= , ...,

τ(k)13 = C(k)
44 γ(k)13

τ(k)23 = C(k)
55 γ(k)23

σ(k)
3 = C(k)

13 ε(k)1 + C(k)
23 ε(k)2 + C(k)

33 ε(k)3 − z(k)33 Δ̂T(k)

h(k)
3 = k(k)33 θ(k)

3

γ( )
( ), γ( )

( ), ε
( )
( ) ϑ( )

( )
= , ..., = , ..., = , ...,

( . , . )

(+) (+)
,

(+) (+)
,

(+)
,

(−) (+)
,

(+)
,

(−)
,

(−)

[× − ] − − − − − − −[× − ] − − − − − − −[× − ] − − − − −
Δ [ ]

[× − ] − − − − − − −[× − ] − − − − − − −[× − ] − − − − −
Δ [ ]

[× − ] − − − − − − −[× − ] − − − − − − −[× − ] − − − − −
Δ [ ]

[× − ] − −[× − ] − − − − − − −[× − ] − − − − −
Δ [ ]



γ(k)13(ijm) =
τ(k)13(ijm)

C(k)
44

γ(k)23(ijm) =
τ(k)23(ijm)

C(k)
55

ε(k)3(ijm) =
1

C(k)
33

(
σ(k)

3(ijm) − C(k)
13 ε(k)1(ijm) − C(k)

23 ε(k)2(ijm) + −z(k)33 Δ̂T
(k)
(ijm)
)

θ(k)
3(ijm) =

h(k)
3(ijm)

k(k)33

( . , . )

(+) (+)
,

(+) (+)
,

(+)
,

(−) (+)
,

(+)
,

(−)
,

(−)

ε
[× − ]

ε
[× − ]

ε
[× − ] – – – – −

γ
[× − ] − − – – − − −

γ
[× − ] − − − − − − −

γ
[× − ] − − − − −

ϑ [ / ] − − − − − − −
ϑ [ / ] − − − − − − −
ϑ [ / ] − − − − − − −

ε
[× − ]

ε
[× − ]

ε
[× − ]

γ
[× − ] − − − − − − −

γ
[× − ] − − − − − − −

γ
[× − ] − – – – −

ϑ [ / ] − − − − − − −
ϑ [ / ] − − − − − − −
ϑ [ / ] − − − − − − −

ε
[× − ]

ε
[× − ]

ε
[× − ]

γ
[× − ] − − − − − − −

γ
[× − ] − − − − − − −

γ
[× − ] − − − − −

ϑ [ / ] − − − − − − −
ϑ [ / ] − − − − − − −
ϑ [ / ] − − − − − − −

ε
[× − ] − − − −

ε
[× − ]

ε
[× − ]

γ
[× − ] − −

γ
[× − ] − − − − −

γ
[× − ] − − − − −

ϑ [ / ] − − − − − − −
ϑ [ / ] − − − − − − −
ϑ [ / ] − − − − − − −



ρ( ) =
/

Ê
(k)
1 = 137.90 GPa

Ê
(k)
2 = 8.96 GPa

Ê
(k)
3 = 8.96 GPa

k(k)11 = 1.50 J/mK

a(k)
11 = 2.50 × 10−5 1/K

Ĝ
(k)
12 = 7.10 GPa

Ĝ
(k)
13 = 7.10 GPa

Ĝ
(k)
23 = 6.21 GPa

k(k)22 = 0.50 J/mK

a(k)
22 = 2.50 × 10−5 1/K

ν̂(k)
12 = 0.30

ν̂(k)
13 = 0.30

ν̂(k)
23 = 0.49

k(k)33 = 0.50 J/mK

a(k)
33 = 2.50 × 10−5 1/K

̂( )
, ̂( )

, ̂( ) ̂ ( )
, ̂ ( )

, ̂ ( )

ν̂( )
, ν̂( )

, ν̂( )
’

( )
,

( )
,

( ) ( )
,

( )
,

( )

Γ( )

= ( ) = . /

’ ν̂( )
, ν̂( )

, ν̂( )

( . , . )

(+) (+)
,

(+) (+)
,

(+)
,

(−) (+)
,

(+)
,

(−)
,

(−)

σ
[× /

]
σ
[× /

] − −
σ
[× /

] − − − − − − −
τ
[× /

] − − – – – – −
τ
[× /

] − − − − − − −
τ
[× /

] − − − − −[
/

] − − − − − − −[
/

] − − − − − − −[
/

] − − − − − − −

σ
[× /

] − − −
σ
[× /

] − −
σ
[× /

] − − − − − − −
τ
[× /

] − − − − − − −
τ
[× /

] − − − − − − −
τ
[× /

] − − − − −[
/

] − − − − − − −[
/

] − − − − − − −[
/

] − − − − − − −

σ
[× /

] − − − − − − −
σ
[× /

] − − − − − − −
σ
[× /

] − − − − − − −
τ
[× /

] − − − − − − −
τ
[× /

] − − − − − − −
τ
[× /

] − − – – −[
/

] − − − − − − −[
/

] − − − − − − −[
/

] − − − − − − −

σ
[× /

] − − − − − − −
σ
[× /

] − − − − − − −
σ
[× /

] − − − − − − −
τ
[× /

] − −
τ
[× /

] − − − − −
τ
[× /

] − − − − −[
/

] − − − − − − −[
/

] − − − − − − −[
/

] − − − − − − −



(+) =− × /
(−) = × /

(−) = × α α (+) =− /
(+) = − /̃ = ̃ = (

.
(
φ − φ

)
, .

)



( )
,

( )
,

( )

(+)
,

(+)
,

(+)
,

(+) (−)
,

(−)
,

(−)
,

(−)

q(±)
1s (s1, s2) =

∑Ñ

n=1

∑M̃

m=1

Q(±)
1λnmcos

(
nπ
L1

s1

)
sin
(

mπ
L2

s2

)

q(±)
2s (s1, s2) =

∑Ñ

n=1

∑M̃

m=1

Q(±)
2λnmsin

(
nπ
L1

s1

)
cos

(
mπ
L2

s2

)

q(±)
3s (s1, s2) =

∑Ñ

n=1

∑M̃

m=1

Q(±)
3λnmsin

(
nπ
L1

s1

)
sin
(

mπ
L2

s2

)

q(±)
Ts (s1, s2) =

∑Ñ

n=1

∑M̃

m=1

Q(±)
Tλnmsin

(
nπ
L1

s1

)
sin
(

mπ
L2

s2

)

(±)
λ ,

(±)
λ ,

(±)
λ ,

(±)
λ

, “λ” 

λ =

Q(±)
isnm = q(±)

is

= , , ,
(±)

λ =

Q(±)
iunm = 4q(±)

iu

π2nm
(1 − cos(nπ) )(1 − cos(mπ) )

λ = ( , )
=

(±)

(+) =− × /
(−) = × /

(−) = ×
α α (+) =− /

(+) =− /̃ = ̃ = (
.
(
φ − φ

)
, .

)



Q(±)
ipnm = 16q(±)

ip

π2nm
sin

(
nπs10

L1

)
sin

(
mπs20

L2

)
sin

(
nπc10

L1

)
sin

(
mπc20

L2

)
λ = α

Q(±)
ihnm = − 4q(±)

ih

π2nm
cos(nπ)(1 − cos(mπ) )

α

Q(±)
ihnm = − 4q(±)

ih

π2nm
(1 − cos(nπ) )cos(mπ)

= . = .

(+) =− × / ̃ = ̃ =
=

= . = .

( / / )

= / = / ζ =

(+) =− × /
(−) = × /

(−) = ×
α α (+) =− /

(+) =− /̃ = ̃ = (
.
(
φ − φ

)
, .

)



e %1 =
⃒⃒⃒⃒
wDQ − wexact

wexact

⃒⃒⃒⃒
× 100%

e %2 =
⃒⃒⃒⃒
wDQ − wFEM

wFEM

⃒⃒⃒⃒
× 100%

=

=

(+) =− × /
(−) = × /

(−) = × α α (+) = − /

(+) =− / ̃ = ̃ =(
.
(
φ − φ

)
, .

)



. = . =
= = = .

( / / / )

(τ)
,

(τ)
,

(τ) τ =̃ = ̃ =
(+) = (+) = (+) = − × −

(+)

(−) = × /

( ) ( )̃ = ̃ =

(−) = × /

( . , . ) –

=

γ , γ , ε

ϑ =

σ

= . = .

= = = = .

( / / / )
(+) =− × /
(+) =− / ζ = /

(−) = × /

(−) = × /
(−) = ×

̃ = ̃ =
( . , . )

–

(+) =− × /
(−) = × /̃ , ̃ (+) =− / ( , ) = ( .

(
φ − φ

)
, .

) ( ,

) = ( .
(
φ − φ

)
, .

) (−) =− / ( , ) = ( .
(
φ − φ

)
, .

)
( , ) = ( .

(
φ − φ

)
, .

) (
.
(
φ − φ

)
, .

)



( / / / )

(+) =− × /
(−) = × / ̃ , ̃ (+) =

− / ( , ) = ( .
(
φ − φ

)
, .

) ( , ) = ( .
(
φ − φ

)
, .

)
(−) =− / ( , ) = ( .

(
φ − φ

)
, .

) ( , ) = ( .
(
φ − φ

)
, .

)(
.
(
φ − φ

)
, .

)



= =
= = .

(−) = ×
/

(−) = ×
(+) = × /

(+) =− /
(−) =− /

α
α

( , ) = ( .
(
φ − φ

)
, .

) ( , ) =(
.

(
φ − φ

)
, .

)
( , ) = ( .

(
φ − φ

)
, .

) ( ,

) = ( .
(
φ − φ

)
, .

)
(

.
(
φ − φ

)
, .

)
–

–

(+) =− × /
(−) = × / ̃ , ̃

(+) =− / ( , ) = ( .
(
φ − φ

)
, .

) ( , ) = ( .
(
φ − φ

)
, .

)
(−) =− / ( , ) = ( .

(
φ − φ

)
, .

) ( , ) = ( .
(
φ − φ

)
, .

)(
.
(
φ − φ

)
, .

)



γ ε

τ σ τ

(+) =− × /
(−) = × /̃ , ̃ (+) =− / ( , ) =(

.
(
φ − φ

)
, .

) ( , ) = ( .
(
φ − φ

)
, .

) (−) =− / ( ,

) = ( .
(
φ − φ

)
, .

) ( , ) = ( .
(
φ − φ

)
, .

)(
.
(
φ − φ

)
, .

)



Δ

ε

σ
ζ = / ζ = − /

̃, ̃

= = =
= = = =

.

̃ = ̃ =

α , α (−) =
(−) = × /

(−) = × /

(−) = ×

(+) = (+) = × /
(+) = − × /

(+) =− /
(−) = − /

(
.
(
φ − φ

)
, .

(
ϑ − ϑ

) )
–

̃ = ̃ = (+) = (+) = × /
(+) = − × /̃ = ̃ = (+) =− /

(−) = − / ζ = / ζ = − /
(−) = (−) = × /

(−) = × /
(−) = ×(

.
(
φ − φ

)
, .

(
ϑ − ϑ

) )



τ

̃ = ̃ =
(+) = (+) = × /

(+) = − × / ̃ = ̃ = (+) =
− /

(−) = − / ζ = / ζ = − /
(−) = (−) = × /

(−) = × /
(−) = × (

.
(
φ −

φ
)
, .

(
ϑ − ϑ

) )



̃ =̃ = (+) = (+) = × /
(+) = − × / ̃ = ̃ =

(+) =− /
(−) = − / ζ = / ζ = − /

(−) = (−) = × /
(−) = × /

(−) = ×(
.
(
φ − φ

)
, .

(
ϑ − ϑ

) )



– – 

– 

– 

Σ(τ)α

δ(η) η = , ..., +

̃ = ̃ = (+) = (+) = × /
(+) = − × /̃ = ̃ = (+) =− /

(−) = − / ζ = / ζ = − /
(−) = (−) = × /

(−) = × /
(−) =

× (
.
(
φ − φ

)
, .

(
ϑ − ϑ

) )



N(τ)αi
1 =

∑N+1

η=0

((
A(τη)[00]αiα1

11(20)
A 1

∂
∂α1

+ A(τη)[00]αiα1

12(11)
A 1A 2

∂A 2

∂α1

− A(τη)[00]αiα1

16(20)
A 1A 2

∂A 1

∂α2

+ A(τη)[00]αiα1

16(11)
A 2

∂
∂α2

− A(τη)[00]αiα1

14(20)
R 1

+ A(τη)[01]αiα1

14(10)

)
u(η)

1 +

+
(

A(τη)[00]αiα2

11(20)
A 1A 2

∂A 1

∂α2

+ A(τη)[00]αiα2

12(11)
A 2

∂
∂α2

+ A(τη)[00]αiα2

16(20)
A 1

∂
∂α1

− A(τη)[00]αiα2

16(11)
A 1A 2

∂A 2

∂α1

− A(τη)[00]αiα2

15(11)
R 2

+ A(τη)[01]αiα2

15(10)

)
u(η)

2 +

+
(

A(τη)[00]αiα3

11(20)
R 1

+ A(τη)[00]αiα3

12(11)
R 2

+ A(τη)[00]αiα3

14(20)
A 1

∂
∂α1

+ A(τη)[00]αiα3

15(11)
A 2

∂
∂α2

+ A(τη)[01]αiα3

13(10)

)
u(η)

3 − Z(τη)[00]αiα4

11(10) ξ(η)
)

N(τ)αi
2 =

∑N+1

η=0

((
A(τη)[00]αiα1

12(11)
A 1

∂
∂α1

+ A(τη)[00]αiα1

22(02)
A 1A 2

∂A 2

∂α1

− A(τη)[00]αiα1

26(11)
A 1A 2

∂A 1

∂α2

+ A(τη)[00]αiα1

26(02)
A 2

∂
∂α2

− A(τη)[00]αiα1

24(11)
R 1

+ A(τη)[01]αiα1

24(01)

)
u(η)

1 +

+
(

A(τη)[00]αiα2

12(11)
A 1A 2

∂A 1

∂α2

+ A(τη)[00]αiα2

22(02)
A 2

∂
∂α2

+ A(τη)[00]αiα2

26(11)
A 1

∂
∂α1

− A(τη)[00]αiα2

26(02)
A 1A 2

∂A 2

∂α1

− A(τη)[00]αiα2

25(02)
R 2

+ A(τη)[01]αiα2

25(01)

)
u(η)

2 +

+
(

A(τη)[00]αiα3

12(11)
R 1

+ A(τη)[00]αiα3

22(02)
R 2

+ A(τη)[00]αiα3

24(11)
A 1

∂
∂α1

+ A(τη)[00]αiα3

25(02)
A 2

∂
∂α2

+ A(τη)[01]αiα3

23(01)

)
u(η)

3 − Z(τη)[00]αiα4

22(01) ξ(η)
)

N(τ)αi
12 =

∑N+1

η=0

((
A(τη)[00]αiα1

16(20)
A 1

∂
∂α1

+ A(τη)[00]αiα1

26(11)
A 1A 2

∂A 2

∂α1

− A(τη)[00]αiα1

66(20)
A 1A 2

∂A 1

∂α2

+ A(τη)[00]αiα1

66(11)
A 2

∂
∂α2

− A(τη)[00]αiα1

46(20)
R 1

+ A(τη)[01]αiα1

46(10)

)
u(η)

1 +

+
(

A(τη)[00]αiα2

16(20)
A 1A 2

∂A 1

∂α2

+ A(τη)[00]αiα2

26(11)
A 2

∂
∂α2

+ A(τη)[00]αiα2

66(20)
A 1

∂
∂α1

− A(τη)[00]αiα2

66(11)
A 1A 2

∂A 2

∂α1

− A(τη)[00]αiα2

56(11)
R 2

+ A(τη)[01]αiα2

56(10)

)
u(η)

2 +

+
(

A(τη)[00]αiα3

16(20)
R 1

+ A(τη)[00]αiα3

26(11)
R 2

+ A(τη)[00]αiα3

46(20)
A 1

∂
∂α1

+ A(τη)[00]αiα3

56(11)
A 2

∂
∂α2

+ A(τη)[01]αiα3

36(10)

)
u(η)

3 − Z(τη)[00]αiα4

12(10) ξ(η)
)

N(τ)αi
21 =

∑N+1

η=0

((
A(τη)[00]αiα1

16(11)
A 1

∂
∂α1

+ A(τη)[00]αiα1

26(02)
A 1A 2

∂A 2

∂α1

− A(τη)[00]αiα1

66(11)
A 1A 2

∂A 1

∂α2

+ A(τη)[00]αiα1

66(02)
A 2

∂
∂α2

− A(τη)[00]αiα1

46(11)
R 1

+ A(τη)[01]αiα1

46(01)

)
u(η)

1 +

+
(

A(τη)[00]αiα2

16(11)
A 1A 2

∂A 1

∂α2

+ A(τη)[00]αiα2

26(02)
A 2

∂
∂α2

+ A(τη)[00]αiα2

66(11)
A 1

∂
∂α1

− A(τη)[00]αiα2

66(02)
A 1A 2

∂A 2

∂α1

− A(τη)[00]αiα2

56(02)
R 2

+ A(τη)[01]αiα2

56(01)

)
u(η)

2 +

+
(

A(τη)[00]αiα3

16(11)
R 1

+ A(τη)[00]αiα3

26(02)
R 2

+ A(τη)[00]αiα3

46(11)
A 1

∂
∂α1

+ A(τη)[00]αiα3

56(02)
A 2

∂
∂α2

+ A(τη)[01]αiα3

36(01)

)
u(η)

3 − Z(τη)[00]αiα4

12(01) ξ(τ)
)

T (τ)αi
1 =

∑N+1

η=0

((
A(τη)[00]αiα1

14(20)
A 1

∂
∂α1

+ A(τη)[00]αiα1

24(11)
A 1A 2

∂A 2

∂α1

− A(τη)[00]αiα1

46(20)
A 1A 2

∂A 1

∂α2

+ A(τη)[00]αiα1

46(11)
A 2

∂
∂α2

− A(τη)[00]αiα1

44(20)
R 1

+ A(τη)[01]αiα1

44(10)

)
u(η)

1 +

+
(

A(τη)[00]αiα2

14(20)
A 1A 2

∂A 1

∂α2

+ A(τη)[00]αiα2

24(11)
A 2

∂
∂α2

+ A(τη)[00]αiα2

46(20)
A 1

∂
∂α1

− A(τη)[00]αiα2

46(11)
A 1A 2

∂A 2

∂α1

− A(τη)[00]αiα2

45(11)
R 2

+ A(τη)[01]αiα2

45(10)

)
u(η)

2 +

+
(

A(τη)[00]αiα3

14(20)
R 1

+ A(τη)[00]αiα3

24(11)
R 2

+ A(τη)[00]αiα3

44(20)
A 1

∂
∂α1

+ A(τη)[00]αiα3

45(11)
A 2

∂
∂α2

+ A(τη)[01]αiα3

34(10)

)
u(η)

3 − Z(τη)[00]αiα4

13(10) ξ(η)
)

T (τ)αi
2 =

∑N+1

η=0

((
A(τη)[00]αiα1

15(11)
A 1

∂
∂α1

+ A(τη)[00]αiα1

25(02)
A 1A 2

∂A 2

∂α1

− A(τη)[00]αiα1

56(11)
A 1A 2

∂A 1

∂α2

+ A(τη)[00]αiα1

56(02)
A 2

∂
∂α2

− A(τη)[00]αiα1

45(11)
R 1

+ A(τη)[01]αiα1

45(01)

)
u(η)

1 +

+
(

A(τη)[00]αiα2

15(11)
A 1A 2

∂A 1

∂α2

+ A(τη)[00]αiα2

25(02)
A 2

∂
∂α2

+ A(τη)[00]αiα2

56(11)
A 1

∂
∂α1

− A(τη)[00]αiα2

56(02)
A 1A 2

∂A 2

∂α1

− A(τη)[00]αiα2

55(02)
R 2

+ A(τη)[01]αiα2

55(01)

)
u(η)

2 +

+
(

A(τη)[00]αiα3

15(11)
R 1

+ A(τη)[00]αiα3

25(02)
R 2

+ A(τη)[00]αiα3

45(11)
A 1

∂
∂α1

+ A(τη)[00]αiα3

55(02)
A 2

∂
∂α2

+ A(τη)[01]αiα3

35(01)

)
u(η)

3 − Z(τη)[00]αiα4

23(01) ξ(η)
)

P(τ)αi
1 =

∑N+1

η=0

((
A(τη)[10]αiα1

14(10)
A 1

∂
∂α1

+ A(τη)[10]αiα1

24(01)
A 1A 2

∂A 2

∂α1

− A(τη)[10]αiα1

46(10)
A 1A 2

∂A 1

∂α2

+ A(τη)[10]αiα1

46(01)
A 2

∂
∂α2

− A(τη)[10]αiα1

44(10)
R 1

+ A(τη)[11]αiα1

44(00)

)
u(η)

1 +



+
(

A(τη)[10]αiα2

14(10)
A 1A 2

∂A 1

∂α2

+ A(τη)[10]αiα2

24(01)
A 2

∂
∂α2

+ A(τη)[10]αiα2

46(10)
A 1

∂
∂α1

− A(τη)[10]αiα2

46(01)
A 1A 2

∂A 2

∂α1

− A(τη)[10]αiα2

45(01)
R 2

+ A(τη)[11]αiα2

45(00)

)
u(η)

2 +

+
(

A(τη)[10]αiα3

14(10)
R 1

+ A(τη)[10]αiα3

24(01)
R 2

+ A(τη)[10]αiα3

44(10)
A 1

∂
∂α1

+ A(τη)[10]αiα3

45(01)
A 2

∂
∂α2

+ A(τη)[11]αiα3

34(00)

)
u(η)

3 − Z(τη)[10]αiα4

13(00) ξ(η)
)

P(τ)αi
2 =

∑N+1

η=0

((
A(τη)[10]αiα1

15(10)
A 1

∂
∂α1

+ A(τη)[10]αiα1

25(01)
A 1A 2

∂A 2

∂α1

− A(τη)[10]αiα1

56(10)
A 1A 2

∂A 1

∂α2

+ A(τη)[10]αiα1

56(01)
A 2

∂
∂α2

− A(τη)[10]αiα1

45(10)
R 1

+ A(τη)[11]αiα1

45(00)

)
u(η)

1 +

+
(

A(τη)[10]αiα2

15(10)
A 1A 2

∂A 1

∂α2

+ A(τη)[10]αiα2

25(01)
A 2

∂
∂α2

+ A(τη)[10]αiα2

56(10)
A 1

∂
∂α1

− A(τη)[10]αiα2

56(01)
A 1A 2

∂A 2

∂α1

− A(τη)[10]αiα2

55(01)
R 2

+ A(τη)[11]αiα2

55(00)

)
u(η)

2 +

+
(

A(τη)[10]αiα3

15(10)
R 1

+ A(τη)[10]αiα3

25(01)
R 2

+ A(τη)[10]αiα3

45(10)
A 1

∂
∂α1

+ A(τη)[10]αiα3

55(01)
A 2

∂
∂α2

+ A(τη)[11]αiα3

35(00)

)
u(η)

3 − Z(τη)[10]αiα4
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)

S(τ)αi
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η=0
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∂
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+ A(τη)[10]αiα1
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A 1A 2
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∂
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34(10)
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+ A(τη)[11]αiα1

34(00)

)
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∂
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)
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2 +

+
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∂
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∂
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+ A(τη)[11]αiα3
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)
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)

E(τ)αi =
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∂
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∂α2

+ Z(τη)[00]αiα1

12(01)
A 2

∂
∂α2

− Z(τη)[00]αiα1

13(10)
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+ Z(τη)[01]αiα1

13(00)

)
u(η)

1 +

+
(

Z(τη)[00]αiα2

11(10)
A 1A 2

∂A 1

∂α2

+ Z(τη)[00]αiα2

22(01)
A 2

∂
∂α2

+ Z(τη)[00]αiα2

12(10)
A 1

∂
∂α1

− Z(τη)[00]αiα2

12(01)
A 1A 2

∂A 2

∂α1
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23(01)
R 2

+ Z(τη)[01]αiα2

23(00)

)
u(η)

2 +

+
(

Z(τη)[00]αiα3

11(10)
R 1

+ Z(τη)[00]αiα3

22(01)
R 2

+ Z(τη)[00]αiα3
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∂
∂α1
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∂
∂α2
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33(00)

)
u(η)
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)
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η=0
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A 1

∂
∂α1
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∂
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)
ξ(η)

H(τ)αi
2 = −

∑N+1

η=0

(
K(τη)[00]αiα4

12(11)
A 1

∂
∂α1
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