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The work analyzes the buckling behavior of size-dependent microplates with a metal foam core, covered by
graphene nanoplatelets (GNPs)-embedded nanocomposite patches. Microplates rest on a bi-parameter elastic
substrate, and they are immersed in a thermal environment to observe the effect of temperature fluctuations on
their elastic buckling performance. All material properties for each layer of the microstructure are thickness-
dependent. A novel quasi-3D shear and normal (Q-3D S-N) hyperbolic theory is here proposed to describe the
kinematic relations, accounting for the transverse normal strain. At the same time, a modified couple stress
theory (MCST) is employed to account for the size dependence of the mechanical behavior due to the presence of
a material length-scale parameter. Using the energy method and virtual work principle, the differential equi-
librium equations are derived and solved analytically, where solutions are verified against the existing literature.
The study focuses on the impact of different parameters on the normalized critical buckling load (NCBL). Based
on the results from the systematic investigation, it is found that the addition of GNPs to the microplate enhances

its stiffness, leading to increased values of NCBL, which in turn reduce for an increased imperfection ratio.

1. Introduction

In the field of structural mechanics, understanding the behavior of
beam, plate, and shell structural members under various loading con-
ditions is of paramount importance. To accurately analyze the me-
chanical performances of these structures, engineers and researchers
have developed different shear deformation theories that account for the
influence of shear deformations. Among many, one advanced theory
that has shown promising advantages over traditional approaches is the
quasi-3D shear and normal (Q-3D S-N) deformation theory. Shear
deformation theories go beyond the classical theory, which assumes that
cross-sectional planes remain normal to the mid-surface and neglect the
effects of shear deformation. These theories are applicable to thick-
walled structures, where the relative significance of shear de-
formations becomes more pronounced. The Q-3D S-N theory is a refined
theory that bridges the gap between 2D and fully 3D approaches. Unlike
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traditional theories, which often require complex and computationally
expensive 3D finite element models, the Q-3D S-N theory provides a
more efficient and accurate alternative. More specifically, the Q-3D S-N
theory considers the parabolic distribution of transverse shear stresses
through the thickness of the structure. This allows for more accurate
predictions of shear stress and strain fields, especially in thick structures
where shear deformation effects become significant. Also, the quasi-3D
approach significantly reduces the number of degrees of freedom,
compared to fully 3D models, resulting in faster and more computa-
tionally efficient analyses, while ensuring a high level of accuracy. The
Q-3D S-N theory is particularly well-suited for analyzing plates and
shells, as it incorporates both the advantages of higher-order theories
and the computational efficiency of lower-order models. This theory is
versatile and applicable to a wide range of loading conditions, including
static, dynamic, and thermal loads, making it valuable for different
engineering disciplines. Furthermore, Q-3D S-N theory has shown a
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superior accuracy in predicting the buckling and vibration behavior of
beams, plates, and shells, enabling engineers to design more robust and
reliable structures [1-3]. As technology and computational capabilities
continue to evolve, the use of such advanced shear deformation theories
is expected to become even more prevalent in the design and analysis of
complex structures.

Metal foams are a class of lightweight materials with a unique
cellular structure, characterized by a three-dimensional network of gas-
filled voids or pores within a solid metal matrix [4]. This cellular
structure imparts several advantageous properties to metal foams,
making them suitable for a wide range of applications. Metal foams have
excellent energy absorption capabilities due to their cellular structure.
They are used in automotive components, crash barriers, and protective
gear to enhance safety during impacts and collisions. Certain metal
foams, especially closed-cell foams, can be used as lightweight and high-
strength structural components in aerospace, automotive, and con-
struction industries. Open-cell metal foams with high thermal conduc-
tivity are used in heat exchangers, electronic cooling, and thermal
management systems to dissipate heat efficiently [5-9].

Nanocomposites are materials composed of a matrix (polymer,
metal, ceramic, etc.) reinforced with nanoscale fillers or reinforcements.
These nano-scale fillers can be nanoparticles, nanofibers, or nanosheets.
The addition of these nano reinforcements imparts exceptional me-
chanical, electrical, thermal, and barrier properties to the composite
material compared to conventional composites. Nanocomposite struc-
tures, primarily those reinforced with graphene nanoplatelets (GNPs),
represent a class of advanced materials with remarkable properties
owing to their unique composition. Graphene is a two-dimensional sheet
of carbon atoms arranged in a honeycomb lattice. When these graphene
sheets are stacked together to form a platelet-like structure, they are
referred to as GNPs. GNPs are thin, lightweight, and possess an
outstanding mechanical strength, electrical conductivity, and thermal
conductivity, making them ideal candidates for reinforcing composite
materials. GNP-reinforced nanocomposite structures offer a wide range
of applications due to their exceptional properties. As research continues
to advance in the field of nanotechnology, these composites are expected
to play an increasingly significant role in various industries, paving the
way for innovative and high-performance materials [10-14].

Microstructures refer to small-scale features, patterns, or arrange-
ments of materials that are typically measured on a micron or submicron
scale. These microscale features have unique properties and play a
crucial role in determining the overall behavior and performance of
materials. The applications of microstructures are vast and diverse,
encompassing various fields of science, engineering, and technology.
Microstructures are fundamental to the design and fabrication of mi-
croelectronic devices, integrated circuits, and microprocessors. These
structures, such as transistors, capacitors, and interconnects, form the
building blocks of modern electronic devices. Microelectromechanical
systems devices are microstructures that combine electrical and me-
chanical components on a single chip. They find applications in sensors,
actuators, accelerometers, gyroscopes, microphones, and microfluidic
devices, among others. Microstructures are used in optical devices and
photonics applications, such as diffractive optical elements, micro len-
ses, photonic crystals, and integrated photonics circuits. In nanotech-
nology, microstructures are used as templates to create nanostructures
and nanomaterials. They form the foundation for many nanoscale de-
vices and applications. Microstructures are also employed in aerospace
and automotive applications for lightweight materials, high-
performance alloys, and improved mechanical properties [15-18].

Now, it turns to provide a brief literature review about related
published works in recent years. Jabbari et al. [19] conducted a study on
the buckling behavior of a solid circular plate with porosity, which was
encased with piezoelectric actuators. Their research revealed that as the
porosity increased, the critical buckling load (CBL) decreased. Subse-
quently, Mojahedin et al. [20] examined the mechanical buckling of
functionally graded (FG) circular plates made of porous material, using a
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higher-order shear deformation theory. Their investigation considered
various parameters effects on the CBLs, assuming the plate to be satu-
rated with fluid. Similarly, Feyzi and Khorshidvand [21] conducted a
comparable study on the post-buckling behavior of porous circular
plates subjected to a mechanical loading. They presented two distinct
scenarios, for a given load and deflection, respectively. The governing
equations were numerically solved using the shooting method with a
Newton iteration. Dhuria et al. [22] discussed the impact of porosity
distribution on the static and buckling response of porous FG plates with
simply supported edges and employed an inverse hyperbolic shear
deformation theory as a higher-order approach to obtain their results.
Van Vinh et al. [23] introduced an innovative mixed four-node quad-
rilateral plate element based on an improved first-order shear defor-
mation theory, which eliminated the requirement of shear correction
factor. This element was adopted to analyze the bending and buckling
behavior of bi-directional FG plates with porosity. Many further works
in literature have focused on the mechanical performance of structures
made of porous materials [24-30]. Cuong Le et al. [31] conducted a
research on small-scale structures and explored the linear and nonlinear
response of a microplate made from porous metal foam. They used the
modified couple stress theory (MCST) in conjunction with the iso-
geometric analysis for their investigation. Pham and Nguyen [32]
studied the dynamic stability characteristics of a porous FG microplate.
The microplate was subjected to periodic uni-axial/bi-axial in-plane
compressions, where a refined plate theory was combined with MCST
within an isogeometric analysis framework. Hung et al. [33] performed
a refined isogeometric plate analysis of porous metal foam microplates
using the modified strain gradient theory, and considered the influence
of various parameters on results. At the same time, Tran et al. [34]
introduced a novel approach that combined artificial neural networks
and balancing composite motion optimization. This method was devel-
oped to address optimization problems and predict stochastic vibration
and buckling behaviors of FG porous microplates, considering un-
certainties in material properties. Among many other notable contri-
butions in the field of microstructures, the studies in Ref. [35-43] cover
various aspects of microstructural analysis, design, and optimization
within the engineering domain. In the field of reinforced composites,
several studies can be found in the open literature. For example, Chen
et al. [44] investigated a novel porous FG composite model reinforced
with GNPs. They analyzed the thermo-mechanical buckling and post-
buckling responses of this composite. In their study, the Young
modulus, the shear modulus, as well as the Poisson’s ratio of the porous
matrix, were all functions of the porosity coefficient. On a related note,
Fang et al. [45] used the MCST in their research to examine the thermal
buckling and vibration behavior of rotating porous FG GNPs-reinforced
microplates. The study was based on the higher-order shear deformation
theory, which allowed for a comprehensive analysis of these composite
microplates under thermal loading conditions. Anamagh and Bediz [46]
conducted a study on the free vibration and buckling behavior of FG
porous plates reinforced by GNPs. They employed the spectral Cheby-
shev approach to analyze the plates response. Yaghoobi and Taheri [47]
provided an analytical solution for the buckling capacity of sandwich
plates with a porous core reinforced with GNPs. Their study focused on
the critical buckling load of such composite plates. In a separate work,
Kim et al. [48] analyzed the bending, free vibration, and buckling per-
formances of microplates made from MCST-based FG porous material
with simply supports. In recent years, Khorasani et al. [49] have adopted
a Q-3D theory to enhance the accuracy for the study of the thermo-
elastic buckling performance of honeycomb sandwich plates. This
advanced computational approach allowed for a more detailed and ac-
curate analysis of the buckling behavior under thermal loading condi-
tions. Other related studies on similar topics can be found in [50-54]
focusing on various aspects of the mechanical performance of sandwich
microplates, possibly employing different numerical or analytical
methods to investigate their response under various conditions.

In absence of works focusing on the elastic buckling behavior of
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sandwich microplates with a mid-layer made from metal foams and
faces from FG GNPs-reinforced nanocomposites, the present study offers
novel significant and useful insights in this field, with potential appli-
cations to solar cells, temperature sensors or strain sensors for structural
health monitoring, as small-scale electro-mechanical systems. The
combination of metal foams as mid-layer and FG GNPs-reinforced
nanocomposites as faces is a novel way to yield unique mechanical
and thermal properties, while considering composite microplates under
various loading conditions. The use of Q-3D S-N theory based on a hy-
perbolic function, which considers the transverse normal strain without
any shear correction factor, enhances the accuracy and novelty of the
analysis compared to simpler 2D higher-order shear deformation the-
ories. Furthermore, the employment of the MCST enables the consid-
eration of scale influence, which is crucial in analyzing small-scale
structures. Setting the material length-scale parameter to zero allows
conversion to classical elasticity theory (CET) for comparison and vali-
dation purposes. Deriving differential equilibrium equations and solving
them analytically further distinguishes this study, allows for a precise
evaluation of the buckling behavior. The investigation of various pa-
rameters and their effect on the CBLs offer valuable insights in terms of
mechanical performances of these unique composite microplates, with
important consequences for optimization design purposes of sandwich
microstructural components in engineering applications.

2. Model’s description and materials properties

Let consider a three-layered microplate, as shown in Fig. 1, which is
made of a metal foam core with thickness h. and two FG-GNPs-
reinforced composite face sheets with thickness h, and h; at the top
and bottom layers, respectively, for a total thickness h. The reference
Cartesian coordinate system is located at the mid-plane of the sandwich
microstructure, with length a in the x — direction, width b in the y —
direction, and thickness h in the z — direction.

In this work, we employ a Q-3D S-N theory, which considers the
transverse normal strain effect along with inverse tangential variation of
in-plane displacements across the microplate thickness. The present
model satisfies both non-linear variation and zero transverse shear
stresses across the microplate thickness. Based on the Q-3D S-N defor-
mation theory, the displacement field at any random position of the
microplate is defined as [1]
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U6,3,2) = (1) ~ 22 (1) £ (2) 2 (1),

owy

Vl2,2) = (y) =25 (9) £ % (5.3),

W(x,y,2) = wi(x,y) — ws(x,y) — h(z)B(x, y) @

where the kinematic components u and v refer to the x and y directions,
respectively. In addition, w; and wj stand for the transverse shear and
bending displacements resulting from stretching. Moreover, the symbol
p represents an additional component that takes into account the effect
of normal stress in the displacement field. In the context of the Q-3D S-N
theory, functions f(z) and h(z) represent the transverse displacement
and the through-thickness displacement variation, respectively. These
functions are used to account for higher-order effects in the displace-
ment field, allowing for more accurate modeling of the bending and
shear behavior in composite and sandwich structures and they are
defined based on a hyperbolic form as below

_ hsinh(nz/h) — z

= W’ 1-f (Z) 2)

f(2) h(z) =

where f (z) indicates the differentiation of the function with respect to z.
Next, the strain field can be obtained in terms of kinematic components
as

n g e

oy = 6vg>;y) _Zazwaby(;c,y) ) » Wt;if,”’

€. = H(2)p(x,y),

yo = dugyx,y) +0V(;;,y) _zzdzvgz;g;w P %

re = (o) (P2 2 ),

FG GNPs-Reinforced Composite

Metal Foam

Fig. 1. Arrangement of the metal foam microplate coated by FG GNPs-reinforced composite faces.
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Yy = h(Z) (%y’y) + %y) (3)

Now, the constitutive law for the core and face sheets will account for
the thermal environment as follows [55]

ofjf = Q;{I(ekl — aff’f AT) 4
whose parameters Q, @, and AT are associated with the stiffness com-
ponents, thermal expansion coefficient, and temperature differences,
respectively, whereas superscripts ¢ and f refer to the core and face
sheets of the microstructure, respectively. The stiffness components for
all three layers based on Q-3D S-N theory can be denoted as follows [56]:

e (L—ve)Bs(&) o,

A= (I =1, 73 5
S T T ) ®)

Ecs(2)

of of .

of __Zef8) 456
% = ATty V=459

of _ ool _ oef _ VesEcy(2)

12 — 13 —

2 1= 20)(1 4 ve)

As stated hitherto, in the current model, we consider a metal foam core
to yield a light structure, such that E.(z) represents the elastic modulus,
and v, refers the Poisson’s ratio of the core. For the sake of simplicity, v,
is assumed to be constant and does not vary along the core thickness.
However, the variation of the elastic constants are primarily affected by
the type of core imperfection distribution. In case of “Type A” imper-
fection, with a uniform distribution of the imperfection in the core, the
elastic modulus and density are independent of the thickness parameter
and can be defined as [57]

E, — Ey—E, {1 _ (2\’1_7’_2)2} 7 (6a)

r+1

Pe=Po T+ 1

. [1 ~ (wl“—‘r—z)z} $ (6b)

a. = (6¢)

7+ 1

. {1 . (Lﬁ—z)z}

The imperfection ratio, y, is defined as the ratio of the volume of pores to
the total volume of the material. For a “Type B” configuration, instead,
the core layer exhibits a symmetrical distribution of imperfection, such
that the elastic modulus and density variations in the core obey the
following rules [58]

E.(z) = Ey — Eoycos (?) , (72)

c

pe(&) = po = po[1 = /T =7 cos (%) 7b)

al.(Z):(lofag[lfx/l*y}COS (%), (7¢)

c

A “Type C” imperfection involves a non-symmetric arrangement of pores
throughout the core layer. The basic properties can be characterized as
follows [59]

nz
E.(z) = Ey — Epycos <ﬁ + Z) s (8a)

pe(2) = py *Pu[l —-v1- 7]003 <2ﬂ«'72+%) (8b)
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a(.(z):ao—ao[l—\/l—y}cos (zfzhz_i_g) (8c)

As far as the face sheets of the microstructure is concerned, they consist
of a matrix phase and GNPs reinforcement, with constitutive laws as
already defined in Eq. (4), and stiffness components as introduced in Eq.
(5), but with different definitions.

More specifically, the Young’s modulus of the faces is defined as [60]

Em
E(2) = 5 (361 +56.); ©)

where E,,; describes the stiffness of the matrix phase in the microstruc-
ture. It is also [61]

1+ f/GNPXWFNPSVGNPs

) o 1+ ngPxWGNPSVGNPs
(A 1OV g =

b : 10)

B 1 — yGNPs

VGNP.\

where the parameters &° and ¢SV are related to the geometric
properties of GNPs, while V% and #SN?* are related to their material
properties. Such parameters depend on the specific properties of the
GNPs being used in the microstructure, i.e.

GNPs _ 2l6Nps onps _

2wenps
1 - ? ow - (1 1 )
tGnps tGNPs

Egnes | _ 1 Egnes | _ 1
En En
GNPs __ GNPs _
w

= 1 7 N
Egaps GNPs Eonps GNPs
(=) + ()

In Eq. (11), the length, thickness, and width of the GNPs are represented
by lgnps, tenps, and wenps, respectively. The properties of the GNPs are
further regulated using the extended rule of mixture [62], i.e.

3 Va sE iNPsAGNPs VmEmam
Py (2) _ ) Panrs Vonr + Pm Vi, (2) = onpsEGnesAGes + :
v (2) VGneps Um VanesEanps + VinEn

12)

Venps and Vi, being the volume fractions of GNPs and matrix, respec-
tively, whose sum must be equal to one, as they fully account for the
overall volume of the microstructure. Hereafter, we assume five
different GNPs dispersions in the z-direction, defined as follows, in terms
of their total mass fraction, ggyp, [63]

Zonps Uniform

2z
{1 - h_} 8enps FG-A
f

2z
{1 + E} 8ovps FG-V 13)

2] .
2 [1 - l} Shonps FG-0
hf ;

Vones(2) =

4z ] -
{l‘z ‘:|gGNPs FG-X
f

with hy the faces thickness.
3. Equilibrium equations

By employing the energy method formulation, the equilibrium
equations can be obtained from the following relation [64]:

(U, —W,) =0 a4
in which Uj is the strain energy and W, is the external work applied on

the sandwich microstructure. The strain energy of the system is the sum
of the two contributions associated to the face sheets and the metal foam
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core, i.e.

Ul = Ui+ U (15)
Note also that a MCST is employed to incorporate small-scale effects.
The MCST-based strain energy can be expressed using the aforemen-
tioned theory as presented below [65]

+h/2
1 C. C. Y
75/// [Gijjfgi/+m[j:f)([,‘] dZdydx(t,j :x?y7z) (16)
X .,\ —h/2

where my and yy refer to the stress and symmetric curvature tensors,
respectively. Another important aspect is that m;; is a component of the
couple stress tensor, which plays a crucial role at a micro and nano-scale
level, when small-scale effects become significant for an accurate me-
chanical modeling. More specifically, m; and y;; are related as
my =2Pu(2) 25 a7

where [ represents the material length-scale parameter of MCST, and

u(z) denotes the Lame’s parameter defined as pu(z) = 1 +V Also, the
symmetric curvature components are defined as

0w, 0w, 0w,

== =y == 18

D = g Koy = K = 5, (18)
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where o; represents the infinitesimal rotation vector in the i direction,
such that

oW v, oU_ow

Uy T T oy

w_ou

20, = (19)

A bi-parameter Pasternak type substrate is considered as support for our
sandwich microplate, which contributes to the following external work
[66]

Pw *v Fw Fw, 82
Qm Qno +Qm Q120 ""Qma dy z'f‘Qma dyz Q660
az Ow,\ Ko (du  dv  dy a4u
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u 04 v 6414
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1 0 (wy +wy)
= 5/( — K, (wp + W.\-)2 + Ky (wp +wy) (T
A

62(wb+w5)
M ))dA

Sub
We

(20)

where K,, is the Winkler spring coefficient and K, is the shear layer
parameter.
The thermal environment work can be expressed as follows [67]

1 2 ) 2
yyThermal _ 7/ NT 9wy + wy) +NT 9(ws + wy) dA @21
2 N ox ) dy
A
where the thermal load in the x and y directions is defined as
+h/2
N = / (01 + 0% + 0] a/ AT dz, (22)
—h/2
+h/2
Ny = / [05] +03 + 03] a/ AT dz
—h/2

The mechanical contribution due to the in-plane forces N¥' and N})' in
the x and y directions, is defined as

e g

These loads are defined as xyNy and »;Ny, by means of magnitudes x
and xy, respectively. In a bi-axial buckling scenario, both »x and xy as-
sume a non-null value, differently from the uniaxial case where one of
them is ignored.

The overall external work is, thus, determined as

Wﬁ/lerh (23)

Wc — W:‘uh + WeTherma[ 4 W({Wech (2 4)
By substituting Egs. (16) and (24) into Eq. (14), we obtain the governing
equilibrium equations of the problem, by assuming, in turn, a null value
for coefficients su, §v, Swp, Sws, and 54, namely

ou :
g
(25)
)
ov:
Q236 ﬁ
(26)

):o,
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The metal foam core is composed of SUS304 with E = 201.04 x 10°
Pa, v = 0.3262, and a = 12.33 x 10 K~ [70], while the face sheets

2
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J:) )‘;42/)' " @
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4. Exact solution method

The differential equations are solved using a Navier type solution,
such that the geometrical boundary conditions of the simply supported
structure are fulfilled by the following displacement approximation
[68]:

Ucos(H,x)sin(Hay)
Vcos(Hz )sin(H,x)

u(x,y) o oo
v(x,y) => >

wi(x,¥), W (x, ), B(x, ) m=t n=t | (Wp, Wy, B)sin(H,x)sin(H>y)
(30)
where H; and Hj are defined as
H=""n="" (31)
a b

and m and n refer to the mode number along the length and width di-
rections, respectively. The unknown coefficients U, V, W, W;, and B are
then determined by solving the following matrix equation

(IKlsus—Po[K]ss ) U V- Wy W BJ = 0], 32)
in which [K] and [K] are the stiffness and geometric stiffness matrices,
respectively, P, also denotes the CBL. The CBLs of the microstructure
are then determined by solving the classical eigenvalue problem rep-

resented by Eq. (32).
5. Results and discussions

In this section we perform a numerical assessment of the elastic
buckling behavior for a three-layered sandwich microplate with a metal
foam core and composite face sheets which are reinforced with GNPs.
The proposed method is, first, validated by a comparative evaluation of
our results with predictions available from literature [69], in terms of
NCBLs for a simply supported square homogenous microplate, in
absence of any elastic substrate of thermal environment, whose results
are summarized in Table 1. Accordingly to Ref. [69], the following
material properties are selected: E = 14.4 x 10° Pa, v = 0.38, and h =
17.6 pm, and the NCBL is defined as P, = P.a?/Eh®. The NCBLs are
obtained systematically for different aspect ratios and material length-
scale parameter values in both uniaxial and biaxial loading types.
Based on Table 1, it is worth observing that as the aspect ratio of the
microstructure increases, the difference between the reference results
[69] and the current work gradually reduces. Differently from Ref. [69],
where a first-order shear deformation theory is applied neglecting the
transverse normal strain component, in this study we propose a Q-3D S-
N theory to improve the accuracy of the formulation and solution.

mentioned before, are reinforced with GNPs. GNPs specifications are: E
=1.01 x 102 Pa, v = 0.186, @ = 2.35 x 10° K1, Ignps = 2.5 pm, wanps
= 1.5 pm, and hgnps = 1.5 nm [30]; and the face sheets’ matrix properties
are: E =130 x 10° Pa, v = 0.34, and @ = 17 x 10° K. Besides, the
following numerical values are considered for obtaining further results:
h=17.6 pm,l=0.6 h, h. =08 h,hy=h,=0.1h,a=10h,b=a/2,y =
0.3, genps=0.5 %, U-U pattern for the faces, Type B of imperfection for
the core, and bi-axial loading type. Also, the NCBL is computed as P, =
P /Ea.

As first outcome, the effects of GNPs’ weight fraction and also their
different dispersion patterns on the NCBLs are investigated in Fig. 2. As
can be seen from this figure, increasing the GNPs’” weight fraction, even
by a small amount up to one percent, the NCBLs increases significantly.
As stated earlier, GNPs are one of the strongest materials known, with a
tensile strength many times higher than that of steel. By adding GNPs to
the composite, the overall strength of the material increases without
adding much weight, resulting in a higher strength-to-weight ratio for
the structure. Thus, the CBLs will enhance. Also, from Fig. 2 it can be
found that the dispersion pattern of GNPs also plays an important role on
their effectiveness in reinforcing the structures. It can be observed that
for the FG V-A pattern, the NCBLs assume their maximum value, while
reaching their minimum value for a FG A-V distribution. For the other
patterns, the results are close together. Therefore, it is essential to
control the dispersion of GNPs during the manufacturing process to
optimize the CBLs and other mechanical properties of the composite
material. Fig. 3 also shows that an increased imperfection ratio of the
microstructure can lead to a reduction in the NCBLs. Porosity refers to
the presence of voids or empty spaces within the material, and it can
have a significant effect on the mechanical behavior of the structure,
with an expected reduction of the cross-sectional area and load-carrying
capacity, making the structure more susceptible to buckling under a
compressive load. Also, the presence of voids weakens the material and
reduces its overall stiffness and strength. In a solid structure, indeed, the
atomic or molecular bonds provide the necessary strength to resist
deformation and buckling. An increased porosity increases weakens
bonds and interactions between the solid portions of the material,
resulting in a decreased load-bearing capacity. Moreover, based on
Fig. 2 it is worth observing that an increased temperature leads to a
reduction in the NCBLs of the microstructure due to the phenomenon of
thermal expansion and softening of materials. In this study, the effect of
temperature on the thermal expansion coefficient is neglected. On the
other hand, many materials, especially metals and polymers, tend to
soften at elevated temperatures. Softening reduces the modulus of
elasticity (i.e., stiffness) of the material, making it more susceptible to
deformation under load. As the temperature increases, the material
resistance to buckling decreases, leading to reduced CBLs. Note also that
the effect of temperature variations for this microstructure is not sig-
nificant as much as porosity variations. Fig. 4 shows that the type of
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Table 1
Comparative evaluation of the NCBLs of the current study with ref. [69] in
simple conditions.

Loading Ref. I/h a/h
Type 5 10 20
Uni-Axial Thai and Choi [64] 0 30.6456 36.1492 37.8485
(62 = 0) 0.2 35.2300 41.5214 43.4774
0.4 48.5799 57.4956 60.3249
0.6 69.5711 83.6543 88.2739
0.8 96.5829 119.3314 127.1312
1.0 127.7826 163.6539 176.6313
Current Study (e, 0 32.1172 36.7719 38.1610
#0) 0.2 37.4859 42.4011 43.8592
0.4 53.5981 59.2893 60.9538
0.6 80.4622 87.4374 89.4451
0.8 118.0812 126.8460 129.3329
1.0 166.4550 177.5149 180.6174
Bi-Axial Thai and Choi [64] 0 15.3228 18.0746 18.9243
(e, =0) 0.2 17.6150 20.7607 21.7387
0.4 24.2899 28.7478 30.1625
0.6 34.7856 41.8271 44.1369
0.8 48.2915 59.6657 63.5656
1.0 63.8913 81.8269 90.0574
Current Study (e, 0 16.0586 18.3860 19.0805
#0) 0.2 18.7430 21.2006 21.9296
0.4 26.7990 29.6446 30.4769
0.6 40.2311 43.7187 44.7225
0.8 59.0406 63.4230 64.6665
1.0 83.2275 88.7574 90.3087

imperfection significantly affects the NCBLs of the microplate. A uni-
form type (here labeled as Type A) leads to lower values of NCBLs, while
Types B and C which are related to symmetric and non-symmetric types
of imperfection, respectively lead to higher NCBLs and the maximum
values are for Type B. Consequently, engineers must carefully consider
the type and distribution of imperfection when designing structures to
ensure optimal performance and buckling resistance. In most cases, the
minimization of porosity is essential to maintain the structural integrity
and to improve the CBLs of the structure. Fig. 4 confirms the earlier
findings about the effect of the imperfection ratio on the NCBLs. Fig. 5
depicts that the inclusion of the material length-scale parameter of
MCST, [, can lead to an enhancement of NCBLs. At small length scales,
microstructural features can introduce an additional resistance to
buckling and can stabilize the structure against a premature failure.
Also, an increased GNPs’ weight fraction leads to an enhanced NCBL. In
Tables 2-4, the effect of the imperfection ratio, GNPs’ weight fraction,
and loading type (uni-axial and bi-axial) on the exact values of NCBLs for
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Fig. 2. Effect of the GNPs weight fraction percentage and their different types
of dispersion on the NCBL.
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Table 2
NCBLs based on a MCST and CET for various imperfection ratios and weight
fractions of GNPs for a Type A imperfection model.

Loading Type Theory Y gevps (%)
0.0 0.5 1.0
Uni-Axial MCST 0.00 37.3920 37.9703 38.5438
0.25 31.3427 31.9204 32.4929
0.50 24.8658 25.4427 26.0137
0.75 17.5629 18.1380 18.7063
CET 0.00 10.9929 11.4189 11.8393
0.25 9.2399 9.6652 10.0843
0.50 7.3628 7.7871 8.2043
0.75 5.2463 5.6684 6.0820
Bi-Axial MCST 0.00 7.4784 7.5941 7.7088
0.25 6.2685 6.3841 6.4986
0.50 4.9732 5.0885 5.2027
0.75 3.5126 3.6276 3.7413
CET 0.00 2.1986 2.2838 2.3679
0.25 1.8480 1.9330 2.0169
0.50 1.4726 1.5574 1.6409
0.75 1.0493 1.1337 1.2164

imperfection Type A, B, and C is seen, respectively. According to these
table, we can notice that an increased imperfection ratio reduces the
NCBLs, which in turn increase for an increased GNPs’ weight fraction. In
addition, the results predicted by MCST and CET are compared in these

Table 3
NCBLs based on a MCST and CET for various imperfection ratios and weight
fractions of GNPs for a Type B imperfection model.

Loading Type Theory 14 Zanrs (%)
0.0 0.5 1.0
Uni-Axial MCST 0.00 37.3920 37.9703 38.5438
0.25 32.1514 32.7259 33.2955
0.50 26.9030 27.4725 28.0371
0.75 21.6406 22.2033 22.7611
CET 0.00 10.9929 11.4189 11.8393
0.25 9.9282 10.3467 10.7592
0.50 8.8296 9.2366 9.6369
0.75 7.6544 8.0408 8.4197
Bi-Axial MCST 0.00 7.4784 7.5941 7.7088
0.25 6.4303 6.5452 6.6591
0.50 5.3806 5.4945 5.6074
0.75 4.3281 4.4407 4.5522
CET 0.00 2.1986 2.2838 2.3679
0.25 1.9856 2.0693 2.1518
0.50 1.7659 1.8473 1.9274
0.75 1.5309 1.6082 1.6839
Table 4

NCBLs based on a MCST and CET for various imperfection ratios and weight
fractions of GNPs for a Type C imperfection model.

Loading Type Theory 4 genps (%)
0.0 0.5 1.0
Uni-Axial MCST 0.00 37.3920 37.9703 38.5438
0.25 31.5761 32.1547 32.7280
0.50 25.6027 26.1869 26.7647
0.75 19.3187 19.9257 20.5229
CET 0.00 10.9929 11.4189 11.8393
0.25 9.3600 9.7856 10.2050
0.50 7.5603 7.9910 8.4141
0.75 5.4326 5.8868 6.3295
Bi-Axial MCST 0.00 7.4784 7.5941 7.7088
0.25 6.3152 6.4309 6.5456
0.50 5.1205 5.2374 5.3529
0.75 3.8637 3.9851 4.1046
CET 0.00 2.1986 2.2838 2.3679
0.25 1.8720 1.9571 2.0410
0.50 1.5121 1.5982 1.6828
0.75 1.0865 1.1774 1.2659
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Fig. 7. Impact of the GNPs’ length-to-width and the layers thickness ratios on
the NCBL.

tables, where results obtained from MCST are higher than CET due to
presence of the small-scale effect. Based on a comparative evaluation of
these tables, the lowest values of results are associated to a Type A
imperfection, whereas the highest values stem from a Type B imper-
fection. Fig. 6 also discusses about the influence of a uniaxial and biaxial
loading condition on the elastic buckling behavior of the microplate. In
the uniaxial loading case, the applied load is directed along a single axis,
which allows the structure to withstand the applied load more effi-
ciently. The entire cross-sectional area of the structure contributes to
resist the load, leading to a higher CBL compared to a bi-axial loading,
where the load is applied along two axes, and the structure may have less
capacity to resist the combined loading condition. In Fig. 7, it is visible
that an increased GNPs length-to-width ratio enhances the NCBLs. In
fact, as the length-to-width ratio of GNPs increases, the platelets increase
their axial deformability. with an increased effective surface area, and
interfacial surface with the surrounding matrix material. This enhanced
interfacial bonding increases the load transfer efficiency, leading to
better reinforcement of the composite. As a result, higher aspect ratios
generally lead to increased CBLs. The optimal length-to-width ratio of
GNPs depends on the selected application, as well as on the mechanical
properties of the matrix material, but also on the desired mechanical
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behavior of the composite structure. Fig. 7 also shows the effect of the
core-to-total thickness ratio whose increase leads the NCBLs to enhance
due to an increased microstructural stiffness. According to Fig. 8, an
increased GNPs length-to-height ratio leads an overall enhancement of
the NCBLs. In fact, higher length-to-height ratios of GNPs often lead to a
higher aspect ratio, where the platelets improve their axial deform-
ability. This enhanced aspect ratio increases the reinforcement effi-
ciency of the GNPs in the composite. Longer platelets have a larger
effective interfacial surface with the surrounding matrix material. This
improved interfacial bonding increases the load transfer efficiency and
can lead to a better reinforcement, resulting in increased CBLs. Fig. 9
shows the impact of the microplate geometrical parameters on the
NCBLs. The width-to-length ratio of the microplate is also related to its
aspect ratio, defining the width-to-thickness rational value of the plate.
For thin plates with a relatively constant thickness, the width-to-length
ratio can be related to the aspect ratio. Higher aspect ratios (longer and
narrower microplates) tend to feature higher CBLs compared to lower
aspect ratios (shorter and wider microplates). Fig. 10 also compares the
effect of different elastic substrate models on the NCBLs. In such a
context, the Winkler and Pasternak models are commonly used to
represent the behavior of elastic substrates or foundations when
analyzing the buckling of structures resting on these supports. These
models account for the interaction between the structure and the sur-
rounding elastic medium, which can significantly influence the CBLs.
The Winkler model typically enables lower CBLs compared to the Pas-
ternak model. More specifically, the Winkler model just includes
springs, whereas the inclusion of a shear layer in the Pasternak model
provides an additional lateral support to the structure. This lateral
support reduces the lateral deflections and lateral instability of the
structure, leading to higher CBLs compared to the Winkler model. Thus,
the choice of the elastic substrate model can significantly influence the
CBLs of structures resting on elastic substrates, as shown in the last
figure.

6. Conclusions

The present work has focused on the buckling behavior of metal
foam microplates covered by GNPs- reinforced faces, as useful for many
wearable sensors and sustainable construction materials, accounting for
a gradual variation of the thermo-mechanical properties for each layer
in the thickness direction. A novel Q-3D S-N hyperbolic theory has been
used to define the kinematic relations of the microstructure, combined
to a size-dependent MCST, whose governing equations of the problem
are solved analytically to determine the microplate CBLs. A comparative
evaluation of our results with predictions from literature ensures the
correctness of the proposed theory, while assessing the impact of
different input parameters on the NCBLs. Based on a parametric inves-
tigation, the following results can be summarized as follows:

- An increased quantity of GNPs as reinforcement phase, enhances
the structural stiffness with an increased value of NCBLs. Also, by
comparing different patterns of GNPs dispersion in the thickness path of
the faces, it is revealed that FG V-A and FG A-V patterns lead to the
maximum and minimum values of NCBLs, respectively.

- An imperfection ratio reduces the NCBLs. The symmetric Type B
pattern of imperfection yields the highest values of CBLs, while the
uniform Type A pattern leads to the least ones.

- An enhanced material length-scale parameter of MCST leads to
increased values of CBLs, that also increase for higher length-to-width
and length-to-height ratios of GNPs.

- An increased temperature will soften the microplate, thus reducing
the CBLs, whereas the presence of an elastic substrate enhances the re-
sults with higher values of CBLs for a Pasternak model rather than a
Winkler model. Generally, the uniaxial loading type requires higher
values to reach CBLs in comparison to the biaxial loading type.

- It is finally observed that MCST predicts higher values of CBLs
compared to a classical elasticity theory.
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We here provide more details about coefficients from Egs. (25)-(29)
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