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Abstract

As was shown in Giombi and Tseytlin (2023 Phys. Rev. Lett. 130 201601), the
leading large N, fixed k correction in the localization result for the expectation
value of the 1 BPS circular Wilson loop in U(N); x U(N)_; ABIM theory
given by the (sin 27")_' factor can be reproduced on the dual M-theory side as
the one-loop correction in the partition function of M2 brane in AdSy x S7 /7
with AdS, x S' world volume. Here we prove, following the suggestion in
Giombi et al (2024 J. High Energy Phys. JHEP11(2024)056), that the analog-
ous fact is true also for the corresponding correction B} = —ﬁ cot 27” in the
localization result for the Bremsstrahlung function associated with the Wilson
loop with a small cusp in either AdS; or CP*. The corresponding M2 brane
is wrapped on the 11d circle and generalizes the type IIA string solution in
AdS, x CP? ending on the cusped line. We show that the one-loop term in the
M2 brane partition function reproduces the localization expression for B; as
the coefficient of the leading term in its small cusp expansion.
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1. Introduction

A series of recent papers have demonstrated how non-planar corrections in the ABJM theory
[1] can be found by semiclassically quantizing the M2 brane in AdSy x §7 /Z; [2—4] (see also
[5-8]). Here we shall follow [2, 4] and focus on the Bremsstrahlung function B(\,N) asso-
ciated with the %-BPS Wilson loop with the aim to demonstrate how the result found from
localization can be reproduced on the dual M-theory side by quantizing the M2 brane near the
classical solution representing the Wilson line with a small cusp.

Let us start with a brief review of some relevant facts about the Bremsstrahlung function B.
It determines the energy emitted by a moving quark given by AE =27 B f dti? in the small
velocity limit. In the A' =4 SU(N) SYM theory it may be found from the exact localization
result for the expectation value of the %-BPS circular Wilson loop as [9]

1 0
Bsym = TﬂzAalogW’}wM , (1.1

where [10, 11]

2 (N—1), (1 A
(Wysym = enz VDL <_4N>

3/2 1 VA
:%Il(ﬁ) HAL]Z /\9652\532 Lol (1.2)

Expanded in large N and then also in large A this gives

1 )\3/2
12872 N2
(M) v s

BSYM(A)—WII(\[\):W—W‘F'“. (1.3)

Bsym (A\,N) = Bsym (M) + ey

One may also get B from the expression for the %-BPS Wilson loop wrapped w times on the
circle as [12]

1
B(A\N) = m%log(W)’WZI . (1.4)
In the N/ =4 SYM case this leads to the same expression as in (1.1) since the dependence
on w can be incorporated into (W) by V= wyv [10]. Lewkowycz and Maldacena [12] has
shown that (1.4) applies also in the ABJM case for the Bremsstrahlung function given in terms
of the {-BPS Wilson loop.

The Bremsstrahlung function may also be related to the anomalous dimension Iy, govern-
ing the logarithmic divergence of a Wilson loop with a cusp (W) ~ exp[—I'cysp log(Ar /Auv)].
In the case of locally supersymmetric Wilson loops, the cusp anomaly I'cysp = I'cusp (\N;a, )
depends on the geometrical angle o between the two lines defining the cusp, and an internal
angle [ describing the change in the ‘internal’ orientation described by the scalar coupling.
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In a small angle expansion around the BPS limit o« = 43 one can determine B(\, N) from the
small a, 3 expansion of I'cysp as [13, 14]

Lewsp (A, N3, B) = — (o = %) B(k,N) + -+~ . (1.5)

One may also compute the Bremsstrahlung function corresponding to either %- or %—BPS
Wilson loops in the ABJM theory by using a generalization of the identity [9] that expresses
B as a derivative of the logarithm of the latitude Wilson loop with respect to the small latitude
angle*. In the planar limit of U(N); x U(N)_; ABIM theory one finds the following strong
coupling expansion for the Bremsstrahlung function corresponding to the %-BPS Wilson loop
(18]

1 /A 1 1 1 N
B A‘ ::¢ﬁ__nw A= — =fixed, N ) 1.6
asi (M) a1 2V 2 4x2 96w 4/2\ + k xe e (1.0

This matches the prediction from string theory in AdS4 x CP? at the two leading orders [21,
22].° Finding non-planar corrections in this approach is hard as the exact localization result is
not known in the ABJM theory for a non-zero cusp angle.

An alternative approach based on mass-deformed localization matrix model was suggested
in [23, 24]. The resulting exact expression for Bremsstrahlung function found in [24] reads

(for k>2)
e\ 13
oA (50 - k- )]

20 ail (52 - - )]

where prime indicates the derivative of the Airy function over its argument. As was pointed
out in [4] the expression (1.7) can be reproduced in a simple way by applying (1.4) to the result
for the localization result for the expectation value of the %—BPS circular Wilson loop in the
w-fundamental representation (presumably equivalent to the result for the w-wrapped circular
loop) [25]

1 2m
— ——cot— 1.
27Tkcot R (1.7)

Bagm (k,N) = —

— 1.8
(W) aBIM 2sin ZW [z 73 o (1.8)
i (7") (V=25 —3)
Expanding in large N at fixed k one gets
1 w mw (k424w +8) 1
W N —+ , 1.9
(W) aBImM 2sin 22 [ 242132 JN (1.9)

4 For %—BPS Wilson loop this identity was proposed and proved perturbatively in [15], and for the corresponding
Bremsstrahlung function it was first introduced and then proved exactly in [16]. In the é—BPS Wilson loop case a
similar identity for the Brehmstrahlung function was proved in [17] and further elaborated on in [18]. For a review of
the Brehmstrahlung function in the ABJM theory see the contribution of L. Bianchi in [19] and also [20].

5 This was partly shown in [21] by computing the one-loop contribution to Deusp at B =0 and small . They also
computed I'cysp at « =0 and small 3 with a result not consistent with the expected expression in (1.5). This was later
corrected in [22].
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1 0 1 2N 1 27
Bam (k,N) = m%logU’WABJM’W:I = E\/ - mcot7

o Setk 1
967\/2k3/2 /N '

The first term in (1.10) is same as in the planar limit in (1.6). The cot term in (1.7) and (1.10)
originates from the derivative of the logarithm of the 1/sin prefactor in (1.8). Expanded in
large k it gives an infinite series of terms 1/k* = (\/N)? that represent the leading large
A corrections at each order in 1/N, with the first p =0 one reproducing the f# correction
in (1.6).

Let us now recall some basic M-theory relations used in [2]. The M2 brane is placed into
AdS, x S7 /7 background with the metric

(1.10)

ds® = jR*dshgs, + R2dss 7, (1.11)
dsias, = —cosh’ pdr +dp” + sinh® p (dx* + cos®xdf?) (1.12)
1
ds 2, = dsgps + 15 (Ao +KA)", =6+ 27, (1.13)
d Sd*S risd sd*r ; sd*s_*sd S
dsps = oot WMEW AW S LMY T WO s r=1,2,3, (1.14)
1+ |w (14 w]?) 2 1+ |wl

and the 4-form field strength
Fy =dC3 = —3R%volpgs, - (1.15)

The leading order relation between the radius (in 11d Planck length units) and the parameters
N, k of the dual ABIM theory is®

R\ O
<> =257% Nk . (1.16)
lp
The world-volume action for a probe M2 brane in this background is [27, 28]’
1
Sve = T2/d30\/—g—|— T2/C3 + fermionic terms, T, = 5 - (1.17)
(2m)263

The resulting dimensionless effective M2 brane tension is
T, =RT, = 1V2kN . (1.18)

This suggests that the expansions in (1.9) and (1.10) should be matched with the semiclassical
(large T at fixed k) expansions of the corresponding M2 brane expressions.
Note that expressed in terms of the type IIA string effective tension 7" and coupling g
R X IRV N 1 g
" 8ra’ V27 &= N ’ Tk K 8rT’
the subleading cot term in (1.10) represents the sum of the leading large tension corrections at
each order in the string coupling (genus) expansion

(1.19)

1 2 1 g ge gl

27k % T a2 T T 202 T 1512070

N (1.20)

6 As in [2, 4] we shall ignore the shift [26] N — N — i (k— k=) as it will not be relevant to the order of the large N
expansion that we will consider.
7 We choose the sign of the action as appropriate for a Euclidean continuation that will be implicitly assumed below.
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Subleading in large T terms at each order in g2 should come from the next 1/ V/Ntermin (1.10)
or the 2-loop M2 brane correction.

As was shown in [2] for w = 1 the exponent and the 1/sin prefactor in (1.9) can be
reproduced on the dual M-theory side as, respectively, the classical and the one-loop cor-
rections in the partition function for the M2 brane in AdS4 x S” /Z; wrapped on 11d circle and
AdS, C AdS, (ending on a circle at the boundary).

The aim of the present paper will be to show that one can similarly reproduce the first
two terms in B in (1.10) from the classical and one-loop corrections to the M2 brane partition
function computing the cusp anomaly (1.5). The corresponding M2 brane solution will be a
straightforward generalization of the type IIA string solution for the line with a cusp [22, 29]
wrapped also on the 11d circle.

The straight-line Wilson loop is described, like in [2], by the AdS, x S' M2 brane solution.
In Poincare coordinates for the AdS4 the AdS, metric is z~2(—d¢* + dz?) with t parametrizing
the line. Here we will consider the M2 brane solution representing two lines with a relative
angle o in AdS4 and angle 3 in CP? and wrapped also on the angle ¢ in (1.13). It is given
by the straightforward uplift of the ITA string solution in AdS4 x CP? ending on a cusped line
[29]. The IIA string world sheet is embedded into a subspace AdS3 x S! with an angle of AdS;3

o

spanning the range [§, ™ — 5] corresponding to the directions of the two half-lines representing
the cusp with a non-zero angle a.. The coordinate of ' C CP? belongs to the interval [— g, g]
where £ is the ‘internal’ cusp angle.

The corresponding classical action of the M2 brane will be proportional to %Tg and will
match the first term in (1.10). Quantum M2 brane fluctuations around this classical solution
will reproduce the O(79) term cot%’r in (1.10). The computation of this one-loop M2 brane
correction will be the aim of this paper.

In general, the M2 brane partition function will have the form

Z:/[dXdﬁ] e S =z e S [1 4 O (T, 1)] = e T | (1.21)

2, =~ TTa (1.22)

where (X,) are the bosonic and fermionic coordinates. 7 — oo is the range of the time dir-
ection ¢ parametrizing the cusped line (it plays the role of an infrared cut off, cf the discussion
above (1.5)). The one-loop FE},QP term should match the N° term in (1.10) while the 2-loop T;l
term should reproduce the subleading N~'/2 term in (1.10).

The one-loop correction Z; is given by the usual combination of determinants of the 2nd
order fluctuation operators. Using static gauge and expanding the M2 brane 3d fluctuation
fields in Fourier modes in S! we get as in [2] a tower of 2d massive fluctuation fields with the
lowest n = 0 level corresponding to the IIA string fluctuations.

A complication compared to the circular or straight Wilson loop case in [2] is that here the
induced metric is not just of a homogeneous AdS, x S' space as in the absence of the cusp

and thus the computation of the fluctuation determinants is, in general, non-trivial. Because

of the translation invariance in ¢ the result for nggp can be represented in terms of the vacuum

energy of the quadratic fluctuations around the classical solution (here I stands for the mode
number labels)

IO =E=1> " (-1)"w;. (1.23)
1

The fluctuation energies w;(«, ) may be evaluated in perturbation theory near the BPS
limit, i.e. expanding in the small cusp angles like in [22]. The ‘unperturbed’ configuration

5
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corresponds to the straight BPS Wilson line in AdS4 (and point-like in CP?) for which the
M2 geometry is AdS, x S! (in this case E = 0 due to supersymmetry which is explicit in the
spectrum of fluctuations as in the string case in [22, 30]).8

As aresult, as we will show below, FELQP takes the form of (1.5) with the one-loop correction
to the Bremsstrahlung function reproducing the subleading term in (1.10)

1 2 & 1 1 27
1) _
BY =t m ) Er s k>2, d29
n=1
1
B(l):rz, k=1,2. (1.25)
I

The k = 1,2 values represent the predictions as, like for the BPS Wilson loop, the correspond-
ing localization results for the Bremsstrahlung function are not currently available.

Let us note that the result for B(!) in (1.24) and (1.25) is manifestly finite. This is to be
compared with the circular Wilson loop computation [2] of the one-loop (sin 27”)_1 prefactor
in the AdS; x S! M2 brane partition function where the sum over S' mode number n was
linearly divergent and thus required the (-function regularization.

The plan of the rest of this paper is as follows. In section 2 we briefly review the classical
solution for the TTA string in AdS; x CP® with a world sheet ending on a cusped Wilson line
with the geometrical angle « in AdS4 and the internal angle 3 in CP>. We then present its 11d
uplift as an M2 brane embedded in AdS4 X s7 /Ly .

In section 3 we expand the M2 brane action to quadratic level and determine the spectrum
of bosonic and fermionic fluctuations.

In section 4 we consider the case of 5 =0 and show how to reproduce the one-loop term
in (1.10) from the cusp anomaly expanded in small angle «.. This is achieved by using (1.23)
and doing quantum-mechanical perturbation theory for the fluctuation energies in small c.

Similar analysis is repeated in section 5 for the case of a cusped Wilson line with a =0
and small 8 demonstrating that this leads to the same expression (1.24) and (1.25) for the
Bremsstrahlung function, in agreement with the expected BPS structure in (1.5).

2. String in AdS, x CP? and M2 brane in AdS; x 87 /7y solutions representing
cusped Wilson line

2.1. String solution

We shall follow [13, 21] (see also [29]) and use global coordinates in AdS4 as in (1.11). The
CP? metric and A in (1.14) can be expressed in terms of 6 real angles as (see e.g. [35])

dséps = dy? + cos? ysin®y (dy) + L cosf dypy — L cos, dapg)z
+ 1 cos?y (d6f + sin® 0y dt) + §sin®y (d63 +sin® 02 de3) ,  (2.1)
A =1 (cos2vdi) +cos’ycosf dp +sin*ycosbrdyr) | (2.2)

8 The resulting procedure of computing the quadratic in small angle terms in the one-loop determinants is closely
related to the alternative interpretation of the Bremsstrahlung function as a coefficient in the 2-point function of the
excitations on the Wilson line defect represented by string or M2 brane fluctuations in transverse directions (see [31,
32]). It is also somewhat similar to the one in the near short-string expansions discussed in [33, 34].

6



J. Phys. A: Math. Theor. 58 (2025) 175401 M Beccaria and A A Tseytlin

where 0 < v < %, 0<y <27,0<6; <7,0< ¢; <2m. We will consider the configuration
localised at

x=0, =7, tha=7%, v12=0, (2.3)
and embedded into the subspace AdS; x S I'c AdSy x CP? with the metric

ds® = 1R* (—cosh® pdr* + dp* + sinh® pd6?) + 1 R*dy* (2.4)
The ITA string solution corresponding to the cusped Wilson line is described by

p=p(0), Y =1(0), (2.5)

with 7 and 6 identified with the world-sheet coordinates. We will also use the coordinates (7,0),
with 7 proportional to t and o being a particular function of 6.
The solution will have the following range of (o) and (o)

0(c)e[2m—9], v(o)e [_g,g} , (2.6)

with the parameters « and 3 being the spatial cusp angle and the internal cusp angle discussed
in the Introduction. The coordinate p(c) will cover the range [pmin, 00] twice.
The resulting induced string metric is

ds? = 1R* [—cosh® pdf* + (p’* + sinh® p + 1)) d6?] . 2.7)

The classical Nambu—Goto string action is then given by

S:T/dthL, L:coshp\/p’2+sinh2p+¢’2, (2.8)

where the effective string tension 7" was defined in (1.19). From (2.8) we get the conserved
quantities: £ (the ‘energy’ conjugate to #) and J (the momentum corresponding to ). The
BPS limit is & = 47 [29].!° It is convenient to define the following constant parameters

1 J Y’
= — s = — = . 29
P=%, 4=3% Sinh? (2.9)

Let us introduce the function £(6) defined in terms of p(#) by [13]

L ,_ - ¢ (v* - )’
0)=-| 5oa—7, BP=C"T /2y T 2.10
£(0) b pzsinh2p+b2 3 p 4 ( )

and also the parameter € obeying

b* (b* —p?) bt (1-€?) b (1—2&% - 2?)
ST T P i 0 1 b2 + €2 ' @10

9 Sign of £ is conventional and we follow [29]. The explicit expressions are —& :p’aapL, +¢/% —L=

_ sinh” p cosh p and J = BLI _ coshp b’ .
Vp 241 TFsink? p 9% Vp 21 T Fsink? p

10 At these special points the classical action vanishes after adding a suitable boundary action required to have the
correct Neumann boundary conditions for some of the string coordinates [36].

7
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Solving the equations of motion for §(£) one finds that the cusp angles are given in terms of
the elliptic functions (with modulus £2)!!

= [ ( g 2) 2 ] vV - 2
a=m— I ‘g _K(2)|, B=—2L k(D). 212
b p2+b4 p2+b4 ( ) p2+b4 ( )
The small angle limit is p > 1 with fixed ¢ when

2

1- 1-—
b=p+—L ... &2 — 2q fo a="g g="94 . (213
2p p P P
The (regularized) value of the classical action is
24/b* + p? (laz—l-l)p2 ) ) 7r(q2—1) 3
Sqa=TT K —-E =TT|————=+0(p~
a=T bp p2+b4 (5 ) (5 ) T 2]?2 + (P )
1 2 2
:ETT(B —a’) 4, T=|[dr. (2.14)

Comparing to (1.5) and (1.21) we conclude that we reproduce the leading planar strong-
coupling (string tree-level) term in the ABJM Bremsstrahlung function as given in (1.6)

1 /A
BO=_—T7=_—/2. 2.15
27 2wV 2 ( )
Elliptic parametrisation
Replacing p by ¢ introduced in (2.10) the induced metric (2.7) can be written as
R? 14+b%1—e2¢? d¢?
ds* = — |- 2.16
* 452{ P 1-g +1—52] (2.16)

Let us now define the world-sheet coordinates (o, 7) as

. 1 /142
o = F (arcsiné|e”) — K € [-K, K], =1 ﬁt e R, (2.17)
—€

€:sn(a+K):R, (2.18)

where K = K(?), F is the elliptic integral of the first kind and cn(o) = cn(o|e?) is a Jacobi
elliptic function. This allows to write the metric (2.16) in the conformally flat form

1—¢?

cnlo

ds* = 1R? (—dr* +do?) . (2.19)

Note that cno function here has an implicit dependence on €. For zero cusp angle, i.e. e =0,
we get cno — coso so that (2.19) reduces to the AdS; metric
1
2_1p2 2 2
ds* = 4R oo (—dT +do ) . (2.20)
Expressed in terms of o the string solution has the following explicit form

00) =3+ o1l (i am (o + ) 2) 411 (H51)] i) = —a. (220)
@)= 5+ s (7~ (e + K1) +11 (£5712)] w0y = o 2

11 One finds two branches for the functions () and 1(p): one with p ranging from co (AdS boundary) to a minimal
value, and another with p growing from a minimal value to infinity.

8
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Small angle expansions
Starting with the relations in (2.10)—(2.12) and expanding at large p for fixed g gives

<-1 (@-1)(-2) 2_1-¢ _(@-1)(d-3)

2_ 2 2
b"=p " +1-q + 7 + +o, = 7 +e

p* p p
W+@+“7 /3 Wq+m

P 4p ' P 4p

. (2.22)

For =0 (that corresponds to ¢ = 0) the small € limit is the same as the small « limit, i.e. we
get

1 3 5 2 1
v NI S S T I (2.23)

p 4p? 2 2

Another useful limit is large p at fixed imaginary . From the relations in (2.11) and (2.22) we
find

2 2\ 4 2.2 2 2 4
p (1—5)5 e’p € (1—25 +25)
b2 1762—"_62_]7724_.”’ q22—1752+1—262— p2 + 5
2 4582\ 2
a:@(p—l)7 é:_&_,_@(p—z). (2.24)

2 16 (1 — £2)’

Thus the case of oo =0 is obtained by taking p — co. Then further expansion in small € cor-
responds to the small 3 expansion (cf (2.23))

P _ 2 la (2.25)

Caseof =0

Let us record the explicit form of the solution in the special case of the vanishing internal angle
B =0 which is obtained for ¢ = 0. Then the above functions can be expressed in terms of the
parameter ¢, i.e.

1—2¢2 1-2¢2)° 1 1-¢2 1
b2: E, pzzw7 7—:71" costhzigi
2 2(1—<2) V1-222 1—2e2cn’0
(2.26)
T 1—2¢e2 ) ) 2 2
9(0)25—1—5 — [0 —II(1—¢*am(c +K)[e*) + (1 —¢€*e?)] , ¢ (0)=0.

(2.27)

In this case the relation between the small cusp angle o and € < 1 is given in (2.23)
a=7(c+3+..) . (2.28)
For the subsequent analysis of fluctuations it is useful to record the values of the following
derivatives with respect to o
2 2 2)2 2
e (1—e¢ 1 —1+ (1 —2¢%)"cosh” (2p)
( ) p/2 ( 0) _ ( ) .

0" (o) = ;
(o) 1—2e2 sinh*p 4(1 —2¢2)sinh? p

(2.29)
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2.2. M2 brane solution

It is straightforward to uplift of the above 10d string cusp solution to 11d M2 brane solution
wrapped also on 11d circle (cf (1.11)—(1.14)) so that the latter reduces to the former upon the
‘double dimensional reduction’ [37]. Let us consider, for example, the special case of =0
when the solution is localized at a point in CP? (in addition to (2.3)). Then the analog of the
induced metric (2.4) written in the world-volume coordinates (¢,6, @) is

o 1

ds? = gydo'do’ = LR* [—cosh® pdf* + (p’® + sinh? p) d6?] + k—sz dg? . (2.30)
Note that as follows from (1.15)

F4 =dC; = —3R*coshp sinh® p cosx df Adp Adf A dx (2.31)

C3 = 3R*coshp sinh® p sinxdt Adp A d . (2.32)

Since on the solution x = 0 we have vanishing C3 contribution to the M2 brane action in (1.17).
The volume part of the M2 brane action is

1
Sv= ;T / drd@dg coshp/p’2 + sinh® p , (2.33)

which is the same as in the type IIA string case, i.e. we again reproduce (2.15)."

3. M2 brane fluctuations near AdS, cusp solution

Let us now derive the spectrum of masses of quadratic fluctuations around the M2 brane analog
of the 8 =0 solution (2.27). We shall use a static gauge where, in particular, the 11d angle ¢
is identified with the second spatial world-volume coordinate, i.e. is not fluctuating.

3.1. Bosonic fluctuations

S’ /7y scalars

As the 8 =0 solution is trivial in CP?, the §7 /Zy fluctuations are completely decoupled from
the AdS, fluctuations. This is similar to the case of the AdS, x S! M2 brane solution cor-
responding to the circular Wilson loop case in [2, 38]. To quadratic order in the remaining 3
complex fluctuations of w* in (1.14) (that have trivial classical values) we have

N | ] ‘
sz, = AW dW’ + 50 + é (w'div* —w'dw)de+ - . G.D

Using the indices a,b = 0,1 for (7,0) and i,j =0, 1,2 for (7,0, ¢) and denoting by prime the
derivative with respect to ¢, we have (cf (2.19))

ds? = ggdo'do’ | gy =g\ +g; . (3.2)
1A 2
©) _ p2 (38 O 5 p_1—¢€ 2 2
g; =R (40a klz)’ gapdo?do” = oy (—d7*+do?) , (3.3)

=

12 Since [ d¢ = 2 we get the prefactor of the integral over  and 6 as 27X S AT S

10
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0w Opw* h
L p2 a b - a3
6g1] R ( hb3 w/sv—v/s + i (WSV_V/S _ ‘/—V/sws)) ) (34)
haz = W 0w + w0, + 5 (W' g* — W Ow*) . (3.5)

The WZ part of the M2 brane action does not contribute in this sector (cf (2.31)) while the
quadratic fluctuation term in the volume part of the M2 brane action is found to be

1 ..
T2/d305(\/jg) = §T2/d30 _g(o)g(o)uégi/’

1
=l / drdodg \/—g [480 0w 0w’ + IPW"W" + ik (W' —w"w')] . (3.6)

Expanding in Fourier modes in the ¢ coordinate, w*(7,0,¢) = >, e"?wi(7,0), we get for the
corresponding fluctuation Lagrangian

Ly=4y/=g Y [§ 0w, 00} + § (Pn® + 2kn) w' ;] . 3.7)
It describes three towers of complex scalar 2d fluctuations propagating in the metric g, in (3.3)
with the masses (cf (2.11) in [2])

S")Z: my=1tkn(kn+2), n=0+1,42,... . (3.8)

The case of n=0 corresponds to the massless 2d fields found in the string theory case. For

k > 2 the values of m? are positive'.

AdS, scalars

Using the AdS4 metric in (1.12) and (1.13) with the coordinates (#, p,x, ) let us fix the static

gauge as'*
6t=0, 60=0, 6o =0, 3.9)
and define
5 p/2
=—/1+——7Z = X . 3.10
p=\[1F Grga 2009 s = X (7,0,0) (3.10)

Here p(o) and (o) are the classical solution functions in (2.26) and (2.27) (see also (2.29))
and Z and X represent the two non-trivial AdS, 3d fluctuation functions. Then the quadratic
term in the expansion of the volume term in the M2 action may be written as

Sov =11, / drdode /—g© {Rz (¢©)" 0207+ ox0X) +4 (4+RV) 22+ sxz} . (31D

(9)

Here g was defined in (3.3) and R@ is the scalar curvature of the 2d metric 8ap in (3.3)
&2
R®=_2(1+ sen'o ) . (3.12)
1—¢
13 Note that fork=1andn = —1 we get m2 = f% which saturates the stability bound in AdS; (to which the metric

8ab reduces in the zero cusp limit) as the corresponding conformal dimension given by & = %(1 +V1+4m?) = %
14 In the string case an alternative approach is discussed in [13].

1
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Splitting the derivatives into the 7,0 and ¢ ones we may write (3.11) as
S27V = iTZ /deO’dgb —g [gab (aaZabZ+ 8aX8bX)
+<4+R(2)) 22X+ 1 (Z'2+X’2)} : (3.13)

To find the fluctuation part of the WZ term Swz = T» f (3 in the M2 brane action in (1.17) we
note that according to (2.31)

1
C3 = 3R*cosh (p + 6p) sinh® (p + dp) o (X+---)V1—=2e2d7 A (p'do +ddp) AO'do
sinhp
= —3R*\/1—2e2coshpsinhp ' X5p’ dr Ado Adp+ - . (3.14)
Note that in our notation p’ = 9,p(0), 8’ = 9,0’ (o), while for the fluctuations dp’(7,0,¢) =

049p, etc. Expressing dp in terms of Z in (3.10) and using the explicit form of the solution
functions p(0),0(o) we get

Sowz =3T> (1—2¢%) / drdodg cosh’ pXZ' = 3T, / drdod¢ \/—¢XZ' . (3.15)
Combining (3.13) and (3.15) we get for the corresponding quadratic fluctuation Lagrangian
(factoring out % v/ —8)

Loads = 8 (0,Z0yZ + 9, X0pX) + (4 + R(2>) 242X
+IR (2P +XP) + 3k (X2 -X'2Z) . (3.16)
Note that for zero cusp angle, i.e. € = 0, when g, in (3.3) reduces to the AdS, metric (cf (2.20))
and R in (3.12) takes the -2 value, the mass terms of Z and X become the same. Then after

the Fourier expansion in ¢ we get the same two towers of massive 2d fields in AdS, as found
in [2]

£=0: my =1 (kn—2) (kn—4) . (3.17)

For generic ¢ expanding in Fourier modes one finds the following 4 x 4 mass-squared matrix
for the sin(n¢), cos(n¢) modes of Z and X

R® | 22 3kn
T R<2(>) n? gk H
M2 = 0 SRR B W (3.18)
0 - 1+ 5= 0
2
Y 0 0 1487
The corresponding eigenvalues are (each with multiplicity 2)
my =3+ iR +%k2n2j:%\/(2+R(2))2+9k2n2. (3.19)

Considering the limit when ¢ is small (and thus 2 4+ R® < 0 according to (3.12)) we get'’

2

, 3.20
2—2costoe? 4. (3:20)

2
2 2 2
mg. =3+ IR 124+ RP| = {4+R(2) :{

15 The + signs in (3.19) are taken into account in (3.21) by the fact that n € Z.

12
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my =4 (kn—2)(kn—4) —cos*oe® +--, n=%1,42,.... (3.21)

Note that the coefficient of the cos* o term is different in the cases % 0 and n = 0.

3.2. Fermionic fluctuations

The general structure of the fermionic part of the M2 action in 11d background in (1.17) is

Sp=T, / o [Fg g1 XMIT\mD;Y — Le™ 9, xMOXNIT\n D) + - } , (3.22)
g = 0XMIXNGyn (X)) Gun = ENEL Iv=Ey(X)Ta, (3.23)
D;=0X"Dyi,  Dy=0u+Tapf — 555 (- —8T7N6Y) Fonke - (3.24)

In the type IIA GS string limit of the cusp solution one finds the Dirac action for the 34-3 2d
fermions with masses =1 and 2 fermions with mass O [21]. Being independent of ¢ these are
the same values as in the case of the BPS Wilson loop.

In the case of the AdS, x S' M2 brane solution without cusp one finds as in [2, 38] 8 towers
of 2d fermionic modes with masses

m,=3%kn+1 (3+3 modesy); m,=1kn (2 modesd’), n=0,+1,£2,.... (3.25)

These reduce to the IIA string values for n =0.

In the presence of the cusp, i.e. for € # 0, the structure of the M2 brane action and the
factorized form of the M2 brane solution in AdS4 x S7/Z; implies that one can get the M2
brane fermionic masses from their IIA string values by the same %kn shift. The reason is that
the fermion operator depends just on the induced metric and the F'4 background and thus should
be universal. A similar pattern in the structure of the 11d fermion spectrum was observed in
[3, 6, 39]. Detailed form of the Dirac operator in the induced metric (2.19) will be given in the
next section.

4. One-loop M2 brane correction for small cusp in AdS,

The log of the resulting one-loop M2 brane partition function (1.21) may be written as the sum
of the contributions of 84-8 bosonic and fermionic towers of 2d fields, i.e. symbolically,

o) 8
—logZ, = % Z Z (logdetAp, , —logdetAp, ,) 4.1

n=—o0 p=1
Here the massive scalar Laplacian Ap and the fermionic operator A are defined using the 2d
metric g, in (3.3)

4 — 1—¢?

— (—dr*+do?) , -K<o<K, 4.2)
cn-o

i.e. Ap has the following structure

Ap=——L_5, (\/?ggabab) . 4.3)

N
Rescaling all the operators by 1/ —g and using that (4.2) is conformally flat we get

1— 2
o (4.4)

Ap=07 -0+ cn’o



J. Phys. A: Math. Theor. 58 (2025) 175401 M Beccaria and A A Tseytlin

The effect of such rescaling should be trivial after summing over # as there is no Weyl anomaly
in 3 dimensions'®. Due to the translational invariance in 7, integrating over the corresponding
momentum component one can, by the standard argument, express (4.1) in terms of the sum
over the characteristic frequencies or eigenvalues of the spatial 1d operator in (4.4) (cf (1.22)
and (1.23))

[e%s) 8
—logZi=TE, E=3 Y > |ws.i(n)—wr.(n)], TZ/dT, (4.5)

n=—oop=1 ¢

where the bosonic frequencies wy are defined by

o 1-€ 2
—8U + o2 m- | P, = wefbg . 4.6)
g
The fermionic wy are the eigenvalues of the corresponding Dirac operator

d 1—¢?
it <80+sn0 n0>+\/ €

2cno cno

m| Wy =~"w, Ty, 4.7

where 7 are the ‘flat” 2d gamma matrices defined in terms of the Pauli matrices &; as

v* = (61, i63) (4.8)
The explicit values of the masses were given in (3.8) and (3.19) for the bosons and in (3.25)
for the fermions.

Given a complicated o-dependent form of the operators in (4.6) and (4.7) determining their
spectrum is, in general, a non-trivial problem. As we are interested in the correction to the
Bremsstrahlung function, it is sufficient to find the leading terms in wy in the small cusp angle
« (or small €, cf (2.13)) expansion. To do this we shall follow the same approach as was used
in [22] in the corresponding IIA string case'”.

For € =0 we have cno — coso so that the operators in (4.6) and (4.7) reduce to the cor-
responding (rescaled) ones in the AdS; case. The associated eigen-functions ®,, ¥, were dis-
cussed, e.g. in [43]. For the scalars with the Dirichlet boundary conditions one finds

LT L+2h) (L+h L p1
_ \/ ( + )( + )COShO'P(} 2:h 2)

D)0(0) 1T (€+h+ %) p (sino) (4.9)

e

/ @i (0) Puer (0) = e (4.10)

ol

wi={C+h, hz%(1+\/1+4m2), (=0,1,2,... .11

16 The non-trivial part of the total Weyl anomaly cancels already in the GS string case, i.e. at the n = 0 level [30]. There
is formally a residual UV divergence proportional to the Euler number that should cancel against the path integral
measure [40]. This divergence and thus the Weyl anomaly cancels automatically in the M2 brane case as there are no
log UV divergences in the 3d case [2]. Possible subtleties related to a Weyl rescaling of the 2d metric were discussed
in the string context in [41].

17 This perturbative approach does not require to write the second order fluctuation operators in the explicit Lamé
form (for a similar near-AdS; expansion see [42]). Also, as discussed in [22], in this approach it is straightforward to
implement the fermionic boundary conditions compatible with the A" = 6 supersymmetry in the zero cusp limit.

14
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where h denotes the corresponding AdS, conformal dimension (i.e. m*> = h(h — 1)). For the
fermions in AdS, with mass m < % we have

0T (€+2h) hh—1) , .
v = ! 2 1 = - h g jus P(’ )
ht (z/)h,mh,e) s Vne (o) 2h—%1“(€—|—h) cos ‘7005(2 + 4) ) (sino) ,
(4.12)
QT (6+2h
2 h . o s (h—1,h)
0)=———————>cos osin(5+7%)P sino)
wh,l( ) 2h_%F(€+h) (2 4) ( )
we=L+h, h=%—m. (4.13)
For the fermions with m > —% we have instead
0T (€4 2h) h—1h) , .
U, = (vl 2 1 _ h o o m\ plh=Lh)
e = (XneXne) 5 Xne (0) I n cos"ocos (+ %) P, (sino) ,
(4.14)
5 VOT(E+2h) o (hh—1)
0)=————F———>cos osin(5+7%)P sino)
Xine ( 21T (04 h) (5+%) P (sino)
we=L+h, h=%+m. (4.15)
In both cases!8
w/2 do ;
/ U, Wy =08p 00 . (4.16)
—xjpc080 "

Let us now find the first non-trivial terms in the small € expansion of the eigenvalues w, for
n # 0 first assuming k > 2 and then discussing the special cases of k = 1,2.

4.1 Expansion of bosonic fluctuation frequencies

CP’ scalars
For the 6 CP? scalars with the mass in (3.8) the AdS, conformal dimension in (4.11) is (assum-
ing k>2)

1+Yn, n>0
By =1+ Lkn+ 1] = 2T ’ 4.17
2+ 2l | f%kn, n<0. “.17)

As in [22] let us rescale 0 — ¢ and w, — Wy as

~ T T T ~ 2K 2K | 2

F=go €l ya)  m=Ten Teleidee . @y
Then (4.6) takes the form

2K\® 1-¢2
—a§+<> e ? | &y = 2Dy, 4.19
[ ) o (o) he =Wy Ppe (4.19)

18 For fermions with |m| < % it is possible to adopt alternative quantizations, i.e. choose one of the two possibilities
above [44-46]. Here this will happen only when m = 0, which may occur (for generic k) only for n =0.

15
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As m in (3.8) is independent of ¢, expanding in small € gives

2
(—8§ + m2 — —1&m + ) Do =Py (4.20)
COS“ o
and thus using (4.10) we get
/2
d),%:(ﬁ—i-h,,)z—%z—:zmz/ A5 @} ,+ = (C+hy) =2, (hy— 1)+ . (@421)
—7/2

As aresult, for the original wy in (4.18) we obtain

we = (C+hy) (1 - %) - W52+”" (4.22)

AdS, scalars
For the £ = 0 value of masses in (3.17) m? = i(kn —2)(kn — 4) we find from (4.11) (assuming
again that k > 2)

—1—|—%kn, n>0,

4.23
—%kn, n<0. ( )

hy =1+ Llkn 3| :{
Taking into account (3.21), the expansion of (4.19) reads

hn hn - 1 ~ ~
<8§ + % — [%hn (hy— 1)+ ¢y cos? 0] 24 ) Dy, 0= w%@hlhg , (424

where (cf a remark after (3.21))

co=2, cno=1. (4.25)
Using that
/2 h(h—1)+ (h+£)*—1
ds @2 ,cos’5 = , 4.26
/_ﬁ/z TS T = S i ) (h 1) (4.26)
we obtain
~2 2 2 7r/2 ~ 12 1 2 ~
Wy = (€+hn> — & / dO’@hme I:Eh” (hn_ 1)+CnCOS O':I + -
—m/2

B (B — 1) + (hy +0)> — 1
2(hy+ L+ 1) (hy+E—1)

=(0+h,) — [;hn (hy— 1) +c, 24, 4.27)

For n# 0 we then get for wy in (4.18)

— 1 hfl(hn_1)+1 hn(hn_l)
w_(uh")( _Zez)_{ 4 (hn +£) +4(hn+15)(hn+€+1)(hn+€—1)

]52+~.. (4.28)

Note that the sum over ¢ of the last term in square brackets is convergent (and independent of
hy)

= hy (hy — 1) 1
;4(hn+£)(hn+6+l)(hn+€—1)_g' (4.29)

16
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4.2. Expansion of fermionic fluctuation frequencies

The values of the fermionic masses (that do not depend on €) were given in (3.25). As was
mentioned above, one should consider separately the cases of m > —% and m < % Assuming
k> 2 we have

n>0: k2> -_10 ks

o=

. . kn 1 kn 1

;7 n<0: 7:|21< 3 2 < 3 (4.30)
Hence the corresponding values of &, and the spinor type (i.e. with components 1) as in (4.12)
or x as in (4.14)) for the 3 4 3 fermions with mass %kn 41 and 1 + 1 fermions with mass %kn
are as in table 1.

Table 1. Mass, conformal dimension, and the spinor wave functions for the 8 towers
of fermionic modes. 91 = (97%.), r = 1,2, 3, represents 3+3 states, and 9’ = (9”), s =
1,2, represents 141 fermionic states.

m sign (n) hn spinor
dr SE£1 n>0 Fil4] (X:’XZ)
o8 w>0 B45 0 (LX) 4.31)
dr $E£1 <0 —’%‘:Fl—fl—% (¢l,¢§)
v A n<0 R C )
After the rescaling in (4.18) equation (4.7) reads
) 2K sn&dné 2K V1 —¢g? .
—i~y! <8;,+~> —m| Uy =", (4.32)
T 2cno T cn(7g)
Expanding in small € gives
[—ivl (05 + Stan& + £sin(26)e* + -+ ) + % - %mcos&sz—k-w} Uy =~20,0, .
o
(4.33)

Next we are to apply the standard first-order perturbation theory using ¥, , corresponding to
a particular value of m in (4.31). We find"®

71'/2 d~
Qe =L0~+h, — 52/ 7 ‘I’Z,JVO [4sin(26)y"' + {mcos&]| Uy, ,
/2 COST

71'/2 d&
={+h,— }—‘Ezm/ — Ul A0, 4 cosq, (4.34)
—n/2€080 ™

where we used that UT~%~y! ¥ = 0 which is true for any m > —% or < % Here

19 Starting with a generic expression [i(0y + §tano)y! + (w+e?w+ -+ )7* + B(o) + C(0)e? + -] (¥ +
SUe2+---) =0, we get at first order [ SZWT40[i(8y + 1 tanc)y' +wy® + B(0)]6T + [ 2= Wi [sw +
7°C(o)] . Integrating by parts we find that w = — [ do¥T+°C(c) V.

17
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™2 45 2(2h—1) (h+10)
\I}T O\Ij ~:
/mcos& e e ST = ) (2h + 20+ 1)

2h—1 N 2h—1
204+2h+1  (20+42h—1)(20+2h+1)]’

(4.35)

where the upper sign applies to the (1!,1?) case and the lower sign to the (x',x?) case.
In (4.35) we separated a term which gives divergence when summed over ¢ and a term that
gives a convergent h-independent sum

> 2h—1 1
;(2€+2h—1)(2£+2h+1) T2 (4.36)

Thus using (4.31) and (4.34) we get

2h, — 1 N 2h, — 1
2042h, +1 (204 2h,—1)(20+2h,+ 1)

wg:(€+h0(l—i§)iim[ }Ez+“.

(4.37)

Using that h = % F m (assuming the same sign/spinor correspondence as in (4.35)) we end
with
- L -4

C+hy+ 3 - (C+h, =) (C+h,+1)

we=(L+h,)(1-1e)+1( e

- hn)

Rl
=

(4.38)

Notice that here there are no =+ signs, i.e. the expression is the same for both types of the
spinors once m is written in terms of #,,.

4.3. n=0: string theory limit

A similar computation in the type IIA string theory case was previously done in [22]. The
string case corresponds to keeping only the n = 0 modes. To take this limit requires some care
as some details of the general n formulae above depended on assumptions that n # 0. For the
6 CP? scalar fluctuations we can set ig = 1 (cf (4.17)) and then from (4.22) we get

we=L+1)(1—1e)+-. (4.39)
For the two AdS, scalar fluctuations we have the corresponding AdS, dimensions hy =2

in (4.23). One mode has no corrections to its mass in (3.20) and then

we=(L+2)(1-1) — o S (4.40)

2(042)
For the other mode we need to use ¢y = 2 in (4.27) and this gives

2 2(0+2)
2= (0+2)* — 2/ 532 (1420828 4o = (f42)2 - _=\ET2) 2
W ={+2)" —¢ o o 2,5( + 2cos a)—i— (£+2) <£+1)(£+3)5 + ,

(4.41)

which leads to

1 1

we=(£+2)(1-3¢%) - (+1 (+n+3))°

SRR (4.42)

18
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For the fermions, we have 1+1 states with m =0 and /g = % and 3+73 states with m = 1 and
hy = % Using (4.38) we get

m=0: w=(+1) (1—%52)4—--',
L | - (4.43)
40+1) 8(l+1)(£+2) '

m==1: wg:(ﬁ—&—%)(l—iaz)—

4.4. One-loop vacuum energy

We are now ready to compute the total vacuum energy in (4.5) by summing the characteristic
frequencies wy(n) over all modes. We shall first assume that k > 2 and then consider the special
cases of k=1,2.

k > 2: Let us start with the n > 0 modes for which (cf (4.17), (4.23), (4.31))
ho=1+%, h=%—-1, hy,=%%1+5, hy=%+1. (4.44)

Doing the sum over ¢ for each n let us define the contribution of each of the 848 scalar and
fermionic modes as

oo
=35> wiln (4.45)
=0
Expressing the result in terms of the Hurwitz zeta-function {(s,a) = Y2, ﬁ we then get

(including minus sign for the fermions)?’

EF =65 [10(~1ha) (1-48") = fha (e = 1) ¢ (L) & -] |

ENS =2 [1¢(-1, hAdo(lﬁez)f%mAds (s = D+ 1 ¢ (L) € = 5"+ ] |
Eﬁi =3 x [* ~Lhy,) ( ) 3 *_hﬁi) ¢ (Lo +3) e+ 16 (3 - 191)52"‘"'} )
E = =2 [5(-Lho) (1-4) = § (= ko) ¢ (Lhor + 1) €+ 5 (F —hor) 4] .

Using the explicit values of dimensions 4, in (4.44) we get for the total
E,=E +E}S +E)* +E)- +E)
L1+ 8) -3 L1 B) (LA )+ (L1 8)
-3 (71,%+k7")+[1(71+2kn) + 2 (24 kn) ¢ (1,5) + L (—12 4 6kn — K2n?)
c( —1+8) LB +kn) ¢ (1,1+ %) + 3 2+kn)*¢ (1,2+4)
-4 <—1 SR L)
+1 <( I+i)]e+- (4.47)

This expression can be simplified using the relations

CL=1+%)=¢(1L.B) + 55, CL1+8)=¢c(1Ly) -4, (4.48)

20 Note that the structure of the expressions for ¥ and ¥’ fermions is the same due to the comment after (4.38).
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(1248 =¢(1,) -2 - i , ((-la) =3 (—146a—6a%) . (4.49)

One finds that all log divergent terms proportional to ((1, %") cancel out. Also, the -
independent terms combine to zero (reflecting the vanishing of vacuum energy in the AdS,
limit [30]) so that
E 6—5kn ,
" Sk (kn—2)
Let us note that in (4.47) we used the zeta-function regularization to subtract the linear diver-
gences present in the sum over ¢ for the contributions of the individual fluctuations. In fact,
this regularization is not necessary once all these contributions are combined together—the
resulting sum over ¢ is manifestly finite. Indeed, the explicit form of the total E, as the sum
over { is given by

+0 () . (4.50)

E, = [é Qkn—1)+> ene| €+ 0 ("), 4.51)
=0
1 14+1+P2 3140 (140 (=1+2) 3(1+1)°
eng=—75— + - + . (452)
2 2(—2+20+kn)  4Q20+kn) 2(Q2+2i+kn) | 4(4+ 20+ kn)
Heree, ’£>>1 = —1(12+k*n?)€~2 4+ O(¢3) so that the sum over £ is convergent and is given
by

(4.53)

i 12— 12kn+ 5K*n* — 2i%n?
— ent = 8kn (kn —2)

As a result, (4.51) gives the same result as in (4.50) without using the zeta-function
regularization.
One can check that the same expression is found also for n < 0 when

hcpz_%n’ hAdSZZ_%7 hﬁi:_%n¥l+%’ hﬁ/:_%n—i_%' (4.54)
Summing over n # 0 then gives
[ 6—>5kn 6+5kn |, = 1
E,= o= =2 _
; ;[4kn(kn—2)+4kn(kn+2)}€ - ;k2n2—4€ *
1 =« 2T\ 5
=|—-+=cot— 4.
(4+2kcok>5+ (4.55)

Note that this sum over 7 is also manifestly convergent. This is to be compared to the Wilson
loop case in [2] where the sum over the M2 brane modes in the partition function was linearly
divergent and was defined using the Riemann zeta-function regularisation'.

It remains to add the contribution of the string-level n = 0 fluctuations that can be computed
using (4.39)—(4.43) as was already done in [22]. Explicitly, we find

= 3 ; 2 4 _1 2 4
E()_;‘*(%Ll)(#rz)E +O(€)_45 +0 (") . (4.56)

>
Kn?

21 Explicitly, in [2] one had for the one-loop M2 brane correction to — log(W): T'; = > log (T — 1). This gave
I'y =log [2sin 27“] after using that (0) = f%, ¢’(0) = f% log(27).
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Here the sum over ¢ is also convergent, i.e. does not require to use the zeta-function
regularization.
Combing (4.55) and (4.56) we conclude that

_ _ T 21 2 4
E= Z Ey=pcot=-e +0(eY) . (4.57)

Using that in the small cusp angle limit o =7e 4+ ... (see (2.28)) we observe that the one-
loop correction I‘éf.zp = Ein (1.22) indeed scales as a. Then using (1.5) we conclude that the

one-loop correction to the Bremsstrahlung function is given by (1.24).

k = 1: For k=1 the relation (4.17) for h, for the CP? scalars still applies. Equation (4.23) for
h, for AdS, scalars applies for n > 3 while for n = 1,2 one has

Mij =2+31-3]=3, My =2+ 32-3]=1. (4.58)

For the fermions, the data in table (4.31) requires a modification for the mass m,, = %” F 1 for
n = =£1. In these cases one has

m=-1 = n=1; moa=1 = ni=1. (4.59)
With these changes we find
E1=—£62+--~, E2:—352+...7 E71:%52+.... (4.60)

Using also that for k=1 we have E_, = % the analog of the sum in (4.55) is found to be

> 1 1 5 11 1 [ 6-5n 6+ 5n
Ey=-c24(—>—4+—+= )& g
;:OO Z¢ +< 1 8+12+2>5 +;[4n(n_2)+4n(n+2) e+
12
1o 4.61
yRa (4.61)

k =2:For k=2, (4.17) is still valid while in (4.23) for n=1 one should use h; = § + 1|2 —
3| = 1. For the fermions, the values in table (4.31) apply also for k=2. As a result, E; =
—%52 +---. Using also that E_| = % we find

> 1 5 1 [ 6—10n 6+ 10n
E, — —¢2 B P 2
D Ei=ge +( 8+2)€ +Z[8n(2n—2)+8n(2n+2) e

n=—o0 n=2

1
=gt (4.62)

As as result, from (4.61) and (4.62) we get the corresponding values (1.25) for the one-loop
correction to the Bremsstrahlung function.

5. One-loop M2 brane correction for small cusp in CP*

Let us now discuss the case of the ‘internal’ cusp, i.e. when a=0 while [ is non-zero.
Considering the small 3 limit we will confirm that the coefficient of the leading 5? in the
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corresponding one-loop correction (1.22) and (1.23) is indeed the same up to sign as of the a?
term computed above, i.e. is given again by (1.24) and (1.25).%

The a=0 case corresponds to p — oo at fixed imaginary ¢ when (see (2.24), (2.25)
and (2.17))

p ;
b= —oo, t=V\1-e1, 0'(6)=0, e=ie 5.1
m ) ) ) 9
1

Pr=—e* p?=1+(1-¢*)sinh’p wm%:cﬂa’ (5.2)
4-5:2)°e2

52 — _772& . (5.3)
16(1 —e2)’

The small /3 limit corresponds to € < 1 when § = ime + ... which is consistent with the range
of ¢ = ico being [f%ﬂ, %B] as in (2.6).

5.1 Fluctuation spectrum

Let us start with bosonic fluctuations and fix a static gauge similarly to (3.9) (see [13])

5t=0, o =0, 66=0, (5.4)

1 .
X(ro6) . Sp=-VpP-EW(ro6). o

ox V(r,0,¢) . (5.5)

~ sinh p - sinhp

The ‘volume’ part of the quadratic fluctuation action then takes the form (cf (3.6) and (3.11))*
ij
S27v = %Rsz /de0d¢ _g(O) {é |:(g(0)) (8,V8]V+ &‘W@J‘W—F 8,X8,X)

4k [e2cnlo

ﬂ%W+m%W+m@ﬂfﬁ Tt?muﬁ%w+@@f
U I T O U S
X 26,-")/6]’)/ + - 8ioraj@r + - ai‘:prajgpr + 2m,y'y - 79r6¢§0r — 5y erao@r )
4 4 R 2e
4
m$=m§=ﬁ+mi7 m@:ﬁ(Z—i—R(z))—i—mi, m? =4 enlo (5.6)

Ejo) is the same as in (3.3) and the cno factors may be written in terms of the
conformal factor of the g,, metric as \/—g = ir;i . The two pairs of fields (5,, &) (r=1,2)

enter symmetrically and to diagonalize their Lagrangian we may perform the redefinition

Here the metric g

0, =2 (A, cosh’ —iB,sinh%) | ¢, =+/2 (B, cosh’ +iA, sinh &) (5.7)

22 Let us note that this case has a relation to the latitude Wilson loop for which there is no so far an exact localization
result for the expectation value for a finite angle.
23 We use tilde to denote fluctuations of the CP? angles that have fixed values in (2.3) and rescale 5 — %ﬁ.
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and use (5.2). As a result, we can put (5.6) into the form?>*

S,v = LRT, / drdodg \/—g® ()7 (VEV + WA W + 9XOX
+ 04O + OAOA, + a,-BrafBr) +miy V2 o+ miy WP+ my XP o+ m3 32+ m3 (A7 + BY)

BT R (70, — W0,3) — 3 (A,0,8, — BouA,)]
L2 EN (5.8)

2 1.2 5 2
LI A e v

)

where we used that gi(jo) is given by (3.3). In the IIA string limit when terms with Oy are absent

this action for 8 bosonic fluctuations is equivalent the one found in [21].
The contribution of the WZ term is found using (2.31) asin (3.14). Ashere 6’ = 0 (see (5.1))
we get

1
C3 = 3R cosh(p+ 6p)sinh* (p+ dp) P (X+---)V1—e2dr A(p'do+ddp) Addb
p

= 3R*\/1—¢2coshpsinhpXp’ (50)" dr Ado Adgp+ -, (5.9)

where again p’ = 0, p(c) while the prime on all the 3d fluctuation fields is assumed to be the
derivative over ¢, i.e. (0p)’ = 0y0p, (60)' = 0406. We may now use (5.2) and (5.5) to get

Sawz =3TR/1 - sZ/deadqs coshpp'XV' = %Tz/deadqﬁ V=8 V1+Rm; XV'.

(5.10)
According to (3.3), v/ —g© = £, /—¢ so we get from (5.8) and (5.10)
SZ,V +S2,WZ = éTZ/deUdQS V _g (Lkin +Lmass +Lmix) ) (511)
Liin = 8" (0aVO,V + 0.X0pX + 0, WO, W+ 07057 + 0uA,OpA, + 0uB.0,B,) ,  (5.12)
Lunass = 55 [}, V2 -+ m X2 + i, W2+ 232 + i}, (A2 + BY)]
—l—é(V’2+W/2+X’2+’?/2+A;2+B;2)
_k (\/1 TR (AW — W3') = 3(XV' — VX')] +A,B! — B,A;) , (5.13)

where we put the terms with (...)" = 9, (...) into the mass part anticipating the expansion in
Fourier modes in ¢.

24 The reason why the simple rotation in (5.7) works is due to the special dependence of the (é, ) mixing term
in (5.6) on o. Indeed, if we start with a model Lagrangian L = \/fgga” [8a<1>| @1 + 0, P20, P2 + (o) D100 <I>2]
and assume that p(o) = ﬁ where c is a constant then for a conformally flat g, its conformal factor drops out,
i.e. the corresponding action is the same as in flat space. Thus it can be diagonalized by a rotation with an angle fo.

The resulting mass term is then proportional to ﬁ like mﬁ in (5.8).
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In general, for two mixed 3d scalars @, $, with canonical kinetic terms and the mass terms
like in (5.13)

Linass = mi®% + m3®3 +m?, (0105 — &,B]) , (5.14)

decomposing the fields in sin(n¢), cos(n¢) components the resulting mass matrix

m? 0 0 nm3,
2 | O m? —nm3, 0
M= 0 —nm, m 0 ’ .15
nm?, 0 0 m3
has eigenvalues (cf (3.18) and (3.19))
mi=1 [m%—i—m%i\/(m%—m%)z—i—élnzm‘l‘z . (5.16)

Assuming n # 0, we then obtain the following expansions of masses for the above pairs of
mixed bosonic fluctuations:

miyx =2—3kn+ 1Kn* + (1 — 2kn) cos> o 2+ - | (5.17)
mZ%W = Tkn+ 1k*n* + [(14 tkn) cos’ 0 —cos* o] €24+, (5.18)
myp = skn+ 1Pn? + Lcos?o el 4 . (5.19)

The quadratic fermionic fluctuations in (3.22) are again governed by the the Dirac operator
in (4.7). While in the S =0 case in section 4 the mass parameter m was independent of o, here
one finds that in the ITA string limit [22]

1

my (0’) =7 |51—5%2 + (S3 +3S1S2) R (5.20)

dno
V1—¢?
where s;,s,,s3 take £1 values giving masses of 8 fermionic 2d modes. In the present M2
brane case where the Dirac operator contains also a J, term the fermion masses are again
given by (5.20) with an extra Universal term %kn as in (3.25), i.e.

m=nmq(c)+ 3kn n==+1,+42,... . (5.21)

5.2. Expansion of fluctuation frequencies

Like in section 4 we can now determine the leading terms in the expansion of the corresponding
fluctuation frequencies wy in small € or, equivalently, in small 3.

V, X scalars
The AdS; conformal dimension 4, corresponding to the € =0 value of the mass here is the
same as in (4.23). Then using (5.17) the analogs of (4.20)—(4.22) are

hy (hy —1 -
- aﬁ,—if,osz& D [ 1) 1 ) | @, =R (5:22)
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/2
07 =(L+hy,)* —52/ A6 @5 o (3 (hy—1) =1+ 3kn] +---
—7/2
= (04 hy)’ = [Shy (hy = 1) =14+ 2kn] 2+,

By (hy — 1) — 2+ 2kn
( ) 2 24,

we=(C+hy) (1-14e?) — = T (5.23)

5, W scalars
Here the conformal dimension #, is the same as in (4.17) and using (5.18) we get

By (hy — 1 N N
- [a?,—"()Jr [Yh, (hy— 1) —1— 2kn+cos*G + -] €2+..} By, 0 =070, 0,

cos2 g
(5.24)
/2
wﬁ:(uhﬂ)z—ez/ d&@ﬁme[%hn(h,,—l)—l—ikn—&-coszé]+~~-
—m/2
1+ hy(hy—= 1)+ (R + 0> =17 ,
— 2_ |1 _1)—1-1
= (E4h) {Zh”(h” Dbt G e D+ =1y T
By (hy —1) =1 = Lkn T (hy — 1)
— 1.2y 2 nAn 24 ...
= (L) (1= 4) [ 4(0+hy) A D)t e+ Dt =D |5 T
(5.25)

where the last term is the same as in (4.28).

A, B, scalars
Again the conformal dimension /4, is the same as in (4.17) and using (5.19) we get

(=5, 0, (5.26)

ns

hy (hy, — 1)
[8§C()526+Bh”(h"1)ﬂ | @y

/2
@§:(£+hn)2—52/ A6 @5 o [Sha (hy—1)— 5]+
—m/2
:(€+hn)2_[%hn(hn_l)_%] €2+“'7
hy(hy—1)— %

we:(£+hn)(1—§g2)—”4(€Tn)e +oee (5.27)

Fermions
Using the values of masses in (5.20) and (5.21) we find the following small € expansions of
the corresponding mass term in the equation (4.32) for the fermionic wy

1 .
_ﬁi’gr‘; j—i(%il)cosasz+--~ ;
§n+ 1 (kn ~ 2
— 2 LB 2)cosger 4, 2modes
K AVI—2 Sl 1‘(,; o ) ( )
—7mm(70): — s ti(§—14+2)cosge’ -, (2modes) (5.28)
7 Ln ~
_?C’;s‘gl+%(%+l—l)cosa€2+ )
_ic’:;—&l_;_%(%"—l—f—l)cos&sz—f—
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Comparing with (4.33) where we had the term — = + mcosa g2 + - (the 4! term from

connection part was shown to give no contribution) we see that the €2 terms in (5.28) lead to
- m~+%(m+5m)cos&€2+---, (5.29)
cosa

with dm shifts for the (3 +3) + (1 4 1) = 8 fermions given by

m gyl E-1 &
sm —2,-2,—1 2,2,1 1,-1

Equation (4.38) should then be modified by ém, giving

we=({+h,)(1—1%e*) + 1 (% —h,F0om)
by — % 2h, — 1

n 24 5.30
Crhg+ 1 @4 2h )@ 2m )| T o

5.3. One-loop vacuum energy

Following the discussion in section 4.4 let us start with » > 0 modes and recall the values of
conformal dimensions in the zero-cusp AdS; limit (labelling fermions as in the 8 = 0 case)

n>0: hyw=hap=1+%, hyx=%—1, hy, =% +1+1, hy=%+1. (53D
We then doing the sum over £ in (4.45) we find

EA/W 2x %C —1,hyw) ( _%52)_%[hvw(hvw_l)_1_%]4(1:hvw)52_%52+'“]7
1

{c 1, /x8) 1—182)—%[hAB<hAB—1)—%JC(LhAB)s%m}, (5.32)

EX =2 [3¢(=1,mvx) (1= §2%) = & [rvx (v = 1) = 2+ Fha] C (1) €+

Bt =2 [-3¢(=Lhoe) (1= 47) + 5 (5 —how £2) [(3 = hou) ¢ (Lhos +3) = 4]+ ]
F1x [=3¢ (< Lhos) (1= 47) + 8 (3 —how 1) [(3 = hou) ¢ (Lhoy +3) = 4] >+ -]

B =1 [<20(=Lhor) (1= 48°) + 4 (3 =hor +1) [(3 = ho ) C (Lhgr +3) = 1]+ -]

+
¢ [3C LR (1=48) 3 (3 —hor =D [(F = ho )€ (Lo + ) = 4174

Similarly, for n < 0 we get

kn

n<0: hyw=hw=-%, hx=2-%, hy.=-"8F1+5, hyp=-5+7,

(5.33)

E™ =2x [%C(—lvhvw) (1 - 552) = § [hw (hyw = 1) = 1 = B (1L hyw) €* — %524'"'} ,

EM =4 x Bc(—l,hAB) (1 - %52) — L [hag (has — 1) = 3] ¢ (1,hap) €2 +} , (5.34)
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E}?i:2x[—f ( Lho,) (1 i€ ) é* hﬁiﬂ)[(%—hﬂi)C(l,hﬂiﬂL%)—%]€2+“~]
— 1)+ (ko T [ —how) C(Lhos + 1) = 3]+ ]
+H%%w+0ﬁ%%wﬂﬂﬁw+9*ﬂg+“}

3G ko =D [ =) (b +3) = 4]+ ]

The difference between the expressions for n > 0 and n < 0 is only in the sign of ém in (5.30)
which is due to the fact that we should use (v',4?) spinors in the n < 0 case, cf (4.31).

Note that for n# 0 we do not have massless fermions and thus there is no ambiguity in
the choice of their quantization. This is to be compared with the string theory, i.e. n =0, case
considered in [22] where for o = 0, 3 # 0 there were € corrections to massless fermions and
one had to choose a quantization consistent with N = 6 supersymmetry in the zero cusp limit.
This subtlety is not present for n £ 0.

Adding all mode contributions together for n =0 we find Ey = iez +0O(e?) as in [22]
(cf (4.56)). The total sum over n is finite and is given by the same expression as in the 5 =0
case in (4.57)

T 2, 4
E:n;mEn:ﬂcot?es +0(eY) . (5.35)
Taking into account (2.25), i.e. that in the small 3 cusp limit > = —ﬁ—i ... (whilein 8 =0

case we had €2 = %ﬁ, (cf (2.23)) we confirm that the o> and —/3? terms have the coeffi-
cient (1.24), in agreement with (1.5). The same conclusion is reached also in the special k = 1,2
cases.
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