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ABSTRACT

Time series clustering is a widely used unsupervised learning approach that identifies groups of similar time series to uncover

hidden patterns in complex datasets. In recent years, this technique has gained traction in the analysis of geo-referenced time

series, where spatial information must be incorporated into the dissimilarity measure to achieve meaningful results. This paper

offers a thorough review of dissimilarity-based clustering methods with soft spatial constraints, i.e., approaches that integrate

spatial context into the clustering process without enforcing strict spatial proximity within clusters. Our focus is on copula-based

clustering techniques, which effectively capture comovements among time series without requiring explicit modeling of their

marginal distributions. We first introduce a general framework for copula-based time series clustering and then explore how

spatial constraints can be embedded into the clustering process. Finally, we propose a general framework, called Triple-C, which

provides two comprehensive model architectures that address this challenge through either a dissimilarity fusion step or a copula

aggregation approach.

1 | Introduction

Advancements in data storage and acquisition technologies have
led to a significant surge in the collection of large-scale datasets.
Time series data, which consist of one or more variables (such as
satellite images) that change over time, are widely recorded and
analyzed across diverse fields, including environmental science,
engineering, medicine, economics, and finance. In the absence
of sufficient prior knowledge about group structures, clustering
serves as a powerful data mining technique to classify these tem-
poral datasets into meaningful related groups. For a review, see
Hennig et al. (2015) and Aghabozorgi et al. (2015).

----------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------
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In environmental sciences, various statistical methods have been
developed to simplify the complex spatio-temporal variability of
variables by summarizing them into a few key statistical quanti-
ties that capture the current state and future trends of the climate
system (see, e.g., Straus 2018). In particular, clustering methods
are commonly employed to identify regions where time series
behave similarly (according to a given criterion).

The clustering process typically relies on a well-defined notion of
dissimilarity between time series (Liao 2005;Maharaj et al. 2019),
which is commonly established through features such as auto-
correlation, partial autocorrelation, periodograms, quantiles, and
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so forth (Caiado et al. 2006; Pértega Díaz and Vilar 2010; Maharaj
and D’Urso 2011; Musau et al. 2022; Gaetan et al. 2025). Alterna-
tively, in a model-based setting, the time series are assumed to be
generated by a stochastic process, and the clustering is based on
the idea that time series produced by the samemodel are likely to
exhibit similar patterns. Thus, time series are typically grouped
according to parameter estimates or residuals from fitted mod-
els. Specific methods include ARMA/ARIMA models, GARCH
models, and so forth. Examples are discussed by Piccolo (1990),
Kalpakis et al. (2001), Caiado and Crato (2010), D’Urso et al.
(2013). Novel approaches that treat time series as functional data
are also of particular interest, especially in climatological science
(see, for instance, Giraldo et al. 2012; Haggarty et al. 2015).

Here, as stressed by Davis et al. (2023), we focus on dissimi-
larity measures that capture the dependence structure between
individual components, rather than just their marginal distri-
butions. In environmental sciences, for instance, such methods
have been introduced to detect comovements of time series, espe-
cially related to joint extremes, for example, maxima of precipita-
tions (Bernard et al. 2013), temperature (Bador et al. 2015), or to
model flood risks (Pappadà et al. 2018). Multivariate extensions
have also been recently presented by Boulin et al. (2025), Durante
et al. (2025), and Vignotto et al. (2021). These methods utilize a
rank-invariant dissimilaritymeasure that depends on the proxim-
ity of the copula to the comonotonicity case (i.e., perfect positive
dependence).

Clustering methods for time series are commonly employed in
unsupervised learning scenarios (Hennig et al. 2015), where the
aim is to uncover hidden structures in the data. However, the
problem of identifying regions with common temporal patterns
is usually complicated by the spatial dimension. In fact, when
general-purpose clustering methods are used for partitioning
geo-referenced time series, the resulting clusters are scattered
over the spatial domain of the study, and this even if spatial
coordinates are considered as attributes (Fouedjio 2020). Thus,
numerous studies have emphasized the importance of includ-
ing spatial information for geographically referenced data since,
in these scenarios, forming clusters that also reflect geographi-
cal proximity can significantly improve the interpretability of the
results (Fouedjio 2020; Kopczewska 2022).

Copula-based clustering methods with constraints have been
introduced by Disegna et al. (2017) to integrate in the cluster-
ing process the information related to (non-temporal) proximity
among time series, which may be derived from spatial informa-
tion or other covariates. Notably, these methods do not require
that the resulting clusters strictly adhere to proximity constraints.
Rather, the clustering process can, but does not have to, group
variables that are geographically distant but otherwise similar
(Romary et al. 2015). This flexibility is due to the so-called soft
proximity constraints (Chavent et al. 2018), which differ from
hard constraints that have been considered, for example, by Paw-
itan and Huang (2003) and Guénard and Legendre (2022).

The focus of this paper is on copula-based clustering methods
with soft constraints. In particular, it aims to consolidate the
recent knowledge on such methods. The various methodolo-
gies on the subject are collected and systematically organized,
considering both past and recent literature on spatial clustering

(see Oliver and Webster 1989; Fouedjio 2020). This leads to the
definition of a general framework for clustering time series based
on three paradigms: (C1) the use of copulas to focus on the
dependence among time series; (C2) the detection of comove-
ments that are interpreted as proximity of the pairwise copula
between two time series to the comonotonicity case; (C3) the
presence of some constraints that may guide the clustering pro-
cess from a semi-supervised viewpoint. Thus, this framework is
named Triple-C, since it focuses on three main aspects: Cop-
ula, Comonotonicity, and Constraints. The main architecture of
the Triple-C algorithm is introduced, and several new examples
are produced to guide the interested reader in the choice of their
favorite variants according to specific domain knowledge needs.

The manuscript is organized as follows. Section 2 contains a
review of copula-based time series clustering without any con-
straints. The Triple-C algorithm is hence illustrated in Section 3
together with its two main variants. Section 4 provides an illus-
tration of the algorithmwith synthetic data as well as with clima-
tological data. Section 5 concludes with some final remarks and
comments on future developments.

2 | The Conceptual Framework
for Copula-Based Time Series Clustering

We start by setting the notation and formally reviewing the main
aspects of copula-based time series clustering in the unsupervised
setting.

For every natural � ≥ 2, let  be a set of � objects. A clustering
algorithm is any procedure that divides these objects into � (2 ≤
� ≤ �) non-empty subsets �1, . . . , �� , called clusters, so that

�⋃

�=1

�� =  and �� ∩ ��′ = ∅, for � ≠ �′.

Each partition in � clusters is represented by a membership
matrixU of order (� × �) so that each entry ��� belongs to {0, 1}
and the sum of the entries in each column is 1. Each��� indicates
whether the �-th object belongs to the cluster �� (value equals 1)
or not (value equals 0). The set of such matrices is denoted by
Memb(�, �). Notice that, in the case of fuzzy clustering (Ruspini
et al. 2019), any ��� ∈ [0, 1] indicates the membership degree of
the �-th object to the �-th cluster.

A number of clustering procedures (Hennig et al. 2015) deter-
mine the cluster partition from a matrix that collects the (pair-
wise) degree of dissimilarity among the � objects of interest. As
is well known, such a matrix evaluates how distinct or different
the objects are from one another. We denote by Diss(�) the set of
all dissimilarity matrices, that is, (� × �) symmetric matrices with
non-negative entries and diagonal entries equal to 0. Moreover,
we call dissimilarity-based algorithm (DBA, for short) any map-
ping Alg that associates to each � ∈ Diss(�) a suitable partition
of the objects into� clusters, that is, Alg(�) = U ∈ Memb(�, �).

When the objects to be clustered are components of a time series,
copula-based methods can be adopted to group those series com-
ponents that tend to comove (see Di Lascio et al. (2024) and
references therein). These methods typically start with the set
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FIGURE 1 | Copula-based time series clustering: Model architecture.

of observationsts = {(�	1, �	2, . . . , �	�), 	 = 1, . . . , 
 } that can be
considered as a sample (of size 
 ) generated from a stochastic
model (X	)	∈ℕ. It represents the time series observations about
the variables to be clustered, the so-called temporal data. Typi-
cally, the set ts is transformed into a dissimilarity matrix. Such
a matrix is, hence, used as input of the DBA to obtain a parti-
tion of the time series represented by the membership matrix U.
Before being converted into a dissimilarity matrix, the temporal
data can be conveniently treated to extract relevant information
about the dependence; this latter aspect is usually captured by
a matrix of pairwise (empirical) copulas that is associated with
the time series. These steps are represented in Figure 1 and are
detailed in the next subsections.

Before analyzing each step of the algorithm, it is important to
emphasize that the dissimilarity-based algorithm (DBA) must be
chosen a priori and serves as an input to the process. The selection
of a suitable clustering method is, in fact, inherently tied to the
specific objectives of the clustering task. Below, we outline sev-
eral clustering methods discussed in the literature and examine
how they align with the desirable properties typically expected
in copula-based approaches. The commonly adopted methods
include:

Hierarchical algorithms. They are typically employed when
a complete hierarchy of clusters is desired—often with the
intent of extracting a single partition by cutting the hier-
archy at a certain level. As is well known, different hierar-
chicalmethods can lead to significantly different clustering
outcomes. For example, single linkage emphasizes sepa-
ration by ensuring that the closest points from different
clusters remain distant, whereas complete linkage prior-
itizes compactness by minimizing the largest dissimilar-
ity within a cluster. Most other hierarchical approaches,
such as average linkage, strike a balance between these two
extremes. The performance of these methods when com-
bined with various copula-based dissimilarity measures
has been thoroughly reviewed by Fuchs et al. (2021).

Partitioning Around Medoids (PAM) algorithms. They
enhance interpretability by selecting actual observed time
series as cluster centers, rather than relying on synthetic
averages. This feature is especially valuable when pre-
serving the original data semantics is crucial. In the
context of extreme-value clustering, PAM-based methods
have been adopted by Bernard et al. (2013) and Bador
et al. (2015). Additionally, Bien andTibshirani (2011) intro-
duce the hierarchical clustering algorithmwith prototypes
that integrates the hierarchical structure with the medoid
concept, and has been explored further by Benevento
et al. (2024).

Fuzzy clustering algorithms. These allow time series
to belong partially to multiple clusters, making them
well-suited for modeling uncertainty and smooth tran-
sitions between cluster boundaries, i.e., an important
feature when dealing with real-world time series that
often exhibit overlapping patterns. These methods also
tend to be more computationally efficient, as they are less
prone to abrupt changes in cluster membership during
estimation and are generally more robust to local optima
and convergence issues. In the context of copula-based
approaches, fuzzy clustering has been explored in works
by Disegna et al. (2017), De Luca and Zuccolotto (2021b),
and D’Urso et al. (2023).

2.1 | Dependence Retrieval

As clarified above, the clustering procedure adopts a copula
framework and, as such, it is invariant under increasing trans-
formations of the involved time series components and does not
depend on the marginals. However, the copula of the multivari-
ate time series cannot be directly estimated from the original time
series, since it is necessary to disentangle the dependence from
the marginal effects. Thus, it is necessary to proceed with some
preliminary steps that are usually grounded on some assump-
tions on the multivariate time series (see Patton 2012; Nasri and
Rémillard 2019; Neumeyer et al. 2019).

Specifically, we assume that each time series, (�	�)	=1, . . . ,
 , � ∈
{1, . . . , �}, has potentially time-varying conditional mean and
variance and assume that the standardized residual series has
a continuous, time-invariant, marginal distribution (with null
mean and unit variance, for identification). Then, due to Sklar’s
theorem, the joint conditional distribution of the time series,
given some information set 	−1, is completely specified by
the individual conditional mean and variance functions, the
marginal distributions of the residuals, and their copula � .

More specifically, for all � = 1, . . . , �, we will assume that the �-th
time series follows a marginal model of the form

�	� = 
�(Z	−1; �
 ) + �	�, Z	−1 ∈ 	−1,

�	� = �	��	�,

�	� = ��(Z	−1; ��), (1)

where 
�(⋅) and ��(⋅) are two known functions with finite-
dimensional parameter vectors �
 and �� , respectively, and
(�	�)	 is a sequence of independent and identically distributed
random variables withmean zero and variance one (the so-called
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innovations). Notice that the vector of innovations (�	1, . . . , �	�) is
independent of past and present information provided by �, � ≤
	. Model (1) encompassesmany commonly usedmodels in the lit-
erature. For instance, if �(⋅) = �1 is a positive constant, and 
 (⋅) =∑�

�=1���	−� +
∑�

�=1���	−�, then one gets the well-knownARMA
model (see Box et al. 2015). The functions 
�(⋅) and ��(⋅) in model
(1) govern the conditional mean and variance of the �-th time
series, that is, E(�	�|Z	−1,��) = 
�(Z	−1) and Var(�	�|Z	−1,��) =

�2
	�
, where �� is the set of all parameters of model (1).

Now, if ��� denotes the distribution of the standardized residuals
for the �-th time series, the joint conditional distribution of the
observations, given 	−1, is

� (�	1 ≤ �1, . . . , �	� ≤ ��|	−1) = � (�	1 ≤ �1, . . . , �	� ≤ ��)

= �(�1�(�1), . . . , ���(��)),

where �� = (�� − 
�(z	−1; �
 ))∕��(z	−1; ��), for � ∈ {1, . . . , �}.
Thus, the joint conditional distribution of the observations,
given the past information, is completely specified by the indi-
vidual conditional mean and variance functions, the marginal
distributions of the innovations, and their copula (Neumeyer
et al. 2019).

To retrieve the copula information, we proceed as follows.

i. First, we fit the univariate time series model of type (1) to
filter out serial dependence, trends, and/or seasonal cycles
from each time series, by obtaining the vector of estimated
parameters for the models of the conditional mean and con-
ditional variance, �̂�.

ii. The inference about the copula � is thus based on the esti-
mated residuals extracted from the previous step, given by

�̂	� =
�	� − 
�(z	−1; �̂�)

��(z	−1; �̂�)
, (2)

which are transformed into the pseudo-observations, �	� =
���(�̂	�), where ��� may be estimated from a parametric
model (Gaussian, Student-	, etc.) or by using the empirical
distribution function.

As a result, (�	1, . . . , �	�)	=1, . . . ,
 contains the information about
the link (i.e., the copula) among the time series under considera-
tion (Rémillard 2017) and can be used to describe the dependence
structure of the � time series. The validity of this procedure has
also been outlined by Neumeyer and Omelka (2025) under very
general assumptions on the marginal process.

Remark 2.1. As for point (i), it should be stressed that the uni-
variate time series model is of a general form and can be differ-
ent for each marginal time series. Its selection is grounded on
classical methods from univariate time series. For instance, in
the ARMA-GARCH setting, the model selection can be carried
out via classical criteria, such as AIC and BIC. To validate the
model, homoscedasticity and uncorrelatedness tests can be con-
ducted to verify that the residuals approximate an i.i.d. sample.
In the case the marginal time series are affected by trends and
seasonal components, suitable transformations (like local mean)

should be done depending on the variables under consideration
(see Erhardt and Czado 2018).

Once the time series observations have been transformed into
pseudo-observations, we have collected the information needed
to learn the �-dimensional copula � among all the � individual
time series. However, especially for a large �, it is difficult to pro-
vide a full parametric copula model, and clustering procedures
can be helpful to guide the process of model building (see Diß-
mann et al. 2013; Czado et al. 2012; Górecki et al. 2017, 2021;
Palacios-Rodriguez et al. 2023).

A convenient way to extract meaningful information is to
focus on the pairwise information and, hence, to consider the
copula associated with the �-th and �-th pseudo-observations
(�	�, �	�)	=1, . . . ,
 , say ��� . Notice that, in most algorithms presented
in the literature, the copula ��� is not explicitly indicated since
it is replaced by its empirical counterpart obtained from the
pseudo-observations. For instance, one can consider the empir-
ical copula (Rüschendorf 2009; Segers 2012) or some of its vari-
ants, such as checkerboard copulas and empirical beta copulas
(Segers et al. 2017).

Now, the collection of all the bivariate copulas associatedwith the
� time series will be denoted by Cts = (� ts

��
). By convention, � ts

��
=

� for every � = �, (�, � ∈ {1, . . . , �}), where �( , �) = min{ , �}
for all ( , �) ∈ [0, 1]2 denotes the comonotonicity copula. In gen-
eral, the class of all matrices of pairwise copulas associated with
an �-dimensional random vector will be denoted by Cop(�), and
its generic element will be called copula matrix.

Below, we illustrate two examples from the literature where some
parametric assumption is made on the copula matrix.

Example 2.1. As discussed byDe Luca and Zuccolotto (2011)
(see also De Luca and Zuccolotto 2021b), the extraction of the
temporal copula matrix is done in the following way. First, a uni-
variate Student-	 AR-GARCH model is fitted to each time series
to remove autocorrelation and heteroskedasticity effects. Then,
the standardized residuals are used to estimate the copula matrix
Cts. In particular, it is assumed that, for all (�, �), � ≠ �, the copula
� ts

��
belongs to the Joe-Clayton two-parameter copula class �!,"

(see Joe 1997) that is able to model differences in the lower tail
and upper tail of the distribution. D’Urso et al. (2023) modify the
procedure described above to allow the selection, for each � ≠ �, of
the best parametric copula (froma given set of families) according
to Akaike Information Criterion.

Example 2.2. Durante, Pappadà, and Torelli (2015) assume
that each element of the copula matrix belongs to the
extreme-value class (Gudendorf and Segers 2010). Thus, the
identification of the copula is equivalent to the identification
of the associated Pickands dependence function. In particular,
Benevento et al. (2024) extract the pairwise Pickands function
from the estimation of the �-dimensional Pickands function asso-
ciated with the multivariate vector of residuals via madogram
estimators (Marcon et al. 2017; Gijbels et al. 2020).

Remark 2.2 (Missing data). When dealing with data from
environmental sciences, one can make the observation that
missing values occur rather often. To handling them, specific
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FIGURE 2 | Dissimilarity mapping.

copula-based estimators have been proposed; see, for instance,
Segers (2015), Liebscher (2024), and Boulin et al. (2022) in an
extreme-value framework. Moreover, when appropriate, suitable
techniques for data imputation can be applied as well (see Di
Lascio et al. 2025).

Remark 2.3 (Caveat emptor!). In most cases, the copula
matrix Cts is only a proxy of the true �-dimensional dependence
structure � among the time series, that is, obviously, unknown.
In particular, it is neither required nor guaranteed that, for a cop-
ula matrix Cts, it is possible to construct an �-dimensional cop-
ula model whose all bivariate marginals belong to Cts. Such a
problem is usually very difficult to handle and goes under the
name “compatibility problem” in the copula literature (Joe 1997;
Nelsen 2006).

Finally, it should be stressed that, in general, a copula-based
algorithm may focus not only on the pairwise dependence infor-
mation, but also on higher-dimensional marginals. Examples are
provided by De Luca and Zuccolotto (2021b), Fuchs et al. (2021),
and Fuchs and Wang (2024).

2.2 | The Dissimilarity Mapping

Given the copula matrix Cts = (� ts
��
) ∈ Cop(�), it is necessary

to define a convenient dissimilarity matrix �ts = (Δts
��
) ∈ Diss(�)

that embeds each � ts
��
into a numerical value Δts

��
. According to

the comonotone-based clustering procedure illustrated by Fuchs
et al. (2021), the dissimilarity value should reflect a kind of dis-
tance between � ts

��
and the comonotonicity copula� .

In general, the transformation from a copula matrix to a dissim-
ilarity matrix can be done by considering a (1, 1)-dissimilarity
function #1,1 (in the sense of Fuchs et al. 2021) that is a map-
ping from the space of bivariate copulas to [0,+∞] satisfying the
following properties:

D1. #1,1(�) = 0 if � coincides with the comonotonicity copula
� ;

D2. #1,1(�) = #1,1(�
 ) for any bivariate copula � , where
�
 ( , �) = �(�,  ) for every ( , �) ∈ [0, 1]2.

Notice that the notation #1,1 refers to the fact that we are
comparing two one-dimensional random vectors (for dissimi-
larity functions among random vectors in higher dimensions,
see Fuchs et al. 2021; Durante et al. 2025). Moreover, property
(D1) distinguishes the present methodology from other cluster-
ing algorithms that focus on detecting functional dependence
and/or independent groups (Kojadinovic 2004, 2010; Fuchs and
Wang 2024; De Keyser and Gijbels 2024).

Now, we denote by $1,1 the mapping that associates to each
copula matrix C the dissimilarity matrix obtained by applying

the function #1,1 to each element of C. Thus, for every (�, �),
we have

($1,1(C))�� = #1,1(���).

See Figure 2.

In the literature, there are different possible choices for #1,1

according to the specific criterion the analyst would like to adopt.

A first natural proposal for #1,1 is to consider pairwise dissimilar-
ities that are related to popular measures of association (Schmid
et al. 2010). For instance, some examples already considered in
the literature (see Fuchs et al. 2021) are:

#1,1(���) = �

(1
2
,
1
2

)
− ���

(1
2
,
1
2

)
=
1
4
(1 − �(���)), (3)

#1,1(���) = ∫ 1
0 (�( ,  ) − ���( ,  ))# =

1
6
(1 − �(���)), (4)

#1,1(���) = ∫
1

0 ∫
1

0
�( , �)#�( , �) − ∫

1

0 ∫
1

0
���( , �)#���

=
1
4
(1 − %(���)), (5)

#1,1(���) = ∫ 1
0 ∫ 1

0 (�( , �) − ���( , �))# #� =
1
12

(1 − &(���)).

(6)

These dissimilarity functions are related, respectively, to the
medial correlation coefficient � (also known as Blomqvist’s beta),
Spearman’s footrule �, Kendall’s correlation %, and Spearman’s
correlation &. They can be estimated non-parametrically by rely-
ing on classical estimation of measures of association (Schmid
et al. 2010), or by replacing ��� with its corresponding empiri-
cal copula (Rüschendorf 2009; Segers 2012). Fuchs et al. (2021)
demonstrate that, in the context of linkage-based hierarchical
clustering, the proposed dissimilarity functions perform well
even under moderate dependence. In contrast, the dissimilarity
defined in Equation (3) shows poor performance in cases of weak
dependence. Furthermore, among the considered linkage meth-
ods, average linkage yields the best results.

Another example is derived from the van der Waerden correla-
tion coefficient ' (see Genest and Verret 2005), also known as
normal score correlation or Gaussian rank correlation. In fact, if
(�, ( ) is distributed as the copula � , then we can consider the
(1, 1)-dissimilarity function given by

#1,1(���) = 1 − &� (Φ
−1(� ),Φ−1(( )), (7)

where &� denotes the linear Pearson’s correlation, while Φ

denotes the cumulative distribution function of the standard

Environmetrics, 2025 5 of 20
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Gaussian distribution (Genest and Verret 2005; Koike and
Hofert 2024). The advantage of this coefficient is that the associ-
ated dissimilarity matrix can be embedded into a peculiar space
of correlation matrices (Benevento and Durante 2024).

As a consequence of the Fréchet-Hoeffding bounds for copulas
(Durante and Sempi 2016), all the coefficients from Equations (3)
to (7) assume non-negative values and, in particular, take the
value 0 when ��� = � . However, for different reasons, the value
of the dissimilarity can be slightly transformed with a decreas-
ing real function 
 taking non-negative values. Popular dissim-
ilarities of this type are obtained as a function of a measure of

association. For instance, 
 (	) =
√
1 − 	2, where 	 is Kendall’s tau

or Spearman’s rho, defines a (1, 1)-dissimilarity function that is
also a pseudo-metric (see Côté andGenest 2015; VanDongen and
Enright 2012).

Remark 2.4. Notice that, formost of the one-parameter copula
families (�")"∈Θ, it holds that there is a bijection 
 ∶ Θ → ) ⊂

[−1, 1], given by 
 (") = !(�"), where ! is a measure of associ-
ation. In such a case, a transformation of the copula parameter
(as estimated from observations assuming that the copula model
holds) can be used to express the dissimilarity. See, for instance,
Di Lascio et al. (2024).

Example 2.3. Since most of the previous dissimilarity func-
tions from Equations (3) to (7) are expressed in terms of discrep-
ancy between the copula � and ��� , another possible approach
(Disegna et al. 2017) is to calculate directly a dissimilarity of type

#1,1(���) = dist(�,���)

where dist is the +2 or +∞ distance in the space of copulas.
Another possibility is to consider in the space of bivariate cop-
ulas equipped with the Wasserstein metric #2

(see Benevento
and Durante 2023; Marti et al. 2016; Nielsen et al. 2021).

When the joint behavior of the time series in extreme scenarios
is of special interest, the tail dependence coefficients (Durante,
Fernández-Sánchez, and Pappadà 2015; Joe 1997) are considered
as measures of association. Here, a classical choice (see De Luca
and Zuccolotto 2011) is to consider

#1,1(���) = − ln(-� (���)),

#1,1(���) = − ln(-+(���)), (8)

where -� and -+ denote the upper and lower tail dependence
coefficients, respectively (whenever they exist). In such a case,
the estimation of the dissimilarity may suffer from a large uncer-
tainty when dealing with the tail of the distribution, so that some
assumptions about the copulas are usually made. Related to this
approach, conditional measures of association have also been
considered (Durante et al. 2014) by focusing on the conditional
copula (Durante and Jaworski 2010) associated with the tails of
the distribution. It should be stressed that the approach based on
tail dependence coefficients has also been adopted in the context
of extreme value distributions (see, for instance, Bador et al. 2015;
Bernard et al. 2013; Maume-Deschamps et al. 2025; Saunders
et al. 2021).

Finally, a dissimilarity can be derived by projecting ��� to a
real-valued one-dimensional function, and hence the dissimilar-
ity is computed from this lower-dimensional object. In the follow-
ing, we present some examples of such a methodology.

Example 2.4. Sometimes, it is important to examine the
comovements of time series not only in the asymptotic case,
but also under moderate scenarios. In such situations, assess-
ing tail-dependence dissimilarity through appropriate joint
quantiles can be particularly useful. For instance, Durante,
Fernández-Sánchez, and Pappadà (2015) propose a dissimilarity
grounded on the so-called tail concentration function, defined
in terms of the diagonal section of the copula � , as the func-
tion �� ∶ (0, 1) → [0, 1] given by �� (	) = (�(	, 	)∕	)�(0,0.5] + ((1 −
2	 + �(	, 	))∕(1 − 	))�(0.5,1), with �/ denoting the indicator func-
tion of the set /. The dissimilarity between the �-th and �-th time
series is thus defined as the distance between the function ����

associated with the copula ��� and the tail concentration func-
tion of the comonotone copula� (for which �� (	) = 1 for every
	 ∈ (0, 1)):

#1,1(���) = ∫
1

0
(����

(	) − �� (	))2#	.

When the interest is in the lower or upper tail of the joint distribu-
tion, the above integral can be computed on a restricted domain.
For instance, in the work by Durante, Fernández-Sánchez, and
Pappadà (2015) the aim is to cluster financial time series and,
hence, the pairwise dissimilarity is computed using the empiri-
cal tail concentration function estimated on the interval (0, 0.5]
to capture joint losses on the considered assets.

Example 2.5. Durante and Pappadà (2015) (see also Castro-
villi et al. 2025) use the Kendall distribution function associated
with a copula to derive a dissimilarity measure. This choice
is mainly motivated by the use of Kendall hazard scenarios in
hydrology and environmental sciences (see Salvadori et al. 2013,
2016). Let �� denote the Kendall’s function associated with
the bivariate copula � , that is, �� (	) = � (�(�, ( ) ≤ 	), with
	 ∈ [0, 1]. Here (�, ( ) is a random pair distributed according
to � . The dissimilarity between the �-th and �-th time series
is defined as a suitable distance between the Kendall distri-
bution function associated with ��� and the one related to the
comonotone copula� :

#1,1(���) = ∫
1

0
(����

(	) −�� (	))2#	,

where �� (	) = 	 for every 	 ∈ (0, 1). The dissimilarities are com-
puted via the non-parametric estimation of the function����

(see
Durante and Pappadà 2015).

Remark 2.5. It is worth noticing that a slightly modified
approach has been proposed by De Luca and Zuccolotto (2011).
Here, the dissimilarity matrix has been converted to a distance
matrix via non-metric multidimensional scaling techniques. The
main advantage is that, in such a way, algorithms requiring
that the objects are represented as points in a high-dimensional
Euclidean space (like �-means) can also be applied.

In summary, the choice of the dissimilarity function #1,1 plays
a crucial role in the clustering process. However, it largely

6 of 20 Environmetrics, 2025
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depends on the analyst’s perspective and the specific charac-
teristics of the phenomenon being studied. Each dissimilarity
measure proposed here highlights a particular aspect of depen-
dence, and ultimately, the nature of the problem should guide the
selection.

2.3 | Cluster Validation

Once the dissimilarity matrix has been provided, the determina-
tion of the cluster partition depends on the DBA that has been
chosen as input. In many cases, the DBA requires setting certain
hyper-parameters,most notably the number of clusters. Themain
challenge addressed here is determining the appropriate num-
ber of clusters, denoted as � . This task is commonly referred to
as cluster validation, which encompasses a range of techniques
designed to evaluate and identify the most suitable number of
clusters by relying on indices that capture key aspects of cluster-
ing quality, such as cluster separation (Hennig et al. 2015). While
prior knowledge about the data can sometimes guide the choice
of � (e.g., Coppi et al. 2010), in the absence of such information,
� is typically determined by solving an optimization problem. In
the literature, copula-based methods for time series have mainly
considered the following cluster validation indices:

Hierarchical algorithms. Cluster validation has been based
either on the silhouette index (Durante et al. 2014,
Durante, Pappadà, and Torelli 2015) or on the Dunn index
(Di Lascio et al. 2024, Benevento and Durante 2024). Zuc-
colotto et al. (2023) consider three indices for cluster val-
idation, namely the average silhouette width, the Dunn
index, and the Calinski and Harabasz index. Further-
more, the optimal number of clusters is obtained by an
automated procedure called cutMOB (De Luca and Zuc-
colotto 2023; Carpita et al. 2024). Finally, De Luca and Zuc-
colotto (2021a) use the entropy of the distribution of clus-
ter memberships as an internal validation index, since it
penalizes the presence of clusters composed of one stock
only and, consequently, methods that tend to generate
chaining phenomena.

Partitioning Around Medoids (PAM) algorithms. The
number of clusters is usually selected via the classical sil-
houette index (see Bernard et al. 2013; Bador et al. 2015) or
Dunn-like index (Benevento et al. 2024).

Fuzzy algorithms. The COFUST algorithm proposed by Dis-
egna et al. (2017) selects the number of clusters via the
fuzzy silhouette index (Campello and Hruschka 2006); the
latter is also considered by Benevento and Durante (2023)
to select a partition obtained through the fuzzy-PAM
algorithm, and by De Luca and Zuccolotto (2021b), where
a fuzzy�-means clustering algorithm is proposed. D’Urso
et al. (2023) focus on fuzzy C-medoids methods, and the
fuzzy silhouette index is adopted to find the optimal num-
ber of clusters.

It should be noticed that many of the previously cited validation
indices are based on a combination of measures of within-cluster
variation and between-cluster separation. For this reason, De
Keyser and Gijbels (2024) and Fuchs and Wang (2024) address
the selection of the optimal number of clusters by graphical

comparisons of two-coordinate points representing both the
intra-cluster similarity and the inter-cluster similarity.

3 | Embedding the Spatial Constraints Into
the Framework

Now, we assume that the observations ts =

{(�	1, �	2, . . . , �	�), 	 = 1, . . . , 
 } are collected with a set of
feature vectors sp = {s1, . . . , s�} (e.g., geographic locations) so
that s� refers to the time series (�	�)	=1, . . . ,
 for � = 1, . . . , �. Notice
that these feature vectors are deterministic and fixed across
time. Moreover, since they are usually related to the geographic
information about the sites where the time series have been
collected, with a little abuse of language, this set will always be
referred to as the spatial data. Typically, we are hence interested
in geo-referenced time series that record time-changing values
of one attribute at fixed locations and consistent time intervals
(Kisilevich et al. 2010) (e.g., hourly total precipitations observed
at a network of ground monitoring stations).

One way to perform clustering of time series with spatial infor-
mation consists of using general-purpose clustering methods
based on a spatio-temporal dissimilarity measure (Oliver and
Webster 1989; Coppi et al. 2010; Fouedjio 2016; D’Urso and
Vitale 2020) to explicitly take into account the spatial dependency
between data locations. This procedure has also been adopted in
the copula-based clustering community and can be formalized in
the Triple-C algorithm that we formalize here. This algorithm
is a procedure that, starting with temporal as well as spatial data,
provides a dissimilaritymatrix that is used to obtain the clustering
partition via DBAs.

The idea of Triple-C is to merge both the temporal and the spa-
tial information into a dissimilarity matrix �0 by means of a suit-
able hyper-parameter 0 ≥ 0. Such an 0 describes how much the
spatial information influences the clustering process, with 0 = 0
meaning no spatial influence. To this end, twomain strategies can
be adopted to modify the framework of Figure 1:

• The dissimilarity matrix �ts can be joined to a suitable dis-
similarity matrix �sp that interprets the spatial information.
This aggregation is done with a suitable operation in Diss(�)
that returns as output �0 ∈ Diss(�). See Figure 3.

• The copula matrix Cts is combined with a copula matrix Csp

that interprets the spatial information. The resulting output
copula matrix C0 is hence transformed via a dissimilarity
mapping$1,1 into �0 ∈ Diss(�). See Figure 4.

In both cases, the obtained dissimilarity matrix �0 is used as the
input of the DBA in the cluster validation step.

The algorithms illustrated in Figures 3 and 4 present, hence, some
novel tasks compared to the existing literature (as schematized
in Figure 1). These will be illustrated in detail in the following
sections.

3.1 | Spatial Proximity Retrieval

A key message of the clustering procedure considered in this
work is that the additional information contained in the set sp

Environmetrics, 2025 7 of 20
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FIGURE 3 | Triple-C algorithm based on dissimilarity aggregation: Model architecture.

FIGURE 4 | Triple-C algorithm based on copula aggregation: Model architecture.

is associated with the time series data. Here, we assume that
sp is included in ℝ

�; otherwise, suitable transformations may
be needed to project the spatial information onto the Euclidean
space. For instance, each s� represents a geographic location
expressed with longitude and latitude coordinates.

The spatial information sp is converted into an element in
Diss(�). In particular, two main types of matrices can be
obtained:

– a binary matrix �sp = (Δ
sp
��
) ∈ {0, 1}�, where each entry Δsp

��

indicates whether the �-th and �-th time series components
are related (value equal to 0) or not (value equal to 1). In
particular, Δsp

��
= 0 whenever � = �.

– a distance matrix �sp = (Δ
sp
��
) ∈ [0,+∞]�, where each entry

Δ
sp
��
only depends on the (Euclidean) distance between s�

and sj.

The distance matrix is often normalized to [0, 1]-values. In such
a case, one can use the min-max renormalization. Otherwise,
each entry Δsp

��
can be expressed as 1 − exp(−#��), where #�� is the

Euclidean distance between the �-th and �-th time series.

Both these types of dissimilarity matrices can be naturally inter-
preted through graph theory, where they represent the structure
and properties of a graph� = (( ,1), where ( is the set of nodes
corresponding to the set of time series, and 1 is the set of edges.
Specifically, when �

sp is the binary matrix, 1 − �
sp corresponds

to the adjacency matrix of an unweighted graph, where an edge

(��, ��) ∈ 1 exists if and only if Δsp
��
= 0. In the case of �sp is the

distance matrix, each edge (��, ��) ∈ 1 corresponds to the dis-
tance between the corresponding components. Such a graph is
called, e.g., the sampling graph (Romary et al. 2015).

When dealing with geo-referenced time series, the spatial data
can mainly be either raster-based or sparse. Raster data refers to
spatial information represented as a grid of cells, where each cell
holds a value corresponding to a specific attribute. This structure
is particularly suited for continuous time series (i.e., time series
that can virtually be recorded at any point in space) and is widely
used in research in geography. Sparse spatial data, instead, refers
to the casewhen the time series are collected at discrete and irreg-
ularly spaced locations (or gauge stations).

Example 3.1. The conversion of raster data to a binarymatrix
is a well-documented process in spatial analysis and is utilized
in fields such as Geographic Information Systems and remote
sensing. In such a case, the grid cells are treated as the nodes of
the graph, and their spatial relationships are encoded as edges.
This transformation involves identifying spatial relationships
(adjacencies) between raster grid cells, which are often defined
by rook (4-neighbor) or queen (8-neighbor) connectivity (see,
e.g., Lloyd 2010). In the context of clustering of geo-referenced
data, raster data have been considered, for example, by Wang
et al. (2024), Bador et al. (2015), and Benevento et al. (2024).

In the case of sparse spatial data, constructing a binary matrix
requires a different approach compared to raster data. To avoid

8 of 20 Environmetrics, 2025
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creating a fully connected graph, where every node is connected
to every other node, a threshold distance #��� must be set. This
threshold determines which points are considered neighbors in
the sampling graph.

In the algorithm described in Figure 4, the spatial dissimilarity
matrix �sp must be furthermore converted into a copula matrix
Csp = (�

sp
��
). To this end, any element�sp

��
is assumed to belong to a

parametric class of bivariate copulas {�" ∶ " ∈ Θ = ["min, "max] ⊆

[−∞,+∞]}. To ensure the identifiability of the copula, the map-
ping " ↦ �" is supposed to be injective. Typically, the parameter
space Θ is transformed through a monotone function into the
set of realized values of �sp, or into [0, 1] if this set is normal-
ized. Moreover,� ∈ {�"min

, �"max
}, that is, the family of copulas

includes the comonotonicity copula, and it is associated with the
case Δsp

��
= 0. Some examples of spatial copula matrices are con-

sidered at the end of Section 3.3.

3.2 | Aggregation of the Dissimilarity Matrices

Now, we describe the crucial aggregation step in the algorithm
illustrated in Figure 3 about the merging of temporal and spatial
information expressed in terms of dissimilarity matrices �ts and
�
sp inDiss(�). Such a general strategy is inspired by earlyworks in

spatial clustering (e.g., Oliver and Webster 1989) that modify the
matrix of pairwise (temporal) dissimilarities by a nonlinear func-
tion of the distances among s1, . . . , s�. However, it could equiva-
lently be represented in terms of an operation in Diss(�).

Specifically, spatial and temporalmatrices are joined by consider-
ing an operation �0 on the class of dissimilarity matrices Diss(�),
that is,

�0 ∶ Diss(�) × Diss(�) → Diss(�), �0(�
ts,�sp) = �

0 (9)

for 0 ≥ 0. The operation �0 depends on a suitable
(hyper-)parameter 0, tuning the relative influence of the spa-
tial component on the whole procedure. As a matter of fact,
�0(�

ts,�sp) = �
ts.

The following examples illustrate possible choices for the opera-
tion �0 appeared in the literature.

Example 3.2. A simple way to join the two dissimilarity
matrices is to consider a convex combination of them, so that

�
0 = (1 − 0)�ts + 0�sp, 0 ∈ [0,1], (10)

as discussed for instance in De Carvalho et al. (2023), Example 1.
Notice that Δ0

��
= Δts

��
if Δts

��
= Δ

sp
��
, for some (�, �). In some cases,

temporal and spatial matrices should be rescaled before perform-
ing their combination to sum quantities that are comparable in
magnitude. For instance, Deb and Karmakar (2023) consider the
following operation

�
0 = (1 − 0)

�
ts

||�ts||�
+ 0

�
sp

||�sp||�
, 0 ∈ [0,1], (11)

where || ⋅ ||� indicates the Frobenius norm of a matrix.

Example 3.3. Consider the clustering procedure introduced
by Zuccolotto et al. (2023) (see also Carpita et al. 2024),
where the temporal dissimilarity matrix takes into account
the co-occurrence of extreme events. In such a case, the
spatio-temporal dissimilarity is defined (see Equation (7) in
Carpita et al. 2024) for every 0 ≥ 0, by

�
0 = �

ts + 0�sp, (12)

where �ts is defined in Equation (8) and �
sp is a binary matrix.

Notice that, for every (�, �), Δ0
��
≥ Δts

��
. Thus, the spatial informa-

tionmay only add a penalty to the temporal dissimilarity for time
series that are spatially far away. A similar procedure is adopted
in a fuzzy scenario by Gelb and Apparicio (2021).

Example 3.4. Another way to construct the dissimilarity
matrix�0 is to consider theHadamard product (i.e., element-wise
product) between �

ts and �sp, that is,

�
0 = �

ts∘(0�sp).

In particular, to ease the interpretability, it could be convenient
that �sp ∈ [0, 1]�×�, that is, the spatial information is normalized
so that it can be interpreted as a weight to the temporal matrix.
Such an operation is considered, for instance, by Legendre and
Legendre (1998) and Legendre and Gauthier (2014). Notice that,
ifΔsp

��
= 0 for some � ≠ �, thenΔ0

��
= 0 regardless of 0. This would

correspond in the clustering procedure to a must link constraint
(see, e.g., Cai et al. 2023), since it would imply that the �-th and
�-th time series must be in the same group.

An element-wise operation is also proposed by Webster and Bur-
rough (1972), see Equation (3) (see also Equation (1) inOliver and
Webster 1989). Translated in the present notation, it corresponds
to the mapping that gives

Δ0
��
= Δts

��

(
1 − exp

(
−
Δ
sp
��

0

))
. (13)

Here,Δsp
��
coincides with the distance between the feature vectors

s� and s� . Note that, for every (�, �), Δ0
��
≤ Δts

��
. Thus, the spatial

information may allow a reduction of the temporal dissimilarity
for time series that are spatially close.

The operation�0 may be restricted to operate on a specific subset
of Diss(�). For instance, if 1 − �

ts is a correlation matrix, as when
the dissimilarity mapping is derived from various measures of
association (see Hofert and Koike 2019; McNeil et al. 2022), then
it could be convenient to require that also 1 − �

0 is a correlation
matrix. The following example illustrates this aspect.

Example 3.5. In the approach proposed by Benevento and
Durante (2024), both 1 − �

ts and 1 − �
sp belong to the space

of correlation matrices Corr(�), that is, symmetric matrices in
[−1, 1]�×� that are positive semi-definite matrices with diago-
nal entries equal to 1. Specifically, �ts has been obtained as in
Equation (3) in Benevento and Durante (2024), via van der Wer-
den coefficient. Instead, �sp has been obtained as in Equation (5)
in Benevento and Durante (2024). In such a case, both matrices
have been combined by exploiting the geometric structure of the

Environmetrics, 2025 9 of 20
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space of correlation matrices (David and Gu 2019; Thanwerdas
and Pennec 2022). Specifically,

�
0 = 1 − 30(1 − �

ts, 1 − �
sp), (14)

where 30 is a geodesic in the Riemannian manifold Corr(�).

3.3 | Aggregation of Copula Matrices

Now, we describe how to join temporal and spatial information
expressed in terms of copula matrices Cts and Csp in Cop(�), as
illustrated in Figure 4. Such a general strategy has been intro-
duced by Disegna et al. (2017). The main idea is to consider
an operation Ψ0 on the class of copula matrices Cop(�). The
most intuitive operation is the convex combination (see Disegna
et al. 2017).However,when the copulas are from some subclasses,
some alternatives are possible (see, e.g., Benevento et al. 2024;
Benevento et al. 2025). Here, we collect some examples where the
procedure schematized in Figure 4 is adopted.

Example 3.6. Disegna et al. (2017) adopt the following spe-
cific choices:

• Dependence retrieval: Each entry of the copula matrix Cts is
obtained from the empirical copula associatedwith each pair
of time series.

• Spatial proximity retrieval: A copula matrix Csp is con-
structed so that, for every (�, �), �sp

��
= Δ

sp
��
4 + (1 − Δ

sp
��
)� ,

where� and4 are the comonotonicity and countermono-
tonicity copula, respectively.

• Copula aggregation: The copula matrix �0
��
is the convex

combination of Cts and Csp previously defined. Thus, in this
setting Ψ0 is the convex combination of its inputs.

• Dissimilarity mapping: Finally, the dissimilarity function
#1,1 is defined as a distance between the copula � and the
input copula� via an increasing and continuous real-valued
function 
 and a suitable norm || ⋅ || in the space of bivariate
copulas.

Summarizing, the (i,j)-entry of �0 can be represented as

Δ0
��
= 
 (||� − (1 − 0)� ts

��
− 0(Δ

sp
��
4 + (1 − Δ

sp
��
)�)||) (15)

where 0 ∈ [0, 1]. The function 
 (⋅) is such that 
 (0) = 0, hence
the dissimilarity is zero for spatially adjacent pairs of time series
(Δsp

��
= 0) that are comonotone (� ts

��
= �). Moreover, for a fixed

0 and a fixed copula � ts
��
, the dissimilarity increases as the spatial

separation increases.

Example 3.7. Benevento et al. (2024) suggest the following
specific choices:

• Dependence retrieval: Each entry of the copula matrix Cts is
a bivariatemargin of an �-dimensional extreme-value copula
expressed in terms of the Pickands dependence function.

• Spatial proximity retrieval: Each entry in Csp is a bivari-
ate margin of a subclass of Hüsler–Reiss �-dimensional

extreme-value copula so that the parameter values only
depend on the pairwise distances among spatial features.

• Copula aggregation: The copula matrix �0
��

is
obtained via the element-wise operation �0

��
( , �) =

� ts
��
( 1−0 , �1−0)�

sp
��
( 0 , �0) for 0 ∈ [0, 1] (see, e.g.,

Khoudraji 1995; Durante 2009; Liebscher 2008).

• Dissimilarity mapping: The dissimilarity function #1,1 is
defined as in Equation (8).

By virtue of specific properties of the extreme-value class of
copulas in combination with the considered operation (Genest
et al. 1998), the (�, �)-entry of �0 can be represented as

Δ0
��
= − ln((1 − 0)-� (�

ts
��
) + 0-� (�

sp
��
)) (16)

where 0 ∈ [0, 1].

3.4 | Cluster Validation and Hyper-Parameter
Selection

Another thorny aspect of the Triple-C algorithm is the selection
of the hyper-parameters� and 0, namely the number of clusters
and the weight used to merge the temporal and the spatial infor-
mation, respectively. These hyper-parameters are used to config-
ure various aspects of the learning algorithms and may largely
affect the resulting model and its performance (Claesen and De
Moor 2015).

In practice, finding the optimal values for � and 0 involves eval-
uating the clustering results for multiple combinations of these
parameters. For each pair (0,�), the quality of clustering can be
assessed using internal and external validation criteria such as
the silhouette index, Dunn index, and so forth.

Inmost cases, the optimization process is carried out in two steps:
First, the optimal number of clusters � and the cluster parti-
tion are chosen while keeping 0 fixed in a given interval (here
[0, 1]), and then 0 is selected by comparing the obtained parti-
tions. This process is illustrated below in Algorithm 1 (see also
Carpita et al. 2024, Algorithm 1).

ALGORITHM 1 | Hyper-parameter selection.

Require: The dissimilarity matrices �ts,�sp,�0 , a DBA Alg, a
validity index Val.

1: Define a sequence � of possible values of 0 ≥ 0.
2: for each 0 in � do
3: Apply Alg to the dissimilarity matrix �0 .
4: Identify the optimal number of clusters �0 and the

optimal partition �0 ∈ Memb(�0 , �).
5: Compute Val(�0 ,�0), Val(�ts,�0) and Val(�sp,�0).
6: end for
7: Compare the values of the validation index (with different
dissimilarity matrices �0 ,�ts,�sp) versus 0, and decide its
optimal value 0∗.

8: Return (0∗, �0∗ ).

10 of 20 Environmetrics, 2025
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In general, the choice of the optimal value of 0 of Algorithm 1
is driven by a graphical representation. In the following, some
examples from the literature are collected. It is worth noticing
that the choice of 0 is not always provided and, sometimes, the
user has to decide by comparing the outputs according to some
a priori knowledge of the specific application domain (Deb and
Karmakar 2023).

Example 3.8. Coppi et al. (2010) (see also López-Oriona
et al. 2021), set the selection of the number of clusters based on
a prior knowledge about the data (in their example � = 3 since
the Italian socio-demographic structure is usually distinguished
with respect to threemain areas: Northern Italy, Central Italy, and
Southern Italy). The parameter 0 is selected according to a vali-
dation index related to the so-called spatial autocorrelation of the
obtained cluster partitionU0 for any 0.

Example 3.9. Chavent et al. (2018) (see also Aguiar
et al. 2020; Mattera and Franses 2024) adopt the following
specifications. First, �0 = �0 for each 0, that is, the selection of
the optimal number of clusters only depends on the dissimilarity
�
ts. Then, the optimal value 0 is chosen graphically as the value

that is a trade-off between the loss of temporal homogeneity (as
indicated by Val(�ts,U0)) and a larger geographical cohesion
(as indicated by Val(�sp,U0)). Chavent et al. (2018) consider Val
related to the so-called inertia of the algorithm.

Example 3.10. In Morelli et al. (2025), a parameter 0 is
selected for each � as the one that jointly maximizes the
amount of pseudo inertia explained from both information,
weighted by the cumulated pseudo inertia embedded in the data
(thus, the criterion is indicated by Val(�0 ,U0)) and is related
to the inertia defined by Chavent et al. (2018). Then, the opti-
mal � , depending on the corresponding 0, is selected accord-
ing to one or more hierarchical clustering criteria such as the
silhouette index.

Example 3.11. Benevento et al. (2024) define Val as the
so-called connectedness index, which is related to the representa-
tion of a cluster in a partition as an undirected graph, where edges
are placed between stations whose distance is below a suitable
threshold, which determines the neighbors based on geograph-
ical coordinates. For a partition U into � clusters, �1, . . . , �� ,
the connectedness index is calculated by taking the total num-
ber of connected components associated with the clusters ��

(� = 1, . . . , �) and dividing by � . This index can be regarded as
a measure of spatial cohesion, which is larger when the index
is smaller. The optimal number of clusters � is first selected for
each value of 0 as the one that maximizes an index of the Dunn
family (Dunn 1974). Then, the connectedness index is computed
for different values of 0. To account for both the spatial and tem-
poral information, the optimal 0 is selected by choosing the value
immediately before a sharp decrease of the index with respect
to 0, that is, the last value for which temporal dependence has
a non-negligible impact on the final clustering.

Remark 3.1. Pappadà et al. (2018) use another approach to
cluster validation. In fact, the DBA is applied uniquely to the
temporal dissimilarity �

ts, while the choice of the number of
clusters is made by using the ratio of the within-cluster to the
between-cluster dispersion, defined in terms of the dissimilarity

matrix �
sp. In this case, hence, the hyper-parameter 0 is not of

direct use.

4 | Illustration

In this section, we illustrate the different steps of the
Triple-C algorithm with both synthetic and real data.

4.1 | Dissimilarity-Based Aggregation

Firstly, we provide a step-by-step application of the
Triple-C algorithm (dissimilarity aggregation, see Figure 3)
to synthetic data. As explained in Section 2, the clustering
algorithm (DBA) is required by the process and must be chosen
in advance by the user. Here, we consider the classical hierar-
chical agglomerative clustering and adopt the average linkage
(Average-HAC), which represents a compromise between sin-
gle and complete linkages. The main steps of the algorithm in
Figure 3 are detailed below.

Data. We simulate � = 20 time series (random sample) of length

 = 250, in such a way that they form two equally sized
groups of 10 time series. The two groups are indepen-
dent, while thewithin-group dependence ismodeled using
a 10-dimensional Clayton copula with a fixed pairwise
Kendall’s tau value. Here, we consider % = 0.5 for each
group. The complete dataset is then obtained by concate-
nating these two groups and assigning to each time series
a pair of spatial coordinates. The two groups of time series
simulated from the two Clayton copulas � and � ′ are rep-
resented in Figure 5. As can be seen, the data points are
spatially distant so as to resemble a set of locations belong-
ing to two different regions (e.g., two islands).

Dependence retrieval and dissimilaritymapping. The tem-
poral similarity between each pair of time series is obtained
using the van der Waerden correlation coefficient, also
known as normal score correlation (Genest and Ver-
ret 2005). We recall that such a coefficient is defined, for
any continuous random pair (�, 5 ) with copula � and
marginals �� and �5 by

' (�, 5 ) = &� (Φ
−1(��(�)),Φ−1(�5 (5 ))),

where &� denotes the linear Pearson’s correlation, while
Φ denotes the standard Gaussian distribution (Koike and
Hofert 2024). Interestingly, the van der Waerden coeffi-
cient is also a concordance measure; thus, it assumes the
value 1 when both variables are comonotonic. The dissim-
ilarity matrix is then obtained by subtracting these sim-
ilarity values from one. Thus, comonotonic time series
have dissimilarity value equal to 0 (as required by the
Triple-C algorithm). The dissimilarity mapping is esti-
mated non-parametrically, starting with the empirical cop-
ula associated with data (Genest and Verret 2005).

Spatial proximity retrieval. The spatial information is col-
lected into a dissimilarity matrix, �sp, in two ways:
A. by using the Euclidean distance between the points
B. by assigning value 0 to time series that are collected

from sites within the same green area (see Figure 5)

Environmetrics, 2025 11 of 20
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FIGURE 5 | Synthetic data. The 10 data points inside the red dashed box are simulated from the 10-dimensional Clayton copula � . The other 10

points in the teal dot-dashed boxed are simulated from the 10-dimensional Clayton copula � ′.

and value 1 to time series from different geographical
regions (the two green islands). Then, the dissimilar-
ity matrix is a symmetric (0, 1)-matrix with zeros on its
diagonal.

Dissimilarity aggregation. As discussed in Section 3.2, the
aggregation of the dissimilaritymatrices from the temporal
and spatial information is a crucial step for which several
alternative approaches have been explored. Here, we con-
sider the convex combination inEquation (10), yielding the
matrix �0 with entries

Δ0
��
= (1 − 0)Δts

��
+ 0Δ

sp
��
, 0 ∈ [0, 1]

where Δts
��
is the dissimilarity obtained via the van der

Waerden coefficient, that is, Δts
��
= 1 − '�� , and Δ

sp
��
is the

spatial dissimilarity obtained via method (A) or (B) from
the previous step. In the former case, the Euclidean dis-
tances, #�� , are transformed using the Matérn correlation
function of the form &Matern( ) = exp(−( ∕�)2) (Diggle and
Ribeiro 2007), where � = 2.31. Then, the spatial dissimi-
larity is given, for each pair (�, �), by Δsp

��
= 1 − &Matern(#��)

(see Example 3.5).

Cluster Validation and Hyper-parameter selection. The
matrix �

0 obtained in the previous step depends on the
hyper-parameter 0 ∈ [0, 1], in such a way that a pure
temporal dissimilarity is obtained for 0 = 0, while 0 = 1
yields the pure spatial case. We note that, in such extreme
cases, the dendrogram resulting from the Average-HAC
algorithm clearly indicates the partition of the data points
into two groups, each formed of 10 points. As expected,
these two clusters correspond to the points generated from
the copulas � and � ′, respectively, in the pure temporal
case; conversely, in the pure spatial clustering, the parti-
tion coincides with the groups of points belonging to two
of the green areas in Figure 5.

Given a discrete set of values of 0 ∈ (0, 1) and the asso-
ciated matrix �

0 , the optimal number of clusters, �0 , is
selected as the value� thatmaximizes the silhouette index
over different values of� ∈ {2, . . . , 10}. The selected�0 is
then used to compute the silhouette index with respect to

the full temporal (respectively, spatial) dissimilarity matrix
�
ts (respectively, �sp). The results of this procedure are

shown in Figure 6, where the left and right panels refer
to the spatial proximity phase based on (A) the Euclidean
distances, and (B) the binary matrix, respectively. The evo-
lution of the silhouette index in Figure 6 suggests that
0 = 0.45 and 0 = 0.3may represent suitable choices for the
scenarios (A) and (B), respectively, as they allow the spatial
component to gain compactness without overly penalizing
the temporal aspect. Such optimal values of 0 correspond
to the optimal number of clusters�0 = 3 in (A) and�0 = 4
in (B).

Output. The final clusters obtained through the proposed pro-
cedure are illustrated in Figures 7 and 8. In Figure 7,
the influence of the Euclidean distance between the two
islands is not negligible; in this case, the optimal clus-
tering preserves the internal structure of Cluster 2 while
splitting the more distant data points into two separate
clusters (1 and 3). These clusters exhibit strong tempo-
ral internal dependencies but are spatially distant. In con-
trast, when using the binary matrix, as in Figure 8, the two
islands appear clearly spatially separated. As a result, the
optimal configuration splits even the central columns of
points, producing four distinct groups, each characterized
by strong internal correlations.

4.2 | Copula Aggregation

This section illustrates the step-by-step application of the
Triple-C algorithm (copula aggregation, see Figure 4) using cli-
matological data.

In general, statistical climatology primarily aims to simplify the
complex spatio-temporal variability of atmospheric and oceanic
variables by providing geographical regions that have a similar
behavior. In particular, from a risk assessment perspective,
extreme weather events that are spatially and temporally corre-
lated are of particular concern due to their high potential for
widespread destruction. To address this, clustering methods are
commonly employed to reduce the dimensionality of the problem

12 of 20 Environmetrics, 2025
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FIGURE 6 | Dissimilarity aggregation: Evolution of the average silhouette index for 0 ∈ [0, 1]. The indices are computedwith respect to the temporal

matrix (orange) and the spatial matrix (blue). The left panel corresponds to spatial proximity based on Euclidean distances, while the right panel uses

the adjacency matrix to define spatial proximity.
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FIGURE 7 | Cluster composition for the optimal pair of hyper-parameters 0 = 0.45, � (0.45) = 3. The spatial proximity is based on the Euclidean

distances.

and identify regions where extreme events are likely to have a
joint impact (see, for instance, Saunders et al. 2021; Straus 2018).

In this framework, inspired byBador et al. (2015), we consider the
problem of clustering summer temperaturemaxima over Europe.
In fact, as is well known, high temperatures, especially during
heat waves, can significantly affect society, leading to increased
mortality, reduced productivity, and strain on infrastructure (see,
e.g., Ballester et al. 2023; Ebi et al. 2021).

Before applying the proposed algorithm, it is necessary to define
the analyst’s preferences, which must be selected a priori and
serve as input to the algorithm. Based on the motivations pro-
vided by Bernard et al. (2013) and Bador et al. (2015), the follow-
ing choices are made:

• The copulas considered should belong to the extreme-value
class, as this family is naturally suited formodeling phenom-
ena involving joint maxima.

• The dissimilarity measure should be capable of capturing
the extreme behavior of the joint distribution. A common
and effective approach is to focus on tail dependence coef-
ficients, which provide relevant information in the tails of
the distribution.

• The clustering algorithm (DBA) should be flexible, meaning
that it should not require a priori knowledge of the number
of clusters and it should be able to identify representative
elements of each group (e.g., medoids). In particular, algo-
rithms based on averaging are not suitable, as averaging vio-
lates the property of max-stability: The mean of twomaxima
is no longer a maximum, rendering the interpretation based
on tail dependence coefficients invalid.

This application leverages two clustering algorithms: The mini-
max linkage hierarchical clustering (Minimax-HAC) by Bien and
Tibshirani (2011), and the non-hierarchical method Partitioning
Around Medoids (PAM) (Kaufman and Rousseeuw 1990). Both

Environmetrics, 2025 13 of 20
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FIGURE 8 | Cluster compositions for the optimal pair of hyper-parameters 0 = 0.3, � (0.3) = 4. The spatial proximity is based on the adjacency

matrix.

methods associate a prototype (or medoid) chosen from the orig-
inal dataset with every cluster in the final partition. These proto-
types can be used to enhance the interpretability of the clustering.

Now, with reference to the algorithm described in Figure 4, the
main steps can be considered as follows:

Data. We focus on summer temperaturemaxima across Europe.
Specifically, we analyze time series of hourly maximum
temperatures for the months of June, July, and August
(JJA) from1960 to 2024 downloaded from theClimateData
Store,1 which collects global climate and weather data of
the past 8 decades (the temporal data). The time series data
are collected over a regular latitude–longitude grid of 0.25
degrees (the spatial data).

Dependence retrieval. From the time series data set, we have
extracted the seasonal maxima and the data recorded over
the land, leading to � = 1418 time series of length 
 = 65.
The obtained time series have no seasonal component,
but may present a trend due to climate change. Thus, we
estimate and remove a linear trend fitted by regression
to obtain the detrended time series of seasonal maxima.
From the residuals, we extract the pseudo-observations
and derive the (� × �) copulamatrix that expresses the pair-
wise dependence. Since we are mainly interested in joint
maxima, a natural framework is to consider that each entry
of the copula matrix is an extreme-value copula, whose
Pickands’ dependence function is estimated viamadogram
estimator (Gijbels et al. 2020).

Spatial Proximity retrieval. Our spatial information is repre-
sented as raster data, where time series are collected over
a grid of cells defined by latitude and longitude coordi-
nates. From this structure, we derive a spatial dissimilarity
matrix based on the Euclidean distance between cell loca-
tions. Specifically, we employ the bivariate copulas derived
from the Hüsler–Reiss �-dimensional extreme-value cop-
ula, as outlined by Benevento et al. (2024). In this setting,
the copula parameters depend solely on the pairwise dis-
tances between the stations.

Copula aggregation. The copula aggregation should reflect the
fact that both the temporal as well as the spatial copulas

belong to the extreme-value class. To ensure this, we per-
form the aggregation within the same class. Specifically,
the copulamatrixC0 is obtained via the element-wise oper-
ation �0

��
( , �) = � ts

��
( 1−0 , �1−0)�

sp
��
( 0 , �0) for every 0 ∈

[0, 1], as illustrated in Example 3.7.

Dissimilaritymapping. The dissimilarity function #1,1 should
reflect the extreme behavior of the copula in the upper tail.
Therefore, a natural choice is to consider the dissimilar-
ity function defined as in Equation (8), by using -� . As
an alternative choice, one can simply consider transform-
ing the coefficients -� (�

0
��
( , �)) via the mappingΔ0

��
= 1 −

-� (�
0
��
( , �)). In such a case, due to the particular properties

of the extreme-value class of copulas combined with the
applied operation (Benevento et al. 2024), the (�, �)-entry
of �0 can be expressed as

Δ0
��
= 1 − ((1 − 0)-� (�

ts
��
) + 0-� (�

sp
��
))

with 0 ∈ [0, 1].

Cluster Validation and Hyper-parameter selection. The
previous step of dissimilarity mapping produces a collec-
tion of matrices�0 that depend on the value of 0. Here, we
let this parameter vary in the set {0, 0.05, 0.1, . . . , 0.95, 1}
and, for each value in this set, we perform the two
clustering approaches mentioned above, namely the
Minimax-HAC and the PAM algorithm. For the latter, the
number of clusters is required as input. Thus, we obtain
the partitions into � clusters, where we let the number of
clusters vary from � = 2 to � = 30.

To tackle the issue of selecting 0 in the considered set,
we adopt as a criterion the average number of connected
components, as illustrated in Example 3.11. Namely, for
a fixed 0 ∈ {0, 0.05, 0.1, . . . , 0.95, 1} and a given � (� =

2, . . . , 30), Figure 9 shows the boxplots of the distribution
of the average number of connected components for the
partitions with � clusters (� = 2, . . . , 30), for all possible
values of 0 and the two selected DBAs. When increasing
0 from the minimum value of zero, the relevance of tem-
poral dependence decreases, which may produce a loss of
information. On the other hand, while 0 becomes larger,
the average number of connected components decreases,
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FIGURE 9 | Boxplots of average number of connected components (6-axis) of the partition intoK clusters (� ∈ {2, . . . , 30}), for 0 ∈ {0, 0.05, . . . , 1}

(�-axis). For each 0, the optimal �0 selected via the silhouette index is reported in red in the upper part of the plot, and the associated index values are

the points highlighted in red. The DBA used is the hierarchical clustering with prototypes (upper panel) and the partitioning around medoids (lower

panel).

producing clustering results that are characterized by a
stronger spatial compactness. Hence, an optimal 0 comes
at the best trade-off of both aspects. Observing Figure 9,
we could consider 0 = 0.35 and 0 = 0.40 as appropriate
choices for the hierarchical algorithm with prototypes and
the PAM algorithm, respectively. Finally, for the chosen 0,
we select the optimal number of clusters �0 as the one
that maximizes the silhouette index, yielding the values
�0 = 11 for Minimax-HAC and �0 = 10 for PAM.

Output. The partitions resulting from the selected 0 and �

are shown in Figure 10 (see the Supporting Informa-
tion for all the maps obtained from the clustering of
�

0 , where 0 varies in the considered set). Although we
have a finite set of representative stations, the map
is displayed using continuous colors to provide a full
spatial representation across Europe. Each station is
associated with a rectangular area (pixel), allowing the
entire map to be fully covered. As can be seen, the

Environmetrics, 2025 15 of 20

 1099095x, 2025, 8, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/env.70047 by A

lessia B
enevento - U

niversitá D
el Salento Ser Inf B

ibliot "L
a Stecca" , W

iley O
nline L

ibrary on [05/11/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



FIGURE 10 | Clustering of JJAmaximum temperatures (de-trended) obtained viaMinimax-HAC (upper panel) and PAM (lower panel). Colors refer

to the �0 = 11 and �0 = 10 clusters, respectively. Diamond-shaped locations represent the Minimax-HAC prototypes and PAMmedoids, respectively.

two clusters exhibit some overlap and are both char-

acterized by a high degree of spatial cohesion. In par-

ticular, the Minimax-HAC algorithm isolates the Azores

Islands, which form the eleventh cluster, while the clus-

ters obtained using PAMappear similar in size and roughly

spherical.

16 of 20 Environmetrics, 2025

 1099095x, 2025, 8, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/env.70047 by A

lessia B
enevento - U

niversitá D
el Salento Ser Inf B

ibliot "L
a Stecca" , W

iley O
nline L

ibrary on [05/11/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



5 | Conclusions

In this paper, we have investigated the existing literature on clus-
tering time series using dissimilarity-based algorithms, with a
specific focus on methods that account for detecting comove-
ments of time series, taking into account the spatial structure
of the data. Interestingly, copula functions offer a natural way
to describe joint comovements among time series and, as such,
a growing number of contributions in the literature have pro-
posed clustering algorithms based on copulaswith different fields
of application. In particular, we illustrated the application of
the proposed methodology on climatological data, highlighting
how it can support the understanding of complex environmental
patterns.

Motivated by the exploration of recent and potential future devel-
opments along this direction, we derived a conceptual frame-
work to deal with clustering of spatial data, which can support
the user in the clustering process and provide some insights on
the methodology to adopt. This is especially relevant in environ-
mental sciences, where the abundance of spatio-temporal data
presents unprecedented opportunities for analyzing and under-
standing local and regional dynamics.

Our proposed architecture—the Triple-C algorithm—is
grounded on key aspects that are crucial in the field of clus-
tering with proximity constraints in many recent works in the
literature. The proposedAlgorithm is able to distinguish themain
steps, starting from the data and including cluster validation,
for many proposed approaches in spatio-temporal clustering,
depending on how the aggregation of the temporal and spatial
information is performed.

It is worth noting that the choice of an appropriate clustering
strategy is often strongly dependent on the application itself. The
framework provided by the Triple-C algorithm offers great flex-
ibility in dealing with both the temporal and the spatial informa-
tion, guaranteeing that such decisions are tailored to the user’s
needs.

In our opinion, at least twomain aspects deserve particular atten-
tion in future works.

In current practice, clustering outputs are predominantly evalu-
ated using validation indices designed for specific contexts, such
as Euclidean spaces, where clustering properties are closely tied
to shape characteristics such as compactness, separation, and
roundness (see alsoDe Luca and Zuccolotto 2021a). However, the
applicability of these indices in time series clustering is unclear,
particularly when the dissimilarity measure is not derived from
traditional distance metrics. This also pertains to the selection of
the hyper-parameter 0 that is usually inspired by graphical tools.

Moreover, looking at the non-constrained case in Figure 1, clus-
tering algorithms with spatial constraints have mainly modi-
fied the first (dependence retrieval) or the second phase of the
process (dissimilarity mapping). However, a promising avenue
could be to intervene directly on the cluster validation phase,
for instance, by including a spatial penalty term in the objec-
tive function of the clustering method. This approach is quite

typical in fuzzy clustering (Pham 2001; Coppi et al. 2010; D’Urso
et al. 2019) and could be further developed in the copula-based
framework.
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