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Abstract

In this paper we study in detail some characterizations of Korovkin closures and we also introduce
the notions of onesided upper and lower Korovkin closures. We provide some complete characterizations
of these new closures which separate the roles of approximating functions in a Korovkin system. We also
present some new characterizations of the classical Korovkin closure in spaces of integrable functions.
Again we can introduce and characterize the upper and lower Korovkin closures. Finally, we provide
some examples which justify the interest in these new closures.
© 2024 The Author. Published by Elsevier Inc. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction and notation

The aim of this paper is to analyze in detail some characterizations of Korovkin closures
and to highlight the different roles of the functions involved in these characterizations.

This is an old problem in Korovkin approximation theory. Indeed, the classical Korovkin
closure was first introduced in [3] and was studied in [4,5] (see also [2, Notes and References
to Section 4.1,p. 209] and [12, Chapter 6]).

More recently, the Korovkin closure has been also studied in Banach algebras [1] and
Lindenstrauss spaces [11].

However, until now only necessary and sufficient conditions have been obtained which
ensure that the Korovkin closure coincides with the whole space. Here, we provide some
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characterizations which make it possible to determine exactly the subspace where the con-
vergence of a net of operators can be assured even if this subspace does not coincide with the
whole space. Examples showing the interest of these characterizations are also presented. In
Proposition 2.4 and Corollary 2.5 we shall state some applications of particular interest.

Our analysis conducts us to introduce the notion of onesided Korovkin approximation which
allows us to obtain some interesting consequences.

The introduction of onesided Korovkin approximation takes its origin from [9] where in
the context of set-valued functions it is shown the possibility of studying the convergence
of equicontinuous nets of linear monotone operators on set-valued functions having a convex
graph using only affine set-valued functions (see also [6-8,10]).

We consider different cases of interest both in spaces of continuous than in spaces of
integrable functions.

First, we recall the classical definition of Korovkin closure with respect to monotone
(respectively, linear positive, linear contractive) operators for the identity operator.

Let X be a compact Hausdorff topological space and let H C C(X, R).

The Korovkin closure K(H) of H with respect to monotone (respectively, linear positive,
linear contractive) operators for the identity operator is defined as follows

K(H):={f e C(X,R) | lim L;(f)= f for every equicontinuous net
iel=

(L,-)fe ; of monotone (respectively, linear positive,
linear contractive) operators from C(X, R) into

itself satisfying lim L;(h) = h uniformly on X
iel=
for everyh € H}.

Moreover H is said to be a Korovkin system with respect to monotone (respectively, linear
positive, linear contractive) operators for the identity operator if K(H) = C(X, R).

Our analysis is inspired by a characterization of the Korovkin closure given in condition (v)
in [2, Theorem 4.1.4, p. 199] (see the Notes to Section 4.1.4 of [2] for complete references),
which states that f € K(H) if and only if
(KS) For every xp € X and ¢ > 0, there exist /&, k € H such that

h<f<k, k(xo) — & < f(x0) < h(xo) + ¢,

or equivalently, taking into account that X is compact,
(KS), For every ¢ > 0, there exist hy, ..., hy, ki, ..., k, € H such that
hj<f<kj, j=1...,m, .infmkj—8<f<‘sup hj+e.
The concepts of upper and lower Korovkin closures introduced in the next section are
obtained by considering separately the roles of the functions z; and k;, j =1, ..., m, involved
in the above characterizations.

We shall consider these new closures both in spaces of continuous real functions than in
LP-spaces.

2. Onesided Korovkin approximation in spaces of continuous functions

We start with the following main definition.
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Definition 2.1. Let X be a compact Hausdorff topological space and let H C C(X, R).

Then, the upper Korovkin closure (respectively, the lower Korovkin closure) of H with
respect to monotone operators for the identity operator is the subset K(H)1 (respectively,
K (H)™) defined as follows

K(H)t = {f € C(X,R) | limsup L;(f) < f for every equicontinuous net

iel=
(Li)fel of monotone operators from C(X, R)
into itself satisfying lim L;(h) = h uniformly
iel=

on X for everyh € H}.

(respectively,

K(H) ={f € C(X,R) | f <liminf L;(f) for every equicontinuous net
iel=

(L,<)i5E ; of monotone operators from C(X, R)
into itself satisfying lim L;(h) = h uniformly
iel=

on X for everyh € H} .)

Moreover, H is said to be an upper Korovkin system (respectively, a lower Korovkin system)
with respect to monotone operators for the identity operator if K(H)" = C(X, R) (respectively,
K(H)” = C(X,R)).

The above definition is justified by the equality K(H) = K(H)" N K(H)".

Indeed, if f € K(H)T N K(H)™ and if (L,~)fe ; is an equicontinuous net of monotone
operators from C(X, R) into itself satisfying lim;c;< L;(h) = h uniformly on X for every
h € H, we have

f <lminf Li(f) < limsup Li(f) < f
1el= iel=
and this ensures that the limit lim;.;< L;(f) exists and is equal to f uniformly on X. The
converse inclusion is trivial.

In general, if f is only in the upper (or lower) Korovkin closure, we may not expect that
lim;¢;= Li(f) = f.

However, distinguishing between the upper and lower Korovkin closures, we have the
possibility to construct some new interesting examples of Korovkin closures, as we shall see
in the sequel.

We explicitly observe that the onesided definition is meaningful only with respect to
equicontinuous net of monotone operators. Otherwise, a net of linear operators which converges
on H C C(X,R) converges also on —H := {—h | h € H} and therefore K(H)* = K(H)".

Since K(H)' and K(H)™~ are not in general subspaces of C(X,R), it may be also useful
to introduce the following notion.

We define a subset H of C(X, R) to be upward cofinal (respectively, downward cofinal) in
C(X, R)if, for every f € C(X, R), there exists k € H such that f < k (respectively, for every
f € C(X, R), there exists h € H such that & < f).

At this point, we can state the following main characterization.

For the sake of brevity, we shall explicitly state only the results for the upper Korovkin
closure. With the appropriate changes, similar results can be also stated for the lower Korovkin
closure. In general, in this case, functions k € H satisfying f < k and k(x) — ¢ < f(x) at
some x € X should be replaced with functions & € H such that &7 < f and f(x) < h(x) + ¢.
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Theorem 2.2. Let X be a compact Hausdorff topological space and let H be an upward
cofinal subset of C(X, R).
If f € C(X, R), the following statements are equivalent:

(a) f e K(H);
(b) For every xog € X and ¢ > 0, there exists k € H such that

f <k, k(xg) — e < f(xo).
(c) For every ¢ > 0, there exist ki, ..., k, € H such that

oinf kj—e < f.
j=1... m

f<ki, j=1....m,
Proof. (a) = (b) Assume that condition (a) holds and by contradiction that there exist xop € X
and gy > 0 such that k(xg) > f(xo) + € for every k € H satisfying f < k. Consider the
operator L : C(X,R) - C(X, R) defined by setting, for every g € C(X,R) and x € X,

L(g)(x) = keliilggk k(x) .

Since H is upward cofinal, the operator L is well-defined and it is obviously monotone.
Moreover, L(h) = h for every h € H, but

LD = _inf_ k() = f(xo) +e0

Hence, the net (L,~)i§e ; defined by L; = L for every i € I cannot satisfy the condition
limsup; ;< L;(f)(x0) < f(xo0) and this contradicts condition (a).

(b) = (c) It follows using a straightforward argument based on the compactness of X.

(c) = (a) Let (L,~)i§e ; be an equicontinuous net of monotone operators from C(X, R) into itself
satisfying

lim L;(h) = h
iel=
uniformly on X for every & € H.
Let £ > 0 and from (c) consider k1, ..., k,, € H such that
fskio j=l..m, inf kj—§<f. 2.1)
j=1,.., m

Since every L; is monotone, we have, for every i € I,

Li(fy<Likj), j=1,...,m.

Moreover, the net (L;(k j))fe ; converges to k; for every j = 1,...,m and therefore we can
find @ € I such that, foreveryi € I,i >a,and j =1,...,m,

k; 5L,(k,)+§, Li(kj)gkj—i—%. 2.2)
From (2.1) and the second inequality in (2.2) we obtain, for every i > «,

Li(f)< inf Likp< inf ky+5<fte

and consequently

supL;(f) < f+e

i>a
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which finally yields
ingsupLi(f) <f+e
oe i>a

Since & > 0 is arbitrary, we get limsup; ;< L;(f) < f. ]

Now, we give some examples of upper and lower Korovkin systems which can be obtained
from classical well-known properties.

Proposition 2.3. Let (X, 0) be a compact metric space and, for every A, i € R and xo € X,
consider the functions 1y s ., Sxg..u : X — R defined by setting

Froan(®) = A+ o (X, %0) »  Sxpau(®) =A+po(x,x),  x€X.
Then, the following subsets of C(X, R):
H]JF(X) = {rxo,)\,u [xoe X,AeR, nu>0,}

Hy (X) = {sxyu | X0 € X, A €R, 1 >0,}
are upper Korovkin systems in C(X, R), while the subsets

H]_(X) = {rxo,)»,pt | xO € X9)" S R’M S 05}

Hzi(X) = {SX(),)»,;L | xo€ X, A € R, n= 0, }

are lower Korovkin systems in C(X, R).

Proof. We show the property only for H, (X) since the same arguments can be applied in all
other cases.

Let f € C(X,R), xp € X and ¢ > 0. Let M > 0 be such that | f(x) — f(x9)] < M for every
x € X and let 6 > 0 be such that | f(x) — f(xo)| < &/2 whenever x € X satisfies o(x, x9) < 8.
Now consider the function 7y ;. , with A := f(xo)+&/2 and .= M/§. Then ry; , € H1+(X).

We show that f < ry,; ,.Indeed, if x € X and o (x, xo) < 8 we have f(x) < f(xo)+¢&/2 <
Troonn(X). If 0 (x, x) > § we have f(x) < f(xo) + M < 7y . (x). Therefore f < ry, i . (x).

Finally, we obviously have ry, s .(x0) = f(xo) +&/2 < f(xo) +&.

Therefore condition (b) of Theorem 2.2 is satisfied and from Theorem 2.2, (a), the proof is
complete. |

Observe that all the subsets H;"(X), H, (X), H; (X) and H, (X) are both upward and
downward cofinal subsets of C(X, R) since each one of them contains the constant functions.

As a particular case, we can consider X = [a, b]. In this case the functions 7, ., Sxy 0,
[a, b] — R are defined by setting

Fag i (X) = A4l — X0l L Sxgu(X) = A4 plx — x0)°, x € [a, b]

and the corresponding subsets H1+ ([a, b]) and H;r ([a, b]) of C([a, b], R) are upper Korovkin
systems in C([a, b], R), while the subsets H| ([a, b]) and H, ([a, b]) are lower Korovkin
systems in C([a, b], R).

Now, we can state some properties of convex and concave functions in connections with the
closure of the above subsets and the subspace of affine functions.
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We recall that if f : [a, b] — R is a continuous concave function, there exists ¢ € la, b[
such that

filo) = < f (). (2.3)

fb) — f(a)
b—a
Indeed, the function g(x) = f(x) — W(x — a) is continuous and concave and takes the
same value at the endpoints. Hence g attains its maximum at an internal point ¢ € ]a, b[, where

8" (c) - g'.(c) < 0. The conditions

<f’(c) - w) - (f;(c) - W) <0, flO) < f0

yield (2.3).
We shall denote by A([a, b], R) the subspace of C([a, b], R) consisting of all affine functions
on [a, b], i.e.,

A(la,b],R) == {h € C([a,b],R) |3 p,g € RV x € [a, b] : h(x) := px +q}.

Since A([a, b], R) contains the constant functions, it is both an upward and downward cofinal
subset of C([a, b], R).

Proposition 2.4. [If f € C([a,b],R) is concave (respectively, convex) we have f €
K(A(la, b], R))" (respectively, f € K(A(la, b], R))™).

Proof. Let f € C([a, b], R) be a concave function and let xy € [a, b] and & > 0.

If xo €la,b[, then f has finite left and right derivatives at xy and we can consider
p € [f1(x0), f/(x0)] and the function k(x) := p(x — xo) + f(x0), x € [a, b]. Then k satisfies
condition (b) in Theorem 2.2 and therefore we obtain f € K(A([a, b], R))".

Now, assume that xo = a. If f’(a) is finite we can consider the tangent k(x) := f'(a)(x —
a)+ f(a) to the graph of f at a and we have again that k satisfies condition (b) in Theorem 2.2
and therefore f € K(A([a, b], R))".

Finally, assume f’(a) = +oc. Since f is continuous at a and f’(a) = +o0o we can find
& > 0 such that

|f(x)— fa)l <&,

for every x € [a, a+48]; the first inequality also yields f(x) < f(a)+¢ for every x € [a, a+46].

From (2.3), there exists ¢ € la, a + §[ such that
fiie) < TEXDZID gy
and, in particular, f’(c) > 0. Now, consider the left tangent to the graph of f at the point
(c, f(c)), i.e. the function k(x) := f(c)+ f’ (c)(x —¢), x € [a, b]. Since f is concave we have
f =< k. Moreover k(a) = f(c) + f.(c)a —c) < f(c) < f(a) + € and therefore also in this
case condition (b) of Theorem 2.2 is satisfied. Consequently f € K(A([a, b], R))* and this
completes the proof.

Obviously the same reasoning can be applied to the point b.

Then f satisfies condition (b) in Theorem 2.2 and we can conclude that f €
K(A(la, b], R))*.

If f is convex, the reasoning is at all similar. ]

fo) —f@ _

X —da

6



M. Campiti Journal of Approximation Theory 298 (2024) 106011

At this point, we can state a further consequence of Propositions 2.3 and 2.4.

We denote by Ceonv([a, b], R) (respectively, by Ceonc([a, b], R)) the subset of C([a, b], R)
consisting of all continuous convex (respectively, concave) functions on [a, b] and as before by
A(la, b], R) := Ceonv([a, b], R) N Ceone([a, b], R) the subspace of all affine functions on [a, b].

Corollary 2.5. We have
CCO]‘IV([aa b]a R) C K(A([a7 b]7 R) U H]—F([av b]))7

Ceon(la, b], R) C K (A([a, b], R) U H ([a, b]))
and further

Ceonc(la, b], R) C K(A([a, b], R) U H{ ([a, b)),

Ceonc(la, b1, R) C K(A(la, b], R) U H, ([a, b])).

Proof. We show only the inclusion C.on([a, b], R) C K(A([a, b], R) U Hfr([a, b])) since all
the other ones are similar.

Let f € Ceonv([a, b], R) and let xg € [a, b] and ¢ > 0.

From Proposition 2.3, we know that H1+([a, b]) is an upper Korovkin system in C([a, b], R).
Moreover, we have already observed that Hfr ([a, b]) is an upward cofinal subset of C([a, b], R).
Hence, we can apply Theorem 2.2, (b), and obtain the existence of k € Hfr ([a,b]) C
A([a, b], R) U Hfr([a, b)) such that

f=<k, k(xo) — & < f(xo).

Moreover, from Proposition 2.4, we have f € K(A([a,b],R))". Since A([a,b],R) is a
downward cofinal subset of C([a, b], R), we can apply the analogous of Theorem 2.2, (b),
for the lower closure. This yields the existence of & € A([a, b], R) C A([a, b], R)U H1+([a, b))
such that

h=f, f(x0) < h(xo) +e.

Since xog € [a,b] and ¢ > 0 are arbitrarily chosen, from (KS) we conclude that f €
K(A([a, b], R) U H{"([a, b])). u

As a consequence, if an equicontinuous net (Li)ife ; of monotone operators from C([a, b], R)

into itself satisfies

lim L;(h) =h

iel=
uniformly on [a, b] for every affine function 7 € A([a, b], R) and for every function h(x) :=
A+ p|x — xo| (or alternatively h(x) := A + u(x — x0)?) with xg € [a,b], A € Rand i > 0,
then it converges to f for every convex function f € Ceony([a, b], R).

Analogously, if (L;)7; converges to h for every affine function & € A([a, b], R) and for
every function A(x) := A+ u|x — xo| (or alternatively h(x) := A+ u(x — xo)?) with x¢ € [a, b],
A € R and p < 0, then it converges to f for every concave function f € Ceonc([a, b], R).

7
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3. Onesided Korovkin approximation in L?-spaces

Convergence properties of suitable sequences of operators in L”-spaces are often obtained
by using the same characterizations which hold in spaces of continuous functions and the
universal Korovkin properties (see [2, Section 3.2 and Corollary 4.1.7]).

Our aim is to obtain an independent and general specific characterization of the Korovkin
closures in L”-spaces and also in this case to introduce and study upper and lower Korovkin
closures.

First, we fix some notation.

Let X be a compact Hausdorff topological space and u be a positive Radon measure on X.

It is well-known (see, e.g., [2, Theorem 1.2.4]) that there exists a unique regular finite
Borel measure v on X such that u(f) = [ fdv for every function f : X — R. To avoid
supplementary notation, we shall denote all integrals by [ f du.

Let 1 < p < +oo and consider the space LP(X, ) endowed with the usual norm
11l = (Jy 1 F@I?) "7 if 1 < p < +00 and || flloc = esssup, x| f(0)] if p = +oc.

The Korovkin closure of a subset H C L”(X, ) with respect to equicontinuous nets of
monotone operators is defined as follows

KH), ={f e L’(X,w) | im |[L;(f) — fll, = 0 for every equicontinuous net
iel=

(L)L, of monotone operators from L” (X, )
into itself satisfying lim ||L;(h) — hll, =0
iel=

for every h € H}.

In this general context it may be interesting to consider also nets of positive linear operators
(respectively, of contractive positive linear operators). However, for the sake of brevity, we shall
omit the discussion of the Korovkin closures corresponding to these nets of operators.

In LP-spaces, a subset H of LP(X, u) is said to be cofinal in LP(X, n) if, for every
f € LP(X, ), there exist h, k € H such that k < f < h almost everywhere in X.

At this point, we can state the following characterization of K(H),.

Theorem 3.1. Let X be a compact Hausdorff topological space, | be a positive Radon
measure on X and 1 < p < 4o0.

Let H be a cofinal subset of L?(X, ).

If f € LP(X, w), the following statements are equivalent:

(a) | € K(H)).
(b) For almost all xy € X and for every ¢ > 0, there exist h,k € H and a neighborhood U
of xog such that h < f <k a.e. and, if 1 < p < o0,

1/p K
(/K lk(x) — f(X)I"dM(X)> )

g,
w(X)
1/p
— p
(/Klf(x) h(x)] du(x)> < M(X)e

u(K)
whenever K is a measurable subset of U, while, if p = 00,

IA

A

esssup k(x) — f(x)| <&, esssup | f(x) — h(x)| < e.
xeU xeU

8



M. Campiti Journal of Approximation Theory 298 (2024) 106011

(c) For almost all xo € X and for every ¢ > 0, there exist h,k € H and a neighborhood U
of xo such that h < f <k a.e. and, if 1 < p < o0,

1/p
( fK Ik(X)—h(X)Ipdu(X)> SZE—I;;E

whenever K is a measurable subset of U, while, if p = oo,

esssup [k(x) — h(x)| < e.

xeU

(d) For every ¢ > 0, there exist hy, ..., hy, ki, ..., k, € H such that
h;y < f=<kjae., j=1,...,m,

and

p

Proof. (a) = (b) Let f € K(H),. We show only the existence of the function k € H in (b),
since the proof of the existence of the function 4 is at all similar.

By contradiction, assume that there exists a measurable subset S C X such that u(S) =
s > 0 and ¢y > O such that, for every xy € S, for every k € H such that f < k a.e. and for
every neighborhood U of xy, we have, for some measurable subset K of U,

1/p K
( /K Ik(x)—f(X)l”du(x)) EZEX; €

if ]l <p<ooor

ess sup k(x) — (o) = L) o

xek n(X)
if p = oo.
Consider the operator L : L?(X, u) — LP(X, ) defined by setting, for every g € LP(X, u)

and x € X,
X 1/p
p X (/K k(r) — g(t)lpdu(t))

inf
U neighborhood of x gy, [,L(K)
keH,g<k ae. W(K)>0

L(g)(x) = g(x) +

if ]l <p<ooor

L®x)=gx)+ =~ inf = esssuplk(t) —g(@)l
kE};-I.ggk ae. tel
if p = o0.

Since H is cofinal, L is well-defined and it is obviously monotone. Moreover, for every
h € H, we have L(h) = h but

1/p
ILCH) = fll, = ( /S IL(f)(t) — f(t)l"du(t)> > gos'/P
if 1l <p<ooor

ILC) = fllp = esssup |L(f)(x0) — f(x0)l = €0

xp€eS
9
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if p = o0.

Hence a net (L,')[SE ; defined by L; := L for every i € I converges to h for every h € H but
(L;(f ))fe ; does not converge to f in LP(X, n) and this contradicts condition (a).
(b) = (c) It is obvious since

1/p 1/p
</K k(1) — h(t)lpdﬂ(t)> < (/K k(1) — f(t)l”du(t)>
1/p
+ (/K lf(t)—h(t)lf’du(t)>
if 1 <p<ooor

esssup |k() — h(t)| < esssup |k(t) — f(t)| + esssup | f(t) — h(t)]|
teU

teU teU
if p = o0.
(c) = (d) Let ¢ > 0. Since H is cofinal, we can consider hg, ko € H such that hy < f < ko
almost everywhere. Let N be the subset of X consisting of all xo € X such that condition (c)
does not hold at xo. Hence w(N) = 0 and since p is regular there exists an open measurable
subset S of X such that N C S and

1
/ o) — ho()I” dyu(x) < 36
S

if ]l <p<ooor

esssup [ko(x) — ho(x)| < &
xe§
if p = o0.
For every xop € X \ S, we can consider i, k € H and an open measurable neighborhood
U (xp) of x¢ as provided in condition (c). The subset X \ S is compact and hence we can extract

a finite covering (U;);=1...m of X \ S. Moreover, from condition (c), for every j =1,...,m,
there exist i, k; € H such that h; < f < k; a.e. and, for every measurable subset K of U},
u(K)
[kj(x) = h;O)l” dp(x) < gf
/K ! ! 21u(X)

if ]l <p<ooor

esssup |k;j(x) —h;(x)| < ¢
xek
if p =o0.
Setting Up := S, we obtain a finite covering (U;);—o,1,...,
Now, set Ko := S and, forevery j=1,...,m, K; =U; \ (UpU---UU;_y).
Then (K;)j—o,...» is a finite covering of pairwise disjoint measurable subsets of X and
obviously

.....

oinf kj — sup h;

P
= [0 inf k= sup ol dut)
» s j=0,1,..., m j=1

1 . — . p
+3 J o1 k= s Bl duco)
Jj=

stlko(X)—ho(X)l”dM(X)

10
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+ Z/K_ Ik (x) = (0P dpa(x)
j=1%i

gP ”
w(kK;) < e
2u(X) ; /

1
< —gb
_28 +
if ]l <p<ooor

= max esssup| inf k;(x)—
j=0,1,....m xeKj i=0,1,....m

sup  h;(x)]
=1

..... m

i

< max esssuplk;(x)—h;(x)| <e¢
j=0.1,...m xek;

if p = o0.

In any case, we have obtained ”inf =0
proof of d).
(d) = (a) Let (L,-)l.fel be an equicontinuous net of monotone operators from LP(X, u)
into itself satisfying lim;;< ||L;(h) — h|l, = O for every h € H. In order to show that
lim;;< |Li(f) — fll, = 0 we fix ¢ > 0 and consider hy, ..., hy, ki, ..., k, € H such that

mkj—sup;_y ., hj Hp < ¢ and this completes the

,,,,,,,,,,

| ™

h] S f < k] a.e., ] = 1, N (8 ” Aiinf k] — sup h]”p =
j=1,...m j=1,...m

It follows also

sup h; < f < inf k; a.e.
j:1 AAAAA m j:] ,,,,, m

and since every L;, i € I, is monotone, we have also, for every i € I,
Li(hj) < Li(f) < Li(k;) a.e.
Moreover, since the nets (L;(h j))f€ ; and (L;(k; ))iSE ; converge to h; and respectively k; for

every j =1,...,m, we can find o € [ such that, foreveryi >« and j =1,...,m,
£
||Li(hj)—hj||p_ﬂ, |Li(k;) —kjllp < o
Fix i > « and consider the sets
X ={xeX|L(f)x)— f(x)=0}, X, ={xeX | Li(f)x)— f(x) <0}
For every j = 1,...,m and almost all x € X;", we have
0<Li(f)x)— f(x) < Li(kj)(x) — hj(x)
= Li(kj)(x) —k;(x) +k;(x) — hj(x)
< |Li(hj)(x) — hj()| + [Li(k;)(x) — k;j(0)] + (kj(x) — hj(x))
and analogously, for almost all x € X,
0<—Li(fHx)+ f(x) < —Li(hj)(x) + kj(x)
= —Li(hj)(x) + hj(x) + k;j(x) — h;(x)
[Li(hj)(x) — hj(x)| + |Litk;)(x) — kj(x)] + (kj(x) — hj(x)).
Hence, for almost all x € X,
[L;i(f)(x) — fO| SILi(hj)(x) — hj(x)| + [Li(kj)(x) — k()| + (kj(x) — hj(x))
11
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m

<3 ILih) ) — byl + Y ILilk)@) — k(o)
s=1

s=1

+ (kj(x) = h;(x)).

The preceding inequality holds for every j = 1, ..., m and therefore we have also

m m

L)) = O <D ILih) &) — ho() + Y [Lilks)(x) — k()]

s=1 s=1
+ inf kj(x)— sup h;(x).
j=1 ..... m j:l ,,,,, m

Finally, we have

ILi(f) = fllp SZIlLi(hj) —hijllp +Z I1Likj) = kjllp

j=1 j=1
+ | inf k;— sup h;
j=1,...m j=1,...m
p
e "L e e
< o o - =
Dttt
j=1 j=1
and this completes the proof. |

Condition (b) of Theorem 3.1 suggests to distinguish also in the L”-setting between the
upper and lower Korovkin closures.
We start with the following main definition.

Definition 3.2. Let 1 < p < oo and let H C L?(X, u).

The upper Korovkin closure (respectively, the lower Korovkin closure) of H in LP(X, n)
with respect to monotone operators for the identity operator is the subset K (H );; (respectively,
K(H),) defined as follows

K(H);; ={fel’X,u)| 152 I(L;(f) — f)+||p = 0 for every equicontinuous

<

net (L;);¢;
into itself satisfying lim ||L;(h) — hl||, = O for
iel=

of monotone operators from L¥ (X, )

everyh € H}.
(respectively,

K(H); ={fel’X,un)| h?l I(Li(f)— f)" NI, =0 for every equicontinuous
1€l—=

<

net (L),
into itself satisfying lim ||L;(h) — hl|l, = 0 for
iel=

of monotone operators from L¥ (X, )

everyh € H} )

As usual, we have denoted by f* := max{f, 0} (respectively, by f~ := max{—f,0}) the
positive (respectively, negative) part of f.

12
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Moreover, H is said to be an upper Korovkin system (respectively, a lower Korovkin
system) with respect to monotone operators for the identity operator if K(H ); = LP(X, p)
(respectively, K(H); = LP(X, p)).

Also in this case, it may be useful to distinguish the upward and downward cofinal property.

Namely, a subset H of LP(X, ) is said to be upward cofinal (respectively, downward
cofinal) in LP(X, u) if, for every f € LP(X, u), there exists & € H such that f < h almost
everywhere (respectively, for every f € L7(X, u), there exists k € H such that k£ < f almost
everywhere).

In the following result we state a characterization of the upper Korovkin closure. The
corresponding characterization of the lower Korovkin closure can be obtained in a similar way
and it is omitted for the sake of brevity.

Theorem 3.3. Let X be a compact Hausdorff topological space, u be a positive Radon
measure on X and 1 < p < 4o0.
Let H be an upward cofinal subset of L?(X, ).
If f € LP(X, ), the following statements are equivalent:
(a) f € K(H)].
(b) For almost all xy € X and for every ¢ > 0, there exist k € H and a neighborhood U of
Xxo such that f <k a.e. and, if | < p < oo,

1/p
( /K Ik(X)—f(X)I"du(X)> < %s,

whenever K is a measurable subset of U, while, if p = oo,

esssup [k(x) — f(x)| < e

xeU
(c) For every € > 0, there exist ki, ..., k, € H such that
f=<kjae., j=1,...,m,

and

=1,...,

Proof. (a) = (b) The proof is at all similar to that of (a) = (b) in Theorem 3.1, taking into
account that the operator L considered there satisfies (L(f) — )T = L(f) — f ae.

(b) = (c¢) Let ¢ > 0. Since H is upward cofinal, there exists ko € H such that f < ko almost
everywhere. Let N be the subset of X consisting of all xo € X such that condition (b) does
not hold at xy. Hence w(N) = 0 and since p is regular there exists an open measurable subset
S of X such that N C S and

1
/ lko(x) — ho(x)|”dp,(x) < ESP
N

if ]l <p<ooor

ess sup |ko(x) — ho(x)| < e.
xe§
For every xo € X \ S, we can consider 4, k € H and an open measurable neighborhood U (x()
of x¢ as provided in condition (b). The subset X \ S is compact and hence we can extract a

13
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finite covering (U;);=i...» of X \ S. Moreover, from condition (b), for every j = 1,...,m,
there exists k; € H such that f < k; a.e. and, for every measurable subset K of U},

u(K)
fK k) = FEIN dut) < 2222

gP

if ]l <p<ooor
esssup |k;(x) — f(x)| < ¢
xek
if p = o0.
Setting Uy := S, we obtain a finite covering (U;);=o.1,...m of X.
Now, set Ko := S and, forevery j=1,...,m, K; . =U;\ (UpU---UU;_y).

0.1,...,

p
:/| _inf k() = f(0)I7 dplx)
p JS ITR L

.....

S/SIko(X) — [P dpu(x) + Z/K lkj(x) — f(0)I” dp(x)
j=17%j

< _ p+ ) < P
=25 T Z]_:I wK;) <e

if ]l <p<ooor

inf  k; _f” = max esssup| inf k;(x)— f(x)]
j=0,...m 0o J=0L...m xek; i=0,1,...m
< max esssuplk;(x)— f(x)| <e
Jj=0,1,....m xeKj
if p = o0.

In any case, we have obtained ||inf i=0,.mkj — f ||p < & and this completes the proof of
(©).
(¢) = (a) Let (L,~)fe ; be an equicontinuous net of monotone operators from LP(X, u)
into itself satisfying lim;¢,= ||L;(h) — h|l, = O for every h € H. In order to show that
lim; ;< I(Li(f) — )T, = 0 we fix ¢ > 0 and consider ki, ..., k, € H such that

fski oae, j=l..om, | inf kj—f||,,5§.
j=1,..., m
It follows also, forevery j =1,...,m and i € I,
Li(f) < Likj) a.e.
Moreover, there exists € I such that, for every i > e and j =1,...,m, [[L;i(k;) — kjll, <

e/(2m).
For every i > «, let X,’L ={x e X | Li(f)x)— f(x)> 0}; hence, for almost all x € X;’,
0 <L;(f)x)— f(x) < Li(k;j)(x) — f(x)
14
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=Li(k;j)(x) — kj(x) + k;j(x) — f(x)
<ILi(kj)(x) — kj(x0)] + (kj(x) — f(x))

=< Z |Li(ks)(x) — kg ()| + (kj(x) — f(x))

s=1

and, since j = 1, ..., m is arbitrary, we have also

0= Li(H) = f(&) = Y ILik)(x) = k;(o)] + (,Jf‘f k0 - f(x)) .

j=1
Finally, it follows

,,,,

and this completes the proof. |

Of course, we have K(H), = K(H); N K(H); and in general K(H), does not coincide
with K(H):; nor with K(H),,.

However, if we limit ourselves to consider equilipschitzian nets of monotone operators, the
Korovkin closure and the upper and lower Korovkin closures coincide, as stated in the following
proposition.

Proposition 3.4. Let X be a compact Hausdorff topological space, u be a positive Radon
measure on X and 1 < p < 4o0.

Let H be a cofinal subset of LP(X, ).

If f e K(H),f or f € K(H); and if(Li)ifel is an equilipschitzian net of monotone operators
Sfrom LP(X, ) into itself satisfying lim;c;< || L;(h) — hll, = O for every h € H, then we have
also

122 ILi(f) = fll, =0.

Proof. We consider the case where f € K(H );,“. Let (L,v)fe ; be an equilipschitzian net of
monotone operators from L”(X, w) into itself satisfying lim;c;< ||L;(h) — h||, = O for every
h € H and let M > O such that ||L;(g1) — L;(g2)ll, < M|lgi — g, for every i € I and
g1, & € L7(X, ).

Let ¢ > 0; with the same reasoning as in the proof of (¢) = (a) in Theorem 3.3, we can
consider ki, ..., k, € H such that

e
f<ki ae, j=1,...,m, | inf k;—fll, <=
’ j=l,.m 2
and we can obtain o € [ such that, foreveryi > o and j = 1,...,m, ||L;(k;)—k;ll, < &/(2m).
Consequently, for every i > « and almost all x € X;r (see the proof of (¢) = (a) in
Theorem 3.3),

0=<Li(Hx)— flx) =< Z |Li(kj)(x) — k;(x)| + (j:ilnf kj(x) — f(X)) -
= Nk m
Moreover, for almost all x € X such that L;(f)(x)— f(x) < 0 we have, forevery j = 1,...,m,

0 < f(x) = Li(/)x) < kj(x) — Li(k;)(x) + Li(k;j)(x) — Li(f)(x)
15
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and hence
m

I((Li(f) = f) )] = Z lkj(x) = Li(kj)(x)| + Z |Likj)(x) = Li(f)X)] -

j=1 j=1
Finally, taking into account the equilipschitzian property,

ICLiCF) = )My <D MLitky) = kjllp + Y ILitk)) = LIl
j=1 j=1
<Y MLitkp) = kil + MY llkj = fll, -
j=1 j=1

Putting together the above inequalities, we obtain

ILi(f) = fCOlp < Y NLitkj) =kl + (M + 1) ( inf  k;(x) — f(x)) <e+—e
j=l...m 2

j=1
and this shows that lim;¢,< ||L;(f) — fll, = 0. ]
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