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—— Abstract

In the adaptive influence mazimization problem, we are given a social network and a budget k, and
we iteratively select k nodes, called seeds, in order to maximize the expected number of nodes that
are reached by an influence cascade that they generate according to a stochastic model for influence
diffusion. The decision on the next seed to select is based on the observed cascade of previously
selected seeds. We focus on the myopic feedback model, in which we can only observe which neighbors
of previously selected seeds have been influenced and on the independent cascade model, where each
edge is associated with an independent probability of diffusing influence. While adaptive policies
are strictly stronger than non-adaptive ones, in which all the seeds are selected beforehand, the
latter are much easier to design and implement and they provide good approximation factors if the
adaptivity gap, the ratio between the adaptive and the non-adaptive optima, is small. Previous
works showed that the adaptivity gap is at most 4, and that simple adaptive or non-adaptive greedy
algorithms guarantee an approximation of i (1 - %) =~ 0.158 for the adaptive optimum. This is
the best approximation factor known so far for the adaptive influence maximization problem with
myopic feedback.

In this paper, we directly analyze the approximation factor of the non-adaptive greedy algorithm,
without passing through the adaptivity gap, and show an improved bound of % (1 - é) ~ 0.316.
Therefore, the adaptivity gap is at most 52781 ~ 3.164. To prove these bounds, we introduce a

new approach to relate the greedy non-adaptive algorithm to the adaptive optimum. The new

approach does not rely on multi-linear extensions or random walks on optimal decision trees, which
are commonly used techniques in the field. We believe that it is of independent interest and may be
used to analyze other adaptive optimization problems. Finally, we also analyze the adaptive greedy
algorithm, and show that guarantees an improved approximation factor of 1 — ﬁ ~ 0.393.
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Improved Approximation Factor for Adaptive Influence Maximization

1 Introduction

In the Influence Maximization (IM) problem, we are given a social network, a stochastic
model for diffusion of influence over the network, and a budget k, and we ask to find a set of &
nodes, called seeds, that maximize their spread of influence, which is the expected number of
nodes reached by a cascade of influence diffusion generated by the seeds according to the given
diffusion model. One of the most studied models for influence diffusion is the Independent
Cascade (IC), where each edge is associated with an independent probability of transmitting
influence from the source node to the tail node. In the IC model the spread of influence
is a monotone submodular function of the seed set, therefore a greedy algorithm, which
iteratively selects a seed with maximum marginal gain, guarantees a 1 — % approximation
factor for the IM problem [34]. Since its definition by Domingos and Richardson [19, 40] and
formalization as an optimization problem by Kempe et al. [33, 34], the IM problem and its
variants have been extensively investigated, motivated by applications in viral marketing [13],
adoption of technological innovations [24], and outbreak or failure detection [35]. See [10, 36]
for surveys on the IM problem.

Recently, Golovin and Krause [25] initiated the study of the IM problem under the
framework of adaptive optimization, where, instead of selecting all the seeds at once at the
beginning of the process, we can select one seed at a time and observe, to some extent, the
portion of the network reached by a new selected seed. The advantage is that the decision
on the next seed to choose can be based on the observed spread of previously selected seeds,
usually called feedback. Two main feedback models have been introduced: in the full-adoption
feedback the whole spread from each seed can be observed, while, in the myopic feedback,
one can only observe the direct neighbors of each seed.

Golovin and Krause [25] considered the Independent Cascade model and showed that,
under full-adoption feedback, the objective function satisfies the property of adaptive submod-
ularity (introduced in the same paper) and therefore an adaptive greedy algorithm achieves
al-— % approximation factor for the adaptive IM problem. In their arXiv version, they
retracted a claim (appeared in their previous conference version) in which they mistakenly
showed that the adaptive submodularity holds even under the myopic feedback model, and
this property would have guaranteed that the adaptive greedy is a constant factor approxim-
ation algorithm (under the myopic feedback model). Anyway, they conjectured that there
exists a constant factor approximation algorithm for the myopic feedback model, which
indeed has been found by Peng and Chen [39] who showed that both the adaptive and
non-adaptive greedy algorithms guarantee a i (1 - é)—approximation. In particular, they
showed that the adaptivity gap, which is the supremum, over all possible inputs, of the
ratio between the spread of an optimal adaptive policy and that of an optimal non-adaptive
one, is upper-bounded by 4. By combining this bound with the approximation factor of
both the adaptive and non-adaptive greedy algorithms for the non-adaptive problem they
obtain a i (1 — %)—approximation factor. To prove their upper-bound on the adaptivity gap,
Peng and Chen use an approach that is inspired by Bradac et al. [6], which in turn is based
on the approach introduced by Gupta et al. [29, 30] in the context of stochastic probing.
To relate a non-adaptive solution to an optimal adaptive one, they consider the decision
tree of an optimal adaptive solution and construct a non-adaptive policy by performing a
random root-leaf walk in the tree, according to a probability distribution induced by the
tree. Note that computing the non-adaptive policy that guarantees the upper-bound on
the adaptivity gap would require to know an optimal decision tree. However, this approach
only requires to show the existence of such a non-adaptive policy since it allows us to bound
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the adaptivity gap and non-adaptive approximation factor is obtained by combining the
non-adaptive approximation factor with the adaptivity gap. In the same paper, Peng and
Chen showed that both the adaptive greedy and the non-adaptive greedy algorithms cannot

achieve a factor better than (Zi"i)lz <0.607 <1-— % of the adaptive optimum, and that the

adaptivity gap is at least —%5 ~ 1.582.

In [11], the same authors showed some upper and lower bounds on the adaptivity gap in

the case of full-adoption feedback, still under independent cascade, for some particular graph
classes. In order to show these bounds, they followed an approach introduced by Asadpour
and Nazerzadeh [3] which consists in transforming an adaptive policy into a non-adaptive
one by means of multilinear extensions, and constructing a Poisson process to relate the
influence spread of the non-adaptive policy to that of the adaptive one. For general graphs, a
non-constant upper bound for the adaptivity gap under the full-adoption feedback has been
recently shown in [16].

Our Contribution

In this paper, we focus on the myopic model and analyze the approximation factor of the
non-adaptive greedy algorithm without passing through the adaptivity gap. We show that
the algorithm achieves at least a fraction of % (1 — é) ~ 0.316 of the adaptive optimum
(Theorem 5). By definition, this implies that the adaptivity gap is at most 62761 ~ 3.164
(Remark 12). For both approximation ratio and adaptivity gap we obtain a substantial

improvement with respect to the upper bounds obtained in [39], which are % (1 — %) ~ 0.158
and 4, respectively.

Non-adaptive policies are strictly weaker than adaptive ones, since the latter can im-
plement the former by simply ignoring any kind of feedback. On the other hand, adaptive
policies are difficult to implement as they require to probe suitable seeds and to observe
the corresponding feedback, which can be expensive and error-prone. Moreover, they may
consist of exponentially-large decision trees that are hard to compute and store. In contrast,
non-adaptive policies are easy to design and implement and are independent from the feed-
back. In particular, the non-adaptive greedy algorithm has been extensively studied and
successfully applied in the field of influence maximization. For the non-adaptive setting,
several efficient implementation of the greedy algorithm have been devised that allows us to
use it in large real-world networks [14, 27, 35, 37, 47, 48]. Our results show that the simple
non-adaptive greedy algorithm performs well, even in the adaptive setting where we compare
it with the adaptive optimum.

To show our bounds, we introduce a new approach that relate the non-adaptive greedy
policy to an optimal adaptive solution. The new approach is not based on multilinear
extensions and poisson processes (like, e.g. [3, 7, 9, 11]) neither on random walks on the
optimal decision trees (like, e.g. [6, 29, 30, 39]), which are the main tools used so far to
relate adaptive and non-adaptive policies, and to bound adaptivity gaps. Previous techniques
derive adaptive approximation factors by combining non-adaptive approximation ratios with
a bound on the adaptivity gap which is obtained by showing the existence of a “good”
non-adaptive policy. However such a policy is hard to compute as it is usually constructed
by using an optimal adaptive policy. Our approach, instead, directly analyzes a non-adaptive
policy and therefore provides the exact policy that gives the desired adaptivity gap and
adaptive approximation factor. We believe that our approach is of independent interest
and may be used to bound approximation factors and adaptivity gaps of different adaptive
optimization problems.
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Our new approach consists in defining a simple randomized non-adaptive policy whose
performance is not higher than that guaranteed by the greedy algorithm, and to relate
such randomized non-adaptive policy with the optimal adaptive policy. In order to recover
good properties of the objective function (like, e.g. submodularity) that usually guarantee
good approximations when adopting greedy strategies, we introduce an artificial diffusion
process in which each seed has two chances to influence its neighbours. A similar process
was introduced by Peng and Chen [39], who consider a diffusion model in which the seeds
appear in multiple copies of the influence graphs, so that, roughly speaking, each node has
several chances to influence the neighbours, and the main machinery they consider to relate
optimal adaptive strategies with optimal non-adaptive ones is that in [6]. Our direct and
more refined analysis of the non-adaptive greedy algorithm improves at the same time both
the approximation ratio and the adaptivity gap.

To illustrate our approach, in Section 2 we first apply our machinery to the simpler setting
of adaptive monotone submodular maximization under cardinality constraint. As observed
by Asadpour and Nazerzadeh [3], a constant factor approximation of the non-adaptive greedy
policy applied to such setting can be obtained by combining the approximation ratio over
the non-adaptive optimum and the adaptivity gap (which is equal to (1 — é) [3]); this
leads to an approximation guarantee of (1 — %)2 ~ 0.399. We give a more refined analysis
of the non-adaptive greedy policy and we show that its approximation ratio is at least
% (1 — e%) ~ 0.432. Asadpour and Nazerzadeh [3] also showed that a so-called continuous
greedy policy [7, 9] achieves an approximation ratio of 1 — é — ¢ (in polynomial time w.r.t. %)
Since the continuous greedy policy is a non-adaptive policy, this bound is strictly better
than ours. However, the non-adaptive greedy policy is simpler and deterministic, while the
continuous greedy policy is randomized and more complex.

Finally, in Section 5, we analyze the adaptive version of the greedy algorithm applied to the
adaptive influence maximization problem; by resorting again to an artificial diffusion process,
we show that such adaptive algorithm guarantees an approximation ratio of 1 — % ~ 0.393;
thus, we further improve the upper bound shown for the non-adaptive greedy algorithm, and
we also give a more refined analysis of the adaptive greedy algorithm than that of Peng and
Chen [39], who showed a § (1 — 1) ~ 0.158 approximation factor.

Due to the lack of space, some proofs are deferred to the full version of the paper [15].

Related Work

Adaptive Influence Maximization. The adaptive influence maximization problem under
the independent cascade model has been studied by [11, 12, 31, 39, 45, 46, 49, 51, 52, 53].
These include studies on several classes of graphs and different feedback models.

The most studied feedback model is the full-adoption feedback, in which the entire
influence spread generated by each selected node is observed. Golovin and Krause [25] show
that the full-adoption feedback model satisfies the adaptive submodularity property and,
by exploiting such property, provide a (1 — 1/e) approximation adaptive algorithm for the
problem of finding the best adaptive policy. Chen and Peng [11] study the adaptivity gap
in the full-adoption feedback model under certain restrictions on the graph topology. In
particular, they show that the adaptivity gap of in-arborescence (resp. out-arborescence)
graphs belongs to [e/(e — 1),2¢/(e — 1)] (resp. [e/(e —1),2]). For general graphs with n
nodes (resp. in-arborescence graphs), an upper bound of O(n'/?) (resp. 2¢%/(e? — 1)) for
the adaptivity gap under the full-adoption feedback has been recently shown in [16].

Golovin and Krause [25] conjectured that the influence maximization problem under the
myopic feedback model admits a constant approximation algorithm and a constant adaptivity
gap, despite the adaptive submodularity does not hold under such feedback model. Since



G. D’Angelo, D. Poddar, and C. Vinci

then, several studies have been conducted on the myopic feedback model. Some recent works
include that of Salha et al. [42], in which they consider a modified version of the independent
cascade model which gives multiple chances to the seeds to activate their neighbours, and
consider a different utility function which needs to maximized. They demonstrate that
the myopic feedback model is adaptive submodular under such modified diffusion model,
and provide an adaptive greedy policy that achieves a 1 — 1/e approximation ratio for
the problem of finding the best adaptive policy. The work of Peng and Chen [39] is the
first one that provides a constant upper bound on the adaptivity gap under the myopic
feedback model. They introduce a policy in which each seed appears in multiple copies of the
original graph; furthermore, this hybrid policy connects the adaptive and the non-adaptive
policies via a machinery used by [29, 30, 6] in the context of stochastic probing. They show
that the adaptivity gap is in [e/(e — 1), 4], and the upper bound is turned into (1 —1/e)/4
approximation algorithm.

Other diffusion and feedback models have been also studied, e.g., the multi-round diffusion
model [45], the general feedback model [49], and the partial feedback model [53]. Han et

al. [31] conduct a study on the batch selection of seeds at each step of the diffusion process.

Tong et al. [50] introduce the dynamic independent cascade model, which captures the
dynamic nature of real-world social networks. Finally, Singer et al. [5, 41, 43, 44], in their
line of research on adaptivity gaps, studied a two-stage process called adaptive seeding,
that exhibits some similarities with the influence maximization problem under the myopic

feedback model.

Other Topics in Adaptive Optimization. Beyond influence maximization problems, the
adaptive optimization and the adaptivity gap have been generally studied for many other
stochastic settings [1, 2, 3, 4, 6, 8, 17, 18, 20, 21, 22, 23, 25, 26, 28, 29, 30, 32, 38].

A general adaptive optimization framework deals with the fact that an item will reveal
its actual state only when it has been irrevocably included in the final solution, and the
main goal is to optimize an objective function under such uncertainty. Stochastic variants of
packing integer programs, 0/1 knapsack problems, and covering problems, have been studied
under the perspective of adaptive optimization in [17, 18, 23], respectively.

Asadpour et al. [3, 4] study the adaptivity gap of the stochastic submodular maximization
problem under a matroid constraint, in which the goal is to select a subset of items satisfying
a matroid constraint, that maximizes the value of a monotone submodular value function
defined on the random states of the selected items. In [3], the authors consider an adaptive
greedy policy (often denoted as myopic policy) to approximate the optimal value of the best
adaptive policy, and they show that it achieves a 1/2 approximation ratio under general
matroid constraint, and a 1 — % approximation ratio under cardinality constraint. Interesting
variants or extensions of the above optimization problem have been considered in [6, 29, 30].

Chan and Farias [8] study the efficiency of adaptive greedy policies applied to a general
class of stochastic optimization problems, called stochastic depletion problems, in which the
adaptive policy, at each step, chooses an action that generates a reward and depletes some of
the items; they show that, under certain structural properties, a simple adaptive greedy policy
guarantees a constant factor approximation of the best adaptive policy. Hellerstein et al. [32]
use an optimal decision tree to build a connection between the adaptive and the non-adaptive

policies, and show that the adaptivity gap of stochastic submodular maximization under
1

cardinality constraint is 1 — =, where 7 is the minimum value of the probability that an

item is in some state.
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Organization of the Paper

In the next section we introduce our new approach by applying it to a simpler setting. In
Section 3 we introduce the adaptive influence maximization problem along with the necessary
notation and definitions. In Section 4 we give the main results of the paper, that is the
improved approximation factor for the non-adaptive greedy algorithm and the upper bound
on the adaptivity gap for adaptive influence maximization. In Section 5 we show an improved
approximation ratio for the adaptive greedy algorithm. In Section 6 we outline possible
research directions.

2  Overview of the Approach: Stochastic Submodular Maximization

In this section, we illustrate our machinery by applying part of it to the problem of maximizing
a stochastic submodular set function under cardinality constraints [3].

For two integers h and k, h <k, let [k], :== {h,h +1,...,k} and [k] := [k]1. A function
f:R%; — R>g is a monotone submodular value function if, for any vectors z,y € R>, we
get f(xVy)+ f(zAy) < f(z)+ f(y), where x Ay denotes the componentwise minimum and
x V y denotes the componentwise maximum.

Let [n] be a finite set of n items, and let & = (04,...,0,,) be a vector of n real, non-
negative, and independent state random variables, where each 6; returns the state 6; € R>q
associated to each item i following a certain probability distribution. Let f: RZ, — Rxq
be the objective function, that is a monotone submodular value function. For an_y S C [n],
let O(S) := (01(5),...,0,(S)) be the partial state random variable, that is a random vector
defined as 0,(S) = 0, if i € S, 6,(S) = 0 otherwise. With a little abuse of notation, we
assume that vector 6(59) gives also information on the set .S which (S) is based on.

For a given integer k > 0, we aim at selecting a subset S C [n] subject to cardinality
constraint |S| = k, that maximizes the expected value Eg[f(0(S))]. To guarantee a (possibly)
better solution we can resort to an adaptive policy, that, at each step, observes the partial
state & ~ O(U), where U denotes the set of items previously selected, and selects another
further item 7(§) € [n] \ U; after k iterations, the policy returns a set Ug x(7) C [n] with
|Ug 1 (m)| = k, which is a random set depending on the state of 8. The stochastic monotone
submodular mazimization problem (SMSM) takes as input a set of items [n], a random
vector 8, a monotone submodular value function f, and an integer k € [n], and asks to find
an adaptive policy 7 that maximizes the expected value Eg[f(0(Ug 1 ()))].

In general, computing an optimal adaptive strategy is a computationally hard problem.
Furthermore, in many contexts it is difficult to implement adaptive strategies, and non-
adaptive strategies (in which the solution is chosen without observing the states of the
random variables) is a more feasible choice. Asadpour and Nazerzadeh [3] show that a non-
adaptive randomized continuous greedy algorithm guarantees a (1 — % — e) approximation
for the SMSM problem (in polynomial time w.r.t. 1/e); however, the proposed approach
resorts to a quite sophisticated randomized algorithm. They also consider a simpler and
deterministic non-adaptive greedy algorithm as approximation algorithm, that starts from an
empty set S := () and, at each iteration ¢ € [k], adds in S the item i € [n] \ S maximizing
Eo[f(6(S U{i}))]. They show that the greedy algorithm guarantees an approximation factor
of % (1 — %) ~ 0.316 if the chosen subsets are subject to a matroid constraint, that can be
reduced to (1 — é)2 ~ 0.399 when considering a cardinality constraint |S| < k only (i.e.,
uniform matroid constraint).

In the following theorem, we give a better analysis of the greedy algorithm under cardinality
constraints, and we show that the approximation factor increases to 3 (1 — %) ~ 0.432.
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» Theorem 1. The non-adaptive greedy algorithm is a % (1 — i) approzimation algorithm

2 e?
for the SMSM problem.

For the proof of Theorem 1 we relate the non-adaptive greedy solution with the optimal
adaptive solution. We assume w.l.o.g that k£ > 2, otherwise the approximation ratio is equal
to 1. For any t € [k]o, let S be the set of ¢ items computed by the greedy algorithm at iteration
t (where Sy := (). Let 7 be an optimal adaptive policy, and let z = (z1,...,z,) € [0,1]"
be the vector such that x; is the probability that node i € [n] is selected by policy 7. Let
OPT4(k) denote the value of policy 7 (i.e., the optimal value of the problem). Given i € [n],
let €' := (el,...,e!) be a random vector where e§ has the same distribution of 8; if ¢ = j,
and e} = 0 otherwise; given a partial state &, let A(i[€) := Eqi[f(£ V e') — f(€)], i.e., the
expected increment of the objective function when adding an item ¢ under partial state &.

For any t € [k — 1]o, as intermediate step of our analysis, we consider a randomized
non-adaptive policy Rand; that, starting from the greedy solution .S¢, computes a random set
Spt =S U{p}, where p € [n] is a random item such that P[p = i] = z;/k for any i € [n]
and selected independently from any other event. Observe that the above random variable is
well-defined, as ) .y (z,/k) = k/k = 1; furthermore, we observe that the expected value
of f under Rand; is Eg ,[f(0(Sp.+)]. Furthermore, for any t € [k — 1]y, we consider a hybrid
adaptive policy Hyb,, that first runs the adaptive policy 7, and then merges the items of
Sy with the items of Uy , () selected by m, where 0 is a random state that follows the
same distribution of @ but is independent from 6; finally, the expected value of f under
Hyb, is defined as E, 4[f(0(S:) V OA(Uak(ﬂ) U S¢))]- A similar hybrid adaptive policy has
been also considered by Asadpour and Nazerzadeh [3], but in place of the randomized
non-adaptive policy considered in our work, they resort to a non-adaptive strategy defined by
a Poisson process based on the multilinear extension of the expected value function Eg[f(x)].
Before showing the theorem, we give some preliminary lemmas, which relate the randomized
non-adaptive policy with the hybrid adaptive policy.

> Lemma 2. We have that Eg ,[f(0(S U {p}))] — Ee[f(0(5))] = > iciups i - Eo[A(i]0(S5))]
for any S C [n].

» Lemma 3. For any S C [n], we have Eo,é[f(@(S)\/GA(Uak(W)US))} < Eq4[f(0(S) v O(5)]+
> icins Ti - Eo[A(i]6(S))].
> Lemma 4. We have that OPTa(k) < Eg 4[f(6(S) v OA(Ué,k(w) US))] for any S C [n].

Armed with the above lemmas, we can prove Theorem 1.

Proof of Theorem 1. For any ¢ € [k]o, let GRn(t) := Eg[f(6(S;))] denote the expected
value of f obtained at the ¢-th iteration of the non-adaptive greedy algorithm. We have that

GRn(t+1) — GRy(t) = max [Ee[f(8({v} U S:))]] - Ee[f(6(5:))] (1)

Exp. value of Rand;

> Eo o[ f(0(S: U {p}))] —Eo[f(0(S:))]
1

= Z z; - Eg[A(i]0(S:))] (2)
1€[n]\ St
Exp. value of Hyb,
> % - | B ol£(B(St) V O(Ug . (m) U Si))] —Eg o[ £(B(S:) V O(S:))] (3)
> % (OPTA(k) ~Eq 4l7(0(5) v 6(5.))]) (4)
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> 1 OPTAb) — 1 (Bl (8(5) + £(0(50) ?
> Loopry - L (salr(0s) + 55110501 = L 0PTA) - 2 - Eols0(5:)
— % -OPTy(k) — % -GRn(t), o

where (1) comes from the fact that the greedy strategy, at iteration t+1, adds to S; the item 4
guaranteeing the best expected value of f, (2) comes from Lemma 2, (3) comes from Lemma 3,
(4) comes from Lemma 4, and (5) holds since f is a monotone submodular value function (as
f(O(S)VO(S)) < F(B(St)VO(S:))+f(O(Se)NO(Se)) < f(B(St))+f(8(St))). Thus, by (6) and
some manipulations, we get GRy (t+1) > -OPTa(k)+ (1 — 2)-GRy(t) for any t € [k—1]o.
o . . . k—1 ¢
By applying iteratively the above inequality, we get GRy (k) > %'tho (1 — %) ‘OPTy(k) =
k k
L(1=(1=3)") - OPTa(k), that leads to SExE > 4 (1-(1-2)") = 5 (1= %), and
this shows the claim. |

3 Adaptive Influence Maximization under the Myopic Feedback
Model: Preliminaries

Independent Cascade Model. 1In the independent cascade model (IC), we have an influence
graph G = (V = [n], E, (Puv) (u,v)e £ ), Where edges are directed and py,, € [0, 1] is an activation
probability associated to each edge (u,v) € E. Given a set of seeds S C V which are initially
active, the diffusion process in the IC model is defined in ¢ > 0 discrete steps as follows: (i)
let A; be the set of active nodes which are activated at each step ¢ > 0; (ii) Ap := S; (iii)
given a step t > 0, for any edge (u,v) such that u € As, node u can activate node v with
probability p,, independently from any other node, and, in case of success, v is included
in A;y1; (iv) the diffusion process ends at a step r > 0 such that A, = 0, i.e., no node can
be activated at all. The size of | J,, A¢, i.e. the number of nodes activated/reached by the
diffusion process, is the influence spread.

The above diffusion process can be equivalently defined as follows. The live-edge graph
L = (V,L(FE)) is a random graph made from G, such that each edge (u,v) € E is in-
cluded in L(FE) with probability py., independently from the other edges, i.e., P[L = L] =
Iiwyer Puv [ 0)e . (1—Puw). With alittle abuse of notation, we may denote L(E) with L.
Given L C E, let Rr(S) := {v € V : there exists a path from u to v in L for some u € S},
i.e., the set of nodes reached by nodes in S in the graph L. Informally, if S is the set of
seeds, and L is a realisation of the live-edge graph, Ry (S) equivalently denotes the set of
nodes which are reached/activated by the above diffusion process. Let or(S) := |R(S5)|
denote the influence spread generated by the set of seeds S if the realised live-edge graph is
L, and let o(S) := Er[or(S)] be the ezpected influence spread generated by S.

Non-adaptive Influence Maximization. The non-adaptive influence mazimization problem
under the IC model is the computational problem that, given an influence graph G and an
integer k > 1, asks to find a set of seeds S C V with |S| < k such that ¢(S) is maximized.
Without loss of generality, we assume that k& € [n] and, since the objective function is
monotone, |S| = k for any solution S.

Kempe et al. [33, 34] showed that function ¢ is monotone and submodular, therefore
the following greedy algorithm achieves a 1 — i approximation factor: (i) start with an
empty set of seeds S := (); (ii) at each iteration ¢ € [k], add to S the node v that maximizes
the expected influence spread o(S U {v}). Note that the greedy algorithm requires at each
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iteration to compute the value of function o, for some set of seeds and this has been shown
to be computationally intractable as it is #P-hard [13]. However, standard Chernoff bounds
allows us estimate the value of o through a polynomial number of Monte-Carlo simulations
by introducing an arbitrarily small additive error ¢ > 0, which depends on the number of
simulations [34]. In the reminder of the paper we will omit the additional term € to avoid
unnecessary complicated formulas. We will refer to this algorithm as the non-adaptive greedy
algorithm.

Adaptive Influence Maximization. Differently from the non-adaptive setting, in which all
the seeds are selected at the beginning, an adaptive policy activates the seeds sequentially in
k steps, one seed at each step, and the decision on the next seed to select is based on the
feedback resulting from the observed spread of previously selected nodes. The feedback model
considered in this work is myopic: when a node is selected, the adaptive policy observes the
state of its neighbours.

An adaptive policy under the myopic feedback model is formally defined as follows. Given
L C E, the realisation ¢y, : V — 2V associated to L assigns to each node v € V the value
{z €V :(v,z) € L} U{v}, i.e., the set containing v and the neighbours activated by seed
v when L = L. Let ® denote the random realisation, i.e., the random variable such that
P[® = ¢r] = P[L = L] for any L C E. Given a set S C V, a partial realisation ¢ : S — 2V
is the restriction to S of the domain of some realisation, i.e., there exists L C E such that
Y(v) = ¢ (v) for any v € S. Given a partial realisation ¢ : S — 2V, let dom(v)) := S, i.e.,
dom(v) is the domain of partial realisation ¢, and let Im(v)) := U, cqom(y) ¥ (v)- A partial
realisation 1’ is a sub-realisation of a partial realisation v (or, equivalently, ' C ), if
dom(¢'") C dom() and ' (v) = ¥ (v) for any v € dom(¢)’). We observe that any partial
realisation ¢ can be equivalently represented as {(v, ¢1(v)) : v € dom(y)} for some L C E.

An adaptive policy 7 takes as input a partial realisation v and, either returns a node
m(v) € V and activates it as seed, or interrupts the activation of new seeds, e.g., by returning
a string 7(¢) := STOP. In particular, an adaptive policy m can be run as follows: (i) start
from an empty realisation ¢ := 0; (ii) if m(¢)) # STOP set b + 1 U {(v,¢r(v))} and repeat
(ii) until w(¢) = STOP; (iii) at the end, return v, := 1. Let ¥, be the random partial
realisation returned by the execution of policy . The expected influence spread of an adaptive
policy 7 is defined as o(7) := Er[oL(dom(¥))], i.e., it is the expected value of the number
of nodes reached by the diffusion process at the end of the execution of policy m. We say that
|| = k if policy 7 always return a partial realisation 1, with |dom(¢,)| = k. The adaptive
influence mazimization problem (under IC and myopic feedback) is the computational problem
that, given an influence graph G and k € [n], asks to find an adaptive policy 7 subject to
|| = k that maximizes the expected influence spread o (7).

Adaptivity gap. Given an influence graph G and an integer k > 1, let OPTn (G, k) (resp.

OPT4(G,k)) denote the optimal value of the non-adaptive (resp. adaptive) influence
maximization problem with input G and k. Given an integer k € [n], the k-adaptivity
gap of G is defined as AG(G, k) := %, and measures how much an adaptive policy
outperforms a non-adaptive solution for the influence maximization problem applied to
influence graph G, when the maximum number of seeds is k. The adaptivity gap of G is
defined as AG(G) = supy¢[,) AG(G, k). We observe that for k = 1 the k-adaptivity gap and

the approximation factors are trivially equal to 1, thus we omit such case in the following.
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4 The Efficiency of the Non-adaptive Greedy Algorithm

In this section, we show that a simple non-adaptive algorithm guarantees an approximation
ratio of 1 (1 — 1) ~ 0.316 for the adaptive influence maximization problem, thus improving
the approximation ratio of (1 — 1) &~ 0.158 given in [39]. The algorithm provided by [39] is
the usual non-adaptive greedy algorithm given in [34] and reported in the previous section. We
observe that such algorithm is non-adaptive, i.e., despite it is used for adaptive optimization,
does not resort to the use of any adaptive policy and all the seeds are selected without
observing any partial realisation.

» Theorem 5. Given an influence graph G with n nodes and k € [n]a, the non-adaptive
greedy algorithm is a % (1 — (1 — %)k> > % (1 — é) approximation algorithm for the adaptive
influence mazimization problem (under IC and myopic feedback) applied to (G, k).

In the proof of Theorem 5 (see Subsection 4.4) we relate the expected influence spread
coming from the non-adaptive greedy algorithm with that of the optimal adaptive policy.
We first need some notation and preliminary results. Let G = (V = [n], E, (Puv) (u,v)eE)
be an influence graph, and let k € [n]y. For any t € [k]o, let S; denote the set of the first
t seeds selected by the greedy algorithm, so that o(Sy) is the expected influence spread
of the solution returned by the algorithm. Let 7w be an optimal adaptive policy, and let
x = (x1,...,%,) be the vector such that x; is the probability that node ¢ is selected by .
As in Section 2, we resort again to a randomized non-adaptive policy to relate the expected
influence spread of the greedy algorithm with that of the adaptive policy.

Randomized Non-adaptive Policy. For any ¢ € [k — 1]o, as intermediate step of our analysis,
we consider again the randomized non-adaptive policy Rand; defined in Section 2: starting
from the greedy solution S;, we compute a random set S, := S; U{p}, where p € [n] is a
random item such that P[p = i] = ;/k for any i € [n] and selected independently from any
other event. We observe that the expected value of f under Rand; is E,[o (S, ¢)].

As a support of our analysis, we also define a new diffusion model and a hybrid adaptive
policy. In particular, the new diffusion model will be used to recover certain properties
connected with the submodularity that, as in Section 2, will allow us to relate the expected
influence spread of the randomized non-adaptive policy with that of the hybrid adaptive
policy. Furthermore, following again the approach of Section 2, the hybrid adaptive policy is
obtained by combining the greedy (non-adaptive) solution and the optimal adaptive one,
and it will be used in our analysis to get an upper bound on the optimal adaptive spread.

2-level Diffusion Model. In the 2-level diffusion model each selected seed u € V' has two
chances to influence its neighbours, and all the non-seeds have one chance only, i.e., the
activation probability for all the edges (u,v) is 1— (1 —py ,)? if u is a seed, and p,, ., otherwise.
More formally, let Lbea live-edge graph distributed as L and independent from L. Given a set
of seeds S, the 2-level live-edge graph can be defined as L2(S) := LU{LN{(u,v) € E : u € S}}.

Given a set of nodes S, let O’i 1 (8) == or2(5)(S) denote the influence spread induced by S in

live-edge graph L?(S), and let 0*(S) := Ey, ;[02 . (S)] denote the expected influence spread
induced by S under the 2-level diffusion model. Let ® and & denote the random realisations
associated to live-edge graphs L and L, respectively.

2-Level Hybrid Adaptive Policy. For any ¢ € [k — 1]o, let Hyb? be a hybrid adaptive policy
defined as follows: (i) Hyb? selects all the nodes in S; as seeds; (ii) then, Hyb? adds to S,
all the nodes that the optimal adaptive policy = would have select when starting from the
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empty realisation, and observing, at each step, partial realisations coming from the live-edge
graph L only; in other words, for any seed v € V selected by the policy, the new set of nodes
that the policy observes (to choose the next seed) is ®(v); (iii) finally, denoting with ¥
the random realisation returned by 7, the expected influence spread of Hybf is defined as

IELli[Ui’i(dom(\ifﬁ) US,)], i.e., it is the expected influence spread determined dom (V) U Sy,

according to the 2-level live-edge graph L2(dom(¥,) U S,).

In what follows we give some technical results which are based on the above definitions
and will be used in Subsection 4.4 to show the main theorem. In particular, we show that the
2-level diffusion model satisfies certain properties connected with submodular set functions
(see Subsection 4.1); then, we use such properties to relate the expected influence spread
in the ordinary diffusion model to that of the 2-level diffusion model (see Subsection 4.2);
finally, by using a similar approach as in Section 2, we use the above relations to relate the
efficiency of the randomized non-adaptive policy with that of the optimal adaptive policy,
via the 2-level hybrid adaptive policy (see Subsection 4.3).

4.1 Adaptive Submodularity in the 2-Level Diffusion Model

The adaptive submodularity [25] is a property that extends the well-known concept of
submodularity to the adaptive framework, and allows us to design efficient adaptive ap-
proximation algorithms. In particular, the adaptive submodularity states that, given two
subrealisations 1) C 1)’ and a node v € V, adding node v under partial realisation 1)’ causes an
expected increment of the influence spread that is not higher than that caused under partial
realisation . Unfortunately, as shown in the arXiv version of [25], the myopic feedback
model, in general, does not satisfy the adaptive submodularity.

Anyway, by resorting to the 2-level diffusion model, we can recover a similar property as
the adaptive submodularity. Given S C V', a partial realisation 1/3, and v € V| let

A% (v]d)
=E, ; [ap( torudomins) ({0} US Udom(D) = 0z gomins) (S U dom(D)]i € &

denote the expected increment of the influence spread w.r.t. the 2-level diffusion model when

~

adding seed v to the set of nodes S U dom(v), but assuming that the nodes in S have a
unique chance to influence their neighbors, and that partial realisation z/AJ has been observed.
We say that the 2-level diffusion model is adaptive submodular if, for any S C V| any partial
realisations ), 1)’ with ¢» C ¢/, and any v € V, we have that A% (v|1h) > A2 (v|i").

» Lemma 6. The 2-level diffusion model is adaptive submodular.

4.2 From the Ordinary to the 2-level Diffusion Model
In this subsection, we see how to relate the 2-level diffusion model to the ordinary one.
» Lemma 7. We have that 0?(S) < 2-0(S) for any S C V.

Now, given a set S C V and v € V, let Ag(v) := (S U {v}) — o(S5), that is the expected
increment under the ordinary diffusion model when adding a new node to a set S, and let
A(v) = Ep zlorz(qo)(SU{v}) —or(9)], that is the above expected increment, with the
further assumption that v has two chances to influence its neighbors.

» Lemma 8. We have that A%(v) <2-Ag(v) for any SCV andv e V.

ICALP 2021
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4.3 From the Adaptive to the Randomized Non-adaptive Policy

The following three lemmas (Lemma 9, Lemma 10, and 11) relate the randomized non-
adaptive policy with the 2-level hybrid adaptive policy, and then with the optimal adaptive
policy of the ordinary diffusion model. In particular, the proofs of Lemma 9, Lemma 10,
and 11, resort to a similar approach of the proofs of Lemma 2, Lemma 3, and Lemma 4 of
Section 2.

» Lemma 9. For any S €V, we have that k- (Eplo({p} US)] = 0(5)) = >3- e\ 5 %o - As().

The following lemma relates the adaptive setting with the non-adaptive one, and its proof
resorts to the adaptive submodularity defined in Subsection 4.1.

» Lemma 10. We have EL,i[Ui i(dom(\ilﬂ) us) <o?(S)+ 2 vevis T A%(v) for any
ScCV. ’

The following lemma shows that the optimal adaptive influence spread is upper bounded by
that expected influence spread of the 2-level hybrid adaptive policy.

» Lemma 11. We have OPT4(G, k) < IELJ:[ai ﬁ(dom(@ﬂ) US)| forany SCV.

4.4 Proof of Theorem 5

Armed with the above results, we can now prove Theorem 5. For any t € [k]p, let
GRnN(G,t) := 0(S;) denote the expected influence spread o(S;) obtained when the first ¢
seeds have been selected by the greedy algorithm. We have that

GRy(G,t+1) — GRy(G,1t)

= max [o({v} U Sy)] — o(St)

Exp. value of Rand;

——
> Eplo({p} U S)] —o(S) (7)
> % > @y Ag,(v) (8)
veV\S;
> i S A% (v) )
veEV\St
Exp. value of Hyb?
> (B 4o (dom(¥r) US))] ~0%(50)) (10)
1 2
> - (OPTA(G. k) = 0*(5))) (11)
1
> 5 (OPTA(G.k) = 2-0(S1)) (12)
_ iOPTA(GU k) — %GRN(G, 9, (13)

where (7) holds since the greedy strategy adds to S; the node v maximizing o(S; U {v}), (8)
comes from Lemma 9, (9) comes from Lemma 8, (10) comes from Lemma 10, (11) comes
from Lemma 11, and (12) comes from Lemma 7. Thus, by (13) and some manipulations we
get the following recursive relation: GRy(G,t+1) > 5z - OPTA(G, k) + (1 — 1) - GRN(G, 1)



G. D’Angelo, D. Poddar, and C. Vinci

for any t € [k — 1]g. By applying iteratively the above inequality, we get GRy(G, k) >
% Xis0 (1= 1) -OPTA(GK) = § (1= (1= 1)")-OPTA(G, k), that leads to SEEEA, >
% (1 — (1 — %)k) > % (1 — %) , and this shows the claim. <

» Remark 12. By Theorem 5, we can easily show that, for any influence graph G with n
-1
nodes, the k-adaptivity gap of G is at most 2 (1 — (1 — %)k) < i—el ~ 3.164.

5 The Efficiency of the Adaptive Greedy Algorithm

We show that the adaptive version of the greedy algorithm guarantees an even better

approximation ratio of 1 — ﬁ ~ 0.393 for the adaptive influence maximization problem. The

adaptive greedy algorithm is an adaptive policy WER that selects k seeds in k steps, and at
each step t selects the ¢t-th seed that maximizes the expected influence spread conditioned by
the observed realisation.

» Theorem 13. Given an influence graph G with n nodes and k € [n]a, the adaptive greedy
algorithm is a 1 — (1 — ﬁ)k >1- ie approzimation algorithm for the adaptive influence
maximization problem (under IC and myopic feedback) applied to (G, k).

In the proof of Theorem 13 we relate the expected influence spread coming from the adaptive
greedy algorithm with that of the optimal adaptive policy, passing trough a new hybrid
adaptive policy. In the same spirit of Theorem 5, we also consider a new diffusion model and
a new notion of adaptive submodularity (slightly different from that of Subsection 4.1). To

show the main theorem (see Subsection 5.1) we need some notation and preliminary results.

Let G = (V = [n], E, (pPuv) (u,v)er) be an influence graph, and let k € [n]z. Let m be an
optimal adaptive policy, and let = (x1,...,x,) be the vector such that x; is the probability
that node 7 is selected by .

Strong 2-level Diffusion Model. We define L, L, L%(9), @, ® as in the 2-level diffusion
model considered in Section 4. Given a partial realisation 1) and a set S C V, let Ui i w(S )=
TL2(8\dom(v)) (S) denote the influence spread induced by S in live-edge graph L2(S\ dom(v)),
and let oi(S) = EL,IZ[GZIL,zp(S)W C @] denote the above influence spread in expectation,
conditioned by partial realisation 1.

Strong 2-level Hybrid Adaptive Policy. Given a partial realisation 1, let Hybfp be a hybrid
adaptive policy defined as follows: (i) Hyb?p selects all the nodes in dom(1)) as seeds; (ii) then,
Hybi adds to dom(z)) all the nodes that policy m would have select when starting from the
empty realisation, and observing, at each step, partial realisations coming from the live-edge
graph L only; (iii) finally, denoting with . the random realisation returned by policy 7, the
expected influence spread of Hybi is defined as E L il

A

02 ; (dom(y) U dom(¥y))| v € 9],

i.e., it is the expected influence spread determined dom (i) U dom(¥,) in the strong 2-level
diffusion model, conditioned by partial realisation 1. Differently from the 2-level hybrid
policy defined in Section 4, the expected influence spread of the hybrid policy defined here is
conditioned by partial realisation ) and the unique seeds that have two chances to influence

A

their neighbors are those in dom(¥,) \ dom(¢).
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Strong Adaptive Submodularity of the Strong 2-level Diffusion Model. Given two partial
realisations ¥, and v € V| let

~

A2, (0])
=By 1 |02 1, (v} Udom(y) Udom(@)) — 02 ;  (dom(w) Udom($))[ € @, C @],

ie., Ai (UWA}) is the expected increment of the influence spread in the strong 2-level diffusion

~

model when adding seed v to the set of nodes dom(1))Udom(1)), conditioned by the observation
of partial realisations 12 and 1. We say that the strong 2-level diffusion model is strongly
adaptive submodular if, for any partial realisations @E, @E/ with vfz C 121’ , any partial realisation
1, and any v € V, we have that A?p(vh/;) > A?p(vh/;/).

» Lemma 14. The strong 2-level diffusion model is strongly adaptive submodular.

From the Ordinary to the Strong 2-level Diffusion Model. Given a partial realisation v,
and v € V, let Ay(v) :==Eg[or({v} Udom(y)) — or(dom (1)) C @], that is the expected
increment under the ordinary diffusion model when adding a new node to the nodes in
dom(t)) conditioned by partial realisation 1, and let A% (v) := AZ (v|0) = Epilogz,({ou
dom()) — oy i, (dom())[yp € @], that is the above conditional expectation, but w.r.t. the
strong 2-level diffusion model. The following lemma can be shown analogously to Lemma 8.

» Lemma 15. We have that A7 (v) < 2- Ay(v) for any partial realisation ¢ and v € V.

From the Optimal to the Greedy Adaptive Policy. The following lemma will be used to
relate the strong 2-level hybrid adaptive policy with the adaptive greedy policy; its proof is
similar to that of Lemma 10, but uses the concept of strong adaptive submodularity.

» Lemma 16. For any partial realisation ¥, we have

Eyp [0 1, (dom(u)Udom(¥))| & C ®] < Eglop(dom(y))l C @)+ WZ (w)wv-Ai@).
ve om

The following lemma shows that the optimal adaptive influence spread is upper bounded by
that expected influence spread of the strong 2-level hybrid adaptive policy, and its proof is
completely analogue to that of Lemma 11.

» Lemma 17. We have OPTA(G,k) <E[ ;[ 2 dom(¢) Udom(Vr))| v C @] for any

S
partial realisation 1.

5.1 Proof of Theorem 13

Armed with the above lemmas, and by using a similar approach as in the proof of Theorem 5,
we can prove Theorem 13. Given t € [k]o, let S; denote the (random) set of the first ¢ seeds
selected by the adaptive greedy policy 75T, and let ¥, be the (random) partial realisation
such that dom(¥,) = S, (i.e., the partial realisation observed by policy 7% at the end of
step t); let GRA(G,t) := EL[oL(St)] denote the expected influence spread of the adaptive
greedy policy after selecting the first ¢ seeds. For any ¢ € [k — 1], we have that



G. D’Angelo, D. Poddar, and C. Vinci 59:15

GRA(G,t+1) — GRA(G, )
=Er[o(St41) — (S)]

=Ey, Lev{ldlfﬁ(m Erlor({v} Udom(¥,)) — UL(dom(\I/t))|\I't]] (14)
> Ey, [ Z % -Erlor({v}Udom(¥,)) — JL(dom(\Ilt))|\I!t}]
veV\dom(¥,)

= % -Eyg, Z Zy - Eplor ({v} Udom(¥,)) — UL(dom(\Ilt))|\I’t]]
_vEV\dom(\Ilt)

1
:EE\pt Z xU-A\pt(v)

_vEV\dom(\IJt)

1 2
2k ! IE‘I’t |: Z Ly - A‘I’z (U)

veV\dom (W)

W
|

v
|

Eq, [EL 2102 1y, ([dom (W) Udom(¥,)| W] — Er[or (dom(Wy))|w,] (16)

v
|

-Eg, [OPTA(G, k) — Eg|o(dom(T,))|¥,]] (17)
L opTaGk) - i

1
= 55 OPTa(G.k) = o -Er(oL(Sh)

= — . OPT4(G, k) — % -GRA(G,1t), (18)

v
|

Ey, [Erf[or(dom(¥:))[W]]

where (14) holds since the adaptive greedy strategy at each step adds the node maximizing
the expected influence spread (conditioned by the partial realisation coming from the previous
selected seeds), (15) comes from Lemma 15, (16) comes from Lemma 16, (17) comes from
Lemma 17. Thus, by (18) and some manipulations we get the following recursive relation:

1 1
GRA(G,t+1) > % OPT4(G, k) + <1 - %> -GRA(G,t), Vtelk—1]p. (19)
By applying iteratively (19), we get

k—1

1 = 1\ 1\*
> — . — . =1— — — .
GRA(G.F) > o ;:0 (1 2k> OPT4(G, k) =1 (1 2k> OPTA(G, k),

that leads to

GRA(G,k) 1\" 1
AR 1 I N T
OPTAG. ) = (1 Qk) 1=

and this shows the claim.
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6 Conclusions and Future Work

In the context of adaptive optimization, we have introduced a new approach to relate the
solution provided by a simple non-adaptive greedy policy with the adaptive optimum. The
new approach allowed us to establish better bounds for the adaptive influence maximization
problem under myopic feedback, specifically we improve both the approximation ratio of the
non-adaptive greedy policy and the adaptivity gap.

Our results open several research directions in the context of influence maximization and
in more general adaptive optimization settings. The approximation factor of the non-adaptive

(resp. adaptive) greedy algorithm is between our lower bound of % (1 — %) ~ 0.316 (resp.
1- ﬁ ~ 0.393) and the upper bound of (iiﬁg ~ 0.606 [39], and the adaptivity gap is
between the lower bound of —% = 1.582 [39] and our upper bound of 2% ~ 3.164. The

e—1 e—1
first problem left open by our result is to close these gaps. Furthermore, the techniques

introduced in this paper to relate non-adaptive policies with adaptive ones might be useful
to find better bounds in several variants of the adaptive influence maximization problem,
like a combination of the following settings: different feedback models (e.g., the full-adoption
feedback), different diffusion models (e.g., the general triggering model [33]), and different
graph classes. Finally, as shown in Section 2, we believe that our new approach could be
efficiently used to analyze non-adaptive greedy algorithms in other adaptive optimization
problems, like e.g. the stochastic probing problem [6, 29, 30].
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