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ABSTRACT

One feature of the chiral anomaly, analyzed in a perturbative framework, is the appearance of massless
poles which account for it. They are identified by a spectral analysis of the anomaly graph and are usually
interpreted as being of an infrared origin. Recent investigations show that their presence is not just
confined in the infrared, but that they appear in the effective action under the most general kinematical
conditions, even if they decouple in the infrared. Further studies reveal that they are responsible for
the non-unitary behaviour of these theories in the ultraviolet (UV) region. We extend this analysis to
the case of the conformal anomaly, showing that the effective action describing the interaction of gauge
fields with gravity is characterized by anomaly poles that give the entire anomaly and are decoupled
in the infrared (IR), in complete analogy with the chiral case. This complements a related analysis by
Giannotti and Mottola on the trace anomaly in gravity, in which an anomaly pole has been identified
in the corresponding correlator using dispersion theory in the IR. Our extension is based on an exact
computation of the off-shell correlation function involving an energy-momentum tensor and two vector

currents (the gauge-gauge-graviton vertex) which is responsible for the appearance of the anomaly.

© 2009 Elsevier B.V. Open access under CC BY license.

1. Introduction

In the case of chiral (and anomalous) gauge theories, the corre-
sponding anomalous Ward identities, which are at the core of the
quantum formulation of these theories, have a natural and obvi-
ous solution, which can be written down quite straightforwardly,
in terms of anomaly poles. This takes place even before that any
direct computation of the anomaly diagram allows to really iden-
tify the presence (or the absence) of such contributions in the
explicit expression of an anomalous correlator of the type AVV
(A = Axial-Vector, V = Vector) or AAA.

To state it simply, the pole appears by solving the anomalous
Ward identity for the corresponding amplitude A**V(kq, ko) (we
use momenta as in Fig. 1 with k=kq + k)

ki AMY (k1, ko) = an€V*Pkigkap (1)
rather trivially, using the longitudinal tensor structure

k>
A)‘MVEWL:ank—zé’bwaﬁk]akzlg. (2)
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In the expression above a, = —i/27? denotes the anomaly. The
presence of this tensor structure with a 1/k? behaviour is the sig-
nature of the anomaly. This result holds for an AVV graph, but can
be trivially generalized to more general anomaly graphs, such as
AAA graphs, by adding poles in the invariants of the remaining
lines, i.e. 1/k? and 1/k3

1/a a
Af\XK(k, ki,ky) = 3 (k—;k)‘e[u, v, ki, k2] + ék’fe[k, v, k, ky]
+ sl k). 3)
2

imposing an equal distribution of the anomaly on the three axial-
vector legs of the graph.

The same Ward identity can be formulated also as a variational
equation. The simplest case is that of a theory describing a single
anomalous gauge boson B with a Lagrangian

_ . 1
L5 =) +ePys)y — ; Ff. (4)
whose anomalous gauge variation (8B, = 9,,0p)
ie3a
8Ig = —— /d4x93(x)FB A Fg (5)
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Fig. 1. Triangle diagram and momentum conventions for an AVV correlator.
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Fig. 2. The amplitude A**V(k;,k;) shown in (a) for the kinematical configuration
k3 = k% = 0 reduces to the polar form depicted in (b) and given by Eq. (2).

can be reproduced by the nonlocal action

3
Tyole = 4867(813@«)?1 (x— Y)F5(y) A F5()). 6)

Given a solution of a variational equation, here simplified by
Egs. (5) and (6), it is mandatory to check whether the 1/00J (non-
local) solution is indeed justified by a perturbative computation.
The analysis shows that the kinematical configuration responsible
for the appearance of the pole can be depicted as in Fig. 2. In this
graph containing the mixing of a spin 1 with a spin 0, the anoma-
lous gauge current couples to the two photons via an intermediate
massless state which can be interpreted as describing a collinear
fermion-antifermion pair (a pseudoscalar composite state) coupled
to the two on-shell photons (see also the discussion in [1]). The
anomaly graph is characterized, in this limit, by a nonzero spectral
density proportional to §(k?) [2]. This kinematical configuration, in
which the two photons are on-shell and the fermions are mass-
less, is entirely described by the anomaly pole, which has a clear
IR interpretation [3]. The IR coupling of the pole present in the
correlator is, in this case, rather obvious since the limit

lim k*AMY = k)‘ane“"“ﬂklakzﬁ (7)
k2—0
allows to attribute to this amplitude a non-vanishing residue.

The infrared analysis sketched above is well suited for the iden-
tification of anomaly poles which have a rather clear interpretation
in this region, but does not allow to identify other similar pole
terms which might emerge in far more general kinematical config-
urations. In [4] we have shown that only a complete and explicit
computation of the anomalous effective action allows the identifi-
cation of the extra anomaly poles present in an AVV correlator, that
otherwise would escape detection. These have been identified! us-
ing a special representation of the anomaly amplitude developed
in [5,6] (that we have called the “Longitudinal/Transverse” or L/T
parameterization), based on the general solution of an anomalous
Ward identity. This parameterizaton takes the form

1
WA;w — @ [WLMw _ WTMW] (8)

1A single pole term for an AVV and 3 pole terms for an AAA diagram.
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Fig. 3. A “two-triangles” anomaly amplitude in the s-channel which is pole-
dominated. In this case we have assumed A to be a non-anomalous gauge boson
while B is anomalous.

where the longitudinal component (W) has a pole contribution
(wp = —4i/s) plus mass corrections (F) computed in [4]

WY = (wy — F(m, s, 51, 52))k e[, v, k1, k] 9)
with
8m?
F(m, s, s1,52) = —5=Co(s, 51,52, m). (10)
4SS

The transverse form factors appearing in Wt contribute homoge-
neously to the anomalous Ward identity. They have been given in
the most general case in [4].

Obviously, some doubts concerning the correctness of this pa-
rameterization may easily arise, especially if one is accustomed to
look for anomaly poles using a standard infrared analysis. It is
even more so if a pole term of the type shown in Eq. (9) is ex-
plicitly present for generic virtualities s; and s; of the photons.
For this reason and to dissolve any possible doubt, a direct com-
putation shows that the L/T representation is, indeed, completely
equivalent to the Rosenberg parameterization [7] of the anomaly
graph, even though no poles come to the surface when using this
alternative description of the anomaly graph. In [4] one can find
an extension of the same parameterization to the massive fermion
case, which is indeed given in Egs. (9) and (10). Finally, we have
shown that the pole, under general kinematic conditions, is indeed
decoupled in the IR. Obviously, at this stage, one needs to worry
about the precise meaning of this pole, which is explicitly present
in some parameterizations, but it is not generated by some special
infrared kinematics and as such it does not have a clear IR inter-
pretation.

2. Pole-dominated amplitudes

A useful device to investigate the meaning of these new
anomaly poles [8] is provided by a class of amplitudes [9] which
connect initial and final state via anomaly amplitudes, one exam-
ple of them being shown in Fig. 3. These amplitudes are unitarily
unbound in the UV [10]. This property of theirs can be easily
derived by considering the scattering of massless spin-1 fields cou-
pled via a longitudinal exchange of an anomalous gauge boson.
The amplitude in the s-channel is shown in Fig. 3. In the case of
scattering of massless gauge bosons the (IR) pole of Eq. (2) sat-
urates each of the two subamplitudes (i.e. for m = s; = s = 0).
This is an obvious manifestation of the fact that an anomaly pole
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has dangerous effects in the UV due to the broken Ward iden-
tity. This behaviour is retained also under general kinematics, for
instance in the scattering of massive gauge bosons, when each of
the two triangle subdiagrams of Fig. 3 takes the more general form
given by Egs. (8), (9). Interestingly enough, if we subtract the pole
component contained in w;? the quadratic growth of the ampli-
tude disappears [4]. Therefore the manifestation of the anomaly
and the breaking of unitarity in the UV, in this special kinematical
configuration, is necessarily attributed to the w; component, even
if it is decoupled in the IR. After the subtraction, the Ward identity
used in the computation of the amplitude remains broken, but it is
not anomalous. The apparent breaking of unitarity in the UV is not
ameliorated by a more complete analysis of this S-matrix ampli-
tude involving the Higgs sector, since a massless fermion in each
of the two anomaly loops would not allow the exchange of a Higgs
in the s-channel but the corresponding amplitude would still share
the same asymptotic behaviour found for a massive fermion.

The only possible conclusion extrapolated from this example is
that amplitudes which are dominated by anomaly poles in the UV
region demonstrate the inconsistency of an anomalous theory, as
expected by common lore. We conclude that unitarity provides a
hint on the UV significance of the anomaly poles of the anomaly
graphs surfacing in the L/T parameterization, poles which are ab-
sent in the usual IR analysis. This does not necessarily exclude a
possible (indirect) role played by these contributions in the IR re-
gion, nevertheless they do not appear to be artifact generated by
the Schouten relation.

The formal solution of the Ward identity [5] that takes to the
L/T parameterization and to the isolation of an anomaly pole is
indeed in agreement with what found in a direct computation. As
shown in [4] one has just to be careful in computing the residue
of this parameterization in the IR, where the decoupling of these
poles occurs, but it is, for the rest, easy to check. As k? is nonzero
the separation into longitudinal and transverse contributions is in-
deed well defined and equivalent to Rosenberg’s result [4]. These
results, as we are going to show, emerge also from the perturbative
analysis of the effective action for the conformal anomaly and are
likely to correspond to a generic feature of other manifestations of
the anomalies in field theory.

3. The complete anomalous effective action and its expansions
in the chiral case

The point made in [4] is that the anomaly is always com-
pletely given by w;, under any kinematical conditions, while the
mass corrections (generated, for instance, by spontaneous symme-
try breaking) are clearly (and separately) identifiable as extra terms
which contribute to the broken anomalous Ward identity satisfied
by the correlator. It is important that these two sources of breaking
of the gauge symmetry (anomalous and spontaneous) be thought
of as having both an independent status. For this reason one can
provide several organizations of the effective actions of anomalous
theories, with similarities that cover both the case of the chiral
anomaly and of the conformal anomaly, as we will discuss next.

The complete effective action, in the chiral case, can be given in
several forms. The simplest, valid for any energy range, is the full
one

r®=ro +r® (11)

2 We ignore at this point the meaning of this subtraction in the IR. This point is
rather delicate and has been discussed in [4] and brings to open ended conclusions
concerning the meaning of a “pole subtraction” scheme.

with the pole part given by (6) and the remainder (I"®) given
by a complicated nonlocal expression which contributes homoge-
neously to the Ward identify of the anomaly graph

3
PO = —e—/d4xd4yd4za -B(2)F3(x) A Fp(y)
4872

41, a4
X / —d ki d'kz e~k (x=2=ika =2 £ (k k1 ko, m)
28 k1, ko,

T /d4xd4yd4zBA(z)BM(x)B.,(y)

dkyd%k; _; -
></—(zlﬂ)s2e"k"(X’Z)"kz'(y’z)W’va(k, ki, ko, m).

(12)

The expressions of these form factors can be found in [4]. This
(rather formal) expression is an exact result, but becomes more
manageable if expanded in the fermion mass (in 1/m or in m) (see
for example [11,12]).

For instance, let’s consider the 1/m case. One of the shortcom-
ings of this expansion, as we are going to argue next, is that it does
not do full justice of the presence of massless degrees of freedom
in the theory (anomaly poles do not appear explicitly in this ex-
pansion) which, as discussed in [1] might instead be of physical
significance since they are not connected to any scale.

A second expansion of the effective action Eq. (12) can be given
for a small mass m (in m?/s). In this formulation the action is
organized in the form of a pole contribution plus O (m?/s) correc-
tions. In this case it is not suitable to describe the heavy fermion
limit, but the massless pseudoscalar degrees of freedom introduced
by the anomaly in the effective theory can be clearly identified
from it. As discussed in [4,10,13] these are: one axion and one
ghost. This expansion gives (s < 0)

e 2 o) o

which has a smooth massless limit. It seems to us that this form
of the effective action is the most suitable for the study of the UV
behaviour of an anomalous theory, in the search of a possible UV
completion. Notice that the massless limit of this action reflects
(correctly) the pole-dominance present in the theory in the UV
rezgiog of s — oo, since the mass corrections are suppressed by
me/s-.

4. The conformal anomaly case

While this intriguing pattern of pole dominance in the UV and
of decoupling in the IR (for massive or off-shell correlators) is un-
covered only after a complete perturbative analysis of the general
anomaly graph, it is not just a property of the chiral case. As we
are going to show, a similar behaviour is typical of the conformal
anomaly. We summarize the results of our analysis, details will be
given elsewhere [14].

In a recent work [1] Mottola and Giannotti have shown that the
diagrams responsible for the generation of the conformal anomaly
contain an anomaly pole. In their analysis they classify the form
factors of the correlator which is responsible for the conformal
anomaly graph, which is the photon-photon-graviton vertex, or
TJ] correlator, involving the vector current (J) and the energy-
momentum tensor (T). The authors use a Ward identity that en-
forces conservation of the energy-momentum tensor to fix the
correlator, which can also be fixed by imposing the general form
of the trace anomaly in the massive fermion case. Their analysis
shows conclusively that anomaly poles can be extracted in the IR
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Fig. 4. The complete one-loop vertex I'*"*# in (a) obtained as the sum of two 1PI contributions in (b) and (c) and of their Bose symmetric diagrams.

using dispersion theory, similarly to the chiral case. This point had
also been noticed in [15] in the study of the Ward identity of the
correlators describing the trace anomaly at zero momentum trans-
fer.

The identification of these contributions is relevant for estab-
lishing the correct expression of the gauge related terms in the
gravitational effective action. The spectral analysis of [1] proves
that variational solutions of the trace anomaly equation that will
be given below in Eq. (18), indeed, correctly account at least for
some of the contributions to the effective action of these theories.
Mass-dependent corrections and other traceless terms which are
not part of the anomaly, of course, are not identified by this solu-
tion.

We recall that the gravitational trace anomaly in 4 spacetime
dimensions generated by quantum effects in a classical gravita-
tional and electromagnetic background is given by the expression

1 2
Th = -3 <2bC2 + 2b’<E - §DR) + 26F2>, (14)

where the b and b’ and c are parameters. C> denotes the Weyl
tensor squared and E is the Euler density given by

R2
C? = CruvpCH™YP = Rypnp RMVP — 2R 1y RM + 3 (15)

E = *Ruuvp *R*™YP = Ry ynp R*YP — 4R, R*Y + R, (16)
For a single fermion in the theory we have that b =1/32072, and
b’ =—11/576072 and ¢ = —e?/2472.

The effective action, in this approach, is identified by solving
the variational equation by inspection, similarly to what we have

discussed in the previous section in the case of the chiral anomaly.
In this case the equation takes the form

2 or "
——gnw—=Ty. (17)
\/g - 88y "

The solution of this variational equation is well known and is given
by the nonlocal expression [16]

1 2
Sanomlg, Al = —/d4x~/—g/d4x’\/—g’(E— —II]R) Ga(x,x)

8 3 X

2
x [2bc2 +b’(E - §DR> +2cF,wF‘“’] . (18)
X/

The notation G4(x, x') denotes the Green’s function of the differen-
tial operator defined by

2
Ay=V, <V“V“ + 2RMY — §Rg’“’>VV

1 2
:D2+2R’”VHV,,+§(V“R)VM— 3RO (19)

and requires some boundary conditions to be specified. The nonlo-
cal action shows the presence of a massless pole in the linearized
limit [1]

Sanoml g, Al
C —_
& [ [ RO R @)

valid for a weak gravitational field (guv = nuv + Khyw, k2 =
167 G). In this case

Ri =% a5 —Oh,  h=rnuh"". (21)

Eq. (20) can be reproduced by a perturbative analysis.
5. The TJJ correlator

To clarify this point we consider the linearized expression of
the gauge contribution to the gravitational effective action which
is given by

sm=/a“xd‘*yd‘*zrﬂ”“ﬁ(x,y,z)Aa(x)Aﬁ(y)hw(z), (22)

with I'*v®f(x, y, z) being the expression of the correlator of two
gauge currents with an extra insertion of the energy-momentum
tensor (see Fig. 4) at nonzero momentum transfer. We discuss the
QED case. We recall that the coupling to gravity of QED, in the
weak field limit, is described by the total energy-momentum ten-
sor via an interaction of the form h, T*" where

TR =Th + T+ T (23)

Dirac int

In this case, specifically, one has

.7 <> .- <> -

ThY = —igry Ty + g (iYy* 3y —myy), (24)

Th = —e JHAY) + egh” J*A;, (25)
1

Tim = FMFY; — Zg’“F“’Fm, (26)

where the current is given by

JE@) =4 oyHy (). (27)

We have introduced some standard notation for the symmetriza-
tion of the tensor indices and left-right derivatives H®") =
(H® + H"My/2 and 9 = (3 — 9 11)/2.

The amplitude present in Eq. (22) can be expanded in a specific
base given by

13

rHveb(p,q)y=>" Fi(s:s1.s2.m?) """ (p. ), (28)
i=1
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where the 13 invariant amplitudes F; are functions of the kine-
matical invariants s = k? = (p + q)%, s1 = p?, s = ¢* and of the
internal mass m. In [1] the authors use the Feynman parameteri-
zation and momentum shifts in order to identify the expressions
of these amplitudes in terms of parametric integrals. This was also
the approach followed by Rosenberg in his original identification of
the 6 invariant amplitudes of the AVV anomaly diagram.? The list
of amplitudes F; can be found in [1] together with the expressions
of the tensors tfwaﬁ (p, q@). The number of these form factors re-
duces from 13 to 3 in the case of on-shell photons, as shown long
ago by Berends and Gastmans [17]. For our purposes, the only am-
plitudes contributing to the trace anomaly in the massive fermion
case come from the tensors t/**” and t4'"*#. They are given by

té”“‘s = (kK*g"" —k"k")u®’ (p, @), (29)
té”“ﬁ = (K¥g"” — k*k")w*F (p,q), (30)
where

u (9= -9g* —q“p’,
w*(p,q) = p*¢*g* + (p - @ p*q® — *p*p? — P’q“¢’. (31)

The identification of an anomaly pole which is not of clear IR ori-
gin requires an explicit computation of the effective action, which
is rather involved in perturbation theory, but we omit details and
just summarize the relevant results. We perform a computation
with the kinematical constraint s; = s = 0 (i.e. two on-shell pho-
tons) and a massive fermion. We obtain

2,2
) n e‘m
F1(s:0,0,m?%) = Fypole + 37252
2,2 2
e‘m 1 2m
- Co(s,0,0,m?)| = — —|, 32
372s of )[2 s ] (32)
where
62
F1pole:_18_j'[25 (33)
and the scalar three-point function Cy(s, 0, 0, m2) is given by
1 az+1
C s,O,O,m2 = — log? , 34
o ) T A (34)

with a3 = /1 —4m?2/s. The form factor F,, which in general gives
a nonzero contribution to the trace anomaly in the presence of
mass terms, is multiplied by a tensor structure (t) which vanishes
when the two photons are on-shell. It is quite straightforward to
figure out that the pole term (Fqpole) given above corresponds to a
contribution to the gravitational effective action of the form (20),
with a linearized scalar curvature. Therefore, similarly to the case
of the chiral anomaly, also in this case the anomaly is entirely
given by Fypele, €ven in a configuration which is not obtained from
a dispersive approach. The presence of mass corrections in (32) is
not a source of confusion, since there is a clear separation between
anomaly and non-conformal breakings of the conformal symmetry.

5.1. Fq in the most generic case

A similar result is found in the most general case. After defining
y=s—sy—syand 0 = s2 — 2(s1 4+ 52)s + (s1 — 52)% we obtain

3 The explicit expression of the Rosenberg’s integrals have been given in [4].

F1(s; 51,52, m?)

elym?  e’m?sy

3rsez D2(552:)

1pole T 3950

X [s% +4s15 — 2525 — 557 + 53 + 45152

em’sy D1 (s, s1.m?)[—(s — 51)* + 555 — 4(s + 51)52]
372552 D1(5: 51, 1 2 1)S2
2,2
e’m?y )
- WCO(S, S1,52,M )
x [(s—51)* =53 + (3s +51)s3
+ (—352 —10s15 + sf)sz — 4m4a], (35)

where

D; = Dj(s, si, m?)

i=]1——.  (36)

Si

ai+1
—azlog

az+1 4m?
- | al
ai—1 a3 —1

= [a,- log

It is quite obvious from the most general expression of F; that
the massless pole, which accounts for the entire trace anomaly, is
indeed part of the spectrum. The pole decouples in the infrared,
as one can show after a detailed study of the entire correlation
function I"'*v@f(p, q).

There is something to learn from perturbation theory: anomaly
poles are not just associated to the collinear fermion-antifermion
limit of the amplitude, but are also present in other, completely
different kinematical domains where the collinear kinematics is
not allowed and are not detected using a dispersive approach. They
are present in the off-shell effective action as they are in the on-
shell ones. Proving their decoupling in the IR requires a complete
analysis of the anomalous contributions to the effective action,
along the lines of [4].

6. Lessons from the 1/m expansions

One obvious question to ask is if the nonlocal structure of the
poles, which accounts for the anomaly also in the case of the
conformal anomaly, is not clearly visible in a given operatorial ex-
pansion in terms of higher-dimensional opertors. This is indeed
the case, for instance, if we decide to expand in 1/m the form fac-
tor F1. We obtain

F1(s,0,0,m?)
721 N e’s 1 Lol a7
" 135.16w2m2  189-1672 m4 mé )’

with no signature of the presence of non-decoupling contribu-
tions in the UV, which are scaleless and described entirely by
the anomaly pole. Of course 1/m expansions are legitimate, but
there is no apparent sign left in (37) of the presence of a massless
contribution to the conformal anomaly, due to the universal ap-
pearance of a mass term. Another important observation is that the
contributions to the trace of the energy-momentum tensor, which
is relevant in the cosmological context [18,19], are all dominated
by the pole term at high energy, since mass corrections contained
in Fq are clearly suppressed as m?/s. Obviously, Eq. (37) differs
systematically from the result obtained from the small m expan-
sion, where the nonlocality of the effective action and the presence
of a massless pseudoscalar exchange, as a result of the conformal
anomaly, is instead quite evident. We obtain in this second case
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F1(s,0,0,m?)

= F _—
1pole + 1277252

+o<513) (38)

where the anomalous form factor shows a massless pole beside
some additional mass corrections. This is an expansion, as in the
case of the chiral anomaly, which is also useful in the UV limit. It
appears to be closer to the complete result even for a large fermion
mass, since it keeps the two sources of breaking of the conformal
symmetry separated. In this respect it would probably be of in-
terest to see whether the effects of superluminality [20] in a weak
(external) gravitational field, found in the 1/m expansion of the ef-
fective action of [21], have anything to share with the presence of
massless poles in the effective description.

2,2 2 2
e?m m m
[4—log2T —2im logT+7r2]

7. Conclusions

The presence of anomaly poles in perturbation theory appears
to be an essential property of anomalous theories, even in the
most general kinematical configurations of the anomalous correla-
tors. We have reviewed previous work on the study of the anomaly
poles of anomalous gauge currents, with the intent to show the
similarities between chiral and conformal anomalies. Our explicit
computation, in the case of the trace anomaly, shows that pole
singularities appear also in non-collinear configurations of the cor-
responding anomaly graphs. As we have stressed, these poles are
not identified by a spectral analysis but their existence should not
be matter of controversy. Historically, the signature of the anomaly
has been attributed to a pole in the anomalous correlator only
in the IR region. Our conclusions, contained in a previous work,
were that anomaly poles are instead generic, and not artifacts of
a given parameterization or due to the presence of the Schouten
relations. Here, building on more recent studies of the conformal
anomaly in perturbation theory, we have shown that the perturba-
tive signature of a conformal anomaly is, again, an anomaly pole
and that the correlator responsible for the conformal anomaly has
properties which are typical of the gauge anomaly. The pole, also
in this case, can be coupled or decoupled in the IR, and raises

significant questions concerning the significance and the implica-
tions of massless scalar degrees of freedom in gravity, recently
addressed in [1]. In the case of anomalous chiral gauge theories
similar issues [4,10] have been raised concerning the significance
of massless pseudoscalar degrees of freedom (gauged axions) and
their correct interpretation in a simple field theory language.
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