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ABSTRACT

The paper introduces a novel methodology based on a generalized formulation and higher-order-theories for the
fully-coupled multifield analysis of laminated curved structures subjected to thermal, magnetic, and mechanical
loads. The formulation follows the Equivalent Single Layer approach, taking into account a generalized through-
the-thickness expansion of displacement field components, scalar magnetic potential, and temperature variation
with respect to the reference configuration. In addition, specific thickness functions are selected according to the
Equivalent Layer Wise methodology, allowing the imposition of particular values of configuration variables in
specific regions of the structure. The lamination scheme includes smart materials derived from an analytical
homogenization technique, with material properties varying arbitrarily along the thickness direction within each
layer. The fundamental relations are derived under thermodynamic equilibrium using curvilinear principal co-
ordinates, and a semi-analytical Navier solution is derived for specific geometric, material, and loading condi-
tions. A recovery procedure using Generalized Differential Quadrature is presented for reconstructing three-
dimensional primary and secondary variables. In addition, a novel recovery procedure is presented for the
first time, based on a Generalized Integral Quadrature. The model is validated through numerical examples
involving straight and curved panels with various multifield load distributions, showing consistency and the
computational efficiency when compared to three-dimensional reference solutions. New coupling effects be-
tween physical problems are explored, and parametric investigations highlight the influence of key governing
parameters. Unlike the existing literature, this paper presents an efficient and accurate methodology for
analyzing laminated smart structures of various curvatures with multifield couplings, not usually addressed by
commercial software. This theory allows for arbitrary variations in multifield properties without using three-
dimensional models that can be computationally expensive. In this way, novel possible design applications of
smart materials and structures are offered in many engineering fields.

1. Introduction

materials, are typically studied by using three-dimensional models to
obtain an accurate prediction of the multifield response [8-10]. How-

Recent advances in various engineering fields [1,2], such as aero-
space, biomedical engineering, monitoring systems, energy harvesting,
and mechanical applications, have received an increased interest in
materials and structures under mechanical loads and multifield actions
[3], for which advanced modelling strategies are required for an accu-
rate prediction of their mechanical response [4-6]. In this context,
classical homogenization approaches, originally developed for me-
chanical elasticity problems, have been refined to reduce the computa-
tional cost associated with multiscale materials and structures in
multifield applications [7]. Smart structures, usually made of laminated
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ever, this modelling strategy leads to a high number of Degrees of
Freedom (DOFs), significantly increasing the computational cost. In
addition, many studies in literature address physical phenomena using
uncoupled simulations when they are not directly coupled with me-
chanical elasticity through strain components, as happens, for instance,
with thermo-mechanical interactions [11,12]. As a consequence,
coupling effects associated with the value assumed by configuration
variables are not considered within the simulation. This aspect may
potentially result in inaccurate predictions of the structural response to
multifield loads. For thin and moderately thick laminates, multifield
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scalar quantities are often modelled with linear or parabolic profiles
along the thickness direction [13]. This approach has been shown to
align well with experimental results in common engineering applica-
tions. However, for more complex cases such as unusual lamination
schemes and thick laminated structures, different distributions emerge
along the thickness direction, usually with very complex profiles espe-
cially at the interface among layers [14,15]. To this end,
three-dimensional simulations are usually employed, even though
computationally expensive. To mitigate this issue, refined
two-dimensional formulations have been introduced in literature which
account for higher-order expansion of field variables along the thickness
of the shell [16-18]. However, this expansion is highly dependent on the
lamination scheme of the structure. As suggested for the first time by
Washizu [19] and Reddy [20], variable kinematic models [21,22] can be
developed to derive a generalized theory that encompasses a broad
range of structural theories within a single formulation, based on the
selection of the specific thickness functions. This approach can integrate
even classical structural theories, such as classical plate theory,
first-order shear deformation theory, and third-order shear deformation
theory [23]. Traditional models assume a zero-stretching condition
through the thickness direction during bending [24]. In contrast,
Higher-order Shear Deformation Theories (HSDTs) introduce power
polynomials to describe the variation of field variables along the
thickness of the panel. In addition, the zigzag function, first proposed by
Murakami [25,26], provides very accurate predictions of the interaction
between adjacent laminae, even when the material properties of the
neighboring layers vary significantly. By selecting appropriate expres-
sions for the thickness functions, an Equivalent Single Layer (ESL)
formulation can be derived, which reduces the three-dimensional solid
at its reference surface, located at the middle thickness [27-29]. When
Dirichlet boundary conditions are applied to the model, the Layer-Wise
(LW) approach is commonly used among two-dimensional theories
[30-32]. In the LW methodology, the governing equations are devel-
oped for each layer in the stacking sequence, and multifield kinematic
compatibility conditions allow for the derivation of equations for the
entire laminate. In this way, arbitrary values can be assigned at the
external surfaces of the laminate. While effective, this approach can be
computational demanding. For this reason, a hybrid method known as
the Equivalent Layer-Wise (ELW) has been developed [33-35]. This
approach combines the efficiency of ESL theories with the flexibility of
LW models by using the thickness functions from LW theories along the
overall laminate. As a result, it allows for the application of arbitrary
values of multifield configuration variables with a significantly reduced
computational effort, especially for an increased number of laminae.
The differential equations governing multifield problems can be
solved analytically only in some specific cases with particular geome-
tries, materials, and loading conditions. As a result, numerical methods
have been widely adopted to obtain approximate results of engineering
relevance. Among these, the Finite Element Method (FEM) is commonly
used in various applications [36,37]. Starting from the first works on this
topic, in FEM the unknown variables of a differential equation are
expressed as local interpolations, within mesh cells, known as finite el-
ements, where the DOFs are associated with the nodes of each element.
The interpolating function, or shape function, transforms the differential
problem into its weak form [38,39]. However, FEM can be computa-
tionally expensive, as it does not ensure a-priori a higher-order
compatibility between adjacent elements. The high accuracy of results
requires an increased number of elements, which further raises the
computational cost. To this end, spectral collocation methods [40,41]
have been developed in literature, using a global interpolation of the
unknown variables across the entire domain. This approach ensures a
higher-order interpolation throughout the physical domain, providing
accurate results with fewer sampling points. One of these methods, the
Generalized Differential Quadrature (GDQ), approximates derivatives of
a function using its values at discrete grid points [42-44]. The weighting
coefficients for this method are computed recursively, starting from the

Engineering Analysis with Boundary Elements 176 (2025) 106232

properties of Lagrange interpolating polynomials, making the algorithm
independent from specific grid distributions [45-47]. Variations of the
original GDQ method, such as Harmonic Differential Quadrature and
Radial-Bases Differential Quadrature, can also be found in literature [48,
49]. The GDQ method directly solves differential equations in their
strong form by approximating numerically the derivatives. In the same
way, Neumann boundary conditions can be similarly applied in their
discrete form. The GDQ method has been widely used in structural ap-
plications, including static and vibration analysis of curved laminated
panels, structures with non-homogeneous graded materials, fracture
mechanics, and time history analysis, among others [50-53].

Moving from the GDQ numerical technique, the Generalized Integral
Quadrature (GIQ) method offers an efficient approach for numerically
evaluating the integral of a given function [54]. In fact, using the
fundamental theorem of calculus, the GIQ weighting coefficients are
derived from the inversion of the GDQ matrix for first-order derivatives.
Alternatively, the Taylor-based GIQ (T-GIQ) method employs a Taylor
expansion of the integrand function, and it does not necessitate of any
matrix inversion as the quadrature coefficients are recursively derived.
The validation of the numerical model is typically performed, under
specific assumptions, using closed-form analytical solutions of the gov-
erning equations. The Navier approach is extensively used in the liter-
ature for simply-supported structures [55], while Levy’s theory [56] is
applied to structures with various boundary conditions. In addition, in
Ref. [57-59] an interesting enhancement of classical Navier approach is
introduced, known as boundary discontinuous method, which allows for
the derivation of closed-form analytical solutions in the case of
fully-clamped plates and shells.

Solutions derived from two-dimensional theories, even when
employing higher-order kinematic models, may not accurately predict
the actual response of the corresponding three-dimensional solid,
especially for quantities related to the out-of-plane thickness direction
[60]. To this end, a post-processing correction of results is often required
which adopts a methodology based on the three-dimensional equilib-
rium equations [61]. More specifically, this procedure involves the
derivation of numerical solutions along the thickness direction using the
GDQ method, considering the in-plane strains and stresses obtained
from the two-dimensional model. In some recent papers, such procedure
has been extended to multifield analysis, enabling the reconstruction of
the out-of-plane components of primary and secondary variables vectors
[62,63].

Among the literature on multifield problems, two main categories of
sensor and actuators are identified, known as concentrated and
distributed systems [64,65]. Concentrated systems involve structures
with multifield properties localized in some specific layers or patches
that interacting with multifield actions. In contrast, in smart distributed
structures, each layer within the stacking sequence react simultaneously
to mechanical and multifield external actions. This category includes,
for example, the piezoelectric sensors which generate an electric voltage
in response to a mechanical deflection. On the other hand, in actuator
configurations, an applied electric voltage induces mechanical de-
formations. In this way, the overall deflection of the panel is achieved
through a mechanical compatibility between adjacent layers. When
studying multifield distributed sensors and actuators, most applications
account for homogeneous layers with different materials and orienta-
tion. In such cases, an abrupt variation of the material properties at the
interfacial level may lead to stress concentrations, causing cracks and
delaminations [66]. To mitigate these issues, Functionally Graded Ma-
terials (FGM) have been developed over the years [67-70]. These
non-homogenous materials are characterized by a continuous variation
of the material properties within the structure. From a manufacturing
point of view, FGMs are created by combining two or more phases,
typically an isotropic medium and inclusions with various shapes, sizes,
and constitutive properties. As explored in the review papers [71,72], a
continuous grading of the material properties is achieved by varying
with continuity the concentration of constituents, inclusion shapes, and
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their orientation, allowing the homogenized material to exhibit an in-
termediate behavior between its constituent phases. A recent research
on FGM has been expanded to lattice materials [73,74], which consists
of unit cells modelled as frame structures with periodic boundary con-
ditions. The geometric variation of each beam within these unit cells,
such as changes in width, length and orientation, results in a FGM me-
dium with variable properties. In this way, common lattice materials
like anisogrid and honeycomb structures [75,76] are enhanced for
further applications. It should be noted that the modelling strategies
used for FGM structures can be applied to analyze the material porosity,
as demonstrated in Ref. [77-79]. A key aspect in such analysis is the
accurate description of the material properties variation. A preliminary
analysis often assumes an arbitrary distribution of the properties of the
homogeneous material [80]. However, from a practical point of view,
the determination of the material distribution is complex, because any
direct relationship is established with the properties of the constituent
phases. Therefore, some studies in literature employ homogenization
algorithms by varying the concentration, shape, and orientation of in-
clusions at each point of the lamina. From an engineering perspective,
the rule of mixture has been widely used to homogenize the multiphase
materials for mechanical elasticity and multifield applications [81].
However, it is well-known that the homogenization of the material
properties should be consistent with the physical aspects of the problem.
Furthermore, the mutual interaction between the constituents should be
taken into account during homogenization, as well as shape and distri-
bution of inclusions within the unit cell, including the effect of curvature
and agglomeration of dispersed phases [82]. Enhanced algorithms have
been proposed to address these issues. Among others, the Mori-Tanaka’s
technique [83] has been demonstrated to predict the experimental re-
sults accurately. This method is based on the computation of the Eshelby
tensor of the unit cell, whose components can be determined analyti-
cally for various composites, starting from the mathematical modelling
of ellipsoidal inclusions [84,85].

The paper presents a two-dimensional generalized formulation
employing higher-order theories for the multifield analysis of laminated
curved panels under thermodynamic equilibrium. More specifically, the
fundamental equations, derived from the Master Balance principle using
the curvilinear principal coordinates, account for the coupling effects
between mechanical, magnetic, and thermal fields, including thermal
expansion, piezomagnetic, and pyromagnetic effects. A semi-analytical
Navier solution is obtained by expanding the unknown field variables
using trigonometric functions. The thermo-magneto-elastic kinematic
model uses the higher-order polynomials and Murakami’s zigzag func-
tion, following the ESL approach. In addition, the power functions are
adopted to develop an ELW model that enables the prescription of
arbitrary values for displacement field components, scalar magnetic
potential, and temperature variation with respect to the reference
configuration. Furthermore, arbitrary variations of the material prop-
erties along the thickness direction are modelled within each layer,
taking into account various analytical distributions with appropriate
positioning and scaling parameters. In the post-processing phase, a
novel equilibrium-based recovery procedure is introduced for the first
time. This method, based on GIQ, reconstructs efficiently the distribu-
tion of multifield primary and secondary variables along the thickness
direction, starting from the solution of two-dimensional equations.
Furthermore, the GDQ is used to compute the GIQ weighting coefficients
for numerical integration. The accuracy of the model is demonstrated
through several numerical examples, Some preliminary examples are
presented where the accuracy of the model is checked against the results
from existing literature. More specifically, the model is validated for
mechanical simulations [86-88], magneto-elastic analysis [89,90], and
thermo-mechanical simulations [91]. In addition to literature compar-
isons, laminated panels with zero, single, and double curvature sub-
jected to generalized surface loads are analyzed. For each case, reference
three-dimensional simulations based on 3D FEM are performed via
commercial software. Furthermore, innovative simulations are
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conducted with fully coupled thermal, magnetic and mechanical fields.
A general variation in the material properties is modelled within each
layer, showing the sensitivity of the model to the governing parameters
of the distribution.

The main novelty of the paper can thus be traced in the development
of a higher-order two-dimensional formulation for the thermo-magneto-
mechanical analysis of laminated curved structures, which consider the
full coupling between magnetostatic equations, thermal conduction, and
mechanical elasticity. Furthermore, the main contribution in this
research topic is the development of an alternative approach to recover
primary and secondary variables, based on GIQ, which is more
computationally efficient compared to the classical GDQ-based recov-
ery. Furthermore, we introduce an arbitrary functional variation of the
multifield material along the thickness direction. This variation can be
modelled within the formulation thanks to the adoption of higher-order
theories and because the generalized constitutive coefficients are eval-
uated numerically with the GIQ method. The manuscript provides novel
results for multifield simulations that can assist in the design of various
engineering applications. In fact, classical commercial software cannot
study the mutual interactions between temperature, thermal gradients,
and magnetic flux components within the solid as they only consider the
modification of magnetic fluxes induced by additional strains from
thermal expansion. In contrast, this formulation allows to predict these
physical phenomena in doubly-curved laminated structures, thus
allowing to design novel temperature sensors and thermo-magnetic
energy harvesters, among others [92]. Moreover, the higher-order
generalized formulation can be applied to investigate the multifield
response of a wide range of laminated shell structures under different
loading conditions in thermal and magnetic environments.

2. Higher-order thermo-magneto-elastic theory for doubly-
curved shells

Following the ELW approach, the position vector R of an arbitrary
point of a doubly-curved shell solid is expressed in terms of the position
vector r of the reference surface. The reference surface is located in the
middle thickness of the shell, and it is described using the curvilinear
principal coordinates o; = a1,0t0, as reported below [28]:

h
R(ahaz,{) :r(al,az) +§zn(a17a2) (1)

The previous relation identifies a limited region in the three-
dimensional Euclidean space with (a1, a2) € [a?, al] x [a), a}]. The
thickness coordinate ¢ varies within the interval [ — h /2,h /2], where h
represents the total thickness of the structure. The points located along
the thickness direction are described using the dimensionless normal-
ized coordinate z = 2¢ /h with z € [ — 1, 1]. This normalization allows
for a simplified representation of the position throughout the thickness.
Furthermore, the outward unit vector n(aq,as) of the reference surface r
is defined at each (o,02) as follows, being r; = dr /da; the partial de-
rivative of r with respect to a;:

LAY

n(a,az) = {1'.1 /\1'.2‘ @

The doubly-curved shell solid is made of [ superimposed laminae of
various thicknesses. As a result, the total thickness h of the structure is
equal to the sum of thickness hy for each individual lamina k, withk =1,
..., , identified by the interval [{y,lx + 1] along the thickness direction.
This aspect can be mathematically represented with the relation re-
ported below:

h:zI:hk:
k=1

The principal radius of curvature R; = Rj,Rp associated with the
principal direction o; = 3,0, is calculated using the following relation:

(k1 — ) 3)

1
k=1
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Ri(ay,05) = —— )]

Here, r; = or / (daidaj) represents the second-order partial deriva-
tive of r with respect to a;,a; = ay,0 principal coordinates. Furthermore,
the Lamé parameters A; = A1,A; can be calculated in each point of the
physical domain as follows:

Aj(aq,az) = /T, T )

Finally, the thickness scaling parameters H; =1+ /R; fori=1, 2
are introduced at each height { € [— h/2,h /2].

The introduction of A; in Eq. (5) enables the definition of the curvi-
linear coordinate s; € [0, L;] with L; representing the length along o; =
a1, principal direction [28]:

dSi = Aidai (6)

It should be noted that in Eq. (6) it is required that the Lamé pa-
rameters are evaluated at each point of the reference surface. To this
end, the partial derivative of the reference surface equation with respect
to o; = a1,0p must be evaluated. If the analytical expression of r(a;,0s) is
provided in curvilinear principal coordinates, these derivatives are
evaluated analytically. On the other hand, if the reference surface is
provided on a discrete grid, these derivatives must be evaluated
numerically.

The multifield theory presented in this work considers the full
coupling between mechanical elasticity equations, thermal conduction
problems, and magnetostatic equations, using higher-order shear
deformation theories. As a consequence, a generalized kinematic model
is introduced that accounts for an arbitrary expansion of each unknown
field variable. These variables include the elements ng), U(Zk) and U<3k),
measured in meters [m], which represent the components of the
displacement field vector with respect to the geometric reference system
a1, az, . In addition, the scalar quantities are included within the un-
known variables, namely the temperature variation AT® =Tk _ T,
expressed in kelvin [K], with respect to the temperature T, associated
with a stress-free reference configuration, and the variation Ay®) = y/®)
—, of the scalar magnetic potential with respect to the reference value
o, measured in ampere [A]. These unknown variables are conveniently
arranged in vector A®), represented as follows:

A¥(ay,a2,0) = [UP Ul UP  Ay® AT(k)}T %)

The variation of the elements of vector A® along the thickness di-
rection is described using an arbitrary expansion of N-th order,
employing generalized thickness functions F®% = F®e (¢) withi=1, ...,
5 defined for each © = 0, ..., N + 1. The following relation is, thus, ob-
tained [28]:

U(lk) Fik)al 0 0 0 0 u;

Uk va| 0 FRe o 0 0 uf

uP | =>_1 0 0 Fhs g 0 ||uy )
ap® | |0 0 0 Fb« 0 e
AT® 0 0 0 0 FRs || @

where the quantities u!”,ul,u{’,y® () are the configuration vari-

ables of the problem, associated with an arbitrary t-th kinematic
expansion order. In compact notation, Eq. (8) can be expressed as:

N+1

AR ZFik)ﬁ(f) 9)
=0

where 6“)(0(1,0@) represents the unknown vector that varies within the
two-dimensional physical domain, and F®¥) is the thickness functions
matrix with t =0, ..., N + 1, depending on the thickness coordinate .
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In this work, two sets of thickness functions are considered, associ-
ated with the ESL and the ELW approaches, respectively. When the
model is developed using the ESL approach [22], the following relations
apply to an arbitrary k-th layer of the stacking sequence, witht =0, ..., N
+ 1:

¢t for t=0,..,N
Fou() = k k2 $enn +6
1)z = (-1 — KL T ok for t=N+1
( ) B ( ) §k+1 - é,kg é,k+1 - é,k e *

(10)

Here, the thickness functions account for power polynomials of t-th
order for t = 0, ..., N, while the Murakami function is introduced at t = N
+ 1 to consider the zigzag effects between subsequent layers. To identify
the kinematic model adopted within the ESL framework, the following
nomenclature is introduced:

ED-N

EDZ - N an

More specifically, “E” indicates that it refers to the ESL approach,
while “D” refers to that the unknown variables of the model, i.e. the
displacement field components. Finally, the letter “Z” denotes the
presence of a zigzag function (10) in the implementation.

An alternative form of the kinematic model from Eq. (9) can be
assessed through the ELW approach. To this end, the following expres-

sion is adopted for Fﬁk”"’ with T =0, ..., N, as shown in Ref. [16]:

1-32

5 for t=0
FROu(@) =37 -5 forr=1,.,N—1 12)
143
;Z for t=N

where 2 = 2 /h € [— 1, 1]. The last term of the kinematic expansion
accounts for the modified zigzag function, which takes a value equal to
zeroat{ =—h/2and { =h/2:

= (-4
1)z, = — for k=1
V=T
F(k)ai _ k_, k é‘fé‘k _
vt () =< (=1)"z = (-1) Zm—l for k=2,..,1-1
(“1)5 = (1)E =S for k=1
G —&

13)

It should be noted that the ELW approach is completely different
from the well-known LW methodology. In fact, in LW theories the ki-
nematic expansion is performed within each k-th lamina, while in ELW
the thickness functions are defined along the entire thickness of the
structure. Furthermore, in LW theories the zigzag function cannot be
defined, while in the present theory this function is introduced in Eq.
(13). Furthermore, in the present theory the reference surface is located
at the middle thickness of the shell, while in LW theories a reference
surface is provided at the middle thickness of each lamina. This means
that in ELW method a single geometric reference system is provided for
the entire laminate, whereas [ reference systems are defined in LW ap-
proaches, being [ the total number of laminae of the structure.

To specify better the expansion of unknown kinematic variables, in
the following the extended version of Eq. (8) is provided for N = 4,
taking into account the zigzag function associated with t = N + 1:
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gl = ple 0 4 gl 1) | plloes @) | plles ) | gl (&) 4 gl 6

Uy =Feul) + Feul) + FOuy) + FPeu) + FPOeul) + O <5
gl = plas O 4 pllas (1) | pllies @) | pllias ) | plias, (@) | plloas (5
Ay = FR% 0 | plasy, (1) pliesy, @) 4 sy, () | e, @) | gk ""l// ®)
AT® = FRs,(0) 4 pas (1)  pllas (2) | plloas (3) | plloes (&) | phoes )
a4
When the EDZ4 thickness functions of Eq. (10) are adopted, the 3D

kinematic variables are expanded as in Eq. (14), and take the following
aspect:

UU‘)*u1 +§u(l)+C u1 +§ u —Hj u + (- 1) Zlly )

ud —u2 )+ aul) +¢2 u2 )+l 4ot u2 + (—D)fzaud

Uy =uf + ) + cuf +C3 O 1ol 4 (—1) ) 1s)
Ay :u/°)+Cw”+C y® + Gy (- )ka

AT® = kO 4 c® 4 ¢ 2@ 4 3@ 4 ¢ 45%® 4 (—1) zk®

Similarly, the ELDZL4 theory accounts for the following expandion
of 3D unknown variables, following Eqgs. (12)-(13):

1—:'2 (0)
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the deformation of the laminate at the interfaces, is provided here for
multifield analysis. In fact, in heterogeneous materials, a variation in the
slope is observed at each interface when solving thermal conduction and
magnetostatic equations, therefore zigzag function plays a crucial role
for higher-order multifield theories. When the ELW approach is adopted,
the nomenclature reported below is used instead of Eq. (11):

ELD - N

ELDZL — N as

Here, the acronym “EL” stands for the ELW theory, while “D” refers
to the generalized unknown multifield variables. Finally, “ZL” indicates
the modified zigzag function already introduced in Eq. (13).

At this point, the definition equations are evaluated within the
higher-order two-dimensional theory for mechanical, thermal, and
magnetic fields. To this end, the generalized kinematic model of Eq. (9)
is employed to express the configuration variables within the thermo-
magneto-mechanical definition equations for a three-dimensional solid
described using the curvilinear principal coordinates. These three-
dimensional equations are reported in the following compact form [28]:

Ul = 5w+ @ -1 + B -2 + @ - + S+ ( 1) g
1-% ~ 5~ - 1+z -

Uub = 5 W+ -1+ @ -2+ F -2+ 5 &+ (1) 7

w0 _1-% 0 (2 D, (e 4 (5P V@ 4 LTE e k= (5) 16
Uy = + @ -Duy' +F -2)u’ + (-2 )uy’ + 5 + (-1)Zu (16)

1-32 - 3~ ~ 1+32 -
Ay =20 4 (- 1)y 4 B -2)p? + & - + ; w® + (-1)F
1-32 ~ - 1+32
AT® KO 1 (F — 1)V 4 (@ -2k + @ - )+ 1 (—1) 5
setting Z, = 2, %, zx for k = 1, ..., L It should be noted that the thickness e
functions introduced in Eqs. (12)-(13) assume a null value at the top and 7%
. . . DA D:DoA o — (k)
bottom surfaces of the laminate, except for those associated with t = AT
0 and t = N. Consequently, the arbitrary i-th element withi=1, ..., 5 of o®
the vectors A" and A" of three-dimensional configuration variables, Dy O 0 u®
evaluated at { = —h /2 and { = h /2, respectively, are equal to the i-th _| 0 Dy O Ay 19)
elements 5, 5™ of the generalized unknown variables of the higher- 0 0 1 AT®
0 0 Dy
order formulation:
T

A <a L = h) — 6% (a1, ) Vector z%) = [e(k)T 0r a1 gwr| is obtained by assem-

i 1,42,6 — 75 | — 0; 1,42

i 2 i ~ (k)

a7 bling the sub-vectors ¢®, 7 ® and AT 0%, which are associated with

h
Ag) (017 g, { = 5) = 51@0 (o1, @2)

It should be noted that the mathematical expressions used to expand
the thermo-magneto-mechanical unknown variables along the thickness
direction have an important physical meaning. In fact, in higher-order
ESL and ELW theories it is assumed that each layer undergoes a
complicated deformation that can be described only with higher-order
polynomials. This aspect, extensively studied for mechanical elasticity
problems, is hereshown to be determining even for additional fields like
magnetic potential and temperature variations along the thickness di-
rection. Furthermore, the zigzag function, used in literature to predict

each individual physmal problem considered in the present multifield
formulation:

(k) — T 0 Lk Ko )k KT
€ *[55 82> 752 7(13) 7’23) 6(3}

= AT®
(20)

~ (k)
P 2 I A LRV

As can be seen from Eq. (19), the kinematic differential operator D is
expressed in terms of sub-operators D(;),D(2). More specifically, D)
represents the symmetric part of the three-dimensional strain gradient
operator, while D¢,y denotes the gradient operator of a scalar field. In the
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definition relation reported in Eq. (19), the three-dimensional differ-
ential operator D is conveniently divided into sub-operators D¢ and Dg.
Thus, the partial derivatives with respect to the thickness coordinate ¢
are separated from those associated with the in-plane principal di-
rections ay,as:

Dy O Y 0 Doqy O 0

D, — 0 Dy O 0 Dy — 0 Dy O
0 0 D3 0 0 0 Dq3)
0o o D, 0 0 Dgy

(21)

The sub-operators Dg(1),Dy(2),Dg3) associated to D¢ are reported
below in expanded form:

1
A 0o 0 o0 o0 O o0 0 O
1 o 0 0O 0O O 0 o
H,
1 1
) 0 A 0 0 0 0 O 5
¢ = ¢(2)
1 0
0 0 H 0 o 0 O
1 0
0O 0 0 O o, 0 o 0
0o 0 O 0 O0 0 0 9
L o |
rl
1
0
0 0 =
L e

On the other hand, the quantities Dg(1),Da(2),Da(3) take the following
form:

=2

Doy =[D, D, Dg]

1 0 1 0
Day— | L0 10 (23)
o@) |: A1 ()a1 Az 6112
Do) =1
where
T
ﬁg:iilﬁ_lﬂii_i()loo
A1 0(11 AlAz (}(Xl AlAz (}{12 Ag 0a2 R1
- 1 0A, 1 0 1 0 1 0A 1 !
Dy = et =20 -— 010
A1A2 (3(12 Az (3(12 A1 6(11 A1A2 0(11 Rz
—a 1 1 10 1 0 '
DP=|— — 00 —— —— 0 0 1
@ |:R1 R2 Al 00{1 A2 00!2
(24)

The kinematic operator Dy, is conveniently expressed as [28]:
5

Do =Y D (25)

i=1
whose elements D¢ withi =1, ..., 5, are expressed in terms of the sub-
operators Dy, , Dy, Dgy already introduced in Eq. (24), while D, = Dy =

~a
DQ(z) and Dﬂs = DQ(g)Z
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Introducing the generalized kinematic model of Eq. (9) by
substituting into the three-dimensional definition Eq. (19) the three-
dimensional configuration variables vector A% with the higher-order
through-the-thickness expansion, the following relation is obtained
[28]:

e®
N+l 5 7 ®
A0 =3 S gk o | 7 g
=0 i=1 AT
9%
VAR | 0 0 e
N+1 5 (k7)o S (T
0 Z 0 0 V4
= Z (ko) ~ (T 27)
=0 =1 0 0 Z,7" 0 AT
(ko) 9w
0 0 0 Z,7"

In the previous equation, Z*7% = D, F represents the generalized
higher-order kinematic operator for the entire formulation, while
ZFk% = Dy FR9 with m = 1, 2, 3, is associated with each individual

~ (D)
physical problem. In addition, vectors £?%, 7% AT " 7% of the

generalized thermo-magneto-elastic primary variables are introduced
for each t-th order of the kinematic expansion, which do not depend on
the thickness coordinate ¢. These vectors, defined at each (a3,02) point
within the physical domain, are presented in extended form, for a given
t=0,.., N+ 1 as follows:

e (@, ap) = [ % P On O wa o o o 0]

oy : y T
/I(r)a, ((Xl -,(12) — [(Z/(lr)al }/(21)(11 i/g’r)m ]
7)a; ~ (7)a;

o et T
AT (a1,a2)=AT , 07%ay,22) = [ g Hg)“‘]

(28)

The introduction of generalized configuration and primary variables
in the higher-order expansion along the thickness allows, from a phys-
ical point of view, means that each quantity is reduced on the reference
surface. In lower-order theories, a physical significance of each gener-
alized unknown variable can be traced, for example, in the translaiton
and the rotation of their through-the-thickness profile, while for higher-
order kinematic models the physical meaning is not directly evident. At
this point, the constitutive relation for the multifield problem is intro-
duced. Thus, the vector ¢ of the three-dimensional secondary variable
is defined for each point of the doubly-curved three-dimensional solid.
This vector embeds vectors 6, 2% h"% which are the secondary
variables associated with the mechanical elasticity, magnetostatics, and
thermal conduction, respectively. Using an expanded notation, these
quantities take the following form:
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k) _ [ (k k k k K k1T
o= [of o A o]

29
B — (R0 B hék)}r (29)

20 _ T k) k) 1T
2 =z 2 2P

In particular, the magneto-thermo-elastic three-dimensional consti-
tutive relation [28] is, thus, expressed as follows:

—(k) KT  =KT
" ry -t)" T, 0 o
0 — (k) <k (k)T ok
OIS U NTIPR 9 _|Tg Ty L, 0170
) ™ ™t o ||AT
h(k) z w TT . B(k)
) o 1V
(30)

—k) . . o . L
Here, ™ is the multifield constitutive matrix, which is expressed
with respect to the geometric reference system ay,00,(. As can be seen, it

. . . . .=k
is obtained from the assembly of the mechanical stiffness matrix F(C ), the
. N o=k .
magnetostatic constitutive matrix I“,(V[) , and the thermal conductivity
e . . . .
matrix Fi( ), along with the coupling matrices of the physical phenomena.

More specifically, fgo is the piezomagnetic matrix, l_"‘(:) accounts for the

pyromagnetic effect, l:;k)

is the thermal expansion vector. These quan-
tities assume the following extended form:

=k Fk) o Hk) o Sk Sk (k) i
Cu C, Ge Cy C5 Gy
=k Fk) o Hk) o Sk Sk (k)
Co Cp Gy Gy Gy Cy
=k Fk) o Hk) Sk Sk (k)
o _ Cie Gy GCg Ciss GCss Cse
C TRk =k =k =k =K =k
Ciy G Gy Cyy Cus Gy
k) =k Fk) o Sk =k k)
Cis G Gy Cis GCos Gy
=k Fk) (k) (k) =k =k
Cl Cy Gy Cy Gy Cy ]
M | | k) (k) 3-(k)
m(1k1) mgkz) m(@ ki kyp o kg
7R k) =) =k S B (S (S I (3]
Iy = m(12) m(zz mzs) s T = | kyy kg kys
(k) =(k) (k) k) (k) (k
LMz Myz Mgy ki; k(z; ké;
(k) (k) =k =k =k =k
@ @y @ @ @ @
=K k) =) =k) =k =) =k
To =gy @9 @ @ @ o
=) =(k) (k)
1931 932 93 93¢ 935 Q33
TO ot s s sk sk kT
L, = [Zgl Zzz) Z(lz Zga) zza> 2"(33}
(k) o (k)
k) —(k o 1T wl kPTG
L, =[w wh wil, Tm=¢&, = T (31)

The term E(lkf introduced above is used to derive the specific entropy
of the system at each point within the three-dimensional solid in the
stress-free reference configuration, characterized by the absolute tem-
perature To = 297K. In addition, p ) represents the material density,
while c ) denotes the spec1ﬁc heat of the constituent material. The

thermal expansion matrix FZ occurring in Eq. (30) is evaluated in

. . - . .
relation to the stiffness matrix F(C) according to the relation reported
below [28]:

I:(k)T _ l:i:k)i(ik)

z

(32)
—(k T
Here, T = [@ a¥ a¥ @) @k @] represents a column
. .k
vector of size 6 x 1 that gathers the elements of matrix A" of the
transformed coefficients referred to the geometric axes a;, az, {. The
definition of this matrix is provided below:
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_ r\(k)
A(k):YSO< A H(k)) (33)

~(k)
where the symbol ©® denotes the Hadamard’s product. The matrix A

contains the well-known thermal expansion coefficients a ") with i, j=1,

2, 3 of the k-th lamina, which are typically associated w1th the elements
of the three-dimensional strain matrix. On the other hand, matrix Y, in
Eq. (33) enables the derivation of the thermal expansion coefficients ag()
with i, j = 1, 2, 3, that are consistent with the engineering strain com-

ponents. This matrix is deﬁned by the following relation expressed in the

material reference system a 7C
@) ay a 12 27 |@) ap af
AU Na d o[ = (21 2|0 el o b
af o ab] 1220 lay ey e
—v,0A" (34)

The constitutive relation in Eq. (30) can be referred to the axes a;"l

&(zk), Z(k), which are defined at each point of the solid based on the
symmetries of the constituent material, following the Newmann’s
principle. If 7z and )?(k) represent the vectors of primary and secondary
variables in the material reference system, respectively, the following
relation can be obtained:

k) KT k

&% r! —I‘(Q -T®T 0 2

— (k) k k — (k)
=(k) ) =(k) z Fo) ry oo Va
X = I'7 < n(k) = ® ® 0 AAT k

0 LA I 0 (k)

()} 0 o 1P
(35)

The previous equation is related to Eq. (30), with the introduction of

a rotation matrix H® of size 3 x 3, which contains the components of
K

the material axes a“‘) a(zk), ¢ “ in the geometric reference system and
depends on the Euler angles of the rotated reference system. Assuming

(K (K
that ¢ ® s parallel to the thickness direction, namely ¢ ©_ ¢® | the
matrix H® depends only on the inclination angle, denoted by 9%, be-

tween ag’” and «; axes, and takes the following form:

cosd®  sing® 0
H® = | —sind® cosd® 0 (36)
0 0 1

In this way, the rotated multifield constitutive matrix is evaluated as:

TOrT®" PO _erdTe T 0
- HO'TOTO"  HO TOHY H®TRT 0
D O Vb (CR vl ) 0

0 0 0 HO'TPHY

37)
Here, the matrix T® of size 6 x 6 is derived from matrix T(k), by
means of matrix H® in Eq. (36), as follows:

k)
T® =T (154789%(152+43+7.6+89)

- (H<k>T ® (H<’<>)’1)

being ® the well- known Kronecker product. Note that the matrix T

(38)
([1,5,4,7.8,9]x[1,5,2+4,3+7,6+8,9])

) g

obtained from T by selecting the rows indicated in the first square
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brackets. On the other hand, the third, fourth, and fifth columns of T®
are derived as sum of the second and the fourth columns, the third and

the seventh columns, the sixth and the eighth columns of T<k),
respectively.

The governing equations of the present formulation are derived
using an energy procedure. In this context, the virtual variation 8Y of the
total energy of the solid must be evaluated within the ESL framework,
employing the generalized unknown variables. This evaluation con-
siders the elastic strain energy, the magnetic energy, the thermal energy,
and all coupling terms among the involved physical phenomena. To this
end, the vectors ¥ and y*' are introduced at each point of the doubly-
curved solid which collect the multifield secondary variables. These

vectors are defined as follows, with I and 1 representing the identity
matrices of sizes 3 x 3 and 6 x 6, respectively:

100 0
o o1 0 o[
) P 2
70 =Byh o .o 001 o o (39)
H(k> 0 0O ! 1 b
To
T
In addition, vector ¥ = | 07 _ 5mT _xp® 0<k>7] is

introduced, containing the sub-vectors of primary variables related to

mechanical elasticity e®, magnetostatics 7', and thermal conduction

~®
AT 0%, In this way, the virtual variation of the total energy of the

shell Y is expressed as follows:

1 Cre1
8Y = Z /// (5797 %) Ay Ay Hy Hyday dayd? =
=1

ap az (k
k)

k=1
ap ag G

The introduction of the higher-order generalized model from Eq. (9)
into Eq. (40) leads to the definition of the generalized primary variables
of the problem, defined for each t-th order of the kinematic expasion,
witht=0, ..., N+ 1. By using Eq. (27) to express the virtual variation of

—®)
the quantities 5¢®,5.2® sAT 50", one gets [28]:
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L %1 /N s T
oY = Z /// < Z(kr)m@(r)m) X(k)A1A2H1H2d§d(lld(lz _
k=1 i=1

. =0
ap az g

sl

N+1 5 1
=33 [ fem| S0 [ @) Eade | dsdoda, =

=0 i=1 k=1

Sk
N-

¥
-

i
Mo
—

/(ﬁﬁ(r)a[ )Tz(r)a’AlAzd(Z] d(lz

a ag
(41)
In the previous relation, the  quantity 7% =
[goar _ poar  _xp P _gwar]’, defined for eacht =0, ..., N +

1, collects the primary variables of the higher-order definition equations
for each physical problem considered in the multiphysics model. On the

other hand, the generalized secondary variables vector X% —
[§@«T  B@aT E@a HOaT]" incorporates the following quantities:

) ) ) : ) T
§a — [Ngﬂax N(Zf)ax N(lfz)al N(Zfl)lh Tgf)al

B(r)ai — [Bgr)al B(zr)ai B(;)ai ]T

Tér)ai P(lr)ai P(Zz)ag S(31)ai }
HO% — [Hgf)ai H(zf)ai H(gf)ai ]T
(42)
Each term of the vector X% is evaluated for any Tt = 0, ..., N + 1 by
integrating along the thickness coordinate ¢, following the relation
provided below in condensed form:

(40)

1 (O8] (
_ ~ (k) h
=>. / / / <5e(k)T6(k)—6%<k>T%(k)—5AT ntk)_5o<k>TT_>A1A2H1H2dalda2dg
0

[
s@a _ (Z<kr>af)Tx<k> H, Hyd¢ (43)
k=1 k

Substituting the three-dimensional constitutive Eq. (30) and the
generalized higher-order definition Eq. (27) into the previous relation,
after some mathematical manipulation, a generalized version of the
constitutive relation is derived for the entire laminate corresponding to

an arbitrary t-th order of kinematic expansion:
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Table 1

Multifield constitutive coefficients of the materials employed in the simulations.
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Material Cobalt ferrite TME-I TME-IT TME-IIT Barium titanate
vy 0 0.2 0.4[x 1/3] 0.6 1
To[K] 297 297 297 297 297
p|kg /m?] 5300 5400 1833 5600 5800
M [%] 0.01 0.01 0.02 0.01 0.03
¢ [J /kgK] 377.36 414.58 450.45 357.14 550.62
Ci = Cx[ x 10°N /m? 286 252.38 74.98 202.08 166
Ci2[ x 10°N /m?] 173 144.72 40.78 104.26 77
Ci3 = Cas[ x 10°N /m?] 170.5 143.99 40.89 105.13 78
Cos = (C11 — C12) /2 x 10°N /m?] 56.5 53.83 17.10 48.91 44.5
Caq = Cs5[ x 10°N /m? 45.3 47.15 16.33 50.81 43
C33[ x 10°N /m?] 269.5 24.11 72.41 196.54 162
P14 = p2s[C/m?] 0 0.04 0.03 0.23 11.6
P31 = pa2[C/m?] 0 -1.26 -0.76 -3.11 —4.4
P33 [C/m?] 0 3.39 2.33 10.76 18.6
Q14 = a5 [Wb /m?] 550 367.81 79.00 138.50 0
@31 = ga2[Wb /m?] 580.3 414.00 93.39 170.17 0
qs3[Wb /m?] —699.7 —602.79 -159.35 —332.94 0
an = az[x 1071 /K] 10 11.02 12.09 13.22 15.7
as3[x 10761 /K] 5 5.17 5.39 5.65 6.4
bi1 = by x 10~*m? /kg] 1.1 0.90 0.70 0.48 0
b3z [ x 10~*m?® /kg] 0 0.01 0.17 0.02 0
i = la[x 10°F /m] 0.08 11.94 0.06 0.31 11.2
la[ x 10°F /m] 0.093 26.10 1.71 7.62 12.6
diy =dy[x 107125 /m| 0 -2.56 -1.49 -5.91 0
ds3[ x 107°s /m| 0 2.05 0.92 2.52 0
mi; =my[x 10°°H /m| 590 396.10 85.6 152.2 5
m3 [ x 10 H /m] 157 127.87 32.86 69.1 10
033[ x 107°C /m?K] 0 3.60 0.27 11.51 20
g33| x 107 Cm /kg| 0 -1.78 0 ~2.20 0
was [ x 1074 T /K] 3.2 —-2.69 -1.73 -5.19 0
fas[Tm® /kg] 0 -0.02 -0.01 -0.03 0
ki = kaz[J /mK] 3.2 3.03 0.96 2.74 2.5
ks3[J /mK] 3.2 3.06 0.97 2.78 2.5
s11 =22 [ x 1078 m?](ug = 0.1, A = 0.25) 16 13.24 3.76 9.84 7.83
s33[ x 1078 m?](ug = 0.1, W = 0.25) 16 14.37 4.24 11.1 7.83
X11 = X2 [ x 10-8kg /mK} (ug = 0.1, v = 0.25) 4.08 4.46 1.54 4.66 4.57
X33 [ x 108 kg /mK} (ug = 0.1, w = 0.25) 4.08 4.50 1.56 4.73 4.57
Y11 = y22[J /m?K](ug = 0.1, hv = 0.25) 3.14 2.25 0.59 1.45 1.07
Ys3[J /m?K](ug = 0.1, Av = 0.25) 3.14 2.44 0.66 1.63 1.07
G withn,m=1,...,13,p,¢=0, 1,2 and f, g=0, 1. In the previous relation,

N+1 5 L

Ze=3 33

=0 j=1 \ k=1
Sk
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At ()
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Il
=]

n

(z(k’”’r) tzks g Hyde |7

(44)

the term Y\

. =k
matrix I

refers to the arbitrary element of the multifield constitutive

introduced in Eq. (30). An alternative form of Eq. (44) is

presented below, which represents the generalized matrix A™*% based

on the approach adopted in Eq. (35):

where A™%% is the higher-order multifield constitutive matrix of the
laminate. This matrix takes into account the multifield properties of
each lamina within the stacking sequence, as well as the curvature ef-
fects of the doubly-curved shell geometry. Further details can be found
in Ref. [28]. By performing all matrix multiplications in Eq. (44), the
following expression is derived for the arbitrary element of A anad;

denoted by Agzmvggpmj withr, s =&, y, T, setting 0°FF% /a0 = FO* and
°FPY Jor® = RO

(T'I oo F(k 3 Fﬁ[k)aj H,H,

rsnm(pq Z / nm 0§f acg I_III)Hg dC (45)

gon AT A AT 0 T
B N S| A AR A0 Pz
(7)ai Z Z ) (n)ajaj )0 o
E =T ALY AR AT 0 AT
(7)ay ()
H (tn)aia; 0 "
0 0 0 AJ

(46)

According to Eq. (46), a constitutive equation is derived for the
entire laminate, taking into account the material proeprties, the layer
thickness, and the curvature of the structure. In this way, the model is
transformed, from a physical point of view, into a rectangular physical
domain with equivalent material properties which accounts for the ge-
ometry and the lamination scheme. The sub-matrices introduced in Eq.
(46) are, thus, evaluated from the relations reported below:
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- 7|:le(]10) Zzz?m le(qm) 212(701) Zm(qlo) Zza(ym) Zm(nou) Zzs?oo) Za}(you) :|
" e 6 g e, _[[( geiela, -
-3 [ Rz g =[(A) ] -
4 =l,...
(em)[00)ea; (em)[00]ea; (em)[00)ea; (em)[00)ea; (em)[00)esa, (em)[00)ea; (em)[01)ee, (m)[01]a,a, (em)[ot)aser,
[ZH(Um) ZZZ]UI) Z\Z(UIO) ZIZUUI) Z!J(UIU) Zzz(”m) Z!J’uo ZZS:UO) Z}}ZOU) :|
I Sk r
Almae _ (ke)ey a, (o) fe)ewa, _ [y (em]00jaa, (em)[00)a,a; (m)[01]aser,
\VT *; J‘ z, H\H d( |:(AWTum (rq) )/n:|h:1,2,3 7|:W1|(|0) sz(m) Wa}(oo) ]
=l ¢, s=1
e
K)a; (k) rp (k)ez, ()| fe] sz, m)[00]a;a; (en)[00)ay; m)[10]a,
=3 [ FO Tz b ag <[ (Agbele) ], =i wile wghe |
k=t g, =123
(m 7)[00],
AT'I"] = Cu(”og Joc
(m)[00]a;a; (m)[00]a;a; (mn)[01]aer,
Kuvzu Klz(vn) Ku(’m)
(e, | ()00l (em)[00],et, (01,
Aee'] - Kw]n sz Kzs?m)
)[10]aa, (n)10)asa (mn)[11]ea,
Kn(qm) sz(l(n) 33(700)
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displacement field variables U(li)7 U(zi), U(Si) at the top and bottom sur-

The generalized constitutive relation (44) is finally expressed in face, according to the following definition [61]:

terms of the vector of generalized higher-order configuration variables

8™, with n = 0, ..., N + 1 by substituting the higher-order kinematic qﬁ}k = —kgfc)Ugi)

relations from Eq. (27) within Eq. (44). The following relation is, thus, [ ACEiCe! 51
Qe = —Kar Uy (51)

derived [28]:
dip = KU+ GV U

N+1 5 N+1
0% =3 "N " AmasDsn = N " os (48) The previous relation is based on the Winkler-Pasternak elastic
=0 j=1 n=0

foundation model. More specifically, the actions qﬁf}k, q(sz)k., q(;f)k depend
Regarding the external loads, it is assumed that the doubly-curved

on the elastic stiffnesses kg? , k(zfc) and k;), respectively, as well as on the
shell solid is subjected to multifield surface loads applied to its top (+

) and bottom (— ) surfaces, located at ¢ = h /2 and ¢ = — h /2, respec- shear modulus G}i) of the foundation. Accordingly to the International
tively. More specifically, the strucutre is subjected to the external me- Standards, the elastic stiffnesses are expressed in units of force per unit
chanical pressures q\”, ¢, ¢{” and ¢\”, ¢, ¢\, thermal fluxes  displacement, namely [N /m*), while the units of G are [N/m?].
¢\, ¢\ and magnetic fluxes g, ¢\ . Each external load is expressed Furthermore, the symbol V(zi) refers to the Laplacian operator, evaluated
in terms of a surface distribution &ff) (s1,82) witha =1, 2, 3, B, T, which at{=h/2and { = — h/2, whose expression is provided below using
depends on the curvilinear coordinates s1,5, as defined in Eq. (6), and a curvilinear principal coordinates oy, 0y:

reference magnitude g\':

v < LR S +< 1 oA, h dR; |
 _ o o 94, _
G\ )’ 00t Az () 005 \ a2, () 0m 2a2R2 (B HLY O

1 A h 6R1> 9 < 1 A h dR;
A

—1- — | — L+ : 52
() o o) o) 9\ age) 0 o) D 0o >
1 0A» h O0Ry\ 0
A3(H)" 00 2a3Ry ()" 002 0
qgi) (51,82) = qii)a[(li) (51,52) (49) In th.is w.ay, the virtual work 8L of the actions (51) from the elastic
foundation is computed as:
The virtual work of the external surface loads of Eq. (49), denoted by
8Ly, is evaluated as the sum of the contributions 6L, 5Ly, Lt from SLop = //((qﬁ;}kéU(f) + q;;}k(;[ﬂz*) +q<3;f)k5U§’>)H§’)H<2’>+
mechanical, magnetic, and thermal loads, respectively. The following P (53)
ion i ; () gt S ;
relation is obtained, whe?e H{PH" and H{'HS" are the scaling pa- 4 (‘15:;)1(5U§+> +q(sz)k5U(z+) +qukéU(;))H(IHH(;))AlAzdaldaz
rameters introduced previously and evaluated at { =h/2 and { = —
h /2, respectively: By employing the static equivalence principle, it is possible to

introduce generalized surface loads qf,? witha=1,2,3,B,Tandi=1,

..., 5foreacht =0, ..., N + 1, which are applied at the reference surface

8Ly = OLes + SLys + SLyy =

(=)
= / / ( (qﬁaU(ﬁ +qy8Uy + 58Uy + g5 say) + qTLaAT<*>)H§*>Pﬂ;)+
0

ap az

(50)

(+)
+ <q§*>5U§” +ay78Uy" + g5 sUsY + g5 say™) + qTiaAT<+>)H§*>H<;)>A1A2da1da2
0

It should be noted that the magnitude of the external loads in Eq. (49) of the shell solid, located at the mid-thickness. These multifield loads are

does not depend on the configuration variables of the problem. In calculated at each point of the rectangular physical domain using the
contrast, the actions q(lff)k,q(sz)k,qgf)k induced by an external elastic relation provided below:

foundation are expressed in terms of the three-dimensional

11
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Table 2

Through-the-thickness smooth distributions of the material properties along
each layer of the structure with algebraic and trigonometric functions.
Furthermore, both symmetric and unsymmetric profiles are provided.

Denomination Symbol Analytical expression
Linear I LI 8(Zk) =1 2/
Linear II L-II g(zr) = 2/
Linear III L-IIT ~ 1422
8(zk) = 5
Linear IV LIV . 1- 23
8(zk) = 5
Symmetric cosine I SC-I ~ L
Y 8(2) = 1~ cos(n2i)
Symmetric cosine II SC-II ~ ~ 2
Y 8(3) = (cos(nz))?
Unsymmetric cosine I UC-I g(3) = 1— cos (fgk + f)
~ ; 5 _ T,
Unsymmetric cosine II uc-I g(3x) = cos (Ezk + Z)
~ ; 5 _ T,
Unsymmetric cosine III UC-IIT g(3) =1 cos (izk _ 2)
;i ; 5 _ T,
Unsymmetric cosine IV ucC-1v 8(Z) = cos (izk _ Z)
Hyperbolic sine I HS-I

Hyperbolic sine II

HS-II
—~ 1
8z =5 (1 +

Hyperbolic tangent I HT-I

Hyperbolic tangent I HT-II 3
5 1 tanhzy
8(zk) = 5 1+ 1
tanh5
Exponential I EXP-I R eiﬁ% 1
8&) =——7
Exponential II EXP-II R eiﬁ% 1
8(E) =1-— —
- - o)
q;? _ (q<1 ) +q(1e}k)F§m1 T (q +) +qleﬂ()F (O H
af) = (a5 + q(gif)k)Fi””” O (a7 + dhp )P OHHE
) = <q<3 +q ) Fhos(-) ) (qé+ +q<3+>> FO R )

0 = g5 PO H
ar) = gy 'FVUH H

+ q(+)F£l ay +)Hg+)H(2 )
+ q(+)F (D) as(HHYr)H(;)
649

for t =0, ..., N + 1. In this way, it is assumed that the virtual work
associated with q[(fs) is equal to the sum 8L + 8L of the virtual works
defined in Eqgs. (49) and (51). Finally, the generalized virtual work 8Lt of
the reference entropy of the shell solid at a given absolute temperature

To, denoted by ﬁ(k), is calculated as follows:

Cri1
! i

we i

k=1

/ 5AT H1H2A1A2d(11 d(lde (55)

e o a2

po_[10, 1 0 1o 14 10 1 o
@ - _A1 6(11 A1A2 ()(11 A1A2 0(11 A1A2 ()(12 Az 0(12 A1A2 6(12
pe [ 1A 10 1A 10 1o 1o
@ A]Az Baz Az (3(12 A1A2 002 A1 601 A1A2 Bal A1A2 ()al
D _ [ 1 1 0 1 0 1 0Ay 1 0 1 0A
@ L R1 Rz Al (3(11 A1A2 6(11 A2 6(12 A1A2 a(lz
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Thus, the balance equations for the magneto-thermo-elastic problem
can be evaluated using the Master Balance principle, as detailed in
Ref. [28]. This approach considers the total free energy of the system
from Eq. (41), the virtual works of the external loads from Egs. (50) and
(53), as well as the generalized virtual work from Eq. (55) associated
with the reference entropy 7%

ty ty
/5Edt = / (8Ls + 8Leg + OLy — 8Y)dt = 0

t t

(56)

for any interval [t,t2], with t; < to. In particular, it is assumed that the
model is under thermodynamic equilibrium conditions, such that the
energy contribution 8Lt in Eq. (55) is assumed null. The balance gov-
erning equations are derived from Eq. (56) for a stationary configuration
of the solid. The application of the integration-by-parts rule yields, after
some mathematical manipulation, the following relations for an arbi-
traryt =0, .., N+ 1:

5 5
S DgEn 4 ) = D EDU 4 qf) +q7 =0 (57)

i=1 i=1

T
Here,  q9=[q7 ¢ ¢ g 4]

[qi}k q(Z’e)fk q(;e}k 0 O]T are the vectors of generalized multifield

and qi;,)( =

external loads and the generalized actions induced by the elastic foun-

dation, respectively, while q = [q¥ ¢ ¢ q ] is the
vector of higher-order loads. Meanwhile, D" withi=1, ..., 5 refer to the
balance operators of the model, which take the following form:
D, 0 0 0 000
0 000 D, 0 0 0O
Di“"=| 0 00 Of,D*=| 0 0 0 O, DF*
0 0 0 O 0 0 0 O
0O 00O 0 00O
0O 00O
0 0 0O
=D 0 0 0
0 0 0O
0 0 0O
0 O 0O 00 0 O
0O 0 0O 000 O
D“=]/0 0 0 0|, D*={0 0 0 O (58)
0 D) 00 000 O
0 0 00O 0 0 0 D

The quantities D, for i = 1, ...,

form:

5 are reported below in extended
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1 1" 12 3 T 18 A

{a)

(€) Symmetric cosine [1

(d) Hyperbaolic sine 1

Fig. 1. One-dimensional analytical functions employed to describe the variation of the multifield material properties within an arbitrary layer in the stacking
sequence of a doubly-curved shell laminate. (a) symmetric and anti-symmetric distributions; (b) unsymmetric distributions. Study on the profile in symmetric cosine
11 (¢) and hyperbolic sine I (d) analytical functions for different values of the power coefficient p. The position and scaling parameters are set equal to 5; = 0 and §® =

1, respectively.

1 0 1 oA, 1 0 1 0A;

== —2 = -1
Al aal A1A2 0a1 A2 daz A1A2 aaz

(59

The balance equations, presented in Eq. (57) in compact matrix form,
are provided below in extended form [28]:

1 oND NPM 9A, 1 oNEM N 0A,  NUM oA, NOO oA,

A1 60:1 A1A2 ()Tﬁl A2 0(12 AlAg 0712 A1A2 E A1A2 E
" om0
+ R Py 4 gy
=0

1 0NY™ N 9A, | 1 ONY®  NR™ 0A; Ny 0A, NP 9A

A2 6(12 A1A2 E A] 0a1 A1A2 E A1A2 0(11 A1A2 E
(7)az

o P g

=0
i 0T§’)"3 Tgr)az % i dT;r)ag Tg Yag (BA; B Ngr)ag - N(Zr)ag - S(T)%
A1 0(11 A1A2 0(11 A2 00:2 AlAz 60{2 R1 Rz 8

+ a5

=0

1 0B B oA, 1 0By BY™ 9A,

942 9 poas 0 g
A1 6(11 A1A2 6(11 A2 aaz A1A2 60(2 8 +qu

1 oHY™  HY*S 9A, 1 oHYS  HY™ 0A,

vz = gloes @ _
A1 6(11 A1A2 0(11 Az 0(12 A]Ag 60!2 8 +qu 0

(60)

The natural boundary conditons, applied at the boundaries of the

13

two-dimensional physical domain [af,a}] x [a3,a3], are derived for an
arbitrary t =0, ..., N + 1, by applying the integration-by-parts rule to the
Master Balance principle in Eq. (56). The following relations are ob-
tained for a; = a or ¢; = aj:

NOm =N or W) =ul)
NN or i
T&’)“s = T(f)us or ué’) = ﬁ(;) (61)
B = giﬂm or y® ="
ng)as _ P_I(f)as or ét(z) E(f)

In the same way, the boundary conditions at a, = a3 or a; = a} take
the following form:

NN o
NP =NS or uf) =uf)
TP Z T or ) =u? (62)
By« — Tz‘;)“" or y? =y
HOS —HO™ or e — 80

The boundary conditions specified in Eqgs. (61)-(62) are character-
ized by prescribed values for multifield configuration and secondary
variables, denoted by 7",z a{’ , i B ITIY)'” ,ITI(JZ)O‘2 , TY)‘“ , Eﬁ”“" , Hf)as
and Ny N T BY™ H'™, respectively, at each point along the
edges of the physical domain. The combination of the conditions in Eqs.
(61)-(62) yields various boundary conditions for multifield analysis. In
all simulations performed in this work, the Simply-supported (S)
boundary condition is considered, which is assessed as reported below:

N9 =0, uf) =ul =y@ =9 =0 at o =0 or @y =a’ 63)
NP2 =0, ul) =ul) =y@ =¢9 =0 at ay=a or @, =a}
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At this point, the generalized kinematic model from Eq. (9) is
introduced into Eq. (57) to express the magneto-thermo-elastic funda-
mental relations in terms of the unknown variables of the model, which
are arranged in the vector G(T)(al,(xz), fort =0, ..., N + 1. Thus, the
generalized constitutive relation from Eq. (48) is substituted into Eq.
(57), resulting in the provided reported below, which is explored in
Ref. [28]:

N+1
ZL(fﬂ)ﬁ(V!) + q(T) -0

n=0

(64

for t =0, ..., N + 1. In the previous equation, L™ denotes the funda-
mental matrix of the system associated with any 7,1 =0, ..., N+ 1. Based
on an extended notation, this operator takes the following form:

Engineering Analysis with Boundary Elements 176 (2025) 106232

an—mAl B derAz B
oshosm oshos
192 192 (67)
an-le B an+mR2 B
osiosy ) osiosy

Under these assumptions, the quantities L; = L,L of the parametric
lines along a; = ay,0p can be expressed according to the following
relation:

Li=s! —s) = (af —a)R; (68)

As a particular case of Eq. (68), lengths L1,Ly of a circular cylinder
with a generatrix along a; and principal radii of curvature R; = R and Ry
= 4o are derived as follows:

e g e e | e | g ]
den e e e | g | e
L(m) _ L(}rlq)a@oz1 L(3r277)a3a2 L(}z;r])ag% —Lg?;aﬂ} L(;:;)o@oz4 L(;Sq)a}as (65)
e e e[ | e
R e e | dp |

The elements L;’")a’a"

L™ of Eq. (65) are evaluated from the sub-matrices of the generalized
constitutive operator in Eq. (46), as reported below:

with i, j = 1, ..., 5 of the fundamental matrix

L;_m)ai% _ ﬁf{“Aﬁ?’)""”"ﬁg ij=1,2,3

(maa; _ 35*ai
Ly =D,

y

7

ALDY 1j=1,2,3, j=4

(mn)eqa; N A (TS0 . . -
L™ =Dy AT Dy i,j=1,2,3, j=5
ngjm)amj _ ﬁz;iAE;;z)am,ﬁg i=4j=1,2,3
ngrq)ala', _ ﬁ;aiA\(;,:l,)ala"ﬁg 17] —4

L =Dy Dy i=4j=5

y
=

()i () <0
Lij T= Dg Arp ]DQJ
L;.’")“f”f =0i=5j=1,...4

(marar _ 1.(=) (Do (<) (e (<) (=) (=) (H) gt
L11f 101 _klf Ffi Jar ( )F£ ) ( )H{1 HY +k1f F}(Y)(ll(+)F

( )azHH(l—)H{;) +k<2;)Ffll)"2(+)F

(m)azaz __ 1.(=) p(1)az(—) (1
L = kR COR

i=5j=5

N

e () g )

l)a;(+)H§+)H(2+)

A

Ly =s;—s) = (a; —a))R

R L

(69)

(66)

Lgf)agug _ (k(g;) _ G}—)V(zﬂ)Fél)ag(f)Fu)ag(f)H(l—)H(z—) + (kg) -~ G}Jr)v(ZJr))F’(Il)ag(+)F§1)a3(+)H(1+)H(2+)

T

At this point, a semi-analytical solution to the higher-order funda-
mental Eq. (64) is derived using the well-known Navier approach [28].
To this end, the uniform radii of curvature (4) and Lamé parameters (5)
are assumed throughout the physical domain. In other words, it is
assumed that the derivatives of these quantities with respect to s; = 51,52
are null:

14

Similarly, if the generatrix of the cylinder is oriented along oy, we
consider the following relation:

Li=si—s=a} —a
1 0 1 0 (70)
Ly =5y — sy = (a3 —a3)R
with Ry = +o0 and Ry = R. The unknown configuration variables asso-
ciated to an arbitrary T = 0,...,N+1 are expanded with two-dimensional
trigonometric series with respect to the parametric coordinate s; = 51,52
as follows, setting N = M = + oo:
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(71)

The unknown quantities introduced in Eq. (71) are collected, for any

n=1,.,N and m= 1, ., M, in the vector UY =
(v ul oul e ”<’] A similar approach is also adopted to

express the actual distribution of external surface loads introduced in
Eq. (49):

(72)
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arbitrary k-th lamina of the structure is assumed to be orthotropic with a
material orientation angle 9% equal to 0 or +7 /2. The following three-
dimensional multifield constitutive matrices are thus considered:

=) (k) (k)
Cll ClZ 0 0 Cl3
cvch o o o ¥
w |0 0 TY o o o
Ie' = —(k)
0 o0 Y0 o0
0 0 0 cY o
¢ el o o o
o 74)
ﬁ;kf 0 0 n 0
(k) | (k) —
Iy = 0 m<2k2) o, Iv=1]o0 k(zkz) 0
__(k -
0 0 my o o0 kY
0 0 0gy o o0
(k) — (k) —
To={0 0 0 0 @i of Li=[0 0 wy]
@ @m 0 0 0 gy
(k) — _ (k) (k)
= [Zﬁ) Z(zkz) 000 z<3k3>] Trr = [&1]

By substituting the harmonic expansion of unknown variables from
Eq. (71) and of external loads from Eq. (72) into Eq. (64), and under the
geometric and material assumptions of Eqs. (64) and (74), the higher-
order fundamental relations (64) are transformed into the algebraic
linear system presented below:

N+1
(ZLW '7)+Q )

(75)

with N = M = + co. The analytical fundamental matrix L{™ takes the

T L following extended form for an arbitrary n, m, while vectors U%) and
{0 are introduced in Egs. (71)-(72):
The wave amplitudes in Eq. (72) are evaluated as follows and are Qum as. (71)-(72):
etk sk e | g | gk
L L — L L Lo | L
L =| e dgeagee—nge | e | e 7o
e e R Cea
(1) a5 (tn)asa (tn)asa (tn)asa (n)asa
L LSInmS 1 LSan ’ LSEnrzm5 ’ L54nm5 ) LSSnm5 ’ |
T
collected in the vector Q). = [Q\),, Q¥ Q% Q¥ QY. 1: . . o . o
) A semi-analytical solution is derived for Eq. (75) by assuming N,
- Ja (=) +) gy :
?S;"" Qi i o+ let;m ;1 )jf : M € N. The expressions for the coefficients Lf]f,l“‘af withi,j=1,...,5and
0 _ FDa(-) + F” a (+) 1) py(+
2m Qoo Bl 7+ QU 1+) Hf” 73 L;;”f:l‘;/;”" for p =1, 2, 3 are reported in Appendix I for given values of n =
3snm = Q35nm 1l + QSSnm 2 AT _ 2 _
_ o0 1)(14 >H< )4 o) po ”H e 1,.,Nym=1,..,Mand 1,1 =0, .:.,N+ 1: . . .
Bsnm = Bsm Bsny 2 It should be noted that the solution provided in Eq. (75) is valid only
QTs,lm = QTmm B H; )H(z +QTmm , H1 H(;) under specific geometric, material, and loading constraints. For this

The coefficients Q%) and Q) with a =1, 2, 3, B, T depend, for any
n, m, on the distribution of external loads applied at the top and bottom
surfaces, respectively. Finally, it is assumed that the laminated structure
is characterized by a cross-ply lamination scheme. In other words, an
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reason, a numerical solution should be derived to overcome these lim-
itations. For the sake of completeness, the reader can refer to [42] for the
complete explanation of the GDQ-based numerical solution of the me-
chanical elasticity equations. The numerical implementation of the
complete multifield equations presented in this paper can yield results
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for more complicated structures even when the reference surface is not
described with principal coordinates.

3. Generalized differential and integral quadrature method

The GDQ method is here used to compute derivatives of arbitrary
order within the rectangular parametric domain. Referring to an arbi-
trary one-dimensional smooth function f = f(x) with x € [a, b], the GDQ
method enables the computation of the n-th order derivative of f at a
discrete point x; € [a, b] with i =1, ..., I, using a weighted sum of the
values f(xj) with j = 1, ..., I, at the sample points of the computational
grid, as shown in Ref. [42]:

ey Of(X)
f()(xi)* O

77)

lo
= " af (%)
=

X=X;

where gi(j") with i, j =1, ..., I are the GDQ weighting coefficients. These

quantities are derived from the following recursive relation, which is

(0)

based on the Weierstrass interpolation theorems. Here, the position ¢;

= & is set with §; for i, j = 1, ..., I as the Kronecker delta operator:

; -1)
w_ 2V & > oy

T - x) 2 ()

(n) _ (1) (n-1)
G =1 (gij Gii Xi—x

(78)

Iq
-y

s

s = i=j

The previous relation considers a generalized interpolation of func-
tion f using the Lagrange interpolating polynomials .#". Furthermore,
ZW(x;), 2" (x;) denote the first-order derivative of ./’ evaluated at x
= X; and x = X;j, respectively. The computation of the GDQ coefficients
(78), which are collected in matrix ¢™ of size I x I, depends on the
selection of the sampling points within the computational domain. To
this end, a non-uniform two-dimensional computational grid is defined,
starting from the well-known Chebyshev-Gauss-Lobatto (CGL) distri-
bution. The position of an arbitrary sampling point, denoted by X; with i
=1,...,Iy, in the CGL grid of size Iy x 1 within [-1,1] reference interval,
is evaluated as follows:

X; = —COS iiln
e Ip—1

The GDQ coefficients derived through Eq. (78) for the reference in-
terval [—1,1] are denoted by 3—,—")~ On the other hand, the transformation

(79)

provided below is used to extend Eq. (79) from [—1,1] to an arbitrary

definition domain [a,b] with a < b:
Xig — X1 ,_

Xi = (X,’ — El) —+ X1 (80)

}[Q -X

The GDQ coefficients gé.") for a given n € N associated with the

definition domain [a, b] can be computed from those E;.") derived for the

reference interval [ 1,1] employing the transformation reported below
[42]:

W _ (X =%\ "
Numerical integrations in this research are performed using the GIQ
method [42]. Referring to the one-dimensional case, a similar form of
the GDQ rule from Eq. (77) is adopted to compute the integral of an
arbitrary smooth function f = f(x), defined in a closed interval [a,b], over
the integration interval [x;x;1C[a,b]:

(81)

X

/ Foode =S wif(a)
k=1

X

Io

Z (Wie — wige) f (xx)

k=1

(82)
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being ﬁ/g the GIQ weighting coefficients with i, j, k = 1, ..., Io. The ele-
ments wy, Wi in Eq. (82) are the GIQ coefficients for the integral of f
evaluated over the intervals [a, x;]C[a,b] and [qa, x;1C[a,b], respectively.
These quantities are collected into the GIQ matrix W of size I x I,. This
with ij=1,...,Iq for the first-order derivative, which are evaluated as
follows:

matrix is derived from the matrix ¢ of the GDQ shifted coefficients 2

Xi—&q)y ..
—G;i l;ﬁ]

T S
)%

Sij (83)

1
.fi — & + gl]

i=j

with e=1x10710, Here, the quantities X, X € [-1,1] with ij =1,...,Iq are
evaluated from Eq. (80). Finally, it can be shown that the matrix W is
equal to the inverse of the matrix of E(l) [42]:

-1

w=(g") (84

When the numerical integration is performed over an arbitrary in-
terval [q, b] discretized with I sampling points, the GIQ coefficients ﬁ/ilq
associated with [—1,1] are transformed into those, denoted by W;IQ,
associated with the interval [a,b] according to the following relation:

11Q_b*a~110
kT Ty Wk

(85)

In this way, the integral of f over the interval [a,b] is computed with
the GIQ method as:

b I
/ Foode =S wief(x) (86)
k=1

4. Semi-analytical recovery with generalized integral
quadrature

As stated in the previous section, an arbitrary layer of the laminate is
identified along the thickness direction by the closed interval [Cx,Cxt1],
where (i1 and {j are the heights of the top and bottom boundaries of
the k-th lamina, respectively. This interval is discretized with I sam-
pling points, taking into account the CGL grid from Eq. (79). As a

T
consequence, the vector CU‘) = §§k> gf:’ C}f)] is defined for
k=1,...,1, being [ the number of laminae in the structure. After that, the
thickness points vector & of size I x 1 is formed from the lamina vectors
e® o 1f g“f:) is the arbitrary m-th element of ¢%, the vector ¢ is defined as
follows:

£=[e0r 0]
Here, ¢, is the arbitrary element of §{ with m = (k — 1)Iy+ m. It

should be noted that the Ir-th element 41;) =y, of the k-th lamina is
located at the same height as the first element of the k+1-th layer,

é-(k)T (87)

namely ¢ 5"“) = {(+1)1- This correspondence is crucial for modelling the

interface between adjacent laminae within the lamination scheme.
The vector AEE.:") of the unknown configuration variables of the

model is, thus, derived for each point (s;,55,¢,) of the three-

dimensional solid i=1,...,Iy, j=1,...,I)y and m=1,...,lIT from the discrete
form of the kinematic model in Eq. (9):

N+1

®) 5(0)
> Fumdis)

=0

L
Aggm) =

(88)

where the thickness functions matrix F*) contains the values assumed

7(m)
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by each thickness function at { = ¢,,. Furthermore, the vector 6 of
generalized unknown variables is evaluated for an arbitrary pomt (slh

syj) in the physical domain. Similarly, the three-dimensional magneto-
thermo-elastic primary variables are derived as follows:

N+1 5 k) @
Ty =D D Lo (3 (89)
=0 i=1
where ltE 1)) is expressed in terms of 6 . The matrix ng’ “ collects the

values assumed by the kinematic operator Zka from Eq. (27) at (sli,szj,
Cm)- Finally, three-dimensional in-plane secondary variables are ob-
tained from the constitutive relation in Eq. (30), leading to the following
expression:

(k) (k) (k) (k) (k)

O1jm) = 6ikl)wm)é 1(jim) +E(1k2) (i) €2(ijm) +E§ks)<ijm>& Saim) — Torm ¥ Saim) — Eigm
Oy = E(k)wmfl (m) T sz () E30m) + C23 (my€3.m) — D) sy — Eaam)
T(lkz><ijm> = Egg(,-jm)yﬁ'g (ijm)

By = q14<um 7§3<um T iy 7

r%(l?ijm = (I25 (ijm) 723 (jm) T _(zkz (ijm) ]/(kLm

W = kll i O

By = Koty O

At this point, the out-of-plane shear stresses rgkg and 13‘3) are evaluated
from the solution of the three-dimensional equilibrium equations along
the thickness direction, which are detailed below [28]:

orfy (-2 1 o 1 do)
a R1+§ Ry +¢ A1(1+¢/Ry) 0oy
oy —a  9A, 1 oty 274 0A;
A A2(1+C/R2) 00{1 A2(1+C/R2) day A1A2(1+§/R1) day
LY R T —
o " \Ri+( Ry+¢) P Ay(1+(/Ry) day
N ool oA, 1 oty 27%) 0A,
A1A2(1+C/R1) 0(12 Al(l-‘rC:/Rl) (3(11 A1A2(1+§/R2) 0051
o1
Here, the partial derivatives of 6\ 6% and 7¥) shear stresses over

aq,0p are computed analytically from the derivatives in Eq. (71) and the
constitutive relation in Eq. (90). The solution of Egs. (91) is derived for
any k = 1,...,l through the following boundary conditions, which
describe the loading conditions at the bottom surface and ensure the
interlaminar stress compatibility:

-1 ()
ke1 = 213)(171) = q1i<)ij>
Ta3w1) = D2s(w)
(92)
?gg) ij((k—1)I7+1 _(k .
kA1 = ((k-D)ir+1) =

Z(k)

= T13(((k-1)Ir))
—(k-1)
To3(i(k-1)lz-+1) = L23(((e-1)1p)

with ¢\ = ¢{* + qleﬂ( and g5t = qi") + q(;f)k The shear stresses 7, and

?g;), derived from Eq. (91) through Eq. (92), are thus adjusted at any
m=1,...,UIr point along the thickness direction for any i=1,...,Iy and

AT

AT
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j=1,...,Iy to account for the loading conditions at the top surface of the
panel. This adjustment is achieved through the following linear trans-
formation [28]:

(+) =0
® K G5y — T13ain) h
T13(m) = N13(Gm) h Cm +
93
4 _z0 ©3)
® =K Dosiii) — T3 ry))
To3jm) = F23(jm) T h Cm +

Once the recovered profiles of z\%) and 73 are derived from Eq. (93),
the actual distributions of the out-of-plane normal stress 03 , the mag-

netic flux 4%, and the thermal flux h{{’ are obtained from the following
three-dimensional balance equations [28]:

®)
(ijm)
(k)
(ijm)

(90)
053+<k( 11 ): 1 oy % oAz
oc Ri+¢ Ry+¢ A1(1+¢/Ry) 0y A1A2(1+/Rz) 0oy

- S Y
Ay(1+C/Rz) daz  AjAz(1+C/Ri) daz  Ri+( Rp+(
ok ok
0.5% P ( 1 1 ) 1 A " {
6{ Rl-‘ré, Rz-‘ré’ Al(l-‘y—é/R]) 0&1 A1A2(1+§/R2)()al
1 02y Y 0A,
Az(l-‘ré;/Rg) 6(12 A1A2(1+C/R1)0a2
oY < L >: 1 o h® 0A;
o P \Ri+¢ Ro+¢ A1(14+¢/Ry) 0y A1Ay(1+C/Ry) 0oy
1 o) h 0A;

Ay(1+/Ry) 0oy ArAy(1+/Ry) day
94)
The boundary conditions for Eq. (94) are reported in the following,

. + + +
setting g5, = 57 + g

s (=)
3i1) = Dasti)
_ ZY g0
k=1 = ¢ %y, _qBij k
71
h 3(ij1) qT (i)
E(k) (T(k 1)
3(ii((k=1)Ip+1)) = “3(ii((k=1)IT))
1 7 =5 95
# = 7 3(j((k=DIr+1)) T 7 3(ii((k—1)Ir)) (95)
7 (k) 7 (k=1)
h3(ij((k*1>lr+1)) = h3<ij((k*1)lr))
Finally, the out-of-plane secondary varlables oy © % § and h are

obtained from those denoted by & 0'3 A’ and h3 , derived from Eq. (94)
through Eq. (95) at any {,, withm = 1,...,lIT. This approach ensures that



F. Tornabene et al.

the loading conditions at the top surface are respected [28]:

=
) —(k) Das(i) — O 3(ij(t1r)
O 3(ijm) = O 3(jm) T - - (Cm )

—(1)
3(i(LLr)) <€ >
m

(+) 29
g (k) _ b Do) —
Baim = FBsgm T

(+) 7
=0 G~ Magam h
= Ry(jm + - (g +

The solution of Egs. (91) and (94), using the boundary conditions in
Egs. (92) and (95), is derived by adopting two different approaches. The
first methodology, known as GDQ-based recovery procedure, accounts
for the derivation of the numerical solution employing the GDQ method
of Eq. (77) in its one-dimensional form. Further details can be found in
Ref. [28]. In this paper, a novel alternative approach is presented to
solve the first-order differential equations in Eqs. (91) and (94). The
main advantage of this methodology is that its numerical implementa-
tion does not require the solution of any algebraic linear system, thus
eliminating the requirement of matrix inversion algorithms. The pro-
posed procedure, indeed, relies on the GIQ numerical method to
compute the integral of a known function, depending on the parameters
of the equation. The key point of the method is that Eqgs. (91) and (94)
are first-order equations depending on the thickness coordinate ¢. These
equations can be expressed in a general form as follows:

(96)

0C+a 97)

where y is the unknown function, whereas the variable coefficients a = a
(¢©) and b = b() take the following form:

c d
=t RC ©8)
by~ B0, Ball)
Ri+¢ Ry+¢

with ¢, d = 1, 2. The solution of Eq. (97) is expressed in its general form
as:
¥(Q) = e [ bz 3 =4 [ e+, 99)
In other words, the solution in Eq. (99) is obtained by introducing
into Eq. (97) a proper integration factor, defined from the exponential
function of A = A({). The computation of A can be performed in closed
form as the variable coefficient a takes the general expression reported
in Eq. (98). To this end, it is assumed, without loss of generality, that the
unknown function y = y({) takes the value y; at the bottom of the
integration interval, namely y; = y({ = 0), while A = A(() is a primitive
function of the coefficient a = a({), which takes the expression reported
below:

log((Ry +¢)°(R2 +¢)?) Ry # o0,Ry # 0

A() = dc — ) 1og((Ra+0)%) Ri=wRi#® (100
(C) /a(C) d 10g((R1 +é’)c> Ry 75 007R2 = 0
O Rl == R2 = o0
As a consequence, one gets:

(R + Q) (R +)* Ry # 0, Ry # 00
A0 g ] Rt Q) Ry =oo,Ry # o0 01)

(R +0)° Ry # c0,Ry = o0

1 R] = Rz = 0

and
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1
[ ] R
RO 07 oRe7e
1
— R; = oo,R
e Al — % _ (RZ + L:)d 1=00,Ry # 0 (102)
1
m Ry # 00,Ry = 0
1 Rl = R2 =0
The function f = f(¢) in Eq. (99) can thus be provided as:
(R1 + ) (R2 +£)'b(¢) Ry # 00, Ry # o0
£(0) = { Ra+0)B(Z) Ry = o0,Ry # o0 103)

(Rq +§)
b(¢)

This general approach is now specialized within each layer of the
€ ¢k, §xa] for

b(¢) Ry # 00,Ry = 0

R1:R2:OO

stacking sequence. By using the thickness coordinate ¢*

any k = 1,...,1, Eq. (99) becomes:
c®
y(é«(k)) _ A(®) / eA(¢<k;>b(§<k>)d§<k) Jry<1k>
31“
®
=2 [ e®)de® 4y P (104)

Employing the GIQ rule as outlined in Eq. (86), the integral in Eq.
(104) can be evaluated numerically in an arbitrary kth lamina with k =
1,...,1, as follows:

Z (W —wri)f Z wimf () (105)

being {;‘) € ¢k, Crya] a discrete point along the layer thickness. The
quantity fin Eq. (103) is provided in its discrete form by introducing the
column vectors f%) and b%, which contain the values of functions fand

b, respectively, at each (f::) :

¥ = g® o p® = cHp¥ (106)

where G® = diag(g®), while the symbol © refers to the Hadamard

product. The arbitrary element of the vector g, denoted by ggl‘), is defined
as follows:
c d
(R +¢Y9) (Ro +E%)" Ry o0,Rs #£ o0
g'(:? (R +§<k) Ry = 00,R; # 107)
(Ri+¢¥)" Ry #o00,Ry = co
1 R1 = Rz =0

In the same way, the reciprocal value of gf:) is expressed as:

1
Ry # 00,Ry #
d ?
Ry + M) (Ra +¢)
1
1 W R] = OO,RQ 7é o]
= (Rz +Cﬁl) (108)
8. 1
NG Ry # 00,Ry = o0
(R +¢¥)
1 R1 = Rz = 00

Finally, the discrete solution of Eq. (104) is derived within each k-th
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lamina as follows:

m

1 -
Y(E) = Do () =y
- =1

(G%) ' WRGHB® 4y

(109)

In order to simplify the expression (109), we can assume that Cgk),
g“f:)<<R1 ,Ry. Thus, the relation G*¥' = I can be considered and Eq. (109)

becomes:

Ir
y(cf;’:)) _ Zwllmb(éfl(k)) +y§k>=>y(k) — w(k)b(k) +y(1k)
i=1

(110)

It should be noted that the approach presented above is more
computationally efficient than the classical GDQ-based approach pre-
sented in previous works. In fact, in the GIQ-based recovery the solution

Table 3
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is provided analytically within each layer according to Eq. (104), while
the GDQ-based approach requires the inversion of the GDQ weighting
coefficients matrix. In the novel procedure, instead, it is only required to
numerically compute the integral of the quantity denoted by f with a
matrix multiplication operation, as shown in Eq. (109). In this way, all
the computational issues related to matrix inversion are avoided without
any accuracy loss, and the computational time is reduced.

Once the out-of-plane multifield secondary variables are obtained
from the recovery procedure, the out-of-plane primary variables in

gzn) = {Y(me V(st)wm) 5(sl?ijm> = é’ZLm hé’?é-m)
mined for an arbitrary point (s1;, Sz, () within the doubly-curved three-
dimensional solid. To this end, Ref. [28] presents a procedure in which
the three-dimensional multifield constitutive relation from Eq. (30) is
used to assess the following algebraic linear system:

T
vector x , are deter-

Validation of the theory for mechanical elasticity against literature results. Static analysis of laminated shallow spherical shells with cross-ply configurations. Effect of

geometric ratios L, /h and Ry /L1 = Ry /L1 = R/L;.

Ly R Exact [87] HTFE [88] EDZ4 GDQ EDZ4 EDZ7 ELDZL4 ELDZL7
/h /I

(0/90/0)

Us

10 5 0.7330 0.7726 0.7243 0.7323 0.7326 0.7323 0.7326
10 10 0.7513 0.7209 0.7491 0.7513 0.7515 0.7513 0.7515
100 5 0.1036 0.1037 0.1033 0.1036 0.1036 0.1036 0.1036
100 10 0.2417 0.2423 0.2417 0.2417 0.2417 0.2417 0.2417
o

10 5 0.5865 0.5390 0.5800 0.5827 0.5829 0.5827 0.5829
10 10 0.5958 0.5625 0.5931 0.5938 0.5940 0.5938 0.5940
100 5 0.1558 0.1503 0.1563 0.1557 0.1557 0.1557 0.1557
100 10 0.3318 0.3312 0.3318 0.3317 0.3317 0.3317 0.3317
o

10 5 0.3123 0.2777 0.3096 0.3123 0.3125 0.3123 0.3125
10 10 0.3022 0.2744 0.3015 0.3023 0.3024 0.3023 0.3024
100 5 0.0956 0.0958 0.0958 0.0956 0.0956 0.0956 0.0956
100 10 0.1618 0.1621 0.1620 0.1618 0.1618 0.1618 0.1618
13

10 5 0.3474 0.3451 0.3463 0.3472 0.3474 0.3472 0.3474
10 10 0.3564 0.3651 0.3559 0.3562 0.3564 0.3562 0.3564
100 5 0.1018 0.1021 0.1028 0.1018 0.1018 0.1018 0.1018
100 10 0.2275 0.2302 0.2275 0.2275 0.2275 0.2275 0.2275
T3

10 5 0.1194 0.1240 0.1207 0.1201 0.1197 0.1201 0.1197
10 10 0.1224 0.1293 0.1231 0.1230 0.1226 0.1230 0.1226
100 5 0.0262 0.0262 0.0263 0.0263 0.0263 0.0263 0.0263
100 10 0.0498 0.0499 0.0494 0.0498 0.0498 0.0498 0.0498
(0/90/0/90)

Us

10 5 0.7412 0.7321 0.7351 0.7347 0.7374 0.7351 0.7382
10 10 0.7604 0.7587 0.7542 0.7541 0.7569 0.7545 0.7578
100 5 0.1067 0.1068 0.1067 0.1067 0.1067 0.1067 0.1067
100 10 0.2620 0.2623 0.2620 0.2620 0.2620 0.2620 0.2620
7

10 5 0.5044 0.4924 0.5091 0.5090 0.5093 0.5080 0.5087
10 10 0.5057 0.4926 0.5104 0.5103 0.5107 0.5093 0.5100
100 5 0.1344 0.1347 0.1343 0.1344 0.1344 0.1344 0.1344
100 10 0.2843 0.2845 0.2843 0.2843 0.2843 0.2843 0.2843
7

10 5 0.5334 0.5162 0.5292 0.5291 0.5289 0.5293 0.5290
10 10 0.5389 0.5168 0.5367 0.5366 0.5363 0.5369 0.5365
100 5 0.1394 0.1391 0.1395 0.1393 0.1393 0.1393 0.1393
100 10 0.2968 0.2966 0.2967 0.2966 0.2966 0.2966 0.2966
i3

10 5 0.2633 0.2648 0.2655 0.2672 0.2665 0.2671 0.2664
10 10 0.2706 0.2723 0.2722 0.2730 0.2724 0.2730 0.2723
100 5 0.0585 0.0594 0.0586 0.0586 0.0586 0.0586 0.0586
100 10 0.1441 0.1473 0.1442 0.1442 0.1442 0.1442 0.1442
T3

10 5 0.2649 0.2681 0.2643 0.2632 0.2629 0.2631 0.2628
10 10 0.2715 0.2731 0.2716 0.2709 0.2705 0.2709 0.2704
100 5 0.071 0.0714 0.0698 0.0709 0.0709 0.0709 0.0709
100 10 0.1575 0.1584 0.1573 0.1574 0.1574 0.1574 0.1574

19
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Table 4

Validation of the theory for mechanical elasticity against literature results. Static
analysis of laminated shallow spherical shells with angle-ply configurations.
Effect of geometric ratios Ly /h and Ry /L1 = Ry /L1 = R /L.

(- 30/30/ — 30/30) ( — 45/45/ — 45/45)

Ly R Exact HTFE EDZ4 Exact HTFE EDZ4
/h /L1 [87] [88] GDQ [87] [88] GDQ
u;

10 5 0.5087 0.5083 0.5120 0.4319 0.4285 0.4415
10 10 0.5496 0.5476 0.5504 0.5119 0.4879 0.5150
100 5 0.0381 0.0387 0.0391 0.0180 0.0186 0.0187
100 10 0.1123 0.1117 0.1126 0.0605 0.0616 0.0622
o

10 5 0.2901 0.2837 0.3119 0.1961 0.1828 0.2055
10 10 0.2972 0.2933 0.3229 0.1993 0.1874 0.2118
100 5 0.0506 0.0511 0.0551 0.0327 0.0341 0.0328
100 10 0.1195 0.1233 0.1290 0.0704 0.0707 0.0720
%

10 5 0.1323 0.1283 0.1391 0.1961 0.1828 0.2058
10 10 0.1269 0.1258 0.1356 0.1993 0.1874 0.2118
100 5 0.0331 0.0338 0.0346 0.0327 0.0341 0.0330
100 10 0.0659 0.0668 0.0686 0.0704 0.0707 0.0722
i3

10 5 0.3055 0.3083 0.2690 0.2132 0.2231 0.1910
10 10 0.3306 0.3321 0.2898 0.2530 0.2603 0.2221
100 5 0.0425 0.0431 0.0460 0.0180 0.0189 0.0238
100 10 0.1256 0.1263 0.1186 0.0605 0.0621 0.0630
23

10 5 0.1805 0.1833 0.1576 0.2132 0.2231 0.1915
10 10 0.1951 0.1973 0.1696 0.2530 0.2603 0.2222
100 5 0.0250 0.0255 0.0235 0.0180 0.0189 0.0239
100 10 0.0738 0.0741 0.0675 0.0605 0.0621 0.0629

A Xim = Bl ain

More specifically, matrix AE;‘.E") contains the three-dimensional
constitutive coefficients of matrices in Eq. (31), while the elements of
vector BE%) depend on values assumed by the recovered secondary
variables of the multifield model. The solution of Eq. (111) provides the
updated values for the out-of-plane primary variables. Finally, the
values of the in-plane secondary variables can be updated using an
iterative procedure based on the three-dimensional constitutive relation,
where recovered in-plane and out-of-plane primary variables are used to
compute the updated values of the in-plane secondary variables. This
procedure terminates when the convergence of results is achieved be-
tween the next steps.

5. Applications and results

In the present section, the formulation introduced in the paper is
applied to predict the multifield response of flat and curved laminated
panels subjected to mechanical, magnetic, and thermal external loads.
The analysis focuses on simply-supported rectangular plates, but also on
circular cylinders, and a spherical laminated panel under various
loading conditions. The lamination scheme consists of a combination of
two materials, namely cobalt ferrite (CoFe;O4) and barium titanate
(BaTiO3), representing the metal (M) and the ceramic (C) phase,
respectively. The thermo-magneto-elastic constitutive coefficients of the
materials are detailed in Table 1. In addition, composite materials are
considered, consisting of BaTiO3 cylinders with a volume fraction Vy
embedded in a metal phase of CoFe;O4 with volume fraction V,,. The
total absence of voids is assumed within the composite, such that Vy+ Vs,
= 1 is assumed. The homogenization algorithm follows the procedure,
based on Mori-Tanaka’s technique [83], as described in Ref. [85], and
reported in Appendix II. In this way, two materials are obtained, namely
TME-III and TME-], characterized by fiber volume fractions equal to Vy=
0.6 and V; = 0.2, respectively. For each example, an arbitrary variation
in the material properties along their thickness is modelled using the
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following relation, where Fg’;)m and pék) are the reference values of the
multifield constitutive coefficient and the material density, respectively:

=(k =k PP —" ~

Ton(©) = Tounf(£) = Tonnfe @) = Toun (1 + 6% (55" +8(2))

P Q) = pefe(C) = pofe(@r) = i (1 + 5% (8 + 8(2x))
Here, a dimensionless coordinate 2 € [—1/2,1/2] is introduced

within each k-th lamina of the shell, as function of the thickness ¢,
defined as follows:

= C—G 1 _¢-6G 1
Cen =& 2 Py 2

The analytical expressions for the function g = g(2x) can be found in
Table 2, and a graphical representation of these functions is shown in

(112)

(113)

Fig. 1. Each distribution is characterized by a position parameter 58") and
a shape parameter 5®.

To validate the model, some preliminary examples are presented
where the results from the present theory are compared with those from
existing literature. A static analysis is performed of rectangular plates
and shallow spherical shells, focusing on mechanical elasticity simula-
tions, as well as thermo-elastic and magneto-elastic numerical
investigations.

The first example focuses on a laminated shallow spherical shell with
total thickness h = 3 x 10~°m. Each layer is made of a composite ma-
terial whose mechanical properties are provided in terms of the ortho-
tropic engineering constants:

Ey = 25E,, E; =E; =6.9 x 10°N/m?,
Gi2 = Gi3 = 0.5E;, Ga3 = 0.2Ey,
V1o = V13 = U3 = 0.25

(114)

The corresponding elastic stiffness constitutive coefficients are
derived using the expressions reported in Ref. [28]. The structure is
subjected to a sinusoidal (n = m = 1) surface pressure at the top surface

(+) with magnitude " = g" =1 N/m2.

~(+) . nw . mn
,S2) = —S§1 |SIn| —sS.
q, ' (s1,52) Sln<L1 1) <L2 2)

The maximum values of the vertical deflection Us, the in-plane
normal stresses 61,09, and the out-of-plane shear stresses 713,73 are
reported in Tables 3 and 4 for two different lamination schemes. The
first case accounts for three layers of thickness h; = h, = h; = h/3 and
cross-ply lamination scheme (0/90/0). Furthermore, an additional set of
numerical simulations is conducted in the case of four layers of thickness
h; = hy = hy = hy = h /4 with lamination scheme (0/90/0/90). Finally,
two angle-ply stacking sequences are considered with (— 9 /9 / — 9 /9)

(115)

for 9 =z /6 and 9 = 7 /4 in Table 4. Reference solutions are those re-
ported in Refs. [87,88], derived with an exact solution and the Hybrid
Trefftz Finite Element (HTFE) method. The numerical predictions from
the present theory are derived employing the EDZ4 and ELDZL4 kine-
matic models. For completeness, the results are also provided from the
GDQ-based numerical solution of the mechanical elasticity equations.
The results are presented in terms of the dimensionless quantities Uy, 07,
05, T}4,Thy, defined as follows:

= ! 2 U. o, = ! 0 o, = ! O 7] T (3
3 LzSS g;) 3 1 S2 (3+) 1, 2 sz (3+) 2 13 g,) 13, ta3
= ! T
g) 23

with S = Ly /h. As can be seen, a perfect alignment between the various
approaches is seen for both EDZ4 and ELDZL4 kinematic assumptions
and for every geometric and material configuration.

A literature comparison is now conducted for thermo-mechanical
and magneto-mechanical numerical investigations. To this end, a
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Table 5

Validation of the theory for thermo-mechanical elasticity against literature re-
sults. Static analysis of laminated rectangular plate with cross-ply configuration.
Effect of geometric ratio L; /h.

Ly /h 2 4 10 20 50 100
U;

A[91] 96.80 42.69 17.39 12.12 10.50 10.26
B [91] 96.80 42.69 17.39 12.12 10.50 10.26
C [91] 48.87 32.12 16.39 11.93 10.47 10.25
ELDZL4 49.21 31.92 16.38 11.93 10.47 10.25
ELDZL7 48.79 32.08 16.39 11.93 10.47 10.25
01

A [91] 1379.0 1183.0 1026.0 982.0 967.5 965.4
B [91] 1379.0 1183.0 1026.0 982.0 967.5 965.4
C [91] 487.6 796.8 948.0 961.8 964.3 964.5
ELDZL4 460.0 785.7 946.7 961.5 964.2 964.5
ELDZL7 494.0 795.5 947.6 961.7 964.3 964.5
712

A[91] 269.3 157.0 76.3 57.4 51.4 50.5
B [91] 269.3 157.0 76.3 57.4 51.4 50.5
C [91] 142.9 119.4 72.0 56.5 51.3 50.5
ELDZL4 144.8 118.8 71.9 56.5 51.3 50.5
ELDZL7 142.7 119.3 71.9 56.5 51.3 50.5

simply-supported square plate of thickness h = 1m is considered, con-
sisting of three layers of equal thickness (hy = hy = hs = h/3). The
lamination scheme is cross-ply, namely (0/90/0), and the material
properties of each layer are the same of Eq. (114) except for the trans-
verse Young modulus which is assumed equal to E; = E3 = 7 X
10° N /m?2. Furthermore, the thermal conduction coefficients are ki
=36.42 J /mK and ky2 = k33 = 0.96 J /mK, while the thermal expan-
sion coefficients are assumed to be a;; =1 K ! and ayy = as3 =
1125 K 1. The loading condition consists of a sinusoidal distribution of
temperature variation at the top and bottom surfaces with magnitudes
+1K and —1K, respectively. The results are reported in Table 5 and
compared with those from Ref. [91]. Three different exact solutions are
taken from the paper in hand. The first one, denoted by "A", is obtained
from a 3D theory with linear through-the-thickness assumption of the
temperature profile, while the solution “B” derives the temperature
profile from the solution of the one-dimensional Fourier equations along
the thickness of the shell, considering 300 mathematical layers. Finally,
“C” refers to an exact solution of a 3D model which embeds, in addition
to mechanical elasticity, the 3D version of the heat conduction equa-
tions. Even this solution is derived by using 300 mathematical layers. It
should be noted that the vertical deflection of the plate, denoted by Us, is

presented in its normalized form, defined as U; = U} /(L1 /h)?. This
quantity is evaluated at the top surface ({ = h /2) for the points located
at (s1,52) = (0.5L1,0.5L5). The in-plane stress o, is evaluated at the same

Table 6
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point of the solid. On the other hand, in-plane shear stress 115 is eval-
uated at the bottom surface ({ = — h /2) for (s1,52) = (0,0). The results,
reported in Table 5, are obtained using the ELW theory with various
kinematic orders. It can be seen that the numerical predictions of the
present model are perfectly aligned with those from 3D exact solutions,
especially with the solution C, based on the complete three-dimensional
modeling of thermo-elastic equations. This aspect is very important
because it highlights the model accuracy and computational efficiency
compared to 3D approaches.

A further example is now provided where the higher-order ELW
model is validated against literature for M-D analyses. A squared rect-
angular plate is considered with L; = Lo = 1m consisting of a single layer
of cobalt ferrite. The 3D constitutive properties of the material in hand
can be found in Table 1. The thickness of the plate is h = 0.3m. The
structure is subjected to a sinusoidal mechanical load applied at the top
surface, in line with Eq. (115) for n = m = 1, with wave amplitude g~ =
q(;) =1 N /m?. As far as magnetic loads is concerned, an open-circuit
sensor configuration is assumed, namely a null magnetic flux is
applied at the top and bottom surfaces. The through-the-thickness dis-
tribution of the displacement field component U, is provided at (s1,52) =
(0, 0.5L3). On the other hand, Us distribution, as well as that of the
magnetic potential Ay, are provided at (s1,s2) = (0.5L1,0.5L3). Two
reference solutions are considered for validation, derived from Refs. [89,
90], and the results are reported in Table 6. As can be seen, the
displacement field components from 3D exact solutions are well pre-
dicted by the ED4 and the ELD4 model. On the other hand, a perfect
alignment is observed between the magnetic potential distributions
obtained from ED7, ELD7, and 3D modeling.

Next numerical investigation points out the accuracy of the recovery
procedure in mechanical elasticity simulations. A simply-supported
thick laminated circular cylinder is considered under mechanical sur-
face pressure with sinusoidal distribution (115) at the top surface with n

— m = 1 and magnitude g|” = g}~ = 1 x 103 N /m2. The reference
surface of the structure is expressed in principal coordinates as follows:

r(x,9) = Rycosde; — Rpsinde, + xe; 117)
where [0, L1] x [80,91] with L; = 1m, 99 = —z /3 and 9; = 7 /3 is the
two-dimensional physical domain, while the radius is R, = R = 0.2m.
The laminate consists of three layers with thickness h; = 0.010m, hy =
0.015m and hs = 0.020m, each of them made of graphite-epoxy. The
material orientation in each layer is (0/90/0), while the engineering
constants of the constituent materials are provided in the following:

Validation of the theory for magneto-mechanical elasticity against literature results. Static analysis of laminated single-layered square plate made of cobalt ferrite in
open-circuit sensor configuration. Through-the-thickness distribution of displacement field components and magnetic potential variation.

¢/h+ 3D [89] 3D [90] ED4 ED7 ELD4 ELD7
1/2

Ui [x 107" m]

0 0.31968 0.31968 0.31967 0.31968 0.31967 0.31968
0.33 0.10782 0.10782 0.10758 0.10794 0.10758 0.10794
0.66 —0.04676 —0.04676 —0.04655 —0.04691 —0.04655 —0.04691
1 —0.27657 —0.27657 —0.27656 —0.27657 —0.27656 —0.27657
Us [x 107" m]

0 0.92335 0.92335 0.92332 0.92335 0.92332 0.92335
0.33 1.00760 1.00750 1.00740 1.00746 1.00740 1.00746
0.66 1.03780 1.03780 1.03766 1.03768 1.03766 1.03768
1 1.01120 1.01120 1.01119 1.01122 1.01119 1.01122
Ay[ x 107°A]

0 —0.51965 —0.51967 —0.51959 —0.51966 —0.51959 —0.51966
0.33 —0.49108 —0.49108 —0.48979 —0.49070 —0.48979 —0.49070
0.66 —0.26590 —0.26589 —0.26659 —0.26586 —0.26659 —0.26586
1 0.00400 0.00398 0.00387 0.00396 0.00387 0.00396
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C/(h/2)

30 FEM mesh with 176000 parabolic brick elemems

2D GO model with J, =/, =31x31

Fig. 2. Through-the-thickness distribution of out-of-plane stress and strain components at (0.25L;,0.25L,) in the physical domain for a simply-supported circular
cylinder under sinusoidal loading. Comparison between 3D FEM results, numerical predictions from 2D GDQ model, and the exact solution. The results are obtained

with different approaches for stress and strain recovery.

E; =137.90 x 10°N/m?, E, =E; =8.96 x 10°N/m*
G2 = G13 =7.10 x 10°N/m?, Gj; = 6.21 x 10°N/m?
Vig = 13 = 03, Uyz = 0.49

(118)

A reference solution is provided, derived from a 3D FEM model from
commercial software which accounts for 176000 C3D20 parabolic brick
elements with 740285 nodes. Furthermore, the EDZ4 predictions are
provided from the present analytical solution and from a GDQ-based
numerical model developed previously. The results are provided for
the point located at (s1,52) = (0.25L1,0.25L5) within the physical domain
and reported in Fig. 2. In particular, these results in terms of out-of-plane
3D strain and stress components are obtained by using the classical
GDQ-based recovery procedure, as well as the novel GIQ-based
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recovery. Furthermore, the simplified version of the GIQ recovery is
used which does not consider the effect of curvature, as shown in the
theory. A perfect alignment is observed between the various approaches,
therefore it can be said that the novel methodology has the same accu-
racy of the classical GDQ-based recovery procedure for mechanical
analysis.

At this point, a further preliminary example is conducted using a
rectangular plate with geometric dimensions L; = 0.010m and L; =
0.012m. The geometry of the three-dimensional solid is described by Eq.
(1). The following expression is assumed for the reference surface r
(01,0t2), as indicated in Ref. [28]:
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Displacement field components and absolute temperature variation of a laminated rectangular plate subjected to thermal and mechanical sinusoidal loading at
(0.25L;,0.75L,) within the physical domain along the thickness direction employing the ELDZL7 kinematic model. Furthermore, a numerical reference solution is

provided from a 3D FEM model.

Uyl x 107 '2m] Us[ x 107 '2m] Us[ x 10 m] AT[ x 107%K]
¢+h/2 [10°m] 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7
0.00 -0.11 -0.11 0.09 0.09 -1.86 -1.85 —0.25 —0.25
0.05 0.18 0.19 —0.15 -0.16 -1.86 -1.86 —0.32 —-0.32
0.07 0.33 0.30 -0.27 -0.25 -1.86 -1.86 -0.35 -0.35
0.10 0.47 0.48 -0.39 —0.40 -1.86 -1.86 -0.39 -0.39
0.10 0.47 0.48 ~0.39 ~0.40 ~1.86 -1.86 ~0.39 ~0.39
0.13 0.65 0.65 ~0.54 ~0.54 -1.86 -1.86 -0.43 -0.43
0.16 0.83 0.82 -0.70 ~0.69 -1.87 -1.86 ~0.48 ~0.48
0.19 1.02 1.00 —0.85 -0.83 -1.87 -1.86 —0.53 —0.52
0.23 1.20 1.23 ~1.00 -1.02 -1.87 -1.87 ~0.57 ~0.58
0.26 1.38 1.40 ~1.15 -1.17 -1.87 -1.87 ~0.62 -0.63
0.29 1.56 1.58 -1.30 -1.31 -1.87 -1.87 —-0.67 —0.67
0.32 1.74 1.75 ~1.45 ~1.46 -1.88 -1.87 -0.71 ~0.72
0.35 1.92 1.92 -1.60 -1.60 -1.88 -1.88 -0.76 —0.76
0.35 1.92 1.92 -1.60 -1.60 -1.88 -1.88 —0.76 —0.76
0.39 2.14 2.16 -1.78 -1.80 -1.88 -1.88 —0.81 ~0.82
0.43 2.36 2.39 -1.97 -1.99 -1.88 -1.88 -0.87 -0.88
0.46 2.58 2.56 —2.15 -2.13 -1.89 -1.88 —~0.92 —-0.92
0.50 2.80 2.80 233 -2.33 ~-1.89 -1.89 ~0.98 ~0.98
0.54 3.02 3.03 —2.51 ~2.53 -1.89 -1.89 -1.03 -1.03
0.58 3.24 3.26 —2.70 —2.72 -1.90 -1.89 -1.09 -1.09
0.61 3.46 3.44 -2.88 ~2.86 ~1.90 -1.90 ~1.14 ~1.14
0.65 3.68 3.68 -3.07 -3.06 -1.90 ~1.90 ~1.20 -1.20
0.65 3.68 3.68 -3.07 -3.06 -1.90 -1.90 -1.20 -1.20
0.68 3.87 3.86 —3.22 -3.21 -1.91 —~1.90 -1.25 -1.25
0.71 4.05 4.03 -3.38 -3.36 -1.91 -1.91 -1.30 ~1.30
0.74 4.24 4.21 -3.53 -3.51 -1.92 -1.91 -1.36 -1.35
0.78 4.42 4.45 —-3.69 —-3.71 ~1.92 -1.92 ~1.41 ~1.42
0.81 4.61 4.63 ~3.84 -3.86 -1.93 ~1.92 ~1.47 ~1.47
0.84 4.80 4.81 —4.00 —4.01 -1.93 -1.93 -1.52 -1.53
0.87 4.99 4.99 —-4.16 —-4.16 -1.94 -1.93 -1.58 -1.58
0.90 5.18 5.17 —4.31 —4.31 ~1.94 ~-1.94 -1.63 -1.63
0.90 5.18 5.17 —4.31 -4.31 ~1.94 ~1.94 -1.63 -1.63
0.93 5.33 5.35 —4.44 —4.46 -1.94 -1.94 -1.67 -1.68
0.95 5.48 5.47 —4.57 —4.56 ~1.95 ~1.94 ~-1.71 -1.71
0.97 5.63 5.60 ~4.69 —4.66 -1.95 -1.95 -1.75 ~1.74
1.00 5.78 5.78 —4.82 —4.81 -1.95 -1.95 -1.79 -1.79

r(ay, az) = r(x,y) = xe; +ye, (119)
where ej,ey,e3 are the global Cartesian basis vectors. The lamination
scheme consists of five layers, including external skins and a central core
of cobalt ferrite with thickness h; = hs = 0.10 x 10 >m and hs = 0.30 x
1073m. The second and fourth layers have thickness hy = hy = 0.25 x
10%m, and are made of TME-I and TME-III composite materials,
respectively, with fiber volume fractions equal to Vy= 0.6 and Vy = 0.2.
The orientation angles for the layers are set to (90/0/0/0/90). The panel
rests on an elastic foundation modelled according to the Winkler foun-

dation theory, with spring constant of k(sj’,) = 5x 109N /m®. An

external mechanical pressure q(;) with magnitude ﬁéﬂ = -5N /m? is
applied to the structure, following Eq. (49), along with thermal fluxes
with magnitude q&” =1J/m? and 6-({) =0.9J/m? applied at the top
and bottom surfaces, respectively. For each thermo-mechanical load, the
surface distribution in Eq. (115) withn =m =1 is considered with a« = T,
3. The thermo-mechanical response of the plate is evaluated using the
ELW formulation with the ELDZL7 higher-order theory at s; = 0.25L;
and sp = 0.25L within the parametric domain. The reference solution is
obtained from a 3D FEM model developed using commercial software,
made up of 115200 parabolic brick elements with a coupled
temperature-displacement shape function, named C3D20T, resulting in
4573068 variables. The results of numerical simulations are presented in
Tables 7-10. More specifically, these tables provide the values of
configuration, primary, and secondary variables at various heights along
the thickness of the plate. As shown in Table 7, the assumption of a
higher-order displacement field with seventh-order polynomials
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provides an excellent prediction of results from the three-dimensional
simulations for both in-plane and out-of-plane displacement field com-
ponents, as well as for temperature variation. Besides, the analysis in-
dicates that the structure bends with non-uniform values of the out-of-
plane displacement field component. Therefore, lower-order theories
are unsuitable for the selected lamination scheme since they assume a
uniform distribution in Us configuration variable along the thickness
direction. Tables 8 and 9 present the dispersions of the three-
dimensional strain and stress components, respectively. The results
reveal that the laminate is compressed under external loads, with
highest deformation magnitudes near the top surface. In this region, no
out-of-plane distortions are observed due to the cross-ply behavior of the
layers, which means that such deformations are induced by in-plane
mechanical loads. Distortions occur in the central part of the lamina-
tion scheme due to interlaminar shear stresses, which get their
maximum magnitude in this region, as indicated in Table 8. Note also
that the o3 out-of-plane normal stress does not assume a null value at the
bottom surface. This is due to the influence of the external elastic
foundation, which induces surface actions depending on the bending
deflection of the plate, as described by Eq. (51). In addition to the results
regarding the mechanical response of the plate, Table 10 presents the
thermal primary and secondary variables, which are the elements of the
temperature gradient vector and of the thermal flux vector. That the out-
of-plane thermal flux h; has been adjusted through the recovery pro-
cedure, ensuring that the thermal loading conditions are satisfied at both
the top and bottom surfaces. Moreover, the profile derived from the
ELDZL7 model aligns with the finite elements results even in the central
laminae of the shell, indicating that the higher-order model produces
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Table 8
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Three-dimensional strain components of a laminated rectangular plate subjected to thermal and mechanical sinusoidal loading at (0.25L;, 0.75L5) within the physical
domain along the thickness direction employing the ELDZL7 kinematic model. A numerical reference solution is provided from a 3D FEM model.

e[ x 10°m /m] e[ x 107°m /m]

712 [ x 107°m /m]

713 [ x 1071°m /m] Y23 [x 107 m /m] £ [x 107°m /m]

¢+h/2 [10~°m] 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7
0.00 0.03 0.03 0.02 0.02 0.06 0.06 0.00 0.00 0.01 0.00 —0.48 —0.48
0.05 —0.06 —0.06 —0.04 —0.04 —0.09 —0.10 —0.23 -0.21 1.88 1.71 —0.50 —0.50
0.07 —0.10 —0.09 —0.07 —0.07 -0.17 —0.16 —0.32 —0.31 2.70 2.56 —0.52 —0.51
0.10 —0.15 -0.15 -0.10 —0.10 -0.25 -0.25 -0.41 —0.47 3.45 3.89 —0.53 —0.53
0.10 —-0.15 —-0.15 —0.10 —0.10 —0.25 —0.25 —0.40 —0.45 3.32 3.74 —0.57 —0.56
0.13 -0.21 —0.20 —0.14 -0.14 —0.34 —0.34 —0.51 —0.53 4.21 4.38 —0.59 —0.59
0.16 —0.26 —0.26 —0.18 —0.18 —0.44 —0.43 —0.60 —0.60 5.03 5.04 —0.62 —0.62
0.19 —-0.32 —-0.31 —0.22 —0.22 —0.53 —0.52 —0.69 —0.68 5.76 5.67 —0.65 —0.64
0.23 —0.38 —0.39 —0.26 -0.27 —0.63 —0.64 -0.77 -0.77 6.42 6.42 —0.68 —0.68
0.26 —0.43 —0.44 —0.30 —-0.31 —0.72 —0.73 —0.84 —0.83 6.99 6.91 —0.70 -0.71
0.29 -0.49 —0.50 —-0.34 -0.34 —0.82 —0.83 —0.90 —0.88 7.49 7.30 —0.73 —0.74
0.32 —-0.55 —0.55 —0.38 —0.38 —0.91 —0.92 —0.95 —0.91 7.91 7.60 —0.76 —0.76
0.35 —0.60 —0.60 —0.42 —0.42 -1.01 -1.01 —0.99 —0.94 8.25 7.80 -0.79 -0.79
0.35 —0.60 —0.60 —0.42 —0.42 —-1.01 -1.01 —1.03 —0.98 8.59 8.12 —0.70 —0.70
0.39 -0.67 —0.68 —0.47 —0.47 -1.12 -1.13 -1.03 —1.02 8.55 8.47 —0.72 —0.72
0.43 —0.74 —0.75 —0.51 —0.52 —1.24 -1.25 —1.00 —1.02 8.33 8.50 —0.74 —0.75
0.46 —0.81 —0.80 —0.56 —0.56 -1.35 —1.34 —0.96 —1.00 7.96 8.33 -0.77 —0.76
0.50 —0.88 —0.88 —0.61 —0.61 —1.46 —1.46 —0.89 —0.94 7.42 7.83 -0.79 -0.79
0.54 —0.95 —0.95 —0.66 —0.66 —1.58 -1.59 —0.81 —0.84 6.71 7.02 —0.81 —0.81
0.58 —1.02 —1.03 -0.71 -0.71 -1.70 -1.71 —0.70 -0.71 5.85 5.90 —0.84 —0.84
0.61 -1.09 —-1.08 —0.75 —0.75 -1.81 —1.80 —0.58 —0.58 4.81 4.85 —0.86 —0.86
0.65 -1.16 -1.16 —0.80 —0.80 -1.93 -1.93 —0.43 —0.38 3.62 3.17 —0.88 —0.89
0.65 -1.16 -1.16 —0.80 —0.80 —1.93 -1.93 —0.39 —0.34 3.21 2.82 -1.33 -1.34
0.68 -1.21 -1.21 —0.84 —0.84 —2.02 —2.01 —0.42 —0.39 3.53 3.23 -1.39 -1.39
0.71 -1.27 -1.27 —0.88 —0.88 —2.12 -2.11 —0.46 —0.43 3.84 3.62 —1.44 —1.44
0.74 -1.33 -1.33 —0.92 —0.92 —2.22 —2.20 —0.50 —0.48 4.13 3.97 -1.49 -1.49
0.78 -1.39 —1.40 —0.97 —0.97 —2.32 —2.33 —0.53 —0.53 4.41 4.42 —1.55 -1.56
0.81 —1.45 —1.45 -1.01 -1.01 —2.42 —2.43 —0.56 —0.57 4.69 4.74 —1.60 -1.61
0.84 -1.51 -1.51 -1.05 —1.05 —2.51 —2.52 —0.59 —0.61 4.95 5.07 —1.66 —1.66
0.87 -1.57 -1.57 —1.09 —1.09 —2.61 —2.62 —0.62 —0.65 5.20 5.43 -1.71 -1.72
0.90 —1.63 —1.62 -1.13 -1.13 -2.71 -2.71 —0.65 —0.70 5.45 5.83 -1.77 -1.77
0.90 —1.63 -1.62 -1.13 -1.13 —-2.71 —-2.71 —0.73 —0.78 6.11 6.54 -1.14 -1.14
0.93 -1.67 -1.68 -1.16 -1.17 -2.79 —2.80 —0.56 —0.53 4.70 4.40 -1.16 -1.17
0.95 -1.72 -1.72 -1.20 -1.19 —2.87 —2.87 —0.38 —0.36 3.21 3.02 -1.18 -1.18
0.97 -1.77 -1.76 -1.23 -1.22 —2.95 —2.93 —0.20 —0.21 1.64 1.72 -1.20 -1.20
1.00 —1.82 -1.81 -1.26 -1.26 —3.03 —3.02 0.00 0.00 0.01 0.00 -1.21 -1.22

highly refined and accurate results. It is also important to note that in-
plane components exhibit a higher variability in magnitude compared
to the out-of-plane primary and secondary variable, 03 and hs. At this
point, the multifield static response of the same structure is evaluated
under the same surface mechanical pressure, taking into account the
magnetic effects. More specifically, the bending response of the panel is
analyzed under closed-circuit magnetic conditions, where a null value of
the variation in the scalar magnetic potential is enforced at both the top
and bottom surfaces of the laminate. The results of the numerical
simulation are presented in Tables 11-14 for the points along the
thickness direction located at (0.25L;,0.75L;) within the rectangular
parametric domain. The reference solution is provided using a 3D FEM
model consisting of 115200 parabolic brick elements with piezo-
magnetic properties, named C3D20E. The model includes 1933700
variables. The displacement field components U, , Uy, Us are reported in
Table 11, along with the variation Ay of the magnetostatic potential.
Also in this case, the semi-analytical numerical predictions derived from
the ELDZL7 theory match perfectly the 3D FEM results, despite the
reduced computational cost. In particular, the magnetic potential profile
fulfills the closed-circuit boundary conditions, because the model is
based on the thickness functions of the ELW approach. In this way, a
refined prediction of configuration variables can be reached directly
addressing the multifield kinematic compatibility conditions. Table 12
presents the three-dimensional strain components, showing that the
recovery procedure is essential for determining the actual distribution of
the three-dimensional strain components in both in-plane and out-of-
plane directions. Furthermore, the ELW model is accurate even in the
interlaminar region, satisfying the kinematic coupling between subse-
quent laminae within the stacking sequence. Similar observations can be
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made for the three-dimensional stress components shown in Table 13,
where the model exhibits a high agreement with the reference solution,
particularly near the top surface. This accuracy stems from the recovery
procedure, which is here based on a given value of external pressure. At
the bottom surface, however, the loading conditions refer to actions
induced by the elastic foundation, which depend on the U; displacement
unknown of the model. As shown in Table 14, when an ELW model is
used with prescribed values of the multifield configuration variables,
only the in-plane primary and secondary variables align with those from
three-dimensional simulations. Discrepancies are observed in the out-of-
plane primary and secondary variables /73, %3, attributed to the mag-
netic loading conditions that consist of prescribed values of the scalar
magnetic potential. Consequently, no magnetic fluxes, which are the
secondary variables of the model, are directly enforced on the panel, and
the loading conditions considered in the recovery procedure are derived
from the prescribed potential value using the three-dimensional
constitutive relationships. Therefore, in all subsequent examples, the
magnetic loading conditions are modelled using an arbitrary value of the
multifield flux components.

Following this preliminary validation, the model is employed to
investigate curved panels with single curvature. More specifically, two
distinct circular cylinders are considered. The first cylinder is charac-
terized by a straight generatrix oriented along the ay principal direction.
The reference surface of the panel is described using Eq. (117)
employing the principal coordinates x, 9 that vary within the rectan-
gular domain [0, L1] x [8¢,91] with L; = 1.1 x 107%m, 9o = —r /2 and
9, = n/6. The radius of the cylinder is R, = R = 6 x 10 °m. In this
example, the cylinder is made of five laminae with thicknesses hy = hs =
0.10 x 10 °m, hy = hy = 0.25 x 10 °m and h3 = 0.30 x 10 >m. The
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Table 9
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Three-dimensional stress components of a laminated rectangular plate subjected to thermal and mechanical sinusoidal loading at (0.25L;, 0.75L5) within the physical
domain along the thickness direction employing the ELDZL7 kinematic model. A numerical reference solution is provided from a 3D FEM model.

01 [ x 102N /m?] 02 [ x 102N /m?]

712 [ x 102N /m?)

713 [ x 10°N /m? 723 [ x 10°N /m?) 03 [ x 10°N /m?]

¢+h/2 [107°m] 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7
0.00 0.67 0.67 0.66 0.66 0.03 0.03 0.00 0.00 0.00 0.00 —0.93 —0.93
0.05 0.64 0.64 0.66 0.66 —0.05 —0.05 —1.02 —0.93 0.85 0.77 —0.94 —0.94
0.07 0.62 0.62 0.66 0.66 —0.10 —0.09 —1.47 -1.39 1.22 1.16 —0.96 —0.95
0.10 0.61 0.60 0.66 0.65 -0.14 -0.14 —1.88 -2.11 1.56 1.76 —0.98 —0.98
0.10 0.65 0.64 0.70 0.69 —0.13 —0.13 —1.88 -2.11 1.56 1.76 —0.98 —0.98
0.13 0.65 0.64 0.71 0.71 —0.18 —0.18 —2.38 —2.48 1.99 2.06 —1.02 —1.02
0.16 0.64 0.64 0.73 0.73 —0.24 —0.23 —2.84 —2.85 2.37 2.37 —1.06 —1.06
0.19 0.64 0.64 0.74 0.74 —0.29 —0.28 —3.26 -3.21 2.72 2.67 -1.11 -1.11
0.23 0.64 0.64 0.76 0.76 —0.34 —0.35 —3.63 —3.64 3.03 3.03 -1.17 -1.18
0.26 0.63 0.63 0.78 0.78 —0.39 —0.40 —3.96 -3.91 3.30 3.26 -1.23 -1.24
0.29 0.63 0.63 0.79 0.79 —0.44 —0.44 —4.24 —4.13 3.53 3.44 —1.30 -1.30
0.32 0.63 0.63 0.81 0.81 —0.49 —0.49 —4.47 —4.30 3.73 3.58 -1.37 -1.37
0.35 0.63 0.63 0.82 0.83 —0.54 —0.54 —4.67 —4.41 3.89 3.68 -1.45 -1.44
0.35 0.49 0.50 0.70 0.70 —0.57 —0.57 —4.67 —4.41 3.89 3.68 —1.45 —1.44
0.39 0.47 0.47 0.70 0.70 —0.63 —0.64 —4.65 —4.60 3.87 3.84 —1.54 —1.54
0.43 0.45 0.44 0.70 0.70 -0.70 -0.71 —4.53 —4.62 3.78 3.85 -1.63 —1.64
0.46 0.42 0.42 0.70 0.70 —0.76 —0.76 —4.33 —4.53 3.61 3.77 -1.72 -1.71
0.50 0.40 0.40 0.71 0.70 —0.83 —0.83 —4.03 —4.26 3.36 3.55 -1.81 —1.80
0.54 0.38 0.38 0.71 0.71 —0.89 —0.90 —3.65 —3.82 3.04 3.18 —1.88 -1.89
0.58 0.36 0.36 0.71 0.71 —0.96 —0.97 —3.18 -3.21 2.65 2.67 -1.95 -1.96
0.61 0.34 0.34 0.71 0.72 —1.02 —1.02 —2.62 —2.64 2.18 2.20 -2.01 -2.01
0.65 0.32 0.33 0.72 0.72 -1.09 -1.09 -1.97 -1.72 1.64 1.44 —2.05 —2.06
0.65 0.99 1.00 1.33 1.34 —0.94 —0.94 —1.96 -1.72 1.63 1.44 —2.05 —2.06
0.68 1.02 1.02 1.38 1.39 —0.99 —0.99 -2.15 -1.97 1.79 1.64 —2.09 —2.09
0.71 1.05 1.05 1.43 1.43 —1.04 —1.03 —2.34 —2.20 1.95 1.84 —2.12 —2.12
0.74 1.08 1.08 1.48 1.48 —1.09 —1.08 —2.52 —2.42 2.10 2.02 -2.17 -2.16
0.78 1.12 1.13 1.53 1.54 -1.13 -1.14 —2.69 -2.70 2.24 2.25 -2.21 -2.21
0.81 1.15 1.16 1.58 1.59 -1.18 -1.19 —2.86 —2.89 2.38 2.41 —2.25 —2.26
0.84 1.19 1.19 1.64 1.64 -1.23 -1.23 —3.02 -3.09 2.51 2.58 —2.30 —2.30
0.87 1.22 1.22 1.69 1.69 —1.28 -1.28 -3.17 -3.31 2.64 2.76 —2.36 —2.36
0.90 1.25 1.25 1.74 1.74 -1.33 -1.32 —3.32 —3.55 2.77 2.96 —2.41 —2.41
0.90 0.32 0.32 0.88 0.88 —1.53 —1.53 —3.32 —3.55 2.77 2.96 —2.41 —2.41
0.93 0.31 0.31 0.89 0.89 —1.58 —1.58 —2.55 —2.39 2.13 1.99 —2.45 —2.46
0.95 0.29 0.30 0.89 0.89 -1.62 -1.62 -1.74 —1.64 1.45 1.37 —2.48 —2.48
0.97 0.28 0.29 0.89 0.90 -1.67 —1.65 —0.89 —0.93 0.74 0.78 —2.50 —2.49
1.00 0.27 0.27 0.90 0.90 -1.71 -1.71 0.00 0.00 0.00 0.00 —2.50 -2.50

first, third, and fifth layers are made of cobalt ferrite, while the second
and fourth laminae consist of TME-I and TME-III, respectively. The
structure is subjected to a sinusoidal mechanical pressure from the top
surface, as described by Eq. (119), with magnitude q(;) = —75 x
10! N /m?. In addition, sinusoidal thermal and magnetic loads are
applied at the top and bottom surfaces, with magnitudes q({) =4.4J
/m2, g = 4.08J/m? and g = 1.94x 106 Wb /m?2, g’ = 2.07 x
107 Wb /m?. Different multifield simulations are performed to study
the static response of the laminate, involving coupled thermo-
mechanical (T-D) and magneto-mechanical (M-D) simulations, where
the structure is subjected to mechanical loads, along with thermal and
magnetic fluxes, respectively. Then, a fully coupled multifield investi-
gation (T-M-D) is conducted under simultaneous mechanical, thermal,
and magnetic loads to highlight the coupling effects, when the panel is
subjected to multifield loads. Semi-analytical solutions are provided
using the ELDZL7 kinematic model, following the ESL approach outlined
in Eq. (12). The results are presented in Figs. 3-7, which show the
thickness plots of configuration, primary and secondary variables eval-
uated at the point (0.75L;,0.75L). For the T-D and M-D cases, reference
solutions are obtained using 3D FEM models from commercial software,
consisting of 150336 parabolic brick elements with 629771 nodes. The
through-the-thickness distribution of the displacement field compo-
nents, the magnetic potential variation, and the temperature variation
are reported for clarity and to facilitate comparisons in Table 15. As
illustrated in Fig. 3, the displacement field, the magnetic potential, and
temperature variation from 3D FEM model are predicted accurately by
the higher-order ELW simulation for both in-plane and out-of-plane
components, due to the use of higher-order polynomials in the
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description of configuration variables. The displacement field variables
and temperature profile associated with the T-M-D case are very similar
to those from the T-D simulation. However, a meaningful variation of
the scalar magnetic potential occurs for coupled magnetic and thermal
fields. Unlike T-D and M-D simulations, where the distribution of
configuration variables is nearly linear, T-M-D multifield problems
exhibit a typical zigzag behavior, especially for the quantities related to
magnetism. Once the model is validated for homogeneous layers within
the laminate, further simulations are performed where the material
properties are varied within each lamina, following the approach of Eq.
(112) and employing the EXP-I analytical expression detailed in Table 2.
In particular, the mechanical properties of the first, third, and fifth layers
are varied along the thickness, while homogeneous materials are
assumed in the second and fourth laminae. In all simulations, the posi-

tion parameter of the distribution is set to 58‘) = 0. The multifield
response of the panel is assessed for different values of the parameter
8®). It is observed that the magnetic potential and temperature variation
exhibit a profile variation as the scaling parameter increases. Moreover,
the zigzag effect becomes more pronounced under non-uniform layers
assumptions. The displacement field components and in-plane de-
formations are not significantly influenced by variations of the material
properties, while the out-of-plane deformations and distortions vary
with the layers properties. For T-D and M-D simulations conducted with
homogeneous layers, we validate successfully the model against 3D
FEM. Even in this case, the results from T-M-D models are similar to
those from the T-D simulations, with a reduced variability observed in
M-D results for different values of distribution parameter 5®). Further-
more, the variation of the material properties yields significant
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Table 10

Temperature gradient components and thermal flux components of a laminated rectangular plate subjected to thermal and mechanical sinusoidal loading at
(0.25L;,0.75L,) within the physical domain along the thickness direction employing the ELDZL7 kinematic model. A numerical reference solution is provided from a
3D FEM model.

01 [ x 102K /m] 0> [ x 102K /m] 03 [ x 10'K /m] hy [ x 10'J /m?] hy [ x 10'J /m?] hs [ x 10'J /m?]

¢+h/2 [10~°m] 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7

0.00 0.78 0.78 —0.65 —0.65 1.41 1.41 0.25 0.25 —0.21 —0.21 4.50 4.50
0.05 1.00 1.00 —0.83 —0.83 1.41 1.41 0.32 0.32 -0.27 -0.27 4.51 4.51
0.07 1.11 1.09 —0.92 —0.91 1.41 1.41 0.35 0.35 —0.30 —0.29 4.51 4.51
0.10 1.22 1.22 —1.02 —1.01 1.41 1.41 0.39 0.39 —0.33 —0.32 4.52 4.52
0.10 1.22 1.22 —1.02 —1.01 1.48 1.48 0.37 0.37 -0.31 -0.31 4.52 4.52
0.13 1.36 1.36 -1.14 -1.13 1.48 1.48 0.41 0.41 —0.34 —0.34 4.52 4.52
0.16 1.51 1.50 -1.26 -1.25 1.48 1.48 0.46 0.45 —0.38 —0.38 4.53 4.53
0.19 1.66 1.64 —1.38 -1.37 1.48 1.48 0.50 0.50 —0.42 —0.41 4.54 4.54
0.23 1.80 1.83 —1.50 —1.52 1.49 1.49 0.55 0.55 —0.45 —0.46 4.55 4.55
0.26 1.95 1.97 —1.62 —1.64 1.49 1.49 0.59 0.60 —0.49 —0.50 4.56 4.56
0.29 2.09 2.11 -1.74 -1.76 1.49 1.49 0.63 0.64 —0.53 —0.53 4.57 4.57
0.32 2.24 2.25 -1.87 —1.88 1.50 1.50 0.68 0.68 —0.57 —0.57 4.58 4.58
0.35 2.39 2.39 —1.99 —2.00 1.50 1.50 0.72 0.73 —0.60 —0.60 4.58 4.59
0.35 2.39 2.39 —1.99 —2.00 1.44 1.43 0.76 0.77 —0.64 —0.64 4.60 4.59
0.39 2.56 2.57 -2.13 -2.14 1.44 1.44 0.82 0.82 —0.68 —0.69 4.61 4.61
0.43 2.73 2.75 —2.27 —2.29 1.44 1.45 0.87 0.88 —0.73 -0.73 4.62 4.62
0.46 2.90 2.88 -2.41 —2.40 1.45 1.45 0.93 0.92 -0.77 -0.77 4.64 4.64
0.50 3.07 3.07 —2.56 —2.55 1.46 1.46 0.98 0.98 —0.82 —0.82 4.66 4.66
0.54 3.24 3.25 -2.70 -2.71 1.46 1.46 1.04 1.04 —0.86 —0.87 4.68 4.68
0.58 3.41 3.44 —2.84 —2.86 1.47 1.47 1.09 1.10 -0.91 —0.92 4.70 4.70
0.61 3.59 3.58 —-2.99 —2.98 1.48 1.48 1.15 1.14 —0.96 —0.95 4.72 4.72
0.65 3.76 3.77 —3.13 —3.14 1.48 1.48 1.20 1.21 —1.00 -1.01 4.74 4.75
0.65 3.76 3.77 —3.13 —3.14 1.71 1.71 1.03 1.03 —0.86 —0.86 4.76 4.75
0.68 3.93 3.93 -3.27 -3.27 1.71 1.71 1.08 1.08 —0.90 —0.90 4.77 4.76
0.71 4.10 4.09 -3.41 -3.41 1.72 1.72 1.12 1.12 —0.94 —0.93 4.78 4.78
0.74 4.27 4.25 —3.55 —3.54 1.73 1.73 1.17 1.16 —0.97 —0.97 4.80 4.80
0.78 4.44 4.46 -3.70 —3.72 1.73 1.74 1.22 1.22 -1.01 —1.02 4.82 4.82
0.81 4.61 4.63 —3.84 —3.86 1.74 1.74 1.26 1.27 —-1.05 —1.06 4.84 4.84
0.84 4.78 4.79 —3.98 —3.99 1.75 1.75 1.31 1.31 -1.09 -1.09 4.86 4.87
0.87 4.95 4.96 —4.12 —4.13 1.76 1.76 1.36 1.36 -1.13 -1.13 4.89 4.89
0.90 5.12 5.12 —4.27 —4.27 1.76 1.77 1.40 1.40 -1.17 -1.17 4.90 4.91
0.90 5.12 5.12 —4.27 —4.27 1.54 1.53 1.64 1.64 -1.37 -1.37 4.92 4.91
0.93 5.24 5.27 —4.37 —4.39 1.54 1.54 1.68 1.69 -1.40 -1.40 4.93 4.94
0.95 5.36 5.37 —4.47 —4.47 1.55 1.55 1.72 1.72 -1.43 —1.43 4.95 4.95
0.97 5.49 5.46 —4.57 —4.55 1.56 1.55 1.76 1.75 —1.46 —1.46 4.98 4.97
1.00 5.61 5.61 —4.67 —4.67 1.56 1.56 1.79 1.80 -1.50 -1.50 4.99 5.00
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Table 11

Displacement field components and magnetic potential variation of a laminated rectangular plate subjected to magnetic and mechanical sinusoidal loading at
(0.25L;,0.75L,) within the physical domain along the thickness direction employing the ELDZL7 kinematic model. A numerical reference solution is provided from a
3D FEM model.

Uyl x 107 %m] Usl x 107 %m] Us[ x 107 2m] Ayl x 1077A]
¢+h/2 [10~°m] 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7
0.00 -8.59 -8.59 7.16 7.16 -5.75 -5.75 0.00 0.00
0.05 ~7.69 ~7.69 6.41 6.41 -5.77 ~5.76 1.28 1.30
0.07 ~7.25 ~7.34 6.04 6.11 -5.77 ~5.77 1.86 1.75
0.10 -6.81 -6.81 5.67 5.67 -5.78 -5.78 2.41 2.36
0.10 -6.81 -6.81 5.67 5.67 ~5.78 ~5.78 2.41 2.36
0.13 —-6.26 -6.28 5.22 5.23 -5.78 —5.78 2.98 2.94
0.16 -5.71 —5.75 4.76 4.80 —5.79 —5.79 3.49 3.46
0.19 —5.17 —5.24 431 4.36 —5.80 ~5.79 3.96 3.92
0.23 ~4.63 —4.54 3.86 3.79 ~5.80 —5.80 437 4.47
0.26 —4.09 —4.02 3.41 3.35 —5.80 —5.80 4.74 4.82
0.29 ~3.55 -3.51 2.96 2.92 -5.81 -5.81 5.05 5.13
0.32 -3.02 —-2.99 2.51 2.49 -5.81 -5.81 5.32 5.41
0.35 —2.48 —2.48 2.07 2.07 -5.81 —5.81 5.53 5.63
0.35 —2.48 —2.48 2.07 2.07 -5.81 -5.81 5.53 5.63
0.39 -1.85 -1.80 1.54 1.50 ~5.82 ~5.82 5.77 5.84
0.43 -1.21 -1.13 1.01 0.94 ~5.82 —5.82 5.92 5.97
0.46 ~0.58 ~0.62 0.48 0.52 -5.82 ~5.82 6.01 6.02
0.50 0.06 0.06 -0.05 ~0.05 ~5.82 ~5.82 6.03 6.04
0.54 0.69 0.73 —0.58 —0.61 ~5.82 —5.82 5.97 5.98
0.58 1.33 1.41 ~1.11 -1.17 ~5.82 ~5.82 5.84 5.85
0.61 1.96 1.92 ~1.64 -1.60 ~5.82 ~5.82 5.64 5.72
0.65 2.60 2.60 217 -2.17 ~5.82 -5.81 5.36 5.47
0.65 2.60 2.60 —217 —2.17 -5.82 —5.81 5.36 5.47
0.68 3.14 3.11 —2.61 ~2.60 -5.81 -5.81 5.16 5.28
0.71 3.68 3.64 —3.06 -3.03 -5.81 -5.81 4.92 5.03
0.74 4.22 4.15 —-3.51 —3.46 -5.81 -5.81 4.63 4.76
0.78 4.76 4.84 -3.97 ~4.03 ~5.80 —5.80 431 4.32
0.81 5.30 5.37 —4.42 —4.48 —5.80 —5.80 3.94 3.95
0.84 5.85 5.89 —4.87 —4.91 -5.79 —5.79 3.53 3.52
0.87 6.40 6.42 -5.33 ~5.35 ~5.79 ~5.79 3.08 3.04
0.90 6.95 6.95 ~5.79 ~5.79 ~5.78 ~5.78 2.58 2.51
0.90 6.95 6.95 —5.79 ~5.79 -5.78 —5.78 2.58 2.51
0.93 7.39 7.48 -6.16 -6.23 -5.78 -5.78 1.99 1.86
0.95 7.84 7.83 ~6.53 ~6.53 -5.77 ~5.77 1.37 1.38
0.97 8.28 8.19 —6.90 —6.83 —-5.77 —5.77 0.70 0.86
1.00 8.73 8.73 ~7.28 ~7.28 ~5.76 ~5.76 0.00 0.00
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Table 12
Three—dimensional strain components of a laminated rectangular plate subjected to magnetic and mechanical sinusoidal loading at (0.25L;,0.75L,) within the
physical domain along the thickness direction employing the ELDZL7 kinematic model. A numerical reference solution is provided from a 3D FEM model.

e [x 1071°m /m] €3 [x 107°m /m] 712 [ % 1071°m /m] 713 [ % 1071°m /m] 723 [ x 1071°m /m] e3[x 107°m /m]

¢+h/2 [10~°m] 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7

0.00 2.70 2.70 1.87 1.87 4.50 4.50 0.00 0.00 0.00 0.00 —2.83 —2.83
0.05 2.42 2.42 1.68 1.68 4.03 4.03 —0.29 —0.28 0.24 0.23 —2.54 —2.54
0.07 2.28 2.30 1.58 1.60 3.80 3.84 -0.41 —0.39 0.35 0.32 —2.40 —2.42
0.10 2.14 2.14 1.49 1.49 3.57 3.56 —0.54 —0.54 0.45 0.45 —2.25 —2.25
0.10 2.14 2.14 1.49 1.49 3.57 3.56 —0.51 —0.51 0.43 0.43 -2.13 -2.13
0.13 1.97 1.97 1.37 1.37 3.28 3.29 —0.64 —0.63 0.53 0.52 -1.96 -1.97
0.16 1.79 1.80 1.25 1.26 2.99 3.01 —0.75 —0.74 0.63 0.61 —1.80 —1.80
0.19 1.62 1.64 1.13 1.15 2.71 2.74 —0.85 —0.84 0.71 0.70 -1.63 -1.65
0.23 1.45 1.42 1.01 0.99 2.42 2.37 —0.95 —0.95 0.79 0.80 —1.46 —1.43
0.26 1.28 1.26 0.89 0.88 2.14 2.10 —1.03 —1.03 0.86 0.86 -1.30 -1.28
0.29 1.12 1.11 0.77 0.77 1.86 1.84 -1.10 -1.10 0.92 0.92 -1.14 -1.12
0.32 0.95 0.94 0.66 0.65 1.58 1.57 —1.16 -1.16 0.97 0.97 —0.97 —0.97
0.35 0.78 0.78 0.54 0.54 1.30 1.30 -1.21 -1.21 1.01 1.00 —-0.81 —-0.81
0.35 0.78 0.78 0.54 0.54 1.30 1.30 -1.27 -1.26 1.06 1.05 —0.85 —0.85
0.39 0.58 0.57 0.40 0.39 0.97 0.94 -1.32 -1.32 1.10 1.10 —0.65 —0.63
0.43 0.38 0.35 0.26 0.25 0.63 0.59 -1.36 -1.36 1.14 1.13 —0.44 -0.41
0.46 0.18 0.19 0.13 0.14 0.30 0.32 —1.38 —1.38 1.15 1.15 —0.24 —0.25
0.50 —0.02 —0.02 —0.01 —0.01 —0.03 —0.03 -1.39 -1.39 1.16 1.15 —0.03 —0.03
0.54 —0.22 —0.23 —0.15 —0.16 —0.36 —0.38 —1.38 -1.37 1.15 1.14 0.17 0.18
0.58 —0.42 —0.44 —0.29 —0.31 —0.69 —0.74 -1.35 —1.34 1.12 1.12 0.37 0.40
0.61 —0.62 —0.60 —0.43 —0.42 —1.03 -1.01 -1.30 -1.30 1.08 1.08 0.58 0.56
0.65 —0.82 —0.82 —0.57 —0.57 -1.36 -1.36 —1.24 -1.23 1.03 1.03 0.78 0.78
0.65 —0.82 —0.82 -0.57 —-0.57 —1.36 -1.36 —1.09 —1.08 0.91 0.90 0.64 0.63
0.68 —0.99 —0.98 —0.68 —0.68 —1.64 -1.63 —1.05 —1.04 0.87 0.87 0.78 0.77
0.71 -1.16 -1.14 0.80 —0.79 —1.93 —1.90 —0.99 —0.99 0.83 0.82 0.93 0.91
0.74 -1.33 -1.30 —0.92 —0.91 -2.21 -2.17 —0.93 —0.93 0.77 0.78 1.08 1.06
0.78 —1.50 —1.52 —1.04 —1.06 —2.49 —2.54 —0.86 —0.84 0.72 0.70 1.22 1.24
0.81 -1.67 -1.69 -1.16 -1.17 —2.78 —2.81 —0.78 —0.76 0.65 0.64 1.37 1.38
0.84 —1.84 —1.85 —1.28 -1.29 —3.06 —3.08 —0.69 —0.68 0.58 0.57 1.52 1.53
0.87 —2.01 -2.01 —1.40 —1.40 -3.35 —3.36 —0.60 —0.59 0.50 0.49 1.67 1.68
0.90 —-2.18 —-2.18 —1.52 —1.52 —3.64 —3.64 —0.49 -0.49 0.41 0.41 1.83 1.82
0.90 -2.18 -2.18 —1.52 —1.52 —3.64 —3.64 —0.56 —0.56 0.47 0.47 2.19 2.19
0.93 —2.32 —2.35 -1.61 -1.63 —3.87 -3.91 —0.43 —0.40 0.36 0.33 2.33 2.36
0.95 —2.46 —2.46 -1.71 -1.71 —4.10 —4.10 0.30 -0.29 0.25 0.24 2.49 2.48
0.97 —2.60 —2.58 -1.81 -1.79 —4.34 —4.29 —0.15 —0.18 0.13 0.15 2.63 2.59
1.00 —2.74 -2.74 -1.91 —1.90 —4.57 —4.57 0.00 0.00 0.00 0.00 2.77 2.77
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Table 13
Three-dimensional stress components of a laminated rectangular plate subjected to magnetic and mechanical sinusoidal loading at (0.25L;, 0.75L;) within the physical
domain along the thickness direction employing the ELDZL7 kinematic model. A numerical reference solution is provided from a 3D FEM model.

o1 [ x 10' N /m? 02 [ x 10' N /m?] 712 [ x 10! N /m? 713 [ x 10°N /m? o3 [ x 10°N /m? 03 [ x 10°N /m?]

¢+h/2 [10~>m] 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7

0.00 6.29 6.12 5.36 5.19 2.54 2.54 —0.02 0.00 0.01 0.00 —0.28 —0.29
0.05 5.63 5.70 4.79 4.86 2.28 2.28 -1.27 -1.25 1.06 1.04 —0.29 —0.30
0.07 5.30 5.50 4.51 4.70 2.15 2.17 -1.85 -1.71 1.54 1.43 —-0.31 —0.32
0.10 4.97 5.18 4.23 4.44 2.01 2.01 —2.39 —2.38 1.99 1.98 —0.34 —0.35
0.10 4.56 4.44 3.86 3.74 1.92 1.92 —2.39 —2.38 1.99 1.98 —0.34 —0.35
0.13 4.19 4.13 3.54 3.48 1.76 1.77 -2.97 —2.93 2.47 2.44 —0.38 —0.40
0.16 3.81 3.80 3.22 3.21 1.61 1.62 —3.50 —3.44 291 2.86 —0.44 —0.45
0.19 3.44 3.46 291 2.92 1.46 1.47 —3.98 -3.90 3.32 3.25 —0.50 —0.50
0.23 3.07 3.00 2.60 2.53 1.30 1.28 —4.41 —4.45 3.68 3.71 —0.57 —0.59
0.26 2.71 2.64 2.28 2.22 1.15 1.13 —4.80 —4.81 4.00 4.01 —0.65 —0.67
0.29 2.34 2.28 1.97 1.92 1.00 0.99 —5.13 -5.13 4.28 4.27 -0.73 —0.75
0.32 1.97 1.92 1.66 1.61 0.85 0.84 —5.42 -5.40 4.52 4.50 —0.82 —0.83
0.35 1.61 1.55 1.35 1.30 0.70 0.70 —5.66 —5.62 4.72 4.68 -0.91 —0.92
0.35 1.76 1.88 1.49 1.61 0.73 0.73 —5.66 —5.62 4.72 4.68 —0.91 —0.92
0.39 1.28 1.34 1.08 1.15 0.55 0.53 -5.90 —5.89 4.92 4.91 -1.03 —1.04
0.43 0.81 0.80 0.68 0.68 0.36 0.33 —6.07 -6.07 5.06 5.06 -1.15 -1.17
0.46 0.34 0.40 0.28 0.34 0.17 0.18 —6.16 —6.14 5.14 5.12 -1.27 -1.27
0.50 —0.13 —0.13 —0.13 —0.12 —0.02 —0.02 —6.18 —6.17 5.15 5.14 —1.40 —1.40
0.54 —0.61 —0.66 —0.53 —0.58 —0.20 —0.22 —6.13 —6.11 5.11 5.09 —1.52 -1.53
0.58 -1.08 -1.19 —0.94 —1.04 —0.39 —0.42 —6.00 —5.96 5.00 4.97 —1.65 —1.66
0.61 —1.55 —1.60 -1.34 -1.39 —0.58 —0.57 —5.80 -5.79 4.83 4.83 -1.76 -1.75
0.65 —2.03 —2.14 -1.75 -1.86 -0.77 —0.77 —5.52 —5.49 4.60 4.57 —1.88 -1.87
0.65 —1.58 —1.58 -1.34 -1.34 —0.67 —0.67 —5.52 —5.49 4.60 4.57 —1.88 —1.87
0.68 —1.90 —1.88 —1.60 —1.58 —0.80 —0.80 -5.29 —5.26 4.41 4.39 -1.97 -1.96
0.71 -2.21 -2.17 —1.86 —1.83 —0.94 —0.93 —-5.01 —5.01 4.18 4.17 —2.05 —2.04
0.74 —2.52 —2.46 —2.13 —2.08 —1.08 —1.06 —4.70 —4.71 3.92 3.92 -2.13 —2.12
0.78 —2.84 —2.86 —2.39 —2.40 -1.22 -1.24 —4.34 —4.25 3.62 3.55 -2.21 -2.21
0.81 -3.15 -3.15 —2.65 —2.65 —1.36 -1.37 —3.94 —3.87 3.29 3.22 —2.28 —2.28
0.84 -3.47 —3.44 —2.92 —2.88 —1.50 -1.51 —3.50 —3.44 2.92 2.87 —2.34 —2.34
0.87 —3.78 -3.71 -3.18 -3.11 —1.64 —1.64 -3.02 —2.98 2.51 2.49 —2.40 -2.39
0.90 —4.10 -3.97 —3.45 -3.32 -1.78 -1.78 —2.49 -2.49 2.08 2.07 —2.44 —2.43
0.90 -5.27 —-5.50 —4.51 —4.74 —2.06 —2.06 —2.49 —2.49 2.07 2.07 —2.44 —2.43
0.93 —5.59 —5.82 —4.79 —5.01 -2.19 -2.21 -1.92 -1.79 1.60 1.49 —2.47 —2.47
0.95 —5.92 —6.01 -5.07 -5.16 —2.32 —2.32 -1.32 -1.30 1.10 1.08 —2.49 —2.48
0.97 —6.25 —6.18 —5.35 —5.29 —2.45 —2.42 —0.69 —0.79 0.57 0.66 —2.50 —2.49
1.00 —6.58 —6.37 —5.64 —5.42 —2.58 —2.58 —0.02 0.00 0.01 0.00 —2.50 —2.50
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Table 14

Engineering Analysis with Boundary Elements 176 (2025) 106232

Magnetic field components and magnetic flux components of a laminated rectangular plate subjected to thermal and mechanical sinusoidal loading at (0.25L;,0.75Ly)
within the physical domain along the thickness direction employing the ELDZL7 kinematic model. A numerical reference solution is provided from a 3D FEM model.

Z1[x 107*A /m] M2 [x 1074A /m]

'3[ x 1073A /m]

#1 [ x 1077Wb /m?] Fy [ x 1077Wb /m?] Z3 [ x 1078Wb /m?]

¢+h/2 [10°m] 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7 3D FEM ELDZL7
0.00 0.00 0.00 0.00 0.00 -2.71 —2.84 0.00 0.03 0.00 —0.02 3.79 1.81
0.05 —0.40 -0.41 0.34 0.34 —2.41 —2.52 -0.39 —0.41 0.33 0.34 3.74 1.96
0.07 —0.59 —0.55 0.49 0.46 —2.26 —2.40 —0.57 —0.55 0.48 0.46 3.67 1.99
0.10 -0.76 —0.74 0.63 0.62 -2.11 —-2.21 —0.74 —0.75 0.62 0.62 3.58 2.01
0.10 —0.76 —0.74 0.63 0.62 —1.90 —2.02 —-0.49 —0.47 0.41 0.39 3.58 2.01
0.13 —0.94 —0.92 0.78 0.77 -1.73 —1.85 —0.60 —0.59 0.50 0.49 3.49 2.05
0.16 -1.10 —1.09 0.91 0.91 -1.57 —1.68 —0.71 —0.70 0.59 0.58 3.38 2.07
0.19 -1.24 -1.23 1.04 1.03 —1.40 —1.52 —-0.81 —0.79 0.67 0.66 3.25 2.07
0.23 -1.37 —1.40 1.14 1.17 -1.24 —1.30 —0.89 —0.90 0.74 0.75 3.11 2.06
0.26 -1.49 -1.51 1.24 1.26 —1.09 -1.14 —0.97 —0.98 0.81 0.81 2.95 2.03
0.29 -1.59 -1.61 1.32 1.34 —0.93 —0.98 -1.03 —1.04 0.86 0.87 2.79 1.99
0.32 -1.67 -1.70 1.39 1.41 -0.77 —0.82 -1.09 -1.10 0.91 0.92 2.61 1.94
0.35 -1.74 -1.77 1.45 1.48 —0.62 —0.66 -1.14 -1.15 0.95 0.96 2.43 1.88
0.35 -1.74 -1.77 1.45 1.48 -0.71 —0.75 -1.72 -1.75 1.44 1.46 2.43 1.88
0.39 -1.81 -1.83 1.51 1.53 —0.52 —0.53 —1.80 -1.81 1.50 1.51 2.08 1.67
0.43 —1.86 —1.88 1.55 1.56 —0.33 —0.31 -1.85 —1.86 1.54 1.55 1.71 1.44
0.46 -1.89 —1.89 1.57 1.58 -0.13 —0.15 —1.88 —1.88 1.56 1.56 1.34 1.26
0.50 -1.89 —1.90 1.58 1.58 0.06 0.06 —1.88 —1.88 1.57 1.57 0.96 1.03
0.54 —1.88 —1.88 1.56 1.57 0.25 0.28 —1.86 -1.85 1.55 1.54 0.59 0.79
0.58 -1.83 —1.84 1.53 1.53 0.44 0.49 -1.82 -1.81 1.52 1.51 0.22 0.57
0.61 -1.77 —1.80 1.48 1.50 0.64 0.66 -1.76 -1.75 1.47 1.46 —0.14 0.41
0.65 —1.68 -1.72 1.40 1.43 0.83 0.87 —1.68 -1.67 1.40 1.39 —0.48 0.20
0.65 —-1.68 -1.72 1.40 1.43 0.58 0.68 —0.41 —0.42 0.34 0.35 —0.48 0.20
0.68 —1.62 —1.66 1.35 1.38 0.71 0.82 -0.39 —0.40 0.33 0.33 —0.55 0.26
0.71 -1.55 —1.58 1.29 1.32 0.84 0.96 —0.37 —0.38 0.31 0.32 —0.61 0.32
0.74 —1.46 —1.49 1.21 1.25 0.97 1.11 —0.35 —0.36 0.29 0.30 —0.67 0.39
0.78 -1.35 —-1.36 1.13 1.13 1.11 1.30 —0.32 —0.32 0.27 0.27 -0.73 0.48
0.81 -1.24 -1.24 1.03 1.03 1.24 1.45 —0.30 -0.29 0.25 0.24 —0.78 0.55
0.84 -1.11 -1.11 0.92 0.92 1.38 1.60 —0.26 —0.26 0.22 0.22 —0.82 0.63
0.87 —0.97 —0.96 0.81 0.80 1.52 1.75 —-0.23 —0.23 0.19 0.19 —0.87 0.71
0.90 —-0.81 -0.79 0.68 0.66 1.66 1.90 —0.19 -0.19 0.16 0.15 —0.90 0.81
0.90 —-0.81 -0.79 0.68 0.66 2.29 2.39 -0.79 -0.76 0.66 0.64 -0.91 0.81
0.93 —0.63 —0.58 0.52 0.49 2.43 2.58 —-0.61 —0.57 0.51 0.48 —1.00 0.82
0.95 —0.43 —0.43 0.36 0.36 2.58 2.70 —0.42 —0.43 0.35 0.36 -1.07 0.85
0.97 —0.22 -0.27 0.18 0.23 2.73 2.82 —0.22 —0.26 0.18 0.22 -1.11 0.89
1.00 0.00 0.00 0.00 0.00 2.88 3.02 0.00 0.02 0.00 —0.01 -1.13 1.00

variations in the slope of the out-of-plane strain distributions, as can be
seen from Fig. 4. Fig. 5 presents the through-the-thickness dispersions of
three-dimensional stress components for T-D, M-D and T-M-D simula-
tions. The in-plane and out-of-plane displacement field components
derived from 3D FEM model are accurately predicted using the ELDZL7
theory. Uniform or linear in-plane stress profiles are found within each
layer, while the out-of-plane stress components exhibit parabolic dis-
tributions with singularities at each interface, which are predicted by
the zigzag function. In all simulations, it is worth observing that the
loading conditions at the top and bottom surfaces are perfectly satisfied,
despite the model is two-dimensional, due to the adoption of the post-
processing recovery procedure. The profiles along the thickness direc-
tion of the magnetic primary and secondary variables are collected in
Fig. 6. For the M-D results, which are validated against the finite element
simulations, a limited variability is observed as the material properties
vary within the selected layers. On the other hand, the magnetic field
and, consequently, the magnetic flux distributions from T-M-D simula-
tions differ significantly from those in M-D simulations, indicating that
the magnetic response of the laminate changes a thermal environment.
Furthermore, in fully-coupled simulations, the results depend on the
thickness distribution of the material properties, with the zigzag effects
becoming more pronounced as the scaling parameter increases. Finally,
Fig. 7 presents the results from T-D and M-T-D simulations in terms of
temperature gradient components and thermal flux components. It is
important to note that the cylindrical panel is in thermodynamic equi-
librium conditions, such that the effect of the magnetic field on thermal
conduction is not evident. Consequently, the T-M-D curves align with
those associated with T-D simulations. The results demonstrate that the
introduction of variation in the material properties leads to deviations
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from the linear or piecewise linear profiles of thermal primary variables,
introducing a zigzag distribution for in-plane components and a linear
variation in some layers, for the 03 dispersion.

At this point, a numerical investigation is conducted on another
cylinder composed of four layers under various conditions. This example
evaluates the performance of the GIQ-based recovery procedure and the

sensitivity of the model to the position parameter 6(()'() when the material
properties vary within an arbitrary layer of the shell. The reference
surface of the laminate is described by Eq. (117) with Ra = R = 4 x
10~%m, while the thicknesses of the layers are set to hy = 2.50 x 10 3m,
hy = 1.00 x 10 %m, hs = 3.00 x 10 °m and hy = 2.00 x 10 >m. The
physical domain [0,L1] x [8¢,91] is defined, such that L; =5.0 x 10 2m,
99 =—n/2 and 9; = 7 /6. The lamination scheme consists of two
external transversely isotropic laminae made from TME-I material,
while the second and third layer consist of TME-II and TME-III,
respectively. The multifield properties of TME-II are detailed in
Table 1. This material is characterized as a transversely isotropic com-
posite with a fiber volume fraction equal to V= 0.4, while a;,02 behaves
as an isotropic plane. The homogenized multifield properties of TME-II,
derived from the procedure outlined in Ref. [85], are scaled by 1/3 to
obtain a softer layer with multifield properties. The panel rests on a

Winkler elastic foundation with stiffness kg;) =5x 101N /m®. A uni-

form external mechanical load of magnitude q(;) —1.0 x 10N /m? is
applied to the top surface. Following Eq. (49), uniform loads are

modelled using the following expression for qﬁﬁ = agi):

G (sy,80) = 1 (120)
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Fig. 3. Representation of the thickness profile of multifield configuration variables at (0.75L;,0.75L;) of a laminated circular cylinder under thermal, magnetic, and

mechanical loads with sinusoidal distribution with N = M = 1. The displacement field components Uy,Us,Us are expressed in [m], while the magnetic potential AY
with respect to the reference configuration is expressed in [A].The absolute temperature variation AT is expressed in [K]. Effect of the shape parameter 6% of the
material distribution.
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Table 15

Engineering Analysis with Boundary Elements 176 (2025) 106232

Thermo-magneto-mechanical response of a laminated circular cylinder with arbitrary variation of the material properties. The results are provided for the points

located at (0.75Ly,0.75L) for various z = 2¢ /h.

3" F=-1 Z=-075 Z=— 050 Z=-025 Z=0 =025 % =050 Z =075 z=1
Thermo-mechanical
Uyl x 107 'm]
0 (3D FEM) 6.67 6.29 5.91 5.53 5.15 4.76 4.37 3.98 3.58
0 (ELDZL7) 6.67 6.29 5.90 5.52 5.14 476 4.36 3.97 3.58
0.50 (ELDZL7) 6.59 6.21 5.84 5.46 5.07 4.69 4.30 3.91 3.52
1.00 (ELDZL7) 6.70 6.31 5.92 5.53 5.14 4.75 4.35 3.96 3.55
Us[ x 10 'm]
0 (3D FEM) ~2.49 ~3.04 ~3.60 —-4.15 —4.71 -5.27 -5.83 —6.40 —6.98
0 (ELDZL7) —2.49 -3.04 -3.60 —4.15 —-4.71 -5.27 -5.83 —6.40 -6.97
0.50 (ELDZL7) -2.48 ~3.04 -3.59 —4.14 —4.69 ~5.25 -5.81 —6.37 —6.94
1.00 (ELDZL7) ~2.54 —-3.11 -3.67 —4.23 ~4.80 -5.37 ~5.93 —6.51 ~7.09
Us[ x 107 °m]
0 (3D FEM) ~1.57 ~1.58 -1.58 -1.59 ~1.59 ~1.60 ~1.61 ~1.62 -1.63
0 (ELDZL7) -1.57 -1.57 -1.58 -1.59 -1.59 ~1.60 ~1.61 ~1.62 -1.63
0.50 (ELDZL7) -1.56 -1.56 -1.57 -1.57 -1.58 -1.59 -1.60 -1.60 -1.61
1.00 (ELDZL7) -1.59 -1.60 -1.60 -1.60 -1.60 -1.62 -1.63 -1.63 -1.64
AT[ x 107*K]
0 (3D FEM) -8.38 -9.18 -10.02 -10.86 -11.67 —-12.49 —-13.42 -14.39 -15.27
0 (ELDZL7) -8.38 -9.18 -10.02 -10.86 -11.67 -12.50 -13.43 —~14.39 -15.27
0.50 (ELDZL7) ~7.44 -8.14 -8.97 -9.83 -10.53 -11.19 -12.03 -13.01 -13.77
1.00 (ELDZL7) —6.64 -7.27 -8.10 -8.96 -9.59 -10.13 -10.92 -11.91 —~12.60
Magneto—mechanical
Uil x 107 'm]
0 (3D FEM) 1.58 1.52 1.47 1.42 1.37 1.32 1.27 1.22 1.16
0 (ELDZL7) 1.58 1.52 1.47 1.42 1.37 1.32 1.27 1.22 1.16
0.50 (ELDZL7) 1.42 1.37 1.32 1.28 1.23 1.19 1.14 1.10 1.05
1.00 (ELDZL7) 1.29 1.25 1.20 1.16 1.12 1.08 1.04 1.00 0.95
Us[ x 10~ *?m]
0 (3D FEM) 1.82 0.89 —0.02 -0.91 -1.80 ~2.69 -3.58 —4.48 -5.39
0 (ELDZL7) 1.82 0.89 —0.02 -0.91 -1.80 ~2.68 ~3.58 —4.48 ~5.39
0.50 (ELDZL7) 1.68 0.84 0.03 -0.77 -1.57 -2.37 -3.18 -3.98 —4.80
1.00 (ELDZL7) 1.55 0.79 0.06 —0.67 -1.39 —2.12 -2.85 -3.58 -4.33
Us[ x 107 "'m]
0 (3D FEM) —-2.65 ~-2.65 -2.65 —-2.64 -2.63 ~2.62 -2.61 —2.59 -2.58
0 (ELDZL7) ~2.65 —2.65 ~-2.65 —2.64 -2.63 ~2.62 -2.61 ~2.59 -2.58
0.50 (ELDZL7) -2.38 -2.38 -2.38 -2.37 -2.37 -2.36 -2.35 -2.33 ~2.32
1.00 (ELDZL7) -2.17 -2.17 -2.16 -2.16 -2.15 -2.14 -2.13 -2.12 —2.11
Ayl x 107°A]
0 (3D FEM) 3.46 2.48 1.12 ~0.45 -2.18 ~4.16 ~6.82 -9.78 ~12.65
0 (ELDZL7) 3.45 2.46 1.12 -0.47 -2.19 —-4.19 —-6.79 -9.77 -12.63
0.50 (ELDZL7) 3.37 2.52 1.21 -0.31 -1.79 —-3.52 -5.87 -8.63 ~11.21
1.00 (ELDZL7) 3.30 2.54 1.28 -0.18 -1.50 -3.02 -5.19 ~7.81 -10.16
Thermo-magneto-mechanical
Ui x 10 'm]
0 (ELDZL7) 6.57 6.20 5.82 5.45 5.07 4.69 431 3.92 3.53
0.50 (ELDZL7) 6.50 6.13 5.76 5.39 5.01 4.63 4.25 3.86 3.47
1.00 (ELDZL7) 6.61 6.23 5.85 5.47 5.08 4.69 4.30 3.91 3.51
Us[ x 10 'm]
0 (ELDZL7) ~2.44 -2.98 -3.53 —4.07 —4.62 -5.17 —5.73 —6.29 —6.86
0.50 (ELDZL7) —2.44 -2.98 -3.52 —4.06 —4.60 -5.15 -5.71 —6.26 -6.83
1.00 (ELDZL7) ~2.50 -3.05 ~3.60 -4.15 —-4.71 ~5.27 ~5.84 —6.40 —6.98
Us[ x 107°m]
0 (ELDZL7) -1.54 -1.55 -1.56 -1.56 -1.57 -1.57 -1.58 -1.60 -1.60
0.50 (ELDZL7) -1.53 -1.54 -1.54 -1.55 -1.55 -1.56 -1.57 -1.58 -1.59
1.00 (ELDZL7) -1.56 -1.57 -1.57 -1.57 -1.58 -1.59 ~1.60 -1.61 -1.62
Ay[ x 107°A]
0 (ELDZL7) 2.41 1.73 1.19 0.49 -0.57 -1.60 —2.24 -2.80 -4.05
0.50 (ELDZL7) 2.58 1.96 1.34 0.51 -0.48 ~1.34 -1.95 -2.71 -3.85
1.00 (ELDZL7) 2.90 2.28 1.56 0.57 —0.42 -1.18 -1.80 —-2.74 -3.86
AT[ x 107K]
0 (ELDZL7) -8.38 -9.18 -10.02 -10.86 -11.67 ~12.50 -13.43 ~14.39 ~15.27
0.50 (ELDZL7) ~7.44 -8.14 -8.97 -9.83 -10.53 -11.19 -12.03 -13.01 -13.77
1.00 (ELDZL7) —6.64 -7.27 -8.10 -8.96 -9.59 -10.13 -10.92 -11.91 ~12.60
Thermal loads account for hydrostatic distributions of thermal Finally, magnetic fluxes with magnitudes
fluxes, characterized by the magnitudes g\ = 1.0J/m? and g’ =0.7J g." = 6.0 x 10*Wb /m? and G’ = —9.0 x 10~* Wb /m? are applied

/m?2. The following distribution is, thus, adopted for the quantities aff) =
~(F).
T
1

G (sy,52) = . (121)
1
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at the top and bottom surfaces of the shell, respectively. These fluxes
follow an inverse hydrostatic distribution along oy principal direction,

defined as follows with ljff) = 'cj}(f):

- s

4 (1:) =1~ (122)
1
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Fig. 4. Representation of the thickness profile at (0.75L;,0.75L2) of mechanical primary variables of a laminated circular cylinder under thermal, magnetic, and
mechanical loads with sinusoidal distribution with N = M = 1. The three-dimensional strain components are expressed in [m /m). Effect of the shape parameter 5*’

of the material distribution.

It should be noted that the inverse hydrostatic distribution in Eq.
(122) can be interpreted as the difference between a uniform distribu-
tion, as described in Eq. (120), and the hydrostatic distribution pre-
sented in Eq. (121).

To derive the multifield response of this structure, the ELDZL7 theory
is adopted, taking into account N = M = 150 terms for the expansion of
the unknown field. In this context, the following definitions [33] are
introduced for the semi-analytical coefficients Qﬁ;’,zm and Q,(,Z,Zm in Eq.
(73):

Q) = 4q,” (1 — cos(nx))(1 — cos(mr))
~ z%nm

45&) (123)
Q) = 7ﬂzr‘:mcos(n7r)(1 — cos(mx))

More specifically, the first coefficient refers to Eq. (120), while the
second one is associated with Eq. (121). Employing the superimposition
principle, the subtraction of these coefficients yields the semi-analytical
expansion terms for Eq. (122). A three-dimensional finite-element-based
solution is provided, accounting for 61440 parabolic brick elements and
261961 nodes, resulting in a total number of 1047844 variables.

The through-the-thickness distributions of thermo-magneto-elastic
configuration, primary, and secondary variables are evaluated at

33

(0.75L1,0.25L5) and presented in Figs. 8-12. In particular, Fig. 8 illus-
trates that the in-plane displacement field varies almost linearly, while
the Us component is characterized by a zigzag distribution even for
uncoupled T-D and M-D simulations. This aspect is particularly evident
in the distribution of magnetic potential and the absolute temperature
variation. Once the uncoupled M-D and T-D models are successfully
validated against the results from the 3D FEM model, the material
properties of each layer in the stacking sequence are varied by setting
5% = 1. In this way, a parametric investigation is performed for a
gradual decrease of position value 5f)k) of the material variation within

the first and third lamina. In this case, it is crucial to select values of 5&”
ensuring that each material property remains non-null, otherwise the
results would be physically inconsistent. The first lamina is character-
ized by a L-I variation, while an SC-I material variation is considered for
the second layer. In addition, the third and fourth laminae are charac-
terized by UC-I and HT-I material properties variations, respectively.
The results presented in Fig. 8 demonstrate that the variation for the in-
plane deflection of the structure is more pronounced along the curved
direction than the straight one. A significative deviation from the orig-
inal temperature profile is also observed, with a reduction in the zigzag
effect. Regarding the three-dimensional strain components shown in
Fig. 9, it should be noted that the variation in the volume fraction
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Fig. 7. Representation of the thickness profile at (0.75L;,0.75L;) of thermal primary (a) and secondary (b) variables of a laminated circular cylinder under thermal,
magnetic, and mechanical loads with sinusoidal distribution with N = M = 1. The temperature gradient components are expressed in [K /m], while the thermal flux
components are expressed in [J /m?]. Effect of the shape parameter 5® of the material distribution.
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mechanical loads with uniform, hydrostatic, and inverse hydrostatic loads with N = M = 150. The three-dimensional strain components are expressed in [m /m).
Effect of the position parameter 5, of the material distribution.
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Fig. 10. Representation of the thickness profile at(0.75L;,0.25L,) of mechanical secondary variables of a laminated circular cylinder under thermal, magnetic, and

mechanical loads with uniform, hydrostatic, and inverse hydrostatic loads with N = M = 150. The three-dimensional stress components are expressed in [N /m?].

Effect of the position parameter 8, of the material distribution.

between adjacent layers results in a piecewise uniform distribution of €3,
while in plane strains €1,e2 remain linear. Based on T-D and M-D simu-
lations, an excellent agreement is observed between the ELW results and
3D FEM predictions. Similar curves are obtained using the GDQ-based
and GIQ-based recovery procedures. For this reason, parametric inves-
tigation in the T-M-D multifield simulation is performed using the novel
GIQ-based procedure. It is worth noting that when the material prop-
erties are varied within each layer at the interlaminar stage, some jumps
of primary and secondary variables occur between adjacent layers due to
the abrupt variations in the volume fraction of the constituents.
Furthermore, as the position parameter decreases, the structure exhibits
additional strains due to the reduced stiffness of the laminate.
Conversely, higher éék) values lead to a decrease in the three-
dimensional stress components, as illustrated in Fig. 10. Here, it is
shown that the in-plane normal stresses exhibit peaks at each interface
within the laminate, when variations in the material properties are
introduced. Furthermore, a stress increment is noted in the middle of the
first lamina, because the L-I variation accounts for a symmetric linear
distribution. Conversely, the zigzag profile of the out-of-plane stress
components is smoothed when fully coupling between thermal and
magnetic field is considered in the model. Abrupt slope variations in the
profile are observed at each interface upon introducing material varia-
tions within each lamina. Above all, it can be seen that the increase in

68’0 leads to a shift in the stress profile. These stresses are then adjusted at

39

the top and bottom surface through the recovery procedure to match the
loading conditions of the shell. However, it should be noted that the
loading conditions at the bottom surface depend on the displacement
field component due to the presence of the elastic foundation. Conse-
quently, stress variation is more evident at the middle thickness of the
laminated curved panel.

In Fig. 11, the magnetic field components, along with the magnetic
flux components derived from M-D and T-M-D simulations, are pre-
sented. The in-plane magnetic fields, evaluated as the gradient of the
scalar magnetic potential, exhibit a typical zigzag profile. In contrast,
the out-of-plane magnetic field shows a stepwise linear distribution. For
the in-plane flux components, the piecewise linear curves are obtained,
while a linear distribution is observed for the out-of-plane flux under
external magnetic loads. Also, for the magnetic secondary variables, the
recovery procedure based on GIQ provides an excellent match against
the reference solution obtained from the 3D FEM model. The introduc-
tion of material properties variations within the model affects signifi-
cantly the distribution of magnetic primary and secondary variables. On
the other hand, the sensitivity of the magnetic field is more sensitive
than the magnetic flux to a varying parameter 5g<)’ especially in the out-
of-plane direction. Conversely, the thermal primary and secondary
variables are affected significantly by the position parameter 5&”, as
illustrated in Fig. 12. Here, a successful comparison with 3D FEM pre-
dictions is observed for coupled T-D simulations, employing either GDQ-
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Fig. 11. Representation of the thickness profile at (0.75L;,0.25L,) of magnetic primary (a) and secondary (b) variables of a laminated circular cylinder under
thermal, magnetic, and mechanical loads with sinusoidal distribution with N = M = 150. The magnetic field components are expressed in [A /m], while the magnetic
flux components are expressed in [Wb /m?]. Effect of the position parameter 8, of the material distribution.
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Fig. 12. Representation of the thickness profile at (0.75L;, 0.25L;) of thermal primary (a) and secondary (b) variables of a laminated circular cylinder under thermal,
magnetic, and mechanical loads with sinusoidal distribution with N = M = 150. The temperature gradient components are expressed in [K /m], while the magnetic
flux components are expressed in [J /m?]. Effect of the position parameter 8, of the material distribution.
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Fig. 13. Representation of the thickness profile at (0.75L;,0.25L,) of multifield configuration variables of a laminated circular cylinder under thermal, magnetic, and
mechanical loads with butterfly, hydrostatic, and inverse hydrostatic loads with N = M = 150. The displacement field components Uy,U,,Us are expressed in [m],
while the magnetic potential AY with respect to the reference configuration is expressed in [A]. The absolute temperature variation AT is expressed in [K]. Effect of
the power coefficient p of the material distribution.
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Fig. 15. Representation of the thickness profile at (0.75L;,0.25L,) of mechanical secondary variables of a laminated circular cylinder under thermal, magnetic, and

mechanical loads with butterfly, hydrostatic, and inverse hydrostatic loads with N = M = 150. The three-dimensional stress components are expressed in [N/m?].

Effect of the power coefficient p of the material distribution.

based and GIQ-based recovery procedures. Furthermore, a material
variation plays a crucial role in reducing the zigzag effect between
adjacent layers, even though peak values are still evident for in-plane
thermal flux components. The variability in the out-of-plane tempera-
ture gradient 03 distribution against 58") is observed in the first and the
third laminae, while a consistent profile is maintained within the second
and fourth layers. On the other hand, a significant variation of hg ther-
mal flux is observed in the third lamina.

The final numerical example focusing on a circular cylinder high-
lights the variation in the thermo-magneto-mechanical behavior of a
three-layer laminated panel. This example considers an arbitrary vari-
ation in the material properties within a central thick layer, using an
analytical function with a variable power index. The reference surface of
the structure is described by the following relation [28]:

tang 1 )
r(p,y) =Rj————€; —ye; +R; |1 ——————)e (124)
(@) ! 1 + tan?¢p 1oye 1( 1+ tan?¢p °

The rectangular parametric domain for Eq. (124) is defined as
[9o,¢1] X [0, Lol, with gy = —7 /2, ¢, = 7 /6 and Ly = 7.0 x 10~?m. The
radius of the cylinder is Ry = R = 4.5 x 10~2m, while the thickness of the
two external layer is hy = hg = 1.5 x 103m. The lamination scheme
consists of two external laminae of cobalt ferrite, with a central core
composed of TME-III, as detailed in Table 1. Furthermore, an SC-II
variation in the material properties in considered for this central
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layer, with the values 6% = 0 and §*® = 1 assigned to the position and
scaling parameters of the distribution, respectively. The multifield
response of the panel is analyzed for different values of the power index
p. The material orientation within each layer follows the geometric
reference system, therefore the value 8 = 0 with k = 1, 2, 3 is assigned
to the material orientation angle. A Winkler-type elastic foundation is
modelled at the bottom surface, characterized by a uniform distribution
of linear elastic springs with stiffness kg? = 5x 10N /m®. The mul-
tifield response of the cylinder is evaluated under mechanical, thermal,
and magnetic loads. More specifically, a mechanical pressure with
magnitude g5 = 1.0 x 102N /m? is applied to the top surface. The
surface distribution of this load follows a generalized linear relationship,
dependent on the curvilinear coordinate s, along ap parametric lines, as
expressed below:

=) S2

q, (s1,82)=1—-a—~

L (125)

for ® = 4. In this configuration, the structure experiences a surface
traction on a part of the top surface, while the remaining portion is
subjected to a compressive load. Thermal and magnetic flux loads
applied at the bottom of the laminate are characterized by an inverse
hydrostatic distribution along ay principal direction, with magnitudes

g,) =-9.0 x 104 Wb /m2and g\’ =7.0 x 10-1J /m2. In this context,
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Fig. 16. Representation of the thickness profile at (0.75L;,0.25L,) of magnetic primary (a) and secondary (b) variables of a laminated circular cylinder under
thermal, magnetic, and mechanical loads butterfly, hydrostatic, and inverse hydrostatic distributions with N = M = 150. The magnetic field components are
expressed in [A /m], while the magnetic flux components are expressed in [Wb /m?]. Effect of the power coefficient p of the material distribution.
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Fig. 17. Representation of the thickness profile at (0.75L;, 0.25L,) of thermal primary (a) and secondary (b) variables of a laminated circular cylinder under thermal,
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Fig. 18. Representation of the thickness profile at (0.75L;,0.75L2) of multifield configuration variables of a laminated spherical shell under thermal, magnetic, and
mechanical loads with sinusoidal distribution. The displacement field components U;,U»,Us are expressed in [m], while the magnetic potential A¥ with respect to the
reference configuration is expressed in [A]. The absolute temperature variation AT is expressed in [K]. The material variations within each layer are modelled by

assuming 50 = 0.5.

the quantity Ej((;) = ﬁg) , a({) is expressed as in Eq. (125) with @ = 1. The
semi-analytical coefficients Qf,ﬁ,)m and in;nm for the harmonic expan-
sion of Eq. (125) are evaluated for an arbitraryn =1,...,Nandm =1,...

N, as Q%) = Qb — &Qﬁ;nm, as follows [33]:

Q(i) — if(li)(l _ COS(H]T))(I _ COS(m ))
qunm ~ ﬂ_gnm V4 126
) 4q(t) ( )
Qathm = 7% (1 - COS(HT[))COS(mﬂ')

Referring to the top surface of the laminate, thermal and magnetic
loads with magnitudes g\’ = 1.0J/m? and g~ = —6.0 x 10~* Wb /m?
follow the two-dimensional distribution outlined in Eq. (122). The nu-
merical investigations are conducted by setting N = M = 150, and the
through-the-thickness distributions of configuration, primary, and sec-
ondary variables are reported for the point located at (0.75L;,0.25L;)
within the rectangular parametric domain in Figs. 13-17. The model is
successfully validated by comparing the results with those from a 3D
FEM model with 106352 parabolic brick elements and 448983 nodes
employing C3D20T and C3D20E shape functions for T-D and M-D sim-
ulations, respectively.

As shown in Fig. 13, both-in-plane and out-of-plane displacement
field components are characterized by linear distributions with a

)
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reduced zigzag effect. Similar observations can be made for the tem-
perature variation. When the material distribution is varied by
increasing the power index p in both M-D and T-M-D simulations, the
profiles of these quantities exhibit a slope change at each interface. In
contrast, the magnetic potential shows zigzag distributions in both M-D
and T-M-D simulations for homogeneous layers. However, a smoother
profile is obtained in the case of a non-homogeneous central core as the
value of the quantity p increases. The three-dimensional strain compo-
nents, illustrated in Fig. 14, exhibit different distributions based on the
coupling between physical problems. More specifically, the profile of the
€1 strain component is uniform in coupled T-M-D simulations when a
uniform core is used, while a more general distribution is observed when
a variation is assigned to the constituent material. In the case of e, a
linear profile is obtained for T-D simulation, whereas a zigzag distri-
bution occurs for the M-D case. In the coupled T-M-D problem, the
structure exhibits a linear distribution of €5. It is worth noting that the
central core shows higher variability in the three-dimensional strains
compared to the two outer layers. The difference in layer thickness re-
sults in significant deviations from uncoupled simulations, aligning well
with the 3D FEM reference solution. Similar considerations apply to
Fig. 15, which presents the three-dimensional stress components. The
GIQ-based recovery procedure provides an efficient reconstruction of
the out-of-plane quantities for T-D and M-D simulations. More
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Fig. 19. Representation of the thickness profile at (0.75L1,0.75L;) of mechanical primary variables of a laminated spherical shell under thermal, magnetic, and
mechanical loads with sinusoidal distribution. The three-dimensional strain components are expressed in [m /m]. The material variations within each layer are

modelled by assuming 5* = 0.5.

specifically, since the Us displacement field component from T-M-D
simulation is similar to that from the T-D case, the value assumed at the
bottom surface for 63 is similar in these cases. A high variability in the in-
plane stress components is observed, even for the external laminae. Out-
of-plane shear stresses exhibit different through-the-thickness distribu-
tions depending on the value of parameter p. The primary and secondary
variables for the magnetic and thermal problems can be found in Figs. 16
and 17, respectively. In particular, the magnetic field component along
oy exhibits a zigzag profile, while 7', is characterized by a smoother
distribution. A stepwise linear profile is obtained for 7’3 magnetic field
component in case of uncoupled M-D simulations. Even though the re-
sults from T-M-D simulations deviate from those of the M-D case, the
overall behavior of each curve remains unaltered. On the other hand,
Z 3 exhibits a curved symmetric distribution during parametric inves-
tigation, while a linear distribution is observed within the cobalt ferrite
laminae. Conversely, the out-of-plane magnetic flux component %5 is
not significantly influenced by the material properties variation of the
central lamina, even though a variation in the .%?; profile is found at the
external layers. A high sensitivity is found for .2, within the parametric
investigation across the entire lamination scheme in both M-D and T-M-
D simulations. It is important to highlight that the magnetic primary and
secondary variables are affected by the pyromagnetic effect. The pres-
ence of a thermal field induces a variation for all components of the
magnetic field. Thermal primary and secondary variables do not show
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any sensitivity to the magnetic field, because the formulation is based on
the thermodynamic equilibrium conditions. As a consequence, identical
distributions of temperature gradient and thermal flux components are
found for both T-D and T-M-D cases. As indicated in Fig. 17, the results
for uniform layers in the T-D case align with those from the finite
element analysis. Furthermore, variations in the power index p within
the central core result in a shift of 0; and 0, curves. On the other hand,
the 03 profile is varied only within the central lamina, showing the
highest variation at mid-thickness. When higher values of p are selected,
a smooth profile emerges, which eventually becomes uniform within the
second lamina. The out-of-plane stress components do not vary within
the current parametric investigation, while a high variability for the in-
plane thermal flux components is noted in both T-D and T-M-D analyses.

Last numerical investigation focuses on a structure with double
curvature with R; = Ry = R = 3.2 x 10~ %m defined over the rectangular
parametric domain [@o,91] x [80,91] with ¢y = 57 /6, ¢, = 77 /12 and
9o — /9, 91 = 7 /9. The structure consists of two external layers,
each with thickness by = hs = 1.0 x 10~°m, made of TME-I material,
while the central TME-I layer has a thickness equal to hy = 2.0 x 10~ 3m.
For this case, the value 0y = 0 with k = 1, 2, 3 is assumed for the material
orientation angle. Multifield external loads with a sinusoidal distribu-
tion, following Eq. (119), are applied to the top and bottom surfaces of
the panel. More specifically, a mechanical load with magnitude

gs"” = —1.0 x 102N /m? is applied at ¢ = h /2, along with thermal and
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within each layer are modelled by assuming 8% = 0.5.

magnetic fluxes with magnitudes q&“ =1.0J/m? and qgﬂ = —6.0 x
10~4 Wb /m?, respectively. At the bottom surface, an elastic foundation
is modelled according to the Winkler-Pasternak theory of Eq. (51), by

setting the stiffnesses equal to ké;) =5x10°N/m? and G}_> =5 x
10°N/m2 In addition, a sinusoidal thermal flux with g\’ =7.0

x1074J /m? and magnetic flux with a reference value g’ = —9.0
x10~* Wb /m? are applied at { = — h /2. The multifield response of the
shell is presented in Figs. 18-22, showing the through-the-thickness
distribution, of thermal, magnetic, and mechanical variables evaluated
at the point (0.75L;,0.75L;) within the physical domain. The analysis
employs the EDZ7 higher-order theory, following the ESL approach
outlined in Eq. (10). The quantities L1, L, are calculated from Eq. (68). A
preliminary T-M-D simulation demonstrates that the structure exhibits
linear distributions of displacement field components, magnetic poten-
tial, and temperature variation along the thickness direction (Fig. 18).
The multifield response of the panel is then evaluated by assuming
arbitrary variations in the material properties within each layer, with
5&” =0 and §% = 1. More specifically, in VAR-I simulation, the first
layer uses an SC-I distribution, the second layer is characterized by UC-II
variation, while UC-IV profile is adopted in the third lamina, following
the nomenclature in Tab. 2. The VAR-II simulation assumes that the
material varies with SC-II for k = 1, UC-III and EXP-I distributions are
applied to the second and third layers, respectively. The VAR-III
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configuration considers the analytical expressions UC-I, HS-II with p =
3 and HT-II for the first, second, and third layer, respectively. Finally,
VAR-IV accounts for EXP-II for k = 1, HS-II with p = 3 for k = 2, and HT-I
variation for k = 3. Based on results, for panels with an arbitrary vari-
ation of the material properties, a shift occurs for all configuration
variables, except for the magnetic potential, which exhibits a change in
inclination. In addition, the out-of-plane displacement field component
distribution deviates from a linear profile, which is also observed in
temperature variation. In any case, any zigzag effect is observed among
the configuration variables. In contrast, the out-of-plane strain compo-
nents, shown in Fig. 19, exhibit a smooth distribution within each layer,
with an abrupt variation in their slope at each interface between adja-
cent layers, depending on the specific material variation set in the
simulation. Even though the in-plane strain components do not show a
zigzag distribution when the material is varied along the thickness di-
rection, the in-plane stress components deviate from their original
smooth profile observed in homogeneous layers, particularly in the third
lamina of the stacking sequence, as can be seen from Fig. 20. The vari-
ation in the out-of-plane shear stresses is more evident in the central
lamina compared to the external layers, with the highest sensitivity of o3
distribution in the external layers. The highest deviations from results
from a single homogeneous lamina are observed with VAR-I and VAR-II
configurations. From Fig. 21, it is evident that simulations with a single
lamina yield linear or parabolic smooth distributions of magnetic field
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Fig. 21. Representation of the profile at (0.75L;,0.75L3)along the thickness direction of magnetic primary (a) and secondary (b) variables of a laminated spherical
shell under thermal, magnetic, and mechanical loads with sinusoidal distribution. The magnetic field components are expressed in [A /m], while the magnetic flux
components are expressed in [Wb /m?]. The material variations within each layer are modelled by assuming 50 = 0.5.
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Fig. 22. Representation of the profile at (0.75L;,0.75L;) along the thickness direction of thermal primary (a) and secondary (b) variables of a laminated spherical
shell under thermal, magnetic, and mechanical loads with sinusoidal distribution. The temperature gradient components are expressed in [K /m], while the thermal
flux components are expressed in [J /m?]. The material variations within each layer are modelled by assuming 50 = 0.5.

and magnetic flux components along the entire thickness of the lami-
nate. However, introducing arbitrary variations in the material prop-
erties results in smooth distributions of secondary variables within each
lamina of the shell, while some zigzag effects are present at the inter-
facial level. In-plane magnetic field components display smooth
through-the-thickness profiles. The quantity 7’3, related to the thickness
direction, shows various distributions when the material properties are
altered, while results for .%’3 remain similar to those observed in ho-
mogeneous layers. Similar considerations apply to temperature gradient
and thermal flux components shown in Fig. 22. In the case of homoge-
nous layers, smooth linear distributions are obtained for in-plane com-
ponents, while 03,hg exhibit parabolic through-the-thickness
distributions. The introduction of material variation within each k-th
lamina leads to polynomial distributions for in-plane temperature gra-
dients, with smooth distributions for 03 that exhibit singularities at the
interfacial level. This behavior is also observed for in-plane thermal flux
components, while hs is not significantly affected by the variation in the
material properties, except for the zigzag effect occurring among
consecutive layers.

6. Conclusions

A two-dimensional formulation has been developed for analyzing
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smart doubly-curved laminated panels subjected to thermal, magneto-
static, and mechanical multifield loads, accounting for the interactions
between these physical phenomena. Following the generalized formu-
lation approach, the model adopts higher-order thickness functions to
describe the variation of unknown variables along the thickness direc-
tion. The fundamental equations, expressed in curvilinear principal co-
ordinates and derived from the Master Balance principle, following both
the ESL and ELW approaches. This allows the application of multifield
surface loads, including mechanical, thermal, and magnetic loads.
Furthermore, arbitrary values of displacement field, scalar magnetic
potential and temperature variations are prescribed within the struc-
ture. An arbitrary variation of the material properties has been modelled
along the thickness direction, taking into account both polynomial and
non-polynomial distributions with symmetric, antimetric, and unsym-
metric profiles. A classical Navier solution is obtained by expanding the
unknown variables using harmonic functions, and a post-processing
recovery procedure has been applied to determine the actual three-
dimensional response of the structure. In this paper, the recovery pro-
cedure has been performed for the first time following a GIQ-based
approach, which provides a high computational efficiency and accu-
racy. Numerical investigations demonstrate the model ability to analyze
multifield problems of straight and curved laminated panels under
various loading conditions, with external actions represented through
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Appendix I
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yjnm ~ Of the semi-analytical fundamental matrix L™ introduced in

In the present section the complete expressions are reported of each element L;;

Eq. (75), for any n=1,...,N and m = 1, ..., M. In what follows, the expressions refers to a doubly-curved laminated panel characterized by the
geometric and constitutive material assumptions already outlined in Eqs. (67) and (74) according to the Navier’s approach. As a consequence, the
fundamental coefficients depend on the principal radii of curvature Ry,R;. However, these expressions can be specialized for circular cylinders and
rectangular plates by assuming 1 /R; =0 or 1 /Ry = 0 when straight directrix curves are present. Similar considerations are made for the semi-
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Appendix II

In this section, a smart material is homogenized with proper analytical expressions, as derived in Ref. [85]. The homogenization procedure is based
on the Mori-Tanaka approach, and it is based on the computation of the Eshelby tensor for a cylindrical fiber (f) oriented along the thickness direction
and immersed in an isotropic matrix (m). The corresponding volume fractions are denoted by Vyand V;,, respectively. These volume fractions are
defined so that V;,, + Vy= 1, namely it is assumed that no voids are present. The following constitutive relationship is considered for each phase of the
unit cell:
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In the previous relation, €1, €2, €3,712, 713, 723 and 61, 62, 03,712, 713, 723 are the stress and strain components, respectively, while &1, &5, &3,
T, Do, s and Z'1, # 2, X 3, B1, B2, B3 are the primary and secondary variables of electricity and magnetism, respectively. Furthermore, the
quantities 51, 52, 53 and hy, hy, hs are associated with thermal conduction, and 11 , Ez, 13 and ¢, ¢y, C3 are the variables of moisture diffusion.

Preliminary computations

CaambiimMiim + P24Miim + bim@am — 2d11mP1am — d31,,Cadm
(ic — gb)h + (fb — ia)e + (ga — fc)d

j=2v;
a= Vm((ql4f - Q14m> (lllmmllm - dflm) - (duf - dllm) (PramMiim — diimGram) — (mllf - mllm) (qramliim — dllmp14m))
b=V, < (P14f 7p14m) (lllmmllm - dflm) - (duf - dllm) (qramliim — dyimPram) — (lllf - lllm) (PramMi1m — dllmq14m))
c= Vm((c44f = Caam) (himMiim — d3y,,) + (P14f —P14m) (PramMi1m — d11mG14m) + (Q14f - Q14m) (qramliim — dllmpl4m)) +
- ((ic — gb)h + (fb — ia)e + (ga — fe)d)
f
d= Vm< - (dllf - dllm)(dnmc44m +P14mQ14m) + <P14f *P14m) (P14mm11m — diimGram) + (lllf - lllm) (Q%m + C44mm11m))+
+7-((ic — gb)h+ (b — ia)e + (ga —fe)d)
f
e="Vp (<Q14f - Q14m> (d11mCaam + PramG14m) + (C44f - C44m) (PramMi1m — d11mG14m) — (p14f *P14m) (‘I%m + C44mm11m))
f= Vm< — (dviy — diim) (d11mCaam + P14mG14m) + (QMf - Q14m) (qrambiim — diimPram) + (Ma1g — Myam) (PF4 + C44mlllm)>+
- ((ic ~ gb)h + (fb — ia)e + (ga — fe)d)
f
g§=Vy ( <P14f —P14m> (dllmc44m +P14mQ14m) + (C44f - C44m) (q14mlllm - d11mP14m) - <QI4f - (I14m) (P§4m + C44mlllm))

h= Vm( - (mllf - mllm) (d11mCaam — PramG14m) + (Q14f - Q14m) (PramMi1m — d11mG14m) + (dnf - dllm) (qﬁm + C44mm11m)>

i= Vm( - (lllf — lllm) (d11mCa4m + P14mG14m) + (P14f —P14m> (qramliim — dvimp1am) + (dllf — dllm) (Pi;m + C44mlllm)> (A4
Density
= Vip + Vo (A5)
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Elastic stiffness coefficients

_ kmkf + memkf + memkm
Vinks + Vikp + my,

k

e Mn (kmmy + Vikmmyg + Vigky + 2mpmy)
" Vikmy + Kty + Viknfi + 2Viammy + 2Vm2,

Chi=Cp=k+m
C12:k7m

V¢ (Cizr — Ciam) (Km + Myn)
mGf + kam -+ My

Ci3 = Cy3 = Ci3m +

Vin (C13m — C13f)2 )

C33=C Vi Cs3r — Cazm —
33 33m T f( 33f 33m A —

Cu44 = Cs5 = Caam +j<<P14f *P14m) (fe —gh) + (C44f - C44m) (ih—fd) + <Q14f - Q14m) (gd— ie)) (A.6)
Piezomagnetic coefficients

Vi <Q31f - Q31m> (km + M)
mGf + kam +my,

q31 = Q32 = Q31m +

Vi (C13m - Clsf) (Q31f - %m))

= V. _
q33 = q33m + f<q:33f q33m + Viks + Vi +

q14 = q25 = Q14m +f((P14f *P14m) (ch—ae) + (C44f - C44m) (ad —bh) + (Q14f - Q14m) (be — Cd)) (A7)
Magnetic permeability coefficients

mp; = My = My, +j<(d11f - dllm) (ch—ae) + <Q14f - Q14m> (bh —ad) + (mllf - mllm) (be — Cd))

Vin (Mayy — m31m)2

= V — —_——— A.8
M33 = Magm + f(m33f M3gm + Vs + Vik + (A.8)

Thermal expansion coefficients

VfEfle + VmEm(lm
an =—""——7-
E

dyy = A3z = (1 Jrl/f)(lfo + (1 +1/m)ame — V12011 (A.9)

Pyromagnetic coefficient

v v Vv <Q31f - Q31m> (Zuf - lem) 10

W33 = VinWssm + Viwsss — Vi Vs Crim + Vins — Vikin (A.10)

Specific heat capacity

VepeCpr + VinpmC
¢, = 21t & VnlPmCom (A11)
p
Thermal conductivity
kmk
kiy —kop — —
TR T ik + Vinks

kss = Vinkm + Viks = (1 — Vp)kn + Viks = (kf — k) V5 + ki (A.12)
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