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The aim of the paper is to establish a complete characterization of the Korovkin 
closures in cones of set-valued functions. Korovkin closures play a central role 
in Korovkin approximation theory and their complete characterization is an old 
problem which has been considered since the beginning of the Korovkin theory’s 
development. However, until now this characterization is well-known only in 
spaces of continuous single real-valued functions. In order to give a more detailed 
description of the Korovkin closures, it is natural to introduce the notions of onesided 
external and internal Korovkin closures by separating two different roles of the 
approximating functions in a Korovkin system. Contrary to what one might expect 
and differently from the single-valued case, only the role of the external Korovkin 
closures will be decisive in the characterization of the Korovkin systems and this 
will allow us to give also a more precise description together with different examples 
of particular interest. Further characterizations are given in the cone of set-valued 
functions having real compact intervals as values. In this case the study of the 
Korovkin closure is deepened by introducing the upper and lower Korovkin closures.

© 2026 The Author(s). Published by Elsevier Inc. This is an open access article 
under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction and notation

In this paper we study in detail the Korovkin closure in cones of set-valued functions. This continues 
the study of the Korovkin approximation of set-valued functions which has become a theme of increasing 
interest in the last years.

Indeed, Korovkin approximation in cones of set-valued functions begins after the papers by Keimel and 
Roth Keimel-Roth [16,17].

Since then, many Korovkin-type results have been obtained both in cones of set-valued functions and in 
spaces of vector-valued functions, thanks to the close relationship between the two topics.

In Campiti [6,7], the notion of convexity monotone operator has been used in order to extend differ
ent characterizations of Korovkin subcones and subspaces. A more recent and detailed analysis has been 
performed in Campiti [8] even in the case where the limit operator is not assigned.

E-mail addresses: michele.campiti@unisalento.it, michele.campiti@gmail.com.

https://doi.org/10.1016/j.jmaa.2026.130823
0022-247X/© 2026 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).

https://doi.org/10.1016/j.jmaa.2026.130823
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jmaa
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jmaa.2026.130823&domain=pdf
http://creativecommons.org/licenses/by/4.0/
mailto:michele.campiti@unisalento.it
mailto:michele.campiti@gmail.com
https://doi.org/10.1016/j.jmaa.2026.130823
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/


2 M. Campiti / J. Math. Anal. Appl. 563 (2026) 130823 

Recently, the analysis of Korovkin approximation in cones of Hausdorff continuous set-valued functions 
has been continued through the papers Campiti [9,10,11,12].

In this paper we are interested in studying in detail the Korovkin closure in cones of Hausdorff continuous 
set-valued functions.

This is a classical problem in Korovkin approximation theory. Indeed, the study of Korovkin closures is 
essential in Korovkin approximation theory, since it allows us not only to characterize Korovkin systems, 
but also to obtain the largest subspace where we can ensure the convergence of suitable nets of operators.

For this reason, Korovkin closures have been considered since the beginning of the development of Ko
rovkin approximation theory.

In spaces of continuous real-valued functions it was first studied in Baskakov [3], Bauer [4] and Berens
Lorent [5] (see also the Notes and References to Section 4.1 in Altomare-Campiti [2] and Chapter 6 in 
Donner [15]).

More recently, the Korovkin closure has been also studied in Banach algebras Altomare [1] and Linden
strauss spaces Dieckmann [14].

However, again in spaces of continuous real-valued functions, in Campiti [13], it has been given a more 
detailed description of the Korovkin closure introducing the so-called upper and lower Korovkin closures 
and distinguishing their different roles.

On the contrary, in cones of Hausdorff continuous set-valued functions, we have not an explicit charac
terization of the Korovkin closure.

In this paper we are able to completely characterize the Korovkin closure with respect to monotone oper
ators and we introduce the external and internal Korovkin closure. However, their role will be different from 
the single-valued case since only the external Korovkin closure will play a key role in the characterization 
of the Korovkin closure.

Moreover, in the case of set-valued functions with values in the cone of compact real intervals, we can 
give further detailed descriptions, by distinguishing the upper and lower Korovkin closures according to the 
single-valued case considered in Campiti [13].

First, we need some notation.
Let B denote the closed unit ball in Rd and let 𝒦(Rd) be the cone of all non empty compact convex 

subsets of Rd endowed with the natural addition and multiplication by positive scalars. In 𝒦(Rd) it is also 
defined the Hausdorff distance

dH(A,B) := max
{︃

sup 
x∈A

inf 
y∈B

∥x− y∥, sup 
y∈B

inf 
x∈A

∥x− y∥
}︃

.

If X is a Hausdorff topological space, we shall deal with the cone C(X,𝒦(Rd)) of all continuous set-valued 
functions; hence, f ∈ C(X,𝒦(Rd)) if and only if for every x0 ∈ X and ε > 0, there exists a neighborhood 
U of x0 such that f(x) ⊂ f(x0) + ε · B and f(x0) ⊂ f(x) + ε · B whenever x ∈ U .

The cone C(X,𝒦(Rd)) is naturally ordered by inclusion, that is

f ≤ g ⇔ ∀x ∈ X : f(x) ⊂ g(x) ,

whenever f, g ∈ C(X,𝒦(Rd)).
Moreover, if (fi)≤i∈I is a net in C(X,𝒦(Rd)) and if f ∈ C(X,𝒦(Rd)), we shall write limi∈I≤ fi = f if, for 

every ε > 0, there exists α ∈ I such that, for every i ∈ I, i ≥ α, and for every x ∈ X, we have

f(x) ⊂ fi(x) + ε · B , fi(x) ⊂ f(x) + ε · B .

An operator L : C(X,𝒦(Rd)) → C(X,𝒦(Rd)) is called linear if preserves addition and multiplication by 
positive scalars and is called monotone if it preserves inclusions.
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If φ ∈ C(X,Rd), it will be useful to denote by {φ} the set-valued function (in C(X,𝒦(Rd))) defined by 
setting {φ}(x) = {φ(x)} for every x ∈ X.

Moreover, if f ∈ C(X,𝒦(Rd)), we shall denote by Sel(f) the convex subset of C(X,𝒦(Rd)) consisting of 
all continuous selections of f .

It is well-known that (see e.g. Lemma 4.1. and Theorem 3.2 in Keimel-Roth [16])

f =
⋃︂

φ∈Sel(f)

{φ} (1)

for every f ∈ C(X,𝒦(Rd)), that is f(x) =
⋃︁

φ∈Sel(f){φ(x)} for every x ∈ X.

2. Korovkin closures in cones of continuous set-valued functions

We begin with the following definition.
Let H ⊂ C(X,𝒦(Rd)); the Korovkin closure of H in C(X,𝒦(Rd)) for the identity operator with respect 

to equicontinuous nets of monotone (respectively, monotone linear) operators is defined as the following 
subset of C(X,𝒦(Rd)):

K(H) := {f ∈ C(X,𝒦(Rd)) | lim 
i∈I≤

Li(f) = f for every equicontinuous net

(Li)≤i∈I of monotone (respectively, monotone

linear) operators from C(X,𝒦(Rd)) into itself

satisfying lim 
i∈I≤

Li(h) = h for every h ∈ H} .

Moreover H is said to be a Korovkin system in C(X,𝒦(Rd)) with respect to monotone (respectively, 
monotone linear) operators for the identity operator if K(H) = C(X,𝒦(Rd)).

In the single-valued case a characterization of the Korovkin closure is stated in Theorem 4.1.4 in Altomare
Campiti [2]. In spaces of continuous real valued functions, a more detailed analysis has been performed in 
Campiti [13].

However, in cones of set-valued functions, we have only some sufficient conditions which ensure that 
f ∈ K(H).

On the contrary, in the next result we state a complete characterization.
We recall that a subset H of C(X,𝒦(Rd)) is said to be cofinal if, for every f ∈ C(X,𝒦(Rd)), there exists 

k ∈ H such that f ≤ k (i.e., for every x ∈ X, f(x) ⊂ h(x)).
Moreover, H is said to be downward cofinal if, for every f ∈ C(X,𝒦(Rd)), there exists h ∈ H such that 

h ≤ f .
A downward cofinal subset necessarily contains the single-valued functions. This condition is not too 

restrictive since Korovkin systems in C(X,𝒦(Rd)) are often obtained using Korovkin systems in C(X,Rd)
which ensure the convergence on single-valued functions.

We have the following characterization of downward cofinal subsets of C(X,𝒦(Rd)).

Proposition 1. Let H ⊂ C(X,𝒦(Rd)). Then, the following statements are equivalent:

a) H is downward cofinal.
b) For every f ∈ C(X,𝒦(Rd)), we have f =

⋃︂
h∈H,h≤f

h.

c) For every f ∈ C(X,𝒦(Rd)), x0 ∈ X and ε > 0, there exist h1, . . . , hs ∈ H such that hr ≤ f for every 
r = 1, . . . , s and
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f(x0) ⊂
s ⋃︂

r=1
hr(x0) + ε · B .

d) For every f ∈ C(X,𝒦(Rd)) and ε > 0, there exist h1, . . . , hm ∈ H such that hj ≤ f for every j =
1, . . . ,m and

f ⊂
m ⋃︂
j=1

hj + ε · B .

Proof. a) ⇒ b) Let f ∈ C(X,𝒦(Rd)). Since H is downward cofinal, every continuous selection of f is in H
and hence condition b) follows from (1).

b) ⇒ c) Let f ∈ C(X,𝒦(Rd)), x0 ∈ X and ε > 0. We observe that

f(x0) =
⋃︂

h∈H,h≤f

h(x0) ⊂
⋃︂

h∈H,h≤f

h(x0) + ε · B̊ ,

where B̊ denotes the open unit ball in Rd. Since f(x0) is compact there exists a finite number of functions 
h1, . . . , hs ∈ H such that hr ≤ f for every r = 1, . . . , s and satisfying

f(x0) ⊂
s ⋃︂

r=1
hr(x0) + ε · B̊ ⊂

s ⋃︂
r=1

hr(x0) + ε · B .

This completes the proof of c).

c) ⇒ d) It follows from a straightforward argument on the compactness of X.

d) ⇒ a) It is obvious. □
Now, we can state the main characterization of the Korovkin closure.

Theorem 1. Let X be a compact Hausdorff topological space and let H be a subset of C(X,𝒦(Rd)) which is 
both cofinal and downward cofinal.

If f ∈ C(X,𝒦(Rd)), the following statements are equivalent:

a) f ∈ K(H).
b) f =

⋂︂
k∈H,f≤k

k.

c) For every x0 ∈ X and ε > 0, there exist k1, . . . , ks ∈ H such that f ≤ kr for every r = 1, . . . , s and

s ⋂︂
r=1

kr(x0) ⊂ f(x0) + ε · B .

d) For every ε > 0, there exist k1, . . . , km ∈ H such that f ≤ kj for every j = 1, . . . ,m and

m ⋂︂
j=1

kj ⊂ f + ε · B .

e) For every ε > 0, there exist h1, . . . , hm, k1, . . . , km ∈ H such that hj ≤ f ≤ kj for every j = 1, . . . ,m
and
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f ⊂
m ⋃︂
j=1

hj + ε · B , 
m ⋂︂
j=1

kj ⊂ f + ε · B .

Proof. a) ⇒ b) Let f ∈ K(H). By contradiction, assume that there exists x0 ∈ X such that

f(x0) ⊊
⋂︂

k∈H,f≤k

k(x0)

and consider the operator L : C(X,𝒦(Rd)) → C(X,𝒦(Rd)) defined by setting, for every g ∈ C(X,𝒦(Rd))
and x ∈ X,

L(g)(x) :=
⋂︂

k∈H,g≤k

k(x) .

Since H is cofinal, the operator is well-defined and obviously L(g)(x) ∈ 𝒦(Rd) for every x ∈ X and L(g) ∈
C(X,𝒦(Rd)). Moreover, L is a monotone operator since the condition g1 ≤ g2 with g1, g2 ∈ C(X,𝒦(Rd))
implies {k ∈ H | g2 ≤ k} ⊂ {k ∈ H | g1 ≤ k}.

For every k ∈ H, we have L(k) = k but L(f)(x0) ̸= f(x0). Hence, we can consider a net (Li)≤i∈I of 
constant value Li = L for every i ∈ I and we obtain that (Li(k))≤i∈I converges to k for every k ∈ H but 
(Li(f))≤i∈I does not converge to f and this contradicts a).

b) ⇒ c) Let x0 ∈ X and ε > 0. From b), we have
⋂︂

k∈H,f≤k

k(x0) ⊂ f(x0) + ε 
3 B .

The subset C := (f(x0) + ε ·B)) \ (f(x0) + 2
3 ε · B̊)), where B̊ denotes the open unit ball in Rd, is a compact 

subset of Rd and if put, for every k ∈ H satisfying f ≤ k, Ck := C ∩ k(x0), we have that every Ck is a 
closed subset of C and

⋂︂
k∈H,f≤k

Ck = ∅ .

Hence, it follows that there exists a finite number of functions k1, . . . , kr ∈ H such that f ≤ kr for every 
r = 1, . . . , s and

s ⋂︂
r=1

Ckr
= ∅ .

This yields

s ⋂︂
r=1

kr(x0) ⊂ f(x0) + 2
3 ε · B ⊂ f(x0) + ε · B

and this completes the proof of c).

c) ⇒ d) It follows from a straightforward argument on the compactness of X.

d) ⇒ e) It is enough to take into account that H is downward cofinal and Proposition 1, d).

e) ⇒ a) Let (Li)≤i∈I be an equicontinuous net of monotone operators from C(X,𝒦(Rd)) into itself satisfying 
limi∈I≤ Li(h) = h for every h ∈ H. In order to show that limi∈I≤ Li(f) = f we fix ε > 0 and consider 
h1, . . . , hm, k1, . . . , km ∈ H such that hj ≤ f ≤ kj for every j = 1, . . . ,m and
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f ⊂
m ⋃︂
j=1

hj + ε · B , 
m ⋂︂
j=1

kj ⊂ f + ε · B .

Since limi∈I≤ Li(hj) = hj and limi∈I≤ Li(kj) = kj for every j = 1, . . . ,m, there exists α ∈ I such that, for 
every i ≥ α, x ∈ X and j = 1, . . . ,m,

Li(hj)(x) ⊂ hj(x) + ε 
2 · B , hj(x) ⊂ Li(hj)(x) + ε 

2 · B .

Li(kj)(x) ⊂ kj(x) + ε 
2 · B , kj(x) ⊂ Li(kj)(x) + ε 

2 · B .

It follows, for every i ≥ α, x ∈ X and j = 1, . . . ,m,

Li(f)(x) ⊂ Li(kj)(x) ⊂ kj(x) + ε 
2 · B

and consequently

Li(f)(x) ⊂
m ⋂︂
j=1

kj(x) + ε 
2 · B ⊂ f(x) + ε · B .

On the other hand, for every i ≥ α, x ∈ X and j = 1, . . . ,m,

hj(x) ⊂ Li(f)(x) ⊂ Li(hj)(x) ⊂ hj(x) + ε 
2 · B

and consequently

f(x) ⊂
m ⋃︂
j=1

hj(x) + ε 
2 · B ⊂

m ⋃︂
j=1

Li(hj)(x) + ε 
2 · B ⊂ Li(f)(x) + ε · B

and this completes the proof. □
The downward cofinality assumption on H may be avoided in some cases where we are interested only 

in sufficient conditions which ensure that H is a Korovkin system. Some examples in this direction have 
been obtained in Theorem 2.4 in Campiti [6] (see also Theorem 2.3 in Campiti [9] and Theorem 2.1 in 
Campiti [10]).

However, using the preceding Theorem 1, we are also able to give a characterization of Korovkin systems 
for the identity operator which is even more general than the results obtained in Campiti [6,9,10] and where 
it is not assumed that H is downward cofinal.

Theorem 2. Let X be a compact Hausdorff topological space and let H be a cofinal subset of C(X,𝒦(Rd)).
Then, the following statements are equivalent:

a) H is a Korovkin system in C(X,𝒦(Rd)) for the identity operator with respect to equicontinuous nets of 
monotone operators.

b) For every f ∈ C(X,𝒦(Rd)), we have f =
⋂︂

k∈H,f≤k

k.

c) For every f ∈ C(X,𝒦(Rd)), x0 ∈ X and ε > 0, there exist k1, . . . , ks ∈ H such that f ≤ kr for every 
r = 1, . . . , s and

s ⋂︂
r=1

kr(x0) ⊂ f(x0) + ε · B .
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d) For every f ∈ C(X,𝒦(Rd)) and ε > 0, there exist k1, . . . , km ∈ H such that f ≤ kj for every j = 1, . . . ,m
and

m ⋂︂
j=1

kj ⊂ f + ε · B .

Proof. The implications a) ⇒ b), b) ⇒ c) and c) ⇒ d) can be shown using exactly the same arguments of 
the corresponding implications of Theorem 1 applied to every f ∈ C(X,𝒦(Rd)).

Hence we have only to show that d) ⇒ a). To this end, let (Li)≤i∈I be an equicontinuous net of monotone 
operators from C(X,𝒦(Rd)) into itself satisfying limi∈I≤ Li(h) = h for every h ∈ H.

Let f ∈ C(X,𝒦(Rd)) and ε > 0. First consider the case where f = {φ} with φ ∈ C(X,Rd). From d) we 
can consider k1, . . . , km ∈ H such that f ≤ kj for every j = 1, . . . ,m and

m ⋂︂
j=1

kj ⊂ f + ε · B .

Since limi∈I≤ Li(kj) = kj for every j = 1, . . . ,m, there exists α ∈ I such that, for every i ≥ α, x ∈ X and 
j = 1, . . . ,m,

Li(kj)(x) ⊂ kj(x) + ε 
2 · B , kj(x) ⊂ Li(kj)(x) + ε 

2 · B .

In particular, for every i ≥ α, x ∈ X and j = 1, . . . ,m,

Li(f)(x) ⊂ Li(kj)(x) ⊂ kj(x) + ε 
2 · B

and consequently

Li(f)(x) ⊂
m ⋂︂
j=1

kj(x) + ε 
2 · B ⊂ f(x) + ε · B .

Since f is single-valued, the proof is complete in this case.
Now, consider the general case. For every x0 ∈ X and y0 ∈ f(x0), there exists a continuous selection 

φx0,y0 ∈ C(X,Rd) of f such that φx0,y0(x0) = y0. Hence

f(x) ⊂
⋃︂

x0∈X,y0∈f(x0)

{φx0,y0(x)} + ε · B

and since the graph of f is compact in X×Rd, there exist a finite number of functions φ1, . . . , φm ∈ C(X,Rd)
such that

f(x) ⊂
m ⋃︂
j=1

{φj(x)} + ε · B .

From the first part we have limi∈I≤ Li(φj) = φj for every j = 1, . . . ,m and therefore, condition d) of 
Theorem 1 is satisfied and this yields the proof. □

The preceding result furnishes a sufficient condition on H in order to be a Korovkin system in C(X,𝒦(Rd))
and suggests also a further characterization of functions in K(H) using only conditions b), c) or d) in the 
preceding Theorem 2 and assuming that the cofinal subset H contains the single-valued functions.
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More generally, we may assume that H contains the single-valued functions in a Korovkin system in 
C(X,Rd) for the identity operator with respect to equicontinuous nets of operators; in this case, we may 
require any property to the equicontinuous net since it is important only that the Korovkin system ensures 
the converges for every single-valued continuous function. In Campiti [6,7,8,9,10] we have considered for 
example convexity monotone operators.

As a consequence, we may state different examples of Korovkin systems in C(X,𝒦(Rd)).
For example, if X ⊂ Rp, from Corollary 1.13 in Campiti [6] we have the following result.

Corollary 1. Let X be a compact subset of Rp and let H be a cofinal subset of C(X,𝒦(Rd)). Let Γ ⊂ C(X,R)
be defined as follows

Γ :=
{︄

1,pr1, . . . ,prp,
p ∑︂

q=1 
pr2q

}︄

where prq denotes the canonical q-projection on Rp and assume that the subset

Λ :=
{︁
{φ} | φ ∈ C(X,Rd), ∃ ψ ∈ Γ , ∃ q = 1, . . . , p :

prq ◦ φ = ψ ,prr ◦ φ = 0 , r = 1, . . . , p, r ̸= q
}︁
,

of C(X,𝒦(Rd)) is contained in H.
If f ∈ C(X,𝒦(Rd)), then the following statements are equivalent:

a) f ∈ K(H).
b) f =

⋂︂
k∈H,f≤k

k.

c) For every x0 ∈ X and ε > 0, there exist k1, . . . , ks ∈ H such that f ≤ kr for every r = 1, . . . , s and

s ⋂︂
r=1

kr(x0) ⊂ f(x0) + ε · B .

d) For every ε > 0, there exist k1, . . . , km ∈ H such that f ≤ kj for every j = 1, . . . ,m and

m ⋂︂
j=1

kj ⊂ f + ε · B .

In order to analyze in more details the characterization of the Korovkin closure, it may be interesting to 
consider separately the role of the functions hj from that of the functions kj in conditions e) of Theorem 1.

This conducts to the following concepts of Korovkin closures which are different from the onesided 
Korovkin closure considered in the single-valued case in Campiti [13].

If (Li)≤i∈I is a net of monotone operators from C(X,𝒦(Rd)) into itself and if f ∈ C(X,𝒦(Rd)), then we 
can consider, for every x ∈ X,

lim inf
i∈I≤

Li(f)(x) :=
⋃︂
α∈I

⋂︂
i∈I,i≥α

Li(f)(x) ,

lim sup
i∈I≤

Li(f)(x) :=
⋂︂
α∈I

⋃︂
i∈I,i≥α

Li(f)(x) .

Of course, we can also consider the set-valued functions lim infi∈I≤ Li(f) and lim supi∈I≤ Li(f) defined on 
C(X,𝒦(Rd)) as above.
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We can now give the following definition.

Definition 1. Let X be a compact Hausdorff topological space and let H ⊂ C(X,𝒦(Rd)). Then, the external 
Korovkin closure (respectively, the internal Korovkin closure) of H in C(X,𝒦(Rd)) with respect to monotone 
operators for the identity operator is the subset K(H)e (respectively, K(H)i) defined as follows

K(H)e := {f ∈ C(X,𝒦(Rd)) | lim sup
i∈I≤

Li(f) ≤ f for every equicontinuous net

(Li)≤i∈I of monotone operators from C(X,𝒦(Rd))

into itself satisfying lim 
i∈I≤

Li(h) = h for every 

h ∈ H} .

(respectively,

K(H)i := {f ∈ C(X,𝒦(Rd)) | f ≤ lim inf
i∈I≤

Li(f) for every equicontinuous net

(Li)≤i∈I of monotone operators from C(X,𝒦(Rd))

into itself satisfying lim 
i∈I≤

Li(h) = h for every 

h ∈ H} ) .

Moreover, H is said to be an external Korovkin system (respectively, an internal Korovkin system) in 
C(X,𝒦(Rd)) with respect to monotone operators for the identity operator if K(H)e = C(X,𝒦(Rd)) (re
spectively, K(H)i = C(X,𝒦(Rd)).

In the following proposition, we justify the above definition of external and internal Korovkin closure 
pointing out their relation with the Korovkin closure.

Proposition 2. Let X be a compact Hausdorff topological space and let H ⊂ C(X,𝒦(Rd)).
Then

K(H) = K(H)e ∩K(H)i .

Proof. The inclusion K(H) ⊂ K(H)e ∩K(H)i is obvious.
Conversely, we take f ∈ K(H)e ∩K(H)i and show that f ∈ K(H).
Let (Li)≤i∈I be an equicontinuous net of monotone operators from C(X,𝒦(Rd)) into itself satisfying 

limi∈I≤ Li(h) = h for every h ∈ H. We have, for every x ∈ X,

⋂︂
α∈I

⋃︂
i∈I,i≥α

Li(f)(x) ⊂ f(x) ⊂
⋃︂
α∈I

⋂︂
i∈I,i≥α

Li(f)(x) .

Let ε > 0 and x0 ∈ X. From the first inclusion, there exists α1 ∈ I such that

⋃︂
i∈I,i≥α

Li(f)(x0) ⊂ f(x0) + ε 
2 · B

and consequently, for every i ∈ I, i ≥ α1, Li(f)(x0) ⊂ f(x0) + ε 
2 · B.
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Similarly, from the second inclusion, there exists α2 inI such that

f(x0) ⊂
⋂︂

i∈I,i≥α

Li(f)(x0) + ε 
2 · B

and consequently, for every i ∈ I, i ≥ α2, f(x0) ⊂ Li(f)(x0) + ε 
2 · B.

Now, if α ∈ I satisfies α ≥ α1 and α ≥ α2, we have, for every i ∈ I, i ≥ α,

Li(f)(x0) ⊂ f(x0) + ε 
2 · B , f(x0) ⊂ Li(f)(x0) + ε 

2 · B .

At this point, a straightforward argument based on the compactness of X and the equicontinuity of the net 
(Li)≤i∈I and the arbitrarily of ε > 0 yields the proof. □

As regards to the internal Korovkin closure, we can easily characterize the case where it is an internal 
Korovkin system in C(X,𝒦(Rd)) with respect to monotone operators for the identity operator.

Indeed, using Proposition 1, we can show that this happens exactly when H is downward cofinal.

Proposition 3. Let H be a closed subset of C(X,𝒦(Rd)). Then, the following statements are equivalent:

a) H is an internal Korovkin system in C(X,𝒦(Rd)) with respect to monotone operators for the identity 
operator.

b) H is downward cofinal.
c) For every f ∈ C(X,𝒦(Rd)), we have f =

⋃︂
h∈H,h≤f

h.

d) For every f ∈ C(X,𝒦(Rd)), x0 ∈ X and ε > 0, there exist h1, . . . , hs ∈ H such that hr ≤ f for every 
r = 1, . . . , s and

f(x0) ⊂
s ⋃︂

r=1
hr(x0) + ε · B .

e) For every f ∈ C(X,𝒦(Rd)) and ε > 0, there exist h1, . . . , hm ∈ H such that hj ≤ f for every j =
1, . . . ,m and

f ⊂
m ⋃︂
j=1

hj + ε · B .

Proof. The equivalence among conditions b)-e) follows from Proposition 1. Hence, we can only show that 
a) ⇒ b) and e) ⇒ a).
a) ⇒ b) Let f ∈ C(X,𝒦(Rd)). If there exists h ∈ H such that f ∩ h ̸= ∅ (i.e., f(x) ∩ h(x) ̸= ∅ for every 
x ∈ X), we set

ρ(f) := inf 
h∈H,f∩h̸=∅

dH(f ∩ h, h) , λ(f) := 1
2

ρ(f) 
1 + ρ(f) ,

otherwise we set λ(f) := 1
2 . Consider the operator L : C(X,𝒦(Rd)) → C(X,𝒦(Rd)) defined by setting, for 

every f ∈ C(X,𝒦(Rd)) and x ∈ X,

L(f)(x) := 1
2f(x) + 1

2 {y ∈ f(x) | y + λ(f) · B ⊂ f(x)} .
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It can be readily shown that L is well-defined and is continuous and monotone. Moreover, for every h ∈ H, 
we have ρ(h) = λ(h) = 0 and consequently L(h) = h. Applying a) to a net of constant value Li := L, we 
obtain that for every f ∈ C(X,𝒦(Rd)), we must have f ≤ lim infi∈I≤ Li(f) = L(f). From the definition of 
L, this yields ρ(f) = λ(f) = 0 and since this happens if and only if there exists h ∈ H such that h ≤ f , 
condition b) must be satisfied.
e) ⇒ a) Let (Li)≤i∈I be an equicontinuous net of monotone operators from C(X,𝒦(Rd)) into itself satisfying 
limi∈I≤ Li(h) = h for every h ∈ H. Moreover, let f ∈ C(X,𝒦(Rd)) and ε > 0. From d), there exist 
h1, . . . , hm ∈ H such that hj ≤ f for every j = 1, . . . ,m and

f ⊂
m ⋃︂
j=1

hj + ε 
2 · B .

Since limi∈I≤ Li(hj) = hj for every j = 1, . . . ,m, we can find α ∈ I such that, for every i ≥ α and 
j = 1, . . . ,m, hj ≤ Li(hj) + ε 

2B, and using the monotonicity of Li,

f ⊂
m ⋃︂
j=1

Li(hj) + ε · B ⊂ Li(f) + ε · B .

Hence f ⊂
⋂︁

i≥α Li(f) + ε · B ⊂
⋃︁

α∈I

⋂︁
i≥α Li(f) + ε · B. Since ε > 0 is arbitrary, we obtain 

f ≤ lim infi∈I≤ Li(f). □
From the preceding proposition, the assumption that H is downward cofinal automatically implies that 

f ∈ K(H)i for every f ∈ C(X,𝒦(Rd)).
As regards to the external Korovkin closure, we have a different situation which is completely described 

in the next result.

Theorem 3. Let X be a compact Hausdorff topological space and let H be a cofinal subset of C(X,𝒦(Rd)).
If f ∈ C(X,𝒦(Rd)), the following statements are equivalent:

a) f ∈ K(H)e.
b) f =

⋂︂
k∈H,f≤k

k.

c) For every x0 ∈ X and ε > 0, there exist k1, . . . , ks ∈ H such that f ≤ kr for every r = 1, . . . , s and

s ⋂︂
r=1

kr(x0) ⊂ f(x0) + ε · B

d) For every ε > 0, there exist k1, . . . , km ∈ H such that f ≤ kj for every j = 1, . . . ,m and

m ⋂︂
j=1

kj ⊂ f + ε · B .

Proof. The proofs of the implications a) ⇒ b), b) ⇒ c) and c) ⇒ d) are exactly the same as in the proof of 
Theorem 2.

d) ⇒ a) Let (Li)≤i∈I be an equicontinuous net of monotone operators from C(X,𝒦(Rd)) into itself satisfying 
limi∈I≤ Li(h) = h for every h ∈ H. In order to show that lim supi∈I≤ Li(f) ≤ f we fix ε > 0 and consider 
k1, . . . , km ∈ H such that f ≤ kj for every j = 1, . . . ,m and
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m ⋂︂
j=1

kj ⊂ f + ε · B .

Since limi∈I≤ Li(kj) = kj for every j = 1, . . . ,m, there exists α ∈ I such that, for every i ≥ α, x ∈ X and 
j = 1, . . . ,m,

Li(kj)(x) ⊂ kj(x) + ε 
2 · B , kj(x) ⊂ Li(kj)(x) + ε 

2 · B .

It follows, for every i ≥ α, x ∈ X and j = 1, . . . ,m,

Li(f)(x) ⊂ Li(kj)(x) ⊂ kj(x) + ε 
2 · B

and consequently

Li(f)(x) ⊂
m ⋂︂
j=1

kj(x) + ε 
2 · B ⊂ f(x) + ε · B .

Hence we have also

⋃︂
i≥α

Li(f)(x) ⊂ f(x) + ε · B

and finally

⋂︂
i∈I

⋃︂
i≥α

Li(f)(x) ⊂ f(x) + ε · B

which completes the proof. □
From Theorem 2, it follows that if H is a closed subset of C(X,𝒦(Rd)) which is both cofinal and downward 

cofinal, then

K(H) = C(X,𝒦(Rd)) ⇐⇒ K(H)e = C(X,𝒦(Rd)) .

Hence, the property of being a Korovkin system depends only on the external Korovkin closure.

3. Upper and lower Korovkin closures in cones of set-valued continuous functions

In spaces of continuous real functions, in Campiti [13] we have introduced the upper and lower Korovkin 
closures in order to give a more detailed description of the Korovkin closure and Korovkin systems.

In cones of set-valued continuous functions, the analogous of these concepts can be considered in the case 
d = 1 so in this section we shall restrict ourselves to this case.

If f ∈ C(X,𝒦(R)), we can consider the two functions φf , ψf ∈ C(X,R) defined by setting, for every 
x ∈ X,

φf (x) := max f(x) , ψf (x) := min f(x) .

Of course, if (Li)≤i∈I is a net of monotone operators from C(X,𝒦(R)) into itself and if f ∈ C(X,𝒦(R))
we have limi∈I≤ Li(f) = f if and only if
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lim 
i∈I≤

φLi(f) = φf , lim 
i∈I≤

ψLi(f) = ψf .

Hence, we can give the following definition.

Definition 2. Let X be a compact Hausdorff topological space and let H ⊂ C(X,𝒦(R)). Then, the upper 
Korovkin closure (respectively, the lower Korovkin closure) of H with respect to monotone operators for the 
identity operator is the subset K(H)+ (respectively, K(H)−) defined as follows

K(H)+ := {f ∈ C(X,𝒦(R)) | lim 
i∈I≤

ψLi(f) = ψf for every equicontinuous net

(Li)≤i∈I of monotone operators from C(X,𝒦(R))

into itself satisfying lim 
i∈I≤

Li(h) = h for every h ∈ H} .

(respectively,

K(H)− := {f ∈ C(X,𝒦(R)) | lim 
i∈I≤

φLi(f) = φf for every equicontinuous net

(Li)≤i∈I of monotone operators from C(X,𝒦(R))

into itself satisfying lim 
i∈I≤

Li(h) = h for every h ∈ H} ) .

Moreover, H is said to be an upper Korovkin system (respectively, a lower Korovkin system) in C(X,𝒦(R))
with respect to monotone operators for the identity operator if K(H)+ = C(X,𝒦(R)) (respectively, 
K(H)− = C(X,𝒦(R))).

Of course, we have K(H) = K(H)+ ∩K(H)−.

Remark 1. We could further decompose the upper and lower Korovkin closures by distinguishing their 
external and internal parts.

Their description can be easily obtained from the following results and those in the preceding section 
and therefore, for the sake of brevity, we shall not give further details. □

In the following main result, we state a characterization of the upper and lower Korovkin closures.

Theorem 4. Let X be a compact Hausdorff topological space and let H be a subset of C(X,𝒦(R)) which is 
both cofinal and downward cofinal.

If f ∈ C(X,𝒦(R)), the following statements are equivalent:

a) f ∈ K(H)+ (respectively, f ∈ K(H)−).

b) ψf = sup

⎛
⎝ ⋃︂

h∈H,h≤f

h

⎞
⎠ = sup

⎛
⎝ ⋂︂

k∈H,f≤k

k

⎞
⎠ (respectively, φf = inf

⎛
⎝ ⋃︂

h∈H,h≤f

h

⎞
⎠ = inf

⎛
⎝ ⋂︂

k∈H,f≤k

k

⎞
⎠).

c) For every ε > 0, there exist h1, . . . , hm, k1, . . . , km ∈ H such that hj ≤ f ≤ kj for every j = 1, . . . ,m
and

ψf ≤ sup

⎛
⎝ m ⋃︂

j=1
hj

⎞
⎠ + ε , sup

⎛
⎝ m ⋂︂

j=1
kj

⎞
⎠ ≤ ψf + ε

(respectively,



14 M. Campiti / J. Math. Anal. Appl. 563 (2026) 130823 

inf
(︄

s ⋃︂
r=1

hr

)︄
≤ φf + ε , φf ≤ inf

(︄
s ⋂︂

r=1
kr

)︄
+ ε ).

Proof. a) ⇒ b) Let f ∈ K(H)+. By contradiction, assume that there exists x0 ∈ X such that

ψf (x0) < sup

⎛
⎝ ⋂︂

k∈H,f≤k

k(x0)

⎞
⎠

and consider the operator L : C(X,𝒦(R)) → C(X,𝒦(R)) defined by setting, for every g ∈ C(X,𝒦(R)) and 
x ∈ X,

L(g)(x) :=
⋂︂

k∈H,g≤k

k(x) .

Since H is cofinal, the operator is a well-defined monotone operator. For every k ∈ H, we have L(k) = k

but L(f)(x0) ̸= f(x0). Hence we can consider a net (Li)≤i∈I of constant value Li = L for every i ∈ I and we 
obtain that (Li(k))≤i∈I converges to k for every k ∈ H but (Li({ψf}))≤i∈I cannot converge to {ψf} and this 
contradicts a).

The other equality can be shown in a similar way using the fact that H is downward cofinal and considering 
the operator L : C(X,𝒦(R)) → C(X,𝒦(R)) defined by setting, for every g ∈ C(X,𝒦(R)) and x ∈ X,

L(g)(x) :=
⋃︂

h∈H,h≤g

h(x) .

Observe that L is well-defined since H is downward cofinal.

b) ⇒ c) Let ε > 0 and x0 ∈ X.
First, we observe that

ψf (x0) = sup

⎛
⎝ ⋃︂

h∈H,h≤f

h(x0)

⎞
⎠ < sup

⎛
⎝ ⋃︂

h∈H,h≤f

h(x0)

⎞
⎠ + ε

and since X is compact there exists a finite number of functions h1, . . . , hm ∈ H such that hj ≤ f for every 
j = 1, . . . ,m and satisfying

ψf (x0) ≤ sup

⎛
⎝ m ⋃︂

j=1
hj(x0)

⎞
⎠ + ε .

In a similar way we can obtain the second inequality.

c) ⇒ a) Let (Li)≤i∈I be an equicontinuous net of monotone operators from C(X,𝒦(R)) into itself satisfying 
limi∈I≤ Li(h) = h for every h ∈ H. In order to show that limi∈I≤ Li({ψf}) = {ψf} we fix ε > 0 and from 
c) we consider h1, . . . , hm, k1, . . . , km ∈ H such that hj ≤ f ≤ kj for every j = 1, . . . ,m and

ψf ≤ sup

⎛
⎝ m ⋃︂

j=1
hj

⎞
⎠ + ε , sup

⎛
⎝ m ⋂︂

j=1
kj

⎞
⎠ ≤ ψf + ε

Since limi∈I≤ Li(hj) = hj and limi∈I≤ Li(kj) = kj for every j = 1, . . . ,m, there exists α ∈ I such that, for 
every i ≥ α, x ∈ X and j = 1, . . . ,m,
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Li(hj)(x) ⊂ hj(x) + ε 
2 · B , hj(x) ⊂ Li(hj)(x) + ε 

2 · B .

Li(kj)(x) ⊂ kj(x) + ε 
2 · B , kj(x) ⊂ Li(kj)(x) + ε 

2 · B .

It follows, for every i ≥ α, x ∈ X and j = 1, . . . ,m,

sup(Li(f)(x)) ≤ sup(Li(kj)(x)) ≤ sup(kj(x)) + ε 
2

and consequently

sup(Li(f)(x)) ≤ sup

⎛
⎝ m ⋂︂

j=1
kj(x)

⎞
⎠ + ε 

2 ≤ ψf (x) + ε .

On the other hand, for every i ≥ α, x ∈ X and j = 1, . . . ,m,

sup(hj(x)) ≤ sup(Li(f)(x)) ≤ sup(Li(hj)(x)) ≤ sup(hj(x)) + ε 
2

and consequently

ψf (x) ≤ sup

⎛
⎝ m ⋃︂

j=1
hj(x)

⎞
⎠ + ε 

2 ≤ sup

⎛
⎝ m ⋃︂

j=1
Li(hj)(x)

⎞
⎠ + ε 

2 ≤ sup(Li(f)(x)) + ε

and this completes the proof. □
Also in this case it is possible to show that if H is a subset of C(X,𝒦(R)) we have

K(H) = C(X,𝒦(R)) ⇐⇒ K(H)+e = K(H)−e = C(X,𝒦(R))

and the preceding characterizations can be rewritten using only the external upper and lower Korovkin 
closures.
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