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A B S T R A C T

Battery cycling, both in application and Research and Development (R&D) environments, gen
erates a wealth of information that often remains underexploited. Thus, potentially valuable in
formation contained in electrical transients is frequently overlooked. In this framework, battery 
response modelling and model-based data analysis provide powerful tools to extract valuable 
information on battery status, its evolution and its correlation with functional performance. In 
this scenario, recently, we have developed a PDE model of battery potential response controlled 
by electrode shape changes in the BCs for high energy-density metal electrodes. In this work, on 
the basis of this model, we carry out a classification of the potential transient types, to enable a 
systematic comparison between model solution and experimental time-series. For transient shape 
classification purposes, we found that cluster analysis can play a key role in discovering hidden 
structures within the data. Specifically, in this paper, we apply the K-Means clustering algorithm 
to classify voltage profiles obtained as numerical solutions of the PDE model for the case of 
symmetric Li/Li cells. We introduce a weighted discrete Sobolev distance that allows us to spot 
changes in the shape of the voltage profiles, such as formation of peaks, valleys and concavities, 
that standard metrics such as the L2 norm fail to capture. As an application, we consider a se
lection of experimental galvanostatic discharge-charge potential time-series to classify their shape 
in terms of cluster centroids. Moreover, we show that the new clustering algorithm can provide a 
segmentation of the parameter space of the PDE model. This partitioning is useful to link the 
experimental profiles to specific parameter ranges. In particular, we report an example to validate 
the fitting results of a recent publication of ours obtained via a Deep Learning approach for the 
same measured profiles.

1. Introduction

Mathematical modelling of electrochemical processes has strongly contributed to the advancement of battery science and tech
nology in the last two decades (see, e.g.: [1–3]). Nevertheless, the advancement of R&D initiatives in the field of post-lithium ion 
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chemistries appears to be lagging behind initial projection. One reason is that current mathematical modelling does not fully support 
the rationalization of dynamic electrode and electrolyte processes towards single-cell scale-up, particularly in the case of systems 
implementing conversion chemistries. This limited effectiveness is probably due to two main reasons: leading academic focus on 
specific rather than cell-scale processes (e.g. [4–7]) and only very recent attention to the systematic comparison of mathematical 
models with extensive corpora of experimental data [8–12].

The present work is meant to contribute to both aspects. In fact, we discuss a PDE model linking electrode shape-changes to 
electrical cell response and we propose an approach – based on cluster analysis – for the interpretation of large battery response dataset 
in terms of this model. Cluster analysis is a widely used tool in a variety of application fields, from engineering [13,14] to biology [15], 
psychology [16], econometry [17], medical [18] and social sciences [19].

It is especially useful when dealing with large datasets, as it helps uncover hidden patterns that may not be immediately evident. 
One of the most famous algorithms for clustering is K-Means, whose characteristics we shall briefly outline below. In the field of 
battery-related engineering applications, K-Means has often been used as a tool for model-agnostic data interpretation. For example, in 
[13] and [14] authors apply K-Means for early detection of battery faults. In [20] the K-means algorithm has been used to analyze 
battery voltage and current time-series to estimate the battery state and predict its lifespan. Instead [21] uses discharge curve clus
tering for the evaluation of battery performance.

The Euclidean distance is the dissimilarity measure originally used in the K-means algorithm [22,23]. However, other classical 
distance metrics have been studied to evaluate and possibly improve the clustering performance. Among the most commonly used 
measures are the Euclidean and the Manhattan measures [24–27], but other measures have also been explored, such as Canberra [28], 
Minkowski [29], Chebychev [30] and cross-correlation [31]. Nevertheless, all the distances mentioned do not consider derivative 
information in calculating the similarity between two data, even though this is crucial for shape and trend identification, as highlighted 
in a series of publications. For example, a similarity distance using derivative information has been used in [32–34]. More in general, 
several authors agree in recommending the choice of norms stronger than the L2 norm to capture the similarity in the (higher-order) 
derivatives. For example, [35–37] propose to use a Sobolev space of order k ∈ {1, 2} of a function f . Furthermore, in [38] a 
Sobolev-type distance is proposed to measure the dissimilarity from image data. Similarly [39], shows that the Sobolev measure 
outperforms others considered distances for biomedical data.

Developing on this approach, in this paper we use the K-Means algorithm to study the shape of battery cycling voltage profiles, 
obtained as numerical solutions of the PDE model, referred as Metal Anode Charging (MAC) model and introduced in [40,41]. In fact, 
the MAC model simulates voltage profiles for symmetric cells with metal electrodes subjected to constant current discharge/charge 
cycles. In particular, we use a weighted discrete Sobolev distance to calculate the similarity among data. Here we show how our 
distance is able to capture changes in profile shapes, taking into account peaks, valleys and concavity. We also show that the L2 

distance is unable to capture the global shape of some data. Differently from previous approaches using Sobolev-type norms in 
clustering, our formulation introduces a weighted discrete Sobolev distance, specifically designed to compare numerical profiles 
pointwise. The inclusion of weights allows us to assign higher relevance to regions where the curve slope differs significantly, thus 
enhancing the sensitivity of the distance to local shape variations.

Specifically, we have applied the K-Means method to potential profiles obtained by numerically solving the MAC model presented 
in the next section, systematically varying the two physically most relevant parameters (D,rmax). As we will detail further in Section 2, 
D is the diffusion coefficient of the electroactive species and rmax represents the maximum radius of the hemispheres arranged on the 
electrode surface, modelling 3D phase formation. We show that our approach enables the extraction of information from experimental 
data, by assigning an experimental profile to a specific shape obtained from the clustering of simulated data. In fact, through the K- 
Means algorithm, a given experimental profile can be associated with a cluster of simulated data by evaluating its distance from the 
identified cluster centroid.

Moreover, we apply the new Sobolev-based clustering algorithm to the original dataset of voltage profiles used in [10], where the 
PDE model parameters (D, rmax) have been identified by a CNN-LSTM network for a selection of experimental data with different 
characteristic features. Other recent works on the application of Neural Networks to PDE-related problems are for example [11,42–49].

As a further result, in this paper we show that the outcomes of the new proposed clustering algorithm allow to partition the 
parameter space of the MAC-PDE model in different regions, thus establishing a link between cluster assignment and specific 
parameter ranges (Fig. 8). For the experimental profiles studied here, we report the coordinates of the actual calculated (D, rmax) values 
from [10] in the segmented parameter space. As a cross-validation, we also predict, using the Deep Learning approach of [10], the 
parameter pairs for the centroid profiles found by the K-means algorithm, and we report their coordinates in the segmented parameter 
space.We confirm that all the parameters identified indeed fall within the regions predicted by the Sobolev-based clustering. Thus, this 
result provides a powerful and direct validation of the clustering-based segmentation.

Briefly, the key outcomes of this paper are the following. 

(i) Using the K-Means method based on the weighted Sobolev distance, applied to a dataset X of simulated data, we determine the 
number of clusters required via the Elbow Method and identify the cluster centroids corresponding to the profile shapes in the 
dataset.

(ii) Computing the weighted Sobolev distance between experimental data and the nearest centroid allows to assign experimental 
profiles to specific clusters and shapes.

(iii) By representing the clusters in the space of the parameters used to generate the simulated dataset X, we can segment the 
parameter space itself. This partition links the profiles shapes to specific parameter ranges and to the corresponding physical 
meaning.
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(iv) This procedure is also used to validate our approach against the parameter identification results of [10].

This work is organized as follows. In Section 2 we describe the MAC model for the Galvanostatic Discharge-Charge (GDC) process of 
a Li/Li symmetrical cell in presence of nonlinear BCs. In Section 3, we explain how the simulated dataset was built, describing the 
choice of model parameters, detailing the numerical method based on finite differences for the approximation of the MAC model, and 
the data preprocessing employed before applying the K-Means algorithm. Section 4 contains the details of the K-Means algorithm with 
the definition of the weighted discrete Sobolev distance we propose. In Section 5, we expound the results detailed in the above points 
(i)-(ii) for cluster/centroid identification and for shape classification of experimental data. In Section 5.3, we present the results of 
point (iii) and the segmentation of the parameter space for the dataset and fitting results in [10], linking profile shapes to specific 
parameter ranges. In Appendix A, we provide a pseudocode for the Sobolev-based K-means algorithm. In Appendix B, we report the 
sensitivity analysis for the weighting parameter in the Sobolev distance and in Appendix C we discuss the results on the segmentation 
of the parameter space.

2. The mathematical model

In the battery science and technology framework sketched in the Introduction, the study of battery voltage profiles is crucial for 
understanding and optimizing battery performance and lifetime. Recently, we have proposed a PDE model which describes the 
behavior of voltage profiles for symmetric cells with metal electrodes subjected to galvanostatic (constant current) discharge/charge 
cycles, as a function of electrode state changes, including 3D outgrowth and passivation, called Metal Anode Charging (MAC) model 
[40,41]. For the Readers’ perusal, in this Section we briefly outline it.

The MAC model describes the electrochemical mass transport of the electroactive species u 
[
mol cm− 3], Li+ ions in the present case, 

and the distribution of the electrostatic potential ϕ [V] across the cell. Our model is inspired by [50], but it has been modified to 
introduce crucial features of real-life electrodes, such as irreversible shape changes and passivation. These features were not 
considered in the original model and led to unrealistic, ideally periodic, exclusively cathodic shape changes, regardless of the extent of 
cycling. The MAC model is: 

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

∂u
∂t

= −
∂J
∂x
,

∂2ϕ
∂x2 = 0,

(1) 

where 0 ≤ x ≤ L [cm],0 ≤ t ≤ texp [s], with L the length of the cell, considered as 1D, and texp is the duration of the experiment and 

J = − D
∂u
∂x

−
zDF
RT

u
∂ϕ
∂x

(2) 

is the equation for the flux J driven by diffusion and migration. In Eq. (2), D is the diffusion coefficient of the electroactive species 
[
cm2 s− 1], z 

[
eq mol− 1

]
is the valence thereof, F is the Faraday constant, R is the gas constant and T the absolute temperature (z =

1
[
eq mol− 1

]
, F = 96480

[
C eq− 1], R = 8.31

[
C V K− 1 mol− 1

]
, T = 300 [K]). As shown in [41] the BCs for the voltage are 

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

ϕ(x = 0, t) =
RT
zF

ln
[
u(x = 0, t)

u0

]

,

ϕ(x = L, t) =
RT
zF

ln
[
u(x = L, t)

u0

]

,

(3) 

where u0
[
mol m− 3] is the constant initial condition for [Li+] and the ICs of the MAC model are 

{
u(x, t = 0) = u0,

ϕ(x, t = 0) = 0, x ∈ [0, L]. (4) 

Instead, the BCs for the flux are 
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

− D
∂u
∂x

⃒
⃒
⃒
⃒
x=0,t

−
zDF
RT

u
⃒
⃒
⃒
⃒
x=0,t

∂ϕ
∂x

⃒
⃒
⃒
⃒
x=0,t

=
i(x, t)

zF

⃒
⃒
⃒
⃒
x=0

,

− D
∂u
∂x

⃒
⃒
⃒
⃒
x=L,t

−
zDF
RT

u
⃒
⃒
⃒
⃒
x=L,t

∂ϕ
∂x

⃒
⃒
⃒
⃒
x=L,t

=
i(x, t)

zF

⃒
⃒
⃒
⃒
x=L

,

(5) 

where i(x, t) is the current density 

i(x, t) =
I(t)k0,hs

Ak0(x, t)
x = 0, L . (6) 
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In Eq. (6), I(t) is the current intensity program imposed to the cell, a square wave in the present context. Here, k0,hs [cm s− 1] is the 
kinetic constant for the charge-transfer reaction, A [cm2] is the nominal electrode area, corresponding to the initial flat geometry, and 
k0(x, t) [cm s− 1] at x = 0, L represents the actual reaction rate corresponding to the instantaneous electrode state, depending on rmax 

[cm], kSEI [1] and k0,flat [cm s− 1], that are defined below in Eqs. (8) and (9) [40,41]. The value of rmax represents the maximum radius of 
the hemispheres arranged on the electrode surface, modelling 3D phase formation, while kSEI [1] accounts for the reaction rate in
hibition (passivation) caused by SEI (solid electrolyte interphase) formation. Finally, k0,flat [cm s− 1] is the electrodeposition kinetic 
constant in the areas of the electrode where outgrowth features are not present. The 3D phase formation rate depends on the parameter 
FC [1], modelling irreversible electrode shape changes in terms of the mass of the features grown during the charge cycle, that cannot 
be etched away during the discharge cycle. Thus, the nonlinear BCs contain the parameters bearing information on morphology 
development and SEI formation. Here, for simplicity and with moderate loss of generality, we shall consider the case of FC = 0 and kSEI 

= 0, corresponding to stable battery cycling in non-pathological operating conditions.
After having solved for Δϕ(t) := ϕ(L,t) − ϕ(0,t), the potential difference between x = 0 and x = L, the potential drop between the 

electrodes ΔΦ(t), also including electrokinetics and ohmic drop, is computed as: 

ΔΦ(t) = Δϕ(t) +
A
κ

L ⋅ I(t) + B
I(t)
|I(t)|

⋅ ln

⎡

⎣1
2

⎛

⎝i(x = 0, t)
i0

+

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(

i(x = 0, t)
i0

)2

+ 4

√ ⎞

⎠

⎤

⎦+

B
I(t)
|I(t)|

⋅ ln

⎡

⎣1
2

⎛

⎝i(x = L, t)
i0

+

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(

i(x = L, t)
i0

)2

+ 4

√ ⎞

⎠

⎤

⎦, t ∈
[
0, texp

]

(7) 

where, κ [Ω− 1 cm] is the electrolyte specific conductivity, corresponding to an initially homogeneous distribution of electroactive 
species and flat electrode geometry, L has been already introduced in Eq. (4), the nominal electrode surface area A was introduced in 
Eq. (6), i(⋅, t) is the current density in Eq. (6), B [V] and i0

[
A cm− 2] are, respectively, the Tafel slope and the exchange current density: 

the classical Butler-Volmer electrokinetic parameters (for physico-chemical details, see e.g. [51]). The numerical values of these 
constants are shown in Eqs. (8) and (9).

In [41] the MAC model Eqs. (1)-(6) has been solved by the MATLAB solver pdepe, using non uniform time integration steps. For 
some parameter choices the solver was unable to converge, especially when the profiles present rapid increasing layers during the 
charge-discharge dynamics. Here we propose a custom finite differences method based on the semi-implicit Euler scheme in time that, 
in particular, is able to deal in more controlled way with the nonlinearities involved in the BCs (3) and (5). The proposed method is 
described in the next Section 3.2.

The solution of the MAC model Eqs. (1)-(6) depends on a rather wide set of parameters, that play conceptually different roles. The 
first subset of parameters is: 

L = 7.5 ⋅ 10− 2 [m], texp = 7200 [s], u0 = 0.5 ⋅ 10− 3[mol m− 3], κ = 2
[
Ω− 1 cm

]
, k0,hs = 3.5 ⋅ 10− 7 [s− 1],

k0,flat = 9 ⋅ 10− 7 [s− 1], κ = 2
[
Ω− 1 cm

]
, B = 50 ⋅ 10− 3[V], i0 = 15 ⋅ 10− 6 [A ⋅ cm− 2].

(8) 

They account for cell geometry, materials choice and experiment design in specific experimental conditions. These parameters can 
– in principle – be varied in a physically meaningful range, but we chose to keep them constant by sticking to the values proposed in 
[41], since our focus is on tracking the evolution of the anodic cell material.

The second subset of parameters consists of physical constants whose values are intrinsically fixed: z = 1
[
eq mol− 1

]
, F =

96480
[
C eq− 1], R = 8.31

[
C V K− 1 mol− 1

]
, T = 300 [K].

The third set of parameters describes the evolution of the materials brought about by cell cycling, and is formed by the following 
quantities: 

A = 1
[
cm2], FC = 0 [1], kSEI = 0 [1]. (9) 

In this work, along the lines of [40,41], we have varied only the two most physically relevant parameters: the diffusion coefficient 
D, present in the flux equation (first equation in Eq. (1)), and the maximum radius rmax of 3D growth features, present in the nonlinear 
BCs Eq. (5) through k0(x, t). In our previous studies, we have shown that, on the one hand, these parameters can capture the key 
evolutions of the electrolyte chemistry (D) and of electrode shape change (rmax) and, on the other hand, that model solutions obtained 
with appropriate choices of these parameter values can reproduce the potential profiles observed experimentally so far.

3. Dataset definition

In this Section, we discuss the choice of the dataset used for clustering. In particular, in Section 3.1 we motivate the selection of D 
and rmax values. In Section 3.2 we detail the original numerical method we developed for the present study. Finally, in Section 3.3 we 
describe data preprocessing preliminary to the use of the K-Means algorithm.

3.1. Parameter selection for the solution of the PDE system

The dataset for K-Means analysis is composed of numerical solutions of the MAC model Eqs. (1)-(6). The computed quantity 
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corresponding to the experimental potential time-series is ΔΦ(t) in Eq. (7) modelling the battery voltage as a function of time. The 
dataset is obtained by varying the values of two parameters in the ranges: 

D ∈ ΩD =
[
3.208 ⋅ 10− 7,3.208 ⋅ 10− 5] and rmax ∈ Ωrmax = [0.001, 0.1],

measured in cm2s− 1 and cm, respectively. In the following, we will refer to ΩD × Ωrmax as the parameter space.
As hinted at in the previous Section, this choice is based on the outcomes of our previous sensitivity analysis of the model published 

in [40,41], which pinpointed that the voltage transient shape is mainly controlled by these two parameters. In particular, D is the 
parameter that chiefly governs the amplitude of the profiles, while rmax controls the shape of the potential transients. In fact, as 
discussed in [40] the transient shapes vary from a continuous growth to the formation of a maximum, followed by a relaxation to a 
voltage asymptote and to a maximum followed by a minimum. To build the dataset, we consider a grid of d× d, d = 45, logarithmically 
equally spaced values of D and rmax on the parameter space ΩD × Ωrmax . We then solve the MAC model Eqs. (1)-(6) with the semi-implicit 
numerical method detailed in Section 3.2. Hence our dataset contains 2025 simulated voltage profiles. We solve the PDE model for Ncyc 

= 2 number of cycles and final time of integration texp = 7200 [s]. We remark that, in the construction of the dataset, the solver pdepe 
failed to solve the PDE system for some choices of the parameters (see for instance Fig. S4(b) in the Supplementary Information of 
[10]), while our custom solver converged correctly. For instance, this occurs when the parameters are close to rmax = 2.3101 ⋅ 10− 3 and 
D = 3.562 ⋅ 10− 7. This further motivates the usage of a custom numerical solver.

In Fig. 1, we report a representative selection of simulated voltage profiles from the dataset. It is easy to observe that, by varying D 
and rmax the shape and the amplitude of the potential profiles can be profoundly affected.

3.2. Numerical method

In this section we describe the numerical method we devised in this paper for solving the PDE model (1) with BCs and ICs: (3), (5) 
and (4). By setting Ω = [0,L], the problem can be restated as: 

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂u
∂t

= D
∂2u
∂x2 +

zDF
RT

∂
∂x

(

u
∂ϕ
∂x

)

x ∈ Ω, t ∈
[
0, texp

]
,

∂2ϕ
∂x2 = 0 x ∈ Ω, t ∈

[
0, texp

]
,

ϕ(x, t) =
RT
zF

ln
(

u(x, t)
u0

)

x ∈ ∂Ω, t ∈
[
0, texp

]
,

− D
∂u
∂x

(x, t) −
zDF
RT

u(x, t)
∂ϕ
∂x

(x, t) =
i(t)
zF

x ∈ ∂Ω, t ∈
[
0, texp

]
.

(10) 

Fig. 1. Dataset samples. Top row: Numerical solutions of the PDE system Eq. (1) with fixed parameters Eqs. (8) and (9) and different pairs (D,rmax). 
Bottom row: Corresponding zoom expansion of the potential transient region showing a richer structure.
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It is possible to rewrite the system (10) in an equivalent form by eliminating one equation. In fact, the analytical solution of the 
second equation is: 

ϕ(x, t) = β(t)x + ϕ(0, t), (11) 

where β(t) := ϕ(L,t)− ϕ(0,t)
L =

Δϕ(t)
L from which it follows that ∂ϕ

∂x = β(t). Substituting (11) into (10), we obtain the following reduced 
system: 

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂u
∂t

(x, t) = D
∂2u
∂x2 (x, t) +

zDF
RT

∂
∂x

(u(x, t)β(t)) x ∈ Ω, t ∈
[
0, texp

]
,

β(t) =
RT
LzF

ln
(

u(L, t)
u(0, t)

)

t ∈
[
0, texp

]
,

− D
∂u
∂x

(x, t) −
zDF
RT

u(x, t)β(t) =
i(x, t)

zF
x ∈ ∂Ω, t ∈

[
0, texp

]
.

(12) 

For convenience, we first carry out an appropriate discretization in time that allows us to simplify the numerical solution of the 
problem. In this case, we use a semi-implicit Euler method, because we treat explicitly the function β(t). Let us consider a time step Δt 
> 0 and the discrete times tk = kΔt, where k = 0,…,Nt − 1 and Nt =

texp
Δt ∈ N. The first equation of the system (12) becomes 

u(k+1)(x) − u(k)(x)
Δt

= D
∂2u(k+1)

∂x2 (x) +
zDF
RT

β(k)∂u(k+1)

∂x
(x), x ∈ Ω. (13) 

where u(k+1) is the time-discrete solution u(x, t) at time tk, i(k+1) := i(tk+1) and 

β(k) :=
RT
LzF

ln
(

u(k)(L)
u(k)(0)

)

. (14) 

The nonlinear boundary conditions (12)-(3) for u can be discretized in time as follows: 

∂u(k+1)

∂x
(x) = −

1
D

(
i(k+1)(x)

zF
+

zDF
RT

u(k)(x)β(k)

)

=: g(k)(x), x ∈ ∂Ω. (15) 

We can observe that, since g(k) is already known as the result of the (k − 1)-th iteration in time, the boundary conditions (15) are 
nonhomogeneous linear Neumann conditions for the unknown function u(k+1), which allow for more accurate numerical solutions 
compared to the original nonlinear boundary conditions. Hence, we have obtained an original linearization of the nonlinear coupled 
boundary conditions in (12). If the system (12) was discretized with a classical full discretization method in space and time, we would 
obtain a sequence of nonlinear algebraic systems that would require a nonlinear solver such as Newton’s method.

For the spatial discretization, we consider N + 1 equally spaced nodes 
{
xj
}N

j=0 in Ω with step h = L
N and the two ghost nodes x− 1 = 0 

− h and xN+1 = L+ h. Using centered finite differences for the approximation of spatial derivatives, we can write 
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

u(k+1)
j − u(k)

j

Δt
= D

u(k+1)
j+1 − 2u(k+1)

j + u(k+1)
j− 1

h2 +
zDF
RT

β(k)u
(k+1)
j+1 − u(k+1)

j− 1

2h
, j = 0,⋯,N

u(0)
j = u0

(
xj
)
, j = 0,⋯,N

(16) 

and for the approximation of the boundary conditions (15) we have 

∂u(k+1)
0

∂x
≈

u(k+1)
1 − u(k+1)

− 1

2h
= g(k)(0),

∂u(k+1)
N

∂x
≈

u(k+1)
N+1 − u(k+1)

N− 1

2h
= g(k)(L), (17) 

from which we get 

u(k+1)
− 1 = − 2hg(k)(0) + u(k+1)

1 , u(k+1)
N+1 = 2hg(k)(L) + u(k+1)

N− 1 . (18) 

Therefore, the full discretization of (12) is 
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⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

u(k+1)
0 − u(k)

0

Δt
= D

2u(k+1)
1 − 2u(k+1)

0 − 2hg(k)(0)
h2 +

zDF
RT

β(k)g(k)(0), j = 0

u(k+1)
j − u(k)

j

Δt
= D

u(k+1)
j+1 − 2u(k+1)

j + u(k+1)
j− 1

h2 +
zDF
RT

β(k)u
(k+1)
j+1 − u(k+1)

j− 1

2h
, j = 1,⋯,N − 1

u(k+1)
N − u(k)

N

Δt
= D

2u(k+1)
N− 1 − 2u(k+1)

N + 2hg(k)(L)
h2 +

zDF
RT

β(k)g(k)(L), j = N

uj(0) = u0
(
xj
)
, j = 1,⋯,N

(19) 

In matrix form (19) can be restated as: 
(

I+DΔt
(

1
h2 A+

zF
2hRT

β(k)B
))

u(k+1) = u(k) + DΔt
(

−
2
h
B1

(k) +
zF
RT

β(k)B2
(k)
)

(20) 

where u(k+1) :=
(
u(k+1)

0 ,…, u(k+1)
N

)T 
is the nodal vector of the fully discrete solution at the time step k+ 1, u0 = (u0(x0),…, u0(xN))

T is 
the nodal vector of the initial condition u0, A is the matrix of size (N+1) × (N+1) of the discrete Laplacian with Neumann boundary 
conditions, B is the matrix of size (N+1) × (N+1) of the convection term: 

A =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

2 − 2 0 ⋯ 0

− 1 2 − 1 ⋱ ⋮

0 ⋱ ⋱ − 1 0

⋮ − 1 2 − 1

0 ⋯ 0 − 2 2

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, B =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 0 0 ⋯ 0

1 0 − 1 ⋱ ⋮

0 ⋱ ⋱ − 1 0

⋮ 1 0 − 1

0 ⋯ 0 0 0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (21) 

B1
(k) and B2

(k) are column vectors: 

B1
(k) =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

g(k)(0)

0
⋮
0

− g(k)(L)

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

, B2
(k) =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

g(k)(0)

0
⋮
0

g(k)(L)

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

. (22) 

For simplicity let us set: 

C(k) := D
(

1
h2 A +

zF
2hRT

β(k)B
)

, γ(k) := DΔt
(

−
2
h
B1

(k) +
zF
RT

β(k)B2
(k)
)

. (23) 

Therefore Eq. (20) can be written as: 
(
I + Δt C(k))u(k+1) = u(k) + γ(k), k = 0,⋯,Nt . (24) 

For the spatial and the temporal discretization, we choose h and Δt appropriately so that the solutions converged throughout the 
parameter space ΩD × Ωrmax . For each step k we solve the linear system (24) by using the LU direct solver (backslash) in MATLAB. For the 
computations presented in the remainder of the paper, we will need the voltage Δϕ(k) = L β(k) obtained from the first and last com
ponents of the fully discrete solution u(k) according to Eq. (14) for k = 1,…,Nt . Hence, the discrete values for the variable of interest 
ΔΦ(k) for k = 1,…,Nt can be recovered by evaluating the expression in Eq. (7).

3.3. Data preprocessing

In this Section, we describe the preprocessing applied to the dataset of numerical solutions of the MAC model, as a preliminary step 
to the application of the K-Means clustering algorithm [22]. Since, in the present work, we are setting FC = 0 and kSEI = 0, the charge 
and discharge half-cycles are symmetrical. Hence the cycles exhibit constant amplitude over time, except for the first one, in which the 
transition from the initial state to the steady cycle occurs. In this paper we restrict our analysis to a half cycle in the periodic regime, 
that is fully representative of practical battery performance. This is done to avoid the initial transient period and focus on the stable, 
representative electrochemical behavior.

Considering that our objective is to classify profiles according to their shape (without taking amplitude into account) we normalize 
data between 0 and 1. This is also useful when dealing with experimental profiles because the amplitude could depend on the units of 
measurement used during the experiment.

The key steps are then listed below: 
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(i) for each ΔΦn, n = 1,…,N, N = 2025, evaluated according to Eq. (7), we select its last charge half-cycle: ΔΦn of elements 
ΔΦi, n where i = 3600,…,5400 and n = 1, ...…,N;

(ii) we normalize the resulting profiles between 0 and 1 to obtain our dataset X = {xn}
N
n=1, where 

xn =
ΔΦn − min( ΔΦn)

max( ΔΦn) − min( ΔΦn)
, n = 1,…,N. (25) 

Therefore, xn ∈ R1800 and X contains N = 2025 data of length s = 1800.
In Fig. 2, we show an example of the post-processed numerical solution of the MAC mode according to Eq. (7), the charge half-cycle 

extracted for the clustering study (left plot,) and its normalized version (right plot).

4. K-Means clustering analysis of voltage profiles

To gain practically useful information for design and interpretation of experiments, based on the model considered in this work, it is 
essential to extract a clearcut physical message from the wealth of subtle details concealed in the population of numerical solutions. For 
this purpose, in this Section, we apply K-Means clustering to classify simulated voltage profiles, with the aim of identifying recurring 
shapes and distinct classes of behavior present in the data. Instead of using the classical Euclidean distance typically adopted in 
clustering algorithms, we introduce a new distance function based on a weighted discrete Sobolev metric, as first proposed in [10]. This 
choice is motivated by the fact that in voltage profiles both the data values and their derivatives contain essential information.

In addition to traditional parameter estimation approaches, based on least-squares cost functions and PDE-constrained optimi
zation (see [52–54]), in [10] we applied a Deep Learning approach for parameter estimation using a hybrid Neural Network with 
convolutional and Long Short-Term Memory layers (CNN-LSTM). In [10], we have shown that the Sobolev distance allows better 
detection of shape differences, such as peaks, valleys and saddle points present in the data.

In view of developing a comprehensive toolbox for a systematic comparison between model solutions and experimental data, in 
combination with punctual parameter identification, it would also be useful to carry out a higher-level comparison of classes of voltage 
profiles on the basis of their shapes. Clustering precisely allows us to identify different groups of voltage profiles, each representing a 
specific voltage behavior, as informally put forward in [40]. Thus, by using the K-Means clustering algorithm on a population of 
charge-discharge voltage profiles, we aim to uncover hidden patterns in the data and to associate them with regions of the parameter 
space and of operating conditions.

4.1. Standard K-Means algorithm

This section outlines the key features of K-Means, a classical unsupervised learning algorithm [22,55], sometimes also referred to as 
the Lloyd–Forgy algorithm [23]. According to the unsupervised learning strategy, K-Means aims to group data points into clusters 
based on similarity, without requiring labels.

The K-Means strategy considers a dataset X = {xn}, n = 1,…,N and each of the N observation is a s-dimensional real vector. The 
goal is to partition the dataset X into K clusters, where K < N is given. Each cluster can be regarded as a collection of data points where 
the distances between points are relatively small compared to the distances to points outside the cluster itself. We can formalize this 
notion by first introducing a set of s-dimensional vectors μk, k = 1,…,K, where μk is the prototype associated with the k-th cluster. In 
other words, we can think of μk as representing the centers of the clusters and refer to them as centroids. The goal of the clustering task 
is thus to find: (i) a set of vectors {μk} and (ii) an assignment of data points to clusters, such that the sum of the squares of the distances 

Fig. 2. Simulated Data sample. Left plot: Example of the postprocessed numerical solution according to Eq. (7) (blue) and extraction of its last 
charge half-cycle. (red). Right plot: the normalized half cycle used to build the corresponding dataset element.
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of each data point from its assigned μk, is minimized [56]. It is convenient to introduce, for each data point xn, a corresponding set of 
binary variables rnk ∈ {0,1} where k = 1,…,K, indicating which of the K clusters the data point xn is assigned to. Thus, if xn is assigned 
to cluster k then rnk = 1 and rnj = 0 for j ∕= k. This device is referred to as the 1-of-K coding scheme [56]. We can thus define a cost 
function given by: 

Cost(xn, μk) =
∑N

n=1

∑K

k=1

rnk ||xn − μk||
2
, (26) 

which represents the sum of the squares of the distances of each data point to its assigned centroid μk. Our goal is then to find values for 
{
rnk

}
and {μk} such that the cost function Cost in Eq. (26) is minimized.

This task can be performed through an iterative procedure consisting of two successive steps: optimization with respect to rnk and 
μk. (i) In the first phase the K-Means algorithm randomly selects K centroids from the dataset. Then Cost in (26) is minimized with 
respect to the rnk , keeping μk fixed. During this phase the Euclidean distance of each data point xn from all the chosen centroids is 
evaluated, and each point is then assigned to the nearest centroid, becoming a member of that cluster. (ii) In the second phase, we 
minimize Cost with respect to the μk, keeping rnk fixed and re-evaluate the center of each cluster [57].

Let us first focus on step (i): determining rnk . Since the terms that involve different n are independent, we can optimize for each n 
separately by choosing rnk to be 1 for the value of k that gives the minimum value of ||xn − μk||

2. This can be expressed as 

rnk =

⎧
⎨

⎩

1 if k = argmin
n

||xn − μk||
2
,

0 otherwise.
(27) 

Considering then step (ii), for the optimization of μk, since the objective function Cost is a quadratic function of μk, it can be 
minimized by setting its derivative with respect to μk equal to zero: 

2
∑N

n=1
rnk (xn − μk) = 0, (28) 

and by solving for μk we obtain 

μk =

∑N
n=1rnk xn
∑N

n=1rik

. (29) 

The denominator in (29) is equal to the number of data assigned to the cluster k, therefore μk is the mean of all the data points xn 

assigned to the cluster k. This is why this procedure is known as K-Means algorithm.
The two phases of: - (i) data point re-assignment to clusters and (ii) centroid re-computation for each cluster - are repeated until the 

assignments no longer change, or the maximum number of iterations is reached. Since each phase reduces the value of the objective 
function Cost, the algorithm is guaranteed to converge. However, this algorithm may converge to a local minimum [55], suggesting 
that a larger number of clusters K results in a lower square error [58]. Selecting the correct value for K is crucial and remains a 
significant challenge for the standard K-Means algorithm, as different values of K produce different results [58]. A well-known strategy 
to determine K is the Elbow Method [59]. See next Section 5.1 for further details.

4.2. K-Means algorithm with a custom cost function

In this Section, we introduce a novel cost function, devised to customize the K-Means algorithm for our purposes, which replaces 
the standard Euclidean cost function (26) described in Section 4.1. This cost function is based on a weighted discrete Sobolev distance, 
which extends existing Sobolev-based formulations by operating on discrete data points and considering weights. The weights strongly 
penalize regions where the first and the second derivatives of the profiles differ significantly, thereby avoiding local slope and con
cavity discrepancies and improving shape discrimination. We then motivate our choice by presenting an illustrative example and 
comparison with the classical Euclidean distance, highlighting the advantages of our approach in the context of analyzing experi
mental voltage cycle data.

The distance we propose is based on the H2 Sobolev norm [60,61]. By definition, this distance captures functional properties that 
the standard L2 distance overlooks. Specifically, the H2 Sobolev-based distance incorporates information from both first and second 
derivatives of a function, allowing to account for features such as local maxima and minima, saddle points, and convexity. Therefore, 
we define here the H2 discrete Sobolev distance between u, v ∈ Rs as follows: 

H2(u, v) =
(
||u − v||2L2 + ||uʹ − vʹ||2L2 + ||uʹ́ − vʹ́ ||2L2

)1
2
∀u, v, (30) 

where uʹ, vʹ and uʹ́ , vʹ́  are the approximations of the first and second derivatives of u and v, respectively, computed by finite differences. 
Specifically, we consider the weighted discrete H2 distance given by: 

M.G. Quarta et al.                                                                                                                                                                                                     Journal of Computational and Applied Mathematics 483 (2026) 117365 

9 



H2
W(u, v; a) =

(
||u − v||2L2

W
+ ||uʹ − vʹ||2L2

W
+ ||uʹ́ − vʹ́ ||2L2

W

)1
2
∀u, v, (31) 

where ||u − v||L2
W
=
(
(u − v)TW(a)(u − v)

)1
2 is a weighted L2 norm, with W(a) the diagonal matrix W = diag

(
wd1 ∘ wd2

)
, where ∘ is the 

Hadamard product between the vectors wd1 and wd2 . The weights include information about the first and the second (discrete) de
rivatives as follows: 

(wd1 )i =

{
1, if sign

(
uʹ

i
)
∕= sign

(
vʹ

i
)

a, otherwise
,

(wd2 )i =

{
1, if sign

(
uʹ́

i
)
∕= sign

(
vʹ́

i
)

a, otherwise
,

for i = 1,⋯, s, (32) 

where a > 0 is a positive small number. Specifically, for a < 1 the weighted norm emphasizes the contribution of the derivatives more 
than the function values themselves.

It can be easily shown that H2
W(a) is still a distance metric. This definition of W(a) in terms of Eq. (32) penalizes discrepancies 

between the first and second derivatives of u and v. In fact, the H2
W(a) distance in Eq. (31) increases whenever the profiles u and v differ 

in the sign of their derivatives at corresponding points.
With this definition of H2

W(a), following the notations introduced in Section 4.1, we can specify the custom cost function used in our 
K-Means algorithm as: 

Cost(xn, μk) =
∑N

n=1

∑K

k=1

rnk H
2
W(xn, μk; a). (33) 

The code for the K-Means clustering using the weighted discrete Sobolev distance has been implemented in Python 3.11.0. In 
Appendix A we report the pseudocode to implement this technique, that we call K-Means-H2

W(a) algorithm. Moreover, it is worth 
noting that the proposed Sobolev-based K-means algorithm depends on the choice of the parameter a in the weighted Sobolev norm of 
Eqs. (31)-(32). In fact, different values of a can lead to different profile shapes corresponding to minimal distance solutions of (33). To 
guide the selection of an appropriate value, Appendix B provides a sensitivity analysis for the parameter a using an “elbow-like” tech
nique, showing how different choices affect the minimal-distance profiles. For all the experimental data considered in this paper this 
analysis shows that a = 0.1 is the optimal value (See Fig. B–Appendix B): this value is thus used in the analyses presented in this work.

4.3. Comparing L2 and H2
W metrics on experimental data

In this Section, we show, on the basis of experimental data, that while the classical L2 distance is unable to capture the global shape 
of profiles, the weighted Sobolev distance H2

W(a) we propose in (31) successfully accomplishes this task. This occurs because the 
Sobolev distance exploits information about the first and second derivatives. Specifically, to show this, we consider the experimental 
data of galvanostatic Li/Li symmetric cell cycling that we have employed for parameter identification in [10] -to which we refer for full 
experimental details- (see next Fig. 6).

For our goal, in practice we have computed both the L2 and H2
W(a= 0.1) distances between a chosen experimental profile and all 

Fig. 3. Comparison between weighted Sobolev metric and L2 metric. Comparison between the experimental data (blue) and the simulated data 
from the dataset X = {xn}

N
n=1 which minimize the L2 metric and the weighted Sobolev metric H2

W(a = 0.1), orange and green curves, respectively.
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simulated profiles {xn}
N
n=1 in the dataset, and then we have extracted the two profiles xLS and xH minimizing these distances, 

respectively. Fig. 3 shows the considered experimental profile (blue curve, in the following called ε2) and the two optimal simulated 
profiles xLS and xH for this example. We can observe that this experimental data has an increasing trend, followed by a maximum, then 
decreases to a minimum and then rises again to a second maximum: therefore, overall, the curve has a minimum and two peaks. The 
identified Least Square (LS) profile is significantly different from the experimental profile and does not show a minimum and two 
peaks, in fact, LS increases to a single maximum and then decreases. Therefore, this example demonstrates that the traditional L2 

distance is not effective for comparing experimental and simulated profiles, because it is likely to miss important morphological 
features, thus failing to capture the main characteristics of the cycles’ shapes. Instead, the profile of the dataset that minimizes the 
distance H2

W(a= 0.1) presents a shape that reflects the characteristics details of the experimental data. In particular, it has a maximum, 
then a minimum, and another maximum, and respects the same concavity pattern as the experimental data.

5. Clustering results

In this Section, we expound the results of the clustering analysis performed on the dataset X = {xn}
N
n=1, generated in (25) of Section 

3 and on the experimental data presented in Section 4.3. The analysis is carried out using the K-Means algorithm with the weighted 
discrete Sobolev distance (31) introduced in Sections 4.1 and 4.2. Specifically, in Section 5.1, we apply the Elbow Method to determine 
the optimal number of clusters and identify the corresponding centroids in the simulated dataset X. Section 5.2 focuses on the 
assignment of the four analyzed experimental potential profiles to the closest cluster centroids, which enables their shape classification 
(see Fig. 6). Finally, in Section 5.3, we apply the K-Means algorithm with the weighted Sobolev distance to the dataset of [10], to obtain 
a segmentation of the parameter space (D,rmax). We show that the parameters estimated in [10] through the CNN-LSTM approach for 
the same experimental data correctly fall within the corresponding subregions identified by the clustering analysis. Moreover, as 
cross-validation, we apply the fitting NN approach in [10] to predict the parameters of the cluster centroids and represent them in the 
partitioned parameter space (see Figs. 7 and 8).

5.1. Elbow method and centroids

To determine the number K of clusters into which the dataset should be divided, we used the Elbow Method [59], consisting in 
iterating the K-Means algorithm for K = 1,⋯,9. For each value of K, we calculate the Sum of Squared Distances (SSD) in the Sobolev 
norm, measuring the distance of each data sample from its nearest centroid, given by 

SSD(K; a) =
∑N

n=1

∑K

k=1

(
H2

W
(
xn, rnk ⋅ μk,; a

))2
, K = 1,…,9 (34) 

where rnk has been defined in Eq. (27). As discussed in the previous section, we set a = 0.1. By plotting the SSD(K; 0.1), as in Fig. 4, we 
can determine the optimal value of K by observing the “elbow” point. Concretely, the best K corresponds to the point where the dif
ference of the computed SSD between successive K values falls below a small threshold. For small K, the SSD decreases rapidly, but 
after the optimal K is reached, SSD decreases more slowly and finally tends to an asymptote [59]. According to this Elbow Method, we 
identified K = 4 as the optimal value.

Henceforth we refer to the heuristic clusters C 0 : “Double-Peak Shallow Minimum”, C 1 : “Single-Peak”, C 2 : “Double-Peak Deep 
Minimum” and C 3 : “Monotonic”, each containing mk elements for k = 0,…,3. The corresponding centroids will be indicated as μk ∈ Rs 

Fig. 4. Elbow method for optimal K. SSD(K; a) variation as function of K, for optimal K estimation with the Elbow Method, for a = 0.1. See main 
text for details.
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for k = 0,…,3.
Furthermore, a visual inspection of the centroids for K = 1, ...…,9 shows that up to K = 4 the newly computed centroids exhibit 

clearly different shapes from each other, whereas for K = 5, ...…,9 some centroids can be assimilated to the same type of shape.
Our data clustering yields: m0 = 311 profiles in C 0 : “Double-Peak Shallow Minimum”, m1 = 554 in C 1 : “Single-Peak”, m2 = 600 in 

C 2 : “Double-Peak Deep Minimum” and m3 = 560 in C 3 : “Monotonic”.
In analogy with the heuristic approach of [40], here we carry out a quantitative classification of the profiles in the dataset generated 

in Section 3, according to their shape. This classification is quantitative because it relies on the weighted discrete Sobolev distance as a 
numerical measure, but it is aimed at capturing qualitative aspects of the profiles, such as the presence of maxima, minima, and 
concavity features. By inspecting the centroid profiles of each cluster in Fig. 5, we can straightforwardly establish the respective key 
properties. Centroid μ0 (“Double-Peak Shallow Minimum”) presents a maximum, followed by a minimum and then by a maximum. 
Centroid μ1(“Single-Peak”) increases, reaches a maximum and then decreases. Centroid μ2 (“Double-Peak Deep Minimum”) has two 
maxima reached with very high derivatives, and its minimum is deeper than that of μ0. Finally, centroid μ3 (“Monotonic”) is mono
tonically increasing (except for a small neighborhood of the right endpoint).

5.2. Classification of experimental data, based on cluster analysis

In this Section we apply the outcomes of the clustering-based approach for the shape classification of the four experimental data of 
galvanostatic Li/Li symmetric cell cycling that we have considered for parameter identification in [10]. Specifically, we calculate the 
Sobolev distance (31) between the experimental data and all cluster centroids and assign a given experimental dataset to the cluster 
yielding the smallest distance.

Fig. 6 shows the 4 representative experimental profiles εj, j = 1,⋯,4 employed in [10]. ε1 and ε2 exhibit two peaks and a 
maximum, while ε3 and ε4 have an increasing monotonic trend. For each εj, j = 1,⋯,4, we calculated the distances with respect to the 
4 centroids μk, k = 0,…,3, as explained above.

We found that: 

• The experimental data ε1 belongs to cluster C 2 “Double-Peak Deep Minimum” as both ε1 and centroid μ2 have two maxima, with 
steep first derivatives, and a deep minimum;

• The experimental data ε2 belongs to cluster C 0 “Double-Peak Shallow Minimum” since its centroid μ0 has two maxima and a shallow 
minimum. Experimental data ε2 also has two maxima and a minimum, but exhibits a different slope before the first maximum, 
leading to its assignment to cluster C 0;

• The experimental data ε3 and ε4 belong to cluster C 3 “Monotonic”, since both experimental data and the nearest centroid μ3 exhibit 
a clear-cut increasing monotonic trend.

Therefore, we can conclude that using the weighted Sobolev distance (31) as cost function enables a clustering that captures the 
global shape of the experimental data and to assign it to a specific centroid.

5.3. Partitioning of the parameter space, based on clustering of potential profiles

In this Section, we show that our Sobolev-based clustering algorithm can be employed to obtain a partition of the parameter space 
ΩD × Ωrmax of D and rmax. Of course, the K-Means algorithm operates exclusively on the simulated profiles chosen in the dataset and no 
direct information regarding parameters (D, rmax) is employed for clustering. However, due to the obvious correlation between the 
parameters and the profile shapes, as expected, the profiles assigned to the same cluster are found to be generated with parameters 
lying in the same region of the parameter space. This reflects the fact that variations in (D, rmax) produce smooth and continuous 
changes in the profile shapes, leading to a natural clustering of similar parameter values.

In this Section, we have the additional goal of using our clustering approach to validate the fitting results obtained via Deep 
Learning in [10] for the experimental data used therein. To this aim, we take the following steps.

Fig. 5. Centroids profiles. From left to right, centroids μ0, μ1, μ2, μ3 of clusters C 0 (“Double-Peak Shallow Minimum”), C 1 (“Single-Peak”), C 2 

(“Double-Peak Deep Minimum”), C 3 (“Monotonic”), respectively, obtained for a = 0.1.
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First, we recompute clusters and centroids on the dataset of simulated potential Δϕ (see Section 2, in Eq. (7)), used in [10] as 
training set for the parameter identification by the CNN-LSTM neural network. The new centroids found in this case, with the 
Sobolev-based K-Means algorithm with a = 0.1, are shown in Fig. 7 and exhibit evident characteristic properties. Specifically, μ0, μ1 
and μ3 have shapes similar to those analyzed above in Section 5.2: for ease of reference, we assign to them the following de
nominations. C 0: “Double-Peak”, C 1: “Single-Peak”, C 3: “Monotonic”. Centroid μ2 features a peak on the right-hand side and then 
decreases, therefore we call it C 2: “Right Peak”.

As a second step, we calculate the segmentation of the parameter space based on the four obtained clusters. Each of the four regions 

Fig. 6. Experimental data and nearest cluster’s centroid. Left column: representative experimental data εj, j = 1,⋯, 4 (details in the main text). 
Right column: centroids μk with minimum Sobolev distance Eq. (31) from the experimental data on the left, for a = 0.1.

M.G. Quarta et al.                                                                                                                                                                                                     Journal of Computational and Applied Mathematics 483 (2026) 117365 

13 



represents the parameters corresponding to profiles within the same cluster. Given the dataset of simulated profiles X =
{
xj
}N

j=1 ob

tained with parameters pj =
(
Dj,rmaxj

)
, the specific subregion C j⊂ΩD × Ωrmax to which each pj belongs is computed by minimizing the 

distance from the centroids, that is 

arg min
i=0,⋯,3

H2
W
(
μi,xj; a

)
, j = 1,⋯, N, a = 0.1. (35) 

In Fig. 8, the four subregions we found are highlighted with different colors: cluster C 0 (“Double-Peak ”) is in dark blue, cluster C 1 

(“Single-Peak”) in light blue, cluster C 2 (“Right Peak”) in cyan and cluster C 3 (“Monotonic”) is green.
As a final step, we represent in the segmented space the pairs of model parameters identified in [10] by the CNN-LSTM approach for 

the experimental data εj, j = 1,…, 4 (the same shown here in Fig. 6) which are: 

Fig. 7. Centroids profiles for dataset in Section 5.3. Centroids μ0, μ1, μ2, μ3 of clusters C 0 (“Double-Peak”), C 1 (“Single-Peak”), C 2 (“Right 
Peak”), C 3 (“Monotonic”), obtained by the Sobolev-based K-means for a = 0.1 as discussed in Section 5.3 for the dataset studied in [10] of Δϕ 
simulated profiles (see Eq. (7)).

Fig. 8. Segmentation of the parameter space ΩD × Ωrmax , including parameter predictions for experimental data. Partitioning of the 
parameter space (D, rmax), with axes in logarithmic scale, obtained via the weighted discrete Sobolev-distance in Eq. (35) for simulated data as 
described in Section 5.3. The subregions of ΩD × Ωrmax corresponding to profiles in a given cluster are highlighted in different colors according to the 
legend. The red markers indicate the parameter pairs p1 (circle), p2 (square), p3 (cross), p4 (triangle) in Eq. (36) estimated by the CNN-LSTM neural 
network in [10] for the experimental data εj, j = 1,⋯, 4 shown in blue in the surrounding subplots. The yellow circles correspond to the parameters 
in Eq. (37) estimated for the cluster centroids. For completeness, we also report two subplots for the cluster centroids μ0 of C 0 (“Double-Peak”) and 
μ3 of C 3 (“Monotonic”) (in red) to highlight the right correspondence of shapes between simulated and experimental profiles.
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p1 =
(
3.2066 ⋅ 10− 5, 9.5683 ⋅ 10− 3), p2 =

(
3.5938 ⋅ 10− 6,2.5655 ⋅ 10− 2),

p3 =
(
2.2004 ⋅ 10− 6,3.4355 ⋅ 10− 3), p4 =

(
1.5361 ⋅ 10− 6,2.3763 ⋅ 10− 2),

(36) 

(See Table 4 in [10]). These coordinates are reported in Fig. 8 as points with different markers, as detailed in the caption. Moreover, for 
completeness, we employed the same Neural Network to estimate the parameters (D, rmax) associated with the four centroids μi, i = 0,
…,3 shown in Fig. 7. The obtained estimated parameters are respectively: 

pμ0
=
(
1.0164 ⋅ 10− 5, 4.3349 ⋅ 10− 3), pμ1

=
(
5.6466 ⋅ 10− 6, 4.1115 ⋅ 10− 2)

pμ2
=
(
4.1082 ⋅ 10− 7, 1.8672 ⋅ 10− 2), pμ3

=
(
1.3997 ⋅ 10− 6, 9.1086 ⋅ 10− 3).

(37) 

In Fig. 8, these values are displayed as yellow circles in the segmentation of the parameter space. We observe that each pair pμi 
lies 

within the corresponding cluster/subregion C i, as expected. This result is a cross-validation of our Deep Learning approach for pa
rameters identification.

We note that in the segmentation of Fig. 8, three clusters meet at one triple point. A similar behavior is known in the clustering 
analysis literature, e.g. [62,63]. Appendix C provides a detailed discussion of the segmentation of the parameter space. In particular, 
we discuss the behavior of profiles near the triple point, their assignment to different clusters, and the physical interpretation of the 
parameter space partitioning in terms of electrochemical parameters.

As a final remark, plotting predicted fitting values for experimental data in the segmented parameter space provides a powerful and 
direct validation of the clustering-based segmentation, as it confirms that the parameters identified via Deep Learning in (36) indeed 
fall within the regions predicted by the shape-based clustering. This connection between clusters and regions of the parameter space 
allows us to draw physically valuable, but non-intuitive, conclusions on the impact of the parameter values on the electrical response of 
the cell. Moreover, parameter space partitioning can be employed for high-throughput physics-based classification of experimental 
data that are generated continuously during battery operation. Specifically, on the basis of the analysis proposed in this work, it is 
possible to estimate a plausible range of values for D and rmax associated with a given experimental time-series.

6. Conclusions

In this paper, we explored the use of the K-Means clustering algorithm to analyze battery voltage profiles derived from a PDE model 
for symmetric Li/Li cells. We showed that using a weighted discrete Sobolev-based distance, which incorporates derivatives infor
mation, is more effective than other traditional metrics, such as the Euclidean distance, in capturing the shape, peaks, valleys, and 
other physically diagnostic features of the data.

The clustering results on the numerically generated data demonstrated how this approach can classify experimental data, assigning 
each profile to a cluster. These results thus suggest an operative method for high-throughput physics-based classification of experi
mental data that are continuously generated during battery operation. Moreover, the clustering results revealed the possibility of 
segmenting the parameter space of the PDE model, pinpointing that variations in the parameters (D, rmax) lead to distinct potential 
profiles that can be clustered according to their shape. The proposed Sobolev-based K-Means approach provides a flexible framework, 
that can, of course, be applied to models beyond the specific electrochemical context considered here, offering a valuable tool for 
parameter space segmentation and parameter identification.
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Appendix A. Pseudocode

Below we report a pseudocode for the implementation of the K-Means algorithm applying the weighted Sobolev distance intro
duced in Section 4.2 as similarity distance.

K-Means-H2
W(a) Sobolev algorithm - pseudocode:

(continued on next page)
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(continued )

Appendix B. Sensitivity analysis for the parameter a in the weighted Sobolev distance

The choice of the parameter a in the weighting matrix W(a) in Eq. (32) is crucial to ensure that the discrete Sobolev distance 
introduced in Eq. (31) correctly identifies as minimal-distance profiles those that actually share the same global shape. In this Ap
pendix, to this aim we present a sensitivity analysis using an “elbow-like” technique. The Elbow Method has been used and fully 
described in Section 5.1 to select the optimal number of clusters K in the K-Means technique (see e.g. [59]).

Here, we test 7 different values for the parameter a, drawn from the interval [0.01, 1], namely 0.01, 0.033, 0.067, 0.1, 0.33, 0.67,
1.

It is interesting to note that for a = 1, the weighted discrete Sobolev distance reduces to the discrete Sobolev distance H2 in Eq. (30), 
since the weight matrix W(a) becomes the identity matrix. For decreasing values of a, we increasingly penalize points where the slope 
and concavity of the curves differ. Consequently, the minimal-distance profiles tend to have similar slopes and concavities. Therefore, 
for each experimental dataset εj, j = 1,⋯, 4 (see Section 5.2 for details on the experimental data), we have computed the profile that 
minimizes the weighted discrete Sobolev distance among all N simulated profiles contained in our dataset X = {xn}

N
n=1. We denote this 

profile as xj,a = arg min
i=1,…,N

H2
W
(
xi, εj; a

)
.

In the left panel of Fig. B, we report, for each experimental profile εj, j = 1,⋯,4, the value of the weighted discrete Sobolev distance 
between the experimental data εj and the corresponding minimal-distance profile x(j,a), i.e., H2

W
(
x(j,a), εj; a

)
. We observe that as the 

parameter a decreases, the values of H2
W(a) also decrease. However, for all four experimental datasets considered, a clear “elbow” 

appears at a = 0.1. From left panel of Fig. B, we observe that, for values of a below 0.1, there is no significant further decrease in the 
H2

W(a) distance. This implies that the profiles x(j,0.1) and x(j,0.01) are very similar to each other. In other words, a = 0.1 represents an 
optimal trade-off: it sufficiently emphasizes the contribution of the derivatives while preserving the overall shape of the profiles. In 
conclusion, choosing smaller values of a would not significantly improve the shape matching.

In the right panel of Fig. B, each experimental profile εj, j = 1,…,4, is shown in black in each row. The simulated profiles x(j,1),

x(j,0.1), x(j,0.01) are plotted with colored dashed lines in red, blue, and green, respectively. We observe that as a varies, the shape of the 
minimal-distance profile changes. For a = 1, the profile obtained is similar to the one found using the L2 distance (for the case of the 
experimental data ε2, see Section 4.3 and Fig. 3). This behavior is due to the fact that in H2 in Eq. (30), the contribution of ||u − v||2L2 

dominates over the terms involving the first and second derivatives. In some cases, these derivative terms are smaller by up to two 
orders of magnitude, which prevents them from contributing significantly to the overall distance.

Looking in more detail at the right panel of Fig. B, one can notice that for the experimental data ε2, the profile x(2,1) has a maximum 
at the midpoint of the period, whereas the experimental data exhibit a maximum, followed by a minimum, and then by another 
maximum. This overall pattern is captured by the profiles x(2,0.1) and x(2,0.01). Similarly, for ε3, which shows a monotonically increasing 
trend, the profile x(3,1) does not reproduce the same global shape and instead increases to a maximum and then decreases. In contrast, 
the profiles x(3,0.1) and x(3,0.01) follow the same global shape of ε3, except for a small neighborhood near the right endpoint.

Therefore, the choice of the parameter a is significant, as varying a can lead to profiles with different shapes. In this study, we 
selected the value of a indicated by the “elbow-like” method. This is also the value for which the minimal-distance profile achieves the 
best qualitative agreement in terms of distance, slope, and concavity of the voltage profiles. 
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Fig. B. Elbow-like analysis of the weight parameter a in H2
W and comparison with experimental profiles. Left plots: “elbow-like” analysis of 

the weight parameter a in H2
W for the four experiments εj, j = 1,⋯, 4 for a ∈ {0.01, 0.033, 0.067, 0.1, 0.33, 0.67, 1}. Right plots: the normalized 

experimental data εj, j = 1,⋯, 4 (black solid lines) are compared with the simulated profiles (colored dashed lines) obtained for a = 0.01, 0.1, 1.

Appendix C. Discussion on the segmentation of the parameter space

Fig. 8, showing the segmentation of parameter space of the PDE model, and the related discussion in Section 5.3, allow us to provide 
a direct comparison of the clustering results with the parameters estimated in [10], using a CNN-LSTM neural network, for the 
experimental data considered, thereby validating the clustering-based segmentation. Nevertheless, in some subregions, the parameter 
space passes through 3 clusters fairly rapidly. For example, a rapid transition occurs near the triple point located around. p∗ = (D, rmax)

given by D = 2.2 ⋅ 10− 6 and rmax = 2.6 ⋅ 10− 2. This transition through clusters C 0 (“Double-Peak”), C 1 (“Single-Peak”), and C 3 
(“Monotonic”) is explained by the fact that, in this region, the corresponding profiles exhibit intermediate behavior, sharing char
acteristics of multiple clusters simultaneously. This phenomenon is well known in clustering analysis (see e.g. [62,63]) and is justified 
by the fact that data points near the boundaries between clusters often share features of neighboring groups, thus exhibiting gradual 
transitions that are not sharply separable in the feature space.

In Fig. C, we show an example of profiles belonging to clusters C 0 (“Double-Peak”), C 1 (“Single-Peak”), and C 3 (“Monotonic”) in 
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the area around p∗. Although these profiles are assigned to three different clusters, they are quite similar to each other. However, 
similarities can be observed with each corresponding centroid, which lead the algorithm to assign each profile to its own specific 
cluster rather than to one of the others.

In particular, the panel on the left shows a profile belonging to cluster C 0 (“Double-Peak”). This profile was assigned to the centroid 
μ0 because it exhibits two peaks and a minimum. The central panel displays a profile assigned to cluster C 1 (“Single-Peak”), whose 
centroid μ1 is characterized by two peaks close to the center, which are about to converge into a maximum at the center, making it 
more similar to μ1 than to the other centroids. Finally, the right panel shows an example of profile belonging to cluster C 3 
(“Monotonic”). This profile has a global increasing trend and a small peak on the right, indicating that the trend is becoming mono
tonically increasing, which results in the smallest distance from the centroid μ3. For clarity, the title of each panel reports the cor
responding values of the parameters D and rmax around the triple point p∗. 

Fig. C. Profiles near the triple point p∗ = (D, rmax). (Left) Profile with parameters p∗
0 =

(
2.9 ⋅ 10− 6, 0.021

)
assigned to cluster C 0 (“Double-Peak”), 

showing two peaks and a minimum. (Center) Profile with parameters p∗
1 =

(
2.1 ⋅ 10− 6,0.032

)
assigned to cluster C 1 (“Single-Peak”), characterized 

by two peaks close to the center, more similar to a profile with a maximum at the center. (Right) Profile with parameters p∗
3 =

(
1.5 ⋅ 10− 6,0.023

)

assigned to cluster C 3 (“Monotonic”), showing a global increasing trend and a small peak on the right. The titles in each panel reports the cor
responding values of D and rmax around the triple point p∗ =

(
2.2 ⋅ 10− 6, 0.026

)
.

The segmentation of the parameter space and the cluster positions obtained in the present work, as well as the points identified by 
the DL-based method of [10], have a clear physical meaning. Full details of the physical meaning of the model parameters are 
expounded in the seminal papers [40] and [41]. Increases in D account for enhanced mass transport in the bulk, due to changes in 
electrolyte chemistry accompanying cycling, such as evolution of the solid-electrolyte interphase or the build-up of reaction products 
that exhibit a stronger Li+ solvation. Increases in rmax, instead, correspond to decreases in the surface density of nuclei developing as a 
result of Li plating during the charging period. A decrease in nuclei density can be due either to the nucleation-exclusion effect brought 
about by pre-existing nuclei (for the physico-chemical background, see, e.g. [64]) or, again, to changes in electrolyte chemistry that 
lead to adsorption of reaction products that inhibit Li electrodeposition.

On the basis of these electrochemical factors, the changes in potential transient shapes can be straightforwardly interpreted. 
Keeping D constant and increasing rmax (changing from cluster C 3 “monotonic” to cluster C 1 (“Single-Peak”) the slope of the galva
nostatic profile grows in correspondence with the localization of electroplating over the nuclei tips. Conversely, an increase in D 
occurring at constant rmax (moving from cluster C 3 “monotonic” to cluster C 0 “Double-Peak”) gives rise to a faster increase of the 
potential and to the formation of a minimum in correspondence with favored mass transport, compensating for process localization at 
the cathode tips, and increasing the electroplating rate in the electrode profile valleys. This mass-transport enhancement is effective 
only in the initial stages of plating (negative slope), because reagent consumption in the cathode profile valleys restores electrode
position rate control by the cathode tips, resulting in a positive slope. Coherently, jointly increasing D and decreasing rmax (experi
mental data ε1), emphasizes minimum development. Instead, decreasing D and increasing rmax (from centroid μ0 to experimental data 
ε2) retards the initial potential growth and puts forward the potential growth after the minimum.

Data availability

Data will be made available on request.
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