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ABSTRACT

In this work, higher-order theories with a unified formulation are adopted within a two-dimensional Equivalent
Single Layer (ESL) framework, to determine the three-dimensional static response of laminated anisotropic
doubly-curved shell structures, described by irregular domains and characterized by holes and discontinuities.
Starting from the geometry description of the structure in curvilinear principal coordinates, the fundamental
equations are derived from the minimum potential energy principle in weak form, employing higher-order
Lagrange shape functions to interpolate the unknown displacement variables. An isogeometric mapping of the
physical domain is introduced to make the equations suitable for arbitrarily-shaped structures. A numerical
solution is obtained using the Generalized Differential Quadrature (GDQ) and Generalized Integral Quadrature
(GIQ) methods for singly-connected domains. In addition, a finite element numerical solution of the theory is
determined, employing various shape functions and discretizations to address discontinuities, holes, and cracks.
In the post-processing stage, an efficient recovery procedure based on GDQ and GIQ is presented to reconstruct
the response of the 3D solid. This procedure adopts a patch extracted from the physical domain to numerically
evaluate derivatives and integrals. The accuracy of the proposed solution is validated through proper compar-
isons with numerical predictions from 3D models developed with commercial softwares. Parametric in-
vestigations are also performed, highlighting the importance of the recovery procedure and the selection of the
kinematic model. Various structures with different curvatures are analyzed, featuring different lamination
schemes, geometries, loading conditions and boundary conditions. The model proposed in this paper enables
refined numerical solutions with a reduced computational effort compared to conventional numerical ap-
proaches. Moreover, it allows for accurate and efficient determination of strain and stress distributions in
laminated, doubly-curved structures with holes and discontinuities, thus providing valuable insights for the
design of complex structural components.

1. Introduction

through-the-thickness expansion of unknown displacement variables,
include the Classical Plate Theory (CPT) and the First-order Shear

In recent years, the use of advanced structural components has
become very common across various engineering fields [1-3]. There-
fore, novel theoretical and computational approaches are required to
accurately evaluate the response of these structures. In this context,
computational efficiency becomes a key factor in advanced structural
modelling. For this reason, the mechanical response of laminated
structures is typically evaluated using two-dimensional (2D) structural
theories, rather = than more  computationally expensive
three-dimensional (3D) simulations [4,5]. These theories are based on
axiomatic assumptions regarding the through-the-thickness expansion
of the unknown variables. Classical approaches, based on a linear
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Deformation Theory (FSDT) [6,7]. These formulations allow for a rapid
evaluation of the structural response in conventional laminated struc-
tures. However, several papers have demonstrated that the actual
behavior of laminated structures, especially those ones involving
advanced innovative materials, can be significantly different from pre-
dictions of these simplified models [8-10]. As a result, CPT and FSDT are
generally used only for preliminary assessments, while full 3D models
are preferred for more advanced and accurate simulations. The use of 3D
numerical models significantly increases the computational cost due to
the large number of Degrees of Freedom (DOFs). For this reason,
advanced 2D formulations have been developed in literature, starting
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from the Third-order Shear Deformation Theory (TSDT), which accounts
for a parabolic through-the-thickness distribution of in-plane displace-
ment field variables [11]. Moreover, Higher-order Shear Deformation
Theories (HSDTs) have been introduced, which adopt higher-order
polynomial expansions to describe the unknown field variables along
the thickness direction [12-17]. In addition, zigzag functions can be
included within these models to predict the interaction between adja-
cent laminae at their interfaces. This phenomenon is particularly evident
when laminae have different stiffnesses. These functions can be defined
based on the thickness of the laminate [18,19] or derived from the
material properties of each individual layer. In the latter case, the
resulting formulation is known as the Refined Zigzag Theory (RZT)
[20-22]. The assessment of these advanced kinematic models is often
carried out using the unified formulation, a milestone in this research
field, initially proposed by Washizu [23] and Reddy [24]. In this
framework, the unknown variables are expanded along the direction of
thickness using arbitrary thickness functions. In this way, the funda-
mental equations can be derived independently of the specific analytical
expression of the chosen kinematic model, thus introducing generalized
variables that are defined throughout the entire physical domain [25,
26]. This modeling strategy is commonly known as the Equivalent Single
Layer (ESL) approach. By contrast, the Layer-Wise (LW) approach as-
signs a specific kinematic model to each lamina within the structure
[27-29]. Finally, a hybrid method, known as Equivalent Layer-Wise
(ELW) approach, has also been proposed. It enables the possibility to
enforce kinematic boundary conditions at the top and bottom surfaces of
the laminate. This approach has proven to be particularly effective for
multifield analyses, as it enables the straightforward prescription of
arbitrary scalar field values [30]. The adoption of refined higher-order
kinematic models significantly enhances the efficiency and accuracy of
the structural response using 2D theories, especially in the context of
advanced and innovative materials [31,32]. In fact, these advanced
materials can significantly enhance both the static and dynamic
behavior of structural components. For example, the adoption of Carbon
Nanotubes (CNTs) has become increasingly popular in engineering ap-
plications, particularly for reinforcing the matrix in composite layups
[33-36]. In addition, lattice and honeycomb materials are commonly
employed in lightweight panels because, starting from an isotropic raw
material, their unit cell geometries can result in complex material
symmetries [37-40]. While analytical solutions are available in litera-
ture for simple geometries such as plates, cylinders and spherical panels
with cross-ply lamination schemes [41-45], they are generally not
applicable to structures with complicated shapes and materials, as
happens for generally anisotropic doubly-curved shells with holes and
other geometric discontinuities. In these cases, approximate numerical
methods are required. Among these, the Finite Element Method (FEM)
[46,47] is the most widely adopted approach in structural mechanics.
This method is based on the computational domain discretization into
finite elements, and accounts for a local interpolation of the unknown
variables using a variety of shape functions [48-52]. In this way, the
solution is, then, evaluated at a discrete set of nodes, which contains the
unknown variables of the numerical system. With the adoption of FEM,
the governing equations are solved in their weak form, with the de-
rivatives evaluated from the selected shape functions. The choice of
shape functions in FEM-based analysis is critical, as it ensures continuity
of the solution across adjacent elements, as it is required in conforming
elements. In this context, Lagrange polynomials are widely used to
interpolate the unknown variables throughout the computational
domain [53,54]. It should be noted that, in FEM, although Lagrange
shape functions ensure continuity of the solution across element
boundaries, they do not guarantee the continuity of first-order de-
rivatives. In contrast, Hermite polynomials [55-58] provide both con-
tinuity of the solution and of its derivatives. Another important aspect of
finite element analysis is the domain decomposition, which can be
carried out using either structured or unstructured meshes [59-62].
While the actual geometry of the structure is usually described using
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Non-Uniform Rational Basis Spline (NURBS) curves [63,64] during the
design phase, traditional FEM approximate the geometry using poly-
nomial functions [65]. This approximation introduces a geometric
modeling error that typically requires a finer mesh to be reduced. In
contrast, the Isogeometric Analysis [66-68] directly adopts the curves
defined during the Computer Aided Design (CAD) process to interpolate
the solution. In this way, a significantly accurate solution is obtained
with a reduced number of DOFs. An alternative strategy to FEM is the
adoption of a method belonging to the class of spectral collocation nu-
merical techniques [69,70], which rely on a global interpolation of the
solution over the entire computational domain. Among them, the
Generalized Differential Quadrature (GDQ) method [71-75] has become
very popular, as it enables the solution of differential equations directly
in their strong form by approximating the derivatives of the unknown
variables. This procedure is a generalization of the classical DQ tech-
nique as it is based on an arbitrary definition of the discrete grid.
Compared to traditional FEM-based simulations, it typically requires
fewer DOFs [76,77]. In addition, the Generalized Integral Quadrature
(GIQ) numerical technique [78-80] has been developed from the GDQ
framework in literature to enable efficient numerical integration. The
GDQ method has been widely applied in several research areas,
including structural analysis [81,82], multifield coupled problems [83,
84], and fracture mechanics [85,86], among others. Once a 2D solution
is obtained using lower-order or higher-order theories, the reconstruc-
tion of the actual response of the 3D solid can be inaccurate, especially if
the panel exhibits a double curvature. To address this limitation,
post-processing procedures are required to enhance the results, ensuring
that they are physically consistent. For example, Ref. [87] highlights the
importance of the recovery procedure in the context of semi-analytical
Navier-type solutions. This procedure derives the solution of 3D equi-
librium equations starting from results from the 2D model. Since the
stress distribution is not known a-priori, except for some specific cases, a
numerical derivation of the solution of the equilibrium equations is
required. For this reason, in previous works, the GDQ method has been
extensively employed within the recovery procedure. On the other hand,
in Ref. [88] an approach based on a GIQ numerical method has been
proposed to recover strain and stress components, which can have a
higher computational efficiency, as it avoids matrix inversion. However,
these methodologies can be limited to 2D solutions on regular domains.
In the case of perforated shells or structures with cut-outs, for example, a
regular grid pattern cannot be identified, making it impossible to apply
the recovery procedure directly. Thus, the actual 3D response of a
doubly-curved shell cannot be determined with a sufficient accuracy
level. Nevertheless, it is possible to identify a regular sub-domain around
each point on the shell, where the recovery procedure can be effectively
applied. For this reason, in this work we focus on the static response of
doubly-curved shells with holes and discontinuities, introducing a re-
covery procedure based on a preliminary selection of suitable local
sub-domains. More specifically, a refined 2D formulation is presented
for the static analysis of laminated anisotropic doubly-curved shell
structures with arbitrary shapes and holes. The formulation is based on
the ESL description of displacement components, employing
higher-order theories and a unified formulation. The geometric shape of
the panel is described using the curvilinear principal coordinates from
differential geometry principles [89], and the unknown displacements
are interpolated with higher-order polynomials over the entire physical
domain, starting from the values at the sampling points on a 2D
non-uniform grid. Each lamina is modeled with a generally anisotropic
constitutive relationship, accounting for arbitrary material orientations
related to the geometric reference system. The governing equations are
derived in their weak form from the principle of minimum potential
energy, accounting for general surface load distributions applied to the
top and bottom surfaces. Furthermore, the NURBS-based isogeometric
mapping is employed to accurately represent arbitrarily-shaped struc-
tures. A numerical solution is obtained via the GDQ and GIQ methods. In
addition, a finite element implementation of the theory is carried out,
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following the approach outlined in Ref. [90], which enables the appli-
cation of the formulation to shell structures with bi-connected domains,
including holes and discontinuities. Finally, an efficient post-processing
recovery procedure, based on GDQ and GIQ, is applied to reconstruct the
full 3D response of these laminated structures. Unlike previous papers,
the recovery procedure presented here begins with a preliminary se-
lection of a subregion within the arbitrarily-shaped physical domain. In
this subdomain, the 2D solution is accurately interpolated and used to
solve numerically the 3D equilibrium equations along the thickness di-
rection. Several numerical examples are provided, evaluating the linear
static response, in terms of displacement components, 3D stress and
strain field of panels with zero, single and double curvature, defined
over domains with more than four edges, including the case studies with
holes and discontinuities. For each example, systematic comparisons
with 3D reference solutions are performed to check the accuracy of the
solution. In addition, the parametric studies investigate the effects of
different kinematic models, shape functions, and mesh discretization, as
well as the accuracy of the patch-based recovery procedure. This work
offers a useful contribution to the research on shell structures, as it
provides an efficient methodology, computationally efficient, for the
evaluation of the static response of doubly-curved laminated structures
with holes and arbitrarily-shaped domains. Thus, it extends the appli-
cability of refined 2D structural theories to practical design problems
involving holes, cutouts, and discontinuities. Furthermore, in the future,
the methodology could be extended to numerical predictions obtained
from more recent or emerging computational approaches, including
meshless methods and machine learning techniques [91,92]. This would
allow the role of the proposed numerical strategy to be assessed not only
for classical methods but also for novel applications. Examples include
physical problems in which the magnetic properties of various structures
and materials are evaluated [93-95].

2. Doubly-curved shell higher-order weak theories

An arbitrary doubly-curved shell solid is defined within a 3D Car-
tesian coordinate system, whose unit vectors are denoted by e;,e5,es.
The geometry of the shell is, thus, described by introducing three
continuous smooth functions f1,f5,f3, which define the position vector
R of an arbitrary point in the solid, univocally identified by the pa-
rameters a1, a2 and a3:

R(a1,az,a3) =f1(ar,az,a3)er +f1(ar,az,a3)es +f1(a,az,as)es

1

In line with the ESL approach, the 3D position vector in Eq. (1) is
expressed with respect to a reference surface, whose position vector is
denoted by r(a1,a2), located at the middle of the total thickness h of the
solid. The third coordinate, denoted by a3 = ¢, is defined along the
outward normal direction of the reference surface, with the corre-
sponding unit vector denoted by n(a1,a 2). Thus, the position vector R of
any point in the shell solid reads as [25]:

R(al.,az,C):r((ll,(12)+gzn((11,(12) 2)

In the previous equation, a dimensionless coordinate z = 2{ /h, with
z € [— 1,1], is conveniently introduced to identify those points along the
thickness direction. Furthermore, the quantities a1, a , that describe the
reference surface consist of a set of principal curvilinear coordinates. To
give physical consistency to Eq. (2), a rectangular physical domain is
introduced, denoted by [a%,a}] x [a%,a}] so that a; € [a9,a!}] and
ay € [aoz, (112] From the equations in principal coordinates of the refer-
ence surface, the main geometric parameters are evaluated at each point
of the physical domain. More specifically, the Lamé parameters A (a1,
ay) and A,(a;,a2) are determined according to the expressions re-
ported below, where r; and r, denote the partial derivatives of the
reference surface equation with respect to a; and «a», respectively:
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Ay =\ri T, Ay=\IyT, 3

Similarly, the principal radii of curvature of the reference surface are
determined using the following relation, where r; = &*r /(da;da;) for i,

j = 1,2 is the second-order partial derivative of r with respect to a1,a 3:
r;r;

Ri(ay,as) = *r" hv
11°

oI
Toon

(€]

Rz(ahaz) =

The quantities introduced in Eq. (4) are used to determine the
through-the-thickness scaling parameters H; = H;,H, along a; = a1,
a , directions, respectively. These parameters are defined at each point
of the doubly-curved 3D solid as follows:

_ ¢
Hi(ar,a2,0) =1+ )
R;
Finally, the outward normal unit vector to the reference surface is
evaluated as:

r; XTp

(6)

n(ai, =
(a2, a2) [r1 x 1o
The doubly-curved laminated structure consists of [ superimposed
layers, each of them with thickness hy for k = 1,...,L. The total thickness
h of the laminate is obtained by summing the thicknesses of all layers, as
follows:

1 1
Z Z €k+1 (7)
k=1

=1

At this point, each component of the 3D displacement field,
belonging to the vector UY = [y y® U] !, is expanded using the
unified formulation up to the N+ 1-th kinematic expansion order. To
this end, the thickness functions F®e1 F®ez Fles are introduced for
each z-th kinematic expansion order with 7 = 0,...,N+ 1. These func-
tions, which depend on the thickness coordinate ¢, are assembled into

the matrix F®. In this way, the following higher-order kinematic model
is introduced [25]:

U(f) N1 Fik)u 1 0 0 u({)

up | => 1 o Fd: 0 ||uf ®
k =0

U(B) 0 0 h :

where u,u®) u?

are the generalized displacement field components,
defined for each 7-th kinematic order and collected into the vector u(®.
In compact form, the previous equation is expressed as:

N+1

UR(ar,a,0) = ZF Ou(ay,as) (C)]

The analytical expressions of the thickness functions F¥ei = Fka1,
F®ez Fles for any order 7 = 0,...,N + 1, are reported below. As can be
seen, power polynomials are adopted for z = 0, ..., N, while a suitable
zigzag function is introduced for the highest kinematic order 7 = N+ 1:

I 1=0,..N

FO @) =9 ~(c1)f 2 G th 10
G =8 G — &

It should be noted that, from Eq. (9), a wide range of structural theories
can be derived within the same formulation. To properly identify the
adopted kinematic model, an effective nomenclature is introduced,
namely ED — N and EDZ — N, where the latter is adopted only when the
zigzag function is considered. In particular, the letter “E” indicates that
the theory is ESL-based, while “D” means that the displacement field
components are the unknown variables of the model. Once the
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kinematic field is defined, the higher-order unknown variable vectors
are interpolated onto a grid of size Iy x Iy, defined within the 2D
physical domain. The arbitrary element of this grid is denoted by (a 1y,
azg), wheref =1,....Iyand g =1,...,I . To carry out this interpolation,
higher-order Lagrange polynomials [;(a1) and L(a2) are introduced,
defined as follows [25]:

((11 —(lli)

» L(as)

In

(a1 —ay) ] (ay—aw)

i=1, iAf

(s~ a3)
= a1

Im

.
I
-

Ao —(lzg (lzg (121
J=1, j#g

These polynomials are collected into the row vectors l,, and I,
respectively, with sizes 1 x Iy and 1 x Ip:

by = [L(@1) o @) o Liy(ar)
Zfen e - e a2)

a2

Similarly, the first-order derivatives of Is(a1) and L(a3), denoted by
l(fl)(al) =0l /oa; and l(gl)(ag) = dlg /da 3, are collected into the vectors

l<1 and l,}z), respectively:
1) = [V o Par) o 1)) -
1) = [l<11)((12) o W(as) .. l(};(az)]

The vectors introduced in Eq. (12) are, then, used to interpolate the
generalized displacement field components for any 7 = 0, ..., N +1 over
the 2D discrete grid cited above, as follows:
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ﬁ(f) — ﬁ(ﬂ (17)

The vectorization operation is based on a by-column arrangement of
the elements of the matrix, as illustrated in the relation reported below:

—(7)

—(1) 7) 7)
u; = Vec(“(i ) & (u(i )= (u(i(sr))k (18
withs =1,..,Iy,r =1,...Iy,and k =s+ (r — 1)Iy. It should be noted
that k = 1, ..., IyIy. The vectors u(ir) = u(l) ( Ty u 3 of size InIy x 1
are, thus, expressed in extended form as follows.
—>(7) _ Vec( (z )
T
7 (7. 7) T T 7)
= [u(i ()11) ui?le) u(i (12) " u<i()IN2) u(i guM) u(i(INIM)] 19

fori =1,2,3. Introducing the Lagrange polynomials-based interpolation
of Eq. (15) into the generalized kinematic model of Eq. (9), one gets:

N+1 N+1
U9 =) "FPu = FON"a"” (20)
=0 =0

Once the 3D displacement field vector is expanded in Eq. (20) using the
thickness functions and shape functions, the ESL expressions of the ki-
nematic relations are derived, starting from the 3D definition equations
for a doubly-curved shell solid expressed in curvilinear coordinates and
presented below in compact form [25]:

3
=D, ( > D“éi) U (21)
i=1

In the e®(ay,az,0) =

T . .
g(;() ] denotes the 3D strain vector, while D

previous

k k k k) k
[5<1> 5(2) }’(1; 7(13 7(2;

equation,

(7)
uPlaas) | 4 [hay)l(as) 0 0 (@7, o 2)
Waran) | =3 0 (a1)lg(@s) 0 Uy (@, @) 14)
1 g-1 0 0 l L f3
u§ (a1, az) ¢ (@2)lg(az) uf (a1g, azg)

In compact form, the previous relation becomes:
u® = N"g@®? (15)

where N of size 3 x (3IyIy) is the shape function matrix, which is
expressed in terms of 1, , 1, as follows, where ® refers to the Kronecker
product operation:

T
Ly,

0 0 ® Iy
N o= 0
0 0

(] 0
L,® L, 0 16)
0 ®

l(x la

2 1

introduced in Eq. (15) is expressed in terms of the

vectorized form u' = W', W' @' of matrices u?” = u{ ul)

i

The vector a®
% of
size Iy x Iy, which contain the values of uf =u( uf) uf at the
discrete points (17, 2):

is the 3D definition operator, which is decomposed into the operator D
containing derivatives with respect to the thickness coordinate ¢, and
the operators DY = DY, D2, D} associated with the in-plane co-
ordinates a1, 5:

1
A 0 0 0 0 0O O 0 O
1 9 0 0 0 0 0 0
H,
1 1
0 A 0 0 0 0 O
D, = 1 3 (22)
0 0 — 0 — 0 0
H, o
1 0
0 0 0 O — 0 = 0
H, o
0 0 0 0 O 0 0 9
L o |




F. Tornabene et al.

10 ] [ 1 oA, |
— 00 Z
Ay ooy 0 ALA, Oay 0
1 0A, 1 9

— 0 - 7

AL1A, 0 0 A, day 0
1 04 1 0
- — 0 0 = 7
A1A; day 0 A 0y 0
1 0 1 0A
- 00 _ Z2 P

Dy = Az Oay D = 0 A,Ay oy 0 Dy

1

b 0 0 0 0 0
K 0 ! 0
0 00 "R,

1 00 0 0
0 0 0 0 1 0
0 0 0 0 0 0

- L
00 —

R,
1

00 R,

00 0

0

_ 1 0
-~ 10 0 ——
A1 6(11

1 0
00 ——
Azaaz

00 0
00 0

1
(23)

The higher-order kinematic equations are derived from Eq. (21) by
substituting the higher-order kinematic expansion of the 3D displace-
ment field vector given in Eq. (20):

N+1 3 N+1 3 N+1 3

e® =3 S D DYFFIUO = 3 S z*piiy® — 7 (ki g(0)ai
=0 i=1 =0 i=1 =0 i=1

(24

Here, Z k771 — D,FK)¢i is the higher-order kinematic operator defined
at each point along the thickness direction, while &% =
[ edm /0" /9" A A oy et €] s the
vector of generalized strain components, defined as follows for any 7 =
0,..,N+1landi=1,23:

9% = Dgu® = DEN"a"” = B a"” (25)

The operators B“ = B*' ,B* B™ are defined using the vectors of
Lagrange interpolating polynomials and their first-order derivatives
introduced in Eq. (12) and Eq. (13), respectively, as follows:
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1
/TlLQ@zg 00
1 0A,
TA g @l 00
1 0A,
“AiAs dg e @l 00
1
(1)
B A ©l 0 0| g
1
Rl ol 00
0 00
L, ®L, 00
0 00
| 0 00
[ 1 0A, ] - :
941 1
0 A1A2 ()(lz laz ®la1 0 0 0 ITllaz ®la1
1
il (6] 1
0 2 el 0 00 11,
1
0 oL 0 00 0
1
1 0A,
0o - =2, 91, 0 «
= AA; oy 2 O . BY =19 o Ly e
A] 1
0 0 0
1
1 Y
0o —l.el, 0 00 k@l
2
0 0 0
0 L, ®L, 0
0 0 -0 0 l(lz ® lal ]

(26)

Referring to an arbitrary point within the doubly-curved 3D solid,
the following elastic constitutive relation is considered, valid for
generally anisotropic materials:

ok — FR k) _ gk (T<k>)Te<k> @27)

Here, the 3D strain components are collected into the vector ), already
introduced in Eq. (21), while the 3D stress components are collected into

the vector 6 = [ 50 &) 0 &

constitutive matrix associated with the geometric reference system

,;(;‘) ] " The anisotropic

O'ajas( is denoted by E(k), with arbitrary element is E;-k) fori,j =1,2,3.
On the other hand, the constitutive matrix E® is associated with the
material reference system O’aq()a(g)ﬁk) of each k-th lamina, and its
arbitrary element is denoted by Eg‘) withij =1,2,3. Generally speaking,
these coefficients are the elements of the 3D elastic stiffness matrix of the
material, namely Ego = l(jk). For the kinematic models in Eq. (8) that
neglect deformations along the thickness direction, these coefficients
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correspond to the reduced elastic coefficients, denoted by Egjk) = Ql?jk),

and are evaluated according to Ref. [25]. In expanded form, Eq. (27)
reads:

w] T R e ][]
| |EL R BN L RN M| |
(e m o R B R | o
I
G BB ERERR S
_63 J _E13 E23 E36 E34 E35 E33 _83 i

Finally, the transformation matrix T% is defined as follows [88]:

k)
T® =T (154789x1.52443+7.6+89)

- (H<k>T ® (H(”)A) (29)
(11,5.4.7,8.9]x[1,5,2+4,3+7,6+8,9))

Since it is assumed that ¢®)
the ¢ axis, the matrix H®

= ¢, the rotation of the material occurs about
introduced in Eq. (29) can be expressed in
terms of the angle 9% between the a* 1 ) and a, axes as follows:

cos9®  sing® 0

—sind®  cos9® 0 (30)
0 0 1

H® —

The governing equations are derived from the stationary configura-
tion of the total potential energy I of the system. The virtual variation of
this energy consists of the sum of the virtual variation of the elastic
strain energy, denoted by 6®, and the virtual work of external loads 5L ..
One gets [25]:

ol=60—-6L, =0 (3D

The virtual variation of the elastic strain energy is evaluated in
curvilinear principal coordinates for a doubly-curved laminated shell
solid as follows:

g ] e

T ag

1A 2H szal dazdé’ (32)

where the integration is carried out over the total volume of the lami-
nated shell solid. By substituting the higher-order ESL expression of the
3D strain components, introduced in Eq. (24), and performing some
mathematical calculations, the previous expression can be reformulated
as follows [25]:
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Ckaa T
1 N+1 3
SD = Z /// <Z ZZ“‘”“"&&”“*) O'(k)A 1H1A2H2dcd(11d(12 =

1 Gt s ni1 3
>/ <Z > (el)T(z o) )o“’AlHlAszdgdaldaz -
k=1 o =0 i=1
ay az G
Nt [938]
=S5 [ fenry: / k) Ty HodCA A s da, —
=0 i=1 o
N1 3
= Z Z // 58 1)111 S(T “A 1A gda 1d(12
=0 i=1
a; ay
(33)
where vector §9% = 8% (a1 a5) is introduced for each 7 = 0,...,N + 1
and i = 1,2,3, with the following extended form:
s(r)al — [N(f)a,- N(Z’[)lli Ngzz)al N(zzl)a,- ng)a, T(ZT)ai sz)a‘ p(zr)ai S:(;)al ]T
(34)

Additional details regarding the derivation of the generalized stress
resultants introduced in Eq. (34) can be found in Ref. [25]. As showin in
Eq. (33), this quantity is obtained by proper integration of the 3D stress
components along the thickness direction. By substituting the 3D
constitutive equation of Eq. (27) and the higher-order kinematic relation
of Eq. (24) into Eq. (33), and after some mathematical manipulations,
the following higher-order generalized constitutive equation is
obtained:

N+l 3 N+l 3
1)"1 Z ZA(WI 05 0 (1) Z ZA(W)aiangNTﬁ(ﬂ) (35)
n=0 j=1 n=0 j=1

The elements of matrix A™%%  introduced for any 7,77 = 0, ...,
. (o) [fegla
andij =1,2,3,aredenoted by A, v0)
0,1andnm =1,.
0°FW /90 =

N+1
“J with indicesp,qg =0,1,2,f,g =
.,6. These quantities are evaluated as follows, setting
F(k)"' and 0°F" Jac® = F\¥ [25]:

aja = (}fF Jai 0gF ko H,\H.
A(m [fg j Z / (k 1 2d§ (36)
k=1

"™ of o HiHj

In the previous relation, the quantities ES:Q denote the coefficients E"i,’;)[
with n,m = 1,2,3, which are multiplied by the shear correction factor
k() =5/6, in the case of theories that assume uniform distributions of
shear stresses:

Y _ E(n’;)l for nm=1,2,3,6 (37)
nm =k  for n,m=4,5

In expanded form, the generalized constitutive matrix A™%% from Eq.
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(35) takes the following aspect:
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The simplification regarding the generalized constitutive matrix
A% introduced in Egs. (39),(40) can have a potential impact on the

A AT A A A G AT AR Az ]
AL A A AL A AT AL AL AL
AT AT AT AT AT AT AT AT AT
A WG AT M WET AL AR A A
e e @)
AR AL AT AZE D AT LS A A
AL AL AL AT AL AT A e Wi i
A AZR AT A AU AT AL A AZ
AL AR A A AU AT AL A A

Following Eq. (36), the elements of the matrix A™*% take into ac-
count the curvature radii of the reference surface, which vary within the

(mn)fglaia

physical domain. This results in the coefficients A o)

depending on
the curvilinear coordinates a1, 2. This dependence can be neglected by

assuming p = q = 1. In this way, Eq. (36) is simplified as follows:

L sl af Yo
m )Ifgla i ~ / F ' agF d{ (39)
nm (pq) ; y nm acf 0Cg
Sk

As a consequence, the following extended form is obtained for A(™®®:

accuracy of the solution. The sensitivity of the solution on this
assumption is limited in thin and moderately thick shells, characterized
by a total thickness h and minimum principal curvature radius R iy =
min(R1,R2) so that h /R pin <1/10+1/5.

Introducing the definition of the generalized strain components
vector from Eq. (25) into the expression of §® of Eq. (33), one gets [25]:

A A A AR AT A A A g ]
AT A A A A AT AL A A
AR A A A e e A A A
AT A A A A AT A A A
o o A Al e e gl e gghien gl o o)
prT e N M W TN e
Ao Ao gl it Aiten gl igiten gien pgie
AR A AN AL AT AT A A A
AR A AN AL AT AT A A A
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o 855 [ [ st
=0 i= o
Nf1N+1 3 3
= ZZZ//(‘S(D(M“(’))) AMaEGDIRD AL Asday das =
=0 =0 i=1 j=1 o
Nt1N+1 3 3
:ZZZZ//(DOQNTSE(I)) Al (DaJNTu(ﬂ ) LAyday day =
=0 =0 i=1 j=1 o o
N+1 N+1 3 3 o
=2 > s > > / / (DEN") A5 (DINT) A1 Apdarday | " =
7=0 1=0 ==l
N+1N+1
=33 su'K"”
=0 n=0

(41)
In the previous equation, the definition of the generalized stiffness

matrix K™ of size (3InIn) X (3InIy) is obtained for any 7,7 = 0, ...,.N + 1,
accounting for a proper integration over the parametric domain:

K(ﬂ?) / Da'NT) A(T’l i (Daj NT) 1A sdada o
i= l j=1

Thin-Walled Structures 218 (2026) 114126

where H”' H{"” and H{”,H}" are the through-the-thickness scaling
parameters introduced previously, evaluated at the top and bottom
surfaces, respectively. From the application of the static equivalence
principle, which states that 6L, = 6L., and by introducing the
higher-order kinematic model into the previous equation, the following
expressions are derived for the corresponding higher-order generalized
loads, defined for any 7 = 0,...,N+ 1, which act on the reference surface

of the shell solid and are denoted by q(i’ ) withi =1,2,3:
q(ir) _ q(i*JFik)ai(—)H(lﬁH(;) + q(i+)F£k)ai(+)H(;r)H(2+) (45)

These generalized actions are, then, grouped into the vector q(¥ =

[q7 4% ¢¥ ", The virtual work of the generalized actions 6L, from
Eq. (45) is evaluated as follows:
N+1
oL, = Z / / (q7ou?) +q5ou) +qous)A 1A darda
=0 ay as
N+1
// 611(1 q(T 1A zd(l ld(l 2 (46)
al a

By introducing the higher-order Lagrangian interpolation of u® from
Eq. (15) into the virtual work expression in Eq. (46), one gets:

(47)

3 3 (42)

=y 3 / / (B*)"A™“BYA | A pdada,
o1 =1

a az
N+1 N+1
oL, = Z //(Nrm(1>) q 1A2d6{1d(12 = Z // T) Nq 1A2da1da2 =
=0
N+1
//Nq 1A 2d(11d(12 = Z( u(r>)TQ<1)

By introducing the matrices B D N of size 9 x (Iyly), the

matrices K = (Ea‘)TA(””“‘“f B” can be evaluated for each i, j=12.3,
as detalled in Ref. [25]. In this way, the previous expression becomes:

()i

K(:"/)“l“l K(s"?)alflz K(Sm)fllﬂa
R(m) — // R(Sfﬂ)azal R(Sfﬂ)azuz R(Sm)azas A1A ydaqda s (43)
a ay K(Sm)flzal *(;'7)“3“2 K(Sm)ﬂs“a

As far as the virtual work of external loads is concerned, it is assumed
that the structure is subjected to surface loads of arbitrary distribution
acting at the top and bottom surfaces. More specifically, the surface
loads applied on the top surface, located at { = h /2, are denoted by q(i“,
while those on the bottom surface, at { = — h /2, are denoted by q([>.
The virtual work associated with these loads, denoted by 6L, is eval-
uated as follows [25]:

The integral form of the external load vector Q'”, introduced in the
previous equation, is, thus, defined as follows:

Q<lf) Nq(lf)
Q" =|qy| = / Ng¥ |A14da;das 48)

Q(;) @ ay Nq(f)
where N is already introduced in Eq. (16). Substituting Eqgs. (41) and(46)

into the minimum potential energy principle of Eq. (31), the weak form
of the equilibrium equations is obtained for any 7 = 0,...,N+ 1:

3
ZDgns(l)ai _ Q(f) -0 (49)
i=1

Considering the expression of the elastic strain energy in terms of the
generalized displacement field variables at the discrete points of the

L = / / (¢80 + g5 805 +¢5 UV HUHY + (776U + ¢578Uy” + ¢57 605 +)HUHLY ) A4 A »dandas (44)

ap az
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grid, as shown in Eq. (41), the higher-order weak equilibrium equations
of Eq. (49) become [25]:

N+l
Z K(W)ﬁ(*?) - Q(f) (50)
n=0

Finally, Eq. (50) is assembled to consider, within the same system of
differential equations, all the terms of the kinematic expansion, leading
to the following equation:

K(f;g) K(i) K(?(z)) K(V?(Z?) o)
g1 g g RN+ v
g@®0 @ O™  g@) il
g0 @11 RODW) WD) || G
Q(O)
Q(l)
= G
Q(N)
Q(N+1)

As far as the boundary conditions associated with Eq. (51) is con-
cerned, prescribed generalized displacement field variables are enforced
at specific grid points by assigning these prescribed values to the cor-
responding entries in the vector of unknowns. Unlike classical finite
elements, in this theoretical framework boundary conditions can also be
applied by assigning values of the generalized stress resultants, as in the
equivalent strong formulation reported in Ref. [25]. Consequently,
when the analysis involves multiple domains, the continuity conditions
may be of either C° or C' type. In other words, the global assembly of the
equations ensures the solution continuity. Moreover, C! continuity
conditions guarantee that the derivatives of the solution, and, therefore,
the generalized stress resultants, are continuous across adjacent ele-
ments. For further details, the interested reader is referred to Ref. [25].

3. Numerical solution with differential and integral quadratures

The fundamental relations presented in Eq. (51) are solved numeri-
cally to obtain an approximate evaluation of the static response of
doubly-curved shell panel of arbitrary shape, composed of generally
anisotropic materials and lamination schemes. To this end, the GDQ
method is emplyed for evaluating the derivatives within the system of
differential equations in Eq. (51). Referring to an arbitrary smooth

function f = f(x) defined over the closed interval [a,b] of extremes a,

b € R, its n-th order derivative at an arbitrary point x = x; in the defi-
nition domain is approximated as follows [71]:

I &S

In the previous expression, the quantity ggﬂ is a proper weighting
coefficient, while f(x;) denotes the value of the function f at the discrete
point x; with j = 1,...,I, selected from the definition domain [a,b]. The
weighting coefficients gij") are determined from the following recursive
relation, where it is assumed that g(i? ) — 5 for completeness, being 5 ; for
i,j =1,...,I5 the Kronecker delta operator:

g(ij}) _ Ju)(fil _ Hiqzl.k;éi(xi —Xk) for i ]
(xi—xi)i( )(x,«) (xi—xj)nkil.k#j(xj_xk)
(n-1)
& =n(sher - ) for i £, n>1
Ia
==>"d fori=j, vn

(53)
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In particular, 7'V (x;) and (x;) denote the first-order derivative
of the Lagrange interpolating polynomials, evaluated at x; and x;,
respectively. By applying the recursive relation in Eq. (53) for the in-
terval [a, b]=[— 1, 1], the GDQ weighting coefficients zg” are deter-
mined. It should be noted that the sampling points associated with this
interval are denoted by X; To determine the weighting coefficients
associated with an arbitrary [a,b] interval, the following coordinate
transformation is employed:

Xr, — X

xi:%(fciffl)+x1 (54)
X[Q — X1

Finally, the coefficients gﬁj.") used in Eq. (52) are determined from the

coefficients, denoted by Efj”, as follows [71]:

X1 — X1\ "2
o = (1041> & (55)

XIQ — X1

It should be noted that Eq. (52) can be expressed in the following
compact matrix form:

£ — o g (56)

where ¢ is a square matrix of size I x I containing the coefficients
g forij =1,...Io, while f™ = [f®) (xx1) - f®(x;) - f® (x;,)]" and
f=[fx1) - f(xi) - f(x1,)]" are column vectors of size Iy x 1 of the

values assumed by f™ and f at the sampling points within the discrete
grid, respectively. The procedure described in Egs. (52) and (56) is easily
extended to a two-variable function f = f(x,y) by employing the matrix
multiplication approach of Eq. (56). To this end, a computational grid of
size Iy x Iy is introduced. The symbol f, thus, refers to a matrix of size
Iy x I containing the values of the function at the discrete grid points.
Then, the by-column vectorization operation [71] is applied to deter-

mine the column vector ? of size Iyl x 1, defined as:
f =Vec(f) & fi =f(xi,x;), (57)

setting k =i+ (j — 1)Iy, i = 1,...Iy, and j = 1,...,Iy. Similarly, the

—s(n+m) . L .
vector f Xy of size InIy x 1 is introduced, which collects the de-
rivatives of the (n+ m)-th order of f. In compact matrix form, Eq. (56)
can be expressed as:

—(n+m

) — L —
fxy — gy(m> ® g)r(n) f — g)r(n)y(m) f (58)

being ® the Kronecker product. The arbitrary element of matrix X"y
is denoted by g)g"”’ (™ As a particular case, the coefficient matrices for
the n-th and m-th order partial derivatives of f = f(x, y) with respect to x
and y, respectively, are evaluated as ¢*™Y(©) = [ ® ¢*™ and ¢*O(m —

¢"™ @ I, with arbitrary elements g’lfj(m and g’;j(m), respectively. Similarly to
the 1D GDQ rule of Eq. (52), the integral of an arbitrary smooth function
f =f(x) over the interval [x;,x;] C [a,b] fori,j =1,...,I is numerically
evaluated as follows [71]:

[feoax= [ fooac- [ fooae= i) 59)
: i 5 =

Here, x are the values of the function f at the discrete point x; with k =

1,...,1q, while w}{ denote the GIQ weighting coefficients for the interval
[xi, xj}. The evaluation of the GIQ coefficients W;Z is performed by
expanding the integrals in Eq. (59) near the points x; and x; using
Taylor’s series up to the m-th order [71]:
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% m— 1 r+1 m— r+1
daf df
/ dX’ ; r+1 +1;dx.r Z +1r+1|d_xr =
X" (60)
m ’ 1 r
i X x) " (df| L eedf
L2+ 1)! \dx|, d|,

The derivatives in Eq. (60) are numerically computed with the GDQ
method, following the approach described in Eq. (52). This yields the
following expression:

r+l Iq m— 1 )r“ Iq

i r xl
/ X)dx= Zzn r+1) ;Zglkf Xk) ortl r+1)|2€1k Xk)
Xi

r=0

Iq m—1 )r +1 (X*—X‘)Prl
_ i (r) { (r) _
*2; (Z <2r+1 r+1)lblk Jr2r+1 (ril)gsik>>f(x’<) -

(g(') + (—U”%ﬁ?))f (x

m— 1 xi)r+l
— 2r+1 (r+1)!

Io Io |
Z )= wif(xi)
k=1
(61)
As a particular case of Eq. (59), the integral of f =f(x) over [a,b] is

evaluated as:

(62)

/ fla)dx = Zw“aﬂxk

The discrete grid introduced to evaluate the integral in Eq. (59) or
Eq. (62) is based on the well-known Chebyshev-Gauss-Lobatto (CGL)
distribution. Referring to the interval [a,b], this distribution is given by:

X1)+x _b7a< cos(i71ﬂ>+1)+a
! T2 Io—1

On the other hand, the numerical evaluation of the derivatives of a
two-variable function f = f(x,y), through the GDQ method of Eq. (58), is

xquxl

xl‘:i(yi
X1 —X1

(63)
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coordinates &, = &,,&, € [—1,1] are considered, one gets [71]:

d
LGLyn (&) = (1-&)A,a(&)=(1-& )df (L&) 64
In the previous relation, L;, and A,_; denote the Legendre and
Lobatto polynomials, respectively. The Legendre polynomials are
recursively evaluated using the relation reported below, assuming
Ll(fr) =1 andLZ(gr) =¢&.

(2Ip = 3)¢ L1 (&r) — (Ip
Ip—-1

- Z)L Ipfz(é r)

Ly(é,) = (65)

Finally, the discretization of the two-dimensional domain [a9,a} ] x
[a"z, alz}, introduced in Eq. (2) for the geometric description of the
reference surface, is performed using the following coordinate

transformation:

1 0
ay=— al(r —r)+a
1f = — f 1 1

Iy r

X o (66)
a az—az(r —r) +a
%= g~ T 2

Ty r

where (a1f,a2) is an arbitrary point, withf =1, ...Iyandg =1,..., Iy,
of the 2D grid under consideration, while r and r, are determined from
the relation reported in Eq. (64).

4. Isogeometric mapping of the physical domain

The geometric description of the reference surface in Eq. (2) is based
on a set of curvilinear principal coordinates, denoted by a1, 5. There-
fore, the governing equations are defined over a 2D rectangular physical
domain. In the case of arbitrarily-shaped domains, a mapping procedure
is used. To this end, natural coordinates & |, &, with £, &, € [—1,+1] are
introduced, which are related to a one-to-one correspondence with the
physical coordinatesaq,a, by means of the following generalized
blending functions [25], denoted by a1(&,,¢5) and aa(E4,E5):

1 _ _ _ _
a1 (&1,8) = 5((1 — &)y (&r) + (L + &) () + (1 + &)ans) (&) + (1 — &)@ (8)+
(67)
1
- Z((l &) =&y + (1 +E)(1 = &)a) + (1 +&)(1 +E)as) + (1= &) (1 +&)a)
performed on a two-dimensional grid based on the Legendre-Gauss-
Lobatto (LGL) distribution. This grid consists of the roots of the LGL
polynomials, denoted by LGL,,1(&,) with Ip = Iy, Iy. If the natural
1 _ _ _ _
@2(61,62) = 5 (1 = &)@ (1) + (1 +61)a2) (&2) + (1 + &) (61) + (1 = &)k (£2))+
(68)
1

— 4 (1= = &az +

(1 +&)(1 = &)age) + (1 +6)(1 +&)axs) +

10

(1= &)1+ &)aza))



F. Tornabene et al.

In the previous equation, the points (ay(1),®21)), (@1(2); ®22))> (@1(3)5
ay3)) and (ay(s),@a4)) denote the location of the four corners of the
distorted domain in the parametric space. In addition, these equations
consider the parametric description of the four edges of the distorted

domain within the physical domain, denoted by (@1x1), @21)), (@1(2),

Qa(2)), (Q1(3), Aa(3)), and (@1(4), Aors)). These edges are geometrically
described using NURBS curves. An arbitrary A-th edge, denoted by

“)(u) for 2 =1,...,4, is, thus, expressed as follows [25]:

Zl oNIPu (ww ()P e, az)
Ei:ONip[/U (u)W?)

C¥(w) = (@1 (w), Ao () = (69)

As can be seen, this curve is constructed by combining the locations of
= P(}) ((X 1is azl') with i= 1 A)

considering the weighting coefficients w
), with i = 0, ..., n

points P(}') in the a1 —ay space,
and a proper set of n¥) +1 B-
Spline functions N w( ) of order pt* ). Finally, the

governing parameter is u € [0, 1]. This parameter is, thus, associated
with the natural coordinates &; = &, &, € [—1,1] by assuming &; = 2u —
1. In the 3D Euclidean space, the position vector for the control points
P(f), with indicesi=1,..n"» and 1 =1, ...,
lows:

4, can be expressed as fol-

PO (ay, an) =y (@, az)er +15 (@, ax)es + 15 (@, ax)es

r(f)(a 1is (lzi)

= r(;) (arni, o a) (70)

r(;') (amazi)

Finally, the weighting coefficients ww used in Eq (69) are deter-
mined from the knot vector 2%, which consists of m*¥ breakpoints:

Q(;‘) = a“), ey Cl(/l)7 up<,:]+17 ey umu),p(u,l.b(;‘), (71)
—————

pA+1

The use of these blending functions within the domain allows the
first-order partial derivatives with respect to a1, a, to be expressed in
terms of derivatives with respect to the natural coordinates &4, &,. By
applying the chain rule for derivation, the following relation is obtained
[25]:

0] [e ][0 o
()(Z] _ 0&1 ()Q] afl _ |:£1_(11 52,(11:| 51 72)
i af_l af_z v é:l,az 2.a, i
a(lz 0(12 6(12 052 652

Similarly, the derivatives with respect to ¢,&, can be expressed, for
each point of the reference surface, associated with a1,a, variables,
because the blending functions introduced above are assumed to be
invertible:

11
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d ()al ()(12

0¢ | 01 0fy || day day

31 _ £ 3 (B! _gJ (31 73)
oo dma| |0 |7 0

652 652 652 ()az 5&2

The determinant of the Jacobian operator, denoted by J, is evaluated
as follows:

06{2 6(11
0%, 05,

76(11 ()(12

- 74
%, O, 79

If det(J) # 0 at any point of the domain, an inversion of Eq. (73) is
carried out, leading to the introduction of the inverse Jacobian operator,
denoted by J~:

0 0 o0&,  0&, 0
o B B e
0 0 o0&,  0&, 0
oa o0&, oay Oday | |0,
oa o da 0
| E || s
det(J) daq oa
0, o0&, ] log,

It should be noted that the condition det(J) # 0, cited above, is a key
aspect for the accuracy of results when the domain is distorted via the
mapping procedure. Indeed, from a computational point of view, this
condition must be satisfied at any point of the mapped domain. In this
way, it is possible to derive the inverse Jacobian matrix J~1, in line with
Eq. (75), without any accuracy loss. This aspect can be crucial especially
when the curvature of the mapped domain becomes very pronounced.

The direct comparison of Eq. (75) with Eq. (72) leads to the defini-
tion of the mapping coefficients &1 ,,,¢2,4,,814,,62,4, for first-order
derivatives:

1 da 2 - 1 da 2
o " ety o, S T dend) o6, o6
1 Ja 1 1 Ja oy
S = “det(J) 98, 20 = Ger(d) o€,

This procedure is, then, applied in a similar way to compute the
second-order partial derivatives in arbitrarily-shaped domains [25].
This leads to the following relations:

# P P P P
9 éla[aé +§2“’0§ 5+ 51(1§2ala§ %, +§1aala§1
J
+&9 40— fori
52“‘662
=1,2 77)
P P P P
doda, Eim 51.@0_6% +&am 52@0_5% + (f].al Eowy T fwzfz.al) —651052
a a
+ a1ax N g + a1a2 g (78)
¢, 3%, &, %,
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The coefficients &;,,,, and &, ,, for i,j = 1,2, introduced in Egs.
(77)-(78), are evaluated as follows:
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: 1 (day da, <@>2det(.lh) Oay Pay  day day det(J.,)
Laa det(J)? 02, 0F, 0, 05,) det(J) 0¢, 05, 08, 05, det(J)
: 1 foa; Pay <6a_1)2det(.]§1) _day Py day da, det(J.,)
Lazaz det(J) 08, 05106, 0& 5 det(J) 05, 08 05y 9f, det(J)
‘ 1 0a26a2+(3(1_2@det(.151)+% Fasy _<6a2 det
2 det(J) 0, 085 05, 05y det(J) 0y 0510, 0%, det
79
: 1 _day Pay  oay day det(Js,) day oPay <6a1 det
Basas det(J)? 05, 085 05, 05y det(J) 0y 0510, 0%, det
¢ 1 _dasy ar  day oy det(J;,) %0(117&1726(171det )
e det(J)2 05, 084106, 0‘52 652 det(J) 3 (352 05, 08, det(J
¢ 1 _day Pay | day day det(Je,) %aali@%det sz
Baraz det(J)? 0, 08,08,  0F, 0f, det(J) 05, 085 0&, 0¢, det(J
® k) ~
g _ S <y (1—c s(m_1n>)+¢<{‘) (83)
The quantities det(J;,), with i = 1,2, denote the first-order partial o2 Ir—1

derivatives of det(J) with respect to the natural coordinates &,¢& 5:

det(J ):ail FPaz 0y oy day ey day dPay
$10T08) 06,08, 08, 0E, 08,  0E, 085  OE, 0F% 80)
det(J.,) = day Oar  day Far  duy day  duy Oas
207 08, 06,08, 05, 05,08, 0F, 0F% | 0E, 0F%

In this way, it can be shown that the higher-order stiffness matrix of Eq.
(50) is evaluated as follows [25]:

. K(m)al a K(m)al(xz K(m)al as
R(ﬂ]) _ // K<W)u2al K(Tr/)aguz K(ﬂ])l]za:; A1A2det(J)d§1 d§2 (81)
“1-1 R(Tv)aslll R(m)asﬂz K(Tv)aslls

Similarly, the external surface loads vector Q', introduced in Eq. (48),
is computed in arbitrarily-shaped structures as follows:

11 [ Ng¥
Q¥ — / / Nq©) | A14 odet(D)de de, (82)
-1 -1 ng)

5. Stress and strain integral-based recovery

At this point, the higher-order 2D numerical solution, obtained from
Eq. (51) using the GDQ rule of Eq. (81), is employed to reconstruct the
3D response of the doubly-curved laminated shell solid. To this end,
each k-th layer of the stacking sequence, with k = 1,...,1, located along
the thickness direction within the closed interval [{y, (1], is discretized
using It sample points distributed according to the CGL distribution
already introduced in Eq. (63). An arbitrary element of this discrete grid

is denoted by ¢ ?, and it is evaluated as follows:

12

The location of the discrete points defined in the previous equations
T

— |k (k) (k)

- [51 A gh] .

In addition, the thickness points vector &, of size [I; x 1, is introduced,

are conveniently collected into the vector ¢

which embeds in itself each ¢* vector corresponding to the individual
layers along the thickness direction, as follows [88]:
e= e o)

The arbitrary element of vector ¢ is denoted by ¢, with m = (k —
1)Ir + m. It is worth noticing that, for each k = 1, ...,1— 1, the last
element of the vector ¢% coincides with the first element of the vector

g 84)

¢*+Y associated with the subsequent lamina. For each point ¢, with m =
1,...,lI; of the vector ¢ as defined in Eq. (84), the 3D displacement field
vector is, thus, evaluated using the generalized kinematic model of Eq.

(9), yielding the relation reported below, valid for any i = 1, ...,Iy and
j = 1, ...,IM:

N+1
U (85)

(ijm)

® @
=Y Fiyu
=0

(

Here, vector u(Ti]).) contains the generalized displacement field compo-

nents at an arbitrary point within the computational grid, while F<1k()m) is

the thickness functions matrix evaluated at an arbitrary height ¢ = ¢,,.
Similarly, the 3D strain components at the discrete points within the
computational grid are evaluated from Eq. (24) as follows:

-3y ey

=0 i=1

(86)

ym

Once the 3D displacement field components and the 3D strain
components are determined from Eqs. (85) and (86), respectively, the
generally anisotropic constitutive relationship of Eq. (28) is employed to

® 50 &

evaluate the in-plane stress components ¢,’, 6, 7, at the discrete point
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(0111'7052}'7?".)5

(k)
E1(m)
£
(k) (k) o (k) (k) (k) % 2(ijm)
O 1(ijm) 1iGm) Z12(m) S16(Hm) S14@m) H15@m) - 13(jm) o
(k) ) (k) (k) (k) (k) (k) 12(ijm)
Oam | = | Erzgm) Eo2gm Easm Eaagm Eosgm Eazgm | | w0
(k) e T~ (OB~ (O N~ (OB - ) 13(jm)
T12(ijm) Els(ijm) E26(ijm) E66(ijm) E46(ijm) E56(ijm) E36(ijm) y(k)
23(ijm)
(k)
€3(jjm)
(87)

On the other hand, the out-of-plane stress components are not
computed using the constitutive relation of Eq. (28), as done for the in-
plane stresses in Eq. (87), but are evaluated from the 3D equilibrium
equations expressed in curvilinear principal coordinates along the
thickness direction, which are presented below in matrix form [25]:

o, 1 1 o
o Ri+{ Rp+( 20
13
9 1 1
0 ot 0 ®
o Ri+¢ Ra+< i
0. 1 1 73
0 0 et —
o Ri+{ Ry+(
2
=|b
G
(88)

. . ~(k) 7 ~
The coefficients a(k),b ,c(k>

nents U(1k> s (f(zk) s r(lkz)

reported below:

depend on the in-plane stress compo-
obtained from Eq. (87), in line with the expression

Gk _ 1 o' ol —6® oA, 1 011’;
Al(]. +§/R1) dal A1A2(1 +§/R2) dal Az(l +§/R2) daz

E(k) 1 06(21() ogk) - 0'(2’() 0A; 1 6175"2) B
A(14+/Ry) daz  A1Ax(1 +(/Ry) daz  A1(1+(/Ry) day
k k k

20 _ 1 oy 2t 0A> 1 oy

(1 +K:/R1) 0(11 A Az(l +é’/R2) dal Az( +C/R2) 0(12

On the other hand, the coefficient ¢'

shear stresses 1(1%, 12; Therefore, the differential equations system in

Eq. (88) cannot be solved monolithically. Instead, a staggered approach

(k)
Cy ,112 with

respect to a1, 2, occurring in Eq. (89), are evaluated numerically using

the GDQ method from Eq. (58) with the weighting coefficients g(;j‘m,

depends on the out-of-plane

must be adopted. The first-order partial derivatives of 0(1 ,

g‘ff(l , as follows:

gllfi(ijm) :(j;;({) i Zéﬂl(l 6(2}2(ijm) (?;;22 (i Eg;qzu qzm)

T2 i :Zil? . = ggal(l Tagme Tia20m :(;TT({E . Zg]q Yaim)
~(K) ~(k) o

At this point, the out-of-plane shear stresses 7}3,7,, are determined
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from the equilibrium Eq. (88) through Egs. (89)-(90), applying the
loading condition at the bottom surface for the first layer (k= 1) as
Dirichlet boundary condition:

ﬁg)yl

~)
Tas(1) — q2 (i)

q ij
b ’ (91)

For the remaining layers (k # 1), the boundary condition for the k-th
layer consist of the stress values at the top surface of the (k — 1)-th layer:

) = o
yIr) — " 13(j1
~(k) ~(k+1) (92)

Ta3Gir) — 7231

The loading condition at the top surface of the laminate, expressed in
terms of ¢\, ) and q< is imposed by correcting the 7% 3 ) and 7 123 profiles
obtained from Eq. (88) through Egs. (91) and (92), according to the
following relation:

() _ =D
w gt Do " "sewn (R
13(gm) — “13(ijm) h m 2
93
q<+)) Agg r h ©3)
(k) ~(k) 2(j ((LIr))
To3(ijm) = 23(jm) T h = (Cm )

(k)

25 are evaluated

Finally, the first-order partial derivatives of 1({271
using the GDQ rule as follows:

1
Z S 13(q;m>

The out-of-plane normal stress ak is obtained by integrating the
third relation in Eq. (88) considering the following boundary conditions

In
~

=D

q=1

(k)
0Ty
oda 2

(k)
oty
da 1

a2(1)_(k)
Sig T 23(gim)

(94

(Gim) (Gim)

set, where qé’) denotes the out-of-plane external pressure at the bottom
surface:

279 0A;

" A1A>(1+(/Ry) da

270 0A,

042 (89)
A1A>(1 +¢/Ry) dan
r<2k3) 0A, agk) O'(zk)
A1A2(1+¢/R1) 0(12 R1 +§ R2 +Z.:
~(1 _
-1 > gg(gjl - qé )
~(k) ~(k-1 (95
k#1 = O35k 1m11) = O3k 1)

13

The loading condition at the top surface is, then, enforced by cor-
recting the qu profile in line with the relation reported below:

(+) (
93

~(0)
i — O 36
)

It should be noted that each equation in Eq. (88) is solved separately
within each k-th layer, and can be expressed in the following general
form [88]:

(k)
0y_+a

a®

(96)

) (0 ((0) = p® 97)

(&%)

=y®( U‘)) for ¢ € [¢ 4, ¢ ksa] denotes its solution. The var-
(§<k ) and b® = b (¢®) can be expressed as

where y*) =

iable coefficients a®)
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STRESS RESULTANTS EXTERNAL LOADS GENERALIZED DIFFERENTIAL GEOMETRY KINEMATIC MODEL [
DIFFERENTIAL
Lamination scherme, Static equivalence QUADRATURE (GDQ) Reference surface Thickness functions, unifled
rotation of the stiffness principle, kinematic model, equation, curvature radil, formulation, and shape
matrix, through-the- boundary stress Lamé parameters, outward functions
thickness integration, normal unit vector, layer

kinematic model SeqUEnCe
1 l i l

MINIMUM POTENTIAL ENERGY PRINCIPLE DEFINITICON EQUATIONS
Generalived stress resultants, generalized loads, Generalized strain resultants
equilibrium equations and boundary conditions ﬂ r

CONSTITUTIVE EQUATIONS

GENERALIZED INTEGRAL QUADRATURE
Generalizad stiffness matrix (Gl

l

WEAK FORM FUNDAMENTAL EQUATIONS

GENERALITED INTEGRAL QUADRATURE
[Gia)
Stiffness matrix, external loads :

1

SOLUTHION OF THE STATIC PROBLEM

!

GENERALIZED DMFFERENTIAL
QUADRATURE [GDC)

GEMNERALIZED INTEGRAL QUADRATURE
STRESS AND STRAIN RECOVERY PROCEDURE {Gia)
|
n-plane and aut-of-plane primary and secondary variables GEMERALIZED DIFFERENTIAL
QUADRATURE [GDO)

|

I RECOVERED SOLUTION I

Fig. 1. Flowchart of the computational framework presented in the paper. It is highlighted that the GDQ and GIQ methods are essential to perform the various parts
of the methodology. The input of the problem can be seen in the geometry, the lamination scheme, and the loading and boundary conditions, while the output of is
the recovered solution.

follows, setting ¢,d = 1,2:

£ — g% © b — diag(g")b¥ = GHbY ao1)
a®(¢ (k)) R ‘ ® T d 0)

1+¢ Ry+¢ 98) where ® denotes the Hadamard product, and b®) is a column vector

b () = BY(¢®) B (W) with Iy elements containing the values of b at each discrete height ¢'¥).

Ri+¢® Ry+¢® On the other hand, the vector g/ contains the quantities g(ﬁ’?, which are

In the equations reported above, B} (¢¥) and BY (¢%) are quanti- evaluated as:

ties that depend on the actual stress distribution within the solid. The G o d
R R R R

general solution of Eq. (97) can be expressed as [88]: ( rf é/ﬁl) ( 2t (ﬁl) 17 00,Ry # 00

d
®_ ) (R2+¢Y)" Ri=c0,Ry#

¢®) g, ril (102)
yR (W) = e AN (M) / AN () plo (c)dg® 4y (R +¢(’1;))C Ry # 00,Ry = 0
o 1 Ri=Ry;=
A9 () « A The quantity A% denotes the integral of the coefficient a® =
=e / fO(9)de™ +yy (99) a® (¢®) from Eq. (98), evaluated in closed-form:
oo
AW (g0 = / a () dg®
The quantity f*) is given by the following expression: . .
. (o log((R1 +¢¥) (Ra +£9)") Ry # 0,Rz # o0
R+ R+ %)% R R
(R C(k))d((k)z (kf )b (™) Ry # 00,Ry # log<(R2 +C(k))d) Ry = oo.Ry # 00 103)
F9 () = { R2+C%) DY) Ry =oc0,Ry # 0 (100) - ®)¢
(R + ) b® (2%) Ri #o0,Ry = 0 log<(R1 +¢ )) Ry #0,Ry =00
b<k)(é’(k)) Ry =R, =00 0 Ri=Ry; =0

Finally, the integral in Eq. (99) is evaluated numerically using the GIQ

(k) ~ ithi (k)
The values of f*) for each k-th layer are collected within the vector f'*/ of method as follows [88]:

size It x 1, defined as:

14
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o, e, 2

Fig. 2. Schematic representation of the GDQ-based numerical evaluation of derivatives within a patched rectangular region extracted from an arbitrarily-shaped 2D
parametric domain. This patch is characterized by proper position and length parameters.

#(k) (k)

& &
/ e—A(kl(g(k})b(k) (é,(k))déz(k) _ / f(k) (C(k>)dc(k) _ IZT (Wiﬁl _ Wlﬁi)f(k> (&k))
(k) (k) m=1
& 1
It
= Z Wiifw (g(k)
=1

(104)

In this way, the solution of each equilibrium equation in the differ-
ential system of Eq. (88) can be expressed as follows, leading to the
definition of the GIQ-based recovery procedure:

It

_g_kz wimg®b® () 1y ¥
i=1

=(6"Y)

If the curvature effects are neglected by assuming G*)
previous expression is simplified as reported below:

Z wi™b (¢

On the other hand, the first-order differential relation in Eq. (97) can
be solved using the GDQ method by approximating directly the de-
rivatives. This leads to the classical GDQ-based recovery procedure. It
should be noted that the GDQ-based recovery requires, from a compu-
tational perspective, the inversion of the GDQ matrix, whereas the GIQ-
based recovery evaluates analytically the integrals in Eq. (99), and the
GIQ method is used to compute the integral of known functions without
any matrix inversion After reconstructing the out-of-plane stresses T<f;,

()
749, and (r

—

k) Z:(k >y (k)

Ed

"'WRGHB® 4 y® (105)

=~ T [88], the

® ¢y ) +y Y=y = whp® 4 y® (106)

, the inverse form of constitutive relation in Eq. (28) is
employed to derive the out-of-plane strain components at the point (a 1is

#3,(,) within the solid, collected in the vector xg;zn) =

15

( )
Vazm) ¥ 23m) € 3(m)

matrix form as follows [88]:

T
. This relation can be expressed in compact

x0

(k) _
Al Xy = Bl 107)
where the quantities Ag.;.) and B ) are defined as:
(k) (k) (k)
C44 (ijm) C45(ijm) C34(ijm)
k) _ | &k (k) (k)
Ajim) = | Casgm Cossm  Coasiim)
(k) (k) (k)
Caam Casm  Cazm
_ (108)
(k) Alk) (k) (k) (k)
T 3(m) Ciagm  Coagmy Casm | | €10m)
k)  _ (k) (k) (k) (k) (k)
wm = | T2sm | | Cisgm Cosgmy Csewm | | €2m
(k) =(k) (k) (k) (k)
L T 3(ijm) ClB(ijm) C23 (ijm) C36(ijm) yll (ijm)

From the solution of Eq. (107), an iterative procedure is performed to
update the in-plane stress components from Eq. (87), by considering the
recovered out-of-plane strain components. The iteration continues until
convergence is achieved between successive steps.

6. Finite element implementation

In the case of doubly-curved shell structures defined with arbitrarily-
shaped doubly-connected domains, the interpolation of the unknown
generalized displacement field components cannot be performed over
the entire physical domain directly. Therefore, a domain decomposition
approach must be adopted, and the fundamental equations are
expressed within each element of the mesh. To achieve this, the Weak
Form PDE interface is used in COMSOL software. In this context, a 2D
physical domain is considered where the variables a1, a ; are defined for
the problem under consideration. The domain is discretized using a
rectangular or triangular mesh. Then, various energy contributions
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involved in the minimum potential energy principle of Eq. (31) are
evaluated. In particular, the elastic strain energy ® and the energy L.
associated with the external loads are computed as follows:

@ = //115(0!170!2)A1A2da1da2

ay as

Le = //le<(ll,ag)A1A2d(11dag

ay az

(109)

(110)

The elastic strain energy density ¢ at an arbitrary point within the
physical domain, as it appears in Eq. (109), is evaluated as follows:

1 N+1 3 1 N+1 N+1 3 3
¢(C{1,(Xz § § (1) TS T _ — § § () TA n])a,ajg(;;)aj
2 =0 i=1 2 =0 n=0 i=1 j=1

(111)

On the other hand, the energy density associated with generalized
external loads, denoted by [, is defined as:

le(al,az): (112)

Then, the virtual variations § ® and 6L, are computed from Egs. (109)-
(110) using Egs. (111)-(112), in line with Eq. (33) and Eq. (46),
respectively. The fundamental equations for finite element analysis are,
then, derived from Eq. (31). In this context, the boundary conditions are
imposed by introducing the Dirichlet conditions at the edges of the 2D
domain. This approach ensures that the enforcement of boundary con-
ditions is not influenced by the shape functions used in the finite element
implementation. It should be noted that the energy contributions in Eqs.
(109)-(110) are based on a preliminary evaluation of the Lamé param-
eters A1, Ao, derived using the differential geometry principles, in
accordance with Eq. (3). To facilitate understanding of the proposed
methodology, Fig. 1 presents a detailed flowchart that graphically il-
lustrates the computational framework described in this paper.

At this point, some considerations are made regarding the shape
functions used for 2D finite element analysis. In this work, both
Lagrange and Hermite interpolating polynomials are employed. When
Lagrange polynomials of arbitrary order are used, only C° continuity of
the solution is ensured between adjacent elements. This means that the
solution may not be across element boundaries. In contrast, Hermite
polynomials ensure solution smoothness between adjacent elements,
thus reducing the computational cost. The C' continuity of the solution
at the element corners is achieved by introducing an additional DOF,
corresponding to the first-order derivative of the solution. Furthermore,
second-order mixed derivatives, required for 2D Hermite interpolation,
are added to the DOFs associated with the internal nodes near the cor-
ners. Regarding mesh discretization, it is important to note that the
actual geometry of the structure is discretized using linear or parabolic
elements. A uniform number of nodes are distributed along the edges
and within each finite element, depending on the order of the interpo-
lating polynomial. For rectangular elements, an evenly-spaced rectan-
gular grid is used, while in triangular elements the node location is
determined in terms of areal coordinates. When Lagrange shape func-

u(éy, &) = ZN (&1,8)u; =

(51752)111 +No(&,&)tua +N3(&y,8)Us + Na(&1,&)Ua + Ns(&,8)Us + Ne(&p,&)Ue+

Thin-Walled Structures 218 (2026) 114126

tions are adopted, a regular nodal grid is used. The same nodal distri-
bution is applied when using Hermite shape functions, except for those
nodes adjacent to the corners of each element, which require special
attention due to the additional DOFs. In this way, if u(&;, &;) denotes an

arbitrary unknown variable within the computational domain, and
~2

letting u; for i =1,...,N be its values at each node, its interpolation

within rectangular finite elements with N nodes along each edge, is

given by:

e

u(é,&) =) Ni(é, &) (113)

Il
-

where N;(&,&,) denotes the adopted Lagrange shape function,
described with the local coordinates &;,&,. In the case of triangular el-
ements, the interpolation based on Lagrange polynomials takes the
following form:

N(N+1)/2

u(é, &) = Ni(&y,8,)u; 114

i=1

where ; for N(N+1)/2 are the values of the solution at the discrete
points of the triangular grid. On the other hand, if Hermite polynomials
are employed in rectangular elements, the finite element interpolation
takes the following form:

-

(51752) Ni(fhfz)ﬁl

—

2

=

-8

(51 52) Uig

N

4
Ni(é,&)ui+ Y N
i=1

i=1

4
+ ZNN274+1‘(51752)§1'-52 (115)
i=1

where @1, and U;, are the first-order partial derivatives of the solution
. . ~ . ~2
with respect to & and &,, respectively. The terms u; fori=1,..,.N —8
represent the values of the solution at the discrete nodal points, and N;
fori=1, KIZ are the corresponding Hermite shape functions associ-
ated with the function and its derivatives. Similarly, in the case of
triangular discretizations, the interpolation takes the following form:

N(N+1)/2

)

i=1

u(fufz) = Ni(§1~,§2)ﬁl

N(N+1)/2-6 3
Ni(éy,&)u; + Z N(ﬁ(ﬁ+1)/2),6+i(§1 o)l
=)

3
+ ZN(IV(NJJ)/Z)—BH(‘EU 52)”1’,52 (116)

I
—

As a particular case of Eq. (113), for rectangular finite elements with

N =4 and Lagrange polynomials, the following interpolation of the
solution is adopted:

117)

N7(§1,52)ﬂ7 +Ng(&1,8)us +No(81,8)Uo +Nio(&r,&2)t10 + N1 (&1, 6) 1 + Naz(ér,)U 1o+

+N13(&, &) U13 + N1a(&1,&)trg + Nis(&r, E)Urs + Nis(&1,85)U 16

16
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connected 2D domain, as schematically illustrated in Fig. 2. The selec-
In the case of triangular elements, one obtains the following tion of a rectangular patch from the arbitrarily-shaped domain is
expression from Eq. (114) with N = 4 essential, because the numerical evaluation of partial derivatives of the

10
u(é,, &) :Z i(&,&)u; =

P
N1(&,E)Uq 4+ No(&y,E)Ua + N3(&y, &)tz + Na(£y,&y)ta + Ns(&,E)Us + Ne(&y,E)Ue+
N7(&,8)u7 +Ng(&1,8)Uus + No(&1,85)Uo + Nio(é1,&)U10

(118)

3D stresses in Eq. (90) and Eq. (94) using the GDQ method requires a
rectangular computational domain without discontinuities. According
On the other hand, the interpolation in rectangular finite elements to Fig. 2, the rectangular patch under consideration has dimensions « 15,

using Hermite shape functions with N = 4 takes the following form, and a5, along a1 and a » directions, respectively. Its position within the
based on Eq. (115): physical domain is identified by its center point, located at (@10, @ 20)-

16-8

u(é,¢&,) ZN 51a§2 u; = ZN (&1,& u1+ZN16 8-+i 51752 uzgl +ZN16 4+i flafz)ulgz

1(51752)111 +N2(§17§z)u2 +N3 (51752)113 +N4(&1,8)uy +N5(§1,§2)u5 +Ng(&1,&)uet+ (119)
N7(§1,§2)i]7 +Ng(&,8)us + No(&1,&)Une, +Nio(E1,E)Uag, +Niui(ér,E)Use +Nia(Ey, E)Uag, +
+N13(61,6)Urg, + N1al(ér,&o)Ung, +Nis(61,62)Use, + Nio(ér,&2)Uag,

Thus, the rectangular domain is defined as follows:

QA 1h QA 2p a Zh] 121)

X 1n
Finally, the Hermite-polynomials-based interpolation in triangular [0510 5 %0 +7] X {0{ 20~ 5 @20 T

elements from Eq. (116) becomes, for N = 4:
Within this rectangular domain, a uniform grid of size Iy x I is defined,

10 10-6
u(6, %) Z i(61, &) = ZN (61,62 UI+ZN10 o+i(é1: 82 Ui, +ZN10 3461, E2)lUig, =
i—1 (120)

N (&, E)ur + No(&y, 52)”2 +N3 (51752)'13 +N4(&1. &)+
Ns(&,&)tre +Ng(&y,E0)Une, + N7 (&), E)Use, +Ng(&r,E)U1g, +No(&),E)Uae, +Nio(éy, &)U sy,

setting rp =2(f—1) /Iy—-1)—1landr, =2(g—1) /Iy —1)— 1:
In all finite element implementations reported in Eqs. (113)-(120),

a A0 —

the unknown variables are continuous across adjacent elements, i.e., C° Ay = 7”1 (re+1)+ —o T 5 th

compatibility conditions are enforced. When the shape functions are (122)
. . . S . X 2n d20 — A2n

based on Hermite polynomials, the first-order derivatives of the solution Uog =~ (rg+1)+ —

at the element corner points are used for interpolation. As a result, the

distribution of these derivatives is continuous at the corner points, For each sampling point of this grid, the generalized displacement field

auFomatlcally ensuring tl.le smo.othness of thf.! SOl.llthI:I. At other discrete components ’-‘(11)’ u(?, u(sr) from Eq. (8) and the generalized strain com-

points, however, continuity of first-order derivatives is not guaranteed a e @a  (Oa (Oa (0 )

ponents of e({)“",e; S A AR w“)“’ (;)3“‘,83“" from Eq.

(25) are provided for any 7 = 0,...,N+ 1, as obtained from the finite
element solution. Then, an additional 2D grid of size Iy x Iy is intro-
duced within the same rectangular domain. This additional grid is
constructed in accordance with Eq. (122) and is based on CGL distri-
bution, thus setting ry and rg for f =1, ....,Iy and g = 1, ..., Iy equal to:

priori. Boundary conditions are imposed by assigning prescribed values
to the unknown variables at specific nodes, consistent with the classical
finite element approach.

When the higher-order 2D solution is obtained, the post-processing
reconstruction of the 3D response of the laminated structure along the
thickness direction must be performed using an alternative form of the

recovery procedure presented in the previous paragraph. This new -1 -1

procedure, proposed here for the first time, is named patch-based re- Iy = —cos (IN 1 ”) Ig = —COS <1M — ”) (123)
covery. The patch-based recovery approach is very similar to the

methodology already presented. The difference from the existing Finally, the generalized displacement and strain components, pro-
methodology lies in the fact that it does not consider the entire physical vided in the uniform grid of size Iy x Iy, are interpolated onto the CGL
domain. Instead, it adopts a rectangular patch extracted from the bi- grid of size Iy x Iy. The interpolated solution is, then, used within the

17
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recovery procedure described in the previous section to reconstruct the
3D response of the doubly-curved shell solid at any specific point within
the arbitrarily-shaped domain.

The size of the patch, given by the quantities @1, and @4, in Eq.
(121), must be chosen to provide an accurate evaluation of the partial
derivatives of the solution and, consequently, of the recovered stress and
strain distribution. In case of singly-connected domains, it would be
preferable to set the patch dimensions so that it coincides with the entire

Cii Ci2 Cig Cis Cis Cis [98.84 53.92 0.03 1.05

Ciz Cyp Cy Cy Cys Co 5392 99.19 0.03 0.55
E_ Cis6 Cyx Cos Cas Css Csp - 0.03 0.03 2255 -0.04
Cis Cos Cue Caq Cys Cazy 1.05 055 -0.04 211

Cis Cys Cs¢ Css Css Css -01 -0.18 0.25 0.07

LCiz Caz Cs6 Cszq4 Cs35 Csg 150.78 50.87 0.02 1.03

2D physical domain. On the other hand, in the case of bi-connected
domains, the patch size should be chosen to contain the largest regu-
lar area around the point of interest. In this way, the numerical
computation of derivatives with respect to the curvilinear coordinates
a1,az is highly accurate, as well as the accuracy of the recovered
solution.

7. Applications and results

In this section, the proposed formulation is applied to determine the
linear static response of various curved laminated panels subjected to
generalized surface loads. The selected lamination schemes for numer-
ical simulations cover different material symmetries, including
isotropic, classic orthotropic, and generally anisotropic materials. The
first category includes isotropic materials such as Aluminum, whose
mechanical properties are expressed in terms of the Young modulus E =
70 x 10° N /m? and the Poisson’s ratio v = 0.3. The density of the
material is assumed to be p = 2707 kg /m®. For orthotropic materials,
graphite-epoxy and glass-epoxy composite laminates are considered.
Their mechanical behavior is described by nine engineering constants,
namely the Young moduli E 1 ,E , E 3, the shear moduli G13,G13,G 23, and
the Poisson’s ratios v 12,713,V 23. The elastic constants for the graphite-
epoxy (p = 1450 kg /m?) are given as follows [25]:

E, =137.90x10 N/m* G,, =7.10 N/m*> v, =030 m/m
E,=896x10°N/m’ G, =7.10N/m’> v, =0.30m/m
E,=896x10°N/m* G, =621 N/m’ v, =049 m/m

On the other hand, the glass-epoxy material [25], with density p
1900 kg /m®3, is characterized by the mechanical properties listed
below:

E, =53.78x10° N/m®> G, =8.96 N/m> v, =0.30 m/m
E,=17.93x10°N/m*> G, =896 N/m’ v, =030 m/m
E,=1793x10°N/m’> G,, =3.45N/m> v,, =0.49 m/m
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Finally, a triclinic material (p = 7750 kg /m?) is considered for the
simulations dealing with generally anisotropic layers [25]. The 3D
elastic stiffness matrix E for this material, expressed in the material
reference system and following the nomenclature as in Eq. (28), is
defined as follows:

-0.1 50.787
—-0.18 50.87
0.25 0.02
x 10°N / m? (126)
0.07 1.03
21.14 -0.18
-0.18 87.23 |

As a first preliminary example, a comparative analysis is conducted
by applying different numerical approaches to the same simulation. To
this end, a truncated conical shell with an inclination angle a = 7 /6 is
considered, subjected to a uniform mechanical surface pressure of

magnitude q(; ) = —1x10°N /m?. The equation of the reference sur-
face of the panel, expressed in principal coordinates, is given as follows
[25]:

r(aq, o) =1(x,9) = Ro(x)cosd e; — Ro(x)sind e, + xcosa es 127)

with Ro(x) = Rp + xsina and R, = 0.5m. The 2D physical domain for
the reference surface is [@%,a}] x [a%.a}] =[0,L.] x [— 7 /3,7 /3], with
L, = 1m. The structure consists of three superimposed layers. The first
one is made of Aluminum, the central core is orthotropic and composed
of graphite-epoxy, as defined in Eq. (124), and the third lamina consists
of a triclinic material with generally anisotropic mechanical properties
asin Eq. (126). The orientation angle of each lamina is set to (0 /20 /50).
The panel is clamped along the lateral surface corresponding to the edge
located at @1 = a}. Different modeling strategies have been adopted for
this structure using higher-order theories, as outlined in Fig. 3. A
reference solution is computed using the GDQ-based implementation of
the governing equations in strong form, considering both the EDZ4 and

(124)

the LD4 approaches, as shown in Refs. [26] and [28], respectively. The
GDQ-based discretization is performed on a 2D grid of size Iy x Iy
31 x 31, based on the CGL distribution. These simulations are identified
with the nomenclature LD4; GDQ and EDZ4; GDQ, respectively. Then,

(125)
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the weak-form ESL and LW solutions, derived through GIQ and denoted
as LD4,, GIQ and EDZ4,, GIQ, are provided, using a 2D LGL discrete grid
of size Iy x Iy = 31 x 31. The ESL theory accounts for the EDZ4 kine-
matic model, following the theoretical framework introduced in the
previous sections. In addition, the structural response is evaluated using
the finite element implementation of the theory, employing both rect-
angular and triangular mesh discretizations with Lagrange (L) and
Hermite (H) shape functions of varying orders. The mesh discretization
of the physical domain for both rectangular and triangular elements
consists of 20 elements along @, and 40 elements along a ». In this case,
the adopted nomenclature is EDZ4,, 2D FEM, along with an additional
number indicating the order of the interpolating polynomial. The linear
static response of the structure is evaluated in terms of the
through-the-thickness distribution of the 3D displacement, strain,
and stress components at the point located at
(0.5(a} —a9) +a%,0.5(a}, —a%) +a%) within the 2D physical domain.
These quantities are initially provided over a 2D uniform grid of size Iy
xIy = 101 x 101 and, then, interpolated onto a CGL grid of size Iy x Iy
= 31 x 31. Based on this interpolation, the thickness plots are derived
and represented in Figs. 4-9. In particular, Figs. 4-6 provide a com-
parison among the GDQ-based strong form solution, the GIQ-based weak
form results, and those from the finite element implementation using a
rectangular mesh. On the other hand, Figs. 7-9 present the
finite-element-based results based on triangular mesh discretization of
the physical domain. As shown in Fig. 4, the different numerical stra-
tegies yield consistent results for the displacement components. More-
over, it is observed that classical theories for laminated structures, such
as CPT and FSDT, are not suitable in this context. This is due to the
presence of a slight zigzag pattern and a parabolic through-the-thickness
distribution of the out-of-plane displacement component, which cannot
be captured by lower-order models. As can be seen, the GIQ-based
simulations employing both LD4 and EDZ4 formulations provide
similar results, while some discrepancies emerge when comparing these
results with their corresponding GDQ-based strong form counterparts.
On the other hand, the results from the 2D FEM model developed using
the EDZ4 kinematic model exhibit similar curves as the order of the
interpolating polynomials increases, for both Lagrange and Hermite
shape functions. The same results are observed in Fig. 7, where the 2D
FEM results obtained with triangular mesh discretization are shown.
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These findings confirm that, once convergence is achieved, the accuracy
of the displacement components does not depend on the specific dis-
cretization adopted for the physical domain. Similar considerations
apply to the 3D strain components. As shown in Fig. 5, the 2D FEM
solution, based on rectangular elements, captures accurately the ex-
pected strain profiles, namely linear distributions for elongation and
in-plane distortion components, and polynomial distributions for
out-of-plane distortion components y ;5 and y »5. Slight discrepancies are
observed in case of strong form solutions based on LD4 and EDZ4 for-
mulations. The same results are seen in Fig. 8 for the triangular mesh
case. It can be seen that LD4; and LD4,, analyses provide a certain
fluctuation of the results, particularly for the &; strain component. A
critical aspect that must be considered is the fact that, for the 3D stress
components in Fig. 6, similar results are obtained with the different
modeling strategies for in-plane stress components 61,05 and 712. For
stress components that require post-processing recovery procedure,
similar numerical predictions are observed for 713. On the other hand, a
deviation from the results of strong-form-based simulations occurs for
the remaining quantities, especially for ¢ 3 distribution. In the second
lamina, a 2D FEM model predicts an approximately uniform dispersion
of out-of-plane normal stress with any polynomial. On the contrary, LD4
and EDZ4 strong form simulations predict a parabolic
through-the-thickness profile. In all cases, the use of the recovery pro-
cedure ensures accurate satisfactions of loading conditions at the top
and bottom surfaces, while maintaining stress continuity across layers.
These observations are confirmed in Fig. 9, where the 3D stress distri-
butions are evaluated using the triangular finite elements of various
orders.

This numerical example demonstrates that the finite element
implementation of the higher-order 2D theory using various interpo-
lating polynomials provides results in line with those from GDQ and
GIQ-based approaches, which have been extensively validated in pre-
vious studies. For this reason, novel numerical investigations can be
conducted, focusing on doubly-curved shell structures with by generally
anisotropic lamination schemes and complex bi-connected domains,
such as those containing holes or discontinuities. It is important to
emphasize that, once the solution is obtained from the finite element
model with a unified formulation, the novel patch-based recovery pro-
cedure must be employed to accurately reconstruct the through-the-
thickness distribution of both primary and secondary variables, as
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explained in the previous section.

At this point, further numerical investigations are presented,
focusing on laminated panels defined over bi-connected domains.
Various theoretical and numerical aspects of the formulation are
examined, including the validation of the kinematic model, the influ-
ence of the interpolating polynomial in the finite element approxima-
tion, and the impact of the recovery procedure in the post-processing.
For each case, a 3D FEM solution obtained from simulation with com-
mercial software is provided, showing the through-the-thickness distri-
butions of displacement fields, strain, and stress components.

The first numerical example considers a laminated rectangular plate
composed of three layers and characterized by a hole of arbitrary shape
located at the center of the physical domain, as illustrated in Fig. 10. The
reference surface of the panel is described in principal coordinates as
follows [25]:

r(o,a2) =r(x,y) =xe; +ye; (128)

The 2D rectangular physical domain is defined so that [a%,a}] x [a%,

al] =[-Ly/2Ly/2]x [—L,/2,L,/2]. The plate dimensions are L, =
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1.50 m and L, = 1.20 m. The panel consists of three laminae with
thicknesses h; = 0.03 m, h, = 0.05 m, and h; = 0.02 m. The central
core is made of triclinic material as defined in Eq. (126), while the first
and third layers are composed of glass-epoxy (125) and graphite-epoxy
(124), respectively, with material orientations (75 /10 /35). The plate is
clamped from the lateral surfaces associated with the edges of the
physical domain at a; = al, and @, = a%, and it is subjected to a normal

surface pressure on the top surface with magnitude q(; )= —1x
105N /m?. This pressure follows a sinusoidal distribution, given by the
following expression:

. (= . (T
sin (L—la 1) sin (L—Za 2

The central hole is characterized by four edges described with
NURBS curves, in line with Eq. (69), using the knot vector, weights, and
control points specified for the “Domain 01" reported in Fig. 11. The
linear static response of the laminated panel is analyzed using higher-
order theories, with the 2D domain discretized by triangular
elements as shown in Fig. 12. The through-the-thickness

(+

Q3)

(a1,a5) =G5’ (129)
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distributions of displacement, strain and stress components
are reported in Figs. 13-15 for the point located at (ai9,20)
= (0.75(a} —a9) +a5,0.75(a’, —a%) +a%) within the 2D physical
domain. A reference 3D solution is obtained from a 3D FEM simulation
from a commercial software, employing 20-node parabolic brick ele-
ments named C3D20, for a total number of 808866 variables. In addi-
tion, a 2D FEM implementation of the higher-order ESL formulation is
developed, using a triangular mesh discretization of the 2D domain. For
completeness, the 3D FEM and 2D FEM discretizations are shown on
Fig. 12. Fig. 13 presents the through-the-thickness distributions of 3D
displacement field components, while the results for 3D strain and stress
components are summarized in Figs. 14,15. In addition to the 3D FEM
results, derived from commercial software, the finite element imple-
mentation of the higher-order 2D unified formulation has been con-
ducted by using various kinematic models. In this way, the effect of the
thickness function order, along with the zigzag function, is investigated.
As shown in Fig. 13, the in-plane displacement field components are
linearly distributed along the thickness direction, while the U distri-
bution shows a parabolic profile. Results indicate that kinematic model
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employing only linear thickness functions combined with the zigzag
function of Eq. (10) do not accurately reproduce the 3D reference so-
lution, especially for the out-of-plane displacement. However, simula-
tions using thickness functions characterized by an order equal to N = 2
provide results that closely match the 3D FEM solution. This suggests
that, for a selected lamination scheme, the zigzag effect is minimal, as
ED — N and EDZ — N produce nearly identical curves. Similar trends are
observed for the 3D strain components in Fig. 14. Here, the in-plane
strains €1,e, and y,, display linear through-the-thickness distribu-
tions. These quantities are evaluated from Eq. (86) using generalized
strain components obtained by partial differentiation of the generalized
displacement field components. On the other hand, out-of-plane strain
components are obtained from the patch-based recovery procedure
presented in the previous section. Unlike the previous example where
the classical GIQ-based recovery procedure has been adopted, in this
case the patch-based recovery is essential due to the presence of an
arbitrarily-shaped hole within the structure. The patch selected from the
physical domain, as defined in Eq. (121), is characterized by a size along
a; and a, equal to aq; = 0.20(a} —a%) and ax = 0.25(a}, — a%),
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respectively. A uniform grid of size Iy x Iy = 101 x 101 is introduced in
this sub-domain, and the results of the simulation are interpolated onto a
CGL grid of size Iy x Iy = 31 x 31, where the numerical evaluation of
derivatives is successfully conducted. The out-of-plane 3D strain
component ¢ 3 shows a discontinuous linear profile, while shear strains
715 and y ,; exhibit discontinuous parabolic distributions. These quan-
tities, obtained from the solution of the algebraic system in Eq. (107),
agree well with the 3D finite elements results for each adopted kine-
matic model, except for the EDZ1. Finally, the results in terms of 3D
stress components along the thickness direction are reported in Fig. 15.
In-plane stresses 61,0, and 71, computed via the constitutive law in Eq.
(87) match perfectly with the 3D FEM numerical predictions. In addi-
tion, out-of-plane stress components agree well with the reference so-
lution, with the highest accuracy observed with the EDZ4 kinematic
model, particularly for 73 and o 3. It should be noted that the recovery
procedure ensures that boundary loading conditions at the top and
bottom surfaces are exactly satisfied, while stress continuity across layer
interfaces is guaranteed, in line with the theoretical framework.

At this point, a similar investigation is performed on a singly-curved
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laminated structure to assess the influence of curvature on the solution
accuracy. More specifically, a cylindrical panel is analyzed, character-
ized by the lamination scheme (10 /35 /75). The external layers, with
thicknesses h; = 0.01 m and h3 = 0.02m, are made of triclinic material
as defined in Eq. (126), while the central lamina, of thickness h,
0.03m, is orthotropic, featuring the mechanical properties of graphite-
epoxy detailed in Eq. (124). The panel is clamped along its curved lateral
surfaces, corresponding to the parametric coordinate a = a% and a

a,. A uniformly-distributed (q(g+ ) (a1,a2) = q(; )) mechanical pressure is
applied on the top surface of the structure with magnitude q(; )= —1x

10* N /m?2. The reference surface of the cylindrical panel is described in
curvilinear principal coordinates by the following relation [25]:

r(a1,az) = r(9,x) = Rcosde; — Rsinde, + xe3 (130)
with R; =R = 0.5m. The 2D rectangular physical domain is defined as
[a%.aY] x [a%,a}] =[— 7/3,2/3] % [0,L,]. This domain is, then, cut
along lines parallel to the principal directions of the shell, as illustrated
in Fig. 10, thus resulting in a U-shaped cylindrical geometry. The 2D
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with EDZ4 kinematic model employing triangular mesh discretization.

domain is discretized using rectangular finite elements, as shown in
Fig. 12. In addition, a 3D FEM model is developed with C3D20 parabolic
20-node brick elements from commercial software, with 531543 DOFs.
The mesh for this model is also represented in Fig. 12. Numerical results
are presented in Figs. 16,17,18 in terms of 3D displacement, strain, and
stress components distributed along the thickness direction, at the point
(@10,a20) = (0.25(a}} —a§) +0%,0.25(a}, —a%) +a%) within the 2D
physical domain. Even for this case, the results are initially computed on
a uniform grid with 101 sample points along each row and column, and
then interpolated on a 2D CGL grid of size Iy x Iy = 31 x 31, which
enables the GDQ evaluation of derivatives, according to the relations in
Egs. (94) and (96). The 2D FEM solution is derived by using Hermite
polynomials of seventh order for the interpolation of the solution within
each finite element. In line with the previous example, the post-
processing recovery procedure for 2D FEM analysis requires extracting
a patch from the 2D physical domain centered at the point (@10, @ 20).
The patch size along a1 and a3 is, here, defined as a1, = @14 (a}, —af)
and ay, = @(a}y — a%), where @y, = @y are dimensionless parame-
ters that vary from 0.10 to 0.50 to study their influence on the accuracy
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of the recovered solution compared to 3D FEM analysis. As shown in
Fig. 15, the results in terms of displacement obtained from the appli-
cation of Eq. (85) on the solution interpolated on the CGL grid match,
perfectly, with the 3D FEM predictions and remain unaffected by the
patch size. In particular, the in-plane displacement components U; and
U, exhibit linear distributions through the thickness, whereas the out-
of-plane component U 3 displays a parabolic profile with slope changes
at the interfaces. For this reason, the adoption of higher-order poly-
nomials for kinematic expansion, along with the zigzag function, is
crucial for accurately predicting the structural response. Fig. 16 shows
the results in terms of 3D strain components at the same point of the
physical domain. Both unrecovered and recovered strain distributions
are reported for different sizes of the sub-domain. The in-plane strain
components €1,€2,7,, exhibit linear distributions with zigzag varia-
tions, in excellent agreement with 3D FEM results. On the other hand,
for the out-of-plane strain components, the patch-based recovery pro-
cedure becomes essential to match the reference solution. Furthermore,
the sub-domain size affects the accuracy of the solution, especially for
out-of-plane strains. This aspect becomes more evident in the out-of-



F. Tornabene et al. Thin-Walled Structures 218 (2026) 114126

Ao,
: L =L =075m, L,=L, =060m

[ [t =L, /2.1, 2L, 2.1, 2]
B =003m, i, =005m, i, =002 m

a,  hole: Domain 01

= Glass-epoxy / Triclinic/ Graphite-cpoxy
(75/10/35)

P =EL*'sin[L£“|]Si"[;£“:]‘ g, =-1x10' N/m’
i

e

R=050m L,=L =150m

[a).a) <[ at.a} | =[-=/3.7/3]x[0.L, ]
A=(-x/6,0.75), B=(x/6,0.75)
y=0.01m, o, =003m, &, =002 m

Triclinic / Graphite-epoxy / Triclinic
(10/35/75)
6 g (@na)=75. 7 =—1x10'N/m’

[a'f,rz', ]x[rr‘_ha':] =[-0.7,0.7]x[-0.5,0.5]
A=(0,0.3), B=(0,-0.3)

§ E“' hy=003m, A, =004 m, h, =002 m
E o, k= 2, k% =3

§ B i

B3 J

Graphite-epoxy / Triclinic / Graphite-epoxy
(20/35/75)
¢y (a.a,)=7)", g =-1x10' N/m’

i,
% ) [a].a} |x[ at.a | =[-0.35.0.70]x[~0.25,0.50]
4 3 hy=003m, h,=0.04m, h, =002 m
i hole: Domain 02
M =2 k™ =3
2 Graphite-epoxy / Triclinic / Graphite-epoxy
(20/35/75)
) A—f: gy (@.e,)=g)", g’ =-1x10" N/m’

Fig. 10. Geometric properties, lamination schemes, and loading conditions for various anisotropic doubly-curved shells characterized by holes and discontinuities.
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Domain 01
Edge 1-2
knots - 0.0,0.0,0.0,0.0,1,0,1.0,1.0,1,0
weigths = 1.0,1.0,1.0,1.0
control points = 0.500000, 1000000 , | 0.500000,0, 500000,
[ 0. 5000000, 500000, -0, 500000, 1000000 )
0.3 Edge 2-3
0.2 knots = (L0,0.0,0.0,1.0,1.0,1.0
weigths = L0010
Bl control poimts  —  {-0.500000, 1 000000 ), (-1.963495,0,000000),
g 0 (-0.500000,-1.000000)
0.1 Edge 34
02 knots — 0L0,0,0,000,0,0,1.0,1.0,1.0,1.0
weigths — 1.0,1.0,1.0,1.0
“”[ control points  —  (-0.500000,-1.000000) ,(-0.500000,-0.500000),
i 3 s (0.500000,-0.500000),(0.500000,-1.000000)
o, Edge 4-1
knots = 0.0,0.0,0.0,1.0,1.0,1.0
weigths - 10,1010
control points  — (0.500000,-1.000000) (1.963495,0,000000),
(0.500000,1.000000)
Domain 02
Edge 1-2
knots — 0.0,0.0,00,1.0,1.0,1,0
weigths - 1.0,1.0,1.0
control points = (0,150000,0.300000),(0.418221,0.310470),
04 {0.550000,0.1 50000)
035 : Flge 23
knots = 0.00.0,1.0,1.0
0.3 weigths = 1.0,1.0
g control points  — (0.550000,0,150000),(0.550000,0,400000)
0.25 Edge 34
0.2 knots =+ 0.0,0.0,0.0,1.0,1.0,1.0
weigths — 1.0,1.0,1.0
LY O R T S TR PR TR U 4 .. control points  —  (0.550000,0.400000), (0.350000,0.400000),
015 02 025 03 035 04 045 05 055 (0.150000,0.400000)
E Edge 4-1
knots — 0.0,0.0,1.0,1.0
weigths - 1.0,1.0
control points — (0.1 50000,0.400000],{ 0.1 5M00,0.300000)

Fig. 11. Distortion of the rectangular physical domain using NURBS description of the boundary edges. Representation of the distorted domain and details on knots,
weights, and control points of each edge.
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{a) {b)

Fig. 12. Representation of 3D FEM mesh from commercial software (a) and 2D FEM mesh (b) for the discretization of the physical domain for ESL-based analysis
employing the present formulation.
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reference solution from commercial software.

plane shear stresses distributions, shown in Fig. 17. Here, the solution
directly obtained from the 3D constitutive relation is not physically
consistent as it produces discontinuous shear stresses profiles that do not
satisfy equilibrium conditions. In contrast, the recovered stress profiles
are continuous, exhibiting slope changes at the interfaces and matching
the external loading conditions. The size of the patch for the recovery
does not significantly affect the results in terms of ¢ 5 stress components,
while the profile of out-of-plane shear stresses 713, 723 match the results
as the size of the patch increases. On the other hand, when the recovery
patch comprehends the physical domain boundaries, a slight deviation
from 3D FEM results arises. Conversely, the through-the-thickness dis-
tributions of in-plane stress components, directly obtained from the
constitutive relationship, perfectly align with the 3D solution and they
are not affected from the patch dimensions for the interpolation of the
solution. Therefore, it can be concluded that the patch size is essential
for a correct evaluation of the derivatives of 3D stress components,
which is necessary for deriving an accurate solution of the equilibrium
equations along the thickness direction. The linear static response of a
doubly-curved laminated panel is, then, analyzed using the proposed
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computational approach. More specifically, the attention is focused on
an elliptic paraboloid of arbitrary shape, whose physical domain is
illustrated in Fig. 9. The reference surface equation of the structure is
expressed in principal coordinates, and it is reported in the following,
setting k”* = 2 and k2 = 3 the main curvature parameters of the surface
[25]:

r( - k®tana; k®tan?a, sina. ) k®tana, o
ay,02) = 2 4 ay 1 2 2
k* tan? k*tan?
+ ( in s Zn a2 cosal) [ (131)

The structure now consists of a three-layered laminate, composed of
two external orthotropic laminae of graphite-epoxy (124) of thicknesses
h; =0.03m and h3 = 0.02m, and a central core layer (h, = 0.04m)
made of generally anisotropic material, with the stiffness matrix of the
triclinic material, as defined in Eq. (126). The lamination scheme
adopted for this analysis is (20 /35/75). The panel is subjected to a
uniformly distributed mechanical pressure from the top surface of

magnitude §;) = — 1 x 10* N /m2, while clamped boundary conditions
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are enforced along the lateral surfaces associated with the edges of the
physical domain at @1 = % and a; = @. It should be noted that, in this
case, the curvature parameters involved in the geometrical definitions of
Egs. (3),(4) are not uniform across the physical domain. As a conse-
quence, the generalized stiffness coefficients of Eq. (36) are not uniform.
In these simulations, the variability of these coefficients is neglected in
this simulation for simplicity by assuming p =q =1 in Eq. (36). Nu-
merical results are presented in Figs. 19-21 in terms of displacement
field components, strain, and stress components, for the point located at
(@10, a20) = (0.50(a}, — %) + a9, 0.50(a}, — a%) + a%). The results
from 2D FEM analysis have been extracted from a subregion of the
physical domain centered at (@19, @2), with semi-amplitudes ai
=0.4(a} —a%) and az = 0.5(a}, — a%). The 2D FEM simulations have
been conducted using the EDZ4 higher-order kinematic model, with
various interpolating polynomials employed for the finite element
approximation. In particular, both Lagrange and Hermite shape func-
tions are used for third, fifth, and seventh orders. In addition, a 3D FEM
simulation, based on parabolic brick elements, has been conducted with
commercial software, consisting of 669615 variables and 223205 nodes.
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The 3D FEM mesh is represented in Fig. 12, along with the discretization
with rectangular elements of the 2D physical domain. The numerical
predictions in Fig. 19 show that all interpolating polynomials yield
similar results for the in-plane displacement components. On the other
hand, the selection of the shape function affects the results in terms of
U ;. In all simulations, the same stepwise parabolic profile is obtained for
this quantity, consistent with 3D FEM predictions, although a vertical
translation is observed depending on the specific interpolating poly-
nomial used. Further results are presented in Fig. 20 for the 3D strain
components. Polynomial selection in finite element analysis affects also
the evaluation of recovered strain distributions, while the same results
are found for in-plane strain components. The most accurate results are
obtained in terms of out-of-plane strains y,s,7,; using higher-order
Hermite shape functions. Finally, the stress components across the
thickness are illustrated in Fig. 21. The same through-the-thickness
curves are observed for in-plane stresses as the order of the interpo-
lating polynomial increases with both Lagrange and Hermite shape
functions. On the other hand, slightly deviations are noticed for out-of-
plane stress components. These differences arise from the GIQ-based
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Fig. 16. Through-the-thickness distribution of the displacement field components at the point located at (0.25 (a} —a%) +a%,0.25 (a}, —a%) +a%) within the 2D

parametric domain of a U-shaped circular cylinder and subjected to a uniform mechanical load. Comparison with 3D FEM reference solution from commer-
cial software.
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Fig. 17. Through-the-thickness distribution of the 3D strain components at the point located at (0.25 (a} —a9) +a9%,0.25 (a}, —a%) +a%) within the 2D parametric
domain of a U-shaped circular cylinder and subjected to a uniform mechanical load. Comparison with 3D FEM reference solution from commercial software.

recovery procedure used to compute these components. More specif-
ically, the 3D FEM reference solution is sufficiently smooth and regular
within the solid, except for the interface region where the numerical
results show local fluctuations, especially for the o3 stress component.
Finally, to point out the computational efficiency of the 2D finite
element model based on higher-order theories, in Table 1 the results are
provided in terms of the various displacement field components U, U ,,
U ; of the point located on the reference surface ({ = 0) at (219,20) =
(0.50(aly — a%) + a%,0.50(a’y — a%) + ). The results from 3D FEM
analysis are provided and compared with those from the 2D FEM sim-
ulations with EDZ4 kinematic model, considering both Lagrange and
Hermite interpolating functions of various order in a rectangular mesh
discretization. The displacement field components obtained from 2D
FEM simulations are in line with those from 3D FEM analysis, despite
they require a reduced DOFs number if compared to those required to
obtain the reference solution.

In the final numerical simulation, the influence of the adopted
methodology for the recovery of the 3D response of the structure is
systematically investigated. For this purpose, a hyperbolic paraboloidal
shell is considered, with a hole of arbitrary shape. The hole is defined by
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three straight edges and one curved edge, all described with NURBS. The
geometrical parameters of these curves, namely, the knot vectors,
weights, and control points coordinates are specified for “Domain 02” in
Fig. 11, The 2D physical domain of the panel is [a%,a}] x [a%,a}] =[-

0.35,0.70] x [— 0.25,0.50], and the reference surface equations of the
shell is defined by the following equation, setting k** = 2 and k*2 = 3 the

governing parameters of the hyperbolic profile of the shell surface [25]:

r( - k®tana; k®tan’a, sina. ) k®tana, R
ay,02) = 2 4 ay 1 2 2
k* tan? k*tan?
( in & _ Zn a2 cosa1> [ (132)

A 3D FEM simulation has been performed using a commercial software,
consisting of 179676 wedge elements (C3D15), for a total number of
1438710 DOFs. The mesh is generated by sweeping along the panel
thickness direction. On the other hand, the 2D physical domain, repre-
sented in Fig. 10, is discretized using triangular elements, as illustrated
in Fig. 12. The hyperbolic paraboloidal shell is clamped along the

0 1

boundaries corresponding to a; =a% and a, = a),. The results,
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Fig. 18. Through-the-thickness distribution of the 3D stress components at the point located at (0.25 (a'} —a9 ) +a9,0.25 (a}, —a%) +a%) within the 2D parametric
domain of a U-shaped circular cylinder and subjected to a uniform mechanical load. Comparison with 3D FEM reference solution from commercial software.

presented in Figs. 22,23,24, refer to the point located at (a10,a20)
= ((a} —a9) /3+d%, (¢}, —a%) /3 +a%) within the physical domain. A
patch centered at the same location, with dimensions a1y
=0.25(a} —a%) and as, = 0.25(a), — a%), is selected for the post-
processing phase. Within this patch, the displacement and strain fields
are computed on a uniform rectangular grid with size Iy x Iy = 101 x
101, and, then, interpolated onto a CGL grid with Iy x Iy = 31 x 31.
The distribution of the displacement field components, shown in Fig. 22,
highlights an approximately linear trend for the in-plane components,
while the transverse displacement component Us exhibits a more
complex through-the-thickness profile, closely matching the 3D FEM
reference solution. As far as the 3D strain components are concerned, in
the in-plane strains from Fig. 23 exhibit linear distributions, which are
not affected by the application of the recovery procedure. On the other
hand, 3D FEM predictions in terms of out-of-plane strain components are
matched only by recovered profiles, whereas the out-of-plane strain
components obtained directly from Eq. (86) deviate significantly from
the 3D FEM predictions, especially within the first and third laminae.
These discrepancies are successfully corrected by applying the recovery
procedure. A small difference is observed between the results from the

GIQ-based recovery and the GDQ-based recovery. Finally, the results in
Fig. 24 for the 3D stress components confirm that the unrecovered stress
distributions, computed directly from the linear elastic constitutive
relation of Eq. (87), are not in line with the theoretical background, as
713,723 and o 3 exhibit discontinuous profiles. In contrast, the recovered
stress profiles are continuous across the thickness, in accordance with
the theoretical expectations. Note that, in this case, the 3D FEM results
themselves display discontinuities at the interfaces due to the extrapo-
lation from integration points to nodal locations. As a consequence, the
recovered profile always provides physically consistent numerical pre-
dictions, as it is based on a direct integration of the 3D equilibrium
equations in curvilinear coordinates along the thickness direction.

8. Conclusions

In this work, a novel strategy has been proposed for the static anal-
ysis of laminated anisotropic doubly-curved shell structures with arbi-
trary shapes and characterized by holes. The fundamental equations
have been derived in curvilinear principal coordinates following the ESL
approach, and they have been obtained from the minimum potential
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Table 1

Displacement field components of an elliptic paraboloid using EDZ4 kinematic
model with Lagrange and Hermite shape functions of various orders. Compari-
son with 3D FEM numerical predictions. The results are presented in the table by
using the same nomenclature as in Figs. 19-21.

DOFs U [x 107°m] Uz [x 107°m] Us [ x 10~°m]
3D FEM 669615 1.418 -0.177 -1.669
EDZ4 - L3 152838 1.377 -0.174 -1.646
EDZ4 - L5 420318 1.378 -0.173 -1.641
EDZ4 - L7 820278 1.377 -0.173 -1.639
EDZ4 - H3 119754 1.381 -0.176 -1.657
EDZ4 - H5 387234 1.379 -0.174 -1.644
EDZ4 — H7 787194 1.378 -0.173 -1.641

energy principle, accounting for generally anisotropic lamination
schemes. A generalized higher-order kinematic model has been
employed, based on power polynomials and zigzag thickness functions,
while Lagrange polynomials have been used to interpolate the solution
within the physical domain. Then, an isogeometric NURBS-based map-
ping procedure is adopted to deal with arbitrarily-shaped structures. For
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bi-connected domains, a finite element implementation of the theory has
been developed focusing on the stationary weak form of the governing
equations. Both rectangular and triangular finite elements have been
used, employing Lagrange and Hermite polynomials of various orders to
determine the shape functions. In the post-processing stage, an accurate
recovery procedure has been capable of reconstructing the full 3D
response of the laminate that solves the 3D equilibrium equations on a
localized patch extracted from the physical domain. In this way, it has
been possible to obtain the complete 3D response of the panel. The
formulation has been validated through various numerical examples,
where the accuracy of results has been checked against 3D reference
solutions obtained using a commercial finite element software. In
addition, parametric studies have been conducted to investigate the
influence of the key parameters on the static response of doubly-curved
shell solids, including the choice of kinematic model, polynomial
interpolation, and patch size, among others. The methodology presented
in this paper represents a significative enhancement in the research on
doubly-curved shell structures with holes and discontinuities, as it en-
ables the possibility of deriving their static response with higher-order
theories in lieu of 3D simulations. This approach has offered a
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Fig. 22. Through-the-thickness distribution of the displacement field components at the point located at ((a} —a9) /3 +a%, (a, —a%) /3+a%) within the 2D

parametric domain of a hyperbolic paraboloid with a hole of arbitrary shape and subjected to a uniform mechanical load. Comparison with 3D FEM reference
solution from commercial software.
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Fig. 24. Through-the-thickness distribution of the 3D stress components at the point located at ((a} —a9%) /3 +a9, (a}, —a%) /3 +0a%) within the 2D parametric
domain of a hyperbolic paraboloid with a hole of arbitrary shape and subjected to a uniform mechanical load. Comparison with 3D FEM reference solution from

commercial software.

practical alternative to full 3D simulations, reducing the computational
complexity while maintaining a high accuracy for structural compo-
nents with complex shapes theories even for complex geometries, holes,
and discontinuities. At the present stage, the numerical model cannot
consider a variation in the shell thickness, as well as material and
orientation dependence on in-plane coordinates. Therefore, a possible
extension of the methodology presented in the paper could be the pos-
sibility to deal with laminated structures with variable thickness, along
with laminae with a general variation of the material properties and
orientation. Furthermore, it is possible to consider also buckling and
damage analysis problems. Finally, the higher-order 2D solution and the
recovery procedure can be adopted in dynamic analysis to evaluate the
stress and strain distribution in laminated anisotropic doubly-curved
shells under time dependent loads.
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