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ABSTRACT

The manuscript investigates the modal response of laminated anisotropic doubly-curved shell structures of
variable thickness made of Functionally Graded Materials (FGM), according to an efficient equivalent single layer
strategy where the displacement field is described employing a condensed unified formulation, accounting for a
higher order through-the-thickness expansion. A generalized power law distribution is adopted for the assess-
ment of the FGM layers, whereas the presence of voids is considered starting from different homogenization
assumptions. Unlike previous works which presented a variation of the homogenized material properties within
the shell solid, in this paper the problem of material porosity is addressed, therefore a general distribution of the
volume fraction of the constituent materials is considered, along with the presence of voids. To this end, both
linear and trigonometric through-the-thickness distributions are here assumed. The fundamental governing
equations are derived starting from a proper set of curvilinear principal coordinates, while a generalized set of
blending functions accounts for arbitrarily shaped structures. Non-conventional boundary conditions are, here,
modelled with a distribution of linear springs along the shell edges. The numerical implementation of the
problem is performed with the generalized differential quadrature method. A systematic set of validating ex-
amples is presented, whose results are compared to predictions based on refined models, as well as some
experimental evidence. After a validation step, an extensive parametric analysis points out the sensitivity of the
porosity parameters on the modal response of structures with different curvatures and external constraints, with
valid findings for engineering design purposes.

1. Introduction

structure [5,6]. In this way, the main geometric parameters are
computed, and a parametrization in terms of curvilinear principal co-

Recent advances in most engineering applications account for the
employment of smart innovative materials with optimized mechanical
properties [1,2]. Furthermore, structures of complex geometry are very
frequently required due to their enhanced mechanical properties and
aesthetics. In this context, refined mechanical models are developed so
that the structural response, both in a static and dynamic sense, can be
well predicted in a simple but accurate way [3,4]. In particular, an
efficient description of the geometry and material properties is a key
aspect for structural problems.

The geometric assessment of structures with different curvatures in a
unified way is essential for smart numerical implementations. Lami-
nated doubly-curved shells are investigated starting from the geometric
description of a reference surface located in the middle thickness of the
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ordinates is employed, thus leading to the definition of a rectangular
physical domain. Complex geometries can be described in a very effi-
cient way in terms of NURBS curves, starting from a set of knots, weights
and control points [7,8]. Then, the isogeometric approach [9] can be
adopted for the distortion of the physical domain, such that a proper
coordinate transformation comes out. In some applications, designers
account for a smooth variation of the shell thickness, leading to struc-
tures of variable stiffnesses and optimized masses [10-12].

As it is well-known from literature, the three-dimensional elasticity
theory for anisotropic elastic solids is one of the most refined approaches
for the structural analysis of thick doubly-curved shells made of inno-
vative materials [13-15]. On the other hand, in most applications, a
significative computational effort is required, and it can be difficult to be
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extensively applied. For this reason, two-dimensional simplified for-
mulations have been developed in which the three-dimensional solid is
reduced to an equivalent two-dimensional surface with homogenized
mechanical properties [16-19]. In the case of very thick shells or
structures with complex lamination schemes with softcore behaviour,
the so-called Layer-Wise (LW) approach [20,21] is a valid alternative to
classical Equivalent Single Layer (ESL) theories [22,23] since it accounts
for the solution of the structural problem within each lamina of the
stacking sequence. Generally speaking, the accuracy of two-dimensional
approaches is based on the selection of the through-the-thickness kine-
matic assumptions. Accordingly, some formulations are present with
power series expansion, whereas in other works trigonometric functions
are employed. Furthermore, formulations involving generalized poly-
nomials are employed in different works from literature [24-26].
Referring to the ESL approach, the interlaminar coupling is depicted
from the employment of the zigzag functions [27,28], whereas in LW
formulation this issue is directly embedded in the model by means of the
interlaminar compatibility conditions [29-31]. In addition, a proper
prediction of the structural response can be performed with the so-called
refined zigzag theories, in which the thickness function set depends on
the shear properties of the layers within structure [32-35]. A milestone
in this research topic is the so-called unified formulation [36-38], in
which the structural theory is developed in a general form for a specific
field variable expansion order regardless the nature of the selected
thickness function. Thus, a matrix assembly leads to the complete defi-
nition of the fundamental governing equations for the selected
displacement field assumption. Starting from first pioneering works
based on classical approaches like the Classical Plate Theory (CPT), the
First Order Shear Deformation Theory (FSDT) and the Third Order Shear
Deformation Theory (TSDT) [39-41], the unified formulation has been
adopted for a series of structural problems employing composite mate-
rials [42], carbon nanotubes, pantographic layers [43] and honeycomb
cells [44].

Furthermore, some interesting works on structures made of Func-
tionally Graded Materials (FGMs) can be found [45]. As it is well known,
FGMs belong to the class of granular composites since they are obtained
from the coexistence within the same layer of two different constitutive
materials, typically ceramic and metal phases [46]. In this way, an in-
termediate material with non-homogeneous mechanical behaviour is
obtained. In most applications, plates and shell structures account for a
though-the-thickness smooth variation of the mechanical properties of
the constitutive materials, which is usually computed in terms of volume
fractions, and the equivalent mechanical properties are derived from the
Voigt’s rule of mixture [47,48]. Different distributions can be found in
literature with different number of governing parameters, accounting
for symmetric and unsymmetric through-the-thickness dispersions. In
addition, non-polynomial formulations can be also adopted. In Ref. [49]
a five-parameters generalized expression has been proposed, involving a
set of simplified FGM models. In any case, the governing parameters of
the distribution should be selected so that the final expression has a
physical significance; namely the volume fraction dispersion should al-
ways assume non-zero values and should be minor than the unit value,
according to its definition. It has been demonstrated, also, that in some
cases, the employment of FGM (which is an intermediate material be-
tween two isotropic constituents), can enhance the natural frequencies
of the structure with respect to the isotropic conventional case.

The static and dynamic structural response of FGM structures with
curvatures can be influenced by the variation of the material properties
due to the presence of voids, coming from the sintering manufacturing
process [50]. This manufacturing aspect leads to a reduction of the
mechanical properties of the homogenized continuum medium. In
Ref. [51], this aspect has been also shown from some experimental dy-
namic tests. As far as the computation of the equivalent elastic proper-
ties is concerned, in many structural applications the approach proposed
in Refs. [52-55] is usually followed. Moving from the rule of mixture
applied to dense materials, it accounts for a subtraction of a porosity
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parameter from the volume fractions of the constituents. On the other
hand, a more general expression has been adopted in Refs. [56-60], in
which the presence of porosity turns into a reduction of the material
properties of the dense FGM material. In Ref. [61] a simple hierarchical
model is proposed for an efficient description of complex
through-the-thickness volume fractions distributions. The assumptions
held on the selection of the methodology for the computation of the
equivalent elastic properties of the porous material, influence the nu-
merical results. For this reason, the most suitable approach should be
accurately selected for each case, depending on the application. Refer-
ring to plates and shells, different porosity distributions have been
proposed, accounting for linear and non-linear analytical expressions.

As far as the solution of the fundamental governing equations is
concerned, a series of articles are provided in which the closed-form
solution is adopted [62], whereas in Refs. [63] the well-known finite
element method is employed. In the present contribution, the General-
ized Differential Quadrature (GDQ) method and the Generalized Inte-
gral Quadrature (GIQ) are applied for the numerical implementation of
the fundamental governing equations [64]. Belonging to the class of
spectral collocation methods, such numerical techniques are based on an
interpolation of the unknown function on a set of points lying on
non-uniform grids [65,66]. In particular, the GDQ methodology ac-
counts for the computation of the derivatives of arbitrary order as a
weighted sum of the values of the function itself employing the iterative
approach outlined in Ref. [67]. In this way, the differential equations of
the structural problem can be numerically tackled directly in strong
form, without any shape function requirement [68]. Furthermore, a
reduced number of Degrees of Freedom (DOFs) is usually employed with
respect to classical numerical methods. As a matter of fact, the accuracy
of the method depends on the definition of the computational domain, as
well as the computation of weighting coefficients. In particular, it has
been shown that non-uniform symmetric grids provide the best results in
terms of accuracy, computational stability and efficiency.

In the present contribution, the dynamic response of doubly-curved
shell structures is investigated according to the ESL approach, employ-
ing higher order theories. A generalized distortion of the physical
domain is considered, whereas an arbitrary thickness profile is modelled
in the two principal directions. The present unified formulation, derived
from the Hamiltonian principle employing higher order theories, can be
seen as an extension of some previous papers, since for the first time here
some shell structures are considered which are made of FGM isotropic
layers embedded in a composite laminae with variable angle tow com-
posites. Furthermore, in all the pervious works by the authors the effect
of the material porosity in a FGM layer was not considered. Besides, the
homogenized material properties of porous FGM layers are evaluated for
the first time with an enhanced version of the classical Voigt’s rule of
mixture. In Ref. [69] we modelled a three-dimensional variation of the
homogenized  anisotropic  material  properties  within  the
three-dimensional solid. In contrast, in this paper a general
through-the-thickness variation of the volume fraction of isotropic FGM
layers is considered in order to take into account the porosity of the
structure. Then, various approaches are adopted to determine the ho-
mogenized material properties of the layer, leading to some consider-
ations on the governing parameters in order to provide physically
consistent results. In addition, this study considers doubly-curved shell
structures made of FGM layers subjected to general boundary condi-
tions, obtained from an arbitrary distribution of linear elastic springs
distributed along the lateral surfaces of the solid, while in Ref. [49] only
conventional external restraints are modelled.

The GDQ method is adopted for the numerical implementation of the
problem, and the frequencies and mode shapes of structures with
different curvatures and lamination schemes are derived from the pre-
sent model. The results are successfully compared to those obtained
from refined 3D FEM models. Furthermore, some experimental results of
the mode frequencies and shapes of porous FGM 3D-printed plates have
been predicted successfully with the present two-dimensional
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formulation. The present higher order ESL model also matches the
predictions of a previous LW formulation by the authors. Extensive
parametric analyses are provided in the manuscript, showing the in-
fluence of the porosity parameters and distribution type on the dynamic
response of shell structures. The proposed approach is, thus, revealed to
be a very efficient formulation for a correct modelling of FGM porous
doubly-curved structures, capable of providing very accurate results
with a reduced computational cost. More specifically, the model can be
adopted to model doubly-curved structural components that are ob-
tained from sintering processes, as happens for instance in granular
composite structures typical of mechanical engineering applications,
where the manufacturing process can induce some voids with an arbi-
trary distribution along the thickness direction. The present model can
also be applied in some civil engineering applications, including light-
weight concrete structures and mortars with a variable distribution of
grains within the cementitious matrix.

(a,az)={ @
s(ar,a.)={ @/

(sin(z(n @ +a )" ¢lar,ar)={ o
(sin(z(nsa1 +a3,))",  dylarnar)={

2. Theoretical formulation and fundamental equations

According to the ESL approach, the arbitrary position vector R(a 1,
a 3,¢) of a three-dimensional doubly-curved solid should be described
starting from the definition of a reference surface r(a 1, 2) located in
each point at the middle thickness of the structure. In this way, the
following relation can be stated [22]:

hla,a,)

R(a,a5,0) =r(a,a,y)+ 2

Zn(a 1, 2) (€))
where z = 2{/h denotes a dimensionless thickness coordinate orientated
alongside the normal unit vector n(a 1, 2) of the reference surface,
calculated as n = (ry x rz)/|r1 x ry|, setting r; = dr/da; fori = 1,2.
For the sake of completeness, the second order partial derivatives of the
reference surface position vector are denoted by r;; = *r/ (0a;da;) with i,
j = 1,2. It should be stated that Eq. (1) is physically consistent when a
variation interval is associated to both in-plane and out-of-plane shell
coordinates, namely a; € [a%,al] for i=1,2 and z € [ — 1, 1], setting
a® < a; the extremes of the physical domain alongside a; = a 1,a ». Itis
useful to introduce the in-plane normalized coordinates @ ; € [0,1] and
a;=1-a;fori =1,2, defined according to the following expression:

a;—a

i

- ali — a‘), (2
The geometric main properties of the reference surface at issue can
be effectively calculated from the main outcomes of differential geom-
etry. In particular, the principal radii of curvature R ;(a¢1,a2) =R 1,R »
and the Lame parameters A (@ 1,a 2) = A 1,A ; related to the parametric
lines alongside @ ; = a 1, a » are introduced in each point of the physical
domain [22]:

r;r;
Ri(a,ay)=—

r;n 3
A, az) = rT;

fori = 1,2. The effect of curvature is embedded in the model by means
of the geometric scaling factors H ;(« 1, 2,{) = H 1,H 2, defined in each
point of the three-dimensional solid as H; = 1 + (/R ;. In the present
manuscript, the doubly-curved structures are intended to be obtained
from the superimposition of [ different layers. In this perspective, the
arbitrary point of the k-th layer, for k = 1, .,1, is located in the interval
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[¢ k¢ x41), where ¢ and ¢, denote the intrados and extrados of the
lamina, respectively. Furthermore, the corresponding width h (a1, 2)
is computed for each (@ 1, a ) point as:

!

h(al»az):th(ahaz):Z(CHl—CU @

k=1 k=1
The previous relation provides an efficient implementation of the
shell thickness profile. Referring to an arbitrary k-th layer of the stacking
sequence characterized by a reference height denoted with h’, it gives:

4
hk(a 170(2) = h",ﬁ(a 1702) = ]’lok<1 -+ Z(S, ¢ i(a 1,a2)+5> (5)
i=1
The normalized thickness profile h(a,,a ) is obtained from the
following analytical expressions ¢ ;(a 1, 2), each of them combined in
Eq. (5) through a scaling parameter §; and a uniform shift § [22]:

(sin(z(n 0 2 + @)’
(sin(lz(n 402+ a 4m))>

b (6)

The quantities ap, € [0, 1], pf € R and ny € N introduced in the
previous relation can thus be conveniently selected according to the
design needs.

Following the ESL methodology, the three-dimensional displacement

field vector UK (@1,a2,¢,t) = [U(lf) U(IZ() U(IS‘)] ! of the k-th layer,
expressed with respect to the principal coordinates a1, a 2, {, is now
assessed by means of a higher order through-the-thickness expansion up
to the (N + 1)-th order, remembering that{ € [{4,{ 1] fork =1,.,L To
this end, a generalized unified formulation is adopted, accounting for a
pre-determined set of thickness functions Fk?)ei(¢) = Fkaa1 plkoez
F(k7)as referred to an arbitrary 7-th kinematic expansion order. We recall
that, for all layers, the curvilinear geometric reference system a 1,a 2,
is always located on the reference surface r(a 1,a 2). One gets:

U(k)
N+1 !
U(k)(a a2 Cl) = ZF(kr)(é‘)u(f)(a Lo t) & Ué")
=0
U
(7)
N1 [ Fa 0 0 “
=Y o Fle g ul? @)
| 0 0  Floes ®
Uy

In the previous relation, a generalized displacement field vector
u (a1, a4,t) has been introduced for each 7 =0,.,N+1 lying on the
reference surface. In this way, a comprehensive set of two-dimensional
theories is embedded in the model, accounting for both polynomial
and non-polynomial axiomatic assumptions. Furthermore, classical ap-
proaches like the CPT, the FSDT and TSDT theories represent some
particular cases of Eq. (7). The thickness functions set is defined by
means of higher order power functions. On the other hand, the well-
known Murakami’s function is modelled for the (N + 1)-th kinematic
expansion order in order to simulate the interlaminar zig-zag effects
acting at each shell principal direction @ 1,a 5, [22]. Referring to the
arbitrary k-th layer of the stacking sequence, one gets:
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I for 1=0,.,N

1V = k( 2 §k+l+§k) for 7— 1
R Ver A sy B

FE() =

(8

When power functions are adopted in Eq. (7), the employed struc-
tural theory can be identified with the notation ED(Z) — N, where “E”
stands for the ESL approach, “D” means that a displacement-based
formulation is adopted, “Z” is introduced when the Murakami’s zigzag
function of Eq. (8) is employed at N + 1, while N is the maximum ki-
nematic expansion order.

Let consider now the ESL-based kinematic relations for a doubly-
curved shell, starting from those ones referred to the three-dimensional
eW(ar, a6 =% % 4% 49 9 9T the
three-dimensional strain vector for the k-th layer. If we denote with D a
global differential operator, it gives [22]:

3
e¥(ar,ay,¢1) =DUY = Dz(ZDz’)U“’) ©)
i=1

Note that D has been split into D] for i = 1,2, 3 and D ; operators,
accounting for the derivatives with respect to in-plane and out-of-plane
coordinates a 1, @ 2, { respectively:

solid, being

D4 =D, 0 0]

D,>*=[0 D, 0 (10)
Dy =[0 0 Dy

1
H_1 0 0 0 0 0 0O 0 O
0 ! 0 0 0 0 0O 0 O
H,
1 1
0 0 H_] H_z 0 0 0O 0 O

D, = an

0 o 0 O 0 — 0 0
H o¢
1 0
0 0 0 0 0O — 0 — O
H2 64’
0

00 0 0 0 0 0 0 —
L o |

In the following, an extended version can be found of the sub-
operators D, introduced in Eq. (10):

gL 0 1 04, 1 oA, 1 9 1 !

27 |A0a, A\A,0a, AAs0as Asda, R,

—a, 1 0A, 1 0 1 0 1 04, 1 ’
D’ = 20 -—010

2 [ AAs0a; Aydas Aida,  AA,da, R, }

— 11 1 0 1 0 r
Dth___ L e v 1
{ OOAéalAéazoo

(12)

After some proper substitutions of Eq. (7) in the three-dimensional
relation of Eq. (9), the ESL version of the kinematic relations for a
doubly-curved shell structure is obtained [22]:

3 N+l 3
e® = D¢<ZD> ann )y

i=1

i: Z(kr)a ,D(z i —

i=1 =

N+1 N+1

¥

Z(kr)a ,s(r)a (13)

w_fM»

N
o

=}

i

where Z*9*: = D Fkoe denotes the higher order kinematic operator,

— [ a0 Dar ar as @ (o g<3r>al]T

while €% (ay,a,t) P o wly
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Table 1

Through-the-thickness smooth distributions of the material porosity of FGM
layers. Both algebraic and trigonometric functions can be arbitrarily selected
depending on the desired application. Furthermore, both symmetric and
unsymmetric profiles have been considered.

Through-the-thickness distribution of porosity

Denomination Symbol Analytical Expression
Linear Distributions
Uniform Ubo AR, = /;U(;J
i j
Linear I Lot PO =45 = 2184
i f k
Linear I1 L-w PR =265l
Linear III L — I’ ﬁ (k)
AR *7( +25)
Linear IV L —1vf ﬁaq
POER) =75 (1280
Cosine Distributions
Symmetric Cosine I SC — 1/ (&) =Y — cos(zEy))

Symmetric Cosine II SC — 1 ®) (&) = B cos(nE )

s

s

P9ED =4 (1 - cos(Ger +3))

uc -1 PO =B cos(3e + )

Unsymmetric Cosine III uC — e R ) = po (1 _ cos (gf . - %))
pUE

®) (£ 4) = B cos(gﬁk - %)

Unsymmetric Cosine I ucC — 1%
Unsymmetric Cosine II
Unsymmetric Cosine IV UucC — 1vho

Hyperbolic Sine Distributions
Hyperbolic Sine I HS — "o

. 3
PO =P (1 -l )
sinh (5)
Hyperbolic Sine II HS — 1% . 3
’ P y) = |2
* ’ sinh (1)
T2

Hyperbolic Tangent Distributions

H bolic T: t1 _ 1 3
yperbolic Tangen HT — 1o N Cofy e,
PUER) =Fy (1= |—
tanh(i)
H bolic T: t 11 . 3
yperbolic Tangen HT — 110 P ah &,
* ’ . nh(l)
iz
R @) = pY(Ex) £, =2k g -2 _ G Gk
2 T A A

is the generalized strain vector referred to the 7-th order of the kinematic
expansion, with index i=1, 2, 3:

e =P %u® 14)

The present formulation is developed for laminated structures made
of generally anisotropic materials. Referring to a k-th layer of the
laminate with k = 1, ., [, the following constitutive relationship is
considered, according to the conventions adopted in [22]:

B — gV — pR® (T<k>)T8<k> (15)

In the previous relation, ¢® denotes the strain vector already intro-

duced in Eq. (9), whereas 6® = [¢% & %, & & 6(?] is the
three-dimensional stress vector referred to the geometric reference
system of the shell O'a ;a »¢, according to Eq. (1). In this way, the three-
dimensional linear elastic stiffness matrix BY is referred to O'a a ¢,
and its arbitrary component E(g) fori,j =1,.,6 relates the i-th element of

6 to the j-th components of . Accordingly, we account for a rotation
with respect to the outward normal direction of the shell of an arbitrary
angle 9%, embedded in the transformation matrix T® = T® (9%)), More
details are reported in Ref. [22]. As a matter of fact, the input for the k-th
layer consists in the three-dimensional elastic constitutive relationship

written in the material reference system, whose elements E(g) withi,j =
1, .,6 can be taken equal to the three-dimensional elastic coefficients C(?
or the reduced elastic coefficients Q%‘). Regarding the material orienta-

tion angle 9% implicitly employed in Eq. (15), in common composite
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Fig. 1. Through-the-thickness distributions of porosity employed within each layer of doubly-curved laminated structures. Both linear and non-linear analytical
expressions have been considered, accounting for the concentration of porosity in the central part of the lamina or in its intrados and extrados. Furthermore,

symmetric and unsymmetric porosity dispersions have been modelled.
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applications a uniform value is usually assigned to each k-th layer. On
the other hand, a continuous variation of the material angle can be
introduced whose governing parameters are the power exponents p“{)
p% € R and the coefficients ¢*',c5) = 0,1 which activate the depen-
dence of the expression on the prlncipal coordinates a 1 and « »:

A (k)
99 (a,as) —c@((@“ﬂ“' _ g l)pa] —1p ) + gl ,)

x (*) —(k) (16)
+c® ((é)(ﬁ)" I 8?’”) 2, — 11" +19(/6)02> 49

In the previous relation, the values 951, 9% 2 are associated to the

central point of the physical domain, while 19(’1‘)“ ! ,19(’{)” 2 are related to

the edges of the structure characterized by constant values of @ ; and « o,
(

. . Lk
respectively. In this context, the notation 3 )(( K1 gk “l)a

1’

(k)
(9 2\19(’1‘)“2)122) is adopted if ¢¥ = ¢% = 1, whereas the condensed

k;
notation §<k)((19(’(§)" it ')p;‘)l) fori = 1,2 is adopted when c*) = 0 or ¢'¥)
=0.

An arbitrary k-th layer of the stacking sequence made of FGM ma-
terial, which consists in a continuous smooth variation of the material
properties along the thickness direction ¢, is here obtained from a
Ceramic (C) and a Metal (M) phase coexisting in the same lamina. Such

heterogeneity can be modelled in terms of their volume fractions,

denoted by V(Ié) and V(ﬁ, respectively. Furthermore, the quantity s~
introduced which accounts for the FGM porosity. These quantities are
related to each other as follows:

VRO +Vh©) +8Y(©) =1 17)

As a particular case, the relation V¥ (£) +V%)(¢) = 1 is considered in
the case of dense layers. In this way, the notation

wp (A /D /%)
FGMbottom (a® /bk) jck) /ak) /p(k) )

layers, setting a®,b® c® d® p® the governing parameters of the
through-the-thickness distribution, while A = A1, A2, A3 denotes the
approach employed for the porosity modelling, characterized by the
distribution identified with the symbol D, according to the nomencla-
ture reported in Table 1.

The Voigt’s rule of mixture is thus adopted to determine the effective
material properties of the k-th lamina of the structure, namely the

is adopted for the identification of FGM

density p*(¢), the elastic modulus Y (¢) and the Poisson’s coefficient
70 ({). For the sake of simplicity, the condensed symbol P (¢) = p®),

E® 70 is used:

5k _ plh

PY(©) = PRV + POV () a8
being PC 7pC,EC),y('é> and P 7p(ﬁ,E(§},y(ﬁ the corresponding

property of the ceramic and metal constituent of the FGM layer,
respectively. In the case of a porous medium, three different approaches
are considered:

Approachl (A1) »P®(¢) = <]()(C)(l -pY ©)

P+P

Approach2(A2) -»PW (¢) = PW(C) M9 (19)

Approach3(A3) —P¥ (¢) = PY(¢) — min (Pf\’;) PEYBRQ)

The Approach 1 (Al) is based on Eq. (18) for the case of dense ma-
terials, and considers a reduction of the FGM homogenized material
coming from the presence of porosity. Following Approach 2 (A2), the
porosity parameter f*)(¢) is equally distributed between the ceramic
and the metal phase of the FGM layer. On the other hand, the general
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relation for porous FGMs reported in Eq. (17) leads to the Approach 3
(A3) for the computation of the homogenized properties of the k-th
layer. All relations reported in Eq. (19) converge to the same distribution
in the case of porous homogeneous material. On the other hand, the A2
methodology can be adopted only if the FGM and porosity parameters
provide positive values for the equivalent elastic modulus and density.

In the present work, various through-the-thickness expressions have
been provided for the porosity parameter §*)(¢), accounting for both
symmetric and unsymmetric distributions (Fig. 1). Referring to sym-
metric dispersions, some expressions provide a porosity concentration at
the core level of the k-th layer, whereas others consider a densification of
voids at the external sides of the layer. Furthermore, unsymmetric dis-
tributions concentrate the porosity at the external and internal sides of

the lamina. For each case, a scaling parameter ﬂ(g) is required, defining
the maximum porosity value along the thickness of the considered layer.
In Table 1, the expressions employed in this context have been reported,
accounting for linear, trigonometric and hyperbolic functions. They
have been expressed in terms of dimensionless coordinate & = z /2,
defined from the through-the-thickness quantity z ; already introduced
in Eq. (8).

The three-dimensional constitutive relationship of Eq. (15) is now
embedded in the higher order ESL model taking into account the kine-
matic relations of Eq. (13) expressed in terms of generalized strain re-
sultants vector £?*:. The following condensed relation is obtained for
eachk =1,.,L

3
¢ — Zﬁ“)z(ku)a jgma (20

The computation of the virtual variation § @ of the elastic strain
energy allows the definition of the generalized stress resultants vector
SOt — [N© 1 NG NG N gl o poa poe goagT o
each 7-th order of the kinematic expansion, accounting for the entire
lamination scheme, as well as the axiomatic through-the-thickness as-
sumptions for the higher order model in Eq. (7). A higher order ESL
constitutive relationship is assessed in terms of S and £, and the
generalized matrix A™%% is introduced for each 7,7 = 0, N+1 and ij =
1,2,3:

N+1 3

S@ai — Z ZA(””"’“’E(”)“’ 21

=0 j=1

The generalized constitutive operator is computed for each z, s-th
kinematic expansion order according to the following expression:

ke
n] i _ / kr )a i

where the arbitrary terms of this matrix are computed as:

"TEYZ®0 g H g (22)

7,n=0,.,N+1,
n,m=1,.6,
it akaI])rzj FFEe g H
(m)[fglaiaj (k 2 B
Anm (pa) Z/ nm aé,f 0(" leH%dC for p,qfo, 1,27

X;,Aj=0a1,02,03,

f.8=0,1
(23)

being 0°Fk)ai /9c0 = Fkolai and g°Fe /9c0 = Fk)4_ The quantities B,
are equal to the three-dimensional elastic constants of Eq. (15) forn,m =
1,2, 3,6, while for n,m = 4,5 they are multiplied by means of the so-
called shear correction factor x(¢) =5/6 in the case of a linear
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distribution of in-plane displacement field components, namely E(ﬁ)m =

KE<,’;)H.

Once the constitutive model for doubly-curved shells is introduced
within the higher order ESL theory, we consider a general set of linear
elastic springs distributed alongside the four edges of the structure for
both in-plane and out-of-plane directions. In particular, the boundary
stresses 301‘),?(’1‘)2, ?(’1()3 are enforced at the physical domain edges located
at a1 = '], with m = 0,1 by means of a set of linear elastic springs of

. (k)™ (k)™ (K)a™
stiffnesses k'yp ', ke ' kg !

) (@, ay,Ct) = 1ram'3( ar)UY (@, a2,¢ 1)
(]]‘;((ll,(lz,f:-,l): 1;]):11/),( )U(z)(a"{,az-,CJ) for m=0,1
(", a0,C0) = fk(g'am/A”(amnM)U(?(aml’abg’t)
eX))

In the same way, the stresses 7<), 5y, 75, are enforced at a , = o™ for

m =0,1:

) (o a, £ot) = <Ti“’” Bla,ay) U (a,am,¢.1)
6(?(a17am27§'t):_ 2f Zﬁ(aly ")U(g)(al,a”’z,é’,t) for m:Oll
(@@ bor) = K57 Blar,a2)UY (@1 @ 1)

(25)

where k(’;}u”; , k(;}am27 k(gflm2 are the stiffnesses of the linear elastic springs

at issue. Furthermore, in Egs. (24)-(25) the terms ﬁ(a"{, a2) and ﬁ(a 1,
a'}) account for the in-plane component of the linear springs distribution
along the edge of the structure. Such dispersion is conveniently assessed
taking into account the relations /A}(a"} ,@2) = m(as) and B(a 1,0%) =
B m(a1). Such distributions are provided in terms of dimensionless co-
ordinate @ ;, for i = 1,2, already introduced in Eq. (2) employing the
ai) =B (@ —a®)@;) = B u(@:), being o, a® with i
= 1,2, the extremes of the physical domain in the curvilinear principal
reference system. A uniform in-plane distribution of linear springs is
i) = 1. The Super Elliptic (S) distribution is
expressed according to the following relation, being & ,,, &, € [0, 1] the
governing parameters and p a power exponent:

combination m(

obtained setting ﬁm(&

4
_|aiztm

Ba@)=e (26)
On the other hand, the Double Weibull (D) distribution reads as:

Bn@)=1- <e<”’> +ei<;"’> )

The contribution of the above discussed linear springs can be
embedded in the present higher order ESL model substituting the
generalized displacement field assumption of Eq. (7) in Egs. (24)-(25). In
this way, a set of generalized stress resultants is obtained for each shell
edge. In particular, the quantities N N'/s* T
ata, =" withm = 0,1, for each 7 =0,.,N + 1.

Em

(27)

(r)as

should be computed

pr 10, 10 1o 1om 10 1o
e - Al 0(11 AIAZ 60!1 A1A2 dal A1A2 ()(12 Az 0(12 AIAZ 60!2
pre [ 1 oAy 1o 1o 1o 1ok 1 b
@ AAy day, Ay da, AAydas Al da,  AAy da, AA; da
poo [LL 1 g 10 1o 1o 1 oo
2 R, R, Al da, AA, da, A, da, AA; da,
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N(?al L(/T'Y)((zl){lz/"l 0 0 40

N+1 !
N == 0 Lhee 0 | |uY | form=01

F0 El I 0o pmas u

1 32 3
(28)

ay

In the same way, the generalized stress resultants N ;1 ,N(;)azj(;m
with 7 =0,.,N+1 are enforced at a , = "} according to the following
expression:

— (tn)a 1
N(;)lm . L 0 0 u('ll)
NOml==>0 0 L o W | for m=0,1
—(7)a3 =0 () 5 ()
77" 0 0 L | [us
(29)
In Egs. (28)-(29), the generalized stress resultants are related to the
higher order displacement field vector from the quantities L }”()p“;m , with
m=0,1,n,p=1,2andi =1,2,3:
~ i=1,2,3,
Ly, Z / KT B aFE PO de for m=0,1,  (30)
np=12

The previous relation embeds in itself the out-of-plane distribution of
the linear elastic springs at issue by means of the term 1 = 1({). As a
consequence, a constant (4 = 1), linear (1= 2{/h) and parabolic
(A =1 —(2¢/h)?) springs profile can be easily modelled.

We now derive the fundamental relations for laminated doubly-
curved shell structures, accounting for the generally anisotropic elastic
constitutive behavior outlined in Eq. (15) and a unified formulation for
the through-the-thickness axiomatic assumption of the displacement
field variable, as stated in Eq. (7). A procedure based on the Hamiltonian
Principle is followed, accounting for the kinetic energy, the elastic strain
energy and the contribution coming from the action of linear elastic
springs distributed along the edges of the physical domain. The equi-
librium relations are easily obtained for each 7z-th kinematic expansion
order, setting i = [ i) L'i(g)}T, with i = Pu? /o fori =1,2,3
the second order time derivative of the generalized displacement field
vector introduced in Eq. (7):

3 N+1

D DS =N M =0 forr =0,.,N+1

i=1 n=0

(31)

*Q

where Dy’ ' = D', Dy’ 2, Dy’ ° are the equilibrium operators, which are
reported in compact matrix notation as:

[ 0 0
DE =] 0 |, D=|D,*|, D=1 0 (32)
0 0 D’

The definition of quantities D,, ' = Dy, ', D, *,D,, * introduced in the
previous equation reads as:
! 0 1 0 0
R

! 0 -1 0 (33)

R,
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The generalized mass matrix M) occurring in Eq. (31) assumes the
following extended form for each 7,7 = 0,.,N + 1:

I((f)n)a 1a 0 0
M = 0 [l e 0 for 7,7=0, ,N+1 (34)
0 0 l(g’l)“ 33

aia i

where the terms 1]

@ N~ [
I S s
k=1 Sk

fori=1,2,3and 7,y =0,.,N + 1. Introducing the unified expression for
the displacement field assessed in Eq. (7) in the higher order indefinite
equilibrium relations of Eq. (31), the integration by parts rule leads to
the final form of the fundamental governing equation, in which the

are computed as follows:

kt)ar ’FUO]){I ,Hledé« (35)

@ (6:6:)=

(0 £,
1=6)(1-8:)ery +(1+6)(1-&: )y
o (£)+(1+6) @
1-&:)ay

generalized displacement field vector u has the role of unknown
variable:

NI»—
D -
g
._.
U\w
(i8]
g \_/ g ~—

N+1 N+1

Lygm — M@ G
QLM =D

In the previous relation, the 3 x 3 fundamental matrix L™ is
assessed for each 7,7 =0,.,N+1 kinematic expansion order. Starting
from Eq. (36) which is valid for an arbitrary = = 0,.,N + 1, the funda-
mental relations are expanded so that all kinematic expansion orders are
taken into account. From the Hamiltonian principle, the natural
boundary conditions are enforced at the four edges of the rectangular
physical domain [a%, a';] x [a%, a',]. More specifically, the following
relations are obtained, for each z-th expansion order, for the edges
located at a1 = @% or a; = a;:

for 7=0,.,N+1 (36)

N(?” =N T 1 or ”(? _ ﬁ(?
N =N or W) —a) 37
T(?” 3 _ T( a3 or u(;) _ u(?

NO“ =N o W@ =g
NG =N or W) =af (38)
T(?a s T(;)” or u(? _ ﬁ(?
being N'J* ' N2 N s 2 Nt TP T9* and 1?1, 1) the pre-

scribed values of generalized stress resultants or displacement field
components, respectively. Starting from Eqs. (37)-(38), the kinematic
and static relations are derived, for each 7 = 0,.,N + 1, for the clamped,
free and simply-supported boundary conditions:

(&,)+(1+¢,)a

g (16 )(1=8, e +(146) (146, )ayy
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Clamped (C) ul” =ul? =u{? =0 at a,
M(lr) _ M;r)
Free (F) NP =N{)“2 =

N;)(ll :Néf)flz _ T(zf)fl

=a)or a;=a,
:ugf):O at ey =a) oray=aj)

TV =0 at a;=a ora; =a
=0 at a;=0) ora,=aj
=0, u) =ul? =0

ul? =0

SimplySupported (S) N\ at ¢y =a’ or a;=aq]

Né’)‘” =0, u(lr) = at ;m=a) or ;;=a,

(39

When arbitrarily-shaped shells are considered, it is possible to extend
the present formulation, based on curvilinear principal coordinates, by
means of a coordinate transformation that allows to obtain a rectangular
parent element when the shell parametrization in principal coordinates
isnotavailable. To this end, a set of natural coordinates ¢ ;,&, € [—1,1] is
introduced starting from the curved edges of the structure. The distor-
tion of the physical domain is performed by means of the following
generalizesssd blending functions:

(&) (1)@ (£)+ (148 )a g (6)+(1-6)a@ (6:))+

+(1+§1)(1+§2)a](3)

H1-&) (148 )ayy)

(40)

(&) (18 )@y (&)

H(1-6)(1+6.)ayy)

For the sake of completeness, in Eq. (40) the four corners of the
mapped structure have been denoted by (a 1), o)) Withp =1, ., 4.
Furthermore, (a 1(¢), @ 2(q)) for ¢ = 1, ., 4 refers to edges of an arbitrarily-
shaped structure in terms of a1, @ 2. Accordingly, they are efficiently
parametrized employing the well-known NURBS curves. If u is the
curvilinear abscissa of the edge at issue identified with C(u), it gives:

YN (ww P,
Cluy =2 (41)

where w ; for i = 0, .,n are some proper weighting coefficients, and N ;;,
are the corresponding Spline basis functions of order p, which are
computed from a recursive formulation [22] in terms of a knot vector Q
of multiplicity p+1 and m breakpoints. Accordingly, P; for i=0,.,n
collects the control points of the curve.

The fundamental governing equations derived in the previous sec-
tion can be, now, adjusted for the case of arbitrarily shaped domains
starting from the relations reported in Eq. (40). It is useful to calculate,
in each point of the physical domain, the determinant of the Jacobian
matrix J of the transformations in hand.

The first order partial derivatives with respect to the principal di-
rections a 1, @ 5 are computed in terms of natural coordinates & ,¢ ,:

9 9% 9] [0 9
oa _ da, Oa, o0&, :Fm‘ "fz.a.] 0& | 42)
o | T fas sea|| 0| Tl fand) 0
a(lz Baz 06{2 652 062

Following a similar procedure, second order partial derivatives in the
physical domain can be expressed in terms of the natural coordinates.

When an arbitrarily-shaped domain is considered, kinematic and
static boundary conditions are assessed with respect to the tangential n s,
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normal n ; = n and bi-normal n , unit vectors of an arbitrary curve lying
on the reference surface. These local vectors are conveniently referred to
the principal coordinates of the shell under consideration by means of
0]", n;
=[ng ng O}T andn; =[0 O 1]T. In this way, the generalized

displacement field components u?,u'?, u(? with respect to ns,n¢n,

their corresponding cosine directors, namelyn, = [nu Nn2

can be expressed in terms of those of Eq. (7) referred to a1,a 3,{ as
follows:

(7) (7)
u ’TI Nyl %) O u 1
WPl =1ng ng 0] |u? for =0, ,N+1 (43)
4 0o 0 1] o

In the same way, the generalized stress resultants NW*1, N2 and

T(?“ * are conveniently evaluated from the following relation:

N(?il 1
(D)
N@a 2 2 0 0 N,
” n, s NpNpy N1l N
N(,?\-az = | ntultg Ny Naplg NNt 0 0 2
N(T)fl 1
T 0 0 0 0 nm nmp 2L
T(T)a 3
1
(D)a 3
T9*?
(44)

In this way, the natural boundary conditions outlined in Egs. (37)-
(38), for each z = 0,.,N + 1, turn into:

NO«r =N or u® =7
NO*2 = N(Z{l P oor WD =a?  for t=0,,N+1 (45)
T(?a E T(?“ 3 or u(? _ ﬁ(?

being N ' N2 T(?a * and ﬂ?,ﬂfﬁﬁ? the prescribed values of the
generalized displacement field and stress resultant vectors, respectively,

acting along the edges of the mapped structure.

3. Generalized differential quadrature method

The fundamental governing equations outlined in Eq. (36) is now
tackled numerically employing the GDQ method. In this context, a
discrete set of points is extracted from the physical domain and a two-
dimensional computational grid is defined. More specifically, a
discrete set of sampling points is adopted, following the symmetric non-
uniform Chebyshev-Gauss-Lobatto (CGL) harmonic dispersion. The
arbitrary element X ; of the CGL one-dimensional computational grid is
selected from the interval [ —1, 1] according to the following expression:

)’c,-:fcos<l_l 7[), i=1,,Ig, for x;e[—-1,1] (46)

being I ¢ the total number of sampling points. Referring to an arbitrary
univariate smooth function f = f(x) defined in a closed interval [a,b], its
n-th order derivative evaluated at the discrete point x ; withi=1,.,I ¢ is
computed as a weighted sum of values f(x ;) for j = 1,.,I ¢ assumed by
the function itself in the computational grid:

7" X
) = afx(,,x) =Nl (x)  i=121p (47)
x=x; j=1

gEj”) being the GDQ weighting coefficients. These coefficients are
evaluated from the first order derivative % (x;), % (x;) of the
Lagrange Polynomials defined from the points x;,x; of the computa-
tional grid:
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n _ Z)(l)(x:)
5= (xi=x;) 2O (x;)

I'n
== i=j

L

g{.nil)
. = n(c?;”s?f” —”—) i#j

Xi—Xj

(48)

Note that in the previous equation the definition g(g) =6 withi,j=
1,.,I o must be introduced. Moving from Eq. (47), it is also possible to
assess the GIQ method for the numerical computation of integrals. If f =
f(x) is a univariate smooth function defined in an interval discretized
with I, points, its integral restricted to the interval [x; x;] can be
computed as:

X Io Lo

S (x)dx = ZVVU}(f(X k) = Z(ij —wa)f(xe) (49

Xi k=1 k=1
Unlike classical integration methods, the procedure outlined in the
previous equation does not require any restriction on the discrete grid
distribution. It can be shown that the GIQ coefficients w 4, w j are the

elements of the inverse matrix W = (V)" of the GDQ shifted co-
efficients of the first order derivative. More details on the topic can be
found in Ref. [64].

4. Numerical examples

We now present some examples of investigation where the proposed
model has been applied, accounting for structures with different cur-
vatures, material properties and boundary conditions. Since a unified
formulation has been adopted, the sensitivity of the selection of the
thickness function is also checked. Our numerical results are validated
with respect to more demanding formulations. Furthermore, some
experimental results presented in Ref. [51] have been replicated with
success. As will be seen, it can be said that the present ESL model is
accurately capable of predicting both the experimental results and nu-
merical predictions of three-dimensional models with a reduced
computational cost.

Another aspect that is shown in the examples is that the present
formulation provides very accurate results also when the physical
domain is distorted through blending functions (40). More specifically,
it will be shown that the proposed generalized method employing
NURBS curves can be adopted for deforming both curved and straight
edges. As far as the boundary conditions implementation is concerned,
we adopt a useful nomenclature to define edges in the physical domain,
namely:

Westedge (W) — &E,=—1 — (a,a)=(a (&), a(&E))
Southedge (S) - &,=1 - (a,a2) = (@i)(,),q2)(,)
Eastedge (E) - ¢&,=1 —= (a,a2)=(213(&1),a23(&)
Northedge (N) — &, =-1 —= (a,a2)= (@ 1(£2). 24 (£2)
(50)

where 6i(q)(/§j) fori,j=1,2 and g =1, .,4 account for the geometric
description of the shell edges according to Eq. (40).

The materials applied in our simulations can be classified in three
main groups, namely generally anisotropic, orthotropic and isotropic.
The generally anisotropic medium is the triclinic material (p® =

7750 kg/m®), whose three-dimensional stiffness matrix with co-
efficients C%) = E® for n,m=1,.,6 is expressed with respect to the
previously discussed material reference system, reading as:
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Fig. 2. Through-the-thickness distributions of the elastic modulus E and the density p of a porous FGM medium withp = 3,a=c=d =1 and b = 0 collected in (a)
and (b), respectively. Different kinds of linear dispersions of porosity have been adopted, and the methodology A2 has been adopted for the computation of the
equivalent elastic properties of the material.
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Table 2

Structures 60 (2024) 105848

First mode frequency of a laminated simply-supported (SSSS) squared plate mate of two external isotropic layers and a central 3D printed FGM porous core. The
simulations have been performed employing higher order theories and have been validated with the outcomes of the experimental work of Ref. [51].

Mode Njim et al. [51] 2D GDQ Solution
Ju L— s uc — 1% uc — 'y
hy [m] Po Hammer Test CPT Analytical CPT FSDT EDZ4 CPT FSDT EDZ4 CPT FSDT EDZ4
0.005 0.1 253.89 285.07 284.86 284.13 281.25 286.25 285.51 282.58 283.50 282.77 279.95
0.010 398.44 427.56 426.70 423.05 415.45 429.04 425.36 417.62 424.41 420.78 413.33
0.015 488.42 544.4 542.40 533.05 520.38 545.43 536.02 523.09 539.43 530.15 517.72
0.020 592.58 648.77 645.02 627.02 609.41 648.61 630.47 612.49 641.52 623.64 606.39
0.025 682.66 745.74 739.56 709.89 687.72 743.61 713.71 691.07 735.61 706.15 684.44
0.005 0.5 269.73 307.44 307.00 306.21 302.29 316.23 315.40 310.99 298.59 297.82 294.30
0.010 395.42 465.76 464.08 460.03 449.46 480.63 476.40 464.29 449.30 445.42 435.98
0.015 524.77 594.02 590.30 579.93 562.11 612.42 601.51 580.95 570.75 560.83 545.01
0.020 667.89 707.32 700.70 680.74 655.85 727.32 706.29 677.40 677.30 658.26 636.25
0.025 751.11 811.59 801.17 768.39 736.98 831.58 796.99 760.36 774.54 743.29 715.60
Geometric Inputs: (a1,a2) € [a%,a4] x [0%.a%], @ =a% =0, o) =Ly, a4y =Ly, Ly=03m, L, =03m, h; =hs =0.0005m

Material Properties: 1st layer: AA6061-T6, 2nd layer: PLA, 3rd layer: AA6061-T6

Computational Issues: CGL two-dimensional grid with I,=I,,=31

o i af al al o

cy o Gl ol o

k) k k k k k)

E® — Cgs) Cga) Cés) Cic) Cgﬁ) Cge

ol ol cl ol ol

cl ol ol al ol o

o c ooy
[98.84 53.92 0.03 1.05 —-0.1 50.78
5392 99.19 0.03 0.55 —0.18 50.87
0.03 0.03 2255 -0.04 025 0.02

1105 055 —-0.04 21.1 0.07 1.03 GPa D

—-0.1 -0.18 0.25 0.07 21.14 -0.18
150.78 50.87  0.02 1.03 —-0.18 87.23

A graphite-epoxy of density p*) = 1450 kg/m?® has been considered
for the orthotropic material class. Its homogenized material properties
have been expressed in terms of the nine elastic engineering constants:

E® =137.90 GPa G% =621 GPa =049

EYW =E% =896 GPa G%), =G, =7.10 GPa %, =%, =030

(52)
being E(’f>7E(§),E<§) and G(I&,G(’l()s,G(’z()3 the elastic tensile and shear
moduli, respectively, whereas u%,v“&,ﬁgg denote the Poisson’s co-
efficients. For the derivation of the generalized Hooke’s law for ortho-
tropic materials starting from engineering constants, the interested
reader should refer to Ref. [22].

Most numerical investigations account for the presence of a FGM
layer obtained from ceramic and metal. In this manuscript, two isotropic
constituent materials have been considered. The metal phase is made of
aluminum, whereas the ceramic one consists of zirconia. In the
following, the material properties of such constituents have been re-
ported:

Aluminium(M) -E® =70.00 GPa, 1% =03, p® =2707 kg/m’
Zirconia(C) »E" = 168.00 GPa, v =03, p® =5700 kg/m’

(53)

As can be seen, the ceramic material has a higher elastic modulus and
density than those ones associated to metal. As a consequence, the
presence of aluminum leads to a soft lightweight FGM medium.

A preliminary check has been performed in Fig. 2 for the selection of
the governing parameters of the porous FGM layers made of aluminum
(M) and zirconia (C), accounting for the various through-the-thickness

11

distributions, as outlined in Fig. 1, setting by a®) = ¢®) = d* =1 and
b® = 0. The A2 approach has been followed for the computation of the
elastic modulus (a) and density (b) of the porous FGM layer, accounting

for different values of /i(l(;). As can be seen from Fig. 2, when p¥) = 3 only
the employment of the L —IIIP° variation provides positive values
regardless the selection of the porosity scaling parameter, whereas for
the other configurations the A2 methodology cannot be adopted when

ﬂ(ﬁj gets higher, for the selected C and M materials. Similar in-
vestigations can be made for FGM materials with p®) = 0.5. In this case,
the A2 approach can be always adopted for both the L —I#¢ and
L —IIP o porosity distributions, whereas for the L — 1o and L — IV# 0

expressions the methodology is suitable only for lower values of ﬂ(?.

4.1. Validation of the model from experimental dynamic test

The formulation proposed in the manuscript for the dynamic analysis
of doubly-curved shell structures made of porous FGM material is now
adopted to replicate the results of the experimental dynamic tests held
on some 3D printed plates reported in Ref. [51]. In the research work at
issue, the first mode frequency of simply-supported squared plates made
of a central porous isotropic material has been measured with a hammer
dynamic test for various geometric slenderness ratios, and the results
have been compared to those obtained from closed-form analytical so-
lutions, based on CPT.

We now focus on the numerical implementation of the CPT structural
problem with the GDQ method of Eq. (47). Furthermore, some simula-
tions have been performed on the same structure employing the higher
order theories. The results have been reported in Table 2.

For the sake of completeness, we recall that a rectangular plate can
be geometrically described according to Eq. (1) employing for the
reference surface r(a 1, 2) the following expression:

rl@,a,)=a,e;,+are, (54)
where aq € [a%,a] =[0,Ly] and a € [a%,aly] =[0,L]. According to
Ref. [51], some squared specimens have been prepared, characterized
by Ly = Ly = 0.3 m. They consist of two external isotropic layers of
constant thickness h hs 0.0005 m, and they are made of
AA6061-T6 material of density p* = p(® = 2702 kg/m? and elastic
constants equal to E1) = E®) =70 GPa and v) = 1® = 0.3. The cen-
tral core is made of porous Polylactic Acid (PLA), accounting for a linear
distribution of porosity along the thickness of the plate. The elastic
modulus of the dense PLA material, set equal to E? = 2.40 GPa, was
already determined in some experimental tests, whereas a Poisson’ s
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Table 3

Mode frequencies of an isotropic fully clamped (CCCC) rectangular plate characterized by different through-the-thickness distributions of porosity of the constituent

material.
Bo 0.00 0.10 0.15 0.20 0.25 0.30 0.40 0.50 0.60 0.70 0.80 0.90
Modef [Hz] 3D FEM ED4 ED4
Ulo
1 291.17 291.13 288.59 287.45 286.40 285.43 284.54 282.99 281.73 280.75 280.03 279.57 279.37
2 414.72 414.67 411.21 409.66 408.23 406.91 405.70 403.60 401.90 400.58 399.64 399.06 398.83
3 623.62 623.57 618.65 616.46 614.43 612.57 610.86 607.91 605.54 603.74 602.48 601.75 601.55
L—Tlo
1 291.17 291.13 293.96 295.51 297.15 298.89 300.73 304.74 309.23 314.25 319.84 326.02 332.75
2 414.72 414.67 418.65 420.81 423.11 425.53 428.10 433.66 439.87 446.76 454.39 462.74 471.68
3 623.62 623.57 629.38 632.54 635.88 639.40 643.11 651.13 660.01 669.79 680.48 691.97 703.90
L 1o
1 291.17 291.13 285.66 282.86 279.99 277.05 274.01 267.56 260.48 252.51 243.32 232.40 219.00
2 414.72 414.67 407.10 403.21 399.23 395.13 390.90 381.91 372.00 360.82 347.89 332.50 313.56
3 623.62 623.57 612.63 606.99 601.22 595.27 589.11 576.00 561.49 545.08 526.01 503.23 475.06
LI
1 291.17 291.13 289.71 288.94 288.11 287.21 286.22 283.88 280.85 276.82 271.27 263.39 251.80
2 414.72 414.67 412.73 411.67 410.54 409.30 407.93 404.69 400.49 394.86 387.10 376.05 359.76
3 623.62 623.57 620.80 619.30 617.67 615.89 613.92 609.24 603.14 594.95 583.59 567.37 543.36
L—1IV/o
1 291.17 291.13 289.71 288.94 288.11 287.21 286.22 283.88 280.85 276.82 271.27 263.39 251.80
2 414.72 414.67 412.73 411.67 410.54 409.30 407.93 404.69 400.49 394.86 387.10 376.05 359.76
3 623.62 623.57 620.80 619.30 617.67 615.89 613.92 609.24 603.14 594.95 583.59 567.37 543.36
SC-TIo
1 291.17 291.13 285.65 282.86 280.02 277.13 274.17 268.00 261.41 254.29 246.47 237.74 227.82
2 414.72 414.67 407.07 403.19 399.24 395.21 391.08 382.46 373.25 363.26 352.26 339.96 325.96
3 623.62 623.57 612.56 606.93 601.19 595.32 589.30 576.72 563.22 548.54 532.33 514.14 493.38
SC 1o
1 291.17 291.13 294.08 295.76 297.58 299.57 301.72 306.59 312.31 319.03 326.88 335.94 345.78
2 414.72 414.67 418.82 421.18 423.73 426.50 429.51 436.27 444.18 453.40 464.08 476.17 488.81
3 623.62 623.57 629.66 633.11 636.84 640.87 645.22 654.98 666.30 679.35 694.20 710.49 726.27
uc — Vo
1 291.17 291.13 289.13 288.04 286.88 285.62 284.27 281.18 277.47 272.93 267.30 260.17 250.99
2 414.72 414.67 411.92 410.41 408.80 407.06 405.18 400.89 395.72 389.39 381.49 371.50 358.60
3 623.62 623.57 619.61 617.44 615.11 612.60 609.87 603.65 596.12 586.87 575.31 560.62 541.61
UC — 1o
1 291.17 291.13 290.28 289.83 289.34 288.79 288.15 286.48 283.96 279.94 273.31 261.87 240.74
2 414.72 414.67 413.54 412.93 412.27 411.52 410.65 408.35 404.84 399.24 389.96 373.88 344.13
3 623.62 623.57 622.00 621.15 620.22 619.16 617.92 614.61 609.52 601.34 587.72 564.07 520.11
uC - 1o
1 291.17 291.13 289.13 288.04 286.88 285.62 284.27 281.18 277.47 272.93 267.30 260.17 250.99
2 414.72 414.67 411.92 410.41 408.80 407.06 405.18 400.89 395.72 389.39 381.49 371.50 358.60
3 623.62 623.57 619.61 617.44 615.11 612.60 609.87 603.65 596.12 586.87 575.31 560.62 541.61
ucC —1v/e
1 291.17 291.13 290.28 289.83 289.34 288.79 288.15 286.48 283.96 279.94 273.31 261.87 240.74
2 414.72 414.67 413.54 412.93 412.27 411.52 410.65 408.35 404.84 399.24 389.96 373.88 344.13
3 623.62 623.57 622.00 621.15 620.22 619.16 617.92 614.61 609.52 601.34 587.72 564.07 520.11
HS -0
1 291.17 291.13 293.34 294.70 296.25 298.00 299.98 304.72 310.70 318.27 327.87 340.01 354.25
2 414.72 414.67 417.81 419.73 421.91 424.37 427.15 433.76 442.07 452.51 465.63 481.92 500.12
3 623.62 623.57 628.22 631.06 634.26 637.87 641.93 651.53 663.51 678.41 696.85 719.02 741.47
HS — 1P o
1 291.17 291.13 286.50 284.16 281.81 279.44 277.03 272.13 267.05 261.75 256.18 250.26 243.94
2 414.72 414.67 408.23 404.98 401.70 398.39 395.04 388.19 381.09 373.66 365.84 357.53 348.63
3 623.62 623.57 614.22 609.50 604.73 599.91 595.02 585.01 574.61 563.72 552.23 539.98 526.83
HT — Vo
1 291.17 291.13 293.64 295.15 296.83 298.72 300.82 305.75 311.84 319.37 328.68 340.07 35291
2 414.72 414.67 418.23 420.35 422.72 425.36 428.29 435.17 443.61 453.98 466.67 481.90 498.20
3 623.62 623.57 628.82 631.94 635.41 639.27 643.55 653.51 665.65 680.40 698.14 718.73 738.56
HT — [P0
1 291.17 291.13 286.17 283.66 281.13 278.56 275.96 270.62 265.05 259.18 252.94 246.25 238.98
2 414.72 414.67 407.78 404.29 400.76 397.19 393.56 386.10 378.30 370.07 361.32 351.90 341.66
3 623.62 623.57 613.57 608.50 603.36 598.16 592.87 581.97 570.55 558.48 545.59 531.70 516.55

Geometric Inputs: (a1,a2) € [a%,a4] x [0%.a%], @ =a% =0, o) =L, d}
Material Properties: zirconia, h; = 0.10 m

coefficient equal to /2 = 0.3 is considered. Finally, the density of the
PLA adopted in the simulations is p® = 1360 kg/m?>.

Five different central core thicknesses have been assigned to the
model. For each specimen, a linear distribution of porosity has been
assigned along the thickness of the structure. Accordingly, a low and a
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=Ly, Ly=25m, Ly, =15m

high porosity parameter = 0.1 and ® = 0.5 have been considered.
The results show that the numerical GDQ technique combined to a
higher order theory does not provide any improvement of accuracy of
the formulation with respect to experimental results, especially for the
case of low porosity thin plates. Generally speaking, when the thickness
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Fig. 3. Geometric and mechanical properties of an elliptic cylinder characterized by an FGM core with different kinds of porosity through-the-thickness distribution.
The physical domain has been described employing a curvilinear set of principal coordinates.

of the specimen gets higher, a better agreement between the experi-
mental outcomes and those coming from numerical simulations is seen.
Above all, an excellent alignment with respect to the CPT analytical
predictions can be seen. As visible in Table 2, when non-linear through-
the-thickness porosity distributions are adopted in the model, the
experimental results are well predicted for both lower and higher core
thicknesses, especially for highly porous plates. This means that a
discrepancy exists between the theoretical linear distribution assigned
to the structure and the actual one obtained from the manufacturing 3D
printing process. For this reason, only a computational model account-
ing for non-linear dispersions can be suitable for well predicting the
actual dynamic behavior of porous plates.

4.2. Examples of investigation

In the present section, the proposed formulation is adopted for a
sensitivity analysis performed on structures with different materials and
curvatures, taking into account the influence of FGM porous layers on
the dynamic response of laminated structures. Three panels are now
presented of zero, single and double curvature, respectively. For the first
case, a single layer of isotropic porous material is considered, whereas
the second structure accounts for a porous FGM layer. The third panel is
a generally anisotropic laminated structure, characterized by a central
core made of a porous FGM layer. Furthermore, a thickness variation is
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considered alongside the physical domain.

The first example is performed on a fully clamped (CCCC) rectan-
gular plate made of a single zirconia layer (53). The first three mode
frequencies are computed employing the ED4 higher order theory. In
Table 3 the results for the dense layer are reported, and they are
compared with success to those ones obtained from a refined three-
dimensional FEM simulation. Then, the influence of the porosity
parameter f  is outlined with uniform, symmetric and non-symmetric
through-the-thickness distributions (Table 1). As can be seen, when a
uniform distribution is adopted, a slight decrease of each frequency is
seen with respect to the corresponding simulation with dense material.
On the other hand, an increase of the vibration frequencies is seen when
a L — I’ o distribution is adopted. A similar behavior is found with the
SC — %o, the HS — I’ and the HT — I o porosity since all of them
concentrate the porosity in the middle thickness of the layer. When
symmetric porosity dispersions are adopted within the model which
allocate voids at the extrados and the intrados of the structure (Fig. 1),
namely L — o, SC—T1Po, HS—II° and HT - Vo, a significative
reduction of the frequency is obtained.

A similar parametric analysis is conducted on an elliptic cylinder
clamped along its straight edges (FCFC), consisting in a single layer of
FGM material with porosity. The geometric representation of the
structure, as well as a graphic representation of a three-dimensional
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Mode frequencies of an FGM elliptic cylinder (FCFC) characterized by different through-the-thickness distributions of porosity of the constituent material. The material
porosity has been embedded in the free vibration analysis considering different approaches for the homogenization.

Mode 1 2 3 4 5 6 7 8 9 10

f [Hz]

Po=0 p=

3D FEM 145.74 238.32 299.07 302.10 399.94 425.40 504.85 528.30 545.64 556.52

FSDT 145.32 238.07 298.15 301.22 399.95 425.01 504.44 526.38 545.62 554.89

ED4 145.69 238.30 298.97 302.01 399.92 425.33 504.80 528.12 545.62 556.36

o =0 p=2

ED4 139.44 229.62 286.01 289.00 385.95 408.67 486.62 505.07 525.74 532.86

Ulo

fo =05 Al 135.20 234.00 278.32 285.10 385.66 406.00 491.78 499.54 522.28 524.76
A2 113.17 215.13 234.65 241.98 356.76 359.38 414.11 443.56 471.93 488.11
A3 132.72 234.48 273.69 280.82 387.85 402.83 483.40 504.34 514.70 526.79

fo =09 Al 134.01 239.57 276.25 285.06 387.38 407.75 488.50 510.58 522.28 524.80
A2 330.07 761.56 778.30 1010.20 1040.77 1572.03 1667.76 1667.76 1898.64 2110.02
A3 115.04 233.28 239.45 248.95 373.71 382.01 422.94 457.29 504.95 518.02

L-T1o

fo =05 Al 147.32 238.87 300.67 303.77 395.78 427.70 498.11 530.80 540.33 560.04
A2 146.86 237.72 299.24 302.17 393.83 425.54 494.73 527.62 537.49 556.61
A3 144.31 237.36 295.31 298.93 394.54 422.38 499.34 521.49 538.17 550.80

fo =09 Al 157.51 248.88 318.40 320.56 407.30 448.99 507.46 556.50 560.36 570.34
A2 152.06 242.09 303.18 305.12 396.72 428.84 493.50 524.34 539.62 553.18
A3 149.87 244.97 305.63 309.39 403.76 436.49 510.71 539.17 550.91 569.96

L -1’

0 =05 Al 139.42 233.31 286.42 291.15 384.08 408.52 494.12 506.06 519.91 535.08

A2 142.31 235.73 291.71 296.11 386.78 414.52 495.72 515.30 523.58 544.57
A3 141.50 236.61 290.39 295.03 388.93 414.23 499.83 512.94 526.29 542.41

fo =09 Al 129.88 227.30 268.43 274.84 372.78 387.24 474.20 489.61 501.82 503.19
A2 144.95 239.99 296.82 302.18 387.03 419.22 501.40 520.80 524.48 555.02
A3 144.72 243.77 296.91 302.65 393.62 422.15 512.58 524.70 529.21 555.87

SC —1Po

fo =05 Al 125.98 222.14 260.48 266.44 374.14 382.60 460.03 483.08 488.17 508.71
A2 119.71 217.09 248.07 254.13 366.71 368.34 438.08 465.77 476.13 497.98
A3 128.84 225.30 266.01 271.87 378.24 389.27 469.71 487.29 498.22 513.90

fo =09 Al 110.04 211.25 229.14 236.24 349.15 358.15 404.67 432.90 467.45 486.96
A2 91.10 190.62 196.02 196.51 304.25 329.10 336.74 363.96 421.92 438.61
A3 118.83 220.43 246.58 253.77 369.03 369.65 435.42 464.65 482.47 500.30

SC —1I¥o

fo =05 Al 148.74 240.92 303.32 306.62 397.78 431.45 500.97 535.54 543.04 565.40
A2 147.02 238.46 299.29 302.46 393.99 426.12 495.60 527.37 537.49 556.80
A3 144.64 238.88 296.02 300.02 396.07 424.19 502.58 522.75 540.09 552.68

fo =09 Al 163.37 254.96 327.87 329.47 414.09 460.50 513.18 565.72 573.53 575.19
A2 185.32 265.18 365.90 399.62 403.19 408.99 420.07 437.76 462.43 522.02
A3 151.38 248.68 308.45 312.71 408.04 441.51 517.78 543.81 556.35 575.64

uC —1v#o

po =05 Al 141.85 236.11 291.06 295.87 386.58 414.06 497.64 514.31 523.08 543.94
A2 145.44 238.92 297.47 301.78 389.56 421.21 498.93 525.44 527.20 555.37
A3 143.21 239.24 293.69 298.52 391.54 418.67 504.08 518.81 529.62 548.91

po =09 Al 128.14 226.74 265.08 272.10 370.52 383.41 468.12 489.19 497.29 498.11
A2 155.49 248.94 315.51 320.00 395.25 439.58 507.88 531.64 556.77 565.89
A3 149.67 250.45 306.35 312.30 400.71 434.08 522.97 538.22 541.48 573.94

HT — 1P o

fo =05 Al 127.53 222.65 263.44 268.96 375.37 385.34 465.19 482.99 492,91 510.70
A2 122.84 218.90 254.20 259.83 369.90 374.70 448.86 476.25 478.27 502.69
A3 130.11 225.38 268.41 273.84 378.84 391.26 473.90 486.37 501.94 515.13

fo =09 Al 115.13 214.07 239.20 245.76 359.33 363.18 422.36 450.16 472.98 493.75
A2 103.48 204.84 215.78 221.86 331.56 347.12 381.11 408.02 450.69 471.06
A3 121.94 221.16 252.63 259.24 371.76 374.69 446.02 474.71 483.09 503.73

FEM mesh, is reported in Fig. 3. In the following, the parametrization of
the structure in principal coordinates according to Eq. (1) can be found,
settinga =1.50 mand b = 2.00 m:

r(@,a,) =acosa, e, —are,+ bsina,es (55)

The material FGM distribution is selected so that at the lower and
upper side, there is a pure isotropic metal and ceramic, respectively. A
three-dimensional FEM model with the 20-nodes mesh reported in Fig. 3
is adopted as a reference simulation, accounting for a dense isotropic
material (3, =0 and p = 0). The unified formulation of Eq. (7) is
employed for the derivation of the first ten natural frequencies of the
structure through the classical FSDT approach and the ED4 theory, and
the accuracy of the two-dimensional higher order model is outlined for

both lower and higher modes, as can be seen from Table 4. Furthermore,
the ED4 kinematic assumption is adopted for the dynamic analysis of the
same structure made of FGM material with various porosity distribu-
tions, accounting for low and high values of § ,. For each case, the in-
fluence of the approach for the homogenization of the porous FGM
material is investigated. It is shown that the three methodologies at issue
affect the numerical results for both lower and higher modes. In addi-
tion, for the high porosity case, the variation of results coming from the
three different approaches becomes more evident.

Next, we perform some numerical investigations for a spherical panel
of variable thickness. All the geometric and mechanical information, as
well as a three-dimensional representation of the models, have been
reported in Fig. 4. The equation of the reference surface at issue reads as:

14
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Spherical Panel
(FFCF)
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Fig. 4. Geometric and mechanical properties of a spherical panel characterized by an FGM core with different kinds of porosity through-the-thickness distribution.
The physical domain has been described employing a curvilinear set of principal coordinates.

r(a,a,) =Ry (@) —x%(a)sina ) e; — R (a2) e+ (x4 (a )

56
+x% (aa)cosa ) es (56)
Quantities RY', x%' and R’?, x"* occurring in Eq. (56) read as:
Ry'(a))=acosa,, x%(a,)=bsina
0 ( 1) 1 3 ( l) 1 (57)

Ry (a,) = —asina,, x%(ay)=bcosa,
being a = b =1 m. In this case, the structure is obtained from the su-
perimposition of three layers. In the lower side of the structure, an
isotropic sheet of zirconia (53) is applied, whereas the third layer con-
sists of a triclinic material (51). The central thick core is made of FGM,
with a volume fraction distribution of the ceramic phase reported in
Fig. 4.

Following all procedures presented in Eq. (19) for homogenization
purposes of the central porous layer, the dynamic response of the
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structure is checked for a wide range of porosity parameters, accounting
for all dispersions summarized in Table 1. The results for the first eight
modes are presented in Figs. 5-8, whereas some numerical results are
summarized in Table 5.

In particular, two preliminary validation simulations are considered,
accounting for the same structure made of a single dense isotropic
constituent in the second layer. The results are compared with success to
the outcomes of a refined three-dimensional FEM model, thus validating
the higher order model with the zigzag function of Eq. (8). For this
reason, all the numerical results presented in Table 5 are referred to the
EDZ4 theory.

Referring to the Al approach (Fig. 5), for all considered modes, the
introduction of porosity provides for the structure at issue an increment

of its vibration frequencies for both low and high values of ﬂ%), with a
maximum variation, for the case of uniform through-the-thickness
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Fig. 5. Free vibration analysis of a laminated spherical panel of variable thickness made of isotropic, FGM and generally anisotropic layers characterized by different
through-the-thickness distributions of the material porosity. The A1 methodology has been adopted for the computation of the equivalent elastic properties of the
porous FGM core.

distribution (U”%) ). All other configurations lead to intermediate results.
Generally speaking, in the case of higher modes, a decrease of the curves
is observed for higher values of the porosity parameter for some distri-
butions. The Approach 2 (A2) is adopted for plots in Fig. 6. The mode
frequencies of the same laminated FGM porous spherical panel are
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computed with all the through-the-thickness dispersion of Table 1. As
stated previously, some distributions may provide negative values of the
elastic modulus and material density in some parts of the FGM layer. For
this reason, the parametric investigation of Fig. 6 is performed up to

ﬁ((z)) = 0.6. Generally speaking, also in this case the porosity turns into an



F. Tornabene et al.

108
ST Varntm =10 Varistam

=] Varimibm e LI 00 Wiaristbon
=Ll Variatiom == UCI Viriston
=L~ Warlalbon == L0R1Y Virdatbon)
e -1 Wariabing = NS-1 Variation
104 —L-1V Variaiss — 501 Vel
=501 Vardation - WT-1 Yariathm
S Varistim e [TT-00 Varisibosn

o 1 L X L 1
o o 02 0.3 0.4 0s L]
iy
Tl = T T T

== NT* Vanatkm —DC] Varistes
Jaq Y Varistim  — U Viristios
—L-1 Variathu ==DCE01 Viadat o)
=L 1] Warlathom == UCDY Viba2ion)
b L= 10 Wirlnibomy =« HS-] Vit s
140 LIV Varistion = H5-1] Vidiation
=501 Yariathm - HT-§ Virisi o
SC-11 Varistiom == IT-11 Viriation

" wHELET

e ek ST P PO S SRR

1 P x L " L
H‘ﬂ ['A] o2 03 04 05 08

[F-RF Vasmtion ==L -] Varathm
T Waniathm e UCS00 Varisbion
B3 fem L] Viariation = U111 Varlathny ]
S R ST & N | T NEPR T
f1 111 Virtathimn - HECD Variatkon "
— L1V Varintuni = HS-I1 Varisti
=51 Varkition - HTT-1 Variathon
EnT ] SN Varkaghon mes [T Yarintlon

5

s

s i :::__.,_,:'f__::.;:._'ﬂ

mﬂ 0.1 0.2 a3 04 05 o0&
iy

415 T T T

== W Vanathm  ==UC-] Varatem

410 =L Variation = 1C-I1 Varistisn
=L Variathm = UL Viriaibon
=Ll Vaghatbom == UPC-IV Variat bon)

405 b L1 Viarbsathoomn = BES- 1 Wit bom
400 LIV Viarlathon =« HY9-11 Visdatbon
B0 Warkab b HT-1 Viristdon
=305 SC-I0 Vasintim == T Varistos
= 380
3685
B0 i sesm——
ars
370 L i i i L
1] 01 133 03 o4 05 L1
4

::L. 100

Structures 60 (2024) 105848

—
e R Vititin =] Versin
1! Warhathn = U] Viriat o
SESHL_p ) Vitathom == DC-1T1 Vartation
L1 Viitathom == 1TV Vbl i)
S0 R—1-[11 Varistbas — HS-] Viztaton
LT Varimthn = HS-11 Vieriss bow
ETS f ] Wasrintbom - ITT- Viristm
ST Virkai hom e -1 Virisd som

[ Varisdhom =1 1] Vaistnm
f=b! Varimtionn e O Visristion e
00 pLo | Virlniiom == UC-LT Virhat lon) o
fLell Variathoss = UCTV Variabion
=l bl Wil o~ H5-] Vst
Bo0 =LV Vardadhii == H5-11 Variation
=501 Varisisom  HT-1 Vasiadion
BOSTT Vst et st == [T - 11 Wtiiat i -

i

Jo [He|

o ot 0.2 0.3 o4 o8 0.8

[T Wansikm  —1 (1 Yararkn

=1 Varisths =L
140 [=Lel Varistion =1
P=Lell Varistion ==UC0Y Vit b
Ll Virtmtoms = 1451 Virduibon
e L IV Virtstiom == M5 Vierisibos
10200 ot Vuriaisim - 771 Variakhn
ST Viristion = 1T-11 Yarmitin

1030

= 1000
i

280
aro

o oA o2 03 o4 05 0.6

0 [T Wariatem

— 1" Varisiion

1910 p—L-1 Variathni
t—L-11 Yaristkm
e - T Warimiban T5-T Viairistios

MO0 LIV Varisism = W51} Varistbos
=SB ] Yariatiom - I0T-0 Variaibon
SO0 Yarbat bom s 1T =00 Yarbstion

Fig. 6. Free vibration analysis of a laminated spherical panel of variable thickness made of isotropic, FGM and generally anisotropic layers characterized by different
through-the-thickness distributions of the material porosity. The A2 methodology has been adopted for the computation of the equivalent elastic properties of the

porous FGM core.

increment of the natural frequencies of the structure. For lower values of
the porosity parameter, a uniform distribution provides the highest

frequencies. On the other hand, as ﬂ(§> increases, the maximum values of

frequencies are obtained with the UC — " dispersion, accounting for
the concentration of voids in the lower part of the layer (Fig. 1).
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Furthermore, from ﬁ(z) = 0.5 on, high frequencies are lower than those
ones for dense structures. In Fig. 7 the same parametric investigation by
means of the A2 approach is performed for the entire porosity range up
to ﬂ%) = 0.9 only for the through-the-thickness distributions accounting
for positive homogenized material properties. As can be seen, the
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Fig. 7. Free vibration analysis of a laminated spherical panel of variable thickness made of isotropic, FGM and generally anisotropic layers characterized by different
through-the-thickness distributions of the material porosity. The A2 methodology has been adopted for the computation of the equivalent elastic properties of the
porous FGM core.

UC — i¥% variation accounts for a reduction of the vibration fre- increment of all the first eight natural frequencies of the structure pro-
quencies as the presence of porosity is significative within the structure. portional to the value assumed by ﬂ((z,). Furthermore, for modes 5-7, the

The approach A3 is adopted to obtain the results provided in Fig. 8
and Table 5. Also, for this case, the results from the sensitivity analysis
tell that the uniform porosity distribution leads to the maximum

. ; 2
curves assume a maximum value for the eigenvalue near ﬂ(o) =0.8.
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Fig. 8. Free vibration analysis of a laminated spherical panel of variable thickness made of isotropic, FGM and generally anisotropic layers characterized by different
through-the-thickness distributions of the material porosity. The A3 methodology has been adopted for the computation of the equivalent elastic properties of the

porous FGM core.

4.3. Arbitrarily-shaped shells with general boundary conditions

In the present section, the mode frequencies are calculated for
laminated doubly-curved shell structures of arbitrary shape, enforced
with non-conventional boundary conditions. Different kinds of materials
are considered accounting for generally anisotropic layers and ortho-

19

tropic sheets. Furthermore, the influence of the through-the-thickness
porosity distribution in the FGM layers is investigated. A parametric
investigation is performed on a revolution hyperbolic hyperboloid,
whose geometric features are collected in Fig. 9. The reference surface
equation expressed in principal coordinates reads as:
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Table 5

Structures 60 (2024) 105848

First ten mode frequencies of a spherical panel (FFCF) made of generally anisotropic and isotropic outer layers, whereas the central core is made of FGM. The sensitivity
of the porosity scale parameter, as well as the adopted through-the-thickness distributions, has been checked.

Mode f [Hz] 1 2 3 4 5 6 7 8 9 10
Bo=0 p=0

3D FEM 1838538 DOFs 94.87 122.51 329.61 352.49 538.20 637.91 932.01 1078.30 1270.98 1285.14
FSDT 5046 DOFs 94.72 122.98 329.86 355.30 541.41 639.52 941.96 1083.59 1276.03 1292.71
TSDT 10092 DOFs 94.87 122.67 329.15 352.70 537.70 637.72 932.42 1077.19 1272.68 1287.91
EDZ4 15138 DOFs 94.31 121.71 329.59 352.26 538.62 637.68 933.20 1078.38 1271.43 1285.69
po=0 p=+o

3D FEM 1838538 DOFs 98.91 133.18 326.72 381.33 559.81 666.26 985.84 1074.27 1254.03 1297.89
FSDT 5046 DOFs 102.01 138.23 332.84 390.70 570.87 685.62 999.97 1084.32 1263.92 1327.34
TSDT 10092 DOFs 99.64 134.15 327.57 382.56 561.56 668.48 988.32 1072.12 1254.09 1304.29
EDZ4 15138 DOFs 98.51 132.67 328.15 381.50 561.53 667.87 986.05 1074.04 1253.13 1298.84
Bo=0 p=3

FSDT 5046 DOFs 98.95 132.99 329.49 382.66 566.73 670.17 1001.45 1090.56 1274.96 1317.83
TSDT 10092 DOFs 98.69 131.92 327.78 376.73 557.39 662.51 978.80 1077.18 1264.32 1302.89
EDZ4 15138 DOFs 97.49 130.20 327.79 375.41 557.40 660.33 977.73 1077.27 1261.99 1297.05
A3, B, Uniform Porosity

0.10 97.88 131.11 328.98 377.98 559.85 664.08 982.68 1080.70 1265.03 1300.88
0.20 99.24 134.08 332.76 386.31 567.89 676.05 998.88 1091.72 1274.96 1313.54
0.30 100.30 136.28 335.46 392.39 573.81 684.57 1010.74 1099.66 1282.24 1322.85
0.40 101.51 138.64 338.28 398.86 580.12 693.43 1023.30 1108.03 1290.00 1332.70
0.50 102.86 141.18 341.22 405.70 586.73 702.44 1036.34 1116.74 1298.19 1342.82
0.60 104.37 143.86 344.23 412.79 593.43 711.27 1049.37 1125.64 1306.68 1352.70
0.70 106.03 146.62 347.25 419.85 599.80 719.25 1061.32 1134.34 1315.16 1361.29
0.80 107.86 149.30 350.09 426.23 604.86 724.94 1069.80 1141.91 1322.89 1366.41
0.90 109.80 151.46 352.31 430.11 606.09 724.82 1068.59 1145.70 1327.68 1363.04
Bo Symmetric Cosine II Porosity

0.10 97.84 130.91 328.57 377.37 559.42 663.06 981.78 1079.63 1264.25 1300.38
0.20 98.96 133.13 330.99 383.48 565.69 671.45 994.34 1086.93 1271.33 1310.79
0.30 99.77 134.69 332.64 387.74 570.02 677.15 1002.99 1091.96 1276.27 1318.02
0.40 100.62 136.30 334.30 392.13 574.46 682.89 1011.81 1097.09 1281.34 1325.39
0.50 101.51 137.96 335.97 396.63 578.94 688.61 1020.68 1102.25 1286.50 1332.79
0.60 102.44 139.67 337.63 401.20 583.42 694.19 1029.47 1107.37 1291.67 1340.05
0.70 103.40 141.39 339.24 405.79 587.78 699.50 1037.95 1112.36 1296.76 1346.93
0.80 104.40 143.11 340.76 410.29 591.88 704.28 1045.76 1117.05 1301.63 1353.05
0.90 105.40 144.77 342.13 414.54 595.45 708.18 1052.29 1121.17 1306.02 1357.82
Bo Unsymmetric Cosine IV Porosity

0.10 97.75 130.83 328.70 377.25 559.13 663.14 981.33 1080.06 1264.14 1299.29
0.20 98.62 132.84 331.58 383.05 564.65 671.95 992.76 1088.88 1271.14 1306.84
0.30 99.28 134.28 333.61 387.15 568.62 678.13 1000.92 1095.14 1276.29 1312.57
0.40 99.99 135.79 335.73 391.45 572.81 684.53 1009.52 1101.71 1281.83 1318.87
0.50 100.77 137.38 337.94 395.95 577.22 691.17 1018.55 1108.57 1287.76 1325.74
0.60 101.61 139.05 340.24 400.65 581.85 698.01 1028.01 1115.74 1294.11 1333.18
0.70 102.52 140.81 342.62 405.54 586.69 705.04 1037.89 1123.21 1300.86 1341.17
0.80 103.49 142.65 345.08 410.64 591.73 712.22 1048.16 1130.97 1308.03 1349.71
0.90 104.55 144.58 347.61 415.91 596.94 719.50 1058.76 1139.00 1315.63 1358.73
Bo Hyperbolic Sine I Porosity

0.10 97.88 131.01 328.72 377.66 559.68 663.49 982.32 1080.04 1264.60 1300.78
0.20 99.15 133.57 331.61 384.74 566.85 673.30 996.71 1088.70 1272.88 1312.60
0.30 100.08 135.39 333.60 389.73 571.89 680.05 1006.77 1094.74 1278.74 1320.93
0.40 101.08 137.30 335.64 394.93 577.09 686.90 1017.11 1100.95 1284.81 1329.49
0.50 102.15 139.30 337.70 400.30 582.39 693.74 1027.60 1107.26 1291.05 1338.14
0.60 103.29 141.35 339.76 405.79 587.70 700.41 1037.98 1113.57 1297.36 1346.60
0.70 104.49 143.45 341.77 411.30 592.84 706.65 1047.87 1119.70 1303.60 1354.46
0.80 105.74 145.52 343.65 416.61 597.50 712.00 1056.53 1125.37 1309.49 1361.00
0.90 107.00 147.46 345.30 421.35 601.12 715.66 1062.63 1130.02 1314.57 1364.98
Fo Hyperbolic Tangent I Porosity

0.10 97.93 131.12 328.69 377.97 559.94 663.81 982.96 1080.02 1264.46 1301.11
0.20 99.37 134.06 331.45 386.08 567.96 674.66 999.44 1088.52 1272.24 1314.03
0.30 100.44 136.16 333.33 391.85 573.60 682.12 1011.01 1094.37 1277.67 1323.16
0.40 101.59 138.39 335.21 397.89 579.40 689.67 1022.89 1100.26 1283.20 1332.53
0.50 102.83 140.72 337.06 404.14 585.26 697.10 1034.84 1106.07 1288.75 1341.86
0.60 104.15 143.12 338.80 410.49 590.97 704.10 1046.37 1111.60 1294.13 1350.64
0.70 105.54 145.52 340.36 416.69 596.13 710.07 1056.56 1116.45 1299.00 1357.91
0.80 106.95 147.77 341.53 422.18 599.94 713.86 1063.53 1119.85 1302.68 1361.84
0.90 108.27 149.48 341.94 425.69 600.59 713.02 1062.99 1120.03 1303.59 1358.60

r(a,as) =acosha,cosare;—acosha,sina,e,+ csinha,e;
(58)

with a =1.00 m and a = 1.50 m. In this case, a shell structure with
negative curvature is selected, enforced with non-conventional bound-
ary conditions modelled with the Double Weibull distribution of Eq.
(27). In this way, the panel is fixed at the four corners of the physical
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domain. The lamination scheme accounts for a central triclinic layer
with general orientation and two external parts made of functionally
graded porous material. The volume fractions distribution is selected for
both layers so that a pure ceramic material is present at the interface
level. Furthermore, a generalized isogeometric mapping is applied to the
structure, according to the distortion outlined in Eq. 13. The edges of the
structure are described in an efficient way by means of NURBS curves
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Revolution Hyperbolic Hyperboloid
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Fig. 9. Geometric and mechanical properties of a revolution hyperbolic hyperboloid of arbitrary shape characterized by two outer FGM layers and a central core of
triclinic material.

21



F. Tornabene et al.

Table 6
First ten mode frequencies of a revolution hyperbolic hyperboloid of arbitrary

Structures 60 (2024) 105848

shape (BX,;,B% 5 BX,ppBY,pp) made of two outer porous FGM layers and a central

triclinic core enforced with general boundary conditions. The sensitivity of the porosity parameter on the dynamic structural response has been checked employing

higher order theories.

Mode 1 2 3 4 5 6 7 8 9 10
f [Hz]
po = 0.00 86.15 114.37 118.73 173.50 203.35 264.04 282.63 287.54 336.66 338.99
Bo =0.05 85.04 113.52 117.49 172.29 200.87 259.84 280.29 284.28 333.74 337.49
po =0.10 83.86 112.52 116.15 170.86 198.21 255.40 277.56 280.78 330.47 335.63
Po =015 82.58 111.40 114.71 169.24 195.35 250.70 274.51 277.03 326.89 333.46
o =020 81.21 110.16 113.15 167.44 192.28 245.72 271.14 272.98 323.00 330.99
Po =025 79.72 108.80 111.45 165.44 188.95 240.40 267.45 268.62 318.81 328.23
Po =0.30 78.10 107.31 109.61 163.24 185.35 234.73 263.43 263.89 314.29 325.15
Po =035 76.34 105.67 107.61 160.80 181.43 228.63 258.75 259.04 309.42 321.74
Bo = 0.40 74.41 103.87 105.42 158.10 177.13 222.05 253.15 254.24 304.16 317.94
Bo =0.45 72.28 101.88 103.01 155.09 172.41 214.91 247.00 248.97 298.46 313.71
po =0.50 69.92 99.66 100.35 151.70 167.16 207.12 240.23 243.16 292.25 308.95
o =055 67.30 97.18 97.39 147.86 161.30 198.55 232.74 236.69 285.44 303.58
Bo = 0.60 64.35 94.08 94.36 143.44 154.69 189.04 224.38 229.46 277.88 297.46
Po =0.65 61.00 90.34 91.10 138.25 147.12 178.36 214.96 221.26 269.34 290.36
po =0.70 57.24 85.14 86.78 132.34 139.09 166.83 207.36 212.94 258.71 282.61
Po =0.75 53.95 85.49 95.88 124.73 156.67 170.40 170.40 196.34 202.37 253.63
po =0.80 47.31 75.28 77.23 115.12 116.02 135.87 177.69 188.81 234.54 260.40
po =0.85 40.48 67.75 69.28 100.22 101.98 115.21 159.85 172.37 214.92 233.44
o =0.90 30.81 55.81 56.97 78.54 82.11 87.30 135.44 145.29 184.49 192.20
Lamination Scheme: (FGMI?I(’?E;;‘/;{:VO_S// f:";/ d4=1/p=5) /30 /FGMIg ((2;[/1::]:)'5 /C f 2"/),1:1 Ip=5) )
2nd layer: triclinic material
hi=hs =006 m, hs =003 m
Boundary Springs: Double - Weibull distribution (&, = 0.0025, &, =0.0025, p =20),1=1

£0 £l 0 1 0 £l =0
KO W 0 g q0m Nyme, RS kB b

(41) starting from a pre-determined set of knots, weights and control
points. Following the A2 relation of Eq. (19), the first ten mode fre-
quencies are calculated employing the EDZ4 displacement field
assumption within Eq. (7) for different values of the porosity scale fac-

tors /}((1)) and /i(g). In particular, it is shown that the introduction of
porosity within the model, provides a meaningful reduction of the nat-
ural frequencies of the structure for all considered modes, as can be seen
from results in Table 6. Moreover, in Fig. 10 we check for the sensitivity
of the panel at issue with respect to porosity, also for the mode shapes.
Even though the first mode deflection seems to be unaffected by
porosity, for other vibrations the structural deflection changes its
configuration since new waves are observed for increased value of pa-
rameters ﬁ%) and /5((3)).

The same boundary conditions are applied to another doubly-curved
structure. In Fig. 11 a helicoid of arbitrary shape is presented, ac-
counting for a distortion of the physical domain characterized by two
straight edges and two curved sides. The reference surface equation of
the panel is reported in the following, setting a = 0.60 m:

r(a,,a) =—acos(a; +ay) sinh(a, —ay)e; —asin(a; +ay) sinh(a; — @) €,
+a(a1 —az) €3
(59)

The lamination scheme is inverted with respect to the previous
example, since this time the triclinic material is assigned to the two outer
layers, whereas the central part consists of a functionally graded porous
material. The numerical investigations on the structure at issue are re-
ported in Table 7. A three-dimensional FEM solution has been calculated
with a commercial package in the case of isotropic central core without
the presence of any porosity distribution accounting for zirconia and
aluminum, respectively. Furthermore, the first ten mode frequencies are
calculated with the classical FSDT approach and EDZ4 higher order
theory, with a very good agreement between the 3D FEM solution and
the EDZ4-based one. In addition, a LW simulation according to the
formulation of Ref. [26] for generally anisotropic materials is presented.
For the complete explanation of the nomenclature adopted, the

=k =110 N/me, kG =

k(’;}cll _ k(l;}f% _ k(’;}glz —1x 102 N/m?

interested reader can refer to [26]. After that, the LD4 solution is re-
ported as reference prediction for the same structure, accounting for a
FGM material of zirconia and aluminum characterized by various
through-the-thickness distributions, setting ﬂ%) = 0.5. In particular, the
porosity expressions SC — o', SC— 1/, UC —1II’s’ and UC —IV#¢  are
considered, taking into account the A2 approach. Then, the formulation
presented in the manuscript is adopted for the evaluation of the natural
frequencies employing classical FSDT and TSDT approaches, as well as
higher order displacement field assumptions. As can be seen, the results
from the LD4 theory can be predicted with a good level of accuracy with
the present ESL model, if an EDZ4 displacement field assumption is
considered. In this way, a reduced number of DOFs are required. The
best results are obtained only for higher order theories, since a variation
of the material properties along the thickness of the shell, induces some
through-the-thickness stretching phenomena in each mode, which
cannot be predicted with a constant out-of-plane field variable
assumption. In Fig. 12, the first nine mode shapes of the helicoid
calculated with the EDZ4 theory are provided, accounting for the pres-

ence of a UC — 11" porosity distribution with /3(5) = 0.5. It can be seen
that the higher order displacement field assumption allows one to pre-
dict not only the pure bending behavior of the structure, but also other
deformation effects that cannot be seen when classical theories are
adopted.

The last numerical simulation refers to a laminated doubly-curved
catenoidal panel, whose reference surface is expressed employing
principal coordinates according to the following expression:

a aq\ . .
r(a,a,) :acosh(—)cosaz el—acosh<—>sma2 e,+asinha; ey
a a

(60)

where a = 1.50 m. All information regarding the physical domain
mapping can be found in Fig. 13. Accordingly, a distortion is performed
characterized by four curved shell edges of alternate curvature, accu-
rately described by means of NURBS curves (41). The first layer consists
in a triclinic layer, whereas the second one accounts for an FGM porous
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Revolution Hyperbolic Hyperboloid
{ Boo0 B 00 B oo0Booo |

Maode 1 Mode 11 Muode 111 Mode IV
nblhh:ﬂ‘_'lg‘l: '
f,=86.15 Hz .r:=!IH.3]"Hz £, =118.73 Hz £, =173.50 Hz
f,=69.92 Hz 1, =99.66 Hz 7, =100.35 Hz £, =151.70 Hz
ﬁfnll =g =09 '
f,=30.81 Hz £.=5581 Hz f,=5697 Hz 7, =78.54 Hz
Material Properties: (FGM, "0, /30 rFamy (|

Computational Issues: CGL computational grid with 7, =7, =31, ED4 displacement ficld assumption

Fig. 10. Comparison of the first four mode shapes of a revolution hyperbolic hyperboloid enforced with non-conventional boundary conditions made of FGM with
different values of the porosity parameter f .
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Helicoid
rla, e, ) =—acos|a +a, ) sinh (@, — @, ), —asin( @, + o, |sinh (@ -, e, + ol @, -, e,
a=0.60 m
3D FEM Model 2D GDO Model

]
Isogeometric mapping of the physical domain
Edge 1-2
knots =+ 0.0,0.0,0.0,1.0.1.0.1.0
] weigths -+ 1.0,1.0,1.0
control points  —  (0.000000, 1,000000),(-1.000000, 1.000000),
(~1.000000, 0.000000)
0.5 Edge 2-3
knots — 0.0.0.0,1.0,1.0
weigths = LOL0
Moo control points  —+ (- LOGO0M0, 0.000000 ), 0.000000, -1.000000)
Edge 3-4
knots = 0.0,0.0,00,1.0,1.0,1.0
weigths — L0,0.0,1.0
— control points  —+ [ 0.000000, ~1.000000),( 1.000000, -1.000000),
{ 1000000, 0.000000)
al Edge 4-1
2 - . knots =+ 0.0.000,1.0,1.0
-1 -0.5 0 0.5 1 weigths -+ 10,10
@y control points — (1LODOOO0, 0000000, { 0.000000, 1000000 |
g Geometrie Inputs: & =/, =001 m. &, =0.08 m
V)

Material Properties: (30/FGM,/[" 0 L. . /4]

I layer: triclinic material, 3 layer: wriclinic material

Fig. 11. Geometric and mechanical properties of a helicoid of arbitrary shape characterized by an FGM core and different kinds of porosity through-the-thickness
distribution. The physical domain has been described employing a curvilinear set of principal coordinates, whereas a generalized NURBS-based blending functions is

adopted for the mapping.
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Table 7

Structures 60 (2024) 105848

First ten mode frequencies of a helicoid of arbitrary shape (BX,,,BX, ), BX ;B ) made of two outer triclinic layers and a central FGM porous core made of ceramic
and metallic material enforced with general boundary conditions. The sensitivity of the adopted higher order field variable expansion has been checked for different

material configurations and porosity distributions.

Mode f [Hz] DOFs 1 2 3 4 5 6 7 8 9 10
(30/Zirc/45)
3D FEM 213891 48.84 89.37 192.76 193.73 273.54 308.29 356.54 362.23 374.82 481.65
LD4 37845 51.24 91.08 192.13 194.73 275.55 310.36 363.53 366.63 376.97 471.70
FSDT 5046 50.85 90.37 190.39 193.49 274.46 309.43 361.17 362.94 373.84 465.64
EDZ4 15138 51.19 91.04 191.95 195.18 275.08 310.70 363.31 366.10 375.67 471.86
(30/Alu/45)
3D FEM 213891 46.74 82.41 178.10 184.50 248.52 291.20 316.72 340.60 350.90 427.97
LD4 37845 48.73 83.80 177.30 185.42 250.33 293.39 323.64 344.93 351.97 418.49
FSDT 5046 48.46 83.15 175.76 184.17 249.35 292.26 321.57 341.55 349.01 413.12
EDZ4 15138 48.79 83.81 177.35 185.80 250.09 293.66 323.49 344.74 351.23 418.83
€ (A2-5C-1/ f =05)
(30/FGMy (o1 b—0/e-1 /a1 jp-05) /45)
LD4 37845 48.17 85.78 178.10 181.58 262.48 285.25 344.44 346.72 357.04 446.88
FSDT 5046 47.49 85.06 177.51 179.12 259.99 284.85 338.83 344.25 350.21 442.64
TSDT 10092 47.65 85.37 178.31 179.58 260.26 285.24 341.04 344.76 351.20 442.99
ED1 5046 47.47 84.52 177.27 178.14 257.46 284.23 338.49 340.73 349.15 437.96
ED2 5769 47.88 85.81 180.45 180.94 261.39 288.80 341.67 346.76 352.76 449.39
EDZ2 10092 47.76 85.63 180.27 180.56 260.67 288.59 340.98 345.99 351.85 448.19
ED3 10092 48.00 86.13 181.31 181.59 261.43 289.31 344.24 347.26 353.60 449.69
EDZ3 12615 47.96 85.99 181.06 181.44 260.82 289.08 344.04 346.46 353.17 448.46
ED4 12615 47.91 85.91 180.29 180.99 261.25 287.73 343.22 347.17 353.08 449.14
EDZ4 15138 47.80 85.76 180.28 180.59 260.36 287.55 342.80 346.27 352.08 447.89
€ (A2-5C-1I /  =0.5)
(30/FGMy; "o 1 po/c 1ja-1/p-05) /45)
LD4 37845 51.86 89.53 188.92 194.65 268.04 309.16 347.99 367.40 374.57 445.92
FSDT 5046 51.80 89.11 188.29 193.77 267.91 308.64 347.28 365.72 373.84 443.60
TSDT 10092 51.84 89.24 188.41 194.09 267.91 308.58 347.27 366.54 373.95 443.38
ED1 5046 51.78 88.73 187.64 193.60 266.25 308.06 344.80 365.43 372.95 440.31
ED2 5769 52.14 89.84 189.86 196.13 269.53 311.75 349.50 368.00 376.22 448.87
EDZ2 10092 52.01 89.53 189.26 195.83 268.49 311.27 348.37 366.88 374.98 447.19
ED3 10092 52.13 89.78 189.73 196.81 268.45 311.62 348.47 369.42 375.76 446.90
EDZ3 12615 52.12 89.76 189.69 196.77 268.41 311.58 348.41 369.31 375.69 446.85
ED4 12615 52.01 89.57 189.26 194.95 268.32 309.42 348.17 367.84 374.97 446.39
EDZ4 15138 52.04 89.58 189.28 194.86 268.46 309.36 348.14 367.83 375.14 446.24
C (A2-UC—1/ ff =0.5)
(30/FGMyy (a1 p—0/e—1/d-1/p—05) /45)
LD4 37845 50.25 88.20 186.48 186.94 267.04 298.52 350.02 358.22 368.68 450.12
FSDT 5046 49.75 87.48 184.43 186.11 265.25 297.88 347.92 353.42 363.62 446.20
TSDT 10092 49.88 87.75 184.85 186.83 265.47 298.19 348.29 355.41 364.44 446.38
ED1 5046 49.72 86.96 183.54 185.80 262.96 297.11 344.63 353.02 362.52 441.80
ED2 5769 50.12 88.21 186.17 188.77 266.63 301.32 350.24 356.16 366.11 452.32
EDZ2 10092 50.00 87.99 185.71 188.54 265.87 300.99 349.38 355.36 365.14 450.99
ED3 10092 50.21 88.44 186.51 189.73 266.47 301.68 350.35 358.47 366.65 452.02
EDZ3 12615 50.17 88.35 186.32 189.43 266.16 301.24 349.96 358.16 366.31 451.44
ED4 12615 50.12 88.23 186.11 188.48 266.24 300.17 350.18 357.41 366.12 451.48
EDZ4 15138 50.03 88.12 185.83 188.22 265.72 299.72 349.69 356.92 365.35 450.81
C (A2-UC—1I /§ o= 0.5)
(30/FGMy; (o1 b—0/e=1 d=1/p=0:5) /45)
LD4 37845 48.80 86.09 181.43 182.39 260.86 291.08 343.45 348.03 358.10 441.38
FSDT 5046 48.54 85.65 180.31 181.71 259.83 290.64 342.05 345.18 355.24 438.57
TSDT 10092 48.62 85.84 180.62 182.15 259.93 290.77 342.24 346.54 355.70 438.57
ED1 5046 48.51 85.23 179.67 181.24 258.00 289.85 339.35 344.78 354.30 434.92
ED2 5769 48.90 86.37 182.10 184.40 261.40 294.51 344.25 347.44 357.51 444.10
EDZ2 10092 48.75 86.07 181.48 184.05 260.30 293.98 343.04 346.37 356.23 442.36
ED3 10092 48.95 86.50 182.26 185.31 260.73 294.74 343.83 349.68 357.77 443.10
EDZ3 12615 48.93 86.45 182.18 185.25 260.59 294.66 343.65 349.59 357.65 442.84
ED4 12615 48.81 86.21 181.64 183.34 260.49 292.21 343.57 348.00 356.88 442.37
EDZ4 15138 48.80 86.16 181.54 183.18 260.37 292.00 343.34 347.87 356.74 441.94

Lamination Scheme:

1st layer: triclinic material, 2nd layer: FGM material, 3rd layer: triclinic material, hy =hs =001 m, hy =0.08 m

Boundary Springs: Double - Weibull distribution (&,, = 0.0025,

0 £l 0 1 <0 Pl 0
R T Sy e O e N S A

material. At the upper side of the structure, an orthotropic lamina of
graphite-epoxy (52) is considered, characterized by a general distribu-
tion of the material angle, according to Eq. (16).

The doubly-curved panel is constrained with general boundary
conditions, accounting for the Super Elliptic distribution of Eq. (26).

The higher order model is validated in Table 8 with respect to the
first ten natural frequencies of the structure, accounting for a dense
isotropic zirconia and aluminum (53) in the central core of the structure.

£, = 0.0025,

25

p =20),1=1,
0
_ k(g}512 —1x 102! N/m37 k(’;}«f 1

0
=k kG okl = 10102 N/m?

A three-dimensional FEM model is developed for the derivation of a
reference solution. Furthermore, the results coming from the FSDT,
TSDT and EDZ4 theories are provided. For the sake of completeness, the
LD4 solution has been calculated. After that, higher order theories is
adopted for the evaluation of the vibration modes. A continuous smooth
variation with p® = 0.5 is considered for the volume fraction of the
FGM material associated to the central core, and some non-linear
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Fig. 12. First nine mode shapes of a mapped helicoid made of two external triclinic layers and a central FGM porous core constrained at its four corners. They have

been calculated with the EDZ4 higher order theory.

symmetric and unsymmetric porosity through-the-thickness distribu-
tions are adopted. For each considered case, the introduction of a zigzag
function in Eq. (8) influences the outcomes of the simulations.
Furthermore, as the order of the displacement field assumption in-
creases, the solution converges to the LW numerical predictions. It can
be seen that the EDZ4 theory, despite its ESL nature, is capable of well
predicting the quasi-three-dimensional response of the laminated panel
at issue coming from a high computationally demanding LW simulation,
thus employing a reduced number of DOFs. In Fig. 14 the first nine mode
shapes of the mapped catenoid are represented, accounting for a

HS - 1/% porosity distribution along the thickness of the shell. As can be
seen in this figure, the employment of the EDZ4 theory predicts both the
bending response and coupling issues occurring at the interlaminar
stage.

26

5. Conclusions

In the present manuscript, an efficient two-dimensional formulation
based on higher order theories has been presented for the dynamic
analysis of laminated doubly-curved shells with porous FGM layers.
Following the ESL approach, the unified formulation has been used and
a general formulation has been developed employing curvilinear prin-
cipal coordinates and a numerical solution has been derived through the
GDQ algorithm. Furthermore, a generalized isogeometric mapping has
been applied to investigate arbitrarily shaped domains. FGM layers have
been described with the rule of mixture, and three different approaches
have been adopted for the computation of the equivalent elastic prop-
erties. Unlike previous papers on this research topic, this work addresses
the vibrational response of doubly-curved shell structures with an
arbitrary distribution of the material porosity within the FGM layer,
along with anisotropic materials with a continuous variation of the
material orientation angle. After different validating analyses, we have
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Fig. 13. Geometric and mechanical properties of a helicoid of arbitrary shape characterized by an FGM core and different kinds of porosity through-the-thickness
distribution. The physical domain has been described employing a curvilinear set of principal coordinates, whereas a generalized NURBS-based blending functions is
adopted for the mapping.
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Table 8

Structures 60 (2024) 105848

First ten mode frequencies of a catenoid of arbitrary shape (B FBsF) made of a central FGM porous core made of ceramic and metallic material, a triclinic layer
and an orthotropic external sheet enforced with general boundary conditions. The sensitivity of the adopted higher order field variable expansion has been checked for

different material configurations and porosity distributions.

Mode f [Hz] DOFs 1 2 3 4 5 6 7 8 9 10
(30/Zirc/20)
3D FEM 213891 35.64 41.56 87.55 98.46 138.59 138.78 202.81 205.20 221.38 227.28
FSDT 5046 33.82 42.00 86.68 98.27 134.41 141.24 198.90 204.96 212.38 229.77
EDZ4 15138 33.36 43.27 86.78 98.20 135.31 140.40 198.51 205.33 213.76 230.23
LD4 37845 32.61 43.78 86.81 98.20 134.72 140.22 198.09 204.68 213.44 229.32
(30/Alu/20)
3D FEM 213891 34.55 40.39 81.97 93.34 134.78 136.72 199.30 200.56 211.53 216.36
FSDT 5046 32.58 41.02 81.10 93.14 131.44 137.18 193.44 199.77 203.17 219.33
EDZ4 15138 32.38 41.91 81.24 93.06 132.16 136.62 193.43 199.94 204.41 219.91
LD4 37845 31.56 42.29 81.23 92.99 131.66 136.53 192.80 199.33 204.04 219.01
—HS-I / —0.5)
(30/FGMy, P08 s 1200(0145)Y, )
LD4 37845 33.34 43.39 85.42 93.50 135.52 138.79 203.89 210.30 210.30 225.79
FSDT 5046 33.84 44.01 85.46 93.43 136.52 140.53 205.15 212.43 212.43 226.87
TSDT 10092 33.82 44.54 85.45 93.44 137.59 139.25 204.84 212.77 212.77 227.12
ED2 5769 33.99 43.98 85.96 93.87 136.68 141.60 206.18 212.95 213.68 228.41
EDZ2 10092 33.87 43.98 85.71 93.63 136.37 140.87 205.68 212.76 212.76 227.64
ED3 10092 34.05 43.96 85.85 93.66 136.74 141.31 206.12 213.39 213.39 228.23
EDZ3 12615 32.68 45.98 85.88 93.23 138.74 139.87 205.50 211.86 215.98 227.52
ED4 12615 34.01 43.70 85.58 93.52 136.47 140.71 205.75 212.46 212.89 227.53
EDZ4 15138 35.27 40.54 85.47 93.68 134.56 142.02 206.59 209.36 214.70 227.77
(A2-HS—1I / f3 o=
(30/FGMy, o 0 o) /20((0145)%,,))
LD4 37845 31.38 41.25 83.43 92.73 130.12 134.51 196.82 201.59 205.28 221.82
FSDT 5046 26.83 47.12 81.72 91.50 129.64 131.01 192.46 199.29 202.87 220.02
TSDT 10092 27.16 46.75 81.71 91.59 129.48 130.99 192.67 199.36 202.58 220.64
ED2 5769 31.05 41.19 82.15 91.84 128.16 132.45 194.18 198.85 203.76 220.27
EDZ2 10092 31.33 40.74 82.00 91.74 128.03 132.00 193.96 198.51 203.41 219.92
ED3 10092 31.34 40.96 82.19 91.87 128.47 132.43 194.63 199.31 203.94 220.58
EDZ3 12615 31.46 40.68 82.05 91.78 128.29 132.08 194.33 199.05 203.56 220.26
ED4 12615 32.71 38.84 82.06 91.83 128.74 131.63 194.44 199.01 203.51 220.64
EDZ4 15138 31.58 40.41 81.99 91.73 128.24 131.99 194.22 198.88 203.42 220.17
(BO/FGMC (A2-UC-11/ g 0=0.5) /20<(0‘45)1 >>
M (a=1/b=0/c=1/d=1/p=0.5) as
LD4 37845 32.00 41.10 84.03 93.34 129.46 134.19 196.78 201.98 205.68 222.21
FSDT 5046 31.52 42.10 82.83 92.41 128.93 132.37 194.61 200.49 204.90 221.04
TSDT 10092 31.85 41.69 82.80 92.41 129.33 131.95 194.89 200.55 205.04 221.44
ED2 5769 31.96 41.30 83.27 92.71 128.96 133.33 195.77 200.96 205.30 222.26
EDZ2 10092 32.35 40.53 83.02 92.52 128.68 132.58 195.35 200.41 204.59 221.63
ED3 10092 32.32 40.92 83.31 92.72 129.24 133.26 196.15 201.37 205.47 222.57
EDZ3 12615 32.40 40.56 83.01 92.54 128.90 132.62 195.69 200.78 204.69 221.79
ED4 12615 34.06 37.51 83.22 92.74 129.39 132.31 195.55 201.18 204.58 222.79
EDZ4 15138 32.87 39.61 82.97 92.52 128.85 132.41 195.65 200.53 204.35 221.80
C (A2-UC— =0.
(30/FGMy o A a0y /204(0145)Y,,))
LD4 37845 33.07 42.17 84.01 92.61 135.32 139.05 204.06 207.12 210.54 224.01
FSDT 5046 32.22 43.35 83.14 91.86 134.38 137.56 202.24 206.76 207.81 223.08
TSDT 10092 35.36 39.81 83.08 106.52 106.52 143.01 200.10 207.14 207.14 221.34
ED2 5769 32.69 42.69 83.57 92.19 134.05 138.56 203.15 206.51 209.56 223.96
EDZ2 10092 30.97 45.08 83.39 91.83 134.57 138.03 202.02 208.25 208.25 223.70
ED3 10092 32.68 42.91 83.55 92.12 134.27 138.45 203.39 206.97 209.69 224.03
EDZ3 12615 32.88 42.46 83.50 92.10 134.10 138.35 203.45 206.54 209.64 223.86
ED4 12615 32.24 43.31 83.30 91.93 134.23 138.04 203.05 206.49 208.93 223.46
EDZ4 15138 32.91 42.11 83.30 91.96 133.96 138.05 203.22 205.81 209.19 223.37

Lamination Scheme:

1st layer: triclinic material, 2nd layer: FGM material, 3rd layer: graphite-epoxy, h1 = 0.01 m, hy = 0.09 m,
£, =053,

Boundary Springs: Super Elliptic distribution, West (W) edge: (&,, = 0,

k(’;}é% _ k(llf}flz =1x 102" N/m?, k(’;}é% _ k(lé}ﬁlz =1x 102" N/m?, k(’;}é"z

checked for the sensitivity of the dynamic response of the structure on
the FGM distribution. Furthermore, the presence of generally aniso-
tropic layers in the stacking sequence has been investigated, together
with the presence of curvature. The three-dimensional capability of the
results is outlined with respect to three-dimensional simulations and
experimental evidence.

It is shown that the presence of material porosity can affect the
vibrational response of shell structures. When the porosity through-the-
thickness distribution accounts for a concentration of voids at the center
of the lamina, a reduction of the natural frequency is seen, while an
increase is found in the case of porous layers with a minimum presence
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hy =0.03 m

p = 1000), East (E) edge: (¢, =1, £, =047, p= 1000)

=k 1102 N/m?, 7 =1

of voids in the middle thickness. Finally, when a porous FGM lamina is
embedded in a more general lamination scheme, an intermediate fre-
quency is obtained between the corresponding ones related to two
extreme configurations of the stacking sequence which employs only
one constituent, as expected. On the other hand, in the case of a rapid
variation of the volume fraction the frequency of the FGM shell may be
higher than that of the same structure with isotropic homogeneous
layers.

The proposed model has revealed to be an efficient strategy for the
structural analysis of structures with double curvature characterized by
laminated porous FGM layers, taking into account different kinds of
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Catenoid
| BLsFBLF)

f,=3527 He f,=40.54 Hz f,=8547 Hz
£, =93.68 Hz f, =134.56 Hz f,=142.02 Hz

f,=206.59 Hz o =209.36 Hz fo=214.70 Hz

LETEIE S T |

Material Properties: (30/ FGM,| /500 :0(1:1:45}__,_}]
3

Computational Issues: CGL computational grid with 1, =7, =31, EDZ4 displacement field assumption

Fig. 14. First nine mode shapes of a mapped catenoid made of an external isotropic layer, a central triclinic porous core and an outer orthotropic sheet made of
variable angle tow composite. They have been calculated with the EDZ4 higher order theory.
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distributions. The same approach has also revealed to be capable of well
predicting a series of three-dimensional phenomena with a reduced
computational cost.
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