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R(α ,

α , ζ)
r(α ,α )

R(α 1, α 2, ζ) = r(α 1,α 2)+ h(α 1,α 2)
2

zn(α 1,α 2)

= ζ/
n(α ,α )

n = (r, × r, )/
⃒⃒
r, × r,

⃒⃒
r, = ∂r/∂α = ,

r, = ∂ r/(∂α ∂α ) ,

= ,

α ∈ [α ,α ] = , ∈ [ − , ]
α < α α = α ,α

α ∈ [ , ]
α̃ = −α = ,

α i = α i − α0
i

α1
i − α0

i

(α ,α ) = ,

` (α , α ) = ,

α = α , α

R i(α 1,α 2) = −r,i⋅r,i
r,ii⋅n

A i(α 1, α 2) = ̅̅̅̅̅̅̅̅̅̅r,i⋅r,i
√

= ,

(α ,α ,ζ) = ,

= + ζ/

= , .,

[ζ , ζ + ] ζ ζ +
(α , α )

(α , α )

h(α 1,α 2) =
∑l

k=1

h k(α 1, α 2) =
∑l

k=1

(ζ k+1 − ζ k)

h k(α 1,α 2) = h0
kh(α 1, α 2) = h0

k

(
1+

∑4

i=1

δ i ϕ i(α 1, α 2)+ δ

)

(α ,α )
ϕ (α ,α )

δ δ 

α ∈ [ , ] ∈ ℝ ∈ ℕ 

U( )(α , α , ζ, ) = [ ( ) ( ) ( )]
α , α , ζ

( + ) ζ ∈ [ζ , ζ + ] = ,.,

( τ)α (ζ) = ( τ)α , ( τ)α ,
( τ)α τ

α , α , ζ 
r(α ,α )

U(k)(α 1,α 2, ζ, t) =
∑N+1

τ=0

F(kτ)(ζ)u(τ)(α 1,α 2, t) ⇔

⎡⎢⎢⎢⎣
U(k)

1

U(k)
2

U(k)
3

⎤⎥⎥⎥⎦

=
∑N+1

τ=0

⎡⎣F(kτ)α 1 0 0

0 F(kτ)α 2 0

0 0 F(kτ)α 3

⎤⎦
⎡⎢⎢⎢⎣

u(τ)
1

u(τ)
2

u(τ)
3

⎤⎥⎥⎥⎦

u(τ)(α , α , ) τ = , ., +

’ ( + )

α , α , ζ 

ϕ1(α 1,α 2) = { αp 1

1 (sin(π(n 1α 1 + α 1m)))p 1 , ϕ2(α 1, α 2) = { αp 2

2 (sin(π(n 2α 2 + α 2m)))p 2

ϕ3(α 1,α 2) = { α̃p 3

1 (sin(π(n 3α̃ 1 + α 3m)))p 3 , ϕ4(α 1, α 2) = { α̃p 4

2 (sin(π(n 4α̃ 2 + α 4m)))p 4



F(kτ)α i (ζ) =

⎧⎪⎨⎪⎩
ζ τ for τ= 0, .,N

(−1)kz k =(−1)k
(

2

ζk+1 −ζk
ζ−ζk+1 +ζk

ζk+1 −ζk

)
for τ=N +1

ED(Z)− “ ” 

“ ” 

“ ” ’

+

ε( )(α ,α , ζ, ) = [ε( ) ε( ) γ( ) γ( ) γ( ) ε( )]
D 

ε(k)(α 1, α 2, ζ, t) = DU(k) = D ζ

(∑3

i=1

Dα i
Ω

)
U(k)

D Dα
Ω = , , D ζ 

α ,α , ζ 

Dα 1

Ω = [Dα 1

Ω 0 0]
Dα 2

Ω = [0 Dα 2

Ω 0]
Dα 3

Ω = [0 0 Dα 3

Ω ]

D ζ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1

H 1

0 0 0 0 0 0 0 0

0
1

H 2

0 0 0 0 0 0 0

0 0
1

H 1

1

H 2

0 0 0 0 0

0 0 0 0
1

H 1

0
∂
∂ζ

0 0

0 0 0 0 0
1

H 2

0
∂
∂ζ

0

0 0 0 0 0 0 0 0
∂
∂ζ

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Dα
Ω 

Dα 1

Ω =
[

1

A 1

∂
∂α 1

1

A 1A 2

∂A 2

∂α 1

− 1

A 1A 2

∂A 1

∂α 2

1

A 2

∂
∂α 2

− 1

R 1

0 1 0 0

]T

Dα 2

Ω =
[
− 1

A 1A 2

∂A 1

∂α 2

1

A 2

∂
∂α 2

1

A 1

∂
∂α 1

− 1

A 1A 2

∂A 2

∂α 1

0 − 1

R 2

0 1 0

]T

Dα 3

Ω =
[

1

R 1

1

R 2

0 0
1

A 1

∂
∂α 1

1

A 2

∂
∂α 2

0 0 1

]T

ε(k) = D ζ

(∑3

i=1

Dα i
Ω

)
U(k) =

∑N+1

τ= 0

∑3

i=1

D ζDα i
Ω F(kτ)u(τ)

=
∑N+1

τ= 0

∑3

i=1

Z(kτ)α i Dα i
Ω u(τ) =

∑N+1

τ= 0

∑3

i=1

Z(kτ)α i ε(τ)α i

Z( τ)α = D ζ
( τ)α

ε(τ)α (α ,α , )=[ε(τ)α ε(τ)α γ(τ)α γ(τ)α γ(τ)α γ(τ)α ω(τ)α ω(τ)α ε(τ)α ]

τ
= , ,

ε(τ) αi = D αi
Ω u(τ)

= , .,

σ(k) = E(k)ε(k) = T(k)E(k)(T(k))T ε(k)

ε( )

σ( ) = [σ( ) σ( ) τ( ) τ( ) τ( ) σ( )]

′α α ζ

E( ) ′α α ζ
( )

, = , .,

σ( ) ε( )

ϑ( ) T( ) = T( )(ϑ( ))

( )
, =

, .,
( )

( )

ϑ( )

Uβ β( )(ξ ) = β( )

L − Iβ β( )(ξ ) = β( )( − |ξ |)
L − IIβ β( )(ξ ) = β( )|ξ |
L − IIIβ

β( )(ξ ) = β( )
( + ξ )

L − IVβ

β( )(ξ ) = β( )
( − ξ )

SC − Iβ β( )(ξ ) = β( )( − cos(πξ ))
SC − IIβ β( )(ξ ) = β( )

cos(πξ )
UC − Iβ

β( )(ξ ) = β( )( − cos
(π

ξ + π))
UC − IIβ

β( )(ξ ) = β( )
cos

(π
ξ + π)

UC − IIIβ
β( )(ξ ) = β( )( − cos

(π
ξ − π))

UC − IVβ
β( )(ξ ) = β( )

cos
(π

ξ − π)
HS − Iβ

β( )(ξ ) = β( )
(

−
⃒⃒⃒⃒
⃒ sinh ξ

sinh
( )

⃒⃒⃒⃒
⃒
)

HS − IIβ

β( )(ξ ) = β( )
⃒⃒⃒⃒
⃒ sinh ξ

sinh
( )

⃒⃒⃒⃒
⃒

HT − Iβ

β( )(ξ ) = β( )
(

−
⃒⃒⃒⃒
⃒ tanh ξ

tanh
( )

⃒⃒⃒⃒
⃒
)

HT − IIβ

β( )(ξ ) = β( )
⃒⃒⃒⃒
⃒ tanh ξ

tanh
( )

⃒⃒⃒⃒
⃒

β( )(ζ) = β( )(ξ ) ξ = =
ζ + − ζ

ζ − ζ + + ζ
ζ + − ζ





( )
,

( ) ∈ ℝ ( )
,

( ) = ,

α α

ϑ(k)(α 1, α 2) =c(k)1

((
ϑ(k)α 1

1 − ϑ(k)α 1

0

)
|2α 1 − 1|p(k)1 + ϑ(k)α 1

0

)
+ c(k)2

((
ϑ(k)α 2

1 − ϑ(k)α 2

0

)
|2α 2 − 1|p(k)2 + ϑ(k)α 2

0

)
+ ϑ(k)

ϑ( )α
, ϑ( )α

ϑ( )α
,ϑ( )α

α α

ϑ( )〈(ϑ( )α |ϑ( )α )
( )

α ,

(ϑ( )α |ϑ( )α )
( )

α 〉 ( ) = ( ) =

ϑ( )〈(ϑ( )α |ϑ( )α )
( )

α 〉 = ,
( ) = ( )

=

ζ

( ) ( ) β( )

V (k)
C (ζ)+V(k)

M(ζ)+ β(k)(ζ) = 1

( )(ζ) + ( )(ζ) =

FGM
(A / D / β( ))

( ( )/ ( )/ ( )/ ( )/ ( ))
( ), ( ), ( ), ( ), ( )

A = A1, A2, A3 

D

’

ρ( )(ζ) ( )(ζ) ’

ν( )(ζ) ( )(ζ) = ρ( ),
( )
, ν( )

P(k)(ζ) = P(k)
C V (k)

C (ζ) +P(k)
MV M(ζ)

( ) = ρ( )
,

( )
, ν( ) ( ) = ρ( )

,
( )
, ν( )

Approach1(A1) →P(k)(ζ) = P(k)(ζ)(1 − β(k)(ζ))
Approach2(A2) →P(k)(ζ) = P(k)(ζ) − P(k)

M + P(k)
C

2
β(k)(ζ)

Approach3(A3) →P(k)(ζ) = P(k)(ζ) − min
(

P(k)
M ,P(k)

C

)
β(k)(ζ)

β( )(ζ)

β( )(ζ)

β( )

ξ = /

ε(τ)α
= , .,

σ(k) = E(k)ε(k) =
∑N+1

η=0

∑3

j=1

E(k)Z(kη)α j ε(η)α j

δ Φ 

S(τ)α = [ (τ)α (τ)α (τ)α (τ)α (τ)α (τ)α (τ)α (τ)α (τ)α ]
τ

S(τ)α ε(τ)α
A(τη)α α τ, η = , . + , =

, ,

S(τ)αi =
∑N+1

η=0

∑3

j=1

A(τη)αiαj ε(η)αj

τ, η

A(τη)αiαj =
∑l

k=1

∫ ζ k+1

ζ k

(
Z(kτ)α i

)T E(k)Z(kη)α j H 1H 2dζ

A(τη)[fg]α iα j
nm (pq) =

∑l

k=1

∫ ζk+1

ζk

B(k)
nm

∂f F(kη)α j

∂ζf
∂gF(kτ)α i

∂ζg
H1H2

Hp
1Hq

2

dζ

τ,η=0,.,N+1,

n,m=1,.,6,

for p,q=0,1,2,

αi,αj =α 1,α 2,α3,

f ,g=0,1

∂ ( τ)α /∂ζ = ( τ)α ∂ ( η)α /∂ζ = ( η)α ( )

, =
, , , , = ,

κ(ζ) = /



( ) =
κ ( )

σ( )
, τ( )

, τ( )

α = α = ,
( )α

,
( )α

,
( )α

σ(k)
1

(
αm

1, α 2, ζ, t
) = −k(k)α

m
1

1f β̂
(
αm

1, α 2

)
U(k)

1

(
αm

1,α 2, ζ, t
)

τ(k)12

(
αm

1,α 2, ζ, t
) = −k(k)α

m
1

2f β̂
(
αm

1,α 2

)
U(k)

2

(
αm

1, α 2, ζ, t
)

τ(k)13

(
αm

1,α 2, ζ, t
) = −k(k)α

m
1

3f β̂
(
αm

1,α 2

)
U(k)

3

(
αm

1, α 2, ζ, t
) for m = 0, 1

τ( )
, σ( )

, τ( ) α = α
= ,

τ(k)12

(
α 1,αm

2, ζ, t
) = −k(k)α

m
2

1f β̂
(
α 1,αm

2

)
U(k)

1

(
α 1, αm

2, ζ, t
)

σ(k)
2

(
α 1, αm

2, ζ, t
) = −k(k)α

m
2

2f β̂
(
α 1, αm

2

)
U(k)

2

(
α 1,αm

2, ζ, t
)

τ(k)23

(
α 1,αm

2, ζ, t
) = −k(k)α

m
2

3f β̂
(
α 1,αm

2

)
U(k)

3

(
α 1, αm

2, ζ, t
) for m = 0, 1

( )α
,

( )α
,

( )α

β̂(α ,α ) β̂(α ,

α )

β̂(α ,α ) = β̂ (α ) β̂(α ,α ) =
β̂ (α )

α = ,

β̂ (α ) = β̂ ((α − α )α ) = β̂ (α ) α ,α
= ,

β̂ (α ) =
ξ , ξ̃ ∈ [ , ]

β̂ m(α i) = e
−

⃒⃒⃒⃒
α i−ξm

ξ̃m

⃒⃒⃒⃒p

β̂ m(α i) = 1−
(

e
−

(
α i
ξm

)p

+ e
−

(
α̃ i

ξ̃m

)p)

(τ)α
,

(τ)α
,

(τ)α

α = α = , τ = , ., +

⎡⎢⎢⎢⎢⎢⎣
N(τ)α1

1

N(τ)α2

12

T (τ)α3

1

⎤⎥⎥⎥⎥⎥⎦ = −
∑N+1

η=0

⎡⎢⎢⎢⎢⎢⎢⎣
L(τη)α 1

f 1(2)αm
1

0 0

0 L(τη)α 2

f 2(2)αm
1

0

0 0 L(τη)α 3

f 3(2)αm
1

⎤⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎣
u(η)

1

u(η)
2

u(η)
3

⎤⎥⎥⎥⎥⎥⎦ for m = 0, 1

(τ)α
,

(τ)α
,

(τ)α

τ = , ., + α = α

⎡⎢⎢⎢⎣
N(τ)α1

21

N(τ)α2

2

T(τ)α3

2

⎤⎥⎥⎥⎦ = −
∑N+1

η=0

⎡⎢⎢⎢⎢⎣
L(τη)α 1

f 1(1)αm
2

0 0

0 L(τη)α 2

f 2(1)αm
2

0

0 0 L(τη)α 3

f 3(1)αm
2

⎤⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎣

u(η)
1

u(η)
2

u(η)
3

⎤⎥⎥⎥⎦ for m = 0, 1

(τη)α
( )α

= , , = , = , ,

L(τη)α i
fi(p)αm

n
=

∑l

k=1

∫ ζ k+1

ζ k

k(k)α
m
n

if β̂ λF(kη)α i F(kτ)α i H pdζ for

i = 1, 2, 3,
m = 0, 1,
n, p = 1, 2

λ = λ(ζ)
(λ = ) (λ = ζ/ )

(λ = −( ζ/ ) )

τ

ü(η) = [ (̈η) (̈η) (̈η)] (̈η) = ∂ (η)
/∂ = , ,

∑3

i=1

D∗αi
Ω S(τ)αi −

∑N+1

η=0

M(τη)ü(η) = 0 forτ = 0, .,N + 1

D∗α
Ω = D∗α

Ω ,D∗α
Ω ,D∗α

Ω 

D∗α 1

Ω =

⎡⎢⎢⎣D∗α 1

Ω

0
0

⎤⎥⎥⎦, D∗α2

Ω =

⎡⎢⎢⎣
0

D∗α 2

Ω

0

⎤⎥⎥⎦, D∗α3

Ω =

⎡⎢⎢⎣
0
0

D∗α 3

Ω

⎤⎥⎥⎦
D∗α

Ω = D∗α
Ω ,D∗α

Ω ,D∗α
Ω 

D∗α 1

Ω =
[

1

A1

∂
∂α 1

+ 1

A1A2

∂A 2

∂α 1

− 1

A1A2

∂A2

∂α 1

1

A1A2

∂A1

∂α 2

1

A2

∂
∂α 2

+ 1

A1A2

∂A1

∂α 2

1

R1

0 −1 0 0

]
D∗α 2

Ω =
[
− 1

A1A2

∂A 1

∂α 2

1

A2

∂
∂α 2

+ 1

A1A2

∂A1

∂α 2

1

A1

∂
∂α 1

+ 1

A1A2

∂A2

∂α 1

1

A1A2

∂A2

∂α 1

0
1

R2

0 −1 0

]
D∗α 3

Ω =
[
− 1

R1

− 1

R2

0 0
1

A1

∂
∂α 1

+ 1

A1A2

∂A2

∂α 1

1

A2

∂
∂α 2

+ 1

A1A2

∂A1

∂α 2

0 0 −1

]



M(τη)

τ,η = , ., +

M(τη) =

⎡⎢⎢⎢⎣
I(τη)α 1α 1

0 0 0

0 I(τη)α 2α 2

0 0

0 0 I(τη)α 3α 3

0

⎤⎥⎥⎥⎦ for τ, η = 0, .,N + 1

(τη)α α

I(τη)α iα i
0 =

∑l

k=1

∫ ζk+1

ζk

ρ(k)F(kτ)α i F(kη)α i H1H2dζ

= , , τ,η = ,., +

u(η)

∑N+1

η=0

L(τη)u(η) =
∑N+1

η=0

M(τη)ü(η) for τ = 0, .,N + 1

× L(τη)

τ, η = , ., +
τ = , ., +

[α , α ] × [α , α ]
τ

α = α α = α

N(τ)α 1

1 = N(τ)α 1

1 or u(τ)
1 = u(τ)

1

N(τ)α 2

12 = N(τ)α 2

12 or u(τ)
2 = u(τ)

2

T (τ)α 3

1 = T (τ)α 3

1 or u(τ)
3 = u(τ)

3

α = α α = α

N(τ)α 1

21 = N(τ)α 1

21 or u(τ)
1 = u(τ)

1

N(τ)α 2

2 = N(τ)α 2

2 or u(τ)
2 = u(τ)

2

T (τ)α 3

2 = T (τ)α 3

2 or u(τ)
3 = u(τ)

3

(τ)α
,

(τ)α
,

(τ)α
,

(τ)α
,

(τ)α
,

(τ)α (τ)
,

(τ)
,

(τ)

τ = ,., +

Clamped (C) u(τ)
1 = u(τ)

2 = u(τ)
3 = 0 at α1 =α0

1 or α1 =α1
1

u(τ)
1 = u(τ)

2 = u(τ)
3 = 0 at α2 =α0

2 or α2 =α1
2

Free (F) N(τ)α 1

1 =N(τ)α 2

12 = T (τ)α 3

1 = 0 at α1 =α0
1 or α1 =α1

1

N(τ)α 1

21 =N(τ)α 2

2 = T(τ)α 3

2 = 0 at α2 =α0
2 or α2 =α1

2

SimplySupported (S) N(τ)α 1

1 = 0, u(τ)
2 = u(τ)

3 = 0 at α1 =α0
1 or α1 =α1

1

N(τ)α 2

2 = 0, u(τ)
1 = u(τ)

3 = 0 at α2 =α0
2 or α2 =α1

2

ξ ,ξ ∈ [− , ]

(α ( ),α ( )) = , .,

(α ( ),α ( )) = , .,

α , α

C( )

C(u) =
∑n

i=0

N i,p(u)w iP i∑n

i=0

N i,p(u)w i

= , ., ,

Ω 
+ P = , .,

J 

α , α ξ ,ξ⎡⎢⎢⎢⎣
∂

∂α 1

∂
∂α 2

⎤⎥⎥⎥⎦ =

⎡⎢⎢⎢⎣
∂ξ 1

∂α 1

∂ξ 2

∂α 1

∂ξ 1

∂α 2

∂ξ 2

∂α 2

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣

∂
∂ξ 1

∂
∂ξ 2

⎤⎥⎥⎥⎦ =
[

ξ 1,α 1
ξ 2,α 1

ξ 1,α 2
ξ 2,α 2

]⎡⎢⎢⎢⎣
∂

∂ξ 1

∂
∂ξ 2

⎤⎥⎥⎥⎦

n



n ζ = n n

n = [ ] n
= [ ] nζ = [ ]

(τ)
,

(τ)
,

(τ)
ζ n ,n ζ, n

α ,α , ζ 

⎡⎢⎢⎣
u(τ)

n

u(τ)
s

u(τ)
ζ

⎤⎥⎥⎦ =
⎡⎣ nn1 nn2 0

ns1 ns2 0

0 0 1

⎤⎦
⎡⎢⎢⎢⎣

u(τ)
1

u(τ)
2

u(τ)
3

⎤⎥⎥⎥⎦ for τ = 0, .,N + 1

(τ)α (τ)α

(τ)α
ζ 

⎡⎢⎢⎣
N(τ)α 1

n

N(τ)α 2

ns

T (τ)α 3

ζ

⎤⎥⎥⎦ =

⎡⎢⎢⎣ n2
n1 n2

n2 n n1n n2 n n1n n2 0 0

n n1n s1 n n2n s2 n n1n s2 n n2n s1 0 0

0 0 0 0 n n1 n n2

⎤⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

N(τ)α 1

1

N(τ)α 1

2

N(τ)α 1

12

N(τ)α 1

21

T(τ)α 3

1

T(τ)α 3

2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

τ = , ., +

N(τ)α 1

n = N(τ)α 1

n or u(τ)
n = u(τ)

n

N(τ)α 2

ns = N(τ)α 2

ns or u(τ)
s = u(τ)

s for τ = 0, .,N + 1

T (τ)α 3

ζ = T (τ)α 3

ζ or u(τ)
ζ = u(τ)

ζ

(τ)α
,

(τ)α
,

(τ)α
ζ 

(τ), (τ), (τ)
ζ 

[ − , ]

x i = − cos

(
i − 1

I Q − 1
π
)
, i = 1, ., I Q, for x i ∈ [− 1, 1]

= ( ) [ , ]
= , .,

( ) = , .,

f (n)(x i) = ∂nf (x)
∂xn

⃒⃒⃒⃒
x=x i

≅
∑I Q

j=1

ς(n)ij f
(
x j
)

i = 1, 2, ., IQ

ς( )

L ( )( ),L ( )( )
,

ς(1)ij = L (1)(x i)(
x i − x j

)
L (1)(x j

), ς(n)ij = n

(
ς(1)ij ς(n−1)

ii − ς(n−1)
ij

x i − x j

)
i ∕= j

ς(n)ii = −
∑I N

j=1 j∕=i
ς(n)ij i = j

ς( ) = δ , =
, .,

=
( )

[ , ]

∫ xj

xi

f (x)dx =
∑I Q

k=1

w̃ij
kf (x k) =

∑I Q

k=1

(
w jk −w ik

)
f (x k)

,

W = (ς( ))−

West edge (W) → ξ 2 = −1 → (α 1,α 2) =
(
α 1(1)(ξ 1),α 2(1)(ξ 1)

)
South edge (S) → ξ 1 = 1 → (α 1,α 2) =

(
α 1(2)(ξ 2),α 2(2)(ξ 2)

)
East edge (E) → ξ 2 = 1 → (α 1,α 2) =

(
α 1(3)(ξ 1),α 2(3)(ξ 1)

)
North edge (N) → ξ 1 = −1 → (α 1,α 2) =

(
α 1(4)(ξ 2),α 2(4)(ξ 2)

)

α ( )(ξ ) , = , = , .,

(ρ( ) =
kg/m )

( ) = ( ) , = , .,



ρ = = = = =



E(k) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

C(k)
11 C(k)

12 C(k)
16 C(k)

14 C(k)
15 C(k)

13

C(k)
12 C(k)

22 C(k)
26 C(k)

24 C(k)
25 C(k)

23

C(k)
16 C(k)

26 C(k)
66 C(k)

46 C(k)
56 C(k)

36

C(k)
14 C(k)

24 C(k)
46 C(k)

44 C(k)
45 C(k)

34

C(k)
15 C(k)

25 C(k)
56 C(k)

45 C(k)
55 C(k)

35

C(k)
13 C(k)

23 C(k)
36 C(k)

34 C(k)
35 C(k)

33

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎣
98.84 53.92 0.03 1.05 −0.1 50.78

53.92 99.19 0.03 0.55 −0.18 50.87

0.03 0.03 22.55 −0.04 0.25 0.02

1.05 0.55 −0.04 21.1 0.07 1.03

−0.1 −0.18 0.25 0.07 21.14 −0.18

50.78 50.87 0.02 1.03 −0.18 87.23

⎤⎥⎥⎥⎥⎥⎥⎦ GPa

ρ( ) = kg/m

E(k)
1 = 137.90 GPa G(k)

23 = 6.21 GPa ν(k)
23 = 0.49

E(k)
2 = E(k)

3 = 8.96 GPa G(k)
12 = G(k)

13 = 7.10 GPa ν(k)
12 = ν(k)

13 = 0.30

( )
,

( )
,

( ) ( )
,

( )
,

( )

ν( )
, ν( )

, ν( )
’

’

Aluminium(M) →E(k) = 70.00 GPa, ν(k) = 0.3, ρ(k) = 2707 kg
/

m3

Zirconia(C) →E(k) = 168.00 GPa, ν(k) = 0.3, ρ(k) = 5700 kg
/

m3

( ) = ( ) = ( ) =
( ) =

β( ) ( ) =
L − IIIβ

β( )

( ) = .

L − Iβ

L − IIIβ L − IIβ L − IVβ

β( )

r(α , α )
r(α 1,α 2) = α 1 e 1 + α 2 e 2

α ∈ [α ,α ] = [ , ] α ∈ [α ,α ] = [ , ]

= = . m

= = . m

ρ( ) = ρ( ) = kg/m
( ) = ( ) = GPa ν( ) = ν( ) = .

( ) = . GPa

’ 

[Hz]
L − IIIβ( )

UC − IIβ( )
UC − IIIβ( )

[m] β

(α ,α ) ∈ [α ,α ] × [α ,α ], α = α = , α = , α = , = . m, = . m, = = . m 

= =



ν( ) = .

ρ( ) = kg/m

β( ) = . β( ) = .

β

[Hz]
Uβ

L − Iβ

L − IIβ

L − IIIβ

L − IVβ

SC − Iβ

SC − IIβ

UC − Iβ

UC − IIβ

UC − IIIβ

UC − IVβ

HS − Iβ

HS − IIβ

HT − Iβ

HT − IIβ

(α ,α ) ∈ [α ,α ] × [α ,α ], α = α = , α = , α = , = . m, = . m 

= . m  



β

L − Iβ

SC − IIβ HS − Iβ HT − IIβ

L − IIβ SC − Iβ HS − IIβ HT − Iβ



= . m = . m

r(α 1, α 2) = a cos α 1 e 1 −α 2 e 2 + b sin α 1 e 3

β = =

β

(FCFC)

[Hz]
β = =

β = =

Uβ

β = . A

A2  

A3  

β = . A

A2  

A3  

L − Iβ

β = . A

A2  

A3  

β = . A

A2  

A3  

L − IIIβ

β = . A

A2  

A3  

β = . A

A2  

A3  

SC − Iβ

β = . A

A2  

A3  

β = . A

A2  

A3  

SC − IIβ

β = . A

A2  

A3  

β = . A

A2  

A3  

UC − IVβ

β = . A

A2  

A3  

β = . A

A2  

A3  

HT − IIβ

β = . A

A2  

A3  

β = . A

A2  

A3  



r(α 1,α 2) =(Rα 1

0 (α 1)− xα 2

3 (α 2)sin α 1) e1 −Rα 2

0 (α 2) e2 +(xα 1

3 (α 1)
+ xα 2

3 (α 2)cos α 1) e 3

α , α α , α

Rα 1

0 (α 1) = a cos α 1, xα 1

3 (α 1) = b sin α 1

Rα 2

0 (α 2) = −a sin α 2, xα 2

3 (α 2) = b cos α 2

= = m

–

β( )



(Uβ( ) )

β( ) = .



β( )

UC − IVβ( )

β( ) = .

β( ) = .



UC − IIIβ( )

β( )
–

β( ) = .





r(α 1, α 2) = a cosh α 1 cos α 2 e 1 − a cosh α 1 sin α 2 e 2 + c sinh α 1 e 3

= . m = . m

[Hz]
β = =

β = = + ∞   

β = =

A , β

β

β

β

β





β( ) β( )

β( ) β( )

= . m

r(α1,α2)=−a cos(α1+α2) sinh(α1−α2)e1−a sin(α1+α2) sinh(α1 −α2) e2

+a(α1 −α2) e3

β( ) = .

SC− Iβ( )
SC− IIβ( )

UC− IIIβ( )
UC− IVβ( )

UC− IIβ( )
β( ) = .

r(α 1,α 2) = a cosh
(α 1

a

)
cos α 2 e 1 − a cosh

(α 1

a

)
sin α 2 e 2 + a sinh α 1 e 3

= . m

(BK
DDDBK

DDDBK
DDDBK

DDD)

[Hz]
β = .

β = .

β = .

β = .

β = .

β = .

β = .

β = .

β = .

β = .

β = .

β = .

β = .

β = .

β = .

β = .

β = .

β = .

β = .

(FGM
(A2−L−IV / β )
( = / = . / = / = / = ) / /FGM

(A2−L−III / β )
( = / = . / = / = / = ) )

= = . m, = . m 

(ξ = . , ξ̃ = . , = ) λ =
( )ξ = ( )ξ = ( )ξ = ( )ξ = × N/m ,

( )ξ = ( )ξ = ( )ξ = ( )ξ = × N/m ,
( )ξ = ( )ξ = ( )ξ = ( )ξ = × N/m



β





( ) = .

(BK
DDDBK

DDDBK
DDDBK

DDD)

[Hz]
( /Zirc/ )

( /Alu/ )

( /FGM
(A2−SC−I / β = . )
( = / = / = / = / = . ) / )

( /FGM
(A2−SC−II / β = . )
( = / = / = / = / = . ) / )

( /FGM
(A2−UC−I / β = . )
( = / = / = / = / = . ) / )

( /FGM
(A2−UC−II /β = . )
( = / = / = / = / = . ) / )

= = . m, = . m 

(ξ = . , ξ̃ = . , = ) λ =
( )ξ = ( )ξ = ( )ξ = ( )ξ = × N/m ,

( )ξ = ( )ξ = ( )ξ = ( )ξ = × N/m ,
( )ξ = ( )ξ = ( )ξ = ( )ξ = × N/m



HS − Iβ( )





(BK
SSSFBK

SSSF)

[Hz]
( /Zirc/ )

( /Alu/ )

( /FGM
(A2−HS−I / β = . )
( = / = / = / = / = . ) / 〈( | ) α 〉)

( /FGM
(A2−HS−II / β = . )
( = / = / = / = / = . ) / 〈( | ) α 〉)

( /FGM
(A2−UC−III / β = . )
( = / = / = / = / = . ) / 〈( | ) α 〉)

( /FGM
(A2−UC−IV / β = . )
( = / = / = / = / = . ) / 〈( | ) α 〉)

= . m, = . m, = . m 

(ξ = , ξ̃ = . , = ) (ξ = , ξ̃ = . , = )
( )ξ = ( )ξ = × N/m ,

( )ξ = ( )ξ = × N/m ,
( )ξ = ( )ξ = × N/m λ =





–

–

–
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–

–

–

–

–

–

–
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–

–
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–

–
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–

–

–

–

–
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–
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–

’

–

–
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–
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–
˙

–
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