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Abstract

We introduce a clustering method for time series based on tail dependence. Such a
method also considers spatial constraints by means of a suitable procedure merging
temporal and spatial dependence via extreme-value copulas. The cluster composi-
tion depends on the choice of the hyper-parameter a € (0, 1) used to calibrate the
contribution of the spatial dependence to the overall dissimilarity. A novel heuristic
approach to select a based on a suitable connectedness index associated to each clus-
ter of the partition is proposed.

Keywords Copula - Hierarchical clustering - Spatial statistics - Tail dependence -
Time series

1 Introduction

Clustering algorithms are routinely run to summarize and visualize important spatial

and/or temporal patterns in the climate sciences (Straus 2019). From a risk perspec-
tive, such methods are particularly useful in identifying extreme weather events for a
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better understanding of the underlying processes that can help to mitigate potentially
severe impacts on the society (Field 2012).

Cluster analysis for extreme climate events has been mainly used to partition an
entire region into homogeneous sub-regions (i.e. regionalization) based on similari-
ties in dependence structure. For instance, a novel clustering algorithm for heavy
rainfall is presented in Bernard et al. (2013) (see also Cooley et al. 2006). A simi-
lar algorithm has been also used in Bador et al. (2015) to analyze the maxima of
summer temperatures across Europe. The issue of regionalization techniques in
an extreme-value context has been also discussed in Saunders et al. (2021), where
a hierarchical clustering procedure is applied. Apart from the approach based on
extreme-value theory, the use of copulas has been also beneficial in this respect (see,
for instance, Di Lascio et al. 2017; Pappada et al. 2018; Palacios-Rodriguez et al.
2023). As a matter of fact, cluster methods with spatial constraints can be of interest
in economics and finance (see, e.g., Asgharian et al. 2013; Fernandez-Avilés et al.
2012; Hiittner et al. 2020; Kopczewska 2022).

The aim of the present work is to develop a clustering algorithm for identify-
ing the extreme joint behaviour among various time series. Specifically, we adopt
agglomerative hierarchical clustering procedures, which are particularly conveni-
ent in the dependence framework (De Keyser and Gijbels 2023; De Luca and Zuc-
colotto 2021, 2023; Kojadinovic 2004; Fuchs et al. 2021; Fuchs and Wang 2023).
As a major aspect, our methodology combines the information on both the cross-
sectional dependence and the spatial proximity. In fact, there are sometimes well
grounded reasons to require the clusters to be composed of contiguous sites in order
to create, for instance, spatial risk maps of administrative units, economic areas, etc.
(D’Urso and Vitale 2020; Fouedjio 2020; Guénard and Legendre 2022). In addition,
in some cases, the geographical contiguity may reflect the inherent structure of the
phenomena and may serve as a proxy of the true dependence in the case of scarce/
missing data.

To guarantee a clustering solution that can aid (without strictly enforce) the iden-
tification of sub-groups of time series that are also spatially related, the clustering
algorithms are usually modified so that the input dissimilarity matrix is a combi-
nation of geographical and non-geographical information (Bourgault et al. 1992;
Chavent et al. 2018; Oliver and Webster 1989). In a copula-based framework, the
COFUST algorithm has been introduced in Disegna et al. (2017) to group time
series by joining temporal and spatial information by means of a partitioning-
around-medoids algorithm. This latter algorithm has been modified in Benevento
and Durante (2024) by using the Wasserstein distance. In a hierarchical framework,
Benevento and Durante (2023) propose to merge spatial and temporal information
into suitable correlation matrices that take into account the underlying geometric
structure of correlation matrix space. Moreover, in Di Lascio et al. (2023), spatial
weighting is added to the dissimilarity matrix based on copula parameters. In the
framework of tail dependence, preliminary results have been also developed in Ben-
evento et al. (2023) and Zuccolotto et al. (2023).

Here, we develop a hierarchical clustering algorithm to merge temporal and spa-
tial dependence in the framework of joint tail dependence coefficients (Durante et al.
2015a). Such coefficients quantify the probability that one time series is taking on very
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large values given that another one is taking on large values. Specifically, we proceed as
follows: (a) we assume that the temporal dependence can be conveniently represented
by an extreme-value copula C, which can provide the upper tail dependence coefficient
associated with C (Gijbels et al. 2020; Gudendorf and Segers 2012; Zhang et al. 2008);
(b) then we propose a dissimilarity index based on a modification of the tail depend-
ence coefficient of C that takes into account spatial information; (c) finally, we use the
obtained dissimilarity matrix as an input for the hierarchical clustering procedure pro-
posed in Bien and Tibshirani (2011). The latter algorithm has a number of advantages
such as the interpretability of the obtained clustering in terms of the prototypes.

The proposed methodology is fully described in Sect. 2. Section 3 illustrates the
methodology by means of an empirical analysis of geo-referenced data with observed
maxima and highlights the main advantages of the proposed methodology. Section 4
presents some final remarks.

2 The methodology

We aim to cluster n different units that are represented by a univariate time series (the
temporal feature) and a vector of (spatial) features embedding the information about
the geographic location. For instance, the units are sites in which the temperature is
recorded, while the spatial information is the geographic position of each weather sta-
tion where the measurements are collected.

Thus, the starting point is represented by:

e a (T xn) (temporal) matrix, X = (x,;), whose element x,; represents the value at

timet (t =1, ..., T) of the temporal feature for the i-th unit i = 1, ..., n); each col-
umn of X is a time series;
e the p—dimensional vectors SI, ,sI associated with each time series in X repre-

senting the geographic information.

The clustering procedure consists of the following steps: (1) modeling of the temporal
dependence within each univariate series; (2) construction of the cross-sectional tem-
poral (extremal) dependence model; (3) construction of the spatial dependence; (4) glu-
ing of temporal and spatial dependence into a global model; (5) extraction of the dis-
similarity matrix and selection of a dissimilarity-based clustering algorithm yielding a
final partition. These steps are detailed below.

2.1 Modeling univariate time series

Following a classical copula-based time series model (Patton 2012; Neumeyer et al.
2019), we assume that, fori = 1, ..., n, the i~th time series (x,),_; _r is generated by
the stochastic process

X = w(Z,) + o(Z))e,;, e
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where p;(-) and o,(-) represent the conditional mean and standard deviation of the
i-th time series, and the covariate Z, may include past values of the process X,; at
different lags or other exogenous variables. For every i, the innovations ¢,; are dis-
tributed according to a marginal law F,; = F; for every ¢ (having mean zero and vari-
ance one, for identification) such that, for every z, the joint distribution function of
(€4, .-, €,,) can be expressed in the form C(F|, ..., F,) for some copula C.

Notice that C cannot be directly estimated from the original time series, since it is
necessary to disentangle the dependence from the marginal effects. To this end, we
proceed as follows:

(i) First, we estimate the marginal serial dependence (including possible trend
and seasonal cycles) from each time series with a model of type (1) by obtain-
ing the fitted f4; and 6;. To validate the model, tests of homoscedasticity and
uncorrelatedness are carried out to ensure that the residuals can be considered
(approximately) as a sample of independent and identically distributed random
variables.

(ii)) The inference about the copula C is thus based on the estimated residuals
extracted from the previous step, given by

3”- =X, - ﬁi(Zz))/ai(Zt)’ 2)

that are transformed into the pseudo-observations, z,; = F,(€,;), where F;
may be estimated from a parametric model (Gaussian, Student ¢, etc.) or by
using the empirical distribution function.

As aresult, (z,, ... ,Z,)=y,. 7 contains the information about the link (i.e. the cop-
ula) among the time series under consideration (see, e.g., Rémillard 2017) and can
be used for estimating the associated tail dependence.

2.2 Construction of the temporal copula

Once the time series have been converted into pseudo-observations, a suitable
copula C"® is estimated to describe the dependence among them. Here, focusing on
the extremal dependence, we assume that C* is an n—dimensional extreme-value
(shortly, EV) copula (Gudendorf and Segers 2010). In particular, when extremes
are of interest, it is natural to study the coefficients of tail dependence, which are
conveniently expressed for bivariate EV copulas (Durante et al. 2015b; Frahm et al.
2005).
Any EV copula C can be written, for every u € [0, 1]”, as

~ n log(ul) log(un)
C(u) = exp <i=l lOg(M,)A< ZL] log(u,-)’ B E?:l log(u,) >> @

for a convex function A defined on the n—dimensional unit simplex, called Pickands
dependence function (see, e.g., Pickands 1981). Now, the dependence function A
associated with C conveys the information about the extremal dependence and, as
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such, it allows us to obtain all the pairwise tail dependence coefficients. In fact, for

each i,i’ € {1,...,n}, the upper tail dependence coefficient 4, associated with C,,,
the copula of the i~th and /~th component of C is given by
Ay(Ciyp) = 2(1 — A;(1/2,1/2)), 4)

where A;; is the bivariate function obtained from A when we set all the coordinates
equal to O up to the i-th and i’-th coordinates that are equal to 1/2.

For EV copulas, the estimation of the pairwise tail dependence coefficient may be
based on the estimation of the Eickands dependence function. To this end, we con-
sider the madogram estimator AMP discussed in Marcon et al. (2017) (see also Gij-
bels et al. 2020, section 7) and implemented in Beranger et al. (2023). Specifically,
the nonparametric estimator AMP of the multivariate Pickands dependence function
is given, for every w in the n—dimensional simplex, by

V(W) + c(w)

AMP () = ——
1 —v(w) — c(w)

&)

where

T n n
V(w) = % Z <\/ z,li/w" - % Zz,li/w’),

t=1 i=1 i=1

with z,; pseudo-observations and c¢(w) = n~! z:l: , w;i/(1 +w,). Notice that, in pres-
ence of missing data, the procedure can be adapted as explained in Boulin et al.
(2022).
Thus, the resulting estimation of the upper tail dependence coefficient based on
the temporal information for the i—th and i’-th time series is given by
j’\ts

i’

=2(1 - AMP(1/2,1/2)), (6)
where :4\%“) is obtained by calculating AMP on the vector with all elements equal to 0
up to the i-th and i-th coordinates that are equal to 1/2.

Remark 1 In the literature, both parametric (see, e.g., De Luca and Zuccolotto 2011)
and non-parametric estimators (see, e.g., Durante et al. 2015b) have been considered
for the pairwise tail dependence coefficients in the clustering framework. The advan-
tage of considering a global (i.e. n—dimensional) estimator for the Pickands func-
tion A rather than pairwise functions, is that the resulting matrix (/I}‘;,) may naturally
preserve the geometric properties of the upper tail dependence matrices (Embrechts
et al. 2016; Fiebig et al. 2017).

2.3 Construction of the spatial copula
In order to include the spatial information, the main idea of the proposed method-

ology is to model the spatial dependence using another n—dimensional EV copula
C*P that can embed the spatial information contained in (slT, ,SI). To this end, we
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consider the copula associated with the classical max-stable model by Smith (1990).
This is the so-called Hiisler-Reiss copula (Hiisler and Reiss 1989), whose expres-
sion was recently presented in a convenient form in Nikoloulopoulos et al. (2009),
section 2.3.

For such copulas, the (pairwise) upper tail dependence coefficient associated with
the i~-th and //~th component is given by

((s; —s;)TZ71(s; — s,.,))‘/2>
2 9

Ay(C) =2~ 2<I>< (7)
where ®(+) is the cumulative distribution function of the standard normal distribu-
tion (Schlather and Tawn (2003), page 147); X is the covariance matrix of the bivari-
ate standard normal distribution associated with the observations at sites i and i’. In
the present context, since we focus on the mere spatial information, we set £ = I,,
the identity matrix. In such a way, 4,,, which corresponds to 4;, in Eq. (7) calculated
for the pair (i, i), is only expressed as a function of the distance h;; = ||s; —s; ||,
Hereinafter, we estimate it via the formula

2;;:2—2«3(%). (8)

Clearly, as h;y — 400, 4;; — 0.

Remark 2 Notice that, in practice, in order to determine a convenient way to use the
distance information, it may be useful to standardize the geographic coordinates.

2.4 Construction of the spatio-temporal copula

Given the tail dependence matrices (4;,) and (;1\?5) and a fixed a € [0, 1], we propose
to model the spatio-temporal dependence via a suitable n—dimensional copula C®
that merges the EV copulas C* and C*P.

In the general case, copulas can be combined via a convex combination (Durante
and Sempi 2016). However, since the class Cgy, of EV copulas is not closed under
convex combinations, this latter approach cannot be replicated here. Therefore, we
adopt a different operation, known as Khoudraji’s device (Khoudraji 1995) (see also

Durante 2009; Liebscher 2008) given by
@y Cpy XCpy = Cpys @,(C,D)(u) = C(u'"*)D(u®). )

Now, if both copulas represent the comonotonic (respectively, independent) case,
ie. C(w) = D(u) = min,_, _, u; (respectively, C(u) = D(u) = Hizl’._"” u;), then the
resulting copula is the comonotonicity (respectively, independent) copula.

Thus, C® = ¢,(C*, C*P) represents an n—dimensional copula that merges both
the temporal and the spatial information. Its parameter a € [0, 1] represents the
weight assigned to the spatial component; in particular, when a = 0 the spatial infor-

mation is not relevant.
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As a matter of fact, the bivariate dependence function Afl'.’,') associated with C@
is given by
(@) _ sp
A”/ W, wy) =( - (Z)AS,(WI swy) + aAii’ (Wi, wy),
i.e., it is the convex combination of the dependence functions associated with CtS
and C (see Genest et al. 1998). Therefore, the upper tail dependence coefficient of
C( Jis given by

U(C(a)) =(1- a)ﬂU(C )+ a/lU(C;.l,)). (10)

it

It turns out that the tail dependence coefficient of the spatio-temporal model for the
i~th and /-th time series can be estimated via Eq. (6) and Eq. (8) as

A =1 -2 +ail. (11)

2.5 Application of the clustering algorithm

To cluster the time series under (soft) spatial constraints, we propose to use a
cluster algorithm over the tail-dependence dissimilarity matrix (4, 9y derived from
the spatio-temporal copula C®, in analogy with some previous works (see, e.g.,
D’Urso et al. 2023; De Luca and Zuccolotto 2011, 2017; Durante et al. 2015b).

Thus, for every i,i’ and every a € [0,1], the dissimilarity Af.i“,) between
the i-th and /-th time series can be defined by means of a decreasing function
f 1 10,1] - [0, +00] with f(1) = 0, so that

A = FA). (12)
In particular, maximal tail dependence (i.e. :ffl”,’) = 1) corresponds to minimal
dissimilarity.
Following De Luca and Zuccolotto (2011), a convenient choice is
f(x) = —In(x), which we adopt here and corresponds to

AW = —In((1 — )2 + ai¥

i’

(13)

i’

Notice that Af.f,’) = +oo0 when both temporal and spatial copula are tail-independent
(i.e. the tail dependence coefficient is equal to 0).

The dissimilarity matrix A® = (Afl”,’) )is=1...n can be used as an input for a dis-
similarity-based hierarchical clustering algorithm (Murtagh and Contreras 2017).
As is known, such a method provides a representation in a binary tree (one or two
child nodes at each non-terminal node) commonly referred to as a dendrogram.
From the tree, we can recover n possible clusterings, where n is the number of

objects in the clustering.

.....
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Among various hierarchical clustering algorithms, we suggest applying the
method based on minimax linkage (Bien and Tibshirani 2011). This algorithm has a
few advantages with respect to similar methods for the literature. In particular,

(a) monotone transformation of the dissimilarity matrix leaves the clustering
unchanged (Bien and Tibshirani 2011, Property 4), so that the choice of the
function fin Eq. (12) is not relevant;

(b) the resulting dendrogram does not admit inversion (Bien and Tibshirani
2011, Property 2), so it can be easily interpreted,;

(c) with each node of the dendrogram tree, we have an associated prototype, namely
the most central data point of its cluster, which eases the cluster interpretation.

Compared to other popular algorithms, agglomerative hierarchical methods based
on single and complete linkage also satisfy (a) and (b), while average linkage does
not satisfy (a). All these three linkage methods do not admit, however, a natural cen-
troid/prototype. In contrast, centroid linkage does not satisfy (a) and (b).

2.6 Hyper-parameter selection

As underlined in Fouedjio (2020), the cluster composition depends on the choice
of the hyper-parameter a« € (0, 1) that is used in the computation of the dissimilar-
ity between two data locations (see Eq. (13)). In particular, when « increases, the
cluster composition tends to favor the geographic proximity of the considered sta-
tions, due to the impact of the spatial component. Thus, roughly speaking, one needs
to make sure that this parameter is not too small and not too large. For instance, in
Romary et al. (2015) it is suggested to put a 5-30% on the geographical coordinates
and the remainder to the attributes.

The choice of a should depend on a trade-off between the preservation of the
spatial contiguity and the need to identify the units whose behaviour is only partially
driven by geographic proximity. To provide some heuristics for the selection of @ we
rely on a kind of connectedness index of the cluster partition.

To this end, from the spatial matrix (slT, ,SI), we derive the n X n contiguity
matrix that assigns value 1 to its (i, j) entry if the units i and j are contiguous, i.e.
spatially adjacent, and value 0, otherwise. Such a matrix is symmetric and can be
interpreted as an undirected graph whose vertices are the sites where data are col-
lected. In particular, we can count the number of connected components associated
with this graph (see, e.g., Bollobas 1998), which are composed of units belonging to
the same macro-area.

Now, consider the set of units with indices {1,2,...,n} that are partitioned
according to the algorithm in Sect. 2.5 that depends on the (hyper-)parameter

_ (a) (@) : s
a € [0, 1]. For every a € [0, 1], let P'¥ = {Gla yeens GK“(a,} be the resulting partition
into K@ clusters, K® < n. We consider the function &, : {1,..., K@} - {1,...,n}

that assigns to each k € {1, ..., K@}, the number of connected components of
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cluster Gg’), nk, with 1 < n* < n, where n; € {1,...,n} denotes the cardinality of

() 1 . . ..
G, . Finally, we give the following definition.

Definition 1 For « € [0, 1], the connectedness index of P is the average number of
connected components of each element of the partition, i.e.

K@

Conn(P@) = % PRACE
k=1

Clearly, if each element of the partition P is connected, then Conn(P(“) )y=1
The theoretical upper bound of the index is given by the partition with one element
(cluster) formed of n disconnected components.

Starting with the set of n units, the connectedness index is expected to decrease
at the increase of a, reaching 1 as a goes to 1. As we will show in the illustration of
Sect. 3.2, the graph of the function @ — Conn(7P*) can provide some insights about
the selection of the value a. For instance, it may allow the identification of the value
of a for which the connectedness index sharply decreases and/or the minimal value
of a that guarantees a spatially contiguous partition.

3 lllustration

In this section, we apply the proposed algorithm on monthly maxima precipitation
data collected throughout the Italian territory. Specifically, the data have been down-
loaded from the Climate Data Store,! which collects global climate and weather data
of the past 8 decades. They consist of monthly precipitations from January 2011 till
November 2023. The considered data spread on n = 527 grid points.

Following an approach similar to the one in Bador et al. (2015), we de-trend the
observed precipitations following a two-step procedure. First, we remove the multi-
year climatological average from monthly precipitation maxima within the data-set.
Then, from these residuals, we remove the monthly running average. After this de-
trend process, we have a collection of time series of length 7 = 155.

Given the set of de-trended time series and the geographical locations, we pro-
ceed in two phases:

(a) we compute the temporal copula as described in Sect. 2 and the associated dis-
similarity matrix. Once the dissimilarity matrix has been obtained, we apply
four hierarchical clustering algorithms based, respectively, on single, complete,
average, and minimax linkage. As known, this latter approach will also provide
the prototypes associated with each cluster.

(b) We compute the spatial copula as described in Sect. 2. Then, we compute the
copula C merging the spatial and temporal information for different values
a € [0, 1]and use it to compute the dissimilarity matrix A® as in (12).

! https://cds.climate.copernicus.eu/.
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3.1 Comparison among hierarchical methods on the pure temporal data

As mentioned, in phase (a) we use the time series to compare different hierarchi-
cal clustering algorithms. With the pure temporal dissimilarity matrix at hand,
which is obtained from Eq. (13) for « = 0, we apply the four algorithms based
on the linkages mentioned above. In a hierarchical clustering procedure, the
cluster composition is obtained by cutting the dendrogram tree at a given height
h. Notice that, according to the linkage method, this will result in a different
interpretation of the obtained groups. Indeed, cutting at height i gives a cluster-
ing such that: it is not possible to find two clusters having points closer than A
from each other if the single linkage is used; all points of a cluster are within
h of one another, if the complete linkage is used; all points in each cluster are
within dissimilarity A& from their prototype, when the prototype-based method is
chosen.

To visualize the results on the Italian map, we need to select a suitable num-
ber of clusters (we let k vary between 5 and 15). To this end, we adopt the Dunn
index, which is a scalar that formalizes the idea of a ratio between between-
cluster separation and within-cluster compactness for general dissimilarity input
data and a fixed number of clusters (Dunn 1974; Hennig et al. 2015). Specifi-
cally, we adopt an index belonging to the family of Dunn indexes implemented
in the fpc R package (Hennig 2023) and defined as the ratio of minimum aver-
age dissimilarity between two clusters and maximum average within cluster
dissimilarity. The number of clusters that maximizes the Dunn index is used to
cut the dendrogram associated with each hierarchical clustering. The resulting
groups are shown in Fig. 1 on the Italian map. As can be seen, the partitions
produced by the single and complete linkages are formed of a larger number of
clusters that appear more unbalanced compared to those obtained via the min-
imax and average linkages. The agreement between the different partitions is
measured by the Adjusted Rand Index (ARI), where the maximum agreement
is achieved when such index equals one (Hubert and Arabie 1985). The ARI
between the minimax and the single, the average, and the complete linkage is
0.03, 0.67, and 0.51, respectively.

As explained in Sect. 2.5, we exploit the minimax linkage, whose main advan-
tage is to provide cluster prototypes having the desirable property that cutting at
height 4 will guarantee that no point will be farther than 4 from its prototype.
The minimax linkage hierarchical clustering, implemented via the R package
protoclust (Bien and Tibshirani 2022), produces the 5-cluster solution dis-
played in Fig. 1. When @ = 0, the resulting partition does not carry information
concerning the geographic proximity of the units being clustered, even though
some units (time series) belong to the same macro-area. By contrast, when a = 1
the cluster composition is completely determined by the spatial dependence.
Hence, a convenient choice of a can be a value yielding a suitable compromise
between the two extreme cases, for which we propose a possible approach based
on the representation of groups in terms of their network structure.
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o =0 - minimax linkage - K=5 =0 - single linkage - K=13

9 12 15 18 9 12 15 18

=0 - average linkage - K=5 o =0 - complete linkage - K=10

“2 oo 33
eecesescse
esesesce

9 2 15 18 e 12 15 18

Fig. 1 Representation of clusters in the pure temporal case with minimax linkage (K = 5) along with
cluster prototypes marked on the map (upper left), single linkage with K = 13 (upper right), average link-
age with K = 5 (lower left), and complete linkage K = 10 (lower right)

3.2 Effects of the spatial constraints for different weights

As mentioned in Sect. 2.6, plotting the connectedness index a — Conn(P®) for dif-
ferent values of the hyper-parameter @ can help identifying the values @ for which
the resulting partitions are (almost) spatially contiguous. Indeed, when « increases
the geographic proximity strongly influences the associated clustering based on
Eq. (13), thus producing clusters that are well-identified as geographic regions. The
connectedness index for a € {0,0.02,0.04,...,1} is reported in Fig. 2. The plot
shows that the connected index stabilizes around 1 for a above a certain value, that
is, all the clusters in the partition P® represent a connected component formed of
spatially adjacent units. Note that two partitions obtained for two different values
of a having connected index equal to 1 may differ in the cluster composition, even
though the spatial contiguity is preserved.
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n. clusters
5598551110786 887776656666667666666665555665666677766°6

Connectedness index

.
1 oo ®%¢00000000%°%000%00e

> D W 40 WD ¢ P 0 (PO ¥ P P PN AVAXACAD D Y o> g0 R D P PP N
N B 0 O, B R ok I R S K e o R B R P S RIS

Fig.2 Connectedness index for @ € {0,0.02,0.04, ..., 1}. The number of clusters of each partition P g
reported on the graph

=0.32 - minimax linkage - K =6 =0.34 - minimax linkage - K =6

9 12 15 18 9 12 15 18

Fig. 3 Representation of clusters for & = 0.32 (left plot), @ = 0.34 (right plot). The marked points are the
prototypes of each group

To account for both the spatial and temporal component, the optimal «
can be selected by choosing the value immediately before a sharp decrease in
a > Conn(P?), that is, the last value for which temporal dependence has a non-
negligible impact on the final clustering. Hence, from Fig. 2 we select a = 0.32
and display the resulting partition into k = 6 clusters in Fig. 3 (for completeness,
the clustering obtained for @ = 0.34 is also reported).
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The results obtained by choosing the value @ = 0.32 based on the connectedness
index suggest dividing the Italian territory into six areas that appear spatially consist-
ent and take into account the temporal extreme dependence, although the spatial cohe-
sion is only partially attained in the final clustering. A major advantage of our proposal
is that it allows us to improve the configuration based on pure temporal clustering, by
including relevant information on the spatial dependence among the time series. In
addition, by looking at the cluster composition when « varies from O to 1, one can dis-
cover atypical data points within a dataset, i.e. time series that belong to a cluster that
is different than that of the neighbors, regardless of any spatial constraint.

4 Conclusions

This paper proposes a new dissimilarity measure to cluster time series observed at
different spatial locations. Our focus is on the extreme joint behavior that character-
izes a set of climate time series and, specifically, on the identification of clusters of
time series of precipitation maxima through extreme-value copulas, used to charac-
terize the (extremal) dependence structure in the data.

Being based on copulas, our approach is not affected by the choice of the mar-
ginal models for the univariate time series and, hence, it allows us to disentangle the
dependence from the marginal effects. Both the spatial and the temporal dependence
are taken into account to build a spatio-temporal copula and estimate the coefficients
of (upper) tail dependence. In particular, we introduce a tail-dependence dissimilar-
ity measure that combines the information on both the cross-sectional dependence
and the spatial proximity, according to a hyper-parameter « € [0, 1]. This aspect is
relevant when the interest is in finding clusters that may reflect a reasonable compro-
mise between spatial contiguity and the cross-sectional temporal dependence among
the time series that ignores the geographic information on the observed phenomena.

Concerning the value a yielding a final clustering, it should be mentioned that
there exist a few approaches suggested in the literature to set such a parameter,
which poses a trade-off between the spatial and temporal contribution to the overall
dissimilarity. On the one hand, the value of @« may be arbitrarily set by the user to
assign a larger weight to the spatial (or temporal) aspect; on the other hand, one can
be interested in finding groups that are only partially driven by geographic proxim-
ity. Following the latter approach, we provide some heuristics for the selection of «
that rely on the notion of connected components from graph theory.

The real data example, concerning precipitation maxima observed throughout the
Italian territory, illustrates the usefulness and effectiveness of the suggested dissimi-
larity measure, which is embedded into a classical hierarchical framework. Among
the available linkages, we suggest the adoption of the minimax linkage, whose
main advantage is to naturally provide prototypical units for each cluster in the final
partition.

The main contribution of the proposed approach is twofold: on the one hand, the
final cluster can be used to develop more effective risk-mitigation strategies, aris-
ing from a combined spatio-temporal dependence modeling; on the other hand,
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the procedure can be used as a tool for detecting anomalies in spatially consistent
regions. The latter issue represents a relevant research direction to be explored.

Acknowledgements AB acknowledges the support of Regione Puglia (Italy) via the Programma Region-
ale “RIPARTI (assegni di RIcerca per riPARTire con le Imprese)”—research project “FIRST: a Frame-
work for Innovation in Risk management to support Territories” (code: c19a5daa). FD has been supported
by MUR-PRIN 2022 PNRR, Project “Stochastic Modeling of Compound Events” (No. P2022KZJTZ)
funded by European Union—Next Generation EU. The work of FD has been carried out with the partial
financial support from ICSC—Centro Nazionale di Ricerca in High Performance Computing, Big Data
and Quantum Computing, funded by European Union—Next Generation EU (CUP F83C22000740001).
FD is also member of the group GNAMPA of INAAM (Istituto Nazionale di Alta Matematica). RP has
been supported by MUR-PRIN 2022, Project “Modelling Non-standard data and Extremes in Multivari-
ate Environmental Time series” (No. 20223CEZSR) funded by European Union—Next Generation EU.

Author contributions A. Benevento, F. Durante, and R. Pappada conceptualized the research method-
ology; data collection, cleaning, statistical analysis, and data visualization were performed by A. Ben-
evento. F. Durante and R. Pappada contributed to software validation and formal analysis. All authors
contributed to the paper’s writing.

Funding Open access funding provided by Universita degli Studi di Trieste within the CRUI-CARE
Agreement.

Data availability The data used in the current study are available at https://cds.climate.copernicus.eu/.

Declarations
Conflict of interest The authors declare no conflict of interest.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License,
which permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long
as you give appropriate credit to the original author(s) and the source, provide a link to the Creative
Commons licence, and indicate if changes were made. The images or other third party material in this
article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’s Creative Commons licence and your intended
use is not permitted by statutory regulation or exceeds the permitted use, you will need to obtain permis-
sion directly from the copyright holder. To view a copy of this licence, visit http://creativecommons.org/
licenses/by/4.0/.

References

Asgharian H, Hess W, Liu L (2013) A spatial analysis of international stock market linkages. J Bank
Financ 37(12):4738-4754

Bador M, Naveau P, Gilleland E et al (2015) Spatial clustering of summer temperature maxima from the
CNRM-CMS climate model ensembles & E-OBS over Europe. Weather Clim Extremes 9:17-24

Benevento A, Durante F (2023) Correlation-based hierarchical clustering of time series with spatial con-
straints. Spatial Stat 59:100797

Benevento A, Durante F (2024) Wasserstein dissimilarity for copula-based clustering of time series with
spatial information. Mathematics 12(1):67

Benevento A, Durante F, Pappada R (2023) An approach to cluster time series extremes with spatial
constraints. In: Chelli F, Ciommi M, Ingrassia S et al (eds) Book of Short Papers SEAS IN 2023.
Pearson, pp 679-684

Beranger B, Padoan S, Marcon G (2023) ExtremalDep: extremal dependence models. R package version
0.0.4-1

@ Springer


https://cds.climate.copernicus.eu/
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

Environmental and Ecological Statistics (2024) 31:801-817 815

Bernard E, Naveau P, Vrac M et al (2013) Clustering of maxima: spatial dependencies among heavy rain-
fall in France. J Clim 26(20):7929-7937

Bien J, Tibshirani R (2011) Hierarchical clustering with prototypes via minimax linkage. J Am Stat
Assoc 106(495):1075-1084

Bien J, Tibshirani R (2022) protoclust: hierarchical clustering with prototypes. https://CRAN.R-project.
org/package=protoclust, R package version 1.6.4

Bollobas B (1998) Modern graph theory, Grad. Texts Math., vol 184. Springer, New York

Boulin A, Di Bernardino E, Laloé T et al (2022) Non-parametric estimator of a multivariate madogram
for missing-data and extreme value framework. J Multivar Anal 192:21

Bourgault G, Marcotte D, Legendre P (1992) The multivariate (co)variogram as a spatial weighting func-
tion in classification methods. Math Geol 24(5):463-478

Chavent M, Kuentz-Simonet V, Labenne A et al (2018) ClustGeo: an R package for hierarchical cluster-
ing with spatial constraints. Comput Stat 33(4):1799-1822

Cooley D, Naveau P, Poncet P (2006) Variograms for spatial max-stable random fields. In: Bertail P,
Soulier P, Doukhan P (eds) Dependence in probability and statistics. Springer, New York, pp
373-390

De Keyser S, Gijbels I (2023) Hierarchical variable clustering via copula-based divergence measures
between random vectors. Int J Approx Reason 165:109090

De Luca G, Zuccolotto P (2011) A tail dependence-based dissimilarity measure for financial time series
clustering. Adv Data Anal Classif 5(4):323-340

De Luca G, Zuccolotto P (2017) Dynamic tail dependence clustering of financial time series. Stat Pap
58:641-657

De Luca G, Zuccolotto P (2021) Hierarchical time series clustering on tail dependence with linkage
based on a multivariate copula approach. Int J Approx Reason 139:88-103

De Luca G, Zuccolotto P (2023) Dynamic time series clustering with multivariate linkage and automatic
dendrogram cutting using a recursive partitioning algorithm. Inf Sci 649:119605

Di Lascio FML, Durante F, Pappada R (2017) Copula-based clustering methods. In: Ubeda Flores M,
de Amo E, Durante F et al (eds) Copulas and dependence models with applications. Springer, New
York, pp 49-67

Di Lascio FML, Menapace A, Pappada R (2023) A spatially-weighted AMH copula-based dissimilarity
measure for clustering variables: an application to urban thermal efficiency. Environmetrics 35:2828

Disegna M, D’Urso P, Durante F (2017) Copula-based fuzzy clustering of spatial time series. Spatial Stat
21:209-225

Dunn JC (1974) Well-separated clusters and optimal fuzzy partitions. J Cybern 4(1):95-104

Durante F (2009) Construction of non-exchangeable bivariate distribution functions. Stat Pap
50(2):383-391

Durante F, Sempi C (2016) Principles of copula theory. CRC Press, Boca Raton

Durante F, Fernandez-Sanchez J, Pappada R (2015a) Copulas, diagonals and tail dependence. Fuzzy Sets
Syst 264:22—41

Durante F, Pappada R, Torelli N (2015b) Clustering of time series via non-parametric tail dependence
estimation. Stat Pap 56(3):701-721

D’Urso P, Vitale V (2020) A robust hierarchical clustering for georeferenced data. Spatial Stat 35:100407

D’Urso P, De Luca G, Vitale V, et al (2023) Tail dependence-based fuzzy clustering of financial time
series. Ann Oper Res

Embrechts P, Hofert M, Wang R (2016) Bernoulli and tail-dependence compatibility. Ann Appl Probab
26(3):1636-1658

Fernandez-Avilés G, Montero JM, Orlov AG (2012) Spatial modeling of stock market comovements.
Financ Res Lett 9(4):202-212

Fiebig UR, Strokorb K, Schlather M (2017) The realization problem for tail correlation functions.
Extremes 20(1):121-168

Field C (2012) Managing the risks of extreme events and disasters to advance climate change adapta-
tion: special report of the intergovernmental panel on climate change. Cambridge University Press,
Cambridge

Fouedjio F (2020) Clustering of multivariate geostatistical data. WIREs Comput Stat 12(5):e1510

Frahm G, Junker M, Schmidt R (2005) Estimating the tail-dependence coefficient: properties and pitfalls.
Insurance Math Econ 37(1):80-100

Fuchs S, Wang Y (2024) Hierarchical variable clustering based on the predictive strength between ran-
dom vectors. Int. J. Approx. Reason 170:109185

@ Springer


https://CRAN.R-project.org/package=protoclust
https://CRAN.R-project.org/package=protoclust

816 Environmental and Ecological Statistics (2024) 31:801-817

Fuchs S, Di Lascio FML, Durante F (2021) Dissimilarity functions for rank-invariant hierarchical cluster-
ing of continuous variables. Comput Stat Data Anal 159:107201

Genest C, Ghoudi K, LP Rivest (1998) Understanding relationships using copulas, by Edward Frees and
Emiliano Valdez. N Am Actuar J 2(3):143-149

Gijbels I, Kika V, Omelka M (2020) Multivariate tail coefficients: properties and estimation. Entropy
22(7):728

Gudendorf G, Segers J (2010) Extreme-value copulas. In: Jaworski P, Durante F, Hardle WK et al (eds)
Copula theory and its applications, vol 198. Lecture Notes in Statistics—Proceedings. Springer,
Berlin, pp 127-145

Gudendorf G, Segers J (2012) Nonparametric estimation of multivariate extreme-value copulas. J Stat
Plann Inference 142(12):3073-3085

Guénard G, Legendre P (2022) Hierarchical clustering with contiguity constraint in R. J Stat Softw
103(1):1-26

Hennig C (2023) fpc: flexible procedures for clustering. https://CRAN.R-project.org/package=fpc, R
package version 2.2-10

Hennig C, Meila M, Murtagh F et al (2015) Handbook of cluster analysis. CRC Press, Boca Raton

Hubert L, Arabie P (1985) Comparing partitions. J Classif 2(1):193-218

Hiisler J, Reiss RD (1989) Maxima of normal random vectors: Between independence and complete
dependence. Stat Probab Lett 7(4):283-286

Hiittner A, Scherer M, Griler B (2020) Geostatistical modeling of dependent credit spreads: estimation of
large covariance matrices and imputation of missing data. J Bank Financ 118:105897

Khoudraji A (1995) Contributions a I’étude des copules et a la modélisation des valeurs extrémes
bivariées. PhD thesis, Université de Laval, Québec (Canada)

Kojadinovic I (2004) Agglomerative hierarchical clustering of continuous variables based on mutual
information. Comput Stat Data Anal 46(2):269-294

Kopczewska K (2022) Spatial machine learning: new opportunities for regional science. Ann Reg Sci
68(11):713-755

Liebscher E (2008) Construction of asymmetric multivariate copulas. J] Multivar Anal 99(10):2234-2250

Marcon G, Padoan SA, Naveau P et al (2017) Multivariate nonparametric estimation of the Pickands
dependence function using Bernstein polynomials. J Stat Plann Inference 183:1-17

Murtagh F, Contreras P (2017) Algorithms for hierarchical clustering: an overview, II. WIREs Data Min
Knowl Discov 7(6):e1219

Neumeyer N, Omelka M, Hudecova $ (2019) A copula approach for dependence modeling in multivari-
ate nonparametric time series. J Multivar Anal 171:139-162

Nikoloulopoulos AK, Joe H, Li H (2009) Extreme value properties of multivariate ¢ copulas. Extremes
12(2):129-148

Oliver MA, Webster R (1989) A geostatistical basis for spatial weighting in multivariate classification.
Math Geol 21(1):15-35

Palacios-Rodriguez F, Di Bernardino E, Mailhot M (2023) Smooth copula-based generalized extreme
value model and spatial interpolation for sparse extreme rainfall in central eastern canada. Environ-
metrics 34(3):e2795

Pappada R, Durante F, Salvadori G et al (2018) Clustering of concurrent flood risks via hazard scenarios.
Spatial Stat 23:124-142

Patton A (2012) A review of copula models for economic time series. J Multivar Anal 110:4-18

Pickands J (1981) Multivariate extreme value distributions. In: Proceedings of the 43rd session of the
international statistical institute, vol 2. Buenos Aires, pp 859-878, 894-902

Rémillard B (2017) Goodness-of-fit tests for copulas of multivariate time series. Econometrics 5(1):13

Romary T, Ors F, Rivoirard J et al (2015) Unsupervised classification of multivariate geostatistical data:
two algorithms. Comput Geosci 85:96-103

Saunders KR, Stephenson AG, Karoly DJ (2021) A regionalisation approach for rainfall based on extre-
mal dependence. Extremes 24(2):215-240

Schlather M, Tawn JA (2003) A dependence measure for multivariate and spatial extreme values: proper-
ties and inference. Biometrika 90(1):139-156

Smith R (1990) Max-stable processes and spatial extremes. Unpublished work

Straus DM (2019) Clustering techniques in climate analysis. In: Oxford Research Encyclopedia of Cli-
mate Science. Oxford University Press

Zhang D, Wells MT, Peng L (2008) Nonparametric estimation of the dependence function for a multi-
variate extreme value distribution. J Multivar Anal 99(4):577-588

@ Springer


https://CRAN.R-project.org/package=fpc

Environmental and Ecological Statistics (2024) 31:801-817 817

Zuccolotto P, De Luca G, Metulini R, et al (2023) Modeling and clustering of traffic flows time series in a
flood prone area. In: Cerchiello P, Agosto A, Osmetti S, et al (eds) Proceedings of the statistics and
data science conference. Pavia University Press, Pavia, pp 113-118

@ Springer



	Tail-dependence clustering of time series with spatial constraints
	Abstract
	1 Introduction
	2 The methodology
	2.1 Modeling univariate time series
	2.2 Construction of the temporal copula
	2.3 Construction of the spatial copula
	2.4 Construction of the spatio-temporal copula
	2.5 Application of the clustering algorithm
	2.6 Hyper-parameter selection

	3 Illustration
	3.1 Comparison among hierarchical methods on the pure temporal data
	3.2 Effects of the spatial constraints for different weights

	4 Conclusions
	Acknowledgements 
	References




