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1. Introduction and main result

A 2-(v,k, A) design D is a pair (P, B) with a set P of v points and a set B of blocks such that each block is a k-subset
of P and each two distinct points are contained in A blocks. We say D is non-trivial if 2 <k < v, and symmetric if v =b.
All 2-(v,k, ») designs in this paper are assumed to be non-trivial. An automorphism of D is a permutation of the point
set which preserves the block set. The set of all automorphisms of D with the composition of permutations forms a group,
denoted by Aut(D). For a subgroup G of Aut(D), G is said to be point-primitive if G acts primitively on P, and said to be
point-imprimitive otherwise. In this setting, we also say that D is either point-primitive or point-imprimitive, respectively. A
flag of D is a pair (x, B) where x is a point and B is a block containing x. If G < Aut(D) acts transitively on the set of flags
of D, then we say that G is flag-transitive and that D is a flag-transitive design.

Flag-transitive symmetric designs are widely studied. If A =1, that is, D is a projective plane of order n, Kantor
[26] proved that either D is Desarguesian and PSL3(n) < G, or G is a sharply flag-transitive Frobenius group of order
(> +n+1)(@n+1), and n> +n+1 is a prime. In both cases, the action of G is point-primitive. For A > 1, flag-transitive
point-imprimitive symmetric designs do exist. In 1945 Hussain [21] and, independently, in 1946 Nandi [39] discovered
that there are exactly three symmetric 2-(16, 6, 2)-designs. In 2006, O'Reilly Regueiro [44] showed that, if A < 4 then the
parameters of D are (16,2, 2), (45,12, 3), (15, 8, 4), (96, 20,4) and that exactly two of the three 2-designs discovered by
Hussain and Nandi are flag-transitive and point-imprimitive. In 2006, Praeger and Zhou [42] proved that there is exactly
one flag-transitive, point-imprimitive symmetric 2-(15, 8, 3) design, in 2007 Praeger [40] showed that there is exactly one
flag-transitive, point-imprimitive symmetric 2-(45, 12, 3) design, and in 2009, Law, Praeger and Reichard [29] proved that
there are exactly four flag-transitive point-imprimitive symmetric 2-(96, 40, 4) designs. Apart from two possible numerical
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exceptions, the classification of the flag-transitive point-imprimitive symmetric 2-designs has been recently extended to
A < 10 by Mandi¢ and Subasi¢ [34].

It is worth noting that one of the four 2-(96, 40, 4) designs is a special case of a beautiful, general construction of flag-
transitive, point-imprimitive symmetric 2-designs due to Cameron and Praeger [8] based on a previous work of Sane [45].
It is an open problem whether the remaining three 2-designs arise or not from the Cameron-Praeger construction.

An upper bound on k, when D is flag-transitive and point-imprimitive, was given by O'Reilly Regueiro in [44] and
subsequently refined by Praeger and Zhou in [42]. Among the other results, the authors determined the parameters of D as
functions of A when k > A (A — 3) /2. Recently, the flag-transitive 2-designs with A = 2 have been investigated by Devillers,
Liang, Praeger and Xia in [12], where, it is shown that, apart from the two known symmetric 2-(16, 6, 2) designs, G is
primitive of affine or almost simple type.

The present paper is a contribution to the problem of classifying flag-transitive, point-imprimitive symmetric 2-(v, k, 1)
designs. In particular, we classify those with k > A (A —3) /2 and such that a block of the 2-design intersects a block of
imprimitivity in at least 3 points. More precisely, our result is the following.

Theorem 1.1. Let D = (P, B) be a symmetric 2-(v, k, A) design admitting a flag-transitive point-imprimitive automorphism group G
that leaves invariant a non-trivial partition X of P. Ifk > A(A — 3)/2 and there is block of D intersecting an element of X in at least 3
points, then one of the following holds:

(1) D is isomorphic to the 2-(45, 12, 3) design as in [40, Construction 4.2].
(2) D isisomorphic to one of the four 2-(96, 20, 4) designs as in [29].

The outline of the proof is as follows. The group G preserves a set of imprimitivity ¥ on the point set of D consisting of
d classes each of size c. By [42], each block B of D intersects any block of imprimitivity either in O or in a constant number
ko of points. In Lemma 2.1 we show that the number of blocks intersecting a block of imprimitivity in the same ko-set of
points is constant and is independent on the choice of the block of D and of the element of X. We call such a number the
overlap number of D and we denote it by 6.

If ko > 3, in Theorems 2.3 and 2.4 we show that the blocks of imprimitivity have the structure of flag-transitive
2-(c, ko, 1/0) designs, where (c, ko) is either (A%, 1), or (A +6,3) with A =1,3 (mod 6). Moreover, in Lemma 2.6 we
prove that, such 2-designs are also point-primitive. Flag-transitive, point-primitive 2-(12, 1, /0) designs are classified in
[35,37,38], whereas flag-transitive, point-primitive 2-(1 + 6, 3, 1/6) designs are shown to be embedded in D only for A =3
by using [7,36]. Finally, we complete the proof of Theorem 1.1 by combining the previous information on the structure of
the blocks of imprimitivity with the constraints on the action of G on D given in [28] and on the structure of G essentially
provided in [3].

2. The overlap number of D

Let D = (P, B) be a symmetric 2-(v, k, A) design admitting a flag-transitive point-imprimitive automorphism group G
that leaves invariant a non-trivial partition ¥ of P with d classes each of size c. Then there is a constant ko such that, for
each Be B and A; € X, i=1,...,d, the size |BN Aj| is either 0 or ko by [42, Theorem 1.1]. If we pick two distinct points
X, y in a block of imprimitivity, then there are exactly A blocks of D incident with them. Thus ko > 2. Moreover, v > k since
D is non-trivial, and hence ko < ¢ by [42, (4) and (7)]. Therefore, 2 < ko < c. If kg = 2, then the flag-transitivity of G on D
implies the 2-transitivity of Gﬁij on A; foreachi=1,...,d.

Let Bi={Be€B:BNA;# 2}, where i =1, ...,d. For any B € B; define

Bi(B)={B €B;:B'NAj=BNA;} and 6(i, B) = |B;(B)|.

Clearly, 1 <6(i, B) < A.
Lemma 2.1.6(i, B) =0(j, B') foreach i, j € {1, ...,d} and for each B € B; and B € B;.
Proof. Let B € B; and B’ € BB}, where i, j € {1, ...,d}, and let x€ BN A; and x' € B'N Aj. Then there is y € G such that
(x, B)Y = (x, B) since G is flag-transitive. Hence, (BN A;)Y =B’ NAj.

Let C € B;(B). Then C N A;j = BN Aj, and hence

CyﬂAj=(CﬂAi)V=(BﬂAi)V=B/ﬂA]‘.

Thus C¥ € B;j(B’), and hence 6(i, B) < 6(j, B’). Now, switching the role of B and B’ in the previous argument, we get
0(j, B") <6(, B). Thus 8(i, B) = 6(j, B'), which is the assertion. O

In view of the previous lemma, we may denote 6(i, B) simply by 6 and call it the overlap number of D.
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Corollary 2.2. Let B € B and x € BN Aj, then § = |G pna, : Gx.5-

Proof. Let B € B; and x € BN A;, then Gy g < Gx,pna,- Thus, |Gx gna, : Gx.5| < 6.
Let B’ € Bi(B). Then there is ¢ € Gx such that BY = B’. Thus (BN A;)® =B’ N A; =B N A;, and hence ¢ € Gx pna; and
Gx.B® S GyxBna,;. Therefore |Gy gna, : Gx,8| > 6, and hence |Gy gna; : Gx8|=60. O

Theorem 2.3. If ko > 3, then D; = (A, Bf"), where Bf = {BN A; : B € B;}, is a non-trivial 2-(c, ko, /6) design with 6 | A admitting
G 2; as a flag-transitive automorphism group.

Proof. Clearly, the number of points in D; is ¢ and each element of B} contains ko points of A;. Let x1,x; € A; with
X1 # X2, then there are precisely A blocks of D incident with them, say By, ..., B,. For each B; there are precisely 6 blocks
among By, ..., By whose intersection set with A; is Bj N A;, hence there are exactly A/6 distinct elements of B incident
with x1 # x3. Thus, D; is a 2-(c, ko, A/0) design. Also, D; is non-trivial since kg < ¢ by [42, (4) and (7)] and ko > 3 by our
assumption. Finally, the flag-transitivity of G on D implies the flag-transitivity of Gij onD;. O

The following theorem is an improvement of [42, Theorem 1.1] on the basis of Theorem 2.3.

Theorem 2.4. Let D = (P, B) be a symmetric 2-design admitting a flag-transitive point-imprimitive automorphism group G that
leaves invariant a non-trivial partition ¥ = {A, ..., Aq} of P such that |A;| = c foreachi =1, ..., d. Then the following hold:

I. There is a constant kg such that, for each B € B and A; € %, the size |B N Aj| is either O or k.
II. There is a constant 6 such that, for each B € B and A; € ¥ with |B N A;| > 0, the number of blocks of D whose intersection set

with A; coincides with B N A is 6.
ML If kg =2, then Gﬁ: acts 2-transitively on A; foreachi=1, ...,d.

Aj
IV. Ifkg > 3, then D; = <Ai, (BN Ai)GAi) is a flag-transitive non-trivial 2-(c, ko, 1./0) design foreachi=1, ..., d.
Moreover, if k > L(A — 3)/2 then one of the following holds:

V. ko = 2 and one of the following holds:
1. D is a symmetric 2-(A?( 4 2), A(A + 1), 1) design and (c, d) = (1 + 2, A2).

2. D is a symmetric 2-<<¥) (%) , % A) design, (c,d) = (Azﬁ H%) and either > =0 (mod 4), or A = 2u?
with u odd, u > 3 and 2(u? — 1) square.
VL. ko > 3 and one of the following holds:
1. Dis asymmetric 2-(A>(A+2), (A +1), A) design, d = A+2, and D; is a 2-(A2, 1, A/0) design with 6 | A foreachi=1, ..., d.
2. D is a symmetric 2-((A + 6)’\2*'?%‘1, A3 )) design with >. =1,3 (mod 6), d = %, and D; is a 2-( + 6, 3, 1/6)
design with 0 | A foreachi=1, ...,d.
Proof. The assertion follows from [42, Theorem 1.1] and Theorem 2.3. O

From now on we assume that k > A(A — 3)/2 and ko > 3. Hence, we will focus on the symmetric 2-designs in (VI.1) and
(VI.2) of Theorem 2.4, and we will refer to them as 2-designs of type 1 and 2, respectively.

Lemma 2.5. A > 3.

Proof. If 1 =2, then kg =2 by [42, Corollary 1.3 and Table 1], which is contrary to our assumption. Thus, A > 3. O
Lemma 2.6. Ifk > A(A — 3)/2 and ko > 3, then Gﬁi acts point-primitively on D;.

Proof. The assertion follows from [10, 2.3.7.(c)] or [23, Theorem 4.8.(i)]. O

Lemma 2.7. Let N be a minimal normal subgroup of G. Then one of the following holds:

(1) X is the N-orbit decomposition of the point set of D;
(2) N acts point-transitively on D;

or, for c = A% and d = A + 2 the following additional possibility arises:
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(3) The N-orbit decomposition of the point set of D is a further G-invariant partition ¥ = { A’ ..., A’, { such that the following
1 A2

hold:

(a) ’A/J =xr+2foreach j=1,..., 22

(b) Foreach B € B and A’. € Y/, the size ‘B N A’< is either 0 or 2;

(c) Foreach Aj € ¥ and A/ ey, AN A/ =1

(d) GA, acts 2-transitively on A, for each j=1,.

Proof. Let N be a minimal normal subgroup of G. Assume that Ga;N acts point-transitively on D. Then N acts transitively
on X. If there is jo € {1, ...,d} such that N ’g =1, then NA G<Ajo)' Hence, Na; < G(a;) for each i since G acts transitively
on X and N < G. Thus, the point set of D is split into ¢’ orbrts under N each of length d’, where (¢/,d’) = (d, ¢), since N acts
transitively on X. Hence, ¥’ = {A/] Ag}, where A/j = x?’ for each j=1,...,c, is a set of imprimitivity for G. Moreover,
Ny, = N(a,) for each x; € A; and i =1, ..., c. By Theorem 2.4, there is a constant k6 such that for each B € B and A; ey,
the size |B N A}] is either 0 or k.

If ki =2, then either (¢, d') = (A +2,2%), or (¢',d) = (% )\2—2++2> and either A =0 (mod 4), or A = 2u?, where
u is odd, u >3, and 2(u? — 1) is a square by Theorem 2.4. On the other hand, we know that (¢/,d’) = (d,c) and either
d,c)=+2,2%), or ()‘ 41 5 4 6) and A =1,3 (mod 6) again by Theorem 2.4 since ko > 3. By comparing the values

of (c/,d’), we see that the unique admissible value is (¢, d") = (d, ¢) = (» + 2, A2), and we obtain (3a) and (3b).
Let Aj € ¥ and A/j € ¥'. Since Ny, = Na,) for each x; € Aj and i=1,...,A+2, and A/j is a N-orbit for each j=1, ..., 12

A
it follows that ‘Ai N A/j =1. Also, GAf acts 2-transitively on A/j € X' since ki = 2. Thus, we get (3c) and (3d).
j

If ky > 3, then either (¢/,d’) = (A%, A 42), or (¢'.d’) = (A +6, AZ‘“#) and A =1,3 (mod 6) by Theorem 2.4. On the

other hand, we know that (c/,d’) = (d,c) and either (d,c) = (A + 2,22), or (’\zﬂfx’l,k—f—G) and »=1,3 (mod 6). By
comparing the values of (¢/,d") no admissible A’s arise since A >3 by Lemma 2.5.
Assume that N 7& 1 for each i =1, ...,d. Hence, NA acts point-transitively on D; for each i =1, ...,d since GA acts
point-primitively on D; by Lemma 2.6. Therefore N acts pomt -transitively on D, as N acts transmvely on X, which is (2).
Assume that Ga;N acts point-intransitively on D. Hence, Ga;N # G. Then A; € A}, where A = xCaiN A,N and x € A;.
Also, ¥ = {(A’/)g 1ge G} is a set of imprimitivity for G by [14, Theorem 1.5A]. If B € B is such that BN A} # &, then

kg = |B N A§/| [BN Aj| =ko > 3, and hence we may apply Theorem 2.4 referred to the set of imprimitivity X", and
Af

we obtain that D} = (A], (B N Al’.’)cAf/) is a flag-transitive non-trivial 2-(c”, kj, »/6") design. Moreover, either ¢’ = 22 or
¢’ =146 since k > A(x —3)/2. It is easily seen that ¢” = c since c|c”, being A} = AIN. Thus A; = A/, and hence N <Gy,
for each i =1, ...,d. If there ip € {1, ...,d} such that N fixes a point in A;;, then N fixes each point of D since N < G
and G acts point-transitively on D, and we reach a contradiction. Thus, N%i = 1 for each i =1, ...,d, and hence N acts
point-transitively on D; since N2i < G _ " and G, N acts point-primitively on D; by Lemma 2.6. Therefore ¥ is the orbit
decomposition of the point set of D under N, whrch is(1). O

Let A€ ¥ and x € A. Since G(s) IGa and Ga) < Gy it is immediate to verify that (G*)a = (Ga)* and (G}), = (Gx)~.
Hence, (G*), and (G4), will simply be denoted by GX and G, respectively.

3. The case where D is of type 1
In this section, we assume that D is of type 1. Hence, D is a symmetric 2-(A2(A 4 2), A(A + 1), 1) design with d = A + 2.

Moreover, D; is a 2-(A%, A, 1/8) design with 6 | » admitting Gii as a flag-transitive point-primitive automorphism group for
each i=1,...,d. Our aim is to prove the following result.

Theorem 3.1. If D is of type 1, then one of the following holds:

(1) D isisomorphic to the 2-(45, 12, 3) design as in [40, Construction 4.2].
(2) D isisomorphic to one of the four 2-(96, 20, 4) designs as in [29].

Proposition 3.2. G induces a 2-transitive group on .
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Proof. It is clear that G acts transitively on . Let B be any block of D and define ¥(B) = {Aj € £: A;N B # @}. Then
|A;j N B| =2 for each A; € X(B). Further, |[(B)| =A+1 and %\ £(B) = {A;,} for some ig € {1, ..., A + 2} since k=A(A+1)
and |X| =X+ 2. Since Gp acts transitively on B and preserves X, it follows that Gp acts transitively on X(B). Thus Gp
preserves A;;, and hence Gp < GA,.O. Therefore GA,.O acts transitively on X\ {Aio}, and hence G induces a 2-transitive
group on X. O

Lemma 3.3.If G(a,) # 1, then either the primes dividing the order of G a;) divide A, or D; is a translation plane.

Proof. Assume that G(a;) # 1. Let W be any Sylow w-subgroup of G,,;), where w is a prime not dividing A. Clearly, W

fixes the A@—Z(A + 1) blocks of D;. Let B be any block of D such that BN A; is a block of D;. Then W preserves B N A;
and there are 6 blocks of D whose intersection set with A; is B N A;. Therefore W fixes at least one of these 6 blocks,

as w{i and 6 | A, and hence W fixes at least %Z(A + 1) blocks of D. Then any non-trivial element of W fixes at least
%Z(A + 1) points of D by [28, Theorem 3.1], and hence %Z(A +1) < TV by [28, Corollary 3.7]. Since k =A(A + 1) and

v =2A2(1+2), it follows that 2 (A +1) <A(x +2) Thus 6 = A, and hence D; is a 2-(A2, A, 1) design, that is, an affine plane.
Then D; is a translation plane by [51] since GA,- acts flag-transitively on D;. O

The following theorem classifies the flag-transitive 2-(A2, A, 1/8) designs D;.
Theorem 3.4. If D; is a 2-(22, A, »/0) design admitting a flag-transitive automorphism group Gi:ﬁ, then one of the following holds

@) Gﬁ:ﬁ is almost simple and one of the following holds:
(a) Dj is isomorphic to the 2-(6%, 6, 2) design constructed in [35],6 =3 and PSL,(8) < GA" < PT'Ly(8).
(b) D;j is isomorphic to one of the three 2-(6%, 6, 6) designs constructed in [35],0 = 1 and GAI = PT'Ly(8).
(c) Dj is isomorphic to the 2-(12%, 12, 3) design constructed in [37], 0 = 4 and GA' = PSL3(3).
(d) Djis lsomorphlc to the 2-(122, 12, 6) design constructed in [37], 0 = 2 and GA’ = PSL3(3): Z>.
(2) GAI, =T: G ', =p™, p prime, m > 1, and one of the following holds:
(@) Djisa translatlon plane of order p™, 8 = p™, and one of the following holds:
(i) Dj = AG,(p™) and the possibilities Gé are given [15,32].
(ii) D, is the Liineburg plane of order 2™, m =2 (mod 4), m > 6, and Sz(2™/?) < GA' < (Zyma_y x S2Q™?)) . Zim2;
(ili) D; is the Hall plane of order 3% and the possibilities for G>i are given [16];
0
(iv) D;j is the Hering plane of order 3> and GAI =SLy(13).
(b) Djis a2-(p¥™, p, p™t) design, 6 = p', where 0 < t < m, the blocks are subspaces of AGo(p) and GA < TLi(p?™);
0
(c) D;j is isomorphic to one of the following 2-design constructed in [38]:
(i) Disa2-(p?™, p™, p™/2) design, m is even, = p™2 and either SL,(p™) < G@" <(Zyma_1 0 SLa(pP™).Z2.pm—1)-Zm,
or SLy(5) < G@" <((-1).55):Zaforp=3and m=2.
(ii) Djis a 2-(p3™, p3m/2, p™) design, p odd and m even, 6 = p™/2 and SU3(p™/?) < Gé" < (Zymz_1 x SU3(p™?2)).Zp.
(iii) Dj is a 2-(p*™, p2™, p®™) design, 6 = 1 and Sp4(p™) < G@i < TSpa(p™).
(iv) D; is one of the four 2-(24™ 22M 1) designs with A = 2™, 22m=1 22m 22m respectively, m > 1 is odd, and Sz(2™) <
Go < (Zam_1 x Sz(2™)) .Zp. Further, 6 = 2™, 2,1, 1 respectively.

(v) Djisa2-(26m 23m 23M) design, 6 = 1 and G, (2™) < G@f < (Zam_1 x G2 (2™)) : Zpy.
(vi) Dj is one of the two 2-(25, 23, 22)-designs, 6 = 1 and G@" is either one of the groups 3112 : Qg, 3172 : Zgor 3112 : SD1s,
or3'%2: Zg < G5 < PSU3(3).
(vii) Dy is a 2-(25,23,23)-design, 6 = 1 and G{" is one of the groups 312 : Qg, 31+2 : Zg, 31%2: SDyg, (3'12: Q3) : Z
7.

See [35,37,38] for a proof.

Proposition 3.5. Gﬁj is of affine type and A = p™.

Proof. Assume that GA is almost simple. Then either PSL,(8) < G < PT'Ly(8) and A =6, or PSL3(3) < Gii < PSL3(3):
Zy and A =12 by Theorem 3.4.

Assume that the former occurs. Since G* acts 2-transitively on ¥ by Proposition 3.2, and || =8, one of the following
holds by [25, Section 2, (A) and (B)]:
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(1) AGL1(8) < G¥ < AT'L1(8);
(2) GZ X Eg:SL3(2);

(3) PSLy(7) < G* < PGLy(7);
(4) Ag IG* < Sg.

Assume that (4) holds. Since G(x)Ga;) IGa; and A7 < GE < §7, either Ga;) < Gxy or Gay)/(Geay N G(x)) contains a
subgroup lsomorphlc to Ay. The latter is ruled out by Lemma 3.3 since A =6, whereas the former implies that a quotient
group of GAI, is isomorphic to A7, which is impossible since PSL,(8) < GAi < PI'Ly(8). Thus, (4) is ruled out.

Assume that one of (1)-(3) occurs. Since Gx)G(a;) < Ga; and PSLy(8) < GAi < PT'Ly(8), either G(xy I Gea,) o1
PSLy(8) 4 G(x)/(G(xz) N G(ay). The former implies GA' = GE /G A and hence a quotient group of GE has a subgroup
isomorphic to PSL,(8), but this is clearly impossible. So PSLZ(S) AG(x)/(Gx) NGeay) and A7 K Gzi. Hence, if W is any
Sylow 7-subgroup of Ga,;, 72| |W| Then 7 | |[W (A;)|, since PSLy(8) < GA" < PT'L,(8), but this contradicts Lemma 3.3.

Assume that PSL3(3) < G < PSL3(3): Zp and A = 12. Since G¥ acts 2-transitively on ¥ with |Z| = 14, one of the
following holds by [25, Sectlon 2 (A) and (B)]:

(1) PSLy(13) < G= < PGLy(13);
(2) A1a 9G¥ < Sa.

We may proceed as the PSL;(8)-case to rule out (1) and (2), this time W is a Sylow 13-subgroup of G,;. O
Lemma 3.6. The following hold:

(1) Gap) 9 Gx) <Gy, foreachi=1, .., p™ +2.
(2) Gap NGay _1foreachz j=1,...,p™+2withi#j.

Proof. Since G,; acts transitively on X\ {A;} by Proposition 3.2, and since G;) < Gy, it follows that X\ {A;} is union
of G(a; -orbits of the equal length z, where z is a divisor of p™ + 1 by Proposition 3.5. Assume that z > 1. Then D; is a
translation plane of order p™ by Lemma 3.3. Let U be a Sylow u-subgroup of Ga;), where u is a prime divisor of z. Arguing
as in Lemma 3.3, with U in the role of W, we see that U fixes at least p™(p™ + 1) blocks of D and each of these intersects
A; in p™ points, since D is a translation plane and 6 = p™. Let B be any of such blocks. Then U preserves A; and at least

one the p™ elements of X\ {A;} intersecting B, say Aj. Then )A. ’ is coprime to u, whereas ‘AG(M)

G(a,) preserves each element of ¥ and hence G;) < G(x). Actually, Ga;) I G(x) as G(z) < Ga;-
Let y € Gay) NGa,), With i # j, then y fixes 2p2m points of D. If y 1 then 2p?™ < p™(p™ + 2) by [28, Corollary, 3.7].
So A = p™ <2, which is contrary to Lemma 2.5. Thus y =1 and hence Ga) NGy =1fori#j. O

z and u | z. Thus

Corollary 3.7. G (x) # 1.

Proof. Suppose that G(x) = 1. Then Gy =1 for each A € ¥ by Lemma 3.6(1), and hence Soc(G,) is elementary abelian
of order p2™ by Proposition 3.5. Then ¥\ {A} is partitioned in Soc(G »)-orbits of equal length p" with h > 0 since G, acts
transitively on X\ {A}, Soc(Ga) < Ga and G(x) =1. Then p divides |2\ {A}], thus contradicting |X\ {A}|=p™+1. O

Proposition 3.8. Let V be a minimal normal subgroup of G contained in Gx).

(1) VA = Soc(G) foreachi=1, ..., p™ +2.
(2) V is an elementary abelian p-group of order p>™+t, where 0 < t < 2m.
(3) Cc(V) N Gx) is an elementary abelian p-group order p?™tY where t < y < 2m, containing V.

Proof. Let V be a minimal normal subgroup of G contained in Gx). Then V acts transitively on A; for eachi=1,...,p™+2
by Lemma 2.7. Moreover, V2i < Giﬁ. If R is a minimal normal subgroup of Gﬁi contained in Vi, then Soc(Gﬁj) =R<VA
by [14, Theorem 4.3B(i)] since Gii acts primitively on A; by Lemma 2.6 and since Soc(Gﬁi) is an elementary abelian
group of order p?™ by Proposition 3.5. Thus V2i contains a normal subgroup isomorphic to Soc(Gﬁi), and hence V is an
elementary abelian p-group, since V is a minimal normal subgroup of G. Therefore Vi = Soc(Gﬁi), which is (1).

It follows from (1) that |V 4i| = p?™. Let p* = ‘V(Aio)‘ with ¢ > 0 for some ig, then |V (a,)| = p for each i=1, ..., p™ +2
since V <G and G acts transitively on . Moreover, it follows from Lemma 3.6(2) that, V(a,) N V(a,) =1 for each s,s" =

1,...p™ + 2 with s #5". Thus, V(a,) is isomorphic to a subgroup of V2s. Therefore p' < p?™ and hence 0 < t < 2m. So
|V | = p¥"*t with 0 <t < 2m, and we obtain (2).
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Set C =C¢(V) and K = G(x) and recall that G is permutationally isomorphic to a subgroup of Gﬁ :G¥ by [41, Theorem
5.5]. Since

cnk< [I@eni* <[] Chatv®=T] VA,

AeX AeX AeX

it follows C N K is an elementary abelian p-group. By repeating the final part of the argument in (2) with C N K in the role
of V, we see that the order of C N K is pZ™Y with t < y <2m since V < C, and we obtain (3). O

Remark 3.9. The proof of (3) is a slight modification of an argument contained in the proof of [29, Lemma 3.2]: here we
consider a minimal normal subgroup of G instead of 0,(G(x)), the largest normal p-subgroup of G(x). In this way G/Cg(V)
is an irreducible subgroup of GL(V), and this will play an important role in completing the proof of Theorem 3.1.

Corollary 3.10. Let A € ¥ and x € A, then Gi is isomorphic to a quotient group of GXA.

Proof. It follows from Lemma 3.6(1) and Proposition 3.8(1) that Ga = G(x)Gx with G(a) I G(x) x. Thus

GX = Gu/Gm1x =Gy /Gy 3.1)

which is the assertion. O

Lemma 3.11. Let u = p™ + 2 with u prime and u > 5. If u divides p* — 1 for some 0 < z < 4m, then either (p™, u, z) = (3,5, 4) or
(p™, u,z)=(9,11,5).

Proof. Clearly z > m. Set z=m + w, where w > 0. Then u divides p%¥(p™ + 2) — 2p" — 1 and hence 2p" + 1. Then
p" >p™/2+1/2, and hence w =m + y for some y >0, as p is odd. Thus u divides 2pY(p™ + 2) — (4pY — 1), and hence
4pY — 1. Then either p™ + 2 =4pY — 1, or 2(p™ + 2) < 4p” — 1. The former yields p¥ =3, p™ =32 and hence (p™, u,z) =
(9,11, 5), the latter implies p¥ > p™/2 + 5/4 and hence y =m + x for some 0 < x < 2m since z < 4m. Therefore u divides
(4p™ +8)p* — (8p*+1), and hence 8p*+ 1. Thus a(p™ +2) = 8p*+1 for some a > 1. If x <m, then (ap™ *—8)p*+2a—1=
0. Therefore ap™* < 8, and hence either a=1 and p™ *=3,5 or 7, or a=2 and p™* = 3 since p is odd. It is easy to
verify that no solutions arise in these cases since u is a prime. Thus x =m, and hence (8 —a)p™ =2a — 1 with 1 <a < 8.
Thus either a =3 and p™ =3, or a=7 and p™ = 13. However, the latter cannot occur since u = p™ + 2 and u is a prime,
hence (p™,u,z)=(3,5,4). O

Proposition 3.12. One of the following holds:

(1) Ce(V) < Gz

(2) Cc(V) =V x U, where U is a minimal normal subgroup of G of order u", with u prime and h > 1, satisfying the following
properties:
(@) uh =p™+2;

(b) The U-orbit decomposition of the point set of D is a G-invariant partition ¥’ = {A’], s A;m} such that ‘A’] =p™+2 for

each j =1, ..., p>™ and the following hold:

(i) Foreach B € B and A; € Y/, the size ‘B N A;. is either 0 or 2.

(ii) ’A,‘ N A;’ =1 foreach A; € T and A/j ey,

(iii) G-

L acts 2-transitively on A’ foreach A'; € ¥;

]

B A A,j / /

(iv) Ui = Soc(GA,)foreach Aj ey
j

Proof. Let C = C¢(V) and assume that C £ Gx). Then 1# CE < GE. Thus Soc(GF) < CE, as G¥ acts 2-transitively on X.
Therefore, C= acts transitively on X.

Assume that (CE)A1 # 1, where A € . Then V < Ca; as V < CNGx) by Proposition 3.8(3). So Ca, = CxV, and hence
Cx < Ga,) since V acts transitively on A1 and C = Cg(V). Therefore, Cx < G(x) by Lemma 3.6(1). So Ca, < G(x), and hence
(CT)a, =1, a contradiction.

Assume that (C¥)a, = 1. Thus C¥ acts regularly on %, and hence C* = Soc(G¥) since Soc(G¥) < CE. Therefore C/(C N
G(x)) = Soc(G¥), where |Soc(G¥)| = p™ + 2, with p™ + 2 # 0 (mod 4) since p™ >3 by Lemma 2.5. Thus Soc(G¥) is an
elementary abelian group of order u" for some prime u and some integer h > 1 since G* acts 2-transitively on X. Therefore
u" = p™ + 2 and hence u # p. Then C = X : U, where X =C N Gexy and U is an elementary abelian of order uh, by
[18, Theorem 6.2.1] since C/(C N G(x)) = Soc(G®) and since X is an elementary abelian p-group by Proposition 3.8(3). In

7
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particular U < GL(X). Then X = X1 ®--- @ Xy, with £ > 1, where the X;'’s, s =1, ..., £, are irreducible U-invariant subspaces
of X by [18, Theorem 3.3.1]. Moreover, for each s =1, ..., ¢ there is a subgroup of Us; of U of index at most u, fixing X;
pointwise by [18, Theorem 3.2.3] since U is elementary abelian.

Assume that V < X. Then there is X5, containing an element, say x, such that x ¢ V. If h > 1, let ¥ be an element of
Usy, ¥ # 1. Then ¢ centralizes V, (x) and hence V @ (x). Now V @ (x) acts on Ay, and since it contains p?m+1 elements,
there is an element o € V @ (x), o # 1, such that @ € G(a,) and o and ¥ commute. On the other hand U acts regularly
on ¥ since U =C/(CN Gy = Soc(G*) with €N G(xz) a p-group by Proposition 3.8(3). Hence, 1/ maps A onto A, for
some e > 1. So @ € Ga;) N G(a,) With @ # 1 since o and ¥ commute, but this contradicts Lemma 3.6(2). Thus h =1 and
hence U = Z,,. If U fixes an element in X \ V, we reach a contradiction by using the previous argument. Thus U does not
fix points in X\ V and hence u | p?™Y — p?™+t with 0 <t < y < 2m by Lemma 3.8(2),(3), since V < X. Then u | p¥~t — 1
with 0 < y —t < 2m, which is impossible for Lemma 3.11. Thus X =V, and hence C =V x U with U is elementary abelian
of order u" and u" = p™ + 2. Moreover U < G as C <G.

Let U* be a minimal normal subgroup of G contained in U. The set ¥’ of all point-U*-orbits is G-invariant partition
of the point set of D. If either ¥’ = ¥ or U* acts point-transitively on D, then ¢ or v is a power of u respectively.

However both these cases lead to a contradiction since ¢ = p?™, v = p2™(p™ +2) and u # p. Thus, ¥’ = {A/l A;Zm }

with ‘A’J =pm+2=ul for each j=1, ..., p?™, by Lemma 2.7. Hence U* = U and we obtain (2a). Moreover, for each B € B
A ’ A

and A; € Y/, the size ‘B n A} is either 0 or 2, GA,’ acts 2-transitively on A; and U%) = Soc(GA,J). Finally, |A; N A’j =1 for
j j

each Aj € ¥ and A;. € X'. Thus (2b.i)-(2b.iv) follow. O

The Diophantine equation in Proposition 3.12(2.a) is a special case of the Pillai Equation (e.g. see [47]). It has at most
one solution in positive integers (m, h) by [47, Theorem 6]. Moreover, p > 3 for h > 1, and (p™, u") = (52, 3%) for h > 1 and
m even by [47, Lemmas 2 and 4].

4. Reduction to the case Cg(V) < G(3)

In this section, we show that only (1) of Proposition 3.12 occurs. Hence, assume that Cg(V) =V x U, where U is a
minimal normal elementary abelian u-subgroup of G of order u", with u" = p™ + 2, satisfying properties (2b.i)-(2b.iv) of
Proposition 3.12.

Lemma4.1. Let A € T and A’ € ¥’ and let x be their intersection point. Then the following hold:

(1 G qctsfaithfully onA;
(2) G,(A is isomorphic to a quotient group of Gy.

Proof. Let A; € ¥ and A;. € ¥’ and let x;; be their (unique) intersection point. Since G(a) < G(x) by Lemma 3.6(1), it follows
that G(a) preserves each A;. On the other hand, G(a) preserves each A’ since these ones intersect A in a unique point and

%’ is a G-invariant partition of the point set of D. Thus G(a) fixes each x;j, and hence G(a) fixes D pointwise. Therefore
G(ay =1, which is (1). Finally, assertion (2) holds since Gary IGx. O

Lemma 4.2. The following hold:

(1) B (p™ + 1) divides |Gyl;
(2) 0(p™ +2)(p™ + 1) divides |G|

Proof. Let A € ¥ and A’ € ¥’ and let x be their intersection point. The replication number r = %(pm + 1) of D; divides
|G«| since Dj is a flag-transitive 2-(p™, p™, %) design, hence (1) holds.

Since G4, acts 2-transitively on A’ and U~ = Soc(G4,) with U2’ elementary abelian of order p™ + 2, by Proposi-
tion 3.12(2a), (2.b.iii) and (2.b.iv), it follows that (p™ + 2)(p™ + 1) divides ‘GA: ‘

Let B be any block of D such that x € B. Then BN A’ = {x, y} for some y # x by Proposition 3.12(2.b.i). Let ¥ € Gx pna N
G(an- Then BYNA=BNA, and y € BY since BN A" ={x, y}. Thus (BNA)U{y} SBYNB withy¢ BNA,as ye A', y #x,
and A N A’ = {x}. Therefore }BV ﬂB| >+ 1, and hence BY = B. So y € Gy, as XV =x. Thus Gx gna N Ga’y < Gx 3, and

hence @ divides ‘(GX,BM) since |Gx gna : Gx,g| =6 by Corollary 2.2. So, 6 divides ‘GA: ‘ Hence, 6(p™+2)(p™ +1) | ‘Gﬁ:

’

A/
~
which is (2), since 8 | p™ and (p™ + 2)(p™ + 1) divides ‘Gﬁ: .

O

Theorem 4.3. Cg (V) < G(x).
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Proof. Let A; € ¥ and A’ € ¥’ and let x; be their intersection point. Recall that D; is isomorphic to one of the 2-designs
listed in Theorem 3.4. Since p™ + 2 = u" with u prime by Proposition 3.12(2.a) and p™ >3 by Lemma 2.5, it follows that
p > 2. Thus, cases (2.a.ii) and (2.c.iv)-(2.c.vii) of Theorem 3.4 are ruled out.

Assume that h > 1. If D; is as in case (2.c.i) of Theorem 3.4, then (p™, u") = (52, 3%) or (112, 53) by [47, Lemma 4] since
m is even. Further, either SL3(u) < GX <T'L3(u), or GX < T'Ly(u) by [25] since G¥ is an affine group acting 2-transitively
on X by Propositions 3.2 and 3.12. However, no cases occur by Corollary 3.10. Case (2.c.iii) of Theorem 3.4 is ruled out
similarly.

Assume that case (2.c.ii) of Theorem 3.4 occurs. Then p>™/2 + 2 = uy" with p odd and m even, and hence u is odd and
u+#£5,7,11,23,29,59 for h =2 and u + 34, 3%. Then either Gi contains one of the groups SL;(u) or Spy(u) as a normal
subgroup, or GE < TLiw?) by [25] since G* is an affine group acting 2-transitively on . Again, we reach a contradiction
by Corollary 3.10 since p3™/2 + 1 divides the order of G¥.

Assume that h = 1. Hence, Gﬁi = AGL1(u) by Proposition 3.12(2.b.iii). Then § =1 by Lemma 4.2(2), and hence
(2.a.iii)-(2.a.iv) and in (2.c.v) of Theorem 3.4 are ruled out. Therefore, bearing in mind Lemma 4.1(1), one of the follow-
ing holds:

(i). Di is a 2-(p%™, p™, p™ %) design, p > 2 and p™ # 32,33, 9 = p* with 0 < s <m, and the blocks are subspaces of
AGym(p) and Gy, < TL1(p®™).
(ii). Dj is a 2-(p*™, p?™, p*™) design, 6 =1 and Sp4(p™) < Gy, < T'Spa(p™)

Assume that (i) occurs. Then p™~* divides the order of Gy, by Lemma 4.2(1). On the other hand, p° divides the order
of GXAI_’, and hence |Gy, | by Lemmas 4.1(2) and 4.2(2). Therefore p® divides the order of Gy, and hence |T'L;(p?™)|, where
a=max{s,m — s} >m/2. So p™/? <m, which is a contradiction since p is odd.

Assume that (ii) occurs. Then Gi = GLy(u), with u=p™ + 2 is isomorphic to a quotient group of Gy, with Sp4(p™) <
Gx; <TSpa(p™). Hence p™ + 2| (p™ — 1)m, which is not the case since p is odd. Thus (2) of Proposition 3.12 is ruled out,
and hence the assertion follows. O

5. Proof of Theorem 3.1

In this section, we complete the proof of Theorem 3.1. In the sequel, Cc(V) and G/Cs(V) will simply be denoted by C
and H, respectively.

Proposition 5.1. H is an irreducible subgroup of GLym+¢(p) with 0 <t < 2m.

Proof. Since V is a minimal normal elementary abelian subgroup of G of order p2™*+ with 0 < t < 2m by Proposition 3.8(2),
the assertion follows. O

For each divisor n of 2m +t the group I'L,(p®™*9/m) has a natural irreducible action on V. By Proposition 5.1 we may
choose n to be minimal such that H < I'L,(p@™*t9/") in this action and write q = p@m+d/n,

Let a, e be integers. A divisor w of a® — 1 that is coprime to each a’ — 1 for 1 <i < e is said to be a primitive divisor,
and we call the largest primitive divisor ®}(a) of a® — 1 the primitive part of a® — 1. One should note that ®}(a) is strongly
related to cyclotomy in that it is equal to the quotient of the cyclotomic number ®.(a) and (e, ®.(a)) when e > 2. Also,
®y(a) >1fora>2,e>2and (a,e)# (2,6) by Zsigmondy's Theorem (for instance, see [43, P1.7]).

Since G¥ is a 2-transitive group by Proposition 3.2, either G* is of affine type or an almost simple group. We analyze
the two cases separately.

5.1. G* is of affine type

In this subsection, we assume that G* is of affine type. Hence, Soc(G*) is an elementary abelian u-group for some
prime u. Let u” be the order of Soc(G%), then u" = p™ + 2 since |=| = p™ + 2. In the sequel, U will denote the pre-image
of Soc(G¥) in G.
Lemma 5.2. The following hold:
(1) A quotient group of H has a 2-transitive permutation representation of degree p™ + 2.

(2) (™ + 1) (p™ +2) | |H|. In particular, ®5_ (p) | |H|.
(3) Either @3 (p) > 1, or (p™, uMy=(3,5) 0or (7,9).

Proof. Since C < G(x) by Theorem 4.3 and GZ acts 2-transitively on = by Proposition 3.2, a quotient group of H is isomor-
phic to G*. Thus, (1) and (2) follow.
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Suppose that ®3_(p) =1, then either m =1 and ¢ is a Mersenne prime, or (p,m) = (2,3) by [43, P17]. The latter
is ruled out since p™ + 2 =10 in this case, the former yields u" = p™ + 2 =2Y + 1, for some prime y > 0. Then either
(p™ u", y)=(7,9,3), or h=1 by [43, B1.1]. If h =1 then u is a Fermat prime, hence y =2 since y is a prime, and we
obtain (u", y) = (5, 2). Therefore, either (p™, u") = (3,5) or (p™,u")=(7,9). O

From now on, we assume that ®3_(p) > 1. The cases (p™, uhy=(3,5), (7,9) are tackled at the end of this subsection.
Lemma5.3.n > 1.

Proof. Suppose that n = 1. Then H <T'L{(q), and hence (p" 4 2)®3 _(p) | (p¥™tt — 1) - 2m +t). Then 2m | 2m +t by [27,
Proposition 5.2.15(i)], and hence either t =0 or t = 2m since 0 <t < 2m. If t =0, then p™ + 2 | (p>™ — 1) - 2m, and hence
p™ + 2 | 3m, which is impossible since p™ > 3 by our assumption. Thus ¢ = 2m, and hence (p™ + 2) | (p*™ — 1) - 4m. So
p™+21]15m, and hence p™ =3, but this contradicts our assumption. O

Proposition 5.4. Let H* = H N GLy(q), then @;m(p)Wm | [H*|.

@ () (p"+2)
(@3, (p)(p™+2),2m+t)/n
primitive prime divisor w of p?™ — 1 dividing (2m +t)/n. So w | 2m +t. On the other hand, w = 2ma + 1 for some a > 1 by
[27, Proposition 5.2.15(ii)]. Hence (2ma+ 1)s =2m+-t for some s > 1 and hence t =s=a=1.So w=n=2m+1 and q=p,
whereas w | (2m+-1)/n, a contradiction. Thus (&3, (p), (2m+t)/n)) =1, and the assertion follows since (®3, (p), p™ +2) =
1. O

Proof. By Lemma 5.2(2), one has

; | |[H*|. Assume that (®3. (p), (2m + t)/n)) > 1. Then there is a

Proposition 5.5. n = 4m, ¢ = p and one of the following holds:

(1) H < GLym(p) Z, and H preserves a sum decomposition V = V1 @ V, with dim V{ =dim V, = 2m.
(2) H<GLy(p) o GLym(p), m > 1, and H preserves a tensor decomposition V = V1 ® V5 with dim V{ = 2 and dim V, = 2m.

Proof. Assume that Y < H, where Y is isomorphic to one of the groups SL,(q), Spa(q) for n even, SU,(q'/?) for q square,
or Qf(q) with ¢ == for n even, and ¢ = o for nq odd by [3, Theorem 3.1]. Then H < (Z o Y).0ut(Y), where Z = Z(GLn(q))
and Y =Y/(Y N Z), and hence [H/Y|| (g —1)|Out(Y)|.

Let X be the pre-image of Y in G. Then X < G, and hence X* < GZ. Either X* =1 or U* < X* since G¥ acts 2-
transitively on ¥ and since U* = Soc(G¥). The latter implies that U is isomorphic to a normal subgroup of X/(X N G),
with C < XN G(x) by Theorem 4.3. So X/(X N G(x)) is a quotient group of the classical group Y and contains a normal
elementary abelian group of order u”. Then C < X N G(xy < W, where W is the pre-image of Z(Y) in G, and hence the
normal elementary abelian subgroup of order uh of X/(X N Gx)) is contained in W /(X N G(x)). Thus, u divides |Z(Y)]
and hence g — 1, which is impossible since u" =¢™ +2 > 5 by Lemma 5.2. Therefore X* =1, and hence X < G(x). Thus,
Y < G(x)/C by Theorem 4.3. On the other hand, we have G H/(G(x)/C), where H/(Gx)/C) is a quotient group of H/Y.
Thus |G*| divides the order of H/Y, and hence |G*||(q— 1) |Out(Y)].

Note that, |Out(Y)| | 4-n - u(2m+ t)/n, where p =2 or 3 according to whether X is isomorphic or not to 7 (q),
respectively. Then

2m

5P (P"+2) |1 (pF —1) @m+0) (5:1)

since @3 (p)(p™ + 2) divides the order GZ by Proposition 3.2 and @3 (p) and p are odd. Let w be a primitive prime

divisor of p™ + 1. If w | pzmn+r —1, then 2m | % by [27, Proposition 5.2.15(i)], and hence n =2 and t = 2m since t < 2m
and n > 1 by Lemma 5.3. Thus 4 =2 and p™ +2 | m (p'” — 1), and hence p™ + 2 | 3m since p is odd, which is impossible
by p™ > 3. Thus, w | u 2m +t).

If w=2, then w|2m+t. If w =3 then n =28, and hence m > 2 since n | 2m+t with t < 2m. Moreover, w =1 (mod 2m)
by [27, Proposition 5.2.15(ii)], and hence w # 3. Thus, w | 2m 4t also in this case. Again from [27, Proposition 5.2.15(ii)], it
results that w =2m + 1 and t = 1. Moreover, n =2m + 1, and hence q¢ = p since n|2m + 1 with 2m + 1 prime and n > 1
by Lemma 5.3. Then ®3_(p)(p™ +2) | (p — 1)un by (5.1) with n dividing @3 _(p), hence p™ 4 2| 3u, which is impossible
since p is odd and p™ # 7 by our assumption. Thus Y # H, and hence H lies either in a member of C;(I') for some i such
that 1 <i <7, oris a member of S(I'), where I" denotes I'L;(q), by the Aschbacher’s Theorem (see [27]).

Assume that H lies in S(I'). Then S <H/(H N Z) < Aut(S), where S is a non-abelian simple group and Z is the center
of GL,(q). Then the pre-image N of S in H is absolutely irreducible and is not a classical group over a subfield of GF(q) in
its natural representation. Let M and Q be the pre-images in G of N and of Z(N), respectively. Since M, U < G, we may use
the above argument with M, Q, N and Z(N) in the role of X, W, Y and Z, respectively, to obtain that either a quotient of
Z(N) contains a normal elementary subgroup of order u", or M < Gz and \GE\ | (@ —1)|0ut(S)|. The former implies that

10
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there is a subgroup of the Schur multiplier of S containing a normal elementary subgroup of order u”". Then h =1 by [27,
Theorem 5.1.4]. Let ¥ be an element of Z(N) of order u. Then v does not fix non-zero vectors of V, and so u | p>™+t —1,
with 0 < 2m +t < 4m. Thus, p™ =9 by Lemma 3.11 since p™ > 3 by our assumption, and hence u = 11 divides |Z(N)|
and n < 4m = 8. Also, H is an irreducible subgroup of I'L,(3“*t0/") of order divisible by 55 by Lemma 5.2(2). Then either
t=1,n=5,qg=3 and H= N with N is isomorphic to PSLy(11) or Myj,ort=2,n=6,q=3 and H=N = Z,.M1; by [6,
Tables 8.2, 8.4, 8.9, 8.19. 8.25, 8.36 and 8.43]. However, 11 does not divide the order Z(N) in any of these groups, and hence
they are ruled out. Thus M < G(x. Moreover, 1 # MAiq Gii for each Aj e ¥ since C <M, MN G < Q for each A; e X
and M/Q = N/Z(N) = S with S non-abelian simple. Hence, M%i = T : (M2i)o and a quotient group of M?i is non-abelian
simple.
Since M2i is non-solvable and p™ + 2 = u® with u prime and p™ > 3, one of the following holds by Theorem 3.4:

SLy(p™) < (M2)o < TLy(p™);
SU3(p™3) A (M21)o < (Zymss_1 x SU3(D™?)).Zom/3, m=0 (mod 3);
Spa(p™?) < (MA1)g < T'Spa(p™?), m even;

)
)
)
) (M21)g < (Qg o Dg).Ss and p™ =9.

(1
(2
3
(4
Note that, in the previous list some automorphism groups of non-isomorphic 2-designs listed in Theorem 3.4 are brought
together. Indeed, the group in (2.c.i) of Theorem 3.4 is a subgroup of I'L,(p™) as well as that is (2.c.i) for p™ =9 is a
subgroup of the full translation complement of the Hall plane of order 9, which is (Qg o Dg).S5 by [33, Theorem I1.8.3].
Either S = PSLy(p™), or S = PSU3(p™?3) or S = PSpa(p™?), or S = PSL,y(5) for p™ =9 since M2 = M/(M N G(a,),
MNG,)<Q and M/Q =N/Z(N) =S with S non-abelian simple. However, both cases are ruled out since they violate
|GZ| | (g — 1) |Out(S)], being |G| divisible by p™ + 2 with p™ > 3. Thus, H lies in a member of C;(T") for some i such that
1<ig<7.

The group H does not lie in a member of C1(I") since H is irreducible subgroup of I'" by Proposition 5.1 and subsequent
remark, and does not lie in a member of C3(I") by the definition of q. Also, H does not lie in a member of C5(I"). Indeed, if
not so, then n < 4m since ¢ = p for n =4m. Then H* lies in a member of C5(GL,(q)), but this is impossible by [3, Theorem
3.1] since ®3_ (p) | [H*| by Proposition 5.4. Assume that H lies in a member of C,(I"). Then H stabilizes a decomposition of
V=Vi® - -®Vy withng>1and dimV; =-.-=dimV,, =mg > 1. Thus n =mong, and hence H* < GLp,(q) 2 Sn,-

If n < 4m, then mg =1, ng =n, g = p, and either p™ =32 and n <7, or p™ =33, 53, and n < 11 by [3, Theorem 3.1] since
@3 (p) | |[H*| and p is odd. Then u = 11,29 or 127, respectively. Since u does not divide the order of the corresponding
GL1(q) 2 Sy, then u does not divide the order of H*, whereas u must divide it by Proposition 5.4. Indeed, in each of these
cases (u, (2m+t)/n) =1 since u a prime such that u > 4m > (2m +t)/n. Hence, these cases are ruled out.

If n=4m, then g =p and hence H = H* < GLp,(p)? Sp,. Let w be a prime divisor of p?™ —1. Then w divides either the
order of GLy,,(p) or that of Sy,. The former yields 2m << mg by [27, Proposition 5.2.15(i)]. Therefore (2m)ng < mong =n=
4m, and hence ng =2 and mgy = 2m since ng > 1.

The case where w divides the order of Sy, yields w =2m + 1 since w =1 (mod 2m) by [27, Proposition 5.2.15(ii)]
since ng < 4m. Actually, ng = 4m and mg =1 since ng | 4m and ng > w =2m + 1 > 2. Note that, ng =2 and mg = 2m
is clearly not compatible with ng =4m and mg = 1. Hence, in the latter case, ®3. (p) = 2m + 1)° for some s > 1 is a
divisor of ng!. Then s < =1 < 4m/2m = 2 by [14, Exercise 2.6.8], and hence @3, (p) =2m + 1. Thus p™ = 32,33, 5% by [3,
Lemma 6.1.(i)], and hence p™ + 2 = 11, 29, 127, respectively. Then p™ + 2 does not divide the order of the corresponding
H since H < GL1(p)  Sam, and hence these cases are ruled out by Lemma 5.2(2). Therefore ng =2 and mgy = 2m, hence
H < GLym(p) ¢ Sy preserves a decomposition V = V1 @ V5, which is (1).

Assume that H lies in a member of C4(I"). Then H preserves a tensor decomposition V =V ® V,, with dimV; =n;
and 1 <ny < ny. Therefore, H* < GLy, (q) o GLy,(q). No cases arise for n < 4m by [3, Theorem 3.1] since ®3_(p) | |H*|. Thus
n=4m and q = p, hence H=H* < GLy(p) o GLyx(p), and we obtain (2).

Assume that H lies in a member of Cg(I"). Then H lies in the normalizer in 'L, (q) of an absolutely irreducible symplectic
type s-group R, with s p. Hence n =sY for some y > 1 by [27, Definition (c) at p. 150.]

If n < 4m, then (q,n) = (3, 4) or (3, 8) by [3, Theorem 3.1] since ®3_(p) | |H*| and uh = ¢"/2 4+ 2 with q odd. Thus, h = 1.
Moreover, n =2m +t since q = p, and therefore (m,t) = (2, 2) for (q,n) = (3,4), and (m,t) = (3,2), (4,0) for (g,n) =(3,8)
since n < 4m. A similar argument to that of the S-case yields u | 32"+~ — 1 with 0 < 2m +t — f < 4m, where 3/ is the
number of fixed points of an element of order u of H. Either m=1and 2+t— f=4,orm=2and 4+t— f =5 by
Lemma 3.11, whereas m = 2 or 3, 4, respectively. Thus, H does not lie in a member of Cg(I") for n < 4m.

If n=4m, then q=p and hence s =2 and y >2 as n =sY. Therefore, m = 2Y~2, Let w be a primitive prime divisor of
p?™ — 1. Then w =2Y"1j+1=2mj+ 1 for some j>1 by [27, Proposition 5.2.15(ii)]. On the other hand, w divides the
order of H, where H/(H N Z) is a subgroup of one of the groups given in [27, Table 4.6.A] for s =2, and Z is the center of
GLam (p). It follows that w divides the order of Spy(2), and hence it divides either 2 —1 or 21 +1 for some 1 <i< y. Then
either w=2Y"14+1=2m+1 or w=2Y +1=2(2m) + 1, respectively, and hence @3 (p) is either 2m + 1 or 2(2m) + 1,
or 2m+ 1) (2(2m) + 1). Then p™ = 32,33 53,39 or 173 by [3, Lemma 6.1] since g = p and p is odd. Actually, p™ #3°,17°
since they do not fulfill u" = p™ + 2, whereas h =1 in the remaining cases. Then u | p*™~f — 1, and arguing as above we

11
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obtain p™ =32, u=11and f =3 and n=8. Since q = p = 3, it follows that Z(R) = Z3, R = Dg o Qg, and hence n =2 by
[27, Definition (c) and Table 4.6.B at p. 150]. However, it is ruled out since it contradicts n = 8.

Assume that H lies in a member of C7(I'). Then H stabilizes a decomposition of V =V; ® --- ® Vy, with dimV; =
-+ =dim Vy,, = mo. Hence, n = mgo with mo > 1 and ng > 2, and H* < (GLiyy(p) o -+ © GLg(p)).Sny. If mg < 3, then H
lies in a member of Cg(I") (see remark before Proposition 4.7.3 in [27]), which is not the case. Hence, mg > 3. No cases
arise for n < 4m by [3, Theorem 3.1] since @3 _(p) | |H*| by Proposition 5.4. Thus n =4m and q = p, and hence H = H*. A
prime divisor w of p?™ — 1 divides either the order of GLiy(p) or that of Sy,. Since w =1 (mod 2m) by [27, Proposition
5.2.15(ii)], the latter implies ng > 2m + 1, and hence 32™+1 mém'H < 4m, a contradiction. Thus, w divides the order of
GLy,(p). Then 2m < ng by [27, Proposition 5.2.15(i)], and hence (2m)™ < mgo =n=4m. So ng =mp = 2, and we reach a
contradiction as mg > 3. This completes the proof. O

Lemma 5.6. The following hold in case (1) of Proposition 5.5:

(1) Hxl: acts irreducibly onVjforj=1,2;
(2) @4, (p) s || HY)

3) Hx contains a normal subgroup Q ; of order divisible by @ ,,.+2 5 and such that ®3_ (p) | ‘H&j : Qj‘forjz 1,2.

Proof. The length of V(A) is p™ + 2 since G acts transitively on ¥ and V < G. Then the length of V(A) is p™ + 2 since

C =C¢(V). Let w be a primitive prime divisor of p?™ — 1, and since GA acts flag-transitively on Dj, let W; be a Sylow
w-subgroup of G preserving A;. Then W; normalizes V (4;). Moreover, W; acts faithfully on V inducing a Sylow w-subgroup
of H since C is a p-group by Proposition 3.8(3) and Theorem 4.3.

Assume that (W;)v,) # 1. Then (W;)(v,) acts irreducibly on V5. If it is not so, there is { € (W;)(v,), ¢ # 1, fixing V>
pointwise since dim V, =2m and ¢ is a w-element with w a primitive prime divisor of p>™ — 1. Then ¢ € C, and hence ¢
is a p-element since C is a p-group, whereas ¢ is a non-trivial w-element with w # p. Clearly, (W;)(v,) preserves (x1) ® V>
for each x; € Vq, x1 # 0. Since dim(x1) ® Vo =2m + 1 and dim V(s;) = 2m, it follows that Vs, N ({(x1) @ V2) # 0. Let
n e GF(p) and xp € V such that pux1 +x2 € V(a,) N ({x1) ® V). If xo # 0, there is a non-trivial o € (W;)(y,) such that
X5 # xp. Then ux1 +x5 € V) N ((x1) & V2) since (W;)(v,), and hence «, preserves V(a,) N ({(x1) @ V). Hence, x5 —x; is a
non-zero element of V(a;) N V3 since x2 — X2 = (Uxq +xa) (ux1 + x2) and x2 # X3. Thus V() = V3 since (W;)(v,) acts
irreducibly on V, and preserves V(a;). So, p™ 4 2 = 2 since the length of V(A) is p™ +2 and H switches V¢ and V5, and

we reach a contradiction. Thus x, =0, i # 0 and ux; € V(a,) NV1. Then V(4;) = V1, and hence ‘V("’Ai)‘ =p™+2 =2, which
is a contradiction. Thus, W; acts faithfully and irreducibly on V. Similarly, we prove that W; acts faithfully and irreducibly
on V. Thus, H&j acts irreducibly on V, which is (1), and ®3_ (p) | ‘H&j‘

Recall that U is the pre-image of Soc(GZ). Let S be a Sylow u-subgroup of U, where u" = p™ +2. Then S acts faithfully
on V inducing a Sylow u-subgroup of H since C is a p-group. Assume that S(y,) # 1. Since (p™ + 2, p¥m —1)| 3, there is a
subgroup of Y of S(y,) such that [Sqy,):Y . Then Y fixes V1 ® (z2) pointwise.
Since V(a) N (V1 @ (22)) #0 for each i =1, ..., p™, there is an element of v; € V(4,), vi #0, fixed by Y foreachi=1, ..., p™.

Assume that Y f_ G(x). Then there are n €Y and ip € {1, vy P +2} such that [vio, n] =1 and Ai’g # Ajy. Then v;; €
V(Aio) N V(Aino) with v; # 0, whereas V( 10) N V(A,,O) =0 by Lemma 3.6(2) since AZ) # Aj,. Thus Y < G(x), and hence
}5(\/1) Swp N G(E)’ < (3, u). Similarly, we have |S(V2) Sy N G(E)‘ < (3,u). Then

S| N S| _uE 2
ISwvpyl ~ B [Swy NG|~ Baw[SNGr| Guw  (p"+2,3)

s/ =

since U = G(x)S. Then since

W | [SVi] since u" = p™ + 2 and SYJ is a u-group, and hence @3, (p) Fro5ss (pm+2 5 | }H

we have already proven that @3 (p) | ‘H ‘ Therefore, we get (2). Moreover SVi < Q; < HVJ, where Q; = (U/C)"J, since
C < G(x) < U by Theorem 4.3. Hence, the order of Q] is divisible by (pm+2 5 Also, since G* acts 2- -transitively on X, it
follows that @3 _(p) divides |G2 : Sm(D) divides |H : U/C|, since C JU and C is a p-group,
and hence ‘H“fj : Qj‘ for each j=1,2, whichis (3). O

Lemma 5.7. The following hold in case (2) of Proposition 5.5:

(1) HV2 acts irreducibly on Vy;

(2) 3, (P) sy | |HY2;

12
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(3) H"2 contains a normal subgroup Q» of order divisible by ﬁ% and such that ®%_(p) | |[H2 : Qa|.

Proof. Set M = GLy(p) o GLym(p). Let w be primitive prime divisor of p®™ — 1 and let W be a Sylow w-subgroup of H.
Then WY1 < HY1, and hence WY1 =1 since m > 1 by Proposition 5.5(2). Therefore, W2 = W since V = V; ® V, and
W NZ(M) =1, being Z(M) < Zp—1. Thus H"2 acts irreducibly on V5, which is (1), and ®3_(p) | |H"2|.

Let S be a Sylow u-subgroup of U, where U = Soc(G*). Then S acts faithfully on V inducing a Sylow u-subgroup of
H with u" = p™ + 2 and p odd since C is a p-group by Proposition 3.8(3) and Theorem 4.3. Note that, SV1 is a subgroup
of GLz(p) of order at most 9 since (p™ + 2, (p — 1)%) | 9. Hence S=Sw, or |S:Sw,| <9 according to Whether 3 does

since S,y N S(v,) < Z(M) < Zp—_1. Then |sV2|

S|
m Wz |

since u" = p™ +2 and S2 is a u-group, hence @3 (p)(pm+2 3 | |H"2], which is (2).

Since C <4 G(xy < U by Theorem 4.3, let Q; = (U/C)V2. Then the order of Q; is divisible by (J’rﬁ—%) since $V2 < Q, <
H"2. Now, a similar argument to that used in the proof of Lemma 5.6(3) can be applied here to obtain that @3, (p) divides
|HY2 : Qa]. Thus, we get (3). O

Remark 5.8. In view of Lemmas 5.6 and 5.7, there is a quotient group X of a subgroup of H in (1) and in (2) of Proposi-
tion 5.5 with the following properties:

(1) X is an irreducible subgroup of GL(V>) of order divisible by @7 (p) (pmﬂ 3);
(2) X contains a normal subgroup Q of order divisible by % and such that ®3_(p) | |X: Q[
(3) p™+2 =uh, where u is a prime and h > 1

We are going to show that a quotient group of H with such constraints does not exist. We derive from this fact that
@3 (p) =1, hence (p™, u"y=(3,5),(7,9) by Lemma 5.2(3).

For each divisor £ of 2m the group 'L, (p?™/%) has a natural irreducible action on V3. By Proposition 5.1 we may choose
£ to be minimal such that X < T'L¢(p?™/¢) in this action and write a = p2™/¢,

Lemma 5.9. The following hold

(1) £>1;
) Q £ Z(GLe()).

Proof. Suppose that £ =1. Then X < I‘Ll(a). and hence @3 (p) mmrs gy (pm+2 35 | (p>™ —1) - (2m). Then we obtain (1) by proceeding

as in Lemma 5.3 (for t = 0) with in the role of p™ + 2 and bearing in mind that p™ # 7.

p’”+2 3)
Suppose the contrary. Then (p"'T-II—Z 3 | p?m/t _ 1, and hence p™ +219. So, (p™, u") = (7,9) since p™ > 3 by Lemma 2.5,
but this case is ruled out since it contradicts the assumption ®3_(p) > 1. Thus, we obtain (2). O

Let X* = X N GL¢(a). Then @3 (p) divides the order of X* since (@3 (p),£) =1 by [27, Proposition 5.2.15.(ii)], being
£ | 2m. Then one of the following holds by [3, Theorem 3.1] and by the minimality of £:

(i). X* contains a normal subgroup Y isomorphic either to group SL,(a) with £ > 2, or to Spe(a), or to , (a) with £ even
and £>2, or to SU¢(a'/?) < X with a square, ¢ odd and ¢ > 3.
(ii). X* < (Dgo Qg).S5 and (¢,a) = (4,3).
(iii). X* is nearly simple, that is, S < X*/ (X* N Z) < Aut(S), where Z is the center of GL;(a) and S is a non-abelian simple
group. Moreover, if Y is the pre-image of S in X*, then Y is absolutely irreducible on V and Y is not a classical group
defined over a subfield of GF(a) in its natural representation.

Theorem 5.10. (p™, u") = (3, 5), (7, 9).

Proof. Assume that (i) occurs. Then X < (Z o X*).0ut(X*) with X* = X*/(X* N Z), where Z = Z(GL¢(a)). It follows that
X*<Q by Lemma 5.9(2) since Q < X. Then ®3_(p) | (@ —1)|0ut(X*)|, since ®3_(p)||X: Q| by Remark 5.8(3), and hence
@3 (p) | (p*™¢ — 1)2m. However, this impossible by [27, Proposition 5.2.15] since € > 1 by Lemma 5.9(1).

Case (ii) is ruled out since a‘/2 +2 =11 does not divide the order of X

Assume that case (iii) occurs. Suppose that S = Ag, s > 5 and that V; is the fully deleted permutation module for As.
Then a = p, n =2m, A; < X* < Sg x Z, where Z is the center of GLyy(p), and either s =2m + 1 or s =2m + 2 according

13
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Table 1
Admissible S and corresponding
0.
S ¢ a o
PSLy(7) 6 3 29
6 5 127
3 9 29
3 52 127
PSL,(13) 6 3 29
PSL3(2%) 6 3 29
PSU3(3) 6 5 127

to whether p does not divide or does divide s, respectively, by [27, Lemma 5.3.4]. Moreover, p™ = 32, 33, 53 by [3, Theorem
3.1] since p is odd, and hence p™ + 2 = 11, 29, 127 respectively. However, such values of p™ + 2 do not divide |X|, and
hence they are ruled out (see Remark 5.8).

Assume that S = Ag, s > 5 and V5 is not the fully deleted permutation module for As. Then (¢,a) = (4,7), Z;.A7 <H <
Z5.57 x Z3 and V, = V4(7) by [3, Theorem 3.1] since p is odd. However, it is ruled out since 72 4+ 2 does not divide the
order of X.

Assume that S is sporadic. Then S = J, and (¢, a) = (6,5) by [3, Theorem 3.1], since p is odd. However, a*/% + 2 =127
does not divide the order of X, and hence this case is excluded.

Assume that S is a Lie type simple group in characteristic p’. Then S is given in [3, Theorem 3.1] and recorded in Table 1.
Since % |1X| and since S <1 X*/ (X* N Z) < Aut(S), it follows that

at’? +2
at/2 4+2,3(a—1)|Aut(S)|)

1

must divide the order of S. However, the order of S is divisible by the corresponding ¢ in none of the cases listed in Table 1.
Hence, all the groups in Table 1 are excluded.

Assume that S is a Lie type simple group in characteristic p. Then p =2 by [3, Theorem 3.1], whereas p must be odd,
and hence no cases arise. Thus @3 (p) =1, and hence (p™, uMy=(3,5), (7,9) by Lemma 5.2(3). O

Theorem 5.11. If G is of affine type, then D is isomorphic to the 2-(45, 12, 3) design as in [40, Construction 4.2].

Proof. It follows from Theorem 5.10 that (p™, ul") = (3,5) or (7,9), and in the former case the assertion follows by [40,
Corollary 4.2]. Hence, in order to complete the proof we need to rule out (p™, u") = (7,9). We are going to prove this in a
series of steps.

(1). Let Aj € T and x; € A;. Then G= = AGL1(9), Gy’ = Z3; x Z1s and Gy, = Z3; x Z, where j=0, 1.

Gi & 7g, Qg, SD16, SL2(3), GL2(3) by [25, Section 2, (B)] since GZ is an affine group acting 2-transitively on ¥ by
Proposition 3.2. On the other hand, since D; = AG2(7) by Theorem 3.4 and m = 1, it follows from [15, Theorem 1’
and Table II] that either SLy(7) < GXA]." < GLy(7), or GxAl." < T'L1(7%), or GXA]." = S15(3).Z,. Moreover, if GXAX." < TL1(7%),
it is not difficult to see that GXAI." = Z3j X Z16, Z3j x Qi6,Z3j x SD3p, with j=0,1. Using (3.1) in Corollary 3.10 with
Gii = 73, Qs, SD16, SL2(3), GLy(3), we see that the unique possibilities are Gi & Zg and either GXAI." & Z16 and G(AE"),X]_ 7,

or G’ = Zag and G(2)g' = Zg. Thus G* = AGL1(9), Gy’ = Z3; x Z15 and G(AE,-M_ = 7, x Zp with j=0, 1.

(2). Gaj) <Ep2:(Z35 x Zy) foreachi=1,...,9.

Since Ga;) < Gexy and Ga,) N Ga,) =1 for each s e {1,...,9}, s #1i, by Lemma 3.6(2), it follows that G4;) is isomorphic
to a normal subgroup of G(Azs). On the other hand, G(AES) = Ep :Z3j x Zp with j=0,1 since G(xy = G(x),x, V by Proposi-

tion 3.8(1)(3) and Gy, , = Z3; x Zy with j=0,1 by (1). Thus, G(a;) < E72 : Z3; X Za.
(3). G is solvable.

It follows from (2) that Ga;) is solvable. Thus G(x) x; is solvable since GH

(%)% = £3i X Z2 by (1), and hence G(x) is solvable
since G(x) = G(x).x V. Therefore, G is solvable since GT = AGL1(9).

(4). H is a solvable irreducible subgroup of GL4(7).

14



A. Montinaro Discrete Mathematics 347 (2024) 114070

Recall that H is an irreducible subgroup of GL,:(7) with t <2 by Proposition 5.1, and let R be the pre-image of H N
SLy++(7) in G. Then R <1 G. Therefore R* <1 G¥, and hence either R* =1, or Eg < R* since G* = AGL{(9). The former
implies R < G(x) and hence 9| |G/R|. Then 9 divides the index of SLy{¢(7) in GLo4¢(7) since G/R = H/(H N SLy4¢(7)),
which is a contradiction. Thus Eg9 < R*, and hence a quotient group of HNSLy¢(7) contains a normal subgroup isomorphic
to Eg since C is a 7-group by Proposition 3.8(2) and Theorem 4.3.

Let M be the pre-image of H N Z(GLy¢(7)) in G. Clearly, M <1 G. Therefore M* <1 G*, and hence either M* =1, or
9 | |M*| since G* = AGL1(9). The latter implies 9 | [M/C| since C is a 7-group, whereas M/C = H N Z(GLy4+(V)) < Zs.
Thus M =1, and hence M < G(x).

Set A= (HNSLy1+(7))/(HN Z(SLy4¢(7))), then A is isomorphic to a solvable subgroup of PSL;,:(7). Moreover, a quo-
tient group of A contains Eg as a normal subgroup since A= R/M, Eg <R” and M < G(x). Thus, t #0.

Assume that t = 1. Since Zi6 < GXAI.", then H contains 2-elements of order at least 16, and hence A contains elements of
order at least 8. Hence, A is isomorphic to a solvable subgroup of PSL3(7) of order divisible by 72. Then A= Eg: Qg by [9],
whereas A contains elements of order at least 8. Thus ¢t # 1, and hence the claim follows from (3) and from Proposition 5.1.

(5). G=C:(Q : J),where |Q|=3*",with0< j<1,and | = Z6.

Let S be a Sylow 7-subgroup of G containing C. Since G¥ = AGL;(9), it follows that S < Gx). Since Gﬁ: =Ep:(Z35 x
Z16) and Ga;) < E72 1 (Z3; x Z3) by (1) and (2), it follows that |S| < 7. On the other hand, 74 < |C| < |S| by (4) and
Proposition 3.8(3). Hence, S = C <1 G. Moreover, |H| = 24t¢ .32t/ where e <1 and j < f <2, again by (1) and (2). Then
G =C: K, where K is a group of order 24+¢ .32+ by [18, Theorem 6.2.1(i)].

Since K* = AGL1(9), it results |K(x)| =2'*¢ -3/ with e <1 and j < f <2. Let S be a Sylow w-subgroup of Kz, with
w e {2,3}. If either e=1 or f =2, assume that w is 2 or 3, respectively. Then Z,, < S(a;) for each i € {1, ...,9} since
IS| = w? and G<Azi),xi = Z3j x Zp, with j=0,1, for each i € {1, ...,9} by (1). Then S(a) N S¢a,) #1 for some i,i" € (1, ..., 9},
with i # i’ since the number of cyclic subgroup of Q(x) is w + 1, which is at most 4, and |X| = 9. However, this case is
excluded since it contradicts Lemma 3.6(2). Thus e =0, f <1, and hence |[K(X)|=2- 3f. From this fact and K* = AGL;(9),
it results that the pre-image P in K of Z3 x Z3 is Q : Z,, where Q a Sylow 3-subgroup of K. Moreover, the Frattini’'s
argument implies K = Ng(Q)P, and hence K = Q : J with J is a Sylow 2-subgroup of K. Finally, | = Zig since J is of
order 16 and Gg' = Z5; x Z15 by (1).

(6). Q is abelian.

Suppose the contrary. Then j =1, and hence Q is extraspecial. If there is an element ¢ in Q of order 9, then Fix(¢?) # 1
since V = V4(7). Then K preserves Fix(¢?) since (d)z) = Z(Q), whereas K acts irreducibly on V by (4) since K =G/C =H.
Thus, Q is of exponent 3. Now, Z(Q) < K(x) since K* = AGL,(9), therefore Z(Q) preserves each A; in . Hence, Z(Q)
normalizes V(). Thus, Z(Q) is a reducible subgroup of GL4(7). Then Q is reducible by [18, Theorem 3.4.1]. Then either
V=X & X2 ® X3 @ Xq, where X5, s=1,2,3,4, is a Q-invariant 1-dimensional subspace of V and K < GL1(7): S4, or
V =Y1 @ Yy, where Yq,Y, are Q-invariant 2-dimensional subspaces of V and K < GLy(7): Z;. In each case, there is a
Q -invariant subspace of V fixed pointwise by a non-trivial normal subgroup of Q since the order of Q is 33. Also, such a
group contains Z(Q). So, Fix(Z(Q)) is a H-invariant subspace of V of dimension at least 1 since Z(Q) < K, and we reach
a contradiction since K acts irreducibly on V. Thus, Q is abelian.

(7). The final contradiction.

Q acts reducibly on V by [18, Theorem 3.2.3] since Z3 x Z3 < Q, hence K acts transitively on a Q -invariant decomposition
of V in subspaces of equal dimension by [18, Theorem 3.4.1] since K acts irreducibly on V. Therefore, either K < GL1(7):S4,
or K < GLy(7) Z,. However, the former does not contain cyclic subgroups of order 16. Hence, K < GLy(7):Z; and Q =
() x (B) x (y), where o(a) =3/ and o(B) = o(y)=3. Also a € Z(K), whereas Nk ((8)) = Z3:Z4 for each § € Q \ ().

Let V =V @ V; be the decomposition preserved by K. Clearly, Jy, = Zg acts faithfully on V¢ since | = Z;6 switches
V1 and V3. Also, Q preserves Vi and Qv # 1. If Q(v,) is of order 9, then Q)N Q(v,) # 1 since Q < K, the order of Q
is 32t with f <1 and K switches V; and V. However, this is impossible since it contradicts Lemma 3.6(2). Thus Qv
is of order 3, and hence (Z3 x Z3): Zg < K“fll < GLy(7), which is also impossible. So, this case is ruled out and the proof is
completed. O

5.2. G* is an almost simple group

In this subsection, we assume that Soc(G*) is a non-abelian simple group.

Proposition 5.12. One of the following holds:

15
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. p™ =4 and D is isomorphic to one of the four 2-(96, 20, 4) designs constructed in [29].
II. p™" =9and G= = PSLy(11), M11.
Il p™ =16 and G= = PSL,(17).

Proof. Suppose that G* is almost simple and let S = Soc(Gg). Since G* acts 2-transitively on £ and |Z| = p™ + 2, one of
the following holds v:

1
2
3) S= PSUs(u) with u=£2 and u +1=p™ +2;

(1) S=ZApmip and p™ > 3;

(

(

(4) S=Sz(22+1y with t > 1, and 2%+2 + 1 =p™ +2;
(

(

(

(

SZ PSLy(u) with h > 2, (h,u) # (2,2),(2,3) and “::11 =p™m+2;

)
)

5) § 2G,(32+1y with t > 1 and 3573 +1=p™ 4+ 2;
6) S Spy,(2) with n >3 and 221 £ 271 = pm 4 2;
7) $ = PSLy(11), My1 and p™ =9;

8) S= A7 and p™ =13.

Assume that (1) occurs. Let A; € ¥ and x; € A;, then Apm 1 < GE{ < Spmy1, and hence a quotient group of GXAI," contains
Apmyq by Corollary 3.10. Thus, one of the following holds by Theorem 3.4:

(i) Gy’ < TLa(p™);
(ii) G’ < (QsoDg).Ss and p™ =9;
(iii) Gg' = SL>(13) and p™ =27;
(iv) GXA;' < (Zym3_1 % SU3(p™3)).Zymy3, with m =0 (mod 3).
(v) Spa(p™) < GXAI." < I'Spya(p™), with m even.
(Vi) $2(2™2) 4Gy < (Zympa_q X S2(2™/?)) .Zpnj2, with m =2 (mod 4);
(vii) Go(2™/3)' < GXA;' < (Zyma_1 x G2(2™3)) .Zmy3, with m=0 (mod 3).

Cases (i)—(vii) bring together some of the automorphism groups of the 2-designs listed in Theorem 3.4. For instance,
I'Ly(p™) contains GXA,." when this one is as in (2.a.i), (2.a.iii) or in (2.c.i) of Theorem 3.4, (Qg o Dg).S5 contains G,(Ai" when
this one is as in (2.a.iii) or in (2.c.i) for p™ =9 and the group in case (vii) contains the groups in (2.c.v) or (2.c.vi) for p™ =8
(the non solvable case) of Theorem 3.4.

It is easy to check that only groups in (i) for p™ =2,3,4,5 and in (vi) admit a quotient group containing Apm 1 as a
normal subgroup. Actually, p™ # 2 by Lemma 2.5, and p™ # 5 since Ag occurs only in (i) for p™ =9 and in (vi) for p™ = 4.
If p™ =3, then G is solvable by [40], and this case is ruled out. Thus p™ =4, and hence the assertion (I) follows from [29].

Assume that (2) occurs. Thus [u"=1]: SLy_1(w) < Gi (e.g. see [27, Proposition 4.1.17(I1)]), and hence a quotient group of
Gfif contains [uf®=D7:SL,_;(uf) as a normal subgroup by Corollary 3.10. This is clearly impossible for h > 3, hence h = 2.
Then uf = p™ + 1. By [43, B1.1], either (p™, uf)=(23,3%), or f=1, p=2 and u is a Fermat prime, or m =1, u =2 and
p is a Mersenne prime. In each case, GZ_ contains a normal Frobenius group of order (p™ + 1)(111,3.,.—"’12) with kernel of order

p™ + 1 and complement of order (pen—”,lz)- Since a quotient group of GXAE" is isomorphic to Gi_ by Corollary 3.10, it follows
from Theorem 3.4 that either D; = AG,(p™), where p™ is either 8, or 22° with e > 1, or a Fermat prime, or D; is as in
(2.b), or D; is as in (2.c.i) of Theorem 3.4.

Assume that D; = AG,(p™), where p™ is either 8, or 22° with e > 1, or a Fermat prime. Then either GXAI.‘ < TLi(p?™), or
SLy(p™) <Gy, or p™ =5 and SLy(3) < Gg' by [15,32].

If SLy(p™) < GXAX,", then (p™ + 1)(,%—"_12) divides |I‘L2(pm) : SLz(pm)|. and hence (p™ — 1)m, since a quotient group of GXAI,"
contains a normal Frobenius group of order (p™ + l)wpm—";). This is clearly is impossible. Case p™ =5 and SL;(3) < GXAI," is
ruled out similarly. Thus GXAi‘ < TLi(p?™), and hence (p™ + l)uf,’T”fz) divides the order of I'Li(p®™). Then (p‘?,,—”jz) | 2m, and
hence p™ =4, 16 since p™ > 3 by Lemma 2.5.

Case (2.c.i) of Theorem 3.4 is ruled out by the previous argument since SL,(p™) < GXAI." S (Zgmp_q o SLy(p™)).Zpm, and
we obtain p™ =4, 16 for D; as in (2.b) of Theorem 3.4 since GXA]." < T'Li(p®™) in this case. Hence, p™ =4, 16 in each case.
If p™ =4, then As < G* < Ss, and hence the assertion (I) follows from [29] in this case.

Assume that p™ = 16. Then PSL,(17) < G¥ < PGLy(17). If G* = PGL,(17), then a quotient group of GXAX." is isomorphic
to Frobenius group of order 17 - 16. However, this is impossible since Gfi" < T'L1(2%). Thus G* = PSLy(17), which is (III).

16
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Cases (3), (4) and (5) yield an equation of type u' = p™+1, with i = 3, 2, 3 respectively. Only (4) is admissible with m =1
and u =2 by [43, B1.1(2)], however it is ruled out since u = 2 in (4). Case (6) cannot occur since 22"~1 £ 271 = p™ 4.2
with n > 3 has no solutions. In (7), G= = PSL,(11), My; by [9], and hence (II) holds.

Finally, assume that (8) occurs. Then G* = A; by [9]. Moreover, D; = AG,(13) and Gfi" < GLy(13) by Theorem 3.4. On

the other hand, a quotient group of GXAI." contains PSLy(7) by Corollary 3.10 since PSLy(7) < Gii, being |Z| =15, and we
reach a contradiction. This completes the proof. O

Theorem 5.13. If G¥ is almost simple, then p™ = 4 and D is isomorphic to one of the four 2-(96, 20, 4) designs constructed in [29].

Proof. Assume that Case (II) of Proposition 5.12 occurs. Then H is an irreducible subgroup of GLgi;(2) with t < 8 by
Lemma 5.1. Moreover, a quotient group of H is isomorphic either to PSL;(11) or to My, since C < G(x) by Theorem 4.3.
From [6, Tables 8.18-8.19, 8.25-8.26, 8.35-8.36, 8.44-8.45], it follows that either H =G> and t =1,2, or H = SLy(11) <
Z.M1 for t = 2. However, the action of H on V4(3) is irreducible only for t =1 by [54]. Therefore G(x) = C and hence

G(Az),x =1 for A€ X and x € A. It follows that GX = G2 by (3.1) of Corollary 3.10. Thus, G<Az),x is isomorphic either to As or

to Mjo according to whether H is isomorphic to PSLy(11) or Mq1, respectively, by [9]. On the other hand, GXA is contained
in one of the groups I'Ly(9), GSpa(3), or (Dgo Qg).Ss according to whether either one of (2.a.i) or (2.c.i), or (2.c.iii), or
one of (2.a.iii) or (2.c.vi) occurs, respectively, by Theorem 3.4 since p™ =9 and G2 is non-solvable. However, none of these
groups contains As or Mig (see [6, Tables 8.12-8.13]), and hence Case (II) is ruled out.

Assume that Case (III) occurs. Then H is an irreducible subgroup of GLg:(2), with t < 8, by Lemma 5.1. Moreover, a
quotient group of H is isomorphic to PSL,(17) since C < G(x) by Theorem 4.3. If t <8, then t =0 and H = PSL,(17) by [3,
Theorem 3.1] since ®}(2) = 17 divides the order of H. Thus |G| =2'?-32.17, and hence |Gx| =23-17 since v =29-32. Then
this case is excluded since k = 2417 does not divide the order of Gy. Therefore t = 8, and hence C = V by Proposition 3.8(3).
It is easy to verify that H is not a geometric subgroup of GL1g(2) by using [27, Section 4]. Thus, H is a nearly simple
subgroup of GL1g(2), and hence H = PSL,(17) by [54].

Let Q be a Sylow 17-subgroup of G. Simple computations with the aid of GAP [17] show that Q preserves a decompo-
sition of V =V @ V3, where V¢ and V;, are the unique Q -invariant proper subspaces of V. Moreover, V{’ and VzH are two
distinct orbits each of length 18, and |V, N V{| =23 for each n € H\ Hy, and |V; N VY |=23 for each o € H\ Hy,.

The group Q fixes a point x of D since v =217 .32. Thus Q preserves the unique element A of ¥ containing x, and
hence normalizes V(4), being Vy = V(). Then Vy is either V¢ or V; since Vq and V; are the unique Q -invariant proper
subspaces of V. Dualizing, Q preserves a block B of D, and hence also Vp is either V1 or V,. Actually, (Vy, Vp) is either
(V1,Va) or (V2, V) since |Gp: Gpx| =2%-17 and Gx/Vx = Gp/Vp = F136. In particular, x and B are the unique point and
block of D fixed by Q respectively. Moreover, [BN A| =0 and |B N A| =2* for each A’ € £\ {A} since Q acts regularly on
z\{A}.

Assume that (Vx, Vg) = (Vy, V3). Then VI = (V5 : A’ € T}, and hence |Vp NV (ay| =23 for each A’ € X\ {A}. On
the contrary, Vg = Vgna', and hence |Vg N V(ay| =24 for each A’ € £\ {A} since V preserves each element of T\ {A},
|Vg| =28 and |BN A’| =2%. So, we obtain a contradiction, and hence this case is excluded. The case (Vx, V) = (V2, V1) is
ruled out similarly, and the proof is thus completed. O

6. The case where D is of type 2

In this section, we assume that D is of type 2. Hence, D is a symmetric 2-((A +6)%, 222 )) design with A =1,3
(mod 6) admitting a flag-transitive automorphism group G preserving a partition ¥ of the point set of D in *Zﬂ‘f)\‘]
classes each of size A + 6. Then D; is a 2-(A 4 6, 3, 1/0) design with 6 | » admitting Gﬁ: as a flag-transitive point-primitive
automorphism group for each i =1, ..., % by Theorem 2.4. Our aim is to prove the following result, thus completing
the proof of Theorem 1.1.

Theorem 6.1. If D is of type 2, then D is isomorphic to the 2-(45, 12, 3) design as in [40, Construction 4.2].

6.1. Hypothesis
If A =3, the assertion follows from [40, Corollary 1.2]. Therefore, in the sequel, we assume that A > 3.

. 2 _
Lemma 6.2. et y € G, y # 1, then |Fix(y)| < 24221,

Proof. Let y € G, y #1, then
A M 4d—-1 32 +4r—1

-(A+6) + < O+ )

AMA+5)/2—J/AA+5)/2 - 4 4

17
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by [28, Corollary 3.7] since c=A+6, d = lz*f‘f*’] and A>3. O
Lemma 6.3. Let x be any point of D, then Gz x is a {2, 3}-group. Moreover, |G(2) : G(E),x| | A +6.

Proof. Let x be any point of D and let ¢ be any w-element of G(x) x with w a prime and w # 2, 3. Then ¢ fixes at least a
block B of D by [28, Theorem 3.1]. Then ¢ fixes B pointwise since B intersects each element of X in either O or 3 points.
Therefore, ¢ fixes at least k blocks of D again by [28, Theorem 3.1]. Let B’ and B” be further blocks fixed by ¢. We may
repeat the previous argument with B’ and B” in the role of B, thus obtaining that ¢ fixes B’ and B” pointwise, respectively.
Then ¢ fixes at least 3(k — A) points of D, and hence |Fix(¢)| > 3 (k — A). Then

A+5 302 +4x—1
3<)\% —k) < [Fix(g)| < %

by Lemma 6.2, and we reach a contradiction. Thus, Gy x is a {2, 3}-group.

Assume that G(x) ;é G(x)x and let A be the element of ¥ containing x. Then G sy # G(a) since G(a) < Gy. Thus G(X)2 #
1, and hence Soc(G)A < G(X)” by Lemma 2.6 and [14, Theorem 4.3B(i)]. Therefore, G s, acts transitively on A, and hence
Gx) 1 Gma|=2+6. O

Lemma 6.4. Let A € X, then each prime divisor of |G a)| divides A(A — 1)(A — 2)(A — 3) (A — 4).

Proof. Let A € ¥ and y be a w-element of G(a)y with w a prime such that wtx. Let B(A) ={BN A # & : B € B}. Then
(A, B(A)) is a non-trivial 2-(A + 6, 3, 1/0) design by Theorem 2.4(V1.2). In particular, if BN A is any fixed element of B(A),
0 is a constant number denoting the number of blocks of D whose intersection set with A coincides with B N A. Now, y
preserves each of the W* elements of B(A) since y fixes A pointwise, and hence y fixes at least ka
blocks of D with 4 =6 (mod w). Here, i > 1 since 6 | A but w { A. Therefore,

A (A+6)(A+5) 3(A2+41—1)

< |Fix(g
0 6 [Fix(p)| <
A

by [28, Theorem 3.1] and Lemma 6.2. Thus u% <4, and hence 7 is either 1 or 3 since A is odd. In the former case A =6,

Mm<4and u=x (mod w), whereas 6 = % m=1and A =3 (mod w) in the latter. Therefore, in both cases, the assertion
holds. O

Throughout the remainder of the paper we will make use of the following fact:

A~ PA ~ PA (6.1)

6.2. The 2-design D*

In this section, we show that ¥ can be endowed with the structure of a 2-design admitting G* as a flag-transitive
point-primitive automorphism group by using [7]. Moreover, G* is either almost simple or affine by [55].
For each block B of D define B'={A: ANB=# @} and B = {B": B € B}. Now, define the following equivalence relation
on B x B':
R ={(B},B,) € B x B : B} =B}

Denote by B* the equivalence class determined by the block B of D, and by B* the quotient set {B* : B € 3}. Finally, we
define

I={(A,B*) € X xB”:AeB foreach B € B*}

Now, consider the incidence structure D* = (%, B, 7). Then the following hold:

Proposition 6.5. D= = (=, B, 7) is a 2- (l -1 204D (”6)2 ) design with ) = |B*| admitting G* as a flag-transitive auto-

morphism group. In particular, . =3 (mod 6).

Proof. By [7, Proposition 2. 3] and since A =1,3 (mod 6), either the assertion follows, and hence A =3 (mod 6), or D is a

. . . 2
symmetric 1-design with M points and M 1 points on any block. In the latter case, one has 2+42=1 = 2259
and hence A = 3, which is contrary to our assumptlons. a

18
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Remark 6.6. In the sequel, we will denote the replication number of D* and % by r* and A%, respectively. Further,
I o

we set R = oD

Lemma 6.7. Let B be any block of D, then Gg < Gp and n = |Gp : Gg].

Proof. Let B be any block of D, then Gg < Gy since B'={A : AN B # @}. Thus, n > |Gp : Gg|. Now, let C be any other
block of D such that C’ = B’. Then B8 = C for some g € G since G acts blocks-transitively on D. Therefore (B')® =C' =B/,
and hence g € Gg. Thus 7 < |Gp : Ggl, and hence n=|B*|=|Gp : Gg|. O

Proposition 6.8. Either n =1 orn =21 +6.

Proof. Assume that 1 > 1. Hence, Gp # Gp by Lemma 6.7. Further, Gp # G since 7 | w by Proposition 6.5 and

|G:Gpl=(O+ 6)’\2‘“#. Then W = ®F, where © = B®#, is a G-invariant point-partition for D’ = (3, P), the dual of D,
by [14, Theorem 1.5A]. Hence, D’ is a symmetric 2-design with the same parameters of D admitting G as a flag-transitive
automorphism group preserving the point-partition W with d’ classes each of size ¢’ = . Then 7 is as in Theorem 2.4. If
n=Xx+2, then 9A+2)| (A + 6)2) and hence 9(A + 2) | 32, a contradiction. Similarly, one has 1 # % If 7 = A2, then
9212 | (A, +6)%x and hence 9 | (A +6)%. Thus A | 6, and hence A = 3 since A is odd. However, this contradicts the assumption
A > 3. Therefore n = A + 6, which is the assertion. 0O

Corollary 6.9.1fn =1, then G(x) = 1.
Proof. If n =1 then G(x) < Gpr = Gp for any block B of D, and hence G(x) =1 by [28, Theorem 3.1]. O
Lemma 6.10. Let A € %, then the following hold:

(1) R=22 and R > |2|"/%;
(2) R dlwdes the length of any non-trivial point—GE-orbit on D~

Proof. Since r* ““2“5) (k;r:]i)k and A% = @367) % and n=1 or A+ 6 by Lemma 6.8, it follows that (r=, A%Z) = (*;"3)’\. Thus

A+5
R= 2

x
Let A € ¥ and let BX be the set of blocks of D¥ incident with A. Now, let Ag € X\ {A}, then (BE, A3A> with the

, and hence (1) follows.

incidence relation inherited from that of D is a 1-design by [10, 1.2.6] since G* acts flag-transitively on D>, and hence

rx |‘ A|AZ. Thus R | [A*], which is (2). O

Theorem 6.11. G acts primitively on =. Moreover, Soc(G¥) is either non-abelian simple or an elementary abelian w-group for some
odd prime w.

Proof. Since M+’1 —1=(*2)(4!) and 242 1= (AT%) (251), it follows that

<Az+4k—1 , AOt5) 1)2_(A—1)2<k2+4k—1

4 ’ 6 2 4

’

and hence G* acts primitively on ¥ by [55, Lemma 2.7]. Further, since |X| is odd, Soc(G¥) is either non-abelian simple or an
elementary abelian w-group for some odd prime w, or G* is a rank 3 group and there is an integer x > 1 such that | Z| = x?

2 2
by [55, Theorem 1.1]. In the latter case, #*2°=> = x? since |Z| = AZ*?‘% = 342725 ‘Hence (A +2—2X) (A +2+2x) =5,
which does not have admissible solutions for x> 1. O

Corollary 6.12. . #£9, 21, 75, 723.

Proof. Assume that A =9, 21 or 75. Then d =29, 131 or 1481, respectively, and in all these cases d is a prime. By The-
orem 6.11 and [19, Theorem 1], either Ay < G* < Sg and Ag_1 < GX < Sg—1, or G= < AGLy(d). In the latter case, 24+

divides |G|, and hence |AGL;(d)|, since G* acts flag-transitively on D*. However, this is impossible since 242 s 21, 91
or 103 according as d = 29, 31, and 1481, respectively. Thus, Ay < G < Sy and A4_1 < G < S4_1. Further, elther G(A)
or GX/G&y < Za.
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Note that, # divides the order Gﬁ by Theorem 2.3, and % is 7,13 or 40 according as d = 29, 31, and 1481, respec-
tively. On the other hand, ():)‘ divides |G (x| and hence divides (A + 6) |G(x)x| with G(z)x a {2, 3}-group by Lemma 6.3.
Therefore 7, 13 or 5 divides the order of Gﬁ/GfE) according as d =29, 31 or 1481, respectively. Thus 7, 13 or 5 divides the
order of GE/G(A). respectively, by (6.1), and this forces G(A) = 1. Therefore, Ag_1 < GA/G():) again by (6.1) since Ag_1 < Gi.
Then A +6 =|A| >d — 1 since the minimal non-trivial transitive permutation representation degree of Ay_1 is d — 1, which
is not the case.

Assume that A = 723. Then d =5 - 41 - 641. Note that, MHS) =22.7.13 241 divides the order of G* since G acts
flag-transitively on D> by Proposition 6.5. Let U be a Sylow 241-subgroup of G. Then U < G for some A € X since
(d,241) =1, and hence Fixy(U), the set of the elements of ¥ fixed by U, is of size 60 + 241t for some t > 0 since d = 60
(mod 241). Actually, t =0 by Lemma 6.2.

Let A" € Fixs(U)\ {A}, then Go = Ng,(U)G(a) and Ga a = Ng, , (U)Gauay by the Frattini argument since Ga) IGa
and Gauay <G, a. Hence,

NG, (U): Ne, , (U)] - [Geay : Graum

NGy (U) £ Ne 0, (U)|

GA : GA,A’

Now, 42 =22.7.13 divides ’GE G=

by Lemma 6.10(2), and hence 7 - 13 divides |Ga : Ga, a’

AN by Lemma 6.3. On the

other hand, 13 is coprime to ‘G(A)| by Lemma 6.4. Therefore, 13 | ’NGA(U) N, o , and hence 13 | ‘(A’)NGA(U)‘ with

(AHYNea W) < Fixg(U) \ {A). So, 13 | [Fixs(U)| — 1 Since Fixs(U) \ {A} is a disjoint union of Ng, (U)-orbits, but this is
impossible since |Fixg(U)| =60. O

6.3. 2-designs D;

The aim of this section is to prove the following result by analyzing the structure of the 2-designs D; defined in Theo-
rem 2.4(VL2):

Theorem 6.13. One of the following holds:

(1) A= —1|h—6,hiseven forz=2 (mod 3) and divisible by 3 forz=1 (mod 3). In particular,
h > 3 and (h z) ;é 4,2). Moreover the following facts hold:
(a) & 5 th is divisible by a primitive prime divisor of Z'=1 — 1;
(b) G(z) =1
(c) G lS divisible by a primitive prime divisor of 2"~ — 1;
(d) Soc(G) is non-abelian simple and PSLy(z) < Soc(G)A PTLy(2).
(2) »=3"—6,h>4andh #6, G is of affine type and the following facts hold:

“5 3 2_1 admits a primitive prime divisor;

)
) G(g) isa {2, 3}-group;
) GE/G A) is divisible by a primitive prime divisor of 3" — 1;
d) Either GE/G is solvable and GA ATL;(3"), or a quotient group of G* /G(A) is an almost simple group with socle
isomorphic elther to PSLp/e(3°) with h/e > 2orto PSpy/e(3%) with h/e even and h/e > 2. Moreover, in both cases, (h/e, e) #
2,1),2,2),(3,2),(6,1).

(a
(b
(
(

Theorem 6.13 relies on the following theorem, which is an immediate consequence of the classification of the flag-
transitive 2-(v,k,A) designs with v =6 (mod A) and A = 1,3 (mod 6) admitting a flag-transitive automorphism group
provided in [36].

Theorem 6.14. Let D; be a 2-(A + 6, 3, A/0)-design with . =3 (mod 6) and A > 3 admitting a flag-transitive automorphism group
Aj : .
GAI,. Then one of the following holds:

(1) D isa 2-(3", 3, 1/0) design and Gﬁ’: is a primitive 3 /2-transitive rank 3 subgroup of AT'L1(3").
(2) Djisa 2-(Z =137 1) design as in [36, Example 1.3(1)] with z even, z— 1 | h — 6, h even for z=2 (mod 3) and h divisible

by 3 forz=1 (mod 3). Moreover, one of the following holds:
(a) PSLy(2) QG ! < PTLy(2);
(b) Gy = A7 and (h,q) = (4,2).
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(3) Di= AGKL(3),h > 2,and Gij is a 2-transitive group of affine type.

Proof. It is an immediate consequence of [36] since A =3 (mod 6) by Proposition 6.5. O

Proof of Theorem 6.13. Let A € X and assume that Gﬁ is non-abelian simple. Then A +5 = zzh;]’l and PSLy(z) < Gﬁ <
PT'Ly(z) with z even, z—1|h — 6, h even for z=2 (mod 3) or h divisible by 3 for z=1 (mod 3) by Theorem 6.14.
Moreover, (h,z) # (3,4), (4,2) since L # 9,21 by Lemma 6.12. If h =2 then A +5 =z, and hence z > 2, but this is in
contrast to z—1|h — 6 and z even. Thus h > 3. Now, if h =3, then z=4 since z— 1| h — 6, a contradiction. Therefore,
h —1 > 3. Further, if z=2 then h is even, and hence h — 1 # 6. Thus, % admits a primitive prime divisor by [27, Theorem
5.2.14]. This proves (1.a).

Note that, either G(x) < G(a), or Soc(G}) < G(AZ) by Lemma 2.6 since G(x) < Ga. In the latter case, one has Soc(G3)x <
G(Az)_x, where x € A. Therefore Soc(Gﬁ)x is solvable since G(x)x, and hence G(Az)yx, is a {2, 3}-group by Lemma 6.3. Then
h =2 by [27, Proposition 4.117(Il)], whereas h > 3. Thus Gx) < G(a), and hence G(x) =1 since G(x) < G and G acts
transitively on 3. This proves (1.b). Now, (1.a) and (1.b) together with (6.1) and PSLy(z) < Gﬁ < PT'Ly(2) imply (1.c).

Let L = Soc(G). Then L acts point-transitively on D by Lemma 2.7 since G(x) = 1. Further, L is non-abelian simple by
Theorem 6.11 since |A| = A +6 is divisible by 3, whereas |X| = % is coprime to 3. Moreover, PSLy(z) < Lﬁ < PTLy(2)
by Lemma 2.6 with (h, z) fulfilling the above listed properties, and so we obtain (1.d).

Assume that Gﬁ is of affine type. Hence, A = 3" — 6 with h > 4 and h = 6 by Theorem 6.14 and Lemma 6.12 since A > 3.
Then (2.a) and (2.b) follow from [27, Theorem 5.2.14] and Lemma 6.3, respectively. Again by Theorem 6.14, either Gﬁ is a
primitive 3/2-transitive subgroup of AI'L1(3") of rank 3 and the first part of (2.d) holds by (6.1), or Gﬁ acts 2-transitively
on A by Theorem 6.14. In both cases, Gﬁ is divisible by a primitive prime divisor of 3" — 1, hence (2.c) follows from (2.b)

and (6.1). Further, if Gﬁ acts 2-transitively on A, one of the following holds by [25, (B)] since h >4 and h # 6:

(i) G2 <TLi(3M;
(ii) SLpse(3%) I GL <TLpse(3°) and h/e >2;
(iii) Spp/e(3%) < G2 < T'Spye(3°) and h/e is even, h/e >2;

Now, (i) implies the first part of (2.d) again by (6.1). In (ii) and (iii), Gﬁ/G(AE) is non-solvable since G(A):) is {2, 3}-group by
(2.b), and hence GE/G(EA) is non-solvable by (6.1). Now, a quotient group of Gﬁ/G(AE) is an almost simple group with socle
isomorphic either to PSLy/.(3°) with h/e > 2, or to PSpy/.(3°) with h/e even and h/e > 2 by (ii) and (iii), respectively,
again by (6.1). Moreover, in both cases (h/e,e) # (2,1),(2,2), (3,2),(6,1) since h > 4 and h # 6. Therefore the second part
of (2.d) follows, and hence the proof is completed. O

Remark 6.15. Cases (1) and (2) of Theorem 6.13 have no common values of A. Indeed, if it is not so there would be integers
hq, hy > 3 such that Z;]Tf =3 with z a power of 2, which is contrary to [43, A8.5(2)].

6.4. The case where G is of affine type

In this section, we assume that the socle of G* is an elementary abelian w-group for some odd prime w acting regularly
on X. Set T = Soc(G¥), then T can be identified with a t-dimensional GF(w)-vector space V in a way that T is the
translation group of V and G= =T : GX < AGL(V) since G acts point-primitively on D¥. Hence, |X| = |T| = w'. Further,
A=3"—6 and Gﬁ is of affine type by Theorem 6.13. Hence,

32h—g.3" 111
A e L |2 = wt. (6.2)
4

Lemma 6.16. The following hold:

(1) tisodd, w =2 (mod 3) and w > 17.
(2) w,A—j)=1foreach j=0,..., 4
(3) IGalw =G4l

Proof. Rewriting (6.2), we obtain (3" — 4)2 — 4w =5, If t is even, then
(3*’ 4 2wf/2) (3“ —4+ 2wf/2) =5,
and hence 3" —4 —2w!/2 =1 and 3" — 4 + 2w!/2 = 5. Therefore, 4w' = 4, whereas w is a prime. Thus, ¢ is odd.
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Clearly, w > 3. Further, both 32" — 83"+ 11 = 4w’ and 32" —8-3"+11=2 (mod 3) imply w' =2 (mod 3) and hence
w =2 (mod 3). Moreover, if w =5 then (3" — 4)2 —4.5! =5, Therefore 25| (3" — 4)2, and hence t =1 and h =2, whereas
A > 3. Thus, w > 11 since w =2 (mod 3). If w =11, then 32" —8.3" =0 (mod 11), and hence 3" =8 (mod 11). However,
this is impossible since the residues of 3" modulo 11 are 1,3, 4, 5, or 9. Thus w > 11, and hence w > 17 since w =2
(mod 3). This proves (1).

Assume that A = j (mod w) for some j=0,1,2,3 or 4. Then j> +4j—1=0 (mod w) since
(w, j)=(11,2), (5,3) or (31,4) since w is odd, but these are ruled out by (1). Thus, we obtain (2).

Finally, both (2) and Corollary 6.4 imply |G(a)|,, = 1. Thus, |Galy, =|G4],,. O

2 4
2421 — wt. Then

For each divisor m of t the group I'L,;(w!/™) has a natural irreducible action on U & V,,(w!/™). Now, Gf acts irreducibly
on V = V(w) since G¥ primitively on V by Lemma 6.11, so choose m to be minimal such that Go < I'Lyy(W/™) and write
s=w!™, Thus, Go < I'Ly(s) where s™ = w'. Note that, m is odd, s is coprime to 3 and s > 17 by Lemma 6.16(1).

Lemma 6.17.m > 1.

Proof. Assume that m = 1, then GX < T'L;(w'). Further A/3 divides |G%X|, and hence |I'Ly(w')|, since G* acts flag-
transitively on DZ and A is odd. So 3"~1 — 2| (w! — 1)t, and hence 3"~ — 2| 5¢ since

3h—1@Eh -7
w—1=|gj—1= 3 ZDC =7
4
Therefore

-1

32h _g.3h y 11 =anwt =373

by (6.2), which does not have admissible solutions since h > 4 by Theorem 6.13(2). This completes the proof. O
Lemma 6.18. G% does not contain any of the classical groups SLy (s), Spm(s), SUm(s'/?), or Q£,(s) as a normal subgroup.

Proof. Let X be any of the classical groups SLi(s), Spm(s), SUm(s"/?) or Q£ (s), and assume that X < GX. Actually, X
is neither Spp(s) nor Q?ﬁ(s) since m is odd. In the remaining cases, we have X < Gi < Nrip,)(X), and hence there
are no quotient groups of GE containing PSLp;¢(3%) or PSpps.(3°) as a normal subgroup since h/e > 2, (h/e,e) #
2,1),(2,2),(3,2),(6,1) and s is coprime to 3. Thus Gﬁ < ATL1(3") by Theorem 6.13(2.d) since we saw that Gﬁ is of

affine type. Then s™M=1/2 gmm=1/4 op sm=D*/4 djyides |G|, and hence |ATL;(3")|, by Lemma 6.16(3), according as X is
SLin(s), SUm(s'/2) or Qm(s), respectively. Thus, s™=D?*/4 | (3" — 1)k in each case. Actually, s™=D*/4| h by (6.2). Therefore,

3V gh o |p =™ (6.3)

since A > 5. However, (6.3) does not have admissible solutions since m is odd, m>1 and s >17. O
6.5. Aschbacher’s theorem

Recall that GX < T, where I' = Nrp,,)(X) and X is any of the classical groups SLm(s), Spm(s), SUm(s/2) or Q%(s).
The case where X < Gi is excluded in Lemma 6.18, hence, in the sequel, we assume that Gi does not contain X. Now,
according to [2], one of the following holds:

Q) GE is geometric, that is, it lies in a maximal member of one the geometric classes C; of I, i =1, ..., 8;

(Im (GE)(‘X’) is a quasisimple group, and its action on V,(s) is absolutely irreducible and not realizable over any proper
subfield of GF(s).

Description of each class C;, i =1, ..., 8, can be found in [27, Chapter 4].
Theorem 6.19. G is not geometric.

Proof. The group GE does not lie in a maximal member of type C; since GE acts irreducibly on V,(s). Moreover, by the
definition of s, GE does not lie in a maximal member of type Cs. Further, GE does not lie in a maximal member of type Cs
by Lemma 6.18.

Assume that GE lies in a maximal C,-subgroup of I". Then Gy preserves a sum decomposition of V =Vg(s) @ --- @ V(s)

with m/a > 2, and hence U'l“:/f Vi (s) is a union of Gg-orbits. Then R | %(sa — 1) by Lemma 6.10(2) since the size of
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U:n:/f Vi(s) is Z(s® — 1). Then s™/? < 2(s® — 1) since R > s™?2 by Lemma 6.10(1), but no admissible solutions arise since
s>17, mis odd and m > 1 by Lemmas 6.16(1) and 6.17.

Assume that G): lies in a maximal member of type C4 or C; of T'. Then either V =V (w) = V4, (W) ® Vg, (W), t =aqaz
with 2 <a; <ay, and GA < N(;L[(W)(GLC,1 (w) o GLg,(w)) in its natural action on V, or V=V (w) =V,(w) ® --- ® Va(w),
t=ak, and Go < Ngr,(w)(GLg(W) o--- GLg(W)), respectively. Assume that the latter occurs with p > 3. The non-zero vectors

of the form x; ® --- ® X, form a union of G¥-orbits, of size Ul 8 and this number is therefore divisible by R. Then

(w—1)r-1"
a 123
w2 o WD e R > we /2 and hence a=2 and p =3. So t is even, but this contradicts Lemma 6.16(1). Thus,

(w— 1))1. 1
V=Vi(w) =Vg (W) ® Vg, (W), t =arax with 2 <aq <az and G <N w)(GLg, (W) 0 GLg, (W)). As in the previous proof,
a a
R divides the number of non-zero vectors of the form X1 Q X2, Wthh is W This must be greater than w?192/2,
Thus, a; < 3, and hence a; = ap = 3 since t is odd and 2 < a; < ay. Then R divides (w? — 1)2/(w — 1), w? — 1), hence

divides 3(w> — 1), which is less than w92, This contradicts Lemma 6.10(1).

Assume that GE lies in a maximal member of type Cs of I". Then Gg < Nr(GLy (wp)) with w = wg and ¢ > 1; but this
normalizer lies in a subgroup of GL;(Wg) o GLy(wo) of GLyn(So) < GL¢(W), and hence Go lies in a maximal member of
type C4 or C7 of GL;(w), which is not the case by the above argument.

Finally, assume that Gi lies in a maximal Cg-subgroup of I". Hence, Gi lies in the normalizer in GLp(s) of a symplectic
type o -group with o #s. As shown in [2, Section 11], we may assume that G contains the o -group, otherwise lies in some
other families C;, which is not the case since these have been previously ruled out. Then GE < Zs_100112 . Spyy(o) - t/m,
m=o07Y and o | s — 1 since t is odd. Now, we may use the argument of [32, Lemmas 3.7-3.8] with s, o and R in the role of
q, s and r, respectively, to obtain t =2 or 4, and hence a contradiction since t is odd by Lemma 6.16(1). O

Theorem 6.20. If 1. > 3, then GZ is not of affine type.

Proof. Assume that (G%)© is quasi-simple. Let Z = G%X N GLn(s) and denote the socle of (GE)(°°)Z/Z by S. Then S is
non-abelian simple and S < G% A/Z < Aut(S). Then either S < (A)Z/Z or G(A) Z since G(XA)Z/Z JG% A Z.

Assume that G(EA) Z. Then GE/Z is isomorphic to a quotient group of G= /G(A), and hence GE/G(A) is non-solvable.
Then a quotient group of G /GZ is an almost simple group with socle isomorphic either to PSLy/.(3°) with h/e >
2 and (h/e,e) # (2,1),(2,2), or to PSppse(3%) with h/e even, h/e > 2 and (h/e,e) # (2,1),(2,2) by Theorem 6.13(2.d),
forcing S to be isomorphic to one of these groups since S is non-abelian simple and S < G%/Z < Aut(S). Thus, (GX)©
is isomorphic either to PSLp/(3°) with h/e > 2 and (h/e,e) # (2,1),(2,2), or to PSpy/.(3¢) with h/e even, h/e > 2 and
(h/e,e) #(2,1),(2,2), or to a covering group of any of them since (GE)(‘X’) is quasi-simple (see [27, p. 173]). Then either
m>=3"_1>3"2_1orm> 3h/§’1 by [27, Theorem 5.3.9] for h/e > 2 since s is coprime to 3. On the other hand,

s < A2 = 3}17*1 by Lemma 6.10(1). Then

n2oy 45 3h—1
173 41<L<
2 2

since s > 17, and no admissible solutions arise since h > 4 by Theorem 6.13(2). Thus h/e =2, and hence S = PSL,(3¢) =

PSp»(3%) with e > 2. Actually, e £ 2 by Lemma 6.12. Then m > 2 L by [27, Theorem 5.3.9], and hence 1739771 < # <

3% 1

*——, a contradiction.

Assume that S < (A)Z/Z Then (GZ/Z)/( (A)Z/Z> is isomorphic to a quotient group Out(S), and hence (GX/Z)/
(G(EA)Z/Z) is solvable. Therefore GE/G(A)Z is solvable since GE/G(MZ x~ (Gi/Z)/( (A)Z/Z>, and hence the group

( /G(A)>/( (A)Z/G(A)) is solvable since ( /G(A)>/( (A)Z/G(A)) = GX /Gy, Z. Therefore, G% /Gy, is solvable since
(A)Z/G(A) =Z/(Zn G ) is solvable. Then GA AT'L;(3") by Theorem 6.13(2.d) since G is of affine type.

We know that M | |GX| since G¥ acts flag-transitively on D* and r® (“5) (A‘;g” with n =1 or A +6 by

Proposition 6.8. Then %)U(HG) | (s —1)|Aut(S)|. Now, s —1|s™ —1 and hence s — 1 | 7 A +5) (A —1) since s™ =|X| and
|Z| = 1= % (x+5)(—1). Thus, %(3’1*1 —2) | |Aut(S)|, with n =1 or 3" since A + 6 =3".

Assume that S is sporadic. Then h < 113 by [27, Table 5.1.C] since 3"~1 — 2 | |Aut(S)|. On the other hand, h > 4 by
Theorem 6.13(2). Now, easy computations show that (6.2) is fulfilled only for h = 12, 16, 25, 28,48 or 79, and in each of
these cases w' =s™ is a prime. So, m = 1, but this contradicts Lemma 6.17.

Assume that S is alternating of degree ¢. If =1 then 3" | |Aut(S)|, and hence ¢ > 2h by [14, Exercise 2.6.8]. Thus £ >9
since h > 4, and hence t >m > £ — 2 > 2h — 2 by [27, Proposition 5.3.7(i)] since s™ = w' with m | t. On the other hand
w > 9 by Lemma 6.16(1), and this implies |=| > 3%{. Thus h >t +1 by (6.2), and hence t > 2h — 2 > 2t, a contradiction.
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-difference

Assume that = A+ 6. Then D is symmetric, and hence D% is the development of

set by [4, Theorem VI.1.6]. If —1 € Gi then DZ is reversible, and hence w =2 by [4, Theorem VI.14.39(a)], a contradiction.
Thus, —1 ¢ GZ We have seen that there are no admissible solutions for h < 113, this forces ¢ > 16. Therefore (GE)(OO) = Ay
by [27, Theorem 5.1.4(i)], and ¢ > 16.

If V is the fully deleted permutation module for A,, then s=w and GE has one orbit on V of length either (w — 1)¢ or
(W — 1)£(¢ — 1)/2 according to whether w { £ or w | £, respectively. Then either (w — 1)¢ > w*~1/2 or (w — 1)€(£ —1)/2 >
w72 respectively, by Lemma 6.10, but both cases give an immediate contradiction. Thus V is not the fully deleted
permutation module for Ay, and hence m > £(£ — 5)/4 by [22, Theorem 7]. Then (s — 1) (£!),,, > s¢(¢=3)/8 by Lemma 6.10,
which leads to £ < 16 and hence to a contradiction.

Assume that S is a simple Lie group in characteristic w. Let U be any Sylow w-subgroup of GE. Then U is isomorphic
to a Sylow w-subgroup of G since G(x) is a {2, 3}-group by Theorem 6.13(2.b) and w > 3. Then U is isomorphic to a
Sylow w-subgroup of Gﬁ since |Galy = {Gﬁ|w by Lemma 6.16(3). Hence, U is isomorphic to a w-subgroup of I'L;(3")
since Gﬁ < ATL1(3") and w # 3. Now, (w, 3" —1) =1 since 3" — 1| w! — 1 by (6.2). Therefore w | h, and hence U is cyclic.
Then S = PSLy(w) by [5, Theorem 1 and its proof]. Therefore (3"~ —2)(3" — 1) divides 6(w — 1) |PGLy(w)]|, and hence
t=3and 3" —1|6(w—1) since 3" —7)(3" — 1) = 4(w' — 1) with t is odd by Lemma 6.16(1) and t > 1 by Lemma 6.17. At
this point, we reach a contradiction since w > 17.

Assume that S is a simple Lie group in characteristic w’. We know that m > R,,/(S), the smallest degree of a faithful
projective representation of S over a field of w’-characteristic. Lower bounds for R, (S) are given in [27, Theorem 5.3.9].
Also we have R divides |GX| and hence (s — 1) |Aut(S)|,,. Thus

A244h—1 AR5 (A+6)r
4 "6 > 9

(s — 1) |Aut(S)|y > R > s™/? > sRw /2,

and hence S is one of the numerical groups listed in [27, Lemma 7.1]. Thus h < 55 since 3"~1 — 2| |Aut(S)|, and we have
seen that no admissible cases occur for such values of h. O

6.6. The case where G* is almost simple

In this section, we assume that the socle of G* is a non-abelian simple group acting primitively on . We will denote
by L the pre-image of Soc(G¥) in G.

Lemma 6.21. The following facts hold:

(1) |Z| is coprime to 6;
2) [LZ| <3|LE]? |outL®)|;
(3) |6X/6%) | oura®| [15/aZ eyl

Proof. Assertion (1) is immediate since A =3 (mod 6) by Lemma 6.5.
Since |GX| is divisible by r¥ = )‘(g—:]r&)‘zﬁ with 7 =1 or A + 6, it follows that 3|G%X| > |Z| = |G¥: G%X|, and hence

by =2
GZ|<3]Gx|"

Since G acts primitively on ¥ and L* < G¥, it follows that |G¥: GX| = |[L¥: L%|. Then |G% : LX|=|G¥ : L*|, and hence
GZ - LE| | |out(LZ)|. Thus, |LZ| < 3[LE[*|0ut(LT)|, which is (2).

Clearly, ‘Gi/G(A) LXG /G| = ‘GZ LXGZ,)|- Thus, it divides [GX :L%| and hence |Out(L*)|. Then ‘Gi/G
lout(LE))| ‘Li/(L2 ﬂG(A))‘ since LY /(LY N G2, = L5GY, /G, which is (3). O

(A)‘ |

Remark 6.22. We have seen that AZLS is divisible by a primitive prime divisor of z'~1 —1 or 3" — 1 according as case (1) or

(2) of Theorem 6.13 occurs, respectively. Throughout the remainder of the paper we denote such primitive prime divisor by
¢ for both cases, it will be clear from the context to which case we refer to. Moreover, we simply say that ¢ is a primitive

prime divisor of %

Lemma 6.23. ¢ > 2h + 1.

Proof. In case (1) of Theorem 6.13, h > 3, h is even and h #4 when z=2 and h is divisible by 3 when z = 4. Now,

h—1|9® —1 by [27, Proposition 5.2.15(ii)]. Then ¢ > 3h — 2 by [20, Theorem 3.9(b)(c)]. In particular, ¢ > 2h +1 since h > 3.
In case (2) of Theorem 6.13, h > 4 and h # 6. Further, h | & — 1 by [27, Proposition 5.2.15(ii)]. Then © > 2h + 1 by [20,

Theorem 3.9(b)]. O

Lemma 6.24. © does not divide |Out(L*)|.
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Proof. Assume that ¥ | [Out(L*)|. Then either 9 | f, or L* = PSL,(q) and ¢ | (n,q — 1), or PSU,(q) and @ | (n,q + 1) by
[27, Table 5.1.B].

Assume that the former occurs. Note that, f > 9 > 2h + 1 by Lemma 6.23. Then q = p/ > p?"*! > 3"p, and hence
12| < % < W. Therefore, P(L¥) < |Z| < W, where P(L%) denotes the minimal degree of the non-trivial
transitive permutation representations of L*. Then L* = PSL,(q) with q > 11 by [27, Theorem 5.2.2] and [48-50] since
f>2h+1and h > 3 in cases (1) and (2) of Theorem 6.13. Now, if GE is the stabilizer of a point of PG1(q), then |X|=q+1,

A=l 245 _

and hence 5= - %32 =|X| — 1 =g, which is not the case since (% l—f’) =1 being A =0 (mod 3). Then q is odd and Li

is dihedral, A4, S4, As or PGLy(q'/?) by [30]. For each of these groups, it is easy to check |X|= |L¥: L%| is greater than
W since q is odd and q > 11. Thus, 9 1 f.

Assume that L* = PSLy(q) and 9 | (n,q — 1). Then n >2h + 1 and q > 2h + 1 by Lemma 6.23. Moreover, h > 3 by
Theorem 6.13. Then

q" -1
q—1

by [27, Theorem 5.2.2]. In case (1) of Theorem 6.13, L = L* = PSL,(q), PSLy(z) < Lﬁ with h > 3 and (h, 2) # (4,2) and
A < z". Then [30] together [27, Propositions 4.1.17(1I), 4.1.22(1I), 4.2.9(1) and 4.5.3(II)] force L, to be parabolic and q = z.
However, this is impossible since A < z", n>2h+1 and (6.4) imply %" < q"~! < z2" and hence q < z.

In case (2) of Theorem 6.13, one has A < 3". Hence, (6.4) implies 72" < 2" < "' < 32" sincen>2h+1 and ¢ > 2h +1
with h > 3, which is clearly impossible.

Finally, the case L* = PSU,(q) and ¢ | (n,q + 1) is ruled out similarly. Indeed, n >2h+1>7 and q > 2h — 1 > 5 since
h >3, and hence P(L*) > ¢" by [27, Theorem 5.2.2]. O

" < <IZ| < A? (6.4)

Proposition 6.25. The following facts hold:

(1) ® divides )Li/(Lg N G(XA))‘:
(2) Each L% -orbit on T\ {A} is divisible by v

Proof. It follows from Theorem 6.13(1.c),(2.c) that ¢ divides ’GE/G(EA)’. Then (1) immediately follows from Lemma 6.21(3)
since ¥ does not divide |Out(L¥)| by Lemma 6.24.

Let A’ € X\ {A}. Then ‘(A/)LE divides ‘(A’)Gi since L% < GX, and the ratio is a divisor of |G% : LX|. We have seen in

the proof Lemma 6.21(2) that |G : LX| divides |Out(L®)|. Thus, ‘(A’)Gi

divides ‘(A/)Li

|Out(L¥)|. This fact implies (2)

since ¢ divides )(A’)Gi

by Lemma 6.10(2) and ¥ does not divide |Out(L¥)| by Lemma 6.24. O

Lemma 6.26. L= in neither sporadic nor alternating.

Proof. Assume that L* is sporadic and let A € X. If L% is non-maximal in L*, then G* = L*.Z, and both G* and G%
are listed in [52, Table 1] (see also [53]). However, none of them fulfills (]X|,6) =1, and hence they are ruled out by
Lemma 6.21(1). Thus, |£| = |L* : LY | with L% maximal in . Now, it is easy to check in [9,53,13] that there are no sporadic
groups with a primitive permutation representation degree of the form (3"’#, or with a quotient group of a maximal
subgroup containing PSLy(z) with z power of 2, h > 3 and (h, z) # (4,2), (5,2) as a normal subgroup. Thus, L* is not
sporadic since it contradicts Theorem 6.13.

Assume that L* is alternating. Then either Ay x Aq_x < GX < Sy x Sg_x With 1 <x <d/2, or Ay2Aq/y <GX < Sy2Sayy
with y,d/y > 1 by [30] since (|X|,6) = 1. In both cases, no quotient group of GE contain PSLy(z) with z a power of 2,
h >3 and (h,2)# (4,2) as a normal subgroup. Then A =3" — 6, h > 4, and a quotient group of Gi is either solvable and
divisible by a primitive prime divisor of 3" — 1, or contains a normal subgroup isomorphic to PSLp/e(3%) with h/e > 2
and (h/e, e) # (2,2) or PSpy/.(3°) with h/e even, h/e > 2 and (h/e, e) # (2, 2) by Theorem 6.13. Clearly, both cases cannot
occur. 0O

Lemma 6.27. L= is not isomorphic to PSLy(q).

Proof. Assume that L” = PSLy(q). The same argument used in Lemma 6.24 shows that g is odd and LE is dihedral, A4,
S4, As or PGLy(q'/?). In each of these cases p divides |[L*: L%|, and hence p divides |X|. Then p > 3 by Lemma 6.21(1).
Actually, Li cannot be any of the groups A4, S4 and As by Lemma 6.23 and Proposition 6.25(1).
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Assume that LY = PGLy(q'/?). If PSLy(q"/?) < L% OG(EA), then L% /(L% ﬂG(A)) Z» is not divisible by ¢, thus contradict-
ing Proposition 6.25(1). Therefore, L% /(LX N G(A)) ~ PGLy(q'/?), and hence PGLy(q'/?) <G> /G(A) since LX/(L¥ N G(A)) ~
LEG(EA)/G?A) < GE/G(A) However, this is impossible by Theorem 6.13 since p > 3 and h > 3.

Assume that LY is dihedral. Then

a@ -1
2

by Lemma 6.21(2). Thus q(q% — 1) < 12f(q + 1)?, and hence q < 24f. Thus either q = 25, or ¢ = p < 23 since q is odd and
q > 3. However, none of these cases yields a |X| of the form % witha=3"—-6and h>4. O

<3-(@+1)%-2f,

Lemma 6.28. L% does not lie in a maximal Cy-subgroup of L*.

Proof. Assume that Li is contained in maximal parabolic subgroup M of L*. Suppose that L* is not isomorphic to one of
the following groups:

(1) PSLy(q);
(2) PQ;f(q) with q even and n/2 odd, and M = Py, Pnj2—1;
(3) E6(@)-

Then q is even by [30]. Moreover, there is a unique M-orbit O of size a power of 2 by [46, Lemma 2.6 and its proof].
Clearly, A ¢ O and O is a union of some non-trivial Li-orbits. The ¢ divides |O| by Proposition 6.25(2), a contradiction.
Thus, L* is isomorphic to any of the groups PSL,(q), PQF(q) with g even and n/2 odd, or Eg(q). Now, we may apply the
same argument as in [46, (1.a) in Section 5, (1) in Section 7 and Section 8] for linear spaces with our |X| and R and in the
role of v and r, respectively, by Lemma 6.10, and we see that only the following cases are admissible:

(a) L¥ = PSLy(q) and one of the following holds:
(i) M=Pq and |Z| = q _1 . Moreover, G* is a point-2-transitive automorphism group of D*;
_ n—2
(ii) M = Py, n is odd, |E| = % and R = % (q+1 L= 3) with t < 2q. Moreover, G* is a primitive
point-rank 3 automorphism group of D=,

(b) L* = PQ{y(@), 2] = @* + 1)(@® + (@ + (g +1) and R= 1L

Assume that case (a.i) holds. If = A + 6 then D* is symmetric, and hence D* = PG,_1(q) and B* is the set of

hyperplanes of PGn_1(q) by [24]. Thus k% = q”;i;l‘ and hence qqn%]] < %qn;f W

and k¥ = w. Therefore (2q — 3)q"~! — 5 < 0, which does not have admissible solutions since (q,n) # (2, 2), being L=
non-abelian simple. Thus n = 1, and hence G* = G by Corollary 6.9.
Assume that case (1 ) of Theorem 6.13 occurs. Then z=gq and h =n—1 by [27, Proposition 4.1.17(Il)]. Therefore ¢ divides
-1
| | 1= )\.+5 A—1 _ q" 1

S5 =ats ,and hence 2(n —1) +1<n—1 by Lemma 6.23 and [27, Proposition 5.2.15(i)], a contradiction.

Assume that case (2) of Theorem 6.13 occurs. Then Gﬁ contains (Z3)", h > 4, as a normal subgroup. On the other
hand, GA contains a normal subgroup H isomorphic to [q”*‘] :SLy—1(q) and Ga/H is isomorphic to a quotient group of
Zg-1.Zn,q—1)-Zs by [27, Proposition 4.1.17(I1)]. It follows that h < 3, whereas h > 4.

Assume that case (a.ii) holds. If n = A +6, then D> is symmetric. However, this is impossible by [11] since L* = PSL,(q)
with n is odd. Thus n =1, and hence G* = G by Corollary 6.9.

Assume that case (1) of Theorem 6.13 occurs. Then z=¢q and h =n — 2 by [27, Proposition 4.1.17(I)] since h > 3.
Therefore ¥ divides

n__ n—1 _ n—-2 _ 1
po1=@ oD@ =D a(a )2 (@-D@+1?+¢@ > -1),
(@—-1@*—1) @+D@-1
and hence 2(n —2) + 1 <2 by Lemma 6.23 and [27, Proposition 5.2.15(i)]. So n = 2, which is not the case since n is odd.

Assume that case (2) of Theorem 6.13 occurs. As above, Gﬁ contains (Z3)", h > 4, as a normal subgroup. On the other
hand, G contains a normal subgroup K isomorphic to [qz("‘2>] 1 (SLa(q) o SLyp—2(q)), and G /K is isomorphic to a quotient
group of (Zg_1 x Zg—1).Zq-1)-Z5 by [27, Proposition 4.1.17(Il)], and this leads to a contradiction since h > 4.

5_ 245
In case (b), since R = 22 = q(ng) and |T| = 2+42=1 one has

5_1 2 5_1
|E|=R2_3R+1=<%—5) —3(‘7(271)—5>+1,

26
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which compared to || = (q*+ 1)(¢> + 1)(g% + 1)(g+ 1) leads to q° +2q% +2q” +3q® — q° — 2q* — 3¢® — 3¢ — 4q = 0, which
does not have admissible solutions.

Finally, assume that L* is one of the groups PSp,(q), PSU,(q) or PQE(q), and that LE is a non-degenerate subspace
of PGp(q). Again, Lemma 6.10 allows us to argue as in [46, Sections 3-6] with |X| and R and in the role of v and r,
respectively, and we see that the unique admissible case is L* = PSU,(q), LE is the stabilizer of a non-isotropic point of

PGn_1(q?), || = q"’l(q‘;;l(—m and R | (g + (@ ! — (=1)"1). Actually, n is odd since both |Z| and q are odd. Further,

R||IZ|—1 and hence R | ((q+ 1)(¢"~' —1),|E| — 1). Then R | q"(:r;] since |Z|—1= E(q" +q+ 1), but this contradicts
RZ>|Z|. O

q+1

Lemma 6.29. L% does not lie in a maximal C;-subgroup of L* with i =2, 5.

Proof. Assume that L% € C2(L¥) UCs(L¥) and let M be a maximal group of L* containing L%. Note that, p is odd by [30].
Further, p | |X| by Lemma 6.28 and [46, Lemma 2.3], and hence p > 3 by Lemma 6.21(1).

Assume that L% € C5(L%). Then L% normalizes a classical group over GF(q'/™) with m. Also, [L¥| < 3|M|? |Out(L¥)| <
IM|? by Lemma 6.21(2), and hence one of the following holds by [1, Propositions 4.7, 417, 4.27 and 4.23]:

(1) L¥ = PSL,(q) and M is a Cs-subgroup of type GL,(q'/?);
(2) L¥ = PSUL(q) and M is a Cs-subgroup either of type GU,(q'/3).

In case (1), we have
2
6(q—1.m) f(q—1)?|PGLn(q'?)|

2
_ 2 1/3 _ q—1
(q@—1,n) (q/ l,—(q,m))

q" 2 < L% <3 IMP |outL)| < (6.5)

n2
by [27, Proposition 4.5.3(I)] and by [1, Corollary 4.3(i)], hence q"z‘2 < 6fq2T+2 again by [1, Corollary 4.3(i)]. Then
n2-12

p/" 3" <6, and hence n =3 since n > 2 by Lemma 6.27, f is divisible by 3, f > 1 and p > 3. Now, it is easy to
verify that (6.5) is not fulfilled for n = 3.
In case (2), we may assume that n > 3 since PSU,(q) = PSL,(q) cannot occur by Lemma 6.27. Then

6(q+1,m)f(q+1)?|PGUq"/3)|

2
q+1
@+1,m? (‘71/3 +1, (q+1,n))

q" 3 < L% <3IMP [out(L¥)| < (6.6)

n?_
by [27, Proposition 4.5.3(1)] and [1, Corollary 4.3(ii)], and hence q"z—3 < 6fq2( 743 again by [1, Corollary 4.3(ii)]. Then
n2-16

g 3 <6f,and hence n=3 or 4 since n >3 and f is divisible by 3, f > 1 and p > 3. Actually, (6.6) is not fulfilled for
n =4, hence n=3. In this case, [L¥| <3|M[*|Out(L*)| becomes

C@+1(G@ -1) <6f(@q+1,3) %+ 1)2(@q"? - 1)2

and hence q(q2 — q+ 1)(@*> + q'/2 + 1) < 486 f, which has no admissible solutions since f is divisible by 3, f > 1 and
p>3.

Assume that Li € C(L*). Again by [1, Propositions 4.7, 4.17, 4.27 and 4.23], and bearing in mind that p > 3, and the
Li—invariant decomposition of consists of non-degenerate isometric subspaces when L* is not PSL,(q) by [30], one of the
following holds:

(1) L = PSLy(q) and M is a Cy-subgroup of type GLnst(q) 2 S, where t =2, or t =3 and either ¢ =5 and n odd, or
(n,q)=@3,11);

(2) L = PSU,(q) and M is a Cp subgroup of type GUn/e(q) 2 S, where t =2, or t =3 and either ¢ =5 and (n,6) =3, or
g=7and nodd,org=13 and (n,14)=1,ort=n=4 and ¢=5;

(3) L = PSp,(q) and M is a Cy subgroup of type Spnse(q) 2 S¢, where either t < 3, or (t,n) = (4,8);

(4) LT = PQ¢(q) and M is a C; subgroup of type O;ﬁ’/t(q) ! S¢, wheret=2,ort=n=7 and q=>5.

Note that, L= = PQI(S) is ruled out by Lemma 6.21(1), hence LE = M in the remaining cases of (1)-(4) by [27, Tables
3.5.H-3.5.1].

Suppose that LY /(L¥ N G(EA)) is solvable. Then only (1) or (2) holds with ¢ | (g1, n/2), respectively, by [27, Propositions
42.9(1)-4.2.11(11)] since ¥ divides |[L¥/(L% mc(EA)) by Proposition 6.25(1). Now, ® | (q  1,n/2) implies ¢ | [Out(L¥)
which is contrary to Lemma 6.24.

’
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Suppose that LY /(L% N G2 %)) is non-solvable. Then G> /G(A> is non-solvable by since L% /(L% N GE W) = LEG(EA)/G(A)
GE/G(A) Then a quotient group of GA/G(A) is almost simple with socle isomorphic either to PSLh(z) with h > 3 and
z even or to PSLp/(3%) with h/e > 2, or to PSpp/(3°) with h/e even and h/e > 2 by Theorem 6.13(1.d),(2.d). Further,
(h/e,e) #(2,1),(2,2),(3,2), (6,1) in both latter cases. However, the above three possibilities for G% /G(A) are excluded by
[27, Propositions 4.2.9(11)-4.2.11(Il)] since p > 3. O

Lemma 6.30. L* is not a simple exceptional group of Lie type.

Proof. Assume that L= = L(q) is a simple exceptional group of Lie type. Let M be a maximal group of L containing Li. By
[30], either M = N;=(L(q'/%)) with s an odd prime, or M is one of the groups listed in [30, Table 1] since Li is not contained
in a maximal parabolic subgroup of L* by Lemma 6.28. In the former case, (L¥, M) is either (Eg(q), Ngs(q) (Es(q'/?))) or
(%E6(q). N2gy(q)(*Es(q"/3))) by [1, Theorem 5] since |L¥| <3|M|? |Out(L¥)| < [M|? by Lemma 6.21(2). However, in none of
the cases L= < 6(3,q+1)s|M|? is fulfilled. Thus, M is one of the groups listed in [30, Table 1]. Again, Lemma 6.21(2) implies
LT < |MJ?, and hence we may preliminary filter the groups in [30, Table 1] with respect [1, Theorem 5]. The admissible
groups are then filtered respect to L¥ < 3|M|?|Out(L¥)|, and we obtain the following admissible cases:

(1) L¥ = E7(q) and M =2 (PSLy(q) x PQ,(@)) - 2

(2) L= = 2E4(q) and M = (4, q + 1). (mw(q) x 7(3#“;}1#“)) (4,0 +1);

(3) L* = 3D4(q) and M = G(q);

(4) L= 2Gy(q), q=3™, modd and m > 1, and M = Z, x PSLy(q);

(5) L = Gy(q) and M = SL3(q) : Z» or SU3(q) : Z» according as ¢ =+1 (mod 4)
(6) L* = G»(3) and M = 23.513(2);

(7) L* = Fa(q) and M =2.Q9(q);

(8) L* = Fa(q) and M =22.PQJ (q).S3;

-1
3,9- 1)(4q 1)
morphism of order 2 is excluded from the previous list. Indeed, in this case, L* = (4, q—1). (PQJr (q) x W) .(4,q—

1) lies in a maximal parabolic subgroup of Eg(q) of type Ds, and this is impossible by Lemma 6.28.
Case (2) is ruled out by Lemma 6.21(1). Indeed,

Note that, case L* = Eg(q) and (4,q — 1). (PQTO(q) X ).(4, q—1) < GX with G% containing a graph auto-

9
g +1
|2|=|LZ:L§|=q16T

: @ +q*+1)

which is divisible by 3. Now, consider cases (1) and (3)-(8). Then LE = M by [31]. Note that, LE does not contain a quotient
group as in Theorem 6.13(1). Thus A = 3" — 6 with h > 4 and h # 6 Theorem 6.13(2).

Let ¥ a primitive prime divisor of 232, then ¥ divides |L% /(L% N GEA))‘ by Proposition 6.25(1). Thus L /Ly, is non-
solvable in (1) and (3)-(8). Then GA/G is non-solvable, and hence a quotient subgroup of G> /G(A) is almost simple
with socle isomorphic to one of the groups PSLpje(3°) or PSpys(3°) with h/e > 2 and (h/e,e) # (2, 1), (2,2) as a normal
subgroup by Theorem 6.13(2.d) since g is odd. Then a quotient subgroup of L /(LE N G(A)) contains one of the groups
PSLpje(3%) or PSppse(3°) with h/e > 2 and (h/e,e) # (2,1), (2,2) as a normal subgroup since GE/L% is solvable (see the

proof of Lemma 6.21(3)). Then only (1) and (4) are admissible, and both with g = 3™. Therefore q | |L2 : LE}, and hence g
divides |X|, which is not the case by Lemma 6.21(1). O

Theorem 6.31. If A > 3, then G is not almost simple.

Proof. Assume that G” is almost simple. Then G is one of the groups listed in [30]. However, only the following cases are
admissible as consequence of Lemmas 6.26-6.30:

(1) L® is PQ;(q) or PQ(q), g is prime and g =+3 (mod 8), L% is Q7(2) or g (2), respectively;
(2) LE= PQJ (q), q is prime and g = =3 (mod 8), G* contains a triality automorphism of L* and L% is 2325 . PSL3(2);
(3) L= = PSU3(5) and L = M.
Assume that L* is PQ7(q), g prime and q = +3 (mod 8), and Li is 7(2). Then Lemma 6.21(2) implies
1
20 <IP@I <317 2=2737.52. 77
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by [1, Corollary 4.3(iv)] since q is a prime. Hence q = 3 since ¢ = +3 (mod 8). However, |Z| = |P$27(3): 27(2)|=3>-13 is
excluded since it is divisible by 3. The remaining cases in (1) and in (2) are ruled out similarly.
Finally, assume that L* = PSU3(5) and L% = Myo. Then |Z| = % =52.7, a contradiction. O

Proof of Theorem 6.1. Proposition 6.5 and Theorems 6.11, 6.20 and 6.31 force A = 3. At this point, the assertion follows
from [40, Corollary 1.2]. O

Proof of Theorem 1.1. The result is an immediate consequence of Theorems 3.1 and 6.1. O

Declaration of competing interest

The author declares that he has no known competing financial interests or personal relationships that could have ap-
peared to influence the work reported in this paper.

Data availability
No data was used for the research described in the article.
Acknowledgements
The author is grateful to the anonymous referees for their helpful comments and suggestions.

References

[1] S.H. Alavi, T.C. Burness, Large subgroups of simple groups, J. Algebra 421 (2015) 187-233.
[2] M. Aschbacher, On the maximal subgroups of the finite classical groups, Invent. Math. 76 (469) (1984) 514.
[3] J. Bamberg, T. Penttila, Overgroups of cyclic Sylow subgroups of linear groups, Commun. Algebra 36 (2008) 2503-2543.
[4] T. Beth, D. Jungnickel, H. Lenz, Design Theory: Vol. I, 2nd ed., Encyclopedia of Mathematics and Its Applications, vol. 69, Cambridge University Press,
Cambridge, 1999.
[5] H.L Blau, On trivial intersection of cyclic Sylow subgroup, Proc. Am. Math. Soc. 94 (1985) 572-576.
[6] J. Bray, D.FE. Holt, C.M. Roney-Dougal, The Maximal Subgroups of the Low-Dimensional Finite Classical Groups. With a Foreword by Martin Liebeck,
London Mathematical Society Lecture Note Series, vol. 407, Cambridge University Press, Cambridge, 2013.
[7] AR. Camina, PH. Zieschang, On the normal structure of the flag transitive automorphism groups of 2-designs, J. Lond. Math. Soc. (2) 41 (1990)
555-564.
[8] PJ. Cameron, C.E. Praeger, Constructing flag-transitive, point-imprimitive designs, J. Algebraic Comb. 43 (2016) 755-769.
[9] J.H. Conway, R.T. Curtis, R.A. Parker, R.A. Wilson, An Atlas of Finite Groups, Clarendon Press, Oxford, 1985.
[10] P. Dembowski, Finite Geometries, Springer, Berlin, Heidelberg, New York, 1968.
[11] U. Dempwolff, Primitive rank 3 groups on symmetric designs, Des. Codes Cryptogr. 22 (2001) 191-207.
[12] A. Devillers, H. Liang, C.E. Praeger, B. Xia, On flag-transitive 2-(v, k, 2) designs, ]. Comb. Theory, Ser. A 177 (2021) 105309.
[13] H. Dietrich, M. Lee, T. Popiel, The maximal subgroups of the Monster, ArXiv, https://doi.org/10.48550/arXiv.2304.14646.
[14] ].D. Dixon, B. Mortimer, Permutation Groups, Springer Verlag, New York, 1966.
[15] D.A. Foulser, The flag transitive collineation group of the finite Desarguesian affine planes, Can. ]. Math. 16 (1964) 443-472.
[16] D.A. Foulser, Solvable flag transitive affine groups, Math. Z. 86 (1964) 191-204.
[17] The GAP Group, GAP—groups, algorithms, and programming, version 4.11.1, http://www.gap-system.org, 2021.
[18] D. Georestein, Finite Groups, second edition, Chelsea Publishing Company, New York, N.Y., 1980.
[19] R.M. Guralnick, Subgroups of prime power index in a simple group, J. Algebra 81 (1983) 304-311.
[20] C. Hering, Transitive linear groups and linear groups which contain irreducible subgroups of prime order, Geom. Dedic. 2 (1974) 425-460.
[21] Q.M. Hussain, On the totality of the solutions for the symmetrical incomplete block designs A =2, k=5 or 6, Sankhya 7 (1945) 204-208.
[22] G.D. James, On the minimal dimensions of irreducible representations of symmetric, Math. Proc. Camb. Philos. Soc. 94 (1983) 417-424.
[23] W.M. Kantor, Automorphism groups of designs, Math. Z. 109 (1969) 246-252.
[24] W.M. Kantor, Classification of 2-transitive symmetric designs, Graphs Comb. 1 (1985) 165-166.
[25] W.M. Kantor, Homogeneous designs and geometric lattices, ]. Comb. Theory, Ser. A 38 (1985) 66-74.
[26] W.M. Kantor, Primitive permutation groups of odd degree, and an application to finite projective planes, J. Algebra 106 (1987) 15-45.
[27] P. Kleidman, M. Liebeck, The Subgroup Structure of the Finite Classical Groups, London Mathematical Society Lecture Note Series, vol. 129, Cambridge
University Press, Cambridge, 1990.
[28] E.S. Lander, Symmetric Designs: An Algebraic Approach, London Mathematical Society Lecture Note Series, vol. 74, Cambridge University Press, Cam-
bridge, 1983.
[29] M. Law, C.E. Praeger, S. Reichard, Flag-transitive symmetric 2-(96, 20, 4)-designs, ]. Comb. Theory, Ser. A 116 (2019) 1009-1022.
[30] M.W. Liebeck, ]. Saxl, The primitive permutation groups of odd degree, ]J. Lond. Math. Soc. 31 (1985) 250-264.
[31] M.W. Liebeck, ]. Saxl, G.M. Seitz, Subgroups of maximal rank in finite exceptional groups of Lie type, Proc. Lond. Math. Soc. 65 (1992) 297-325.
[32] M.W. Liebeck, The classification of finite linear spaces with flag-transitive automorphism groups of affine type, J. Comb. Theory, Ser. A 84 (1998)
196-235.
[33] H. Liineburg, Translation Planes, Springer, Berlin, 1980.
[34] J. Mandié¢, A. Subasi¢, Flag-transitive and point-imprimitive symmetric designs with 1<10, J. Comb. Theory, Ser. A 189 (2022) 105620.
[35] A. Montinaro, E. Francot, On Flag-transitive 2-k?, k, % designs with A | k, J. Comb. Des. 30 (2022) 653-670.
[36] A. Montinaro, E. Francot, A classification of the flag-transitive 2-(v, 3, A) designs with v=1,3 (mod 6) and v =6 (mod 1), arXiv:2404.02488.
[37] A. Montinaro, Classification of the non-trivial 2-(k?, k, 1) designs, with A | k, admitting a flag-transitive almost simple automorphism group, J. Comb.
Theory, Ser. A 195 (2023) 105710.
[38] A. Montinaro, A classification of flag-transitive 2-(k?, k, 1) designs with A | k, J. Comb. Theory, Ser. A 197 (2023) 105750.

29


http://refhub.elsevier.com/S0012-365X(24)00201-2/bibB86FC6B051F63D73DE262D4C34E3A0A9s1
http://refhub.elsevier.com/S0012-365X(24)00201-2/bib27BAF79AF932BD1592A6F4D5D61E96A9s1
http://refhub.elsevier.com/S0012-365X(24)00201-2/bib96D4CDFF8ED57E93E3B3D843CFFE3AF7s1
http://refhub.elsevier.com/S0012-365X(24)00201-2/bib93F08F6D4AF8F244D2276B8604C4CEE2s1
http://refhub.elsevier.com/S0012-365X(24)00201-2/bib93F08F6D4AF8F244D2276B8604C4CEE2s1
http://refhub.elsevier.com/S0012-365X(24)00201-2/bib0273DAD9BD60B0C0C369597118216A35s1
http://refhub.elsevier.com/S0012-365X(24)00201-2/bibE56505FDEB1C245167175C62961F54E2s1
http://refhub.elsevier.com/S0012-365X(24)00201-2/bibE56505FDEB1C245167175C62961F54E2s1
http://refhub.elsevier.com/S0012-365X(24)00201-2/bib928568B84963CEB76AAAA2CAE9AFDBFAs1
http://refhub.elsevier.com/S0012-365X(24)00201-2/bib928568B84963CEB76AAAA2CAE9AFDBFAs1
http://refhub.elsevier.com/S0012-365X(24)00201-2/bibB78CC6909042016DAAA04D83BAC97E90s1
http://refhub.elsevier.com/S0012-365X(24)00201-2/bibDC5F499E83AEF4F6811FAA4081631740s1
http://refhub.elsevier.com/S0012-365X(24)00201-2/bibF2338C5001709D1D0810A46B2715F554s1
http://refhub.elsevier.com/S0012-365X(24)00201-2/bib590B79A8A036B256E12FFC256BD56902s1
http://refhub.elsevier.com/S0012-365X(24)00201-2/bibD47B549E7EFA6314C8EE8E4954C99CD8s1
https://doi.org/10.48550/arXiv.2304.14646
http://refhub.elsevier.com/S0012-365X(24)00201-2/bib2ECDA7A0252B442AC6ECF47462119F51s1
http://refhub.elsevier.com/S0012-365X(24)00201-2/bibE1DFFC8709F31A4987C8A88334107E89s1
http://refhub.elsevier.com/S0012-365X(24)00201-2/bibFE5C3684DCE76CDD9F7F42430868AA74s1
http://www.gap-system.org
http://refhub.elsevier.com/S0012-365X(24)00201-2/bib5F075AE3E1F9D0382BB8C4632991F96Fs1
http://refhub.elsevier.com/S0012-365X(24)00201-2/bibC9313DEF424921AF28947A25C62FCEF5s1
http://refhub.elsevier.com/S0012-365X(24)00201-2/bibA64CF5823262686E1A28B2245BE34CE0s1
http://refhub.elsevier.com/S0012-365X(24)00201-2/bibC1D9F50F86825A1A2302EC2449C17196s1
http://refhub.elsevier.com/S0012-365X(24)00201-2/bib375EE26098B46E23BCB854331F0AD8C5s1
http://refhub.elsevier.com/S0012-365X(24)00201-2/bib6F8ED996A0EA9D07DE9FEDF2BEA897C2s1
http://refhub.elsevier.com/S0012-365X(24)00201-2/bibFB2FD918561116AEECFAD3C124CCEE77s1
http://refhub.elsevier.com/S0012-365X(24)00201-2/bib3FA757CAC111B393C019F048B1B96C99s1
http://refhub.elsevier.com/S0012-365X(24)00201-2/bibA8F13839EB61D257ADC971927702CE88s1
http://refhub.elsevier.com/S0012-365X(24)00201-2/bib7E9293E90055A83D4943872232FF638Fs1
http://refhub.elsevier.com/S0012-365X(24)00201-2/bib7E9293E90055A83D4943872232FF638Fs1
http://refhub.elsevier.com/S0012-365X(24)00201-2/bib1586BF9A7EBB455F9A1B133D05248A59s1
http://refhub.elsevier.com/S0012-365X(24)00201-2/bib1586BF9A7EBB455F9A1B133D05248A59s1
http://refhub.elsevier.com/S0012-365X(24)00201-2/bibA228337B9001C84607568E8CF07DABD2s1
http://refhub.elsevier.com/S0012-365X(24)00201-2/bib8C142A82CD5DC0F0A7FE79186FD1FCBCs1
http://refhub.elsevier.com/S0012-365X(24)00201-2/bib593A3023B826E242BE5651751B69D09Es1
http://refhub.elsevier.com/S0012-365X(24)00201-2/bib629B97B22100D8D949EAFAED8580A62Cs1
http://refhub.elsevier.com/S0012-365X(24)00201-2/bib629B97B22100D8D949EAFAED8580A62Cs1
http://refhub.elsevier.com/S0012-365X(24)00201-2/bibB3A17F7C339AAAAD2C632E168123C7BCs1
http://refhub.elsevier.com/S0012-365X(24)00201-2/bib7A663CAEA1B722A63DC2868158ED584Ds1
http://refhub.elsevier.com/S0012-365X(24)00201-2/bib12C578C9F48DD6727464670D5DAA0F9Cs1
http://refhub.elsevier.com/S0012-365X(24)00201-2/bib248E322790673FB0918D3837DFF629ACs1
http://refhub.elsevier.com/S0012-365X(24)00201-2/bib20716C5380E7036F189707F86EFCAEA9s1
http://refhub.elsevier.com/S0012-365X(24)00201-2/bib20716C5380E7036F189707F86EFCAEA9s1
http://refhub.elsevier.com/S0012-365X(24)00201-2/bib84A81F5DF3804DFE7D5EE823988A8CD9s1

A. Montinaro Discrete Mathematics 347 (2024) 114070

[39] H.K. Nandi, Enumerations of nonisomorphic solutions of balanced incomplete block designs, Sankhya 7 (1946) 305-312.

[40] C.E. Praeger, The flag-transitive symmetric designs with 45 points, blocks of size 12, and 3 blocks on every point pair, Des. Codes Cryptogr. 44 (2007)
115-132.

[41] CE. Praeger, C. Schneider, Permutation Groups and Cartesian Decompositions, London Mathematical Society Lecture Note Series, Cambridge University
Press, Cambridge, 2018.

[42] C.E. Praeger, S. Zhou, Imprimitive flag-transitive symmetric designs, J. Comb. Theory, Ser. A 113 (2006) 1381-1395.

[43] P. Ribenboim, Catalan’s Conjecture: Are 8 and 9 the Only Consecutive Powers?, Academic Press, Inc., Boston, 1994.

[44] E. O'Reilly Reguerio, On primitivity and reduction for flag-transitive symmetric designs, ]. Comb. Theory, Ser. A 109 (2005) 135-148.

[45] S.S. Sane, On a class of symmetric designs, in: Combinatorics and Applications, Calcutta, 1982, Indian Statist. Inst., Calcutta, 1984, pp. 292-302.

[46] ]. Saxl, On finite linear spaces with almost simple flag-transitive automorphism groups, J. Comb. Theory, Ser. A 100 (2002) 322-348.

[47] R. Scott, R. Styer, On p* — g =c and related three term exponential Diophantine equations with prime bases, ]. Number Theory 105 (2004) 212-234.

[48] A.V. Vasilyev, Minimal permutation representations of finite simple exceptional groups of types G, and F4, Algebra Log. 35 (1996) 663-684.

[49] A.V. Vasilyev, Minimal permutation representations of finite simple exceptional groups of types Eg, E7 and Eg, Algebra Log. 36 (1997) 518-530.

[50] A.V. Vasilyev, Minimal permutation representations of finite simple exceptional groups of twisted type, Algebra Log. 37 (1998) 17-35.

[51] A. Wagner, On finite affine line transitive planes, Math. Z. 87 (1965) 1-11.

[52] R.A. Wilson, Maximal subgroups of automorphism groups of simple groups, J. Lond. Math. Soc. 32 (1985) 460-466.

[53] R.A. Wilson, Maximal subgroups of sporadic groups, in: R. Guralnick, G. Hiss, K. Lux, P. Huu Tiep (Eds.), Finite Simple Groups: Thirty Years of the Atlas
and Beyond, in: Contemporary Mathematics, vol. 694, 2017, pp. 58-72.

[54] R. Wilson, P. Walsh, J. Tripp, I. Suleiman, R. Parker, S. Norton, S. Nickerson, S. Linton, J. Bray, R. Abbott, An atlas of finite groups representation- version
3, available at http://brauer.maths.qmul.ac.uk/Atlas/v3.

[55] C. Zhong, S. Zhou, On flag-transitive automorphism groups of 2-designs, Discrete Math. 346 (2023) 113227.

30


http://refhub.elsevier.com/S0012-365X(24)00201-2/bib8D9C307CB7F3C4A32822A51922D1CEAAs1
http://refhub.elsevier.com/S0012-365X(24)00201-2/bib44C29EDB103A2872F519AD0C9A0FDAAAs1
http://refhub.elsevier.com/S0012-365X(24)00201-2/bib44C29EDB103A2872F519AD0C9A0FDAAAs1
http://refhub.elsevier.com/S0012-365X(24)00201-2/bibD3D4C5DEB455AC79DD5FF47C88BD65D9s1
http://refhub.elsevier.com/S0012-365X(24)00201-2/bibD3D4C5DEB455AC79DD5FF47C88BD65D9s1
http://refhub.elsevier.com/S0012-365X(24)00201-2/bib159FE58F8D47011813FB25BD91B46673s1
http://refhub.elsevier.com/S0012-365X(24)00201-2/bib30E724DC332EDB5B25CFCBFE75857E75s1
http://refhub.elsevier.com/S0012-365X(24)00201-2/bibCE39A504941E88579BE83B1FAA68BB10s1
http://refhub.elsevier.com/S0012-365X(24)00201-2/bib5DBC98DCC983A70728BD082D1A47546Es1
http://refhub.elsevier.com/S0012-365X(24)00201-2/bib2EED2447762871B6F5F0E2A2F10FDA09s1
http://refhub.elsevier.com/S0012-365X(24)00201-2/bibD53AEB78ABC83A52AB8982F5C82A3D5Bs1
http://refhub.elsevier.com/S0012-365X(24)00201-2/bib61D98599AD8BF16849003360BFCCFFCBs1
http://refhub.elsevier.com/S0012-365X(24)00201-2/bibAFE6FBB53E835B0A55E46F6E98F5F23Ds1
http://refhub.elsevier.com/S0012-365X(24)00201-2/bibB0A2158E652127CEC26686C31E52E4C6s1
http://refhub.elsevier.com/S0012-365X(24)00201-2/bib151A19784BD63713527668B1D48A0B17s1
http://refhub.elsevier.com/S0012-365X(24)00201-2/bibA60420252529DB4BB3CBEDF17ED64491s1
http://refhub.elsevier.com/S0012-365X(24)00201-2/bibABCF330630699E0C3DA24402CDF7466Bs1
http://refhub.elsevier.com/S0012-365X(24)00201-2/bibABCF330630699E0C3DA24402CDF7466Bs1
http://brauer.maths.qmul.ac.uk/Atlas/v3
http://refhub.elsevier.com/S0012-365X(24)00201-2/bibE7F07EC5C6317675680E9571F072DFECs1

	Flag-transitive, point-imprimitive symmetric 2-(v,k,λ) designs with k>λ(λ−3)/2
	1 Introduction and main result
	2 The overlap number of D
	3 The case where D is of type 1
	4 Reduction to the case CG(V)≤G(Σ)
	5 Proof of Theorem 3.1
	5.1 GΣ is of affine type
	5.2 GΣ is an almost simple group

	6 The case where D is of type 2
	6.1 Hypothesis
	6.2 The 2-design DΣ
	6.3 2-designs Di
	6.4 The case where GΣ is of affine type
	6.5 Aschbacher’s theorem
	6.6 The case where GΣ is almost simple

	Declaration of competing interest
	Data availability
	Acknowledgements
	References


