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Tensor networks and quantum computation are two of the most powerful tools for the simulation of
quantum many-body systems. Rather than viewing them as competing approaches, here we consider
how these two methods can work in tandem. We introduce a novel algorithm that combines tensor net-
works and quantum computation to produce results that are more accurate than what could be achieved by
either method used in isolation. Our algorithm is based on multiproduct formulas (MPFs)—a technique
that linearly combines Trotter product formulas to reduce algorithmic error. It uses a quantum computer
to calculate the expectation values and tensor networks to calculate the coefficients used in the linear
combination. We present a detailed error analysis of the algorithm and demonstrate the full workflow
on a one-dimensional quantum simulation problem on 50 qubits using two IBM quantum computers,
IBM_TORINO and IBM_KYIV.
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I. INTRODUCTION

Understanding out-of-equilibrium properties of quan-
tum systems relevant for chemistry, material science,
and high-energy physics often requires the simulation of
Hamiltonian dynamics. For example, correlation functions
describing unitary time evolution of interacting quantum
spins or electrons provide information about the excita-
tion spectrum and aid identification of exotic quasiparticles
such as unpaired Majorana fermions in one-dimensional
(1D) [1] and two-dimensional (2D) [2] models. Correlation
functions combining forward and backward time evolu-
tion known as out-of-time-order correlators are commonly
used for diagnosing quantum chaos in many-body systems
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[3], with applications ranging from superconductivity [4]
to black-hole physics [5,6].

The ability of conventional classical computers to sim-
ulate Hamiltonian dynamics is limited by the exponen-
tial cost of representing entangled quantum states. Con-
sider the simplest version of the problem—simulating the
dynamics of a 1D spin chain with short-range interactions
starting from an initial unentangled state. The entangle-
ment entropy between the left and right halves of the chain
typically grows linearly with the evolution time t, until
it saturates at the value proportional to the system size n
(see, e.g., Ref. [7]). Most classical simulation methods rely
on matrix product states (MPSs) to approximate the time-
evolved states. Since the bond dimension of MPSs grows
exponentially with the amount of entanglement, the sim-
ulation cost grows exponentially with n or t. This limits
the applicability of classical simulators to small systems or
short evolution times.

In contrast, quantum computers can efficiently simu-
late Hamiltonian dynamics for most practically relevant
Hamiltonians [8], at least in theory. For example, quan-
tum algorithms based on high-order Trotter formulas [9]
or the Lieb-Robinson bound [10] can simulate the dynam-
ics of spin-chain Hamiltonians with the gate complexity
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scaling almost linearly with the space-time volume nt. It is
expected that simulation problems of this type with space-
time volume nt ≈ 104 are already intractable for existing
classical computers [11].

It should be emphasized that even quantum computers
cannot simulate Hamiltonian dynamics exactly. To begin
with, the existing quantum processors are not fault tolerant
and the accumulation of errors limits the depth of quan-
tum circuits that can be executed reliably. Even leaving
the fault-tolerance problem aside, a quantum computer can
only approximate the exact time-evolution unitary due to
algorithmic errors known as Trotter errors [9]. Although
the asymptotic run-time of the best known quantum algo-
rithms scales only logarithmically with the desired error
tolerance [12], the cost of high-precision simulations is
prohibitive for near-term quantum processors. For exam-
ple, the benchmark problem of Ref. [11] with space-time
volume nt ≈ 104 would require nearly 107 controlled-NOT
(CNOT) gates to approximate the time evolution within
three digits of precision [13,14]. This exceeds the size of
quantum circuits demonstrated to date by many orders of
magnitude.

A natural question is whether classical and quantum
simulation algorithms working in tandem can accomplish
Hamiltonian-dynamics simulation at a lower cost com-
pared with the classical or quantum algorithms alone.
Here, we begin to address this question by showing how
to combine classical tensor-network algorithms for sim-
ulating weakly entangling quantum circuits [15] with the
quantum simulation algorithms based on multiproduct for-
mulas (MPFs) [16–20]. MPFs are designed to produce
an expectation value of an observable quantity 〈O〉 by
taking a linear combination of approximate expectation
values

∑
ci〈Oi〉 obtained from multiple different Trotter-

ization formulas, such that the sum more closely repre-
sents the expectation value 〈O〉 corresponding to the exact
continuous-time evolution of the system than any of the
individual values 〈Oi〉.

Previous work [20] has considered a variant of stan-
dard MPFs where the coefficients in the linear combination
depend on the simulation time t such that ci = ci(t). The
tensor network enhanced MPF algorithm introduced in this
work uses matrix product operators (MPOs), we hence-
forth refer to it as MPO-MPF. The full MPO-MPF method
is illustrated in Fig. 1. The MPO-MPF algorithm is similar
to the dynamic MPF algorithm in Ref. [20] in that it also
produces coefficients ci(t) that depend on time. However,
there are a number of core differences between MPO-
MPF and the previous work that we now outline. First,
the coefficients ci(t) in MPO-MPF are calculated classi-
cally, unlike the algorithm in Ref. [20]. In this paradigm,
the errors in ci(t) are thus completely controlled by the
classical resources available rather than by the noise on
the quantum device. Second, the MPO-MPF coefficients
are calculated independently at each time t—there is thus

no propagation of errors with time, as was the case in the
work in Ref. [20]. Furthermore, the MPO-MPF algorithm
produces error bounds and can thus identify the regime
of time for which it is advantageous to apply MPFs—this
is referred to as the “MPF test” and the “Trotter test” in
Sec. IV. We also point out that the MPO-MPF algorithm
can be applied in combination with previously introduced
circuit-optimization algorithms [21,22]—i.e., one can use
it to take linear combinations of optimized circuits to fur-
ther reduce Trotter error (see the discussion in Sec. V and
Appendix C). Finally, we note that the quantum resources
required to implement the MPO-MPF algorithm are orders
of magnitude smaller than the work in Ref. [20], thus
allowing us to present some initial results of the MPO-
MPF algorithm from a 50-qubit experiment on a real
quantum computer.

To illustrate how we use MPOs as part of our dynamic
MPF workflow, consider the following problem: given
some target state |ψ〉, a set of basis states |ψj 〉 and their
corresponding pure-state density matrices ρ and ρj , what
coefficients cj optimally project the target density matrix
onto the span of the basis-state density matrices ρj ? Specif-
ically, we want to minimize the Frobenius-norm distance
between the target density matrix and some linear combi-
nation of the basis states. To calculate the ideal projection
coefficients cj in this linear combination, one only needs
the quantities | 〈ψj |ψ〉 |2 and | 〈ψi|ψj 〉 |2. For the case of
interest here, we take the target state |ψ〉 to be the exactly
evolved state e−itH |ψ0〉, where |ψ0〉 is an initial weakly
entangled state, and the basis states forming the span to
be the Trotter-evolved states S(t/kj )

kj |ψ0〉, where the kj
are the number of Trotter steps used to produce each basis
state ρj . When using a purely classical approach to cal-
culate expectation values 〈ψ | O |ψ〉, one can use tensor
network based algorithms such as time-evolving block
decimation (TEBD) [23], the time-dependent variational
principle (TDVP) [24,25], or WI ,II [26] to first prepare
the state |ψ〉 as an MPS, followed by a contraction with
the operator O and the conjugated state 〈ψ | to obtain the
result. Alternatively, one can evolve the operator to get
an MPO approximation for U†OU and contract this object
with the weakly entangled state |ψ0〉. This latter approach
can be advantageous due to partial cancellation of the uni-
taries—note that the MPO would be trivial if O was the
identity operator (for a review, see Ref. [27]). As discussed
in Ref. [27], the difference between these two methods
essentially boils down to a different choice of the con-
traction path. More recent work has taken advantage of
this latter choice of contraction path for the simulation of
Lindblad evolution operators as part of an error-mitigation
workflow [28], where this idea is described as a “mid-
dle out contraction.” Here, we use MPOs to obtain an
approximation of the fidelities between pure states for the
purpose of obtaining the optimal projection coefficients
cj as part of our dynamic MPO-MPF workflow. More
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(a)

(b)

multiproduct formula (MPF)

FIG. 1. (a) The Hamiltonian dynamics for a spin-chain Hamiltonian H . The goal is to compute time-dependent correlation functions
such as the expected value of Pauli σaσb on the time-evolved state ρ(t). (b) The MPO-MPF simulator workflow. The time-evolved
state ρ(t) is approximated by a linear combination of states ρi(t) generated by an ensemble of Trotter circuits with a varying number
of Trotter steps. A classical simulator based on matrix product operators (MPOs) is responsible for computing overlaps for the chosen
ensemble of states. Our approximation for ρ(t) is a dynamic multiproduct formula (MPF) μ(t) = ∑r

i=1 ci(t)ρi(t), with coefficients ci(t)
optimized to minimize the Trotter error measured by the Frobenius-norm distance between ρ(t) and μ(t). This distance is a simple
function of the overlaps Tr(ρ(t)ρi(t)) and Tr(ρi(t)ρj (t)). A quantum processor is responsible for estimating correlation functions
associated with each individual state ρi(t). Finally, different terms in the MPF are combined to obtain an estimate Tr(ρ(t)σaσb) ≈∑r

i=1 ci(t)Tr(ρi(t)σaσb). The classical cost of computing overlaps such as Tr(ρ(t)ρi(t)) is small due to an approximate cancellation
between forward and backward time evolution generated by H and by the Trotter circuit.

concretely, we calculate the MPOs corresponding to the
unitaries S(t/ki)

−kie−iHt and S(t/ki)
−kiS(t/ki)

kj and con-
tract them with the initial state |ψ0〉 to obtain the fidelities
| 〈ψi|ψ〉 |2 and | 〈ψi|ψj 〉 |2.

Calculating these quantities with MPOs still incurs a
truncation error due to the finite bond dimension, which
is then propagated to the multiproduct coefficients cj —this
raises the immediate question of whether or not the reduc-
tion in Trotter error obtained via the implementation of
an ideal MPF will be negated by the error incurred by
the calculation of the coefficients with tensor networks
with a truncated bond dimension. Of course, this error
can—in principle—be reduced arbitrarily by increasing
the bond dimension, but in this scenario one must then
ask if the required bond dimension to do so is so large
that one is in effect just simulating the quantum system
classically. A significant portion of this work is ded-
icated to addressing these subtle questions. We prove
that despite the propagation of truncation errors just out-
lined, truncation error does not negate Trotter error and

hence our MPO-MPF algorithm is indeed advantageous
as compared to either purely classical simulations based
on tensor networks or purely quantum simulations based
on Trotterization. In particular, we prove in Lemma B1
that there is no first-order error in the observables com-
puted with our tensor network enhanced dynamic MPF
algorithm (see Fig. 2 and points (1) and (2) in Sec. III B
as well as detailed proofs and numerical demonstrations in
Appendix A).

This work is structured as follows. In Sec. II, we recall
the basic definitions used in previous work on MPFs. In
Sec. III, we introduce our new MPO-MPF algorithm (for
a summary, see Fig. 1). We discuss the errors involved
and show in Fig. 2 how MPO-MPF provides an advan-
tage over purely classical or purely quantum approaches
in isolation—we leave a more detailed error analysis to
Appendix A. In Sec. IV, we present the results of both our
classical and quantum simulations (see Figs. 3, 4, and 9).
We compare our MPO-MPF algorithm to the previously
proposed static MPF algorithms [16–18] and demonstrate
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that MPO-MPF outperforms static MPF even in the pres-
ence of errors due to the finite truncation of the bond
dimension in the tensor network. We also introduce a
classically implementable numerical test to determine the
simulation times at which any given MPF will provide an
advantage over a single-product formula (see the inequal-
ity in Eq. (16)). We stress that this numerical test applies
both to the dynamic MPF algorithm proposed here as well
as to static MPFs. We conclude in Sec. V, where we discuss
our MPO-MPF algorithm in the context of other quantum
simulation algorithms that also aim to reduce Trotter error
with short-depth circuits [21,22]. We discuss how each of
these cases can be applied as part of the MPO-MPF work-
flow. In particular, in Appendix C, we present results of
the combination of MPO-MPF and the AQCtensor method
from Ref. [22].

II. BACKGROUND

A. Multiproduct formulas

In what follows, we briefly recall from Ref. [20] the
notions of Trotter product and MPFs for quantum time
evolution. A product formula is a quantum circuit S(t)
approximating the evolution operator e−itH of a quantum
system with a Hamiltonian H : a common approach is to
split the time window (0, t) into k intervals of length t/k,
construct a circuit S(t/k), and apply it k times. The depth
of the resulting circuit S(t/k)k scales linearly with k, and k
depends on the structure of H , the desired approximation
error, and the type of product formula [20].

We stress that Trotter product formulas that accurately
approximate Hamiltonian dynamics might be very deep.
MPFs [16] allow for the reduction of the depth of a
circuit without increasing its approximation error. The
latter point can be illustrated by the following exam-
ple. For a given sequence of integers k1, . . . , kr, consider
a static MPF in the form of a real linear combina-
tion μS(t) = ∑r

j =1 cj ρkj (t) of r density matrices ρkj (t) =
S(t/kj )

kj ρ0S(t/kj )
−kj , each of which approximates the

exact time-evolved density matrix ρ(t) = e−itHρ0eitH ,
where ρ0 = |ψ0〉〈ψ0| and S is a Trotter product formula
of order p . The coefficients cj are chosen to solve the
following linear system:

r∑

i=1

ci = 1 and
r∑

i=1

ci

kq
i

= 0 (1)

for q ∈ {p , p + 1, . . . , 2p − 1}. This choice of coefficients
guarantees that the resulting MPF μS has at least quadrat-
ically (or even exponentially) better accuracy (measured
in 1-norm, ‖ρ − μS‖1) than each ρkj without using cir-
cuits that are any deeper than those used to produce
ρkj [20]. As a result, the expected value of any observ-
able Tr(Oρ(t)) can be approximated better by a linear
combination

∑r
j =1 cj Tr(Oρkj (t)).

By design, the static MPF μS(t) reduces the Trot-
ter error: ‖ρ − μS‖1 < ‖ρ − ρkj ‖1. However, this error
is not minimized: i.e., minci ‖ρ − ∑r

j =1 cj ρkj ‖1 < ‖ρ −
μS‖1. In addition, the coefficients ci found from Eq. (1)
are sensitive to the choice of ki, as for certain ki the set
of linear equations in Eq. (1) is ill conditioned numer-
ically. In this scenario, the resulting vector of coeffi-
cients has a large condition number

∑
i |ci| which leads

to an amplification of the sampling noise for expecta-
tion values evaluated on a quantum computer. These two
points have been addressed in Ref. [20] by introduc-
ing dynamic MPFs μD(t) = ∑r

j =1 cj (t)ρkj (t), with time-
dependent coefficients cj (t) chosen to minimize the error
‖μD(t)− ρ(t)‖F measured in the Frobenius norm. It can
be computed by solving a convex optimization problem
in which a cost function ED

F is minimized with respect to
coefficients cj (t):

ED
F = ‖ρ(t)− μD(t)‖2

F = 1 +
r∑

i,j =1

Mij (t)ci(t)cj (t)

− 2
r∑

i=1

Li(t)ci(t), (2)

where M (t) is the Gram matrix, with elements

Mij (t) = Tr(ρki(t)ρkj (t))

= ∣
∣〈ψ0|S(t/ki)

−kiS(t/kj )
kj |ψ0〉

∣
∣2

(3)

and L(t) is a vector of overlaps with components

Lj (t) = Tr(ρ(t)ρkj (t)) = ∣
∣〈ψ0|S(t/kj )

−kj e−iHt|ψ0〉
∣
∣2

. (4)

We discuss in detail the relationship between the 1-norm
and the Frobenius norm in Sec. IV. In particular, we
discuss the conditions under which dynamic MPF out-
performs each Trotter product formula as measured in
1-norm error (see Eq. (16) and the surrounding text). It
has been noted in Ref. [20, Sec. 5.a] that dynamic MPF
outperforms the static one at long simulation times and it
does not require that the ki be constrained in order to get
well-conditioned coefficients.

III. MPO-BASED DYNAMIC MPFs

Here, we present a MPO-based method to calculate the
dynamic coefficients cj (t) classically, leaving the calcula-
tion of the expectation values Tr(Oρkj ) to the quantum
computer. We argue that in the context of dynamic MPF,
the bond dimension of the MPO-based method scales (in
time) more favorably than that of MPSs and we also show
that the error (in computing expectation values) due to the
MPO bond-dimension truncation can be made negligible
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compared to the error of the individual Trotter product
formulas used in the multiproduct.

Recall from Eqs. (3)–(4) that Mij is the overlap
of the quantum states |ψj 〉 = S(t/kj )

kj |ψ0〉 and |ψi〉 =
S(t/ki)

ki |ψ0〉 and Lj is the overlap of the quantum states
|ψj 〉 and |ψex〉 = e−iHt |ψ0〉. For large times and large sys-
tems, it is not classically efficient to store |ψi〉, |ψj 〉, and
|ψex〉 as MPSs, even for 1D systems. To calculate Mij and
Lj and hence cj (t), we must therefore avoid explicitly stor-
ing the quantum states. To do so, we define the objects Fij
and Fex,j :

Fij ≡ S
(

t
ki

)−ki

S
(

t
kj

)kj

,

Fex,j ≡ eiHtS
(

t
kj

)kj

.

(5)

The quantities Mij and Lj are thus given by

Mij = | 〈ψ0| Fij |ψ0〉 |2 (6)

and

Lj = | 〈ψ0| Fex,j |ψ0〉 |2. (7)

In practice, we approximate e−iHt ≈ S (t/k0)
k0 with

k0 � ki. In what follows, we thus consider Fex,j to be a
special case of Fij with i = 0. In Algorithm 1, we present
our algorithm to calculate Fij . We start by initializing Fij
to be the MPO representing the identity operator. We then
update it by a series of left or right matrix multiplications
by S† (t/ki) or S

(
t/kj

)
, respectively, which can be seen as

a series of backward or forward time evolutions. The goal
is to keep Fij as close to the identity as possible throughout
the loop to minimize the bond dimension required to store
the MPO.

ALGORITHM 1. MPO-based algorithm to calculate Mij
and Lj .

A. Memory efficiency

We now briefly comment on the memory requirements
in Algorithm 1, while a more detailed analysis can be
found in Appendix A. More specifically, we compare the
bond dimension of the MPO required to store Fij with a
given precision versus the bond dimension of the MPS
required to store the time-evolved state e−iHt |ψ0〉. For a
general Hamiltonian (i.e., one that has not been handpicked
to exhibit behavior such as many-body localization), the
bond dimension required to store e−iHt |ψ0〉 scales expo-
nentially in time, i.e., log(χmps) ∝ T. However, unlike the
MPS for the quantum state, the bond dimension required
to store Fij and Fex,j as MPOs decreases with decreasing
Trotter step dt. In Appendix A, we argue that log(χmpo) ∝
Tdt2 in the worst-case scenario. For any given simulation
time t, we thus argue that there exists a Trotter step dt such
that it is more efficient to store the MPOs Fij than to store
the MPS for the quantum states individually.

B. Error analysis

Now consider the effect of truncating the bond dimen-
sion of the MPOs (for computing overlaps Mij and Lj )
on the accuracy of estimating expectation values. In
Appendix A, we argue that for any given truncation thresh-
old λ0 on the bond dimension, there exists a value of the
Trotter step number k such that:

(1) The memory resources required to store Fij are
lower than those required to store the quantum state
e−iHt |ψ0〉 using MPS.

(2) For an observable O, MPO truncation error ε(λ0),
Trotter error E , and coefficients cj obtained using
Algorithm 1, one has | Tr(Oρ(t))− ∑r

j =1 cj (t)Tr
(Oρkj (t)))| ≤ | Tr(O(ρ(t)− μD(t)))| + O(ε(λ0)E).

Point (2) suggests that the errors on the observables aris-
ing from the finite bond dimension are dominated by
| Tr(O(ρ(t)− μD(t)))|—the error of the dynamic MPF
with exact Mij and Lj , while the error due to MPO trun-
cation, O(ε(λ0)E), is proportional to the product of the
Trotter error and the truncation error, i.e., there are no first-
order error terms arising from the tensor-network part of
our algorithm (see Eq. (B2) and the surrounding text).

Below, we further illustrate point (1) above numerically
for the well-studied Heisenberg model, with Hamiltonian
H given by

H = −
L−1∑

i=1

(Sx
i Sx

i+1 + Sy
i Sy

i+1 + Sz
i Sz

i+1), (8)

with Sx
i = 1

2σ
x
i , Sy

i = 1
2σ

y
i and Sz

i = 1
2σ

z
i , where σ x, σ y ,

and σ z are the Pauli matrices. We consider the initial
state to be the Néel state: |ψ0〉 = |1010 . . .〉. In Fig. 2, we
compare three different simulation methods:
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(1) ρkmax = |ψkmax〉 〈ψkmax |: kmax = max{k1, k2}, |ψkmax〉
is the second-order Trotter product formula imple-
mented using MPS-based classical simulation [29]
with large bond dimension (χ = 400).

(2) ρdynMPF = c1 |ψk1〉 〈ψk1 | + c2 |ψk2〉 〈ψk2 |: c1, c2
computed by minimizing Eq. (2) provided that
the overlaps Mij and Lj are computed as per
Algorithm 1 with low MPO bond dimension (χ =
50), |ψk1〉, is computed similarly to |ψkmax〉.

(3) ρMPS = |ψMPS(t)〉 〈ψMPS(t)|: |ψMPS(t)〉 calculated
using MPS-based classical simulation [29] with rel-
atively low MPS bond dimension (χ = 100) and a
very low time step dt such that there is effectively no
Trotterization error.

Each of the above methods is then characterized by its
error, defined as the distance (in the Frobenious norm) to a
“quasi-exact” density matrix ρ. More specifically, the error
of ρkmax is given by

Ekmax
F = ‖ρ − ρkmax‖2

F

= 2 − 2 Tr(ρρkmax)

= 2 − 2| 〈ψ0| Skmax

(
t

kmax

)

e−iHt |ψ0〉 |2. (9)

Here, e−iHt |ψ0〉 is computed with the fourth-order Trotter
product formula, a very low time step dt, and a large bond
dimension (χ = 400). Similarly, the Frobenius-norm error
of the MPS simulation is given by

EMPS
F = ‖ρ − ρMPS‖2

F = 2 − 2| 〈ψMPS(t)| e−iHt |ψ0〉 |2,
(10)

where |ψMPS(t)〉 is an approximation to the exact state after
truncation of the bond dimension and renormalization of
the singular values such that | 〈ψMPS(t)|ψMPS(t)〉 |2 = 1.
The Frobenius norm of the dynamic MPF error is defined
in Eq. (2)—however, for a fair comparison with EMPS

F
and Ekmax

F , one must take great care with how Eq. (2) is
applied. In particular, we first calculate Mij and Lj using
Algorithm 1 and denote the resulting quantities by M MPO

ij

and LMPO
j . We then input these quantities to the right-

hand side of Eq. (2) and find the coefficients cMPO
i that

minimize this quadratic function, subject to the constraint∑
i ci = 1. We then calculate Mij and Lj quasi-exactly, i.e.,

using heavy numerical simulations with bond dimension
χ = 400. We denote the resulting quantities by M ex

ij and

FIG. 2. The Frobenius norm of the error in the density matri-
ces produced by three different simulation methods of the time
evolution with the 50-qubit Hamiltonian in Eq. (8) acting on
the initial state |ψ0〉 = |1010 . . .〉. Red line: Ekmax

F in Eq. (9)
with kmax = k1 = 18, χ = 400. Green line: EMPS

F in Eq. (10)
with χ = 100 and very small time step (dt = 0.025). Black line:
EMPO−MPF

F in Eq. (11) with χ = 50 and two Trotter formulas
used in the multiproduct, k1 = 18 and k2 = 14. The error arising
from dynamic MPO-MPF with bond dimension χ = 50 is lower
than pure Trotter with bond dimension χ = 400 (i.e., a proxy
for a quantum device) and for a pure-MPS-state simulation with
bond dimension χ = 100. The total memory requirements to
store the MPS on L qubits, i.e., the total number of floating-point
complex numbers, is given by 2Lχ2

mps, while for the MPO this
number is 4Lχ2

mpo. The total classical memory requirements for
the χ = 100 MPS curve are thus larger than those of the χ = 50
MPO curve. When implemented on a real quantum device, the
shot noise is magnified by a factor given by the 1-norm of the
coefficients

∑
i |ci(t)|. One must thus ensure that a given MPF is

well conditioned (see, e.g., Ref. [18]). The MPF considered here
is indeed well conditioned—the 1-norm

∑
i |ci(t)| produced from

the MPF algorithm is less than 4.5 for all times considered.

Lex
j . We then define the quantity EMPO−MPF

F :

EMPO−MPF
F = 1 +

r∑

i,j =1

M ex
ij (t)c

MPO
i (t)cMPO

j (t)

− 2
r∑

i=1

Lex
i (t)c

MPO
i (t). (11)

In Fig. 2, we see that EMPO−MPF
F has the lowest error of the

three methods, despite having the lowest bond dimension
in its classical part of the workflow (i.e., for the calculation
of the coefficients cMPO

i (t)).

IV. RESULTS

In this section, we provide a thorough numerical eval-
uation of the quantum or classical workflow outlined in
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Sec. III. In particular, we calculate the dynamic MPF
coefficients cj (t) classically using Algorithm 1 and we
use a quantum computer to calculate expectation values
Tr(Oρkj ) for a local observable O, namely, for one- and
two-site operators σ z

i and σ z
i σ

z
i+1, and for a Hamiltonian

similar to Eq. (8) but with adjusted coefficients to ensure
that it is not integrable:

H = −
L−1∑

i=1

(Ji(Sx
i Sx

i+1 + Sy
i Sy

i+1)+�iSz
i Sz

i+1). (12)

In Eq. (12), the Ji are sampled from a uniform distribu-
tion supported on [ 1

4 , 3
4 ] and �i = 2Ji. In what follows,

we show that dynamic MPF with “shallow product for-
mulas” can provide a comparable precision to that of a
deeper (and hence more accurate) product formula in the
case of classical and, more importantly, quantum simula-
tions, thus allowing us to operate shallow circuits without
loss of precision.

A. Evaluation on classical simulations

Our full workflow is as follows. First, we determine the
number of Trotter steps k that are required to keep the Trot-
ter error below a given target precision for a second-order
Trotter formula, S2(t). In principle, one can obtain an esti-
mate for the number of Trotter steps required by using the
rigorous upper bound on the error [9]; however, this upper
bound accounts for a worst-case scenario and so it is very
likely to significantly overestimate the required number of
Trotter steps in practice. Instead, we pick a large k and use
Algorithm 1 to generate Fex,k in Eq. (5) and then use Eq. (9)
to compute an estimate of the Trotter error using

Ek
F = 2 − 2| 〈ψ0| Fex,k |ψ0〉 |2. (13)

Then, we pick a set of Trotter steps kj such that kj < k
for all j and we use Eq. (2) to obtain an estimate of the
dynamic MPF error ED

F arising from these kj . The quan-
tities Mij and Li in Eq. (2) are obtained by calculating Fij
and Fex,j using Algorithm 1, followed by the application of
Eqs. (6) and (7). We choose the minimum values of kj such
that the resulting dynamic MPF, μD(t) = ∑r

j =1 cj (t)ρkj (t)
of r density matrices ρkj (t) = S2(t/kj )

kj ρ0S2(t/kj )
−kj , has

a smaller algorithmic error than the deeper single Trotter
circuit, i.e., ED

F (kj ) ≤ Ek
F with k > kj for all j . In Fig. 3(a),

we plot the quantity ED
F —i.e., the error in the Frobenius

norm for μD with three terms, k1 = 2, k2 = 3, and k3 = 4.
We compare this with the Frobenius-norm error Ek

F for
a single Trotter circuit with k = 6 and also with a sin-
gle Trotter circuit with k = 4. We find that the dynamic
MPF with three relatively shallow circuits has a compara-
ble algorithmic error to the deeper Trotter circuit up until
t ≈ 4.1—this crossover point is represented by the ver-
tical dotted blue line labeled “Trotter test.” We plot the

same quantities in Fig. 3(b), but where ED
F and Ek

F have
been calculated by explicitly storing the states e−iHt |ψ0〉
and S

(
t/kj

)kj |ψ0〉 as MPSs and calculating their over-
laps. Clearly this is not a scalable approach, as the bond
dimension required to do this increases exponentially with
the simulation time, but we do so here for demonstration
purposes and take bond dimension χ = 400. We observe
that the (numerically demanding) MPS simulation and the
(much less numerically demanding) MPO simulation in
Fig. 3 predict the same crossover point between the errors
of the k = 6 Trotter circuit and the dynamic MPF circuits,
demonstrating the resilience of the “Trotter test” to the
truncation error induced by the low bond dimension used
in the MPO algorithm. Furthermore, this result demon-
strates the scalability of Algorithm 1 to larger timescales at
which it would no longer be possible to store the quantum
states accurately as MPSs.

We have so far compared the errors in the Frobenius
norm of the density matrices corresponding to one Trotter
product formula versus MPF but we should also consider
errors measured in 1-norms, i.e., ‖ρ − μD‖1 and ‖ρ −
ρk‖1, as these quantities more closely capture the errors
on the expectation values of the observables. Indeed, ‖ρ −
μD‖1 = maxO:‖O‖=1 | Tr(O(ρ − μD))|; i.e., 1-norm repre-
sents the worst-case error of all possible expected values
| Tr(O(ρ − μD))|. We have the following inequalities:

‖ρ − μD‖F ≤ ‖ρ − μD‖1 ≤ √
r + 1‖ρ − μD‖F , (14)

where r is the rank of μD, i.e., the number of terms in the
MPF μD. Similarly, we have

‖ρ − ρkj ‖F ≤ ‖ρ − ρkj ‖1 ≤
√

2‖ρ − ρkj ‖F . (15)

We can guarantee that the 1-norm of the multiproduct error
is lower than the 1-norm of the Trotter error, i.e., ‖ρ −
μD‖1 ≤ ‖ρ − ρkj ‖1 if the following inequality holds:

√
r + 1‖ρ − μD‖F ≤ ‖ρ − ρkj ‖F . (16)

The vertical dashed black line labeled “MPF test” in Fig. 3
marks the time beyond which the inequality in Eq. (16) no
longer holds. This does not mean that we can only apply
MPF in the allowed time regime where Eq. (16) holds,
but that if one wants to provide a rigorous guarantee that
dynamic MPF with a particular set of k values will perform
better than each of the individual kj , then one must be in
this allowed time regime.

We now comment on the comparison of our dynamic
MPF algorithm with static MPF [18,20]. In Fig. 3, one can
see that the static MPF error grows much faster than the
dynamic MPF error, despite the additional error induced in
the dynamic MPF from the truncation of the bond dimen-
sion. Note that the static MPF error eventually becomes
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(a)

(b)

FIG. 3. Error estimates from (a) MPO and (b) MPS simula-
tions. Green line: Ekmax

F in Eq. (9) with kmax = 4. Red line: Ekmax
F

in Eq. (9) with kmax = 6. Black line: ED
F in Eq. (2) with k1 = 2,

k2 = 3 and k3 = 4. Purple line: ED
F in Eq. (2), but where the coef-

ficients ci are taken to be the static MPF coefficients [18,20], with
k1 = 2, k2 = 3, and k3 = 4. Vertical dotted blue line: the time
at which the error on the dynamic MPF formula with k1 = 2,
k2 = 3, k3 = 4 becomes larger than the Trotter formula with
k = 6. Vertical dashed black line: the time at which the inequal-
ity in Eq. (16) no longer holds. In (a), all quantities have been
evaluated by generating the relevant MPOs using Algorithm 1,
followed by the application of Eqs. (6), (7), and (13). In (b),
all quantities have been calculated by explicitly storing the rele-
vant quantum states as MPSs with χ = 400 and calculating their
overlaps (for discussion, see the text).

larger than that of the individual Trotter k = 4 Trotter cir-
cuit, which is consistent with the observations made in
Ref. [20].

B. Evaluation on quantum simulations

Now, we turn to the results of the MPO-MPF algorithm
on quantum hardware (see Appendix E for the details of

the configuration). In Fig. 4, we plot the expectation val-
ues of two observables in the middle of the 50-qubit spin
chain, namely, σ z

25 and σ z
24σ

z
25, respectively, as measured on

the quantum computer IBM_TORINO. As above, we com-
pare a k = 6 Trotter circuit with a dynamic MPF with
k1 = 2, k2 = 3, and k3 = 4. These values of k1, k2, k3, and
k have been chosen to ensure that the algorithmic error of
the dynamic multiproduct is comparable to the algorithmic
error of the Trotter circuit k = 6; as shown in Fig. 3, this
is the case up until time t = 4.1 for the circuits in question.
By keeping the algorithmic errors roughly equal for the
Trotter circuit and the dynamic multiproduct, we can accu-
rately assess the reduction in the device error arising from
the reduced circuit depth of the circuits used in the dynamic

(a)

(b)

FIG. 4. The expectation values of the observables (a) σ z
25 and

(b) σ z
24σ

z
25 after time evolution with the 50-qubit Hamiltonian in

Eq. (12) as measured on the quantum computer IBM_TORINO. The
dynamic MPF performs better (i.e., is closer to the exact curve)
than the single Trotter circuit at times before the “Trotter test”
and “MPF test” (i.e., the vertical dotted blue and dashed black
lines, respectively, as in Fig. 3). This is due to the reduced depths
of the circuits used in the dynamic MPF.
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MPF as compared to a single Trotter circuit. As shown in
Fig. 4, the dynamic MPF results are more accurate than
the Trotter results up to the “Trotter-test” cutoff time when
implemented on quantum hardware. This is because there
are fewer gates in the circuits used in the dynamic mul-
tiproduct and hence less device noise. We note that the
gate noise in each circuit can be mitigated by using proba-
bilistic error amplification (PEA). The results in Fig. 4 do
not use PEA to mitigate these gate errors, which explains
the deviations of the experimental curves from the theo-
retical result, but do include dynamical decoupling (DD)
to suppress non-Markovian and crosstalk errors [30,31],
Pauli twirling to suppress coherent errors [15], and twirled
readout extinction [32] for measurement errors. For addi-
tional results with PEA implemented on IBM_KYIV, see
Appendix D.

V. DISCUSSION

In this work, we have considered the question of
whether one can apply state-of-the-art classical tensor net-
work algorithms in tandem with quantum simulations to
provide an advantage over applying either method in iso-
lation. We have addressed this question by introducing a
novel dynamic multiproduct algorithm based on MPOs.
Unlike previous work, the dynamic coefficients ci(t) are
calculated entirely classically and are calculated indepen-
dently at each time t, thus avoiding the problem of error
propagation in time. We have shown that, despite the trun-
cation errors induced by the finite bond dimension of the
MPOs used in our algorithm, this error can be made suf-
ficiently small such that the MPO-MPF algorithm is still
advantageous as compared to either a purely classical or
purely quantum approach (see Fig. 2, the discussion in
Sec. III B, and Appendix A). We have compared the MPO-
MPF algorithm to static multiproduct formulas [16–20]
and found that MPO-MPF outperforms static MPF despite
the truncation errors induced from the truncation of the
bond dimension (see Fig. 3). Furthermore, we point out
that the “MPF-test” and “Trotter-test” procedures outlined
in the text are applicable not just to the dynamic MPF
algorithm introduced in this work but also to static MPF;
thus if for any reason one wanted to apply static MPF for
a particular model instead of dynamic MPF, one could,
e.g., implement a workflow in which the static MPF coef-
ficients are used to reduce Trotter error and the MPO-MPF
algorithm introduced here is used to determine the time
window of validity in which the static MPF should pro-
vide an advantage. This is in contrast to relying on rather
conservative error bounds derived in Ref. [20].

We have demonstrated the scalability of our algorithm
by implementing it on the quantum processors IBM_TORINO
and IBM_KYIV (see Appendix D) and shown how our
algorithm allows for the reduction in circuit depth and
hence a reduction in circuit errors (see, e.g., Figs. 4

and 10). We anticipate that this work may inspire similar
tensor network plus quantum algorithms for applications
beyond that of the simulation of a 1D spin chain considered
here; e.g., more complex models in higher dimensions.
While MPS-based methods are not well suited to study
models in dimensions larger than one, we note that our
algorithm never explicitly stores the quantum state itself
but only the MPO representing the object F defined in
Eq. (5). The theoretical error analysis in Appendix A
should still apply beyond 1D—more numerical work is
needed to determine in what scenarios the MPO-MPF
method would work well in practice in 2D or in what sce-
narios it would be advantageous to use a tensor network
approach that goes beyond MPOs. In the latter case, the
same workflow presented in this work would be applied,
i.e., the quantities Mij and Lj would be calculated using
the tensor network and the expectation values calculated
on a quantum computer. The analysis of the propagation
of errors from the tensor network to the MPF presented in
this work would need to be extended. We point out that
any of the potential difficulties that may arise in a dynamic
MPF workflow that uses 2D tensor networks will surely
also arise in a direct classical simulation of the full quan-
tum system that uses the same tensor network structure.
However, several modern 2D tensor network methods to
simulate the dynamics of 2D quantum systems have been
proposed [33–36]—we therefore conjecture that many of
these methods should also be applicable to the tensor net-
work enhanced dynamic MPF workflow introduced in this
work.

Finally, we have discussed our tensor network enhanced
dynamic MPF algorithm in the context of other quantum
simulation algorithms that have been designed to perform
better than standard Trotter circuits [21,22]. In each of
these cases, methods have been proposed to identify an
optimized parametric circuit that has a lower approxima-
tion error than a Trotter circuit. This is in contrast to
our dynamic MPF algorithm, which takes several differ-
ent circuits that approximate the time-evolution operator
and calculates the optimal projection coefficients of the
ideal circuit onto the span of these approximate circuits.
This projection procedure is agnostic to the form of the
approximate circuits used as a basis. Thus one can always
apply our tensor network based dynamic MPF algorithm in
conjunction with these other approaches by taking linear
combinations of the optimized circuits themselves rather
than of the Trotter circuits. This is in contrast to previous
works on MPFs [16–20] which are designed exclusively to
take linear combinations of Trotter circuits. In Appendix C,
we provide an example of MPO-MPF working in tan-
dem with another Trotter error-minimization approach
called AQCtensor [22]—an approximate quantum com-
piler based on tensor networks. This approach uses classi-
cal optimization to minimize the Trotter error of the circuit
up until the latest time t that can be simulated classically.
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When applied in combination with MPO-MPF, the pro-
jection coefficients ci(t) are calculated with respect to
the optimized circuits found via AQCtensor. This demon-
strates how MPO-MPF can be applied simultaneously with
circuit-optimization techniques and we envisage that a
similar workflow could be applied with other methods such
as the one proposed in Ref. [21].
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APPENDIX A: ERROR ANALYSIS

In Sec. III, the precision and memory requirements to
store Fij in Algorithm 1 have been briefly discussed—we
elaborate on these points here. Recall that to find the
dynamic MPF coefficients cj (t), we minimize ED

F in Eq. (2)
subject to the constraint

∑
i ci = 1. To do so, we must

calculate the quantities Mij and Lj defined in Eqs. (3)
and (4), which can be rewritten in terms of Fij and Fex,j

(see Eq. (5)). Recall that F0j ≡ S† (t/k0)
k0 S

(
tkj /

)kj ≈
eiHtS

(
t/kj

)kj , with k0 � kj . In what follows, we thus
consider the object

F ≡ eiHtS
(

t
k

)k

(A1)

and we take the Hamiltonian in Eq. (12). We consider
the memory requirements to generate and store F as an
MPO and compare these to the requirements to store
the quantum state |ψt〉 = e−iHt |ψ0〉 as an MPS. In classi-
cal time-evolution algorithms such as TEBD, one stores
|ψt〉 as an MPS by repeated applications of singular-value
decomposition (SVD) and by truncating the representation
to include only singular values that are larger than a tar-
get precision threshold λ0. The bond dimension required
to store the state with precision λ0 increases exponentially
with time t:

χmps(λ0) = f (λ0)ev0kdt = f (λ0)ev0t, (A2)

where dt = t/k. We demonstrate this behavior in Fig. 5. In
Fig. 5(a), we plot logχmps versus t for a range of values of
λ0 and find an estimate for f (λ0) and v0 by fitting a linear
function to each curve. In Fig. 5(b), we plot these estimates
for f (λ0) and v0 versus λ0 and find that, as expected, f (λ0)

is strongly dependent on λ0, whereas v0 is approximately
constant.

(a)

(b)

1 × 10–11

1 × 10–10

1 × 10–9

1 × 10–8

1 × 10–7

1 × 10–6

1 × 10–5

FIG. 5. (a) A demonstration of the scaling behavior of the
bond dimension χmps in Eq. (A2). logχmps is plotted versus time
for a range of values of the cutoff λ0. (b) The quantities f (λ0)

and v0 are found by fitting a linear function to each of the curves
in (a). As expected, one sees that f strongly depends on λ0, while
v0 does not.

We expect a similar behavior for the bond dimension
required to store the MPO representation of the full time-
evolution operator e−iHt:

χmpo(λ0) = g(λ0)ev1kdt = g(λ0)ev1t. (A3)

Now, instead of the unitary e−iHt, we consider the bond
dimension required to store the object F in Eq. (A1) with
precision λ0. We expand F using the BCH formula to
obtain

F ≈ e−idt3kC = e−itdt2C, (A4)

where C is given by a sum of nested commutators.
Equation (A4) suggests that one can consider F as the
time-evolution operator with effective Hamiltonian Heff =
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FIG. 6. A test of the scaling of χmpo with k for fixed T (see
Eq. (A5)). The slope of the line is −3.7, suggesting that α ≈ 4.7
in Eq. (A5).

Cdt2. In place of Eq. (A3), we thus write

χF
mpo(λ0) = g(λ0)ev1kdtα = g(λ0)e

v1
tα

kα−1 , (A5)

where α is some constant that should be lower bounded
by 3. We test this scaling behavior in Figs. 6 and 7. In
Fig. 6, we plot log log(χF

mpo) versus log k with t = 4 and
find that α ≈ 4.7. Similarly, in Fig. 7 we plot log(χF

mpo)

versus time for fixed dt. Equations (A5) and (A2) thus
show that for any desired precision λ0 of the quantities
Mij and Lj in Eq. (2), there exists a value of k above
which χF

mpo(λ0) < cχmps(λ0) for any arbitrary constant c
and hence one gains an advantage from using the MPO-
MPF algorithm outlined in Sec. III over using either a
purely classical MPS-based approach or a purely quantum
Trotterization-based approach.

1. MPO truncation error for MPF coefficients

We now discuss the effect of the truncation error λ0
on the MPF coefficients cj of the dynamic MPF μD =

FIG. 7. A test of the scaling of χmpo with k for fixed dt.

∑r
j =1 cj ρkj and on the MPF observables

∑r
j =1 cjOj , Oj =

Tr(Oρkj (t)).
Let M (
0) and L(
0) denote MPO approximations of the

exact matrix M and vector L defined in Eq. (4). Let E (
0)
M =

M (λ0) − M be the matrix of MPO-approximation errors
and set E (
0)

L = L(
0) − L. Let �c � denote the vector of exact
dynamic MPF coefficients, the unique minimizer of Eq. (2)
with exact M and L, and let �c (
0) denote the unique min-
imizer of Eq. (2) with M and L substituted by M (
0) and
L(
0), respectively. Clearly, �c � can be computed by solv-
ing the linear equation M�c � = L + μ1, where Lagrange
multiplier μ is chosen so that 〈1|�c �〉 = 1: �c � = M−1L +
μM−11 and μ� = (1 − 〈1|M−1|L〉)/〈1|M−1|1〉.

APPENDIX B

Lemma B1. Let �c (
0) = (M (
0))−1(L(
0) + μ1) and letμ
be chosen to satisfy 〈1|�c (
0)〉 = 1. Then, for any 1 > ε >

0, there exist λ0 such that ‖L − L(
0)‖2, ‖M − M (
0)‖ <
ε < 1 and

‖�c � − �c (
0)‖2 ≤ ε
‖M−1‖ + ‖�c �‖2

1 − ε
. (B1)

For O = (O1 . . .Or)

, let E(t) = O�1 − O be the vec-

tor of Trotter errors, where O� = Tr(Oρ(t)), ρ—the exact
density matrix. Then,

|〈�c (
0)|O〉 − O�| ≤ |〈�c �|E〉| + ε
‖M−1‖ + ‖�c �‖2

1 − ε
‖E‖2.

(B2)

Proof. Using the notion of the square root of a symmet-
ric positive semidefinite matrix, namely, M 1/2M 1/2 = M ,
it is easy to see that

‖�c � − �c (
0)‖2

= 〈�c � − �c (
0)|M 1/2M−1M 1/2|�c � − �c (
0)〉
≤ ‖M−1‖ · 〈�c � − �c (
0)|M |�c � − �c (
0)〉. (B3)

Let us upper bound 〈�c � − �c (
0)|M |�c � − �c (
0)〉. Since �c � =
M−1L + μM−11 and 〈�c � − �c (
0)|1〉 = 0, it follows that

〈�c � − �c (
0)|M |�c � − �c (
0)〉
= 〈�c � − �c (
0)|L〉 + μ〈�c � − �c (
0)|1〉

− 〈�c � − �c (
0)|M |�c (
0)〉
= 〈�c � − �c (
0)|L〉 − 〈�c � − �c (
0)|M |�c (
0)〉.

Substituting M = M (
0) + M − M (
0) in 〈�c � − �c (
0)|
M |�c (
0)〉 and recalling that M (
0)�c (
0) = L(
0) + μ1, with
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μ chosen to satisfy 〈1|�c (
0)〉 = 1, we obtain

〈�c � − �c (
0)|M |�c � − �c (
0)〉 = 〈�c � − �c (
0)|L − L(
0)〉
− μ〈�c � − �c (
0)|1〉 − 〈�c � − �c (
0)|M − M (
0)|�c (
0)〉
= 〈�c � −�c (
0)|L − L(
0)〉 − 〈�c � −�c (
0)|M − M (
0)|�c (
0)〉
≤ ‖�c � − �c (
0)‖2(‖L − L(
0)‖2 + ‖M − M (
0)‖‖�c (
0)‖2)

≤ ‖�c � − �c (
0)‖2(‖L − L(
0)‖2

+ ‖M − M (
0)‖‖�c � − �c (
0)‖2‖�c �‖2).

Substituting this bound into the right-hand side of Eq. (B3),
dividing the result by ‖�c � − �c (
0)‖2, and isolating ‖�c � −
�c (
0)‖2 on the left-hand side of the resulting inequality, we
obtain Eq. (B1) provided that ‖M − M (
0)‖ < 1.

Now, Eq. (B2) follows by using Cauchy inequality to
upper bound |〈�c (
0)|O〉 − 〈�c (
0)|O�1〉|,

|〈�c (
0) ± �c �|O〉 − 〈�c (
0)|O�1〉|
≤ ‖�c (
0) − �c �‖2‖E‖2 + |〈�c �|E〉|,

followed by Eq. (B1). This concludes the proof. �

APPENDIX C: AQCtensor ALGORITHM

The AQCtensor algorithm has been proposed in
Ref. [22] and we briefly recall it here. The algorithm

aims to find a short-depth quantum circuit approximating
a given MPS. It is based on classical optimization; one
starts with a target quantum state |ψt〉 and a variational
circuit ansatz V(�) |ψ0〉, with |ψ0〉 some initial product
state. Both the target state and the ansatz state are stored
as MPSs. The cost function,

C(�) = 1 − ∣
∣〈ψ0| V†(�) |ψt〉

∣
∣2

, (C1)

is evaluated by computing the overlaps of the MPS |ψt〉
and V(�) |ψ0〉 and is minimized with respect to rota-
tion angles �, resulting in a short-depth circuit V(�) |ψ0〉
representing the target state. In this work, we employ
AQCtensor to get a short-depth representation of the tar-
get state |ψt1〉 = e−iHt1 |ψ0〉. The idea is to generate |ψt1〉
using a classical algorithm such as TEBD for the latest
possible time t1 that can be stored for a given maximum
bond dimension χmax and for a given desired precision
determined by the bond-dimension truncation threshold,
which we denote by λ0. Instead of using standard Trot-
terization to prepare the state |ψt1〉 (which may require a
deep circuit), one uses the optimized angles�opt (obtained
by minimizing the cost function) to prepare V(�opt) |ψ0〉.
Finally, one applies a Trotter circuit to this state to obtain
a time-evolved state beyond the time at which it could be
stored classically: S(t2/k)kV(�opt) |ψ0〉, such that the total
evolution time simulated by the full circuit is t = t1 + t2.
As discussed in Ref. [22], we use a circuit ansatz V(�) that

AQCtensor-enhanced

multiproduct formula (MPF)

(a)

(b)

AQCtensor

FIG. 8. The workflow from Fig. 1 but where each Trotter circuit has been compressed with the AQCtensor algorithm [22]: (a) the
Hamiltonian dynamics for a spin-chain Hamiltonian H ; (b) the MPO-MPF simulator workflow.
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(a)

(b)

FIG. 9. The expectation values of the same observables (a) σ z
25

and (b) σ z
24σ

z
25 as considered in Fig. 4 measured on IBM_TORINO

but where the circuits have been enhanced by the AQCtensor
algorithm. In particular, the system is simulated almost exactly
using a classical MPS-based algorithm up to time t1 = 3 and an
optimized quantum circuit is found that closely approximates this
exact evolution up to time t1. This optimized circuit has the same
depth and same structure as a Trotter circuit with k = 2. Addi-
tional Trotter circuits with k = 2 and k = 1 are appended to the
optimized circuit to simulate times beyond t = 3. The red curve
represents the results of the AQCtensor plus k = 2 Trotter circuit
and the black curve represents the result of combining the two
circuits with our dynamic multiproduct algorithm. The vertical
dashed black line represents the “MPF test,” which occurs at a
later time than in Fig. 4 due to the effect of AQCtensor (see the
main text).

has the same CNOT structure as a second-order Trotter cir-
cuit, allowing for the use of a “smart-initialization” scheme
in which the initial values�0 are set such that V(�0) corre-
sponds exactly to a second-order Trotter circuit. Therefore,
after one step of a minimization algorithm such as gradient
descent, it is assured that the optimized circuit ansatz will
more closely represent the exact time-evolved circuit than
a standard Trotter circuit.

(a)

(b)

FIG. 10. The expectation values of the observables (a) σ z
25

and (b) σ z
24σ

z
25 after time evolution with the Hamiltonian in

Eq. (12) as measured on IBM_KYIV. Both MPF and k = 6 results
are shown after incorporating probabilistic error amplification
(PEA). Dynamic MPF and k = 6 results both give comparable
results even though the k = 6 circuit is considerably deeper than
the circuits used for the MPF.

We now consider the combination of our dynamic MPF
algorithm with the AQCtensor algorithm (for an updated
illustration of the MPO-MPF workflow when combined
with AQCtensor, see Fig. 8). In Fig. 9, we consider the
same quantities as measured on the same quantum device
as in Fig. 4 but where both curves have been enhanced by
the AQCtensor algorithm. More precisely, for each value
of time t in Fig. 9, we consider two windows of time t1
and t2 such that t = t1 + t2. The AQCtensor algorithm finds
a circuit of the same depth as a k = 2 Trotter circuit that
approximates the exact time evolution e−iHt up until a time
t1 quasi-exactly, i.e., with 0.99 fidelity. A standard Trot-
ter circuit with either k = 2 or k = 1 that approximates the
time-evolution operator for a time window of length t2 is
then appended to the optimized circuit to simulate times t

020360-13
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that are larger than t1. In this instance, we take t1 = 3 and
hence t2 = t − 3. In general, the value of t1 can be taken
to be the largest value for which the available classical
resources can simulate the quantum system, with a given
desired precision. For each value of t in Fig. 9, we have two
quantum circuits, one with the t2 time window divided into
k = 2 Trotter steps and one where t2 is approximated with
k = 1 Trotter steps. The red curve represents the results
of the first of these circuits and the black curve represents
the result of combining the two circuits with a dynamic
multiproduct. In the AQCtensor workflow, the observables
can be calculated quasi-exactly using the classical MPS-
based method for times up until t = t1; hence we do not
include results from quantum hardware for t < t1. To cal-
culate the dynamic multiproduct coefficients cj (t) for these
AQCtensor circuits, we use Algorithm 1 and the method
outlined in Sec. III but with a slight modification of the
quantity Fij in Eq. (A1). In particular, since we now divide
each time t into two time windows t1 and t2, where for
times t < t1 the system is simulated quasi-exactly using the
AQCtensor algorithm, we must define the quantities FAQC

ij

and FAQC
ex,j :

FAQC
ij ≡ eiHt1S

(
t2
ki

)−ki

S
(

t2
kj

)kj

e−iHt1 ,

FAQC
ex,j ≡ eiH(t1+t2)S

(
t2
kj

)kj

e−iHt1 .

(C2)

The quantities Mij and Lj are then calculated as described
in Sec. III and the full MPO-MPF algorithm proceeds as
previously described. Finally, we comment on the “MPF
test” from Eq. (16) in the context of the AQCtensor +
dynamic MPF combination. Since the application of
AQCtensor evolves the system almost exactly for a time
t1, one can expect both the Trotter errors and MPF errors
to be reduced and for the inequality in Eq. (16) to hold
for longer total simulation times t. In Fig. 9 we show that
this is indeed the case; the vertical line representing the
final time at which the inequality in Eq. (16) holds occurs
later than in Fig. 4. Thus one of the key advantages of
using AQCtensor is that it allows for the application of our

MPO-MPF algorithm at times later than would otherwise
be feasible. We note that a similar workflow could instead
combine the MPO-MPF algorithm with other approaches
that aim to find optimized circuits for the purpose of simu-
lating time evolution such as the one proposed in Ref. [21].
In this case, the circuits used in the dynamic multiproduct
would be the optimized circuits instead of Trotterized cir-
cuits or AQCtensor optimized circuits and the quantities in
Eq. (C2) would need to be adjusted.

APPENDIX D: PROBABILISTIC ERROR
AMPLIFICATION

Before any error mitigation and noise-model simplifica-
tion, the general noise channel has the Kraus operator-sum
representation (KOSR)


̃(ρ) =
∑

α,β

cα,βPαρP†
β ,

where Pα ∈ Pn is the n-qubit Pauli group.
Performing Pauli twirling over the Pauli group, which

can be easily implemented as single-qubit gates, results in


(ρ) = Eα

[
P†
α
̃

(
P†
αρPα

)
P†
α

]
=

∑

α

cαPαρP†
α .

Owing to the Pauli twirling, the Pauli transfer matrix
becomes diagonal, i.e., it goes from T
̃[a, b] = (1/2n)Tr[
P†

a

(

̃ (Pb)

)]
to T
[a, b] = δa,bT
̃[a, b]. We supplement

Pauli twirling with DD; in particular, the Carr-Purcell-
Meiboom-Gill (CPMG) sequence, i.e., the fτ/2XpfτXmfτ/2
sequence. Here, fτ signifies free evolution for time τ and
Xp and Xm are the ±π/2 rotation about the X axis. The
CPMG sequence cancels Z terms in the interaction Hamil-
tonian and, more pertinently, when applied on alternating
qubits, cancels the ZZ crosstalk prevalent in superconduct-
ing qubits. DD combined with Pauli twirling suppresses
coherent, crosstalk, and non-Markovian errors. In turn,
this allows us to model the device noise as a sparse

(a) (b) FIG. 11. The measured prop-
erties of the IBM_KYIV device.
(a) The single-qubit gate error
0.04% (0.023%) mean (median),
the two-qubit gate error 1.5%
(1.2%) mean (median), and
the readout error 1.6% (.81%)
mean (median). (b) The T1 270-
(270-)µs mean (median) and the
T2 150-(100-)µs mean (median).
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(a) (b) FIG. 12. The measured prop-
erties of the IBM_TORINO device.
(a) The single-qubit gate error
0.11% (0.034%) mean (median),
the two-qubit gate error 4.3%
(0.51%) mean (median), and
the readout error 3.5% (2.1%)
mean (median). (b) The T1 160-
(160-)µs mean (median) and the
T2 130-(130-)µs mean (median).

Pauli-Lindblad model of the form


(ρ) =
∏

k∈K

(
e−2λk + 1

2
ρ + e−2λk − 1

2
PkρP†

k

)

.

Here, the K correspond to single and two-qubit Pauli terms
on the qubits on which gates are being actively applied
[37].

The first step in PEA is to learn the model coefficients
λk. Given the circuit for Trotter evolution, we identify
unique gate layers and then perform benchmark circuits
for these layers at different depths to empirically determine
the λk. Equipped with the model coefficients, we can then
execute the circuit at various noise scales α. Multiplying
the noise coefficients λk by α gives a Pauli map with the
noise scaled by α, which in turn allows us to use zero
noise extrapolation to find the ideal values of the desired

(a) (b)

FIG. 13. The qubit subset used in the experiment on IBM_KYIV. (a) The device topology with the used qubits or edges highlighted
according to their measured error rates (T2 and two-qubit gate error). (b) (top) the cumulative distribution of coherence times T1 and
T2 with highlighted mean (median) values as dotted (dashed) lines and (bottom) the histogram of the two-qubit error rates for edges
included in or excluded from the chosen subset.
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observable. It is necessary to perform randomized twirling
and DD through both the learning and the amplification
steps of PEA, as these error-suppression steps enforce that
noise model can be approximated using a Pauli-Lindblad
model.

The results in Fig. 10 from IBM_KYIV have been acquired
by combining MPF with PEA. As MPF focuses solely
on addressing mitigating Trotter errors, any decoherence
that causes the underlying product formula to deviate from
the noiseless expectation values propagates as errors in
the MPF results. Therefore, in theory, MPF is both com-
plementary to and aided by error-suppression and error-
mitigation methods that must be implemented before the
product formulas are used in combination.

APPENDIX E: DEVICE SPECIFICATIONS

1. Device overview

The experimental results reported in Sec. IV have
been obtained on two different devices, with differ-
ent architectures. IBM_KYIV is a so-called Eagle-type

quantum processor, consisting of fixed-frequency trans-
mon qubits with capacitive coupling between neighbor-
ing qubits arranged in a heavy-hexagonal lattice of 127
qubits. IBM_TORINO is a Heron-type device, which con-
sists of fixed-frequency transmon qubits with flux-tunable
coupling, arranged in a heavy-hexagonal lattice of 133
qubits. The latter Heron-type devices are newer-generation
devices compared to the Eagle ones, where the crosstalk
effects due to the always-on capacitive coupling between
neighboring qubits have been greatly reduced by allowing
this coupling to be tunable and effectively ensuring no cou-
pling between neighbors unless an entangling interaction
between them is applied. Moreover, the tunable coupling
allows for stronger (thus faster) interaction between qubits,
reducing the gate time of two-qubit operations in this archi-
tecture to be the same (in terms of the order of magnitude)
as single-qubit operations. This often results in the need for
less complicated error-suppression and/or error-mitigation
techniques for the experiments involving IBM_TORINO, as
one of the main contributions to the noise in Eagle-type
devices comes from the crosstalk terms arising in the

(a) (b)

FIG. 14. The qubit subset used in the experiment on IBM_TORINO. (a) The device topology with the used qubits or edges highlighted
according to their measured error rates (T2 and two-qubit gate error). (b) (top) the cumulative distribution of coherence times T1
and T2 with highlighted mean (median) values as dotted (dashed) lines and (bottom) the histogram of two-qubit error rates for edges
included in or excluded from the chosen subset.
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presence of always-on coupling between qubits during
entangling gates.

2. Device properties

The error properties of the IBM Quantum Eagle pro-
cessor are reported in Fig. 11, while those of the Heron
processor are shown in Fig. 12. In Figs. 11(a) and 12(a),
we show the single-qubit gate error, characterized by the
randomized-benchmarking technique, the two-qubit gate
error, also assessed via randomized benchmarking, and
the readout error, representing the readout-assignment infi-
delity. In Figs. 11(b) and 12(b), we focus on coherence
times, the T1 relaxation time, the period that a qubit takes
to relax to its ground state, and the T2 dephasing time, mea-
suring the time over which a qubit maintains its quantum
state coherence.

3. Qubits used in the experiments

The qubit subsets chosen on the different devices
are presented in Figs. 13 and 14 for IBM_KYIV and
IBM_TORINO, respectively. The subsets have been chosen
by leveraging the native capabilities of the QISKIT tran-
spiler. This uses the VF2 graph isomorphism algorithm
to find subsets of device qubits the interaction graphs of
which are isomorphic to the one of the routed (i.e., where
SWAP gates are added to account for device connectivity)
circuit. The isomorphic layouts are then scored using a
heuristic map [38] based on the error rates reported for the
devices. The layout with the best (lowest) score is selected
as the layout for the experiment.
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