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ABSTRACT: We consider four dimensional U(N) N = 4 SYM theory interacting with a 3d
N = 4 theory living on a codimension-one interface and holographically dual to the D3-D5
system without flux. Localization captures several observables in this dCFT, including
its free energy, related to the defect expectation value, and single trace %—BPS composite
scalars. These quantities may be computed in a hermitian one-matrix model with non-
polynomial single-trace potential. We exploit the integrable Volterra hierarchy underlying
the matrix model and systematically study its 1/N expansion at any value of the 't Hooft
coupling. In particular, the strong coupling regime is determined — up to non-perturbative
exponentially suppressed corrections — by differential relations that constrain higher order
terms in the 1/N expansion. The analysis is extended to the model with SU(N) gauge
symmetry by resorting to the more general Toda lattice equations.
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1 Introduction

The study of gauge theories with non-trivial low codimensional defects is an active field of
research. As usual, supersymmetry helps a lot in obtaining exact results. Supersymmetric
boundary conditions and interface defects in N'=4 SYM have been studied in [1, 2]. The
%—BPS defects may be identified with intersecting D5- and NS5- branes that share three
directions with a stack of D3-branes where the 4d SYM theory lives.

Suitable defects preserving integrability and conformal invariance of N'= 4 SYM allow
in principle to use the corresponding techniques for integrable models [3] and conformal
bootstrap [4-6]. Many results have been already obtained by exploiting integrability in
dCFT like domain wall versions of N' = 4 SYM, see e.g. [7-9] for reviews. The exact
formula for tree-level one-point functions in the SU(2) sector have been first obtained
in [10, 11]. Extension to the full SO(6) scalar sector has been achieved in [12, 13| and at
one-loop order in [14, 15]. The closed form determinant formula in the SU(3) sector in [12]
was proven in [16].

A conjectured all-orders asymptotic (i.e. without wrapping corrections) one-point func-
tion formula in the SU(2) sub-sector has been formulated in [17]. It has been tested in [18]
where an extension to gluonic and fermionic sectors (in presence of fluxes) is also treated.
Further results on one-point functions from the point of view of the overlap between stan-
dard Bethe eigenstates and boundary states of the integrable super spin chains may be
found in [19, 20]. Recently, classical integrability of the D3-D5 brane system was proven
on the string theory side in [21], complementing the earlier work [22].

The bootstrap approach for correlation functions of local operators may be formulated
in the presence of boundaries or domain walls that preserve the conformal sub-algebra
longitudinal to the defect [4, 5, 23]. The structure is richer than in the standard setup
since additional structure constants appear, intrinsic to the defects, and defining the so-
called defect one-point functions of bulk local operators. They are the necessary data, with
the usual OPE expansion of local operators, to determine (local) correlation functions in
the presence of the conformal defect. For recent results, see [24].
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Figure 1. String setup for the D3-D5 system with flux, and corresponding dual dSYM theory.

At codimension one, we deal with boundaries or interface defects, the two being typi-
cally linked by a suitable (un)folding construction relating half-space to full space bisected
by a domain wall defect. In this paper, we will consider the so-called D3-D5 system [25-28].
Its IIB string side description involves D3- and D5-branes sharing the 234 directions. The
N D3-branes fill the 1234 directions, while the D5-brane spans 234890. All the branes are
placed at the origin of the transverse coordinates. In the near horizon limit, this system
has geometry AdSs x S% split in two by the probe D5-brane with world-volume geometry
AdS4 x S2. The near horizon geometry of the D3-D5 system contains the closed IIB super-
strings excitations in AdSs, dual to N' = 4 SYM states on the R* boundary of AdSs. Also,
we have open strings connecting the D3- and D5-branes, dual to field theory excitations
on the R? boundary of AdSy, to be regarded as a codimension one defect in R%.

The dual field theory is ' =4 SYM in 4 dimensions and interacting with a 3d V' =4
field theory living on the dimensional defect. The system of bulk SYM plus the interface
at 1 = 0 has a reduced symmetry since all (conformal) transformations acting on x;
are broken. Supersymmetry is also partially broken since supercharges anticommute into
translations. One finds that the defect breaks half of the supercharges and superconformal
charges, i.e. preserves a %—BPS subalgebra of the full superconformal algebra. In more
details, the R-symmetry algebra is reduced su(4) — s0(3) @ s0(3) and the superconformal
algebra psu(2,2[4) — osp(4[4).1

This basic setup may be generalized when the worldvolume gauge fields of the probe
D5-brane have a monopole bundle with quantized U(1) magnetic flux. Now, in the field
theory dual, the defect separates 3+ 1-dimensional space-time into regions where the gauge
group of NV = 4 SYM has different ranks. This corresponds to the situation where k of
the N D3-branes end on the worldvolume of a D5-brane and k turns out to be the number
of units of Dirac monopole flux, see figure 1. At large NN, this is same as considering a
single D5-brane being the end locus for N + k£ D3-branes on one side of the defect and N
D3-branes on the other.

LA conformal defect of codimension p in 4d CFT with Minkowski signature breaks the conformal group
to subgroups of SO(4,2) — SO(4 — p,2) x SO(p). In supersymmetric theories the superconformal algebra
is reduced to BPS subalgebras, i.e. preserving a certain number of supercharges, and the maximally
supersymmetric ones are 1-BPS. For psu(2,2[4), they are classified in [29]. The codimension-one case
(interface) has reduced supersymmetry osp(4]/4,R) and the interface has 3d A/ = 4 supersymmetry on
its world-volume. This super-algebra contains so0(3) @ so(3) @ s0(3,2), i.e. a maximal subalgebra of the
R-symmetry s0(6) and the conformal algebra on the interface.



While the D5-brane interface for k£ = 0 has a simple Lagrangian description, as a trans-
parent interface stacked with a bifundamental hypermultiplet on its worldvolume, this is
not the case when k > 1 which involve the singular Nahm pole boundary condition [1]. The
case k = 1 is somewhat in between and smoothness across it has been recently fully clarified
in [18].2 Finally, we remark that the opposite limit k > 1 may facilitate the comparison
with the string side, see e.g. [32]. Integrability of the D3-D5 system holds in the usual
sense of describing the spectrum of anomalous dimensions in terms of an integrable spin
chain Hamiltonian and has been discussed in [33] for & = 0 and generalized to any k in [34].

In this paper, we consider the localization matrix model that captures the kK = 0
D3-D5 system [35-37] and discuss the all-orders 1/N expansion of specific observables,
i.e. the defect interface expectation value playing the role of free energy for this system,
and the one-point functions of certain BPS scalar primaries in the presence of the defect.
The key observation is that the defect modifies the N' = 4 SYM Gaussian matrix model
by introducing a single-trace non-polynomial potential. The modified matrix model is
related to the Toda integrable hierarchy and its Volterra reduction. This allows to derive
systematically its 1/N expansion in terms of exact functions of the 't Hooft coupling.?

This strategy has been recently applied in [40, 41] to the four-dimensional ' = 2
superconformal Sp(2N) gauge theory containing the vector multiplet coupled to four hy-
permultiplets in the fundamental representation and one hypermultiplet in the rank-2 anti-
symmetric representation. The special feature of this model is that its localization matrix
model has an interaction potential containing single-trace terms only. Application of the
Toda lattice equations solves the 1/N expansion at any 't Hooft coupling, including the
strongly coupled regime where the gauge theory can be compared with its string dual,
an orientifold of AdSs x S° type IIB string. A similar analysis is possible here precisely
because of the absence of double (or higher ) trace interactions. Such terms are typical in
N = 2 models, see for instance [42-45], and greatly complicate the analysis, altough exact
strong coupling results are available in some cases [46].

The plan of the paper is the following. In section 2, we briefly recall the localization
approach to the fluxless D3-D5 system, the resulting single-trace matrix model, and the
observables we consider. These are the free energy, i.e. logarithm of partition function
with defect insertion, and certain %—BPS local scalar operators in the localization relevant
cohomology. In section 3, we present some preliminary results on the 1/N expansion of the
free energy for the model with gauge group U(NN). A direct analysis shows the existence of
peculiar differential relations expressing the higher order 1/N corrections F,(\) to the free
energy (A being the 't Hooft coupling) to the leading term Fo(A). In section 4, we recall the
connection between single-trace hermitian one-matrix models and integrable hierarchies,

In the field theory, the interface may be realized by assigning a non zero expectation value to three
N = 4 SYM scalars in the half space 1 > 0, in the Nahm pole form (®;=1,23) = ¢;/z1 where ¢; is an
irreducible k-dimensional representation of su(2) [26, 30, 31]. This approach trivializes for k = 1 and require
ad hoc boundary conditions.

3 As a remark, the analysis of 1/N corrections based on the underlying integrable hierarchies turns out
to be much more effective than the general purpose topological recursion based on loop equations, see for
instance [38, 39].



in particular the Toda lattice and its Volterra reduction. In 5, we apply these structures
to generate systematically the differential relations giving all 1/N corrections to the free
energy. We also analyse the strong coupling expansion of the functions F, (\) deriving the
resummation of the terms with highest power of A at each order in the genus expansion. In
section 6 and 7, we extend our analysis to the model with gauge group SU(N). Technically,
this is non-trivial since imposing a traceless condition is not natural from the point of view
of the integrable hierarchies. This is the counterpart of the physical fact that the extra
U(1) degrees of freedom in U(N) case do not decouple from the defect. Nevertheless, we
provide exact formulas for the 1/N corrections up to the order 1/N3. In the remaining
part of the paper we move on the one-point function of the BPS scalars. In section 8,
we provide some preliminary perturbative results for the operators with lower dimension,
working out the corrections up to (relative) 1/N2. Note that the 1/N expansion is not only
in even powers of 1/N unlike what happens in simple defectless N' =4 SYM. Section 9 is
devoted to an analytic derivation of the exact 1/N expansion, i.e. valid at all coupling, by
exploiting the Volterra hierarchy in the U(N) model. Again, all the computed corrections
are studied at strong coupling by exploiting the exact differential relations. The extension
to the model with SU(N) symmetry is presented in section 10. Conclusions and open issues
are summarized in section 11. Finally, several technical appendix sections are included
providing further details and proofs.

2 Localization and defect CFT

In presence of enough supersymmetry and in definite sectors of observables, we may use
localization [47] to compute one-point functions of protected operators, which are definitely
non-trivial objects in dCFT [35-37]. As first conjectured in [48, 49], and later proved in [50]
by localization, it is possible to show that N' =4 SYM %—BPS Wilson loops restricted to
a two-sphere S%M are described by a bosonic 2d YM theory. In the localization proof, one
chooses a particular supercharge Q of the 4d SYM which is nilpotent when restricted to
S%(M and shows that the 2d YM emerges as an effective description of the Q-cohomology
in the original SYM. The precise 2d/4d dictionary has been clarified in [51] and many
applications followed, as the check of AdS/CFT described in [52-56].

The classification of general conformal defects of the 4d NV = 4 SYM in the O-
cohomology has been accomplished in [36], including in particular domain walls or bound-
aries. A BPS interface crosses the previous S%(M at an equator S! that is a codimension-one
defect in the 2d YM. The Q-cohomology is extended to take into account local insertions
on S'. The 2d YM turns out to be non-trivially coupled to a certain one-dimensional topo-
logical quantum mechanics on S! [57-61] defining to so-called defect YM (dYM). A large
class of defect observables in the SYM that preserve a common supercharge Q have simple
descriptions in the dYM sector and their correlation functions can be extracted using 2d
gauge theory techniques, see [62, 63] for reviews.

For the D5-brane interface that interpolates between U(N) and U(N+k) SYM theories
for k > 0, the dYM sector has been determined in [36, 37] for any k by using S-duality of
the bulk SYM theory and the related mirror symmetry acting on the boundary conditions.



By two-dimensional gauge theory techniques in the dYM effective theory, the computation
of the defect one-point function (O)p is reduced to a single-matrix integral. Compared to
the simple Gaussian matrix model familiar for SYM, the relevant matrix model involves a
novel single trace potential, which comes from the D5-brane defect. By solving this matrix
model in the planar large N limit, it is possible to determine the one-point functions (O)p
as exact functions of the 't Hooft coupling A = g>N.

2.1 The matrix model for the k = 0 U(IN) D3-D5 system

Let us sketch the construction of the matrix model we need for the kK = 0 D3-D5 system.
Let us begin by briefly recalling what happens in the case without defects. Let us consider
the following 2-sphere S%M (we implicitly stereographically map R* to the sphere S* of
radius R)

x4 =0, x} 4 23 + 23 = R (2.1)

Localization can be performed with respect to a particular supercharge Q such that the
BPS locus QU = 0 is parametrized by a twisted connection A on S%,M (depending on both
A and three scalar fields of N' = 4 SYM) and the SYM action on S* reduces on the BPS
locus to 2d constrained (i.e. at zero instanton number) YM action on S%,; with imaginary
coupling g3 = —g2,/(2r R?).? Observables are in the Q cohomology and include £-BPS
Wilson loops and certain local operators on S%(M, see [51].

Let us now consider NV = 4 SYM with a codimension one interface at 1 = 0. As we
mentioned, it is realized by a single D5-brane along the 234890 directions intersecting N D3-
branes along the 1234 directions in the 10d spacetime. On the osp(4|4) preserving interface,
the N = 4 vector multiplet splits into 3d N' = 4 multiplets, the hypermultiplet (A1, X,, ¥_)
and the vector multiplet (Ag 34, Y, ¥y ), where W are suitable Majorana projections of W
and X = (®g, Bg, Py), Y = (P35, Pg, P7) in the notation of footnote 4. In the half space Ri
one can consider two types of supersymmetry preserving boundary conditions (and their
possible mixing), i.e. D5-brane type (or generalized Dirichlet) or NS5-brane type that are
related to the previous ones by S-duality [2]. They read (we show only bosonic fields)

1
D5: Dle — *Eijk[Xj,Xk] = Y;’ O,

2 x1=0

z1=0

x1=0 =

21=0 = 0. (2.2)
At 21 = 0, the interface has 3d N = 4 superconformal symmetry on its 234 worldvol-
ume. It contains a non-trivial 1d sector described by topological quantum mechanics living
on the circle 71 = x4 = 0, ¥3 + #3 = R%. This is the boundary of HS%,; and appears in
the @ cohomology in presence of the defect.
When we give D5-type boundary conditions to the hypermultiplet and NS5-type to the
vector multiplet, then the vector multiplet can be coupled to 3d N' = 4 matter SCFT, see

“The 10d SYM action is S = — 2;2 Jd*x tr(3 Fyn FMY —9TM D) ¥). The 10d spacetime indices split
into 4d indices p = 1,2,3,4 and R—s\j\flmmetry indices @ = 5,...,9,0. The gauge field Ay contains the 4d

gauge field A, and six scalars ®,. The gaugino is a chiral spinor of Spin(10). Finally D = d + A.



for instance [33] for the explicit Lagrangian in component fields. At the level of the 2d (con-
strained) YM theory, this gauges the topological quantum mechanics on the intersection
between S%M and the interface 1 = 0.

The detailed analysis in [36] confirms (and clarifies in full generality) the one-matrix
model first proposed in [35]. This may be quickly obtained, with some hindsight, by a
combination of the results for 4d N' = 4 SYM and independent localization computations in
(intrinsically) three-dimensional Chern-Simons-matter theories [64]. The partition function
is indeed as in N/ = 4 SYM, but with a rather simple defect term associated with the 3d
fundamental hypermultiplet living at the defect. It reads [35-37]

8 2
Zn(gv) = / DM exp {— % tr M? — trlog[2 cosh(rM)]|, (2.3)
u(N) YM
where details on the measure, i.e. normalization, will be discussed in a moment.
According to the 4d/2d dictionary, and up to a normalization, the matrix M is asso-
ciated with the (scalar) 1-BPS chiral primary (see also [65])

trM<—>tr<I>:tr(a:1 O7 + 29 Py + x3 (I)()—i-’iq)g), (24)

as proved by Giombi and Pestun in [51].% If the defect is placed at, say, z; = 0 in the
(21, x9,x3, x4) half-space ]Ri, a generic scalar operator with definite conformal weight has
one-point function (in some conventional normalization)

ho
(O(@))ps = 21|80 (2.5)
We are interested in the specialization where O is a protected %—BPS operator placed at
(1,0,0,0) and belonging to the cohomology of the charge Q used for localization. In this
case, the one-point function (2.5) reduces to (O(x)) = hp. A well known case, discussed
in [36, 37] is that of single trace composite scalars of the form

Op = tr o7, (2.6)

that transform in the [0, p, 0] representation of the R-symmetry algebra su(4) and whose
one-point function in (2.5) is non-vanishing only when p is even.® For these composite
operators, as in the non-defect case, one has also to relate the sphere computation to
flat space by disentangling the operator mixing due to the fact that the regulated theory
on S4 breaks the U(1)z symmetry and mixing among operators with different R-charge
is possible [54, 68]. This amounts to a normal ordering prescription O —: O :, see for
instance [69, 70]. The associated one-point functions are computed by inserting : tr M? :
in the one-matrix model (2.3), where mixing has to be computed using the N' = 4 U(N)
SYM matrix model without the defect contribution.

The field in the r.h.s. of (2.4) is Q-closed and any gauge invariant functional of it may be treated in a
similar way. Also, the general discussion in [36] gives the theoretical framework to deal with the full set of
states in the Q-cohomology, including disorder operators.

SFor related investigations of different correlators in the same BPS sector, see also [66, 67].



Before discussing the relevant observables considered in this paper, let us give (2.3) in
full detail. In the general case with flux, we have gauge groups U(IN) and U(N + k) on the
two sides of the interface. The defect partition function is, cf. eq. (2.33) of [37],

N2 (N+R)? ar k(k2-1)

47 2
o= (F) T O T G0 HZun).  CD
with
i) Nk m)? X =
dxn H1<n<m<N In — T : 52 170
Z ) = / *’LS e Ty =
Nk (gw) H N coshm(zy, + @ ,11;[511 1
(2.8)

Up to a non-trivial gy,~dependent normalization, this takes the form (2.3) for £ = 0. This
(simplest) case is still non-trivial. We will write”

4m\N?
ZNo=m" (2> ZN, (2.9)
where Z is a specialization of the general single-trace partition function
d N .
Zy(t)= | DMe wWOL) - / H ] (- w)? e D Wamit),
u(N) N 1<n<m<N

(2.10)
with a generic multi-coupling potential

[e.e]
=> tpa” (2.11)
n=1

Comparing (2.10) with (2.8), the (k = 0) D3-D5 system corresponds to the total single-
trace potential

W(x) = ——2° + L(x), (2.12)

with the specific form of the function L(x)

22(2%1 — 1) Bg, " 2
2n(2n)! ’

L(x) = log cosh(mx) Z (2.13)

where Bs,, are Bernoulli numbers. Notice that the quadratic term in the small x expansion
of L(x) combines with 812 to give the full ¢y coupling, i.e.
g

YM

A 871'2 5 N 22n(22n _ 1)B2n772n
nTga 2n(2n)!

"See appendix A for comments on the prefactor in (2.9).

(2.14)




2.2 Free energy and one-point functions

The free energy of the matrix model (2.10) is the expectation value of the defect insertion
D = exp[—tr L(M)] in the SYM matrix model. Thus,

FN(gm) - FN(gYM)N:4 + AFN(gYM)y AFN(QW) - - 10g<D>SYM7 (215)
where the expectation value (---)gym is normalized at the N’ = 4 matrix model, i.e.
—872"—2 tr M2 —82L2 tr M2
(F(M))synr = / DMf(M)e %) [ Dae @ (2.16)

so that (1)sym = 1. Notice that the prefactor in (2.9) should be included, but for the
purposes of the next sections it will be convenient to adopt the above simpler normalization.
In the 't Hooft limit, with fixed A = g2 N and large N, the defect contribution to the free

energy admits the 1/N expansion®

AFN(N) :NFO(A)+F1(>\)+%F2(>\)+--~ . (2.17)

We remark that the 1/N expansion involves even and odd powers of 1/N. On string side
this is due to the fact that the D5-brane probe introduces an open string sector in this
model and thus disk-like diagrams.

Defect one-point functions are defined as”

(O D)sym
O)p=-—1—"—. 2.18
O = s (2.18)
We will focus on the case O =: O, :=: tr M™ : and denote its large N expansion at fixed
A= g3 N by
1 1
On(A\;N) = (tr M™ :)p = 0O (\) + og)(x)ﬁ + o,g?)(A)m SEP (2.19)

For weak coupling calculations it will be often convenient to rescale the matrix M
according to

82
The associated multi-trace operators defined by
Qp =tr A" tr A" .. .tr A"K, n|=n1+ -+ nk, (2.21)
obey
A In|/2 A [n|/2
On(M) = (WN) Qn(a), and : On(M) = <W) Onla): . (2.22)

In terms of the new matrix A, the partition function (2.10) reads

2 \ V?/2 2
gYM g\’M
Zn(t) = <8W2> /u(N) DA exp {— tr A2 —tr L ( ot A) ] (2.23)

8We adopt a little abuse of language and use the same symbol to denote the free energy when expressed
in terms of A in the 't Hooft limit.
20f course the matrix model normalization drops in (2.18).




3 Free energy 1/N expansion in the U(IN) model: direct method

Evaluating perturbatively (2.23), we can obtain the free energy Fn () at weak coupling
and with the specific D3-D5 function L in (2.12). The expansion of the first coefficient
functions F,,(\) in (2.17) are

A A2 A3 174 31\° 6916
o(\) = == — - - - — o
32 1536 36864 11796480 = 353894400 118908518400
A2 23 11M% 20)\° 836
Fi(\) = — + — + - +ee
1024 12288 1572864 = 47185920 1509949440
A2 A3 35)\4 563\° 168116
Fo()) = — - — 3.1
2(A) 3072 + 73728 2359296 + 283115520 6794772480 + (3.1)

The same computation can be done while keeping generic couplings t in the even potential
L,*% and one finds (we keep only the couplings up to tg and dots in the coefficients of the
A" terms denote higher to, contributions)

tad  taX% Btgh 3 Ttg\:
= + + + 4
16m2 12874~ 409676~ 3276873
FL() = — A2 (tata)N® | (—18t5 —30tats) X" | (=720t4ts — 560tatg) A’
! 2564 51276 6553678 5242880710
(—900t2 — 1680t4tg +---)A®  15(40tgtg+---)AT  175(14t3+---)A®
50331648712 T 671088641t 2147483648716 |
Fa()) = t4N? +(4t§+30t6)A3+(24t§t4+70t8))\4+(720t2t3+600t§t6+---)A5
2 25674 1228876 6553678 5242880710
(864t3 +4320tatsts + 1680t5t5) NS (T560t3ts — 21t (—300t2 — 560t4tg) + - -+ )AT
50331648712 469762048714
N (10800t4t2 + 10080t3tg + 4202 §40t6t8 o ))A8 e (3.2)
2147483648716

Fo(N)

+

Of course, by replacing in (3.2) the couplings in the sum in (2.13) one gets back (3.1). We
can write the cluster expansion of AFy(t) as

[e’¢) A n 1 [e%¢} A n+m
AFN(t) = nZ::l <87‘(’2> Cn(N) ton — 5 n%il <87T2> Cn,m(N) ton tom
1 [e's) A n+m-—+k
" § n mzlgzl (87T2) Cn,me(N) ton tom t2k + - (33)
where
Ch(N) = (tr | ——= , Crpm(N) = {tr | —= — Cyvvno 3.4
=) () () e

All dependence on N is captured by the connected correlators C, ... (IV) and their 1/N
expansion provides the 1/N expansion of AF. We have the following explicit expressions

2
1096, we do not include in t» the free action contribution f]’; .

YM




for the Gaussian correlators in (3.4)!!

2" (n+ 1) 1 nn?-1) 1 n»m?*-1)n-2)(n—3)(5n—2)
Co(N)=N-"—o—22 114+ — o,
(V) ﬁI’(n—i—Q)[ T v 1440 * ]
Cn’m(N):2"+mr(n+%)r(m+%) [1+12(n+m)(1—2n—2m+n2+nm+m2)+m]’
m(n+m)T(n)I'(m) 12
1 27D (n+ DT (m+ 5T (k+1) 1
Crmi(N)=— 2 2 2 {1 ——Cpmi 3.5
m(N) =5 /T ()T (m)T (k) Tk (35)
with
Cn,m,k:_6+ﬁ(”+m+k)_6[2(n +m* 4+ k%) + 3(nm + nk + mk)]
1. .
—|—ﬁ[ns—i—m?’%—k‘g—|—2(k2m+km2+k:2n+kn2+mn2+m2n)—|—2nmk. (3.6)

From these results we can obtain the explicit expression of Fy, F1, Fo. The linear in IV

term is
/7 A\" T'(n+1d)
Fo(\, ) =) () — 2 ¢y, (3.7)
= 472 Vr(n+2)
and can be written in the convenient form
_ dx -1 v -1
due to the relation
2n
dx (VA 1 _(A\" Tn+3)
“ Pt >(47r<“‘f >> = (w) AT+ 2) (39)

The next correction is

1 & AN\ D(n+ H0(m+ 3)
FuA8) = 2 n%:l (4772> 7w (n+m)I'(n)l'(m) ban t2m, (3.10)
that implies
1 & AN\ D(n+ 3HT(m+ 3)
)\8/\F1()\,t) = —ingil (47_‘_2> WF(H)F(W},) t2n tQm
_ (Y T(n+3) ol 2
_ _2[; (4772) (4 1) oo Bt = S DR, (311)
or (omitting arguments)
O\F1 = —%/\ [(AFo)"]%. (3.12)
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Finally, at the next order in the 1/N expansion, we obtain

Fa(A t) =

e~ ( A )” I(n+ 1) n(n2—1)t2n

4r2) Yml(n+2) 12
> (/\)"+m+k T(n+ HT(m+ HT(k+ 1)
i 472 73/2T (n)['(m)T (k)

[y

n=

+
| =

ton tom tok, (3.13)
that we can write 1 1
Fy = E)«?A((AGA)Q —1)Fg + E[Aai(AFo)]?’. (3.14)

It is clear that we can continue generating differential relations by extending the expan-
sions (3.5). In the next section, we present a general formalism to derive systematically
the above relations by exploiting the integrable hierarchy governing the matrix model.

4 Integrable hierarchies and hermitian 1-matrix models

Let us briefly recall some known facts about orthogonal polynomials and their role in
the evaluation of single trace matrix model partition functions [71]. Let us introduce the
measure associated with the potential W in (2.10)

dx
— o Wi(zst)
du(t) =e o (4.1)

We consider monic polynomials P, (z;t) = 2™ + - - - orthogonal with respect to du(t)

(n|m) = / du(t) Po(z;8) P (3 t) = hn(8)0pm,  ha(t) = e ), (4.2)

The partition function in (2.10) and the associated free energy obey

N-1 N-1
ZN(t) = H hn(t)a — FN(t) = Z fn(t) (43)
n=0 n=0
We can write
fn(@#) =DiFn(t), and  fn(t) = fv-1(t) = D*Fx(t), (4.4)

where we have introduced the (commuting) forward/backward difference operators

Dy Xn = Xny1 — Xn, D_Xn=Xn—Xn_1, (4.5)
and the second order operator

D*=D,D., D*Xy=Xni1—2XNn+Xn_1. (4.6)
Let us also introduce the auxiliary quantities

rn(t) = e~ In O (®) — (~Difua(®), (4.7)

- 11 -



The first equation in the Toda hierarchy associated with this system reads

0 fn ~fuirthn _ g futfaca
o STl Tn=e n n— e InTin=t, (4.8)
1

Summing over n, it implies

2 N-1 o2
. gj:v?(t) = 512 o= —eINFIN-L = _TDEEN(E) (4.9)
1 1

n=0

Volterra reduction. For an even potential W, with only t2, couplings, the Toda hier-
archy reduces to the Volterra hierarchy, see appendix B. In this case, the first equation of

the hierarchy reads
ofy

87152 = Tn+1 + 7. (410)
In terms of the free energy, this relation implies, cf. (4.4) and (4.7) with n = N,
0
o D v (t) = e D EN() 4 D N (t), (4.11)

Remark. The potential for the D3-D5 system, cf. (2.10) and (2.12), is even. Neverthe-
less, if one is interested in gauge group SU(/NV) instead of U(N), it is natural to represent
the traceless constraint by introducing an auxiliary coupling ¢;. For this reason, in the
later section 7 we will need some consequences of the Toda equation (4.9). In particular,
we will need the multi-trace defect one-point functions ((tr M)™)p whose computation is
discussed in appendix C.

5 All order 1/N expansion of the free energy in the U(IN) model from
the Volterra hierarchy

In our model, the free energy has also a dependence on g, but it may be linked to the
dependence on ty since

2

Y

—tr A%2— ton [ D1 nt A2n
FN(gYmt) = —log/ DAe ' anl 2 (8”2> '
u(N)

= Mt g [ pa () wa=F s tan w2
2 g\%\l u(N)
N2 872 . 872
:_7IOgT+FN <t2+2,t3,... ) (5.1)

Hence, we can replace %;&2 by differentiation with respect to gy, as follows

8> 82 0 82 1 5, N2 8x?
TatgFN(gy'Mat) - FN <t2+27t3)'”> = —39wy — [FN(gm,t)‘f‘210g2

gYM g 8 igﬁ YM 2 89\'1\1 YM
1 0 N?
= _§gYMﬂFN(gYMut)+7' (52)

- 12 —



Besides
. 2
Fy = AFy + FSaussian — Apy oo [(2%)_];] G(N +1) 2—Nz], (5.3)

where G is the Barnes G-function. Plugging (5.2) and (5.3) into (4.11) gives'?
— 9Oy Dy AFN (o, t) + 2N +1 = {N e D*AFN(mit) 4 (N 4+ 1) e—D“FNH(Mvt)] (5.4)

Finally, we turn this equation into a differential-difference equation in A
2N 41— 200\ DAFN(\) = N e DA 4 (N 4 1)e D*AFN 41 (), (5.5)

where

N+1

D2AFy = D2AFy (g2, N) = AFy 1 <AN

) COAFN(A) + AFy 4 ()\N]\;l) . (56)

and similarly

N +2 N+1
DXAFy.) = AFy s <)\;> C9AFyi <>\§> +AFN(N). (5.7)

As we now show, the master equation (5.5) encodes the differential relations (3.12)
and (3.14) as special cases and generalizes them to higher order.

Differential relations. Let us plug the expansion (2.17) in (5.5). The first non-trivial
relation is 1
Fl = —2XF)” — 2\*FFy — ARG, (5-8)

which is the same as (3.12). At the next order in 1/N, and using systematically (5.8), we
obtain

4 1 1
Fo = SATFGY 4 PR + 2XTFG?FG + N FgFg? + o

which agrees with (3.14). The next coefficient functions turn out to be all expressible by

1
ASFD3 + EAi”|rg(3>, (5.9)

algebraic differential operators acting on Fy. For instance, we find

Fs=—2X'F(* — N*FOFG — 8A°F(°Fg — g/\"‘F{)’Z —9NOFLPFG2 — ANTFFG® — §A8F34
— N F®) — §A6F63F0(3) — 2)\5F6’F0(3) —2XTFL2FFo ) — ASFFA2F ) — éA9Fg3FO<3)
1 1 1
_ﬂ)ﬁFO(B)Z_6A5F6F0(4)_E>\6F8F0(4)‘ (5.10)

2Notice that if we apply D_ to this we get the more symmetric form

1 _ . _ .
_ng'xlagDQAFN(gwut) +1= (N + 1) e DZAFN+1(g\‘\[’t) — (N — 1) e DQAFN*I(Q\M’” .

N | =

~13 -



and

F4:?)\5F65+3>\4F62F +240°F( Fy + 9N FoFo 2 + 520 Fo *Fo 2 4 = ,\6F”3+46,\8F32F33

13

+ 18X F Fy + 5 SAFTE 50 FL2F0® +8ATFL 0P + 13X FLFLFo® + 24X8F) 3 Fo

+ AT Fo™® 4+ 240°F( 2 F Fo® + 10X FOF( o (3)+§A11F6’4F0(3)+2)\7F()F0(3)2+%)\9F’03F0(3)2

+ZAsFB/Fo(g)z+2)\10F62F3F0(3)2+)\11F6F32F0(3>2+é/\IQFg3F0<3)2+%A9F0(3)3+%)\4F0(4)

17

+%)\6F/2F0(4)+§/\8F/4F0(4)+ - A F0F3F0(4>+§/\9F63F8F0 4>+23/\8F//2F (4)

+)\10F/ 2F6/2F0(4)+ )\11F FE)ISFO(4)+ )\12F”4F (4)+ )\SF F (3)F0(4)+ )\gF”F (3)F0(4)+ )\5F0(5)

+= >\7F’2F0(5>+ )\8F0F6’F0(5)+ >\9F”2F )4 8,\6F0<6>. (5.11)

Remarkably, it turns out that these quantities take a simplified form in terms of
Z(A) = X(\Fo)". (5.12)

Explicit expressions are collected in appendix D.

5.1 Strong coupling expansion

Let us now specialize to the D3-D5 potential. We begin with the leading order (3.8)

/2
Fo(A\)=— dfx,(x—xfl)logcosh [?(az—kxl)} :4/0 df sin?#logcosh <\§cosc9>

21 T

/dt\/l tQIOgcoshi \f log2+— /dt\/l t2log( 1+67tﬁ). (5.13)

The last integral is subleading but not exponentially suppressed due to the point ¢ = 0
where exponential suppression does not hold. From the results in appendix E we have the

asymptotic expamsion13

22k—1 -1 3 1 1
Fo(\) = —log2 — QZ Sy (k—2>1“<k+2>§(2k))\k 73 (5.14)

The first terms are explicitly

w1 1 3170 1 12777 1
3N 180A3/2 2520 \5/2 6720 A7/2

2
Fo(A) = ZVA—log2+ =

- (5.15)

13Notice that the infinite sum in (5.14) has a term ~ /X that is dominant with respect to the constant
—log 2. That constant term is somehow separated since it arises as an integration constant.
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Using the differential relations for F,(\) we obtain the following non vanishing terms at
large coupling A4

Fi(\) = A + 1410gA+0(1/ﬁ),

C8m2 24

Fa(A) = 2;;, - ?:ﬁ +0(1/VN),
Fs(\) = —38114 + 152;;3 - ﬁ +O(1/VN), (5.16)
i) = Sh5575 + Tz + g OOV

2
Fs(\) = _122A887r4 - 23(1)zllg7r2 - 11168512716 OV,

7/2 5/2 3/2
Fo(A) = _688)\1;87r7 B 98;34/0775 + 75(?23;%3 + 211222393223 +O/VN).

Keeping the leading terms at each order in the 1/N expansion, these results suggest the
strong coupling scaling form

A
where dots are subleading terms at large N with fixed A\/N2. Comparing with the above
gives

2 1 NG x z3/2 z5/2

J@) = g ~ 5 T Ises  33an2 T 512000 G881

TP (5.18)

Indeed, inserting the Ansatz (5.17) into (5.5) gives the non-linear differential equation
1—e " —g(f —af —22f") = 0. (5.19)
The solution is obtained in appendix F and reads

1
38472

x ) - 1672 N 19272
82

f(x) { - 48—z + 8(5 + arccosh(l + 83;2” . (5.20)

X x

Remark. The structure of (5.16) shows that the highest powers of A at each term in the
topological expansion take the form

F=FN=*4 AF, FN=* < N?logT, (5.21)
1
AF:N(c1T+~-)—i—(C2T2+---)+N(03T3+-~~)+--~ : (5.22)

where T ~ /X should be interpreted as the string tension on the dual AdS/CFT side
where one has a probe D5 brane intersecting the AdS; boundary along 3 directions, i.e.

14WWe remark the presence of a log A term in F1()), i.e. at the next-to-leading term in the 1/N expansion.
It would be interesting to understand whether it may admit an interpretation in terms of dACFT conformal
anomalies, see for instance [72], or it is instead independent and a feature of the non-Gaussian matrix model.
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the defect. As we already mentioned, the reason why we have odd powers of 1/N is that
the D5 brane probe introduces an open string sector in this model and associated disk-like
contributions. It would be interesting to derive (5.20) on string side. In particular, one may
guess that the free energy is captured by the D5 brane probe effective action in analogy to
what has been discussed for the D3-D7 system [41, 73] or for a D3-brane probe ending on
AdS5 boundary discussed in [74, 75].

6 Free energy in the SU(IV) model at order 1/N3

If the gauge group is SU(IV) we need to consider an extra traceless condition in the matrix
model. This is a non-trivial modification, although irrelevant at leading large N. It is due
to the fact that the U(1) degrees of freedom in the two N’ =4 SYMs do not decouple due
to interaction with the interface. We remark that it would be interesting to clarify the
string counterpart of this fact.

The traceless condition complicates the application of the integrable hierarchies at
least at practical level. Anyway, we can directly determine the 1/N expansion of the defect
expectation value (our free energy) by the methods in section 3. Denoting by a tilde the
quantities in the SU(V) case, the expansions (3.1) are modified into

- )\ 52 53 A\ 191)\° 4259)\6
F2(A) = -5 + - + - 4+, (6.1)
3072 73728 2359296 ' 283115520 33973862400

with deviations in all ﬁnzg. Inspection suggests the simple relation

Fo=Foy— g (AF)”. (6.2)

To prove (6.2) and generalize it, we start again from the connected correlators in (3.5)
that, in SU(N) case, read, cf. appendix G,

2"T(n+1) 1 onm+)(n=7) 1 nn*-1)(5n°-87n*+340n—12)

SU(N) 2
G N =N =ty [1 12 TN 1440 T
2" (n+ )T (m+ 3) 1 (n+m)(7—8n—8m+n?+nm+m?)

SU(N) L
R i [1+N2 - v

SUN) a1 277D (0 )0 (m+ 5)T(k+ 3) 1
Cn,m,k (N)_ N WB/QF(H)F( ) ( ) 14 NQCnm kTt (63)
where

7 23 1
Crmk =g+ pn+m+k) =[5 (n% 4+ m? + k%) + 9(nm + nk + mk)]

1
+ 12[n +m® + k* + 2(k*m + km® + k*n + kn® + mn® + m®n) + 2nmk.  (6.4)
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Notice that defining AC' = CSUN) — OUIN) e have, cf. (3.5),

_2"T(n+3) 1 n(n+1) 1 n?(n%?-1)(n—>5)
AC"(N)_N\/%F(n+2)[_N?2_N4 2 +] (6.5)
2" (4 )0 (m+ 3) 1 (n+m)(n+m—1)
ACnm(N) = 7 (n+m)T(n)T(m) [‘1\[2 2 +]
1 2”+m+kf(n+%)F(m+%)P(k+%) 1 (n+m+k-1)(n+m+k—2)
ACn,m,k(N)_N WS/QF(H)F(TTL)F(]C) |:]V2 5 +ee ],

Hence, for instance, (3.13) reads

|~:2()\at) = i (A)" Ln+ %) [n(nQ —1) —ln(n + 1)] ton

—\4n?2) Jal(n+2)| 12 2
- A ton tom ok, 6.6
5,2, (i) AT e (00

where the blue term is the shift with respect to (3.13) and provides the second term in (6.2).
We can analyze in a similar way the 1/N? term F3 and the 1/N® term F,; and we obtain

N A2 A2 1 '

Fa=F— S Fi=F-+ (—2AF62 — 2\°FoFG — 2A3F6’2> : (6.7)
_ Froo 2 . 5 7 5 :

Fy=Fy+ A2 [30 — SNF’ + ARG — ANFPRG — SNTRGFG? — ARG (6.8)

/

W) MERED - NRGERS — R LR

We can examine the effect of these shifts at strong coupling using (5.15). This gives

i oy
Fo — Fo = — .. .

2 — F2 e +- (6.9)
~ 1

Fo — Fa— — 4 ... 1

83— Fs =12 +-, (6.10)
~ \3/2 5V

Fo—Fo= s “ e T (6.11)

Comparing with (5.16) we see that the leading term at large A is not changed and keep
being resummed by the expression (5.17) and (5.20).

7 Systematic relation between the free energies in the U(/N) and SU(IV)
models

The shifts F,, — F,, can be analyzed in a systematic way as follows. The partition function
in the SU(N) matrix model, with insertion of a generic function f(A), is

73V = / DA 6<trA>e*“A2f<A>:% / d“/ DAe AT f(4) (7.1)

_ 1 _Na? trA2 ( iOé)_ 1 / _ﬁ/ —trA2 < i )
—27T/dae 2 /DAe P4+ )= [ [Pac p (4t ).
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Hence, we can write

o A (4 )

Expanding in powers of a/v/N and integrating over «, we get

1o’ - 1 ., 1 B = (=1 »
(A o o= 1) = /() + g O+ = 3. sy - 03)

Inserting this in (7.2), and integrating by parts in the matrix model, we obtain (H,, are
Hermite polynomials), cf. appendix H,

o etr A% 92p —tr A? e—trA? oo r
<f>SU:Z ( ) fDA[ 8A ]f(A) :Z ( 1)p Np< (A)H2p<t A>>

= pl(AN)P J DAt A? = pl(AN)P VN
(7.4)
Choosing f to be the defect factor, we have
p tr A
O = o[t 32 i ()] (7.5
that gives
(—=1)P tr A
AF = AF —log {1 + Z SPT (Hy, (m)b} (7.6)

p=1

Expanding the logarithm of the series in the r.h.s. we find'®

2

- 1 N 1 N
AF = AF+N (<Q1,1>D—2> 5N (<Ql,1,1,1>D— (Q11)%—2N <Ql,1>D+2> +--- (7.7)

From the expansions (C.7) and (C.15) , using also (C.11) , we obtain

1 1 1,
AF = AF + Nwﬂ + a0 [/\(wil))ﬂ 4o, (7.8)

1)

where wy ; is given in (C.8). One can check that we prove in this way the formulas for the
shifts in Fy and F3 given in (6.2) and (6.7).

8 One-point functions of single trace operators in the U(IN) model

The mixing problem for the operators Oy, in (2.6) has a large N known solution in term
of Chebyshev T-polynomials, cf. appendix J,

1

N—oo
00 N2 iy

tr T (M). (8.1)

150One can check that the two contributions start at 1 /N and 1/N 2 respectively, i.e. no special cancella-
tions occur.
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Since we are interested in higher orders in the 1/N expansion, we need finite NV expressions.
These can be worked out systematically by solving the mixing problem. For example, we
have the first cases

2 2
:QQ::QQ—N?7 :Q4::Q4—2NQQ—911+J\](2]\;:—’_1), (82)
Q6= Q¢ — 3N Qy — QQQ—{- 45(N2+1)Q2—3913+ 15N911 - 2N2(N2—|—2)
and one finds
2112 2 3)1)\3
Q)= ];)/2)\+ (1+31J;f34gzjffv A2 (3+7N22§7J\é]\;2z\7 A e (8.3)
Q) (3+5N+6N>+N%)A* (314 75N + 70N> 430N? +4N*)A3 (8.4)
P 3072N 1228802 '
(840+2251N +2340N2 4+ 1225N3 + 3304 + 34N5)\4
* 117964803 T
(120+ 318N +300N2 +145N3 +30N4 +2N5)\3
<:QGZ>D:— (85)
4915202
(7785+21385N +23051 N2 +12775N3 + 3885 N4 + 595 N5 434 N6) \*
M 55050240 N3 +

Going to large N, and recalling (2.22), we obtain the expansion (2.19) with following
. )
coeflicients Oy, . For Oy

2 3 4
LI R S . -
02" (M) 87 5 T 768 12288 T 2949120 ’ (8.6)
Wy A (AN 1XT 208 )
02" (V) = 87 (512 1006 T 303216 9437184 ’
2 3 4 5
)y, )x( A _ TA 35\ _ 563\ )
03" (M) 8 1536 24576 ' 539824 56623104
For 04
A \? /)2 A3 1704 31\°
O(O) A\) = <> ( _ ) 8.7
1) 872 3072 30720 | 5808240 123863040 © (8.7)
A \2 /N2 A3 1104 20\°
o= (3)! (3~ * i s )
1) 872 512 4006 | 393216 9437184 T
A \? /5)\2 A3 245\4 563\°
o= (%) (- )
Q) 872 3072 12288 | 2359206 35380440
Finally, for Og
3 3 4 5 6
0y _ )\> (_ A 172 31N 691\ >
O™ (M) (8772 915760 | 27525120 440401920 | 95126814720 , (88)
A3 A3 1704 91)\° 35\0
oWy :(> (_ _ )
6 () 872 16384 T 1572864 62914560 | 201326502 | ’
02 (x) = ( A )2 (_ 200 37A' 4549X°  56443X° )
6 —\ 82 98304 ' 524288 377487360 = 31708938240
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The planar terms of these expansions have been computed at all orders in [37] and read
(for even n > 2)

n

AN\Y2 [de 1 VA
— ——1 h|— . .
167r2> 57 g 108 cos { 1 (x+x )] (8.9)

0O (\) = —n (

For a generic defect function L this clearly generalizes to

A /2 dr 1 \5
(0) _ AN e 4 vAa 1
0, (A) =—-n (16 2) 9j gt L( (x+x )), (8.10)

as derived in appendix I by a slightly different approach compared with [36, 37]. In partic-
ular, we bypass the resolvent construction and simply solve the 1/N perturbation equation
for the eigenvalue densities.

Remarkably, from (8.10) we find that all even Og?z) (M) are related by an integro-
differential relation

1 2n no1 @ 1
O8N = 153 5 s | s O (8.11)

To prove this, we notice that the r.h.s. differs from the l.h.s. by the integral of a non-trivial
total derivative:

1 2 4 d 1
0,05 (V) o OS]

1672 2n — 2 d\ | \2n—2
n AN\ rde 91422 (VA 1
— el L Y2 - —0. 8.12
1672 (167r2) 2m‘8x{ 227 (47r (@+a7) } (8.12)

9 1/N expansion of one-point functions in the U(IN) model from the
Volterra hierarchy

The 1/N expansion of one-point functions with gauge group U(N) can be obtained again
by exploiting the Volterra hierarchy and, in the special case of Oo, a special relation.

Results for O2(A, N). An exact relation is
<: QQ :>D = —)\a)\AFN()\) (91)

To prove this relation we simply notice that

YM

Juny DM exp ( — 55 tr M2 — trL(M))
—)\8)\AFN = )\a)\ log<D>SYM = )«9,\ log

Iym

Juvy DM exp ( - 87272trM2>
872 9 9
= [<tI‘M >D — <tI‘M >SYM] = <Z tr Qg :>D- (92)

2
G
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From (9.1), we immediately obtain the 1/N expansion of O(A, N). The first two correc-
tions, i.e. terms ~ 1/N and ~ 1/N?, are

1 A3
o) = 1o (2F0 +AFQ)?, (9-3)
2) A3

o)} (—6F! + A(—6Fo®) — 6(2F) -+ AF)2(2F) + A(4F) + AFo®)) — AFg™)), (9.4)

962
and they reproduce Ogl)()\) and 052)()\) in (8.6).

Results for O4(A, N). In this case we need derivatives with respect to the couplings ¢
(again here we split the “kinetic term” out of ¢y in L) that (for n > 1) are given by

By, AFy = (tr M2") ) = (g;)n (Qan) - (9.5)
From the expression of : {4 in (8.2),
(: Q4 9)p = (u)p —2N (: Qy : +J\;>D —(1)p + N(2]\;2+1)
_ (897;2>2 0, AFy + 2N AZAFy — (Q11)p — ‘7\7(2]\;2_1). (9.6)
Using the Toda relation (C.6), we can eliminate (€21 1)p
(:Qq)p = @752)2 O, AFy + 2N AO\AFy — ge—DQAFN - N(2N42_1). (9.7)

We now need a Volterra hierachy equation to express 0, AF. From the results in ap-
pendix B with (B.18) in (B.17), we obtain

647 N
(G Qu)p = N2<)\72r8t4F1 + 2>\F6> + 5 ANFG + ANFF + XUFP) + O(N°), (9.8)
and using (2.22)
)‘3 / 1 )‘2 27! 12 3/ 4112 2

Replacing in this expression the expansions (3.1) and evaluating 9;,F; by differentiat-
ing (3.2) and replacing the couplings in (2.13), one reproduces OELO)()\) and Oé(ll)(/\) in (8.7).
Of course, the planar term is independently known from (8.9), while the 1/N correction is
a new result

AP A
0 = L (&) s e - Loy @
The next order, i.e. the correction 1/N?2, using (B.19) reads
1/ A2
0P () = -5 (w) A2[96AF)3 + 15F) + 30A4F)3 + 6APF)2F,®) (9.11)

+ 24X3FFG (6FG + AF®) + 240°F( (9F( + AFo®) + A(9Fo® + AFg™))],

and again can be checked to reproduce the 1/N? contribution 04(12)()\) in (8.7).
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Results for Og(A, IN). In this case

(0 )p = () — 3N (Qa)p — 3 (2hp + (N +1) (Qa)p — 3 {5}

15N 5
+ e (1) — gNQ(NQ +2)
3 15
= (Q¢)p —3N (QU)p — §<QQ,2>D + Z(NQ +1)(: Q2 :)p —3(Qi13)p
15N

5
+ = Q1) + gN2(2N2 +1). (9.12)

We can eliminate (£222)p by

Jueny DM exp(— 872 tr M2 —trL(M))

Ivm

—(Ay)?AFN = (My)?log(D)sym = (Ady)? log

Juv) DM exp ( - 3752 tr M2>

YM

= (Q22)p — (Q2)D + (Q2)p — (Qa22)svMm + (Q2)evm — (Q2)svm
= <QQ72>D — <Q2>% + <QQ>D — N2 (9.13)

Thus,
(Q22)p = —(NN)2AFN + [NLVAFN]? — (N2 + 1)AZAFN + %NQ(NQ +2).  (9.14)

It remains to eliminate (€ 3)p going back to the Toda recursion. After some work we find
in this case

! 374
o) = 5 (&T?) A3 FJ (4F) + AFD), (9.15)
that reproduces the 1/N contribution Oél)()\) in (8.8). Also,

1 3
0N = 15 <8ig> A2 [~8OAF® — 40X*Fy2 — 6A°F)2Fo®) (9.16)

— 12 M3FGFG(15F) + 2AF®)) — 24X*F%(10F] + AFg®) — A(14Fg®) + AF™)).

9.1 Strong coupling expansion

Let us begin with the planar term (8.9). For n = 1, using (9.1)

(0) A
0,7 () = —@@\Fo, (9.17)
and from (5.15),
32 X
Oy — A VA
057 (M) 213 T I3, + (9.18)
For OZ(LO), we use the recursion (8.11)
Oy _ L 3d{1 (0) ]
0, (N) = 87r2/\ ™ )\202 N1, (9.19)
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and obtain

2\5/2 2\3/2 7V
O\ = - 4

96075  384w3 15367
The general structure, from (8.11), turns out to be

T (9.20)

A )""'% n [ 1—4n?72  7(1—4n?)? 74
1 1+

(0)/\y n
Oon (V) =8 (1) <167T2 n? —1 6 At 30 et 02

The next corrections can be computed by using the exact expressions (9.3), (9.4)
and (9.10), (9.11). For O3(\) we have

A2 A 1

My — _ = . 22
03" () Gant 19272 720 7 (9-22)
\5/2 A\3/2 49v/\
0(2) A) = — ..
z (M) 2567 | hl2nd | 92160m |
Using (9.1), (5.17), and (5.20), we can resum the leading terms at large tension as
Os2(N\;N) = N = _——+ = ——1 . 2
2( ) ) f2 < b\ ) f2(x) 33 + 72 3%3( +$) (9 3)

As a check, expanding at large N we find
LT \3/2 A2 2\5/2 A3 \7/2

02N N) = =05 T 6N~ 2560582 T 153601N3  Toasdmna T 024
that reproduces the leading terms at large A in (9.18) and (9.22).
For O4(A) we find
1 A3 A2 A 13
00 = 51270  15367% 57607 40320 | (9.25)
02 = 3\7/2 N TASZ . 49N2 1037V L
4 204877 | 409675 14745673 309657607
For Og(\) we find
1 0% 13)3 13)2 43\ 289
05\ =- 1015278 4915276 614407 129024072 1290240 (9.26)
0P (A)=— A2 16772 2085172 | 563657 5022863VA (9.27)
6 65536m9 39321677 ' 2359296075 99090432073 132120576007

A cleaner way of presenting these expansions is in terms of the scaled coupling A= ﬁ

1. 1 1
O(l))\zf)\Q <1_A_ _ _|_...>7 9.28
2 (V) 4 12\ 180 )2 (928)
1. 1 49
0(2))\ :_7/\5/2 <1_A_ _ _|_...>7 9.29
2 (M) 8 8\ 5760 \2 (9-29)
1 .. 1 1 13
o) = - 83 (1— S - +> 9.30
e 8 120 1802 5040 )\3 (9.30)
3 . 7 49 1037
0(2) A :_7)\7/2 <1_ 4 —+ _ _|_> , 9.31
a ) 16 24N 345672 2903040 \3 (9.31)
7 . 13 13 43 289
o (A = ——— X (1 e —— — + - +) 9.32
6 (M) 192 28\ 14072 11760 \3 47040 \* (6.32)
3 167 20851 563657 5922863
Oé2)()\):_7)\9/2 <1_|_ N — + — + - —|—> (9.33)
128 72N 1728072 2903040 A3 154828800 \4
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10 One-point functions in the SU(N) model

In the SU(N) case, the explicit expansions written in (8.6) , (8.7) , (8.8) can be recomputed
with the traceless constraint and one finds'

Oy =0®N), k=01, n=24,6,..., (10.1)

showing that it gives deviations with (relative) size 1/N?. The one-point functions at this

order are
@y A (A 5/\2 5\3 A 1915 ' 109
0y (N)= 87T2<3 1536 T 24576 | 539824 56623104 )’ (10.2)
7/\2 409\ 1\5 214816 271437
0 (A 0N _ 1A, ® - VL), (103)
87r2 T 3072 T 11796430 8847360 | 15854460120 135395449600
3
1723 23)\4 4583\5 85937\ 117013\7
0PN = (2 - - ), (10.4
(M= (87r2) ( 08304 | 491520 528482304 | 63417876480 608811614208 | >’( )
. A\ 4 433)\5 125071\ 197261\7
o= BN 433 L 12507 A6 19726 ) (10.5)
82 4718592 123863040 ' 190253629440 1902536294400

and they differ from the corresponding U(N) expressions. Nevertheless, the case of 0, is
still captured by (9.1). From that relation and (6.2) one obtains

020 — 020 = 2\ (AFo)T 10.6
P00 - 0P () = 5N (VFo) T (10.6)
In the case of O4 we found!?
2
0P () - 0P () = (822) <3A2 v >\3F”’> (10.7)

Starting with Og the structure changes and we have

E 3
2 @ _a@n] _ (A 15 5 03 | 3404
)\ 8 |: (O 06 )_ - <87T2> (4)\ 8)\F0+§>\ 8)\F0 5 (108)
< ] AN\t /7 1
(AQaA)ﬂAQ(og)—og)) :<8W2> (A48§F0+A58§F0), (10.9)
- A 5
(A20,)° [ As(o@)_og%))_ - (w) (16)\56AF + 2A6a§F0). (10.10)

suggesting the general form, valid for n > 2

1
)\nQ

(200208 = 0] = 5 (s ) [z — DA e + Samtiog i,y

812
(10.11)

that we checked for higher values of n.

5We use a tilde to denote SU(N) quantities.
"We used the fact that, in a general model, the shift is linear in t2, and therefore in Fy.
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10.1 Deviations in the strong coupling expansion

At strong coupling (we use the same notation as in (9.29) and (9.31) for comparison)

_ 32 /X 1. 1 1

@@y A 1 5/2( 1 )

07 (N-0" =g 5+3g -+ A0 St (10.12)
Sy Q@) __3)\5/2 TA3/2 B 35v/\ o 3A7/2< 1 )

05" (N)-0s7 (V)= 512w5+10247r3 122887r+ - 16)\ 0+5\ 24X2+ » (1013)

and, in both cases, the correction is subleading compared with the leading term in (9.29)
and (9.31). The pattern continues for higher one-point functions, using (10.11) and in all
cases the correction is still subleading.

11 Conclusions and open issues

We have considered the fluxless D3-D5 system and the dual dCFT consisting in four di-
mensional U(N) N =4 SYM in the presence of a codimension-one interface hosting a 3d
N = 4 theory. For the free energy and the simplest one-point functions of BPS scalars, lo-
calization reduces their computation to the analysis of a hermitian one-matrix model with
a non-polynomial (subleading) single-trace potential. Such a matrix model is known to be
closely related to integrable hierarchies, i.e. the Toda lattice and its Volterra reduction.
We have shown how to exploit this rich structure in order to analytically control the 1/N
expansion. In particular, it is possible to access the strong coupling regime and determine
some features emerging in the large-tension limit where the 't Hooft coupling is taken large
order by order in 1/N.

While the analysis of the free energy is complete in the sense that can be pushed
without effort to higher orders in 1/N, the situation is different for the one-point func-
tions. Despite the results presented at low operator dimension A, it is clear that mixing
remains a major complication. In particular, refined tools are needed in order to derive
results depending in closed form on A that could be useful, for instance, to explore large
charge limits. Another puzzling technical aspect are the complications that are met while
extending the analysis from U(N) to SU(N) symmetry on the gauge side. Their general
solution calls for a better physical understanding of the interaction between the extra U(1)
degrees of freedom and the 3d theory on the defect.

More conceptually, a major issue is to understand the strong coupling expansions of
the free energy and one-point functions from the perspective of the dual string theory.
Generally speaking, since 1/N corrections are associated with higher genus string calcula-
tions, one can hope at least to understand the structure of the strong coupling expansions
(leading powers at large A) and their large-tension resummations in the spirit of [38, 76].
From this point of view, it would also be interesting to further explore the nature (stability)
of the non-perturbative corrections expected to affect the free energy at strong coupling as
well as their resurgence structure, see for instance [40, 41, 46].

At a more practical level, natural extensions of this work concern the generalization
to the case of D3-D5 system with flux in order to explore nicer AdS/CFT limits involving
large fluxes k > 1. Also, it would be important to extend the analysis to defect theories
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with A/ = 2 superconformal symmetry, where the same localization approach as in [36, 37]
is expected to work.
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A On the normalization of ZP5

The partition function (2.7) has a non-trivial normalization that depends on gy, even in
the case k = 0, cf. (2.9). To understand this factor, let us recall that (2.7) is obtained,
in general case with flux, by integrating out the U(N + k) eigenvalues in the expression in
eq. (2.28) of [37] (here g = gyv)

2 _ 2
e s T i S8 a5
Nk = NI N+ k)! " v, HN+k2cosh7r( — by) ’

(A.1)
This expression has a factored form, corresponding to gluing U(N) and U(N + M) SYMs

with Neumann boundary conditions and coupled together by the interface U(N) x U(N +k)
bifundamental hypermultiplet. In the above, A(z) = [],,,,(zn — ;) is the Vandermonde
determinant, while A(m) = [li<; 2sinh 7(z; — x;) is the one-loop determinant for the 3d
N = 4 vector multiplets.

It may be instructive to consider the case N = 1 and £ = 0. In this case, we have

simply
(a2+b?) x \1/2 [oo e—% a?
= d db — d A2
z, 0 / “ / 2 cosh 7r(a —b) (292> Loo ¢ coshma’ (A.2)
where we shifted b — b + a and integrated over b. Using now
1 00 6271'1’150,
= dt ——— A3
cosh ma /_oo cosh 7t’ (A-3)
we get
gn2 12
1/2 9 a?42miat 47 0o 6_97211
ZD5:(7T) / d / e — _7/ it~ Ad
1,0 2g2 “ cosh mt 92 ) 2coshmt’ (A-4)

which is (2.9), taking into account the explicit factors of 2 and 7 in (2.8). This very
simple special case illustrates why the effect of the defect is not just the insertion of the
single trace log cosh potential, but also the additional pre-factor (1/¢2,)" * in the partition
function normalization in (2.18).
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B Higher order flows in the Volterra hierarchy

B.1 Structure of the flows

In the notation of section 4 we can introduce the following ratios of partition functions

Znt1(t)Zn—1(t) _ _p, o)
B,(t) = = +inlb) B.1
(0= ot = (B.1)
From the results of [77, 78] we have the equations
2k 2k
Oun Ba() = ~Ba 0V, (0) — V2 2], (B.2)
where (omitting the argument t) VTS%) may be derived by the Lax formalism
0 vB1 0 0
_ vVB1 0 By 0 ---
VP = /B (L% Y L= ' : B.3
n ( ) n+1s 0 \/FQ 0 \/FQ, L ( )
Explicitly, the first cases are
V¥ =B, (B.4)
V=V VAV V), (B.5)
VO =VEWAVD VD v V), (B.6)
V® =B, (B> +2B, sB? | +3B,B? ,+B,1B>_,+B? ,B, 1+3B2B,_,

+ B72z+1 anl + Bn73anQBn71 + ZanQBanfl + an2Bn+1Bn71 + 4Ban+1 anl
+ Bny1BntoBn1+Ba+ B3 1 +3B, B2, + Byi1B2, o +3B2 By 1 +2B2 1 Bpio
+2B,By1Bnyo+ Bri1BryoBrys), (B.7)

and so on. These are the generalizations of (4.10) which is simply the k£ = 1 case of (B.2).
Indeed, in this case it reads, cf. (4.7),

O, D4 frn = e Prfnt1t _ g7 Pifn-1 — T2 — Tn = Dy (rpg1 +10). (B.8)
This gives

Oty fn = Tn+1 + 7, + const. (B.9)
The constant is shown to be zero taking n = 1 and this gives back (4.10). In our problem,
Zn(t) =27V 2G(N + 1)(D)sym, (B.10)
where we do not write the dependence on g, and as usual ¢z is from the defect term L.

Since Fiy = —log(D)sym, we have

N

By (t) = —e D*AFN () (B.11)

2
and taking into account the coupling dependent factors attached to the couplings to),, the
flows in (B.2) should be written

gn?\" (2k) (2k)
<g2> Ou B () = ~Ba IV, () - VI @) (B.12)
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B.2 The k = 2 flow and its consequences

We have discussed the k = 1 equation in the main text, here let us write the kK = 2 case.
It is

2
872
<92 ) 91BN = —=BN[BN41(BN + Bn41+ Bn+2) = Bn-1(By—2+ Bn-1+ By)], (B.13)

that is

2
872
<92> 0y, D*AFy = Bn41(By + Byg1 + Bn42) — Bv-1(Bn—2+ By_1 + By), (B.14)

Replacing here (B.11) and the expansion (2.17) with rules like (5.6) or (5.7), we obtain

)\2
8t4 FO()‘) = 1287747 (B15)
/ 3)‘2 ! "
&54 Fl ()\) — _W(QFO + )\Fo), (B16)
3 4
O, Fa(\) = c1A + ca)? + e (2F) 4+ AF§)?, (B.17)

where we used systematically the differential relations for F,,, as in (5.8) etc. In the D3-D5
system, comparison with weak coupling gives

1

= —7". B.18
25674 ( )

c1 =0, 2
The next relation is substantially more involved. Zero modes are absent in the D3-D5
system and one finds
3

A
8t4F3(>\):—W(4F6+64)\2F63+11/\ 04 168N3FL2Fy 4+ 120\ FLFg% +26)°Fp®  (B.19)

+TAZFo® + 24N (2R + 24N F(FIF®) + 6ACFG2F®) + A3F ).

C Toda t, flow and 1/N expansion of (4 __1)p

Let us begin by writing the Toda equation (4.9) in the form

82
D2Fy(t) = —log ( - 8t2FN(t)>. (1)
1
Since
2
2\ "7
AFy = Fy — F§™™ = Fy 1 log [(27)—5 G(N +1) (1963 ) } (C.2)
we obtain
) 1672 ok
D*AFNn(t) —logN +log | —— | = —log { — 8—t%AFN(t) ) (C.3)
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that we write as'®

T 2
DzAFN(t)_—log( 16A §t2AFN( )) (C.4)

Differentiating (C.4), we obtain formulas for (€; _1)p in terms of Fo(A). Let us see the
first two examples.

C1l (Q11)p
From
KA N JE— (©5)
oz vt oo SmENH ‘
we have N
<Ql,1>D _ E €—D2AFN(t)‘ (CG)
If we parametrize
N 1 2
@1)p = 5 +ol) + zel )+, (C7)
and use (5.6), we obtain differential relations. The first of them gives
A2 A
I\ = =AFy = TFf = =2 (AFo)". (C.8)
and integrating by parts (3.8) we obtain
1)\ dx x v\ 1
wlyl()\) = %27‘(7:(1—172)210gCOSh |:4(f17 +x ) . (Cg)

For the coefficient wﬁ)()\) we find

2 2 2
A0 =R - Srr = (am - Sr) - Yo Doy, @

and comparing with (C.8) we get the simple relation

2 1
wiff = Axl(wi)?): (C.11)
C.2 (Q1,11)D
The next example is
84 A 2
AFn(t) == <> (Q1111)p — 3(1)5). (C.12)
ot} — 8m2N b ,
From (C.4),
O Arew)| =- 2O parve A D 52 p () DAY
A W T T oo 1672087 o
_ A _prARy 2{ —DQAFN(t)]
= T em)e” D7l Ae : (C.13)

'8The Lh.s. of (C.4) should be expressed in terms of g, before applying D?.
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This gives

0 — 3(0 1)?
(Q111)p —3(1)D 5\

Replacing the expansion of Fiy (2.17), we obtain

_ N pran [Ae—DQAFN“)} (C.14)

3N?2
(U111)p = e +3Nw (1)( A) + 38,\[)\(w§711))2] +oee (C.15)

C.3 General (2;,.1)p at order 1/N?

Inspection of the next cases provides the following simple generalization to the case with
2n indices “1”

_ I
_ (2n 1).. 2n (1) 2n 1 a [A"’l(wgll)f] 4. (C.lG)

((tr ") p e |

D Compact expressions for the free energy in the U(/N) model

The explicit expression of the free energy expansion coefficients F,,(\) in (2.17) have been
discussed in section 5. Here, we provide the simplified expresssions that are obtained in
terms of the quantity Z(\) defined in (5.12) and up to Fg(A).

1
Fi(0) =—55 2% (D.1)

zZ 73 1

1 Z4 1 / 3 7/ 2 712 1 2 1"

Fs(\)=— 242 +ﬁ+—AZZ —fAZ 7' — /\ Z f—/\ zz", (D.3)

zZ 73 Z5 1 1
Fa\)= oo — o+ oo — 55 A7 )\ZzZ’——AZ‘lZ’ )\2ZZ’2 “NZ37" D.4
s = 120 36+60 12074 12 *5 (D-4)

1
7}\3Z/3 —)\2Z” _ 7)\2Z2Z// 7/\2Z4Z// 7>\BZZ/ZH _ —)\SZ(S)
+ 36 + 240 + 24 * 6 720

+iA3222<3>+ Xz,
F (/\):———4————)\ +—/\Z3Z’—i)\Z5Z’+i)\QZ’2—1)\2Z2Z’2 (D.5)
° 80 48 120 40 12 20 80 8 '
1 1 1 1
7)\2z4zl2 *)\3ZZ/3_*)\3Z3ZI3—7)\4ZI4 7)\2ZZH—7)\2Z3ZN
* 8 + 12 6 48 * 80 24
+i>\2Z5Z//7i)\?)Z/Z”ﬁ*}ABZQZ/ZH*1>\3Z4Z,Z,/71A4ZZIQZ/,+L)\4ZH2
40 80 8 8 4 320

_ T:;A422zl/2 _ io)ﬁzz(fi) _|_7712)\3z3z(3) _ %A?)Z‘tiz(fi) +i)\4z/z(3)

~lyigrgige 2022729 L yigzw_ iA4Z3 )\5Z ZW — /\5ZZ(5)
8 1440 480 288
FG(A)z—ngg—; %+%+ﬁ)\zl—%)\z2z/+ PVAVAR /\Z6Z’ (D.6)
%)\QZZQ 6)\2232’2 + 1—0)\2252’2 - %)\32’3 + 6/\3222’3 - é)\3Z4Z’3
- ﬁ)\“ZZ"‘ + éx‘zi”z"* + 6%»”2'5 @AQZ” + = )\QZQZ” /\2Z4Z”

+$A2Z6ZN—%)\BZZ/ZH—F%)\?’ZBZ Z”—E)\BZE’Z Z//+E)\4Z/2Z”—i)\4ZQZ/2Z”
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1 1 1 1 1 1
7)\4z4z/2 VAl *)\'SZZ/BZ” 7)\4ZZN2 _ 7)\4z32112 7)\4ZBZN2 _ 7}\5le//2
+ 4 + 3 + 80 24 + 40 80
7 AR 1 1
7A6ZN3 _ 7)\3z2z(3) 7)\3z4z(3) _ 7)\3z6z(3)
360 + 1512 120 + 72 180

1 1 1 1 1
7)\4ZZ/Z(3) _ 7}\4232/z(3) 7)\4z5z/z(3) _ 7}\5 Z/2z(3) 7)\5z2z/2 Z(S)
+ 60 18 + 30 120 + 4

+ %A5Z2Z’Z”2 +

20)\677(3)2 N4z (4)

7 7 29
7}\5 ZZNZ(?’) 7)\5z3zllz(3) 7)\GZ/Z”Z(3)
* * 72 * 360 +

720 1440 6048
- ﬁx’LZ?Z(‘*) - %SX"Z‘lZ(‘*) + %OX*ZGZ(‘*) + %)\522’2(4) + 1—18)\5232’2(4)
- %WZ’QZ(‘*) + %)ﬁZZ”Z(“) + ;Zg + %)FZQZ“) + %Pz‘%"))
- %)\6ZZ’Z(5) + % + %AGZQZ(G) ?;ig .

E Strong coupling asymptotic expansion of Fg(\)

From (5.13), we see that the strong coupling expansion of Fp(A) amounts to the large

a — 0o expansion of

fla) = 4 /1 dt /1 — t21og cosh(at) — f'(a) = 2 /1 dtt/1—t?tanh(at) (E.1)
™ Jo —1

™

Expanding tanh, integrating, and replacing Bernoulli numbers by their integral represen-
tation gives

Fla) = —ii; /0 - ‘?m[huaw —2J1(2at)]. (E.2)
This has the form of a Mellin convolution
fia) == [Tt folt) = =27 (fr+ 1)) (£3)
with
e T (E.4)

We have the explicit Mellin transforms

e’ 1 d 1 1 1
M l(62nt _ 1)2] = _ﬂM [dte%t _ 1] = %(3 - M [62“ _ 1]51

— (27) " T(s)C(s — 1), (E:5)
and
M {Jl (4t) t2J1(2t)} _ _2 (F2(2—_1)§§ (3) (E.6)
Hence,
MIf)(s) = =2m M[fi % fol (s = 1) = =27 fi(s — 1) fa(2 — s)
_ _2*8 (2° —2)((s)csc ()T (% | E7)

r(-3)
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and with —1 <¢< 0

f’(a) = e %a . (% - %>

i /C+Oo ds _, 27°(2°=2)¢(s)esc ()T (%) (E.8)

Picking residues at poles with s > 0 we get the asymptotic expansion for a — oco. The first

terms are
4 71 71 3170 1 12777 1

(@)= — — —— 4 —— - e E.9
F) = 3~ 5t R0at T o198 00 T Tazss0 T (E-9)

with closed form
3 1 1
1— Qk
> }: ) <k—2>F<k+2> (oK) (E.10)

This series is asymptotic and non-alternating so we expect non-perturbative correc-
tions/ambiguities. Integrating it we have

1 - 91— 2k 3 1 1
fla 22 1-2k (k_g)r<k+2) C(2k) = (E.11)
Since Fo(A) in (5.13) obeys Fo(A) = f(V/A/2) we fix C' = —log2.

F Solution of the differential equation (5.19)
To solve the equation (5.19), we set f(z) = xh(x%) and get
1 — e 2(0+2207) oy — 0. (F.1)
We re-define logz = X and H(X) = h/(z) and differentiate with respect to X
(144H') = —2(H' + 2H")e 2H+20) — _9(H' + 2H")(1 + 4H"). (F.2)

Now set H' =G
4G" = —2(G + 2G")(1 + 4G). (F.3)

G(X) = e X/? [cl +4/2 + ;clex/ﬂ. (F.4)

Integrating back to get H(X) — h(z) — f(x), we obtain

The general solution is

fz) =

I 1 2 '
2¢1 + — (5 4 4c1x) + —arccoth ( V2 ) + = (EF.5)
€T x

\/2¢1 + % 2z
The integration constants are fixed by the expansion (5.18) and we get the values

1 1
AT 3020 BT T3g4p0 (F.6)

After simplification, f(z) takes the final form (5.20).
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G Systematic evaluation of CS%N )

Let us begin with a single trace. Splitting the trace in U(N) we obtain

2

(tr e®)SUWN) — =i (tre®A)UIN)| (G.1)
and taking derivatives
1
(APYSUY) — sz (Ho(VN A))I), (G.2)
Using
Hoya) = oY S oy @3
x) = Py ————(22)7, .
R = O]
we obtain
n n—~_
SUN) _ (9011 (-1 1 U(N)
(0 (m).% @0\(n — 0l N2y c,. (G.4)
and we can read the systematic 1/N corrections, for instance
CUN) n(2n—1) U(]l\f) \
ngf(VN) T =14+ O(1/N%). (G.5)

Multiple trace expectation values can be worked out similarly with the final result shown
in (6.3).

H A useful matrix identity

In (7.4), we used the matrix identity

dy(A) = A28 AT _ (NP2 (%) | (H.1)

This follows by direct inspection, or using the recursion

2 _ 2 2 _ 2 2 _ 2
dp+1(A) :etrA aAaﬁe tr A :etrA aAG tr A 6trA 826 tr A

= (94 — 2tr A)dy(A). (H.2)

Indeed, induction requires

e (5) = g (54) s (54 s

and this holds using H,, = 20H(x) — Hpi1().
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I The large N limit from the integral equation with sources

In the large N limit, the saddle point equation for the matrix model with generic defect
function L(x)

p(v) 1 .,
][ dvu—v )\ u—l—ﬁL(u), (I.1)

where £ = % + %56 has a N correction to be determined. Let us rescale u,v according to
u="la, a € [-1,1]. (1.2)

The integral equation (I.1) reads!'®

1 2
p(B) 817 o Y
d =—/ — L'(Ya). L.
a2 =S et sp L) (13)
After expanding
2 1
the first order perturbed integral equation reads
VA (oA
d T b+ X2 L’ L5
s 20 e A (0 (L5)

The bounded solution is unique and is obtained as

Spla :_7\/ﬁ]l dB —— ! { 508+ \/;L’(B\F)}

o — B Ny 27
1
/ da dp(a) = 0. (1.6)
—1
where the second condition fixes ¢. The defect one-point function of Oy, is obtained
from?°
o M 12 1 YA oLy,
il — RV R TN
<trT2n< 7 )>D N[lda LT l—« +N5,o(a)+ ]Tgn( % al (17)

= [ da[Bvimam s pontey ] [Tt + 3 2T 0]

For n > 2, using orthogonality of the Chebyshev polynomials, it is easy to show that the

2n M 1
try, | —— :/ dadp(a) T, (a). 1.8
(0D (5) ) = [ dectte) Tanfo (18)
Let us evaluate

n_/ da5p(ar) Ton (@) = ][ ][dﬁjj“_ﬂ\/i:%L <5\F>. (L.9)

9The new density is £ p(£ a) — p(c) such that f_ll dap(a) = 1.
*“Notice that for 2n = 2 we need to add to T the constant shift 41, see [70].

only surviving term is
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Let us consider the integral over «

Tgn Tgn (1 — ) 1 o
][ dov \/ ][ da = g = % (1.10)

From the definition of Chebyshev polynomials, cf. appendix J, one obtains?!

- iTZH_Q(x) + %T%(x) _ %Tgnﬂ(a:) — Tho(a) (1 — 22). (L11)
Hence, from (J.3), we get
T n— 2T: mn + T n 1 Qo
][ o B~ P Tavss 1 _ = {Ugn_gw) — 2Wan1(B) + Uzns1 (B)
— (1= ) Usns(8). (1.12)

Thus,
 4n? / df L ( ) MU%H(B), (1.13)

and we obtain (relabeling the integration variable)

0;0>(A):2<167r2) / da L’(a\f) V1= a2U, | (1.14)

Let us change variables o = cos 6, using (J.1) we get

2/ A \7T (7 0v/2
o) == <W> /d9s1n20L' <C082 >Un_1(0050)

™

n+1
1 A\ 2 2 . , [cosOVA\ .
= <167r2> ; df sinf L ( o ) sin(nf)

:1( A >n/2 o (COS@I> sin(nf) (L15)

d9 —
1672 0 do o

s

Integrating by parts

TL/2 2
0 oo A cos v\
00 (y) = ~o- (167r2> /0 do L ( o cos(nb)

- (A>n/2f dr (ﬁ(ﬁx )) %(ac” . (.16)

1672 47

The terms z™ and z~" give the same contribution using z — 1/x and we get (8.10).

21This is also an immediate consequence of the product formula 2Ty, T, = Tynin + T\m—n|, evaluated at
m = 2.
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J Chebyshev polynomials

Chebyshev polynomials of 1st and 2nd kind are defined by

sin[(n 4+ 1)6]

sin 0

T, (z) = cos(nd), Up(z)= , with © = cosf € [-1,1], 0 € [0,x], (J.1)

and obey the orthogonality relations

0 n#m )
/ d 1 (2 z) =q n=m=0, / dzV1 — 22 Up(2)Up () = g5nm.
—x -1
/2 n=m#0
(J.2)
Useful relations that we used in the main text are

Ty (z) = nUp-1(2),
/d = ”(yi_ — x U ( /dy\/ 2Unly) —TrTn+1(x). (J.3)
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