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ABSTRACT The paper addresses the problem of phase synthesis of apertures with assigned amplitude.

Applying the method of stationary phase it will be shown that the asymptotic solution satisfies a Monge–

Ampère partial differential equation (PDE) with appropriate boundary value conditions. In agreement with

Chu’s energy mapping principle for reflector shaping, the Monge–Ampère PDE can be solved identifying

an irrotational transport map from the source aperture to the target beam. After a description of the general

theory, the paper focuses on irrotational linear maps associated to quadratic phase solutions demonstrating

the possibility of obtaining beams of the same shape of the source aperture, a result only observed for

circular and square apertures. Exploiting a polar decomposition of the affine transformation matrix, it

will be also demonstrated the possibility of rotating the beam, a result reported (to the best knowledge

of the authors) for the first time. In a companion paper, the general problem of finding a solution to the

Monge–Ampère PDE via irrotational transport maps will be addressed by mean of the theory of “optimal

transport”.

INDEX TERMS Phase synthesis, phase-only tapering, spaceborne antennas, array antennas.

I. INTRODUCTION

THE PROBLEM of phase synthesis for apertures with

assigned amplitude distribution is of interests in several

domains. Early applications involved the shaping of reflector

surfaces to obtain cosecant-squared patterns1 for air surveil-

lance and airborne Radars [1], [2], [3], [4], [5]. With the

advent of geostationary satellite technology, the possibility

of contouring the spaceborne antenna beam adapting it to

the geographical region of interest became of paramount

importance, main advantage being the maximization of

the gain in the wanted area and minimization of the

interference elsewhere. While initially contoured beams

were obtained with array-fed reflectors [6], [7], single-feed

shaped-reflector technologies [8], [9], [10] emerged as a

1With range-independent echo return for targets at constant altitude.

low complexity/mass/cost solution that gained commercial

dominance for single-beam broadcasting antennas [11]. In all

these applications the connection between reflector surface

shaping and the phase synthesis problem is due to the fact

that a first-order approximation of the surface variation can

be interpreted as a phase variation of the projected aperture

field/current [12], [13].

During the Cold War, the deployment of Inter-
Continental Ballistic Missiles (ICBMs) created a compelling
need for Radar systems with greater detection ranges super-

seeding the peak power limitation imposed by the radar
equation. With the development of Radar pulse compression,

phase synthesis took the form of the problem of designing

a signal of arbitrary envelope having a specified spectral

magnitude and hence, a specified autocorrelation function

[14], [15], [16], still a subject of active research [17].
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More recently, the phase synthesis problem gained

increasing interest in reflect-array design and active array

applications, where the use of constant amplitude excitations

permits to operate the amplifiers feeding the radiating

elements at maximum efficiency. In this last context the

problem is also known as “phase-only” synthesis. Being the

array (or the reflect-array) composed of a discrete number of

elements, the optimization problem is of discrete nature, and

several approaches have been proposed. Methods originally

developed for continuous waveforms [15], [16] and reflectors

[1], [2], [3], [4] design have been applied to linear [18],

[19] and planar arrays [20]. A wide variety of local and

global numerical optimization methods have been applied

to the discrete problem. Among the local methods it is

worth mentioning early steepest descent methods [21], [22],

the method of alternating projections [23] (which has been

equipped with fast projectors based on the Non-Uniform Fast

Fourier Transform - NU-FFT [24]), and integral equations

methods [25], [26]. A non exhaustive list of contributions

to the phase-only synthesis problem with global numerical

optimization methods includes: genetic algorithm (GA) [27],

[28], particle swarm optimization [29], [30], Taguchi’s

method [31], cross entropy method [32], and invasive weed

optimization [33].

This last contribution [33] demonstrated that the phase-

only synthesis of large planar arrays (a discrete problem)

can be efficiently addressed solving the continuous phase

synthesis problem on the aperture of the array and sampling

the solution at the elements position, a general result which

is independent of the adopted optimization technique. In

this perspective, techniques initially developed to solve the

continuous aperture problem of reflector shaping or pulse

compression can be applied to the discrete phase-only

problem.

Among the approaches with highest “explanatory power”,

Chu’s method [3] interprets the synthesis of a shaped beam

on the base of a fundamental principle of conservation

of energy. The phase variation acts as a mapping of the

energy from the aperture to the far-field. The mathematical

explanation of this concept is founded on the asymptotic

approximation of the Fourier integral [34] by means of

the principle of the stationary phase [35], [36], [37], [38],

[39], [40], [41], [42], [43]. The mathematical details were

elaborated by Dunbar [5] and later by Fowle [16] for

linear apertures and pulse compression, respectively. An

extension of the mapping approach to the bidimensional

case was first proposed by Katagi and Takeichi [10]

which suggested to construct a wavefront corresponding to

the desired beam shape and then use geometrical optics

to shape the reflector, a technique known as “wavefront

synthesis” [12]. As highlighted by Nomoto [44] for the

specific case of fan-beams, the arbitrariness in the selection

of the wavefront mapping is equivalent to a lack of total

differentiability conditions which degrades the quality of

the performance. In this respect, aperture synthesis provided

a more direct link to performance [13]. In parallel to the

FIGURE 1. Problem description.

FIGURE 2. Geometry.

intuitive methods of wavefront synthesis, more sofisticated

geometrical optics formulations of the reflector shaping

problem were developed as a boundary value problem of a

partial differential equation of the Monge–Ampère type [45],

[46], [47].

In the following we will first demonstrate that direct

application of the method of stationary phase to a planar

aperture distribution provides an exact formulation of the

bidimensional phase synthesis problem, casting the solution

in a Monge–Ampère partial differential equation [48], [49],

[50], [51] complemented with appropriate boundary value

conditions [52], [53]. The phase synthesis problem can so be

translated in the search of an irrotational transport map from

the source aperture to the target beam, in agreement with

Chu’s energy mapping principle, in line with the wavefront

synthesis interpretation, and ensuring total differentiability.

Making use of irrotational linear maps we will derive a

simple quadratic solution which demonstrates the possibility

of obtaining beams of the same shape of the source

aperture, results which have been already observed for

circular [20] and square [54], [55] apertures. We will further

demonstrate possibility to rotate the beam exploiting a polar

decomposition of the affine transformation matrix, a result

reported in this paper (to the best knowledge of the authors)

for the first time.



371 IEEE OPEN JOURNAL OF ANTENNAS AND PROPAGATION, VOL. 7, NO. 2, APRIL 2026 Antennas and Propagation Society

IEEE

FIGURE 3. Phase Synthesis as a Transport Map Problem.

FIGURE 4. Symmetric Affine Transformation Diagram.

The solution will be generalized to arbitrary shapes of the

source aperture and target beam by mean of the theory of

“optimal transport” [56] in a subsequent part II paper [57].

The paper is organized as follows: Section II describes

the mathematical problem and how the application of the

method of stationary phase leads to a PDE of the Monge-

Ampère type. General details of the Monge-Ampère PDE for

the intensities is discussed in Section III. The link between

Monge-Ampère PDE and irrotational transport map problem

is elaborated in Section IV, and results related to irrotational

linear transport maps, together with an overview of related

results in Section V. Conclusions follow.

II. BIDIMENSIONAL STATIONARY PHASE METHOD AND
MONGE-AMPÈRE PARTIAL DIFFERENTIAL EQUATION
The phase synthesis problem can be described as the problem

of determining the phase distribution φ(r) over the planar

aperture domain Γ , with assigned real amplitude distribution

f (r), such to obtain a far-field distribution with desired

magnitude Fd(k) over the target beam domain Ω (Fig. 1).

In the scalar far-field approximation, the radiation pattern

of a linear continuous aperture is given by the Fourier

transform of the aperture field:

F(k) = F

(

f (r)ejφ(r)
)

= (1)

=
∫∫

Γ

f (r) ejφ(r) e−j k·r dr

with,

r =
[

x
y

]

, k = k0

[

u
v

]

, (2)

where k0 = 2π/λ is the free-space wavenumber and relevant

coordinate systems are depicted in Fig. 2 and satisfy the

following relationships

u = sin(ϑ) cos(φ), v = sin(ϑ) sin(φ),

ϑ = sin
−1

√

u2 + v2, φ = tan
−1

( v

u

)

. (3)

Phase Synthesis Problem - Assigned the real positive

magnitudes f (r), r ∈ Γ , and Fd(k), k ∈ Ω , find the phase

distribution φ(r) such that: |F(k)| ≈ Fd(k)
The asymptotic approximation for the field, determined

by the limit λ → 0 in the Fourier integral (1), is

mathematically analogous to the high-frequency limit of

the wave equation. This limit, derived classically via the

Luneburg–Kline expansion, yields the well-known eikonal
and transport equations [58]. While these ray-optical meth-

ods are fundamentally suitable for modeling propagation in

the near-field or for finite-to-finite surface problems (e.g.,

reflector shaping), our specific application is aperture-to-
far-field synthesis. We utilize this asymptotic framework

here not for propagation modeling, but to establish the

rigorous power conservation principle (flux preservation)

between the aperture domain Γ and the distant angular

domain Ω . This conservation law, derived from the stationary
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FIGURE 5. Circular aperture, DA = 50λ.

FIGURE 6. Circular Beam (Phase [rad]), λ1 = 1, λ2 = 1, θ = 0◦ .

FIGURE 7. Circular Beam (FF [dB]), λ1 = 1, λ2 = 1, θ = 0◦ .

phase approximation, is the genesis of our Monge–Ampère

formulation.

We start focusing our attention on the problem of

evaluating the asymptotic approximation of the radiation

FIGURE 8. Circular Beam (Phase [rad]), λ1 = 1, λ2 = −1, θ = 0◦ .

FIGURE 9. Circular Beam (FF [dB]), λ1 = 1, λ2 = −1, θ = 0◦ .

pattern F(k) generated by an aperture distribution with real

positive amplitude and phase φ(r) over the planar aperture

domain Γ .
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The aim of the stationary phase method is to obtain an

asymptotic approximation of F(k) in the limit λ → 0.

According to Watson [35], the principle of stationary phase

was first used by Stokes [36] for the approximation of the

Airy function and was later given its general formulation

by Thompson [37] in his effort to describe the wave

pattern behind a moving ship. The most general results and

extensions are due to the work of van der Corput [38],

[39], [40]. Erdelyi [41], [42], and de Bruijn [43] detailed

this method in their books on asymptotic methods which

become standard references. Considering that the integrand

is bounded and rapidly oscillating, the main contributions

will come from the critical points which correspond to a

stationarity condition of the phase,

∇r (φ(r) − k · r)|rs = 0. (4)

We can thus consider the observation point k determined by

the stationarity condition ks = ks(rs),

ks = ∇φ(r)|rs . (5)

Assuming that the amplitude f (r) is slowly varying, we

can Taylor expand the phase term φ(r) to the second order

at rs,

φ(r) ≈ φ(rs) + (r− rs)
T ∇φ(r)|rs

+
1

2
(r− rs)

TH(φ(r))|rs(r− rs), (6)

where H is the Hessian operator (often indicated as D2),

H(φ(r)) = D2(φ(r))

= J(∇φ(r)), (7)

being J the Jacobian operator. The Hessian matrix Hφ|rs
is an important object in Geometric Optics (see, e.g., [58]
and the Appendix A for further comments). The Fourier

integral evaluated in the corresponding direction ks can be

approximated as (refer to Appendix A for full details),

F(ks) ≈ f |rse
j(φ|rs−ks·rs)

2π
√

|λ1λ2|
e j

π
4
(sign(λ1)+sign(λ2)),

(8)

where λ1 and λ2 are the real eigenvalues of the Hessian

matrix Hφ|rs . Considering now the magnitude squared of

both sides of (8) and the fact that the product of the

eigenvalues of a matrix corresponds to its determinant,

λ1λ2 = detHφ|rs (9)

we obtain,

|F(ks)|2 =
(2π)2

∣

∣detHφ|rs
∣

∣

f 2(rs) . (10)

This equation can be further simplified assuming that, for the

aperture variable r, the stationarity condition (5) determines

an observation direction ∇φ(r), and rearranged as

|det(Hφ)| = (2π)2
f 2(r)

|F(∇φ(r))|2
(11)

which, remarkably, is a non-linear partial differential equa-

tion of the Monge-Ampère type that will be further discussed

in next sections. It must be completed with the energy

conservation condition of the Parseval–Plancherel theorem,

which in R
2 reads [34],
∫∫

Γ

f 2(r)dr =
1

(2π)2

∫∫

R2

|F(k)|2dk, (12)

with the magnitude square at the left hand side absorbed

by the assumption on real positiveness of f (r), and the

integration domain limited to the aperture Γ where f (r) �= 0.

III. THE EQUIVALENT MONGE-AMPÈRE PDE FOR THE
INTENSITIES
Introducing the intensity of the aperture field, i(r), and of

the pattern, I(k), respectively,

i(r) = |f (r)|2 (13)

I(k) =
1

(2π)2
|F(k)|2, (14)

we can reduce the Monge-Ampère PDE on the squared fields

magnitudes (11) to a more insightful Monge-Ampère PDE

on the intensities,

|det(Hφ)| =
i(r)

I(∇φ(r))
. (15)

The Parseval–Plancherel energy conservation condition (12)

becomes,
∫∫

Γ

i(r)dr =
∫∫

R2

I(k)dk. (16)

The partial differential equation derived by the stationary

phase method (15), together with the energy conservation

normalization (16) can now be used in a constructive way

to state the asymptotic phase-only synthesis problem.

Asymptotic Synthesis Problem - Given an aperture

distribution with intensity i(r) over a planar aperture domain

Γ , and assigned a desired pattern intensity Id(k) in the main

beam domain Ω , both normalized such that,
∫∫

Γ

i(r)dr =
∫∫

Ω

Id(k)dk = 1, (17)

where Γ and Ω are bounded sets in R
2, find the phase

function φ(r) over Γ such that

∇φ : Γ → Ω (18)

and the following Monge-Ampère PDE is satisfied,

|det(Hφ)| =
i(r)

Id(∇φ(r))
(19)

The Monge-Ampère equation has, in R
2, the general form

[48], [49], [50], [51],

det(Hφ) = �(r, φ,∇φ), r ∈ Γ ⊆ R
2 (20)
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FIGURE 10. Circular Aperture/Beam - Asymptotic Behaviour, u0 = .25 (FF [dB]).

It is categorised as a “fully” nonlinear partial differential

equation due to the appearance of a non-linearity for the

highest order derivatives of the unknown function φ(r).

Indeed the explicit expression of the Hessian determinant is,

det(Hφ) = det

⎡

⎢

⎢

⎣

∂2φ

∂x2

∂2φ

∂x∂y
∂2φ

∂y∂x

∂2φ

∂y2

⎤

⎥

⎥

⎦

=
∂2φ

∂x2

∂2φ

∂y2
−

(

∂2φ

∂y∂x

)2

(21)

In its historical appearance, the Monge–Ampère PDE was

first introduced by Monge [48] and later by Ampère [49] to

address the problem of determining a surface with prescribed

Gaussian curvature. The link between the Monge–Ampère

PDE and the “Optimal Mass Transport” problem, first

formulated by Monge [56], has been explored from several

perspectives. In a companion paper [57] this link will be

exploited to solve the most general form of the asymptotic

phase synthesis problem. Nonetheless, considering that some

additional restrictions will need to be applied (e.g., convexity

of φ(r)), it will be useful to first interpret the problem at

hand as transport map problem which admits a broader class

of solutions and will also allow to derive analytical solutions

for specific cases.

The boundary condition (18) is the so-called “second

boundary value condition”, and it is required in the Monge

formulation of the Optimal Transport problem [52], [53].

The condition requires that the domain Γ ⊆ R
2 is fully

mapped through the gradient of φ(r) to the domain Ω ⊆ R
2.

IV. THE EQUIVALENT IRROTATIONAL TRANSPORT MAP
PROBLEM
Expressing the Hessian matrix as the Jacobian of the

gradient (7), Hφ = J(∇φ), we can lower the order of

the Monge-Ampère PDE obtaining an equivalent problem

on ∇φ(r) rather than on φ(r). Considering the role of the

stationary condition to map a point in r to one in k, we

essentially seek for a mapping function k = T(r). A good

candidate for the mapping would be a bijective2 vectorial

function T : Γ → Ω . Thus the problem can be reformulated

in T as follows:

Equivalent Irrotational Transport Map Problem -

Assigned the positive intensities i(r), r ∈ Γ , and Id(k),
k ∈ Ω , normalized according to (16), find the bijective

transport map T : Γ → Ω satisfying:

|det(JT)| =
i(r)

Id(T(r))
(22)

such that the transport map T is irrotational,

T(r) = ∇φ(r) (23)

2i.e., an injective (one-to-one) and surjective (onto) mapping.
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FIGURE 11. Circular Aperture/Beam - Beam Zooming Behaviour, DA = 50λ (FF [dB]).

The transport map k = T(r) must preserve the transported

quantity in the transport r → k. To understand the math-

ematical implications we can observe that an infinitesimal

volume in r would be defined by the differential i(r)dr.
Similarly an infinitesimal volume in k would be defined by

Id(k)dk. The transported quantity will be preserved if,

i(r)dr = Id(T(r))dk (24)

Using the Jacobian determinant for the change of variables,

dk = det(JT)dr, we obtain,

i(r)dr = Id(T(r)) det(JT)dr (25)

which, apart the possible change of sign of the determinant,

corresponds to the PDE (22).

In the area of pure mathematics that is called measure

theory, where the intensities correspond to probability den-

sities, a valid transport map is said to “push-forward” the

measure i(r)dr onto Id(k)dk, if for all bounded sets Ω ′ ⊆ Ω ,

∫∫

T−1(Ω)

i(r)dr =
∫∫

Ω ′

Id(k)dk, Γ ′ = T
−1

(

Ω ′) ⊆ Γ (26)

Differential (25) and integral (26) “measure preserving”

conditions are equivalent; a transport map T : Γ → Ω

fulfilling them is denoted as push-forward,

T#i = Id (27)

Making explicit the vector components of the mapping,

T =
[

Tx
Ty

]

, (28)

the explicit expression for the Jacobian determinant is,

det(JT) = det

⎡

⎢

⎣

∂Tx
∂x

∂Tx
∂y

∂Ty
∂x

∂Ty
∂y

⎤

⎥

⎦
=

=
∂Tx
∂x

∂Ty
∂y

−
∂Tx
∂y

∂Ty
∂x

. (29)

The transport equation (22) identifies a set of transport

maps �(i, Id) that push forward i in Id (where the domains

Γ and Ω are implicit). Within this set, irrotational transport

maps (23), can be integrated to obtain a solution to the

Monge-Ampère PDE (19) and (18). The necessary condition

for the map T to be irrotational is the symmetry of the

Jacobian (see, for example [59, Th. 10.6]),

∂Tx
∂y

=
∂Ty
∂x

. (30)

which corresponds to the interchangeability of the order of

differentiation for the mixed partial derivatives of φ(r),

∂2φ

∂x∂y
=

∂2φ

∂y∂x
. (31)
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FIGURE 12. Elliptical Beam (Map), λ1 = 0.5, λ2 = 2, θ = 45◦ .

FIGURE 13. Elliptical Beam (Phase [rad]), λ1 = 0.5, λ2 = 2, θ = 45◦ .

FIGURE 14. Elliptical Beam (FF [dB]), λ1 = 0.5, λ2 = 2, θ = 45◦ .

Condition (30) becomes also sufficient if it is sat-

isfied on an open convex set (see, for example

[59, Th. 10.9]).

A simple class of transport maps that can find direct

application to our phase synthesis problem is the class of

linear transforms. A linear map has the general form of an

FIGURE 15. Elliptical Beam (Map), λ1 = 0.5, λ2 = −2, θ = 45◦ .

FIGURE 16. Elliptical Beam (Phase [rad]), λ1 = 0.5, λ2 = −2, θ = 45◦ .

FIGURE 17. Elliptical Beam (FF [dB]), λ1 = 0.5, λ2 = −2, θ = 45◦ .

“affine” transformation,

T(r) = Ar+ t0 (32)

where A is a (2 × 2) matrix,

A =
[

a b
c d

]

, t0 =
[

t0x
t0y

]

(33)
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FIGURE 18. Square aperture, DA = 50λ.

FIGURE 19. Square Beam (Phase [rad]), λ1 = 1, λ2 = 1, θ = 0◦ .

FIGURE 20. Square Beam (FF [dB]), λ1 = 1, λ2 = 1, θ = 0◦ .

with determinant, A � detA = ab− cd. The matrix A also

corresponds to the Jacobian of the map (32), JT = A, and

A to the Jacobian determinant, det(JT) = A.

FIGURE 21. Square Beam (Phase [rad]), λ1 = 1, λ2 = −1, θ = 45◦ .

FIGURE 22. Square Beam (FF [dB]), λ1 = 1, λ2 = −1, θ = 45◦ .

Assigned i(r) on Γ , the affine transformation (32) is a

suitable transport map for Id(k) on Ω if the following two

conditions are satisfied:
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FIGURE 23. Square Aperture/Beam - Asymptotic Behaviour, u0 = .25 (FF [dB]).

Id(Ar+ t0) =
1

|A|
i(r) (34)

Ω = AΓ + t0 (35)

Equation (34) allows to satisfy the differential transport

condition (22); and (35) the domain mapping condition.

For this second condition it can be observed that an affine

transformation Ar maps a domain Γ in AΓ + t0. The vector

t0 is constant and acts as a rigid translation.

We can now enforce the necessary condition on the

transport map to be irrotational (30), which translates in the

symmetry, c = b, of the Jacobian matrix A,

A = S = ST , S =
[

a b
b d

]

(36)

Using the decomposition (57) of real symmetric matrices

described in Appendix B,

S = R(θ)

[

sign(λ1) 0

0 sign(λ2)

][

|λ1| 0

0 |λ2|

]

R(−θ) (37)

we can interpret the symmetric affine transformation as a

dilation (contraction) of a factor |λ1| along the axis of

angle θ , and a dilation (contraction) of a factor |λ2| along
the orthogonal axis. The factor |S| = |λ1||λ2| = det(S) is

a global scale parameter that defines the area expansion

(compression); if |S| = 1 the transform is said to be

“equiareal”. The negative sign of one of the eigenvalues

determines a reflection along the relevant axis. If both the

eigenvalues are negative the transform is said to be a “point

reflection“ and corresponds to an 180 degrees rotation.

Neglecting the constant translation vector t0, the transfor-

mation of the vertices of a unit square offers an insightful

visualization of the effects of the symmetric affine trans-

form Sr.

[

0

0

]

→
[

0

0

] [

1

0

]

→
[

a
b

]

[

0

1

]

→
[

b
d

] [

1

1

]

→
[

a+ b
b+ d

]

The transformed parallelogram (affine transformations pre-

serve parallel lines) is shown in Fig. 4.

Assuming that the assigned intensities admit a linear

irrotational transport map T(r) = Sr+ t0, with S symmetric,

to solve the Monge-Ampère PDE we need to find the

“primitive function” φ(r) whose gradient is the transport

map T(r) (23). Neglecting an unmeaningful constant we can

verify that the quadratic form,

φ(r) =
1

2
r
T(S + Q)r+ r

T t0 (38)

with S real symmetric (36), and Q real antisymmetric,

Q = −QT , Q =
[

0 − c
c 0

]

(39)
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FIGURE 24. Square Aperture/Beam - Beam Zooming Behaviour, DA = 50λ (FF [dB]).

has the gradient,

∇φ(r) =
1

2

[

(S + Q) + (S + Q)T
]

r+ t0

= Sr+ t0 , (40)

which is the sought linear irrotational transport map. The

matrix Q is irrelevant in terms of fulfillment of the transport

conditions and is assumed to be null, Q = 0.

V. IRROTATIONAL LINEAR TRANSPORT MAP: RESULTS
In the following sub-sections we report results of asymptotic

phase only syntheses based on irrotational transport maps

of the form, T(r) = Sr, with S real symmetric, providing a

quadratic phase,

φ(r) =
1

2
r
TSr (41)

The analyses are performed on uniform antenna apertures

i(r) = 1 varying some of the parameters defining either

the aperture or the affine transformation. In particular, the

sensitivity to the following parameters has been explored

and is reported below:

• Aperture rims (i.e., circle, square, triangle, rose);

• Aperture diameter, DA (encircling diameter);

• Beam radius, u0 (beam encircling radius before dila-

tion/contraction);

• Axes reflection, sign(λ1,2);

• Axes rotation angle, θ ;

• Axes dilation/contraction, |λ1,2|;

For convenience, the real symmetric matrix S representing

the affine transformation is represented as the product of

a scale parameter, s0, which allows to match the aperture

encircling diameter (DA) to beam encircling radius (u0),

times a “equiareal” affine transformation of the form (37),

S = s0 R(θ)

[

sign(λ1) 0

0 sign(λ2)

][

|λ1| 0

0 |λ2|

]

R(−θ) (42)

This corresponds to the composition of a first counter-

clockwise rotation (R(−θ)), a dilation/compression (|λ1,2|)
and reflection (for negative sign(λ1,2)) along the principal

axis, a second clockwise rotation (R(θ)), and a final

homogeneous dilation (s0) along both axis.

The decomposition (42) allows highlighting that, while a

simple rotation is not admissible due to the lack of symmetry

of the matrix R(θ), a rotation of the target beam is achievable

if one of the axis is reflected (with λ1 = −λ2)). In this case

we can write,

R(θ)

[

1 0

0 −1

]

R(−θ) = R(2θ)

[

1 0

0 −1

]

, (43)

which corresponds to the composition of a reflection along

the y-axis and a rotation R(2θ). The possibility of obtaining

a beam shape corresponding to a rotated version of the

reflected aperture shape is, to the best knowledge of the

authors, reported here for the first time.
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FIGURE 25. Deformed Square Beam (Map), λ1 = 0.5, λ2 = 2, θ = 22.25◦ .

FIGURE 26. Deformed Square Beam (Phase [rad]), λ1 = 0.5, λ2 = 2, θ = 22.25◦e.

FIGURE 27. Deformed Square Beam (FF [dB]), λ1 = 0.5, λ2 = 2, θ = 22.25◦ .

In the following subsections we analyse the results of the

application of irrotational linear transport maps to different

apertures and with different parameters of the mapping.

Please note that the radiation pattern intensities are

reported in decibels [dBs]. They are normalized (in linear

scale) to the average pattern intensity I(k) in the main beam

FIGURE 28. Deformed Square Beam (Map), λ1 = 0.5, λ2 = 2, θ = 45◦ .

FIGURE 29. Deformed Square Beam (Phase [rad]), λ1 = 0.5, λ2 = 2, θ = 45◦ .

FIGURE 30. Deformed Square Beam (FF [dB]), λ1 = 0.5, λ2 = 2, θ = 45◦ .

domain Ω (red contour line). In these plots, the white circle

will represent the visibility contour (
√
u2 + v2 = 1).

A. CIRCULAR APERTURE

As first set of examples we report the results related to

circular apertures. The far-field of a uniformly illuminated
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FIGURE 31. Rotated Square Beam (Map), λ1 = 1, λ2 = −1, θ = 95◦ .

FIGURE 32. Rotated Square Beam (Phase [rad]), λ1 = 1, λ2 = −1, θ = 95◦ .

FIGURE 33. Rotated Square Beam (FF [dB]), λ1 = 1, λ2 = −1, θ = 95◦ .

circular aperture of 50λ diameter (Fig. 5(a)) is shown in

Fig. 5(b). The objective of the phase synthesis is to obtain

a much broader circular beam of encircling radius u0 =
0.25. Two alternative solutions correspond to selecting either

concordant or discordant signs of λ1,2 with non-dilated

axes (|λ1,2| = 1). The paraboloidal phase corresponding to

FIGURE 34. Rotated Square Beam (Map), λ1 = 1, λ2 = −1, θ = 100◦ .

FIGURE 35. Rotated Square Beam (Phase [rad]), λ1 = 1, λ2 = −1, θ = 100◦ .

FIGURE 36. Rotated Square Beam (FF [dB]), λ1 = 1, λ2 = −1, θ = 100◦ .

concordant signs is shown in Fig. 6, and the relevant far field

in Fig. 7. Similarly, for discordant signs (and non-dilated

axes) the hyperbolic paraboloidal phase is shown in Fig. 8,

and far field in Fig. 9. It can be well appreciated that the

diffraction limited pattern of Fig. 5(b) is broadened to the

match the desired circular beam of Fig. 7 and 9.
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FIGURE 37. Triangular Aperture, DA = 50λ.

FIGURE 38. Triangular Beam (Phase [rad]), λ1 = 1, λ2 = 1, θ = 0◦ .

FIGURE 39. Triangular Beam (FF [dB]), λ1 = 1, λ2 = 1, θ = 0◦ .

The effect of the aperture diameter (DA = 25, 100λ) on

the quality of the far-field can be appreciated in Fig. 10,

while the dependency of the far-field with the beam radius

(u0 = .2, .6) for a fixed aperture diameter of 50λ is shown

FIGURE 40. Triangular Beam (Phase [rad]), λ1 = 1, λ2 = −1, θ = 90◦ .

FIGURE 41. Triangular Beam (FF [dB]), λ1 = 1, λ2 = −1, θ = 90◦ .

in Fig. 11. Both figures report results for concordant (i.e.,

a,c) and discordant (i.e., b,d) signs of λ1,2, respectively.

In a second example we look at generating with the

circular aperture of Fig. 5(a) an elliptical beam with 4:1
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FIGURE 42. Triangular Aperture/Beam - Asymptotic Behaviour, u0 = .25 (FF [dB]).

ratio between the major and minor semi-axes, and the minor

semi-axis rotated 45
◦ counter-clockwise with respect to the

x-axis. A first suitable mapping correspond to a symmetric

affine transformation (42) with parameters λ1 = 0.5, λ2 =
2, θ = 45

◦. It corresponds to a first clockwise rotation

of the circle R(−45
◦) that doesn’t change its shape, a

contraction along the x-axis of a factor λ1 = 0.5, a dilation

along the y-axis of a factor λ2 = 2, and a final counter-

clockwise rotation R(45
◦) which aligns the minor semi-axis

as desired. The result of the mapping is shown in Fig. 12.

The resulting paraboloidal phase and relevant far field are

shown in Fig. 13 and Fig. 14, respectively. An alternative

mapping with discordant signs can be obtained with the

parameters λ1 = 0.5, λ2 = −2, θ = 45
◦. The effect of the

mapping on the circular aperture is shown in Fig. 15. It gives

rise to a hyperbolic paraboloidal phase which is shown in

Fig. 16, and to the far-field of Fig. 17.

B. SQUARE APERTURE

A second set of examples is related to square apertures.

A square aperture inscribed in a circle of 50λ diameter is

assumed (Fig. 18(a)). If uniformly illuminated, the aperture

produces the diffraction-limited far-field shown in Fig. 18(b).

As first target we aim at obtaining a square beam of

encircling radius u0 = 0.25. Similarly to the circular aperture

case, alternative forms of the symmetric affine transformation

can be identified corresponding either to concordant or

discordant signs of λ1,2. A paraboloidal phase is obtained

with concordant signs (Fig. 19, with far field in Fig. 20),

while a hyperbolic paraboloidal phase is obtained with

discordant signs (Fig. 21, with far field in Fig. 22).

The effects on the far-field of the aperture diameter (DA =
25, 100λ) for an assigned beam radius (u0 = .25), and of

the beam radius (u0 = .2, .6) with a given aperture diameter

(DA = 50λ), can be appreciated in Fig. 23 and Fig. 24,

respectively. Also in this case the figures report results for

concordant (a,c) and discordant (b,d) signs of λ1,2.

The possibility of deforming the initial square shape is

exemplified in Fig. 25 (with phase in Fig. 26, and far-field

in Fig. 27), and of Fig. 28 (with phase in Fig. 29, and far-

field in Fig. 30). They can be intuitively understood looking

at the diagram (Fig. 4) of the final transformation matrix

(S).

The possibility of rotating a square beam generated by a

square aperture is first reported in Fig. 31 (map), Fig. 32

(phase [rad]) and Fig. 33(far-field) for an angle of 10
◦. A

rotation of 20
◦ is instead shown in Fig. 34 (map), Fig. 35

(phase [rad]) and Fig. 36 (far-field).

C. TRIANGULAR APERTURE

A third set of examples addresses triangular apertures. A

triangular aperture inscribed in a circle of 50λ diameter is

assumed (Fig. 37(a)). If uniformly illuminated, the aperture

produces the diffraction-limited far-field shown in Fig. 37(b).
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FIGURE 43. Triangular Aperture/Beam - Beam Zooming Behaviour, DA = 50λ (FF [dB]).

Aiming at obtaining a triangular beam of encircling

radius u0 = 0.25, alternative forms of the symmetric

affine transformation can be used corresponding either to

concordant or discordant signs of λ1,2. The paraboloidal

phase of Fig. 38 is obtained with concordant signs, with

far field in Fig. 39. The hyperbolic paraboloidal phase of

Fig. 40 is obtained with discordant signs, with far field in

Fig. 41).

Effects on the far-field of the aperture diameter (DA =
25, 100λ) for an assigned encircled beam radius (u0 = .25),

and of the beam radius (u0 = .2, .6) with a given encircling

aperture diameter (DA = 50λ), can be appreciated in Fig. 42

and Fig. 43, respectively.

The figures report results for concordant (a,c) and discor-

dant (b,d) signs of λ1,2.

Deformation of the triangular shape is exemplified by

the map of Fig. 44 (with phase in Fig. 45, and far-field in

Fig. 46, and of Fig. 47 (with phase in Fig. 48, and far-field

in Fig. 49).

Triangular beam rotation is reported in Fig. 50 (map),

Fig. 51 phase [rad]) and Fig. 52(far-field) for an angle

of 10
◦. While a rotation of 20

◦ is shown in Fig. 53 (map),

Fig. 54 (phase [rad]) and Fig. 55 (far-field).

D. ROSE APERTURE

Last set of examples relates to “rose” apertures and beams,

these curves have been selected to demonstrate how the

asymptotic formulation provide robust results also for aper-

tures with sophisticated shapes. A “rose” curve (also called

a rosette or Rhodonea curve) is a plane curve shaped like a

petalled flower. They have the following polar representation:

x = DA cos(Nφ), y = DA sin(Nφ) . (44)

The variable N controls the number of petals, an N-petals
rose results for N odd, while a 2N-petals rose results for N
even.

A 8-petals rose aperture inscribed in a circle of 100λ

diameter is assumed (Fig. 56(a)). If uniformly illuminated,

the aperture produces the diffraction-limited far-field shown

in Fig. 56(b).

As first target we aim at obtaining a beam of identical

form of the aperture with an encircling radius u0 = 0.5. The

paraboloidal phase for concordant signs of λ1,2 is shown

in Fig. 57, with far field in Fig. 58, while the hyperbolic

paraboloidal phase for discordant signs of λ1,2 is shown

in Fig. 59, with far field in Fig. 60. In both cases it is

interesting to note the accuracy of the far-field in following

the shape defined by the aperture.

The effects on the far-field of the aperture diameter (DA =
25, 100λ) for an assigned beam radius (u0 = .25), and of

the beam radius (u0 = .2, .6) with a given aperture diameter

(DA = 100λ), can be appreciated in Fig. 61 and Fig. 62,

respectively. Also in this case the figures report results for

concordant (a,c) and discordant (b,d) signs of λ1,2.
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FIGURE 44. Deformed Triangular Beam (Map), λ1 = 0.5, λ2 = 2, θ = 45◦ .

FIGURE 45. Deformed Triangular Beam (Phase [rad]), λ1 = 0.5, λ2 = 2, θ = 45◦ .

FIGURE 46. Deformed Triangular Beam (FF [dB]), λ1 = 0.5, λ2 = 2, θ = 45◦ .

The possibility of deforming the initial rose shape with

different choices of the signs of λ1,2 is exemplified in Fig. 63

(with phase in Fig. 64, and far-field in Fig. 65), and of

Fig. 66 (with phase in Fig. 67, and far-field in Fig. 68).

Rotation of the rose beam is finally reported in Fig. 69

(map), Fig. 70 (phase [rad]) and Fig. 71(far-field) for an

FIGURE 47. Deformed Triangular Beam (Map), λ1 = 0.5, λ2 = −2, θ = 45◦ .

FIGURE 48. Deformed Triangular Beam (Phase [rad]), λ1 = 0.5, λ2 = −2, θ = 45◦ .

FIGURE 49. Deformed Triangular Beam (FF [dB]), λ1 = 0.5, λ2 = −2, θ = 45◦ .

angle of 2.5◦. A rotation of 2.5◦ is instead shown in Fig. 72

(map), Fig. 73 (phase [rad]) and Fig. 74 (far-field).

VI. CONCLUSION
The paper described how applying the method of stationary

phase it is possible to express the asymptotic solution of
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FIGURE 50. Rotated Triangular Beam (Map), λ1 = 1, λ2 = −1, θ = 95◦ .

FIGURE 51. Rotated Triangular Beam (Phase [rad]), λ1 = 1, λ2 = −1, θ = 95◦ .

FIGURE 52. Rotated Triangular Beam (FF [dB]), λ1 = 1, λ2 = −1, θ = 95◦ .

the problem of phase synthesis of apertures with assigned

amplitudes, as a Monge–Ampère partial differential equa-

tion (PDE) with appropriate boundary value conditions.

It also showed how, introducing an irrotational transport

map from the source aperture to the target beam, the

Monge–Ampère PDE can be solved in a way similar

FIGURE 53. Rotated Triangular Beam (Map), λ1 = 1, λ2 = −1, θ = 100◦ .

FIGURE 54. Rotated Triangular Beam (Phase [rad]), λ1 = 1, λ2 = −1, θ = 100◦ .

FIGURE 55. Rotated Triangular Beam (FF [dB]), λ1 = 1, λ2 = −1, θ = 100◦ .

to Chu’s energy mapping principle for reflector shaping,

but fulfilling total differentiability. In this Part I paper,

it is also proven how irrotational linear maps offer the

possibility of obtaining beams of the same shape of the

source aperture, a result only observed in the past for circular
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FIGURE 56. Rose Aperture (8 Petals), DA = 100λ.

FIGURE 57. Rose Beam (Phase [rad]), λ1 = 1, λ2 = 1, θ = 0◦ .

FIGURE 58. Rose Beam (FF [dB]), λ1 = 1, λ2 = 1, θ = 0◦ .

and square apertures. Exploiting a polar decomposition of the

affine transformation matrix, it has been also demonstrated

that the beam can be rotated. In a companion paper [57], the

FIGURE 59. Rose Beam (Phase [rad]), λ1 = 1, λ2 = −1, θ = 45◦ .

FIGURE 60. Rose Beam (FF [dB]), λ1 = 1, λ2 = −1, θ = 45◦ .

general problem of finding a solution to the Monge–Ampère

PDE via irrotational transport maps is addressed and solved

by mean of the “optimal transport” theory.
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FIGURE 61. Rose Aperture/Beam - Asymptotic Behaviour, u0 = .5 (FF [dB]).

FIGURE 62. Rose Aperture/Beam - Beam Zooming Behaviour DA = 100λ (FF [dB]).

APPENDIX A
STATIONARY PHASE INTEGRAL
In this Appendix we will derive our asymptotic approxima-

tion with all details. The calculation can be viewed in the

wider context of asymptotic methods in Engineering (see,

e.g., [60]). The Fourier integral (1) evaluated in the direction

ks, corresponding to the stationary phase condition (4), can

be approximated as,
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FIGURE 63. Deformed Rose Beam (Map), λ1 = 0.5, λ2 = 2, θ = 45◦ .

FIGURE 64. Deformed Rose Beam (Phase [rad]), λ1 = 0.5, λ2 = 2, θ = 45◦ .

FIGURE 65. Deformed Rose Beam (FF [dB]), λ1 = 0.5, λ2 = 2, θ = 45◦ .

∫∫

Γ

f (r) ejφ(r) e−j ks·r dr

≈ f |rs

∫∫

Γ

e
j
(

φ|rs+(r−rs)T ∇φ|rs+
1

2
(r−rs)T Hφ|rs (r−rs)−ks·r

)

dr

FIGURE 66. Deformed Rose Beam (Map), λ1 = 0.5, λ2 = −2, θ = 45◦ .

FIGURE 67. Deformed Rose Beam (Phase [rad]), λ1 = 0.5, λ2 = −2, θ = 45◦ .

FIGURE 68. Deformed Rose Beam (FF [dB]), λ1 = 0.5, λ2 = −2, θ = 45◦ .

= f |rse
jφ|rs

∫∫

R2

e
j
(

(r−rs)Tks+ 1

2
(r−rs)T Hφ|rs (r−rs)−ks·r

)

dr

= f |rse
j(φ|rs−ks·rs)

∫∫

R2

e j
1

2
(r−rs)T Hφ|rs (r−rs)dr (45)
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FIGURE 69. Rotated Rose Beam (Map), λ1 = 1, λ2 = −1, θ = 2.5◦ .

FIGURE 70. Rotated Rose Beam (Phase [rad]), λ1 = 1, λ2 = −1, θ = 2.5◦ .

FIGURE 71. Rotated Rose Beam (FF [dB]), λ1 = 1, λ2 = −1, θ = 2.5◦ .

where the integration limits have been extended since the

contribution outside the region close to the stationary point

can be considered negligible. We can operate a first change

of variable r′ = r− rs which simplifies the argument of the

complex exponential to 1

2
r′T .Hφ|rsr′. Observing that being

FIGURE 72. Rotated Rose Beam (Map), λ1 = 1, λ2 = −1, θ = 5◦ .

FIGURE 73. Rotated Rose Beam (Phase [rad]), λ1 = 1, λ2 = −1, θ = 5◦ .

FIGURE 74. Rotated Rose Beam (FF [dB]), λ1 = 1, λ2 = −1, θ = 5◦ .

the Hessian symmetric (i.e., the matrix and its transpose

coincide) the eigenvalues will be real numbers and the matrix

orthogonally diagonalizable,

PTHφ|rsP = �, (46)

we can introduce a second change of variables, r′′ =
PTr′. The column vectors of P are linearly independent
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eigenvectors of the Hessian matrix .Hφ|rs . They correspond

to mutually orthogonal directions which are also known as

directions of pure curvature (as along these directions the

mixed partial derivatives are null). The eigenvalues λ1 and

λ2 of the Hessian matrix .Hφ|rs are real and provide an

information of the local curvature of φ(r) in rs; they are

also known as principal curvatures and are invariant under

rotation.

The bidimensional integral can be decoupled in two

independent monodimensional integrals,
∫∫

R2

e j
1

2
(r−rs)T Hφ|rs (r−rs)dr

=
∫∫

R2

e j
1

2
r′T Hφ|rs r

′
dr′

=
∫∫

R2

e j
1

2
r′′T
r′′dr′′

=
∞

∫

−∞

e j
1

2
λ1ξ

2

dξ

∞
∫

−∞

e j
1

2
λ2ζ

2

dζ . (47)

Using the Fresnel integrals identity [61],

∞
∫

−∞

e j
1

2
ax2

dx =

√

2π

|a|
e j

π
4
sign(a) (48)

we obtain,

F(ks) ≈ f |rse
j(φ|rs−ks·rs)

2π
√

|λ1λ2|
e j

π
4
(sign(λ1)+sign(λ2))

(49)

where λ1 and λ2 are the real eigenvalues of the Hessian

matrix Hφ|rs .

APPENDIX B
SYMMETRIC MATRICES FACTORIZATION
Let S be a real symmetric matrix, then the “right polar

decomposition” of S is,

S = UP,

{

U = R sign(�)RT

P = R abs(�)RT (50)

where,

S = R�RT (51)

is the spectral decomposition of S (also known as Symmetric

Schur Decomposition), � is a real diagonal matrix, R is real

orthogonal, R−1 = RT , U is real unitary (orthogonal), and

P is positive semidefinite. The operators sign( ) and abs( )

must be understood as applied entrywise.

Proof: Being S real symmetric, ST = S, it admits the

spectral decomposition (51) (refer to [62, Th. 8.1.1]), with

real eigenvalues collected in the diagonal matrix � and R

real orthogonal. The real matrix � can be then split in

sign and modulus and, together with the orthogonality of R,

RTR = I, it gives:

S = R�RT

= R sign(�)abs(�)RT (52)

= R sign(�)RTR abs(�)RT (53)

Obviously,

[

sign(�)
]T
sign(�) =

[

sign(�)
]2 = I (54)

and U in (55) is a real orthogonal matrix (unitary), as the

product of orthogonal matrices is orthogonal. Additionally,

the diagonal elements of the diagonal matrix abs(�) corre-

spond to the eigenvalues of P in (55). Being them all positive,

the matrix P is positive semidefinite. The matrices U and

P correspond to “Orthogonal Polar Factor” and “Symmetric

Polar Factor”, respectively, of the polar decomposition of

real matrices (refer to [62, Th. 9.4.1]).

It is worth mentioning that the intermediate result (52)

can be interpreted as the Singular Value Decomposition of

the real matrix S (refer to [62, Th. 2.4.1]),

S = V�WT ,

⎧

⎨

⎩

� = abs(�)

V = R sign(�)

W = R

(55)

If the singular values abs(�) are arranged in descending

order, the matrices V and W are unique up to a sign change

of homologous columns of V and W. This gives freedom in

selecting the signs of the columns of the matrix R such that

det(R) = 1, and the matrix can be represented as a rotation

matrix,

R = R(θ) =
[

cos θ − sin θ

sin θ cos θ

]

(56)

Combining together the above results, we obtain the

following form for the decomposition of the symmetric S

(2 × 2) real matrix,

S = R(θ)

[

sign(λ1) 0

0 sign(λ2)

][

|λ1)| 0

0 |λ2|

]

R(−θ) (57)
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