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We study the phenomenon of the locking of the order parameter (or synchronization)
in spin glasses at low temperatures. When two systems with independent disorders are
coupled, their overlaps become similar. A crucial question is how this effect depends
on the strength of the coupling between the two systems. Nonperturbative phenomena
are present when 1 < AH <« N, being AH the coupling Hamiltonian and N
the system size. In this intermediate-coupling region, the effect is related to finite-
size free-energy corrections in mean-field spin-glass models and to correlations in the
Dyson hierarchical spin glass, a model that mimics the physics of finite-dimensional
systems. We study this phenomenon in the mean-field approach, both analytically and
numerically, and we finally compute the critical exponents for finite-volume corrections
in mean-field theory and for the decay of correlations in the Dyson hierarchical model.

mean field models | bethe lattice | replica symmetry breaking | Bolthausen-Sznitman coalescent |
fragility of glassy states

Let us consider a straightforward question in spin glasses. We are in the spin-glass phase
at low temperatures. We take two samples in dimension D, each of size IP, and glue
them together to form a new sample of size 2L in one direction and L in the other D — 1
directions. What are the typical correlations among spins in the two interacting samples?
Do they decay exponentially with Z, or do they have a power law decay, and what is the
decay exponent?

Straightforward question, but finding the answer is tough. It amounts to computing
the decay of the correlation functions in the low-temperature phase.

We can simplify the question. We consider two mean-field models with N = L? spins,
and couple the two systems via a Hamiltonian AH of order LP~! = N@-D/D = e

witha = %. This contact Hamiltonian is much larger than one, but it is subextensive,
l <K AH K N.

Finding the answer remains difficult. When AH = O(1), we can use a perturbative
expansion. By extrapolating, we may obtain information about what happens neara = 0.
When AH = O(eN), the Hamiltonian is extensive: We could get information on the
behavior near € = 0. This paper aims to answer this question by combining analyses
from the two different limiting regions. This allows us to present a nonperturbative
computation of the critical exponents in the low temperature phase. The computation is
not exact for short-range models (though it may be exact for long-range ones); however,
it is an important step forward in understanding nonperturbative effects.

Here, we focus on the low-temperature phase of spin glasses (and, more generally,
disordered systems) and study the problem within the replica approach. It is well known
that, in the replica approach to spin glasses and in numerical simulations, long-range
correlations arise from the spontaneous breaking of a continuous symmetry. From an
abstract viewpoint, the situation is similar to a standard ferromagnetic model with
O(n) symmetry. In both cases, the symmetry group is continuous and broken at low
temperature. Unfortunately, there are crucial differences:

In the ferromagnetic case, at low temperatures, we have a spontaneous magnetization
my (@ = 1,...,n). The unbroken residual symmetry group is O(n — 1), and we have
n — 1 Goldstone bosons with a correlation function in momentum space proportional
to 1/42.

The interaction of these Goldstone bosons is described by the nonlinear sigma model,
where one introduces fields o, with fixed norm (i.e., Zﬂ:m 63 = 1). Using Ward
identities, one can show that the interaction of these gapless modes does not produce
infrared divergences in space dimensions D greater than 2, and therefore the low-
temperature phase is well defined. Moreover, in dimensions D = 2+ €, we can construct
an € expansion for the critical exponents (1, 2).
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In spin glasses, the symmetry group is the permutation group
of n elements S(7), which in the replica limit  — 0 acquires
characteristics of a continuous group. The order parameter is
an n X n matrix Q. The residual unbroken symmetry group is
a mess, and we do not know how to parameterize it. There is
an infinite number of Goldstone bosons whose most singular

correlation functions are proportional to 1/£% (3, 4). A full one-
loop computation may involve millions of terms, and it has
never been done. Last, but not least, nonperturbative phenomena
are not well understood cither, although an interface tension
computation suggests that the lower critical dimension is Djg =
5/2 (5, 6).

Here, we will show how to perform the most straightforward
nonperturbative computation for spin glasses and apply it to
physical problems. We will compute a basic integral, and we will
show that the knowledge of this integral can be used to solve
these two long-standing problems:

* The finite-size corrections to the internal energy of the
Sherrington—Kirkpatrick model. These have been studied
numerically. The model exhibits power-law corrections, but
the exponent could not be predicted from first principles.

* The power-law decay of the correlation function with distance
in the Dyson-like hierarchical model for spin glasses (7). This
is particularly relevant because the hierarchical model is the
simplest one for which the renormalization group can be
applied: Indeed, the first renormalization group computations
of the critical exponents were done by Wilson precisely in
the hierarchical model (8), which he rediscovered, the relation
among the dimension D of the space and the hierarchical
model is already in Wilson’s seminal papers. Only later, in
ref. 9, Bleher and Sinai realized the deep relation between
Wilson’s real-space renormalization group and the hierarchical
model. On a different note, the hierarchical model should have
exponents similar to those of the one-dimensional model with
long-range interaction. Also, this model has been extensively
studied as the best proxy for D-dimensional systems (10-13).
Some of the qualitative features we find may thus apply to
short-range models.

1. The Mode Locking Integral

Let us start with a propaedeutic discussion of the ferromagnetic
0(3) model. In the low-temperature region, the magnetization
is m 7, where 7 is a unit vector on the sphere. We now take
two coupled systems (¢ and 6%), for simplicity of equal size N,

z N =L N =R 2
and introduce an interaction term 5 (Z 1,05 — ) =1 0; ) .

The free energy of the compound system reads
F(zN) = —log(Z(z N)/Z*(N)) = —2Nf [1]
g ([ it it NG ),

where the temperature is included in the definition of £ to lighten
the notation. Indeed, the function f() is the free energy as a
function of the order parameter, which has a Mexican hat shape
with a minimum for |7| = m,. If z is independent of IV, in the
limit NV — 0o we get

lim Z(z ’
N—o0

N)/Z(N) = 2(z) = 4n / g o~ o)

4 / dg == 3]
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where 72¢ is an arbitrary vector on the unit sphere. We call Z(z, IV)
the mode locking integral for the model. We could write Eq. 2
as an integral over the possible rotation g of the O(3) group with
#(g) = R71(g)n0R(g). The rotation group structure allows us
to do the computation and get

Z(2) = 8772/ sin(0)d =2 (1=cos(0)) —
0

inh(2zm?2
2zmi Sin. ( jm*) [3]

Znm

= 47° ¢~

The result is simple, and it can be generalized to the O(#n)
symmetry without difficulty.

We can also compute quite straightforwardly the mode locking
integral when z = #V with # finite, and the value of the two
magnetizations at the saddle point is equal. Denoting by H the
Hessian of small fluctuations, the #-dependent part of F can be
written as

1
F(z=tN,N) = —zTrlog(H—&—Ztﬂ). [4]
A central quantity in our computation is
- - dlog Z dF
D(Z) — <|mL _ mR|2> — Og (Z) — (Z) . [5]
dz dz

This quantity, as discussed in SI Appendix, is a proxy for the
connected correlation function between the two subsystems. In this
model, thisquantityisalsorelated to thespectrum of the Hessian H.
From Eq. 3 we find that D(z) ~ 1/z, for large z, implying
the two magnetizations 7* and 7% to become equal, which is
called locking (or synchronization) of the two systems. The same
behavior holds in the limit z = #V — oo with # = O(1), which
can be obtained from Eq. 4 as a consequence of the zero modes.
As we will see, such a behavior is associated (neglecting logs) with
O(N™1) finite-size corrections to the free-energy.

When we try to do the equivalent computation in spin glasses,
the order parameter is an # X 7 matrix. At the end, we face the
following integral in the 7 — 0 limit (apart from z-independent
terms similar to those in Eq. 1)

F(zN)= - log / dQ dQre N FIRIH Q) —=Tr(Q" - Q")?
n

n

= 3 (@ - Q)

a,b=1

with Tr(Q" — Q%)% =
(6]

where Q% and QR are 7 x 7 matrices. As in the ferromagnet, such
an integral appears when we couple two mean-field models, and
D(z, N) = 3,F(z NN) has the physical meaning of a correlation

function

D(z N) = E(((4" — 4)%), [7)
where ¢* and 4* are the overlaps between configurations in the
two subsystems, (-) is the Boltzmann average, and E(-) is the
average over the disordered couplings. It is worth noticing that
when D(z, N) vanishes, the two subsystems synchronize, i.e.,
QF = QF, and the whole system of 2V spins acquires the
ultrametric properties of the common overlap matrix (14, 15).
A similar synchronization phenomenon is a key property in off-
equilibrium aging dynamics (16-19).

pnas.org
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In the region where z = O(1) and N — 00, we find the
equivalent of Eq. 2: the mode locking integral, which apart from
z -independent prefactor, becomes

Z(2) = Z exp ( —zTr(Q* — Q* (71'))2), [8]

¥4

where Q* is one of the maxima of f[Q], 7 is an element of
the permutation group S(n), and Q*(x) is the result of the
action of permutation 7 on the matrix Q*, that is Q*(x),, =
> i Tt Quamap = Qu(a),n(s)-

Two serious problems are present:

* In the limit # — 0, the group of symmetry is the permutation
group of zero elements. We do not have a convenient way
to parameterize it. A direct analytic computation with replicas
exceeds our current capabilities. We will write later the function
F(z) = limy—oo F(z N) as an integral over an infinite-
dimensional space (Eq. 37), which we effectively approximate
as a finite-dimensional integral.

* Even if we compute F(z) things are not simple as in the
ferromagnetic case. The function £[Q] has zero modes also in
directions that do not correspond to the permutation of the
matrix. The large z behavior of D(z) does not match the small
¢ behavior obtained in perturbation theory for z = #V. Further
work is needed.

In Materials and Methods, we describe how to estimate D(z) in
the region of large z. Indeed, the function D(z) may be evaluated
using the probabilistic version of the replica approach. We find
an explicit expression as the average over two coupled random
spin-glass trees that we can estimate by randomly generating trees
using the Bolthausen-Sznitman (BS) coalescent construction of
ref. 20. Although a theoretical estimate of the large-z behavior is
attainable using probabilistic tools, we did not attempt it here. At
the end, we find (neglecting possible log terms or small powers)
that for large z

d
Flz) x 2?2 = D(z) = d;j: oz /2
%

(9]

Let us look at what happens for values of z that grow with N
using the notation D(t, N) = D(z = N, N). In the limit where
t = z/N is finite and small, we can use the perturbative theory
around mean field theory and get

lim ND(sN) = B(z) ~ /2, [10]
N—oo

where, for simplicity, we have neglected a logarithm in the
behavior for # near zero. The crucial difference from the
ferromagnet is that, in this case, the large-z and small-# behaviors
do not match as N — 00. The perturbative formula cannot hold
in the region of very small # where r = O(1/N) because it would
give a result proportional to N''/? for the quantity D that must
be less than 2.

If we put everything together, in the interesting region where
t < 1, we obtain the main result

D(t, N) ~ D(tN)C(tN'/?) = D(z)C(z/N'?),  [11]

where C is a cross-over function such that C(0) = 1 and C(x)
1/x for large x. In this way, we get D(, N) o< 1/(N#*/?) for
t — 0 and D(z) o 1/2'/? for z — o0. The previous formula

PNAS 2026 Vol. 123 No.25 e2606171123
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Fig. 1. Scaling of the function D(t = z/N, N) according to the theory that
predicts the decays D(t, N) o« t=3/2 at fixed N and D(z) « z~1/2. The scaled
data in the figure follow the function C(x)/x1/2 with x = z/N1/2.

implies that choosing an N-dependent scale ¢ = #/N* we have
D(uN"%,N) o« N=*(*) with

1-3x «
a(rc){ 3
= K

1/2

1/2 [12]

IV IA

Both expressions coincide for k = 1/2, giving a = 1/4.

The validity of the crossover scaling functions reported above is
supported by the data shown in Fig. 1, which have been obtained
simulating two coupled spin-glass models defined on random
graphs with different sizes N and coupling strengths z. The
simulation details are reported in Materials and Methods.

2. Finite Size Corrections in Mean-Field Spin
Glasses

In the O(3) (or more generally O(#)) ferromagnetic model, up
to logarithmic terms, the finite-volume corrections are simply
proportional to 1/N. The corrections arise from fluctuations in
the order parameter around the saddle-point value. The compu-
tations are straightforward; they are reported in SI Appendix for
the reader’s convenience.

In spin glasses, the situation is more interesting. In the
Sherrington—Kirkpatrick (SK) model, finite-size corrections have
been computed numerically in a wide range of /V, the number
of spins, up to N = O(10%). The numerical data for the energy
density in the low-temperature region have been fitted to

E(N) = Exo + AN, [13]

with a nontrivial exponent @ < 1, because the spin-glass phase
is marginally stable. The Hessian at the saddle point, besides
being noninvertible at the critical point, is also noninvertible in
the whole low-temperature phase: There is an infinite number
of zero modes that accumulate toward zero (3). This implies
finite size corrections larger than O(1/N) and an exponent @
that takes a value smaller than 1. Its determination is the concern
of the present section. Previous numerical simulations (21-24)
as well as some theoretical attempts (25) estimated @ = 2/3;
however, this value is not grounded in any solid theory, and an
oversimplified computation (26) gives w = 4/5.

Here, we relate the computation of @ to our computation of
the mode locking integral. We show that the value @ = 2/3
is incorrect and argue that the correct one is @ = 3/4, with
possible logarithmic corrections that we systematically neglect.

https://doi.org/10.1073/pnas.2606171123
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The resulting asymptotic behavior of the free-energy density is

A B
fIN)=foot 55 T - [14]

As previously exploited by Billoire (24), our starting point
is the Guerra-Toninelli formula (27), which relates finite-size
corrections to a generalization of the mode-locking integral, by
constructing a model that interpolates between two systems with
N sites and one with 2V sites. We write its Hamiltonian as

Hilot™) = VT=(HiloY] + Hlod1]) + Vi Hlot)

where O'f = {0} ...,0;} and

Hi o] N~1/2 Z Ki;maj
I<i<j<N
Hg[o] N71/2 Z I(lfa,vj
N+1<i<j<2N
Hlo] = @N)'* Y Joi0; [15]
1<i<j<2N

All the couplings K L KR and J are independent Gaussian ran-
dom variables. If # = 0, we have a pair of independent SK models
with V spins each; while, if # = 1, we have a single SK model
with 2V spins. The partition function is Zo (£) = 3, e PHile],
giving a free-energy density oy (f) = (2N)"'E(log Zon (),
such that (1) = o and 5 (0) = fy. Guerra and Toninelli
found the following remarkable identity, instrumental in proving
the existence of the thermodynamic limit

dﬁ;vt(t) - —gD(r, N),0 < D(1 N)
=E((¢" -4, =2 [16]
1 N 1 2N
_ / R /
f*ﬁzﬁi% q 7ﬁ,2 0i0;
i=1 i=N—+1

where the average (), is over two copies ¢ and ¢’ with
Hamiltonian A, and the expectation is the average over the
random couplings. We get therefore

1
Af =pHn—fv = _g/o dt D(t, N) < 0. [17]

Introducing replicas to average the free energy over the disorder,
we obtain precisely the mode-locking free energy, Eq. 6, with
z = p*Nt/2.

Now, if we can control the behavior of D(# IV) for large NV for
all values of z, we have access to the finite volume corrections. The
existence of the free energy in the thermodynamic limit implies
that D(#, N) tends to zero for N — 00 and fixed # > 0, while
for £ = 0, due to independence, one has D(0, N) — 2E({(4%)).

This is a manifestation of the synchronization (or overlap
locking) mechanism, first identified as a crucial feature of the
Replica Symmetry Breaking (RSB) phase of spin glasses in ref. 14
and later rigorously proven by Panchenko (15). As soon as the two
subsystems are coupled (¢ > 0), in the N — 00 limit, the over-
laps in the two subsystems are locked, i.e., for any pair of states a

and # of the compound system qéﬂ = qgﬂ and P(qh, %) =

40f 9 https://doi.org/10.1073/pnas.2606171123
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Fig. 2. The normalized y2 of the fit in Eq. 18 to the energy corrections in
mean-field spin glasses as a function of the exponent w. Using the data with
N > 512 and N > 1,024 the analytically predicted value w = 3/4 is statistically
acceptable and preferred to previous estimates.

8(q* — 4%)P(¢"). The finite-volume free energy corrections
are related to differences in overlaps between the coupled
subsystems. If we now insert Eq. 11 in the Guerra-Toninelli
expression, we recover Eq. 14 with an exponent 3/4.

To test this prediction, we have measured the energy of mean-
field spin-glass models defined on random regular graphs with
N vertices and fixed degree 4. The @ exponent should be the
same as in the SK model, as far as the structure of the tree of
states should be the same (28, 29), but a sparse model can be
simulated much more efficiently. We can thermalize systems of
size up to N = 8,192 well within the low-temperature spin-
glass phase (down to 7" = 7,/2). We simulate a huge number
of samples (130k for N = 512, 400k for N = 1,024, 700k
for N = 2,048, 200k for N = 4,096, 51k for N = 8,192)
to obtain a relative uncertainty on the mean intensive energy
e(IV) of a few parts in a million, much smaller than in previous
computations. We interpolate data with the law

¢(N) — e(2N) = A/N® + B/N, (18]

for several values of @ and report in Fig. 2 the y? value of the fit
as a function of @. The presence of the 1/ corrections strongly
increases the error in the fits, however its presence is predicted
by the theory. We discard data with N < Npin and use two
values Npin = 512, 1,024. We notice that the value ® = 2/3
is never statistically acceptable, while the value @ = 3/4 is not
only perfectly acceptable, but becomes the most probable value
when the analysis is restricted to the largest sizes.

3. Correlations in the Hierarchical Model

A long-standing problem in finite-dimensional spin glasses
is the determination of the distance dependence of the
overlap connected correlation function E({(g(x)g(y)|g).) =
E({(q(x)q(y)1g)) — ¢* for fixed value of the total overlap ¢
(3, 30, 31). This has a large distance power law behavior
E({g(x)g(y)lg)c) = Ix — 917 with an exponent a(q) which
depends on ¢. We analyze here Dyson hierarchical spin glasses
and show that the exponent @(g) exhibits nontrivial behavior
due to nonperturbative effects.

The overlap—overlap coupling between the systems studied in
the previous sections lies at the heart of the definition of Dyson
hierarchical spin-glass models. The Hamiltonians of these models
are constructed recursively, coupling systems of size V to form

pnas.org
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systems of size 2V. Starting with free spins for N = 1, one
defines

Hon[o] = Hyn[oF] + Hrn[68] + AHN (oL, 5]

with AHy[ot, o8] = N#/2 Z fz‘jO'l-LG]R, [19]
i€el, jeR

where the Jj; are standard Gaussian variables. The exponent p €
[1,2] defines the properties of the model: For 1 < p < % the

model is in the mean-field universality class, while for % <p<?2
the system has anomalous critical behavior corresponding to an
effective spatial dimension Degr = 2/(p — 1), in the same sense
as D = 1 long-range model may approximate a short-range
model in Deg spatial dimensions (13, 32-34). The extrema of
this interval correspond to effective dimensions D = 6 and
Deg = 2, respectively.

Briefly, the interaction Hamiltonian is a random Gaussian
quantity with covariance given by

E(AHN[ow, 0x]AHN [0'1/,’ 0'1/1]) = Nz_pq[o'u 0'1/,]4[%’ 0'1/(]

The interaction term between two subsystems is a subextensive
random quantity of order N'~#/2 giving an energy contribution
of order N277. Let us compute the correlations of the overlap at
distance IV, i.e., at the highest level of the hierarchy

((q2 — qr)* )N = D(N'"?, N), [20]

where g1 = q(07,06)), gr = g(0R, 0%) are the overlaps in the
two subsystems.

Let us hypothesize that the structure of the fluctuations of
g1 — qr is similar to that of the SK model. In this case, using
Eq. 12 we find

N—(5-3p)/2
N—(1-p/2)

p<3/2

p>3/2 [21]

D(N'™?,N) {

For p < 3/2, we have the result of naive perturbation theory,
while for p > 3/2, the result is corrected by the presence of the
crossover and is of a nonperturbative nature. Interestingly, we can
generalize the analysis to study the correlation function at fixed
average overlap g. Introducing ¢ = (g2 +gg)/2 and s = g1 —qr
we can restrict the function D to fixed ¢ and define D(5, N|g) =
E((s*|g);n). For t = N'77 this correlation should decay as a

power of the distance N, D(N'™%, N|q) = A(q)/N"(q) with
an exponent a(g) that depends on g. D(#, N|q) is a proxy for
E({g(x)g(y)|g)c) on distances |x — y| ~ N, as explicitly shown
in S7 Appendix.

In the small # region for N — 00, D(, N|qg) is given by the
perturbation theory (4, 35), which gives a different result for ¢
equal or different from zero and gg,:

(N2)™t g =0
D(t N|q) < { (NFP/2)™1 0 < g < g [22]
(N~ g =g

We conjecture now that, conversely, in the region of finite
z = Nr = O(1) the function D(z|g) has the same behavior as
the unconditional function D(z), i.e., D(zlg) ~ D(z) ~ z~1/?
for large z. As before, the matching should be provided by a
crossover function. The explicit verification of this hypothesis
is not straightforward, and in its favor, we have only moderate

PNAS 2026 Vol. 123 No.25 e2606171123
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Fig. 3. Our prediction for the exponent a(g, p) in the one-dimensional long
range model as function of p .

numerical evidence. We present it because it yields important
consequences that are in good agreement with numerical simu-
lations. If we fix 0 < g < g, strictly, the crossover is the same as
for the unconditional correlation, and nothing special happens

a(q) = max (5 —23p’ 1— g) . [23]

For ¢ = 0, instead, the crossover is from 27 1/2 to 1/(N#?) that
gives

- N—(3-2p) < 4/3
1—p _ ’
D(N'™’,N|g =0) { N—(1-p/2) p>4/3 4]
and consequently
B _ _’

Remarkably, this is the behavior found numerically for the
long-range one-dimensional model in the very interesting paper
(13), where the exponent a(0) has been computed in asymptotic
off-equilibrium dynamics, which corresponds to the global g = 0
sector. The hierarchical model is a proxy for the long-range one-
dimensional model, so these predictions could also be applied to
it. Notice that when p > 3/2 the two exponents a(gq) and «(0)
collapse: This is exactly what happens in dimensions D = 3 for
short range models where @(0) = a(q) for ¢ < g, (31). For
g = ¢, the exponents likely remain equal to their perturbative
values @(ge) = 2 — p, which coincide with the critical decay
exponents for any p < 2 (32). The results are depicted in
Fig. 3. These results are nonperturbative in nature because they
come from the region where ¢ goes to zero as a function of /V,
while perturbative corrections, unfortunately unknown at the
present time, should change the behavior at small # at N = oo.
When perturbative renormalization group computations will be
available, if we denote by a™ the results of these computations, we
conjecture that the nonperturbative lower bound a(p) > 1—p/2
remains valid, and the following hold

a(g) = max (a*(q, p),1— g) , [26]
a(0) = max ((x*(O, p),1— g) . [27]

In conclusion, we have obtained, albeit with some conjecture,
the formulae for the exponent of the correlation functions by
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performing nonperturbative scaling computations. This may be
surprising, but it is well known that, in the long-range model
(and also in the hierarchical model), the exponents that control
the large-distance decay of the order-parameter correlations are
not renormalized perturbatively. The fact that the exponents
differ from the mean-field values has always been puzzling.
Here, we find that the resolution of the conundrum is simple:
The difference between the exponent and the naive value is a
nonperturbative effect that can be mastered analytically.

4. Materials and Methods

4.1. The Exponent of the Finite Volume Corrections. Let us prove the
formula in Eq. 11. We go through the following three steps.
(1) Atfixed t and large N, the coupling of the two systems is extensive and

D(t, N) = B(t)/N + By (t) /N + ..., [28]

where B(t) isafunction thathas been computed in perturbation theoryin ref. 3; it
divergesfort — Oast—3/2atsmallt(more preciselyast—3/2(a+b log(t)), but
we are neglecting logarithms). The function B4 (t) is, in principle, computable,
but the computations are too complex to be done. This result implies the
following scaling behavior D(t, N) = A/(Nt3/2), suggesting that D would
become of O(1) at the scale t ~ N—2/3_That would agree with the numerical
results of Billoire (24), who found thatin a given region of parameters D(t, N) =
S(tN2/3) with S(x) ~ A/x3/2 for large x.

(2) This scaling cannot hold exactly as it suggests that locking takes place
on ascale t ~ N2/3. By general arguments, a finite energy disturbance
to the Hamiltonian—corresponding to finite z-reshuffles all the weights of the
equilibrium states. The function D(z) is a decreasing function of z, and should
go to zero for z — oo. Locking takes place on the scale t ~ N~ rather than
t~N2/3,

In the following, we will compute D(z) in a power expansion for small zand
by a semianalytical statistical method for large z.

(3) For large z we find semianalytically and numerically that D(z) has a
power law behavior

D(z)~azr ! [29]
and we estimate y = 1/2. Such behavior is incompatible with the Billoire

scaling D(t, N) = S(tN?/3) in the region where z = 0(1), as it would lead to
a constant D(z). We can match the two regimes

o D(t,N) ~ (tN)~1/2 for large tN
e t = 0(1) whereforsmallt, D(t, N) ~ 1/(t3/2N), where the Billoire scaling
is satisfied

only assuming a smooth interpolation in the region t ~ N—1/2 where the two
are of the same order of magnitude. We write the scaling form as

D(t, N) ~ D(Nt) C(N'/2¢), (30]

where the cross-over function C(y) tends to one at small y and behaves as 1/y
atlarge y.

Inthisway, in the region where both arguments are large, we get the behavior
D(tN) oc (NO)=1/2/(NV/2t) = 1/(Nt3/2) observed in the simulations.
Notice that this scaling depends on the assumptiony = 1/2; differentvalues of
y would give a different scaling. There is, however, no way of getting @ = 2/3
if y > 0. Unfortunately, the crossover function C(y) does not appear to be
computable in a straightforward manner. In principle, we could use Eq. 28: Our
scaling implies that By (1) = bq/t’/2, but computation of By (t) is extremely
complex (an approximate computation taking care of only the longitudinal
fluctuations is described in ref. 36 and 26).

4.2. The Computation of D(Z). Let us now turn on the computation of the
function D(z), using the probabilistic approach to spin glasses.

https://doi.org/10.1073/pnas.2606171123

Inthe region of large Nand fixedz = Nt we can rewrite the partition function
of the weakly coupled systems as follows

Tin(d) = Z(t = %) -y o= B(Hizlo)+ g [r]+v2 Alorr])

{o,7}

with ﬁKZ[T] =(1- ﬁ)HK[T] + \/% W[zl (K=LR)

and  Alo, 7] =N~1/2 (H[o-, 7] — %(HZ[G] + Hk[r})), (31]

where Hy[z] and H;<[T] are independent samples with the same covariance
E(Hk[elH[z]) = E(HylelHi[e]) = %alz, )% being glr, 7] =
N~ > i=1,n %i7]- Notice that H, includes O(1) corrections to H. The
interactions term A[e, 7] is an O(1) correction to the independence of the
two systems; more precisely, it is a random Gaussian variable with covariance
E(A[o, 7]A[6’, ']) = q[o, 6']g[z, 7’]. Therefore, the function Zyy(2) can
be computed from the known probability distribution of the overlaps.

Let us see how it works. We recap the theory of spin glasses in simplified
terms. In the RSB phase, in each instance of the system, there is an infinite
number of equilibrium states labeled by a. These states have a statistical weight
We, and mutual overlaps qq, . The weights satisfy the condition >, wq = 1
andqq,y = % Z,’-V:1 (o7)a(o7)y. Where (-)4 denotes the statistical average in
the state labeled by a. The probability distributions of these quantities are well
known and will be described later.

Consider now the partition function in Eq. 31. At z = 0 we have two
independent subsystems. The set of compound states is the Cartesian product
of the states of each subsystem, which we label by (ay). The weights will just
be given by the products We, (0) = W(Lx w’;. With transparent notation,

2
L R
q. . +q
E ((q2>) =E( > wewywih, (aaz”) (32]

o,y

and

oy,y
The average interaction energies between the two subsystems, A, are
random Gaussian variables with covariance
L R
E (Aa/VAa//}’/) = qa,a’qy/y" [34]

In the presence of such a finite perturbation, the weights of the states get
modified to

2
D0)=E ( Z fowfl, W§W§, (qfw, - q}’fly,) ) . [33]
a,

Wf, (2) W}’f (z)e‘ﬁﬂAW

Wa = . [35]
O S @ Ve

Aremarkable result of replica theory is that the distribution of the weights w (2)
isindependent of 2. When computing disorder averages at fixed z, we can simply
ignore the dependence of wX (2) on z. This is quite general. However, in the
absence of the magnetic field, we have an extra symmetry at z = 0 due to
the possibility of reversing all the spins of only one of the two subsystems. It is
thus convenient to consider only positive overlaps, considering together pairs
of states in each subsystem that are related by spin inversion. With that proviso,
the formula becomes

B WéW§ cosh (vzpAqy)
ay W,wa}’f cosh (vzpAqy)

Inserting this expression in Eq. 33 we find

D(z)—tE(Z Way (2)Wery (2) (qfx,a,—q’;,y,)z) [37]

(l}’(l,}//

Way (Z) [36]
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Fig. 4. The semianalytic predictions for z'/2D(z) plotted versus z'/2 for

M =10%4,105,10°,107. A constant behavior at large z of this quantity implies
that D(z) & 27 1/2.

Although the previous formulae are explicit, we cannot obtain the large-z
behavior analytically, and we must resort to the indignity of numerical
evaluations, extracting the w'sand g's from their known probability distributions,
as shown in S/ Appendix. We evaluate the function D(z) semianalytically by
generating random trees of spin-glass states. We follow here a strategy similar
to the one recently used in ref. 37 to study chaos in a small magnetic field.
We use the Bolthausen-Sznitman construction (20) to generate numerically
a large number of random trees with M leaves, compute the averages, and
extrapolate to the limit M — oo. Interestingly, to make such a calculation,
we only need as input the function P(q), its primitive x(g), or its inverse g(x).
The range of the values of the variable x is 0 < x < xy, where g(0) = 0
and q(xy) = Ga. In the numerics, we will consider the very simple choice
g = 0.4, = 1.5,x(q) = q/3(i.e., q(x) = 3x, thatis the form of the SK
near T).

We first describe how the computation is performed in principle, and later,
the techniques we used to reduce computational time. In ref. 37, it was shown
how to generate random trees with M leaves. The algorithm produces a list of the
weight of the M leaves and the corresponding M(M — 1) /2 overlaps between
pairs of leaves. It also provides the tree branching points that correspond to
different clusters of states. These branching points are labeled by a real variable
x that is related to the value of the overlap between the states that belong to
that cluster by the function g(x). The variable x ranges from x = 0 at the root
and x = x at the leaves. In the following, we refer to nodes as both branching
points and leaves (terminal nodes).

Our system is composed of two separate subsystems, and therefore its states
can be represented as the direct product of two random trees. Once a pair of
random trees with the corresponding weights is generated, we construct their
direct product. We can associate the Gaussian energies Ag,, with the leaves
according to the procedure described in S/ Appendix. This allows us to compute
(quR)Smg|efora single system. Averaging overthe trees allows the computation

of D(z). Afew comments are in order:

o The computation should be done in the limit where the number M of leaves
of each tree goes to infinity. In our study, we consider the cases M =
102,103,10%, 103,10, 107 In ourcode, the computationtime and memory
usage scale approximately as M2, so we extrapolate to M = oo from these
values.

e We can compute for an arbitrary form of the function g(x). Here we use
q(x) = 3x,xyy = 2/15, T = 0.7, which mimics the values of the function
q(x) for the SK model at that value of the temperature.

We show these semianalytic results for the function D(z) in Fig. 4. The
dependence on M becomes stronger when z increases, and it is negligible for
not too large z. Indeed, the reweighting factors increase exponentially with
21/2:Inthe large-z region, states with asymptotically small values of the weights
become dominant. However, with this proviso, it seems that for large M the
M-dependence becomes weak and for large values of z the quantity 2'/2D(z)
is nearly constant.

PNAS 2026 Vol. 123 No.25 e2606171123

Can we do the same computation directly with replicas? As we show in S/
Appendix, the function D(z) can be computed with the replica method as an
expansion in powers of z. To the first order z, we find

D(2) = 2(¢°) — 228° (")’ + 0(2), [38]

where (¢¥) = [ dq P(q) g¥ and P(q) is the average overlap distribution. In
principle, one can compute each order of the expansion in z; however, we need
a high number of them to extract the large z behavior. This may be possible,
but we do not address it in this paper. We have checked with high accuracy that
this expansion is in very good agreement with the results of the semianalytic
computation.

4.3. The Computation of B(t). Thefunction D(t, N)intheregimeoft = 0(1)
can be studied perturbatively with the replica method. A simple computation
(following the approach of ref. 38) shows that the n times replicated partition
function can be written in terms of the n x n overlap matrices Oéb and O§b of
the two subsystems as

20 = / d0Ldaf e NI (QL—0F)2—Np[F(1) +F(0*)]

2
e*ﬂf[o] = efﬁTTrOZ Z eﬂ Za<b Oabo'ao'b_ [39]
{oa}

The leading corrections at t = O(1) can be obtained supposing 60 =
Q1 — Qy small, expanding to the second order and performing the Gaussian
integration in 5Q. In this way, we obtain

() = Za(Vewp (= Tloa(r -+ ), T4

where H is the Hessian matrix with elements H,p, ;g = TF”[Q],p, ¢g. It is well
known that severe zero modes plague the spin-glass Hessian; however, the term
Pt regularizes it, and

d 1
B(t) = o lim 5, Tr(log(H + A1) [41]
remains finite fort > 0.

Zero modes imply that B(t) diverges at small t. The consequences of zero
modes for the spin-glass propagators at the RSB saddle point were studied long
ago by De Dominicis and Kondor (3). We can adapt their results to compute
B(t), noting that t plays, in our case, the role of the momentum-squared k% in a
finite-dimensional theory. Defining g = (q; + qr)/2 ands = q; — qp, their
theory allows us to compute also the conditional averages of s2 for fixed values
of gand small t

G G(q)

ND(t, Nig) = NE(s|q)¢ ~
(t Nlg) (1)t tit+aq?) /2112 + bg)

(42]

The first term is relevant only when g is near zero. For small t it is (in distribution
sense) C15(g) /t3/2. Thesecond term atg nottoo smallis C, (q) / (qt3/2), where
the function C,(g) has a nonzero limit when ¢ — 0 and vanishes linearly at
q = Qg Exactly at g = gg, we have

c
Ni(qt — ¢®)21ge)t = 73 [43]

Forg > ge, N((g* — g®)?|q) remains finite when t goes to zero.

The total propagator at fixed t, B(t), is obtained integrating over the values
of g with the respective probabilities, and for small t, is dominated by the small
q contribution, leading to

Tr((H + A1) oc 732 log(t),  Tr(log(H + pt)) o<t~ /2 log (t).
[44]
Neglecting logs, this resultimplies the t=3/2 divergence of the function B(t)
at small argument. In what follows, the logarithm will be neglected, and we
concentrate on power-law singularities.
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Fig. 5. Data for D(t = z/N, N) as a function of z for several system sizes. The
dashed line is the predicted power behavior for D(z) = limy_, o, D(z/N, N).
In the insert, we show the same data zoomed into the small-z region, where
size dependence is nearly absent, and the function D(z) can be measured

directly.

4.4. Direct Simulations of the Mode-Locking Integral. We aim to verify
the theory derived above, through numerical simulations, particularly the
various scalings predicted. Unfortunately, numerical investigations in the fully
connected model are very time-consuming. They have been donein ref. 24. Here,
in order to increase the accuracy, we introduce an equivalent model defined on
sparse random graphs that can be simulated efficiently (37). The scaling should

be the same in the two models.

We simulate a spin-glass model defined on a rewired sparse random graph,
that interpolates between two sparse random graphs of size N/2 fort = 0
and a single sparse random graph of size N for t = 1(39, 40). For algorithmic
convenience, we keep the degree of this family of rewired sparse random graphs

constant.

The construction of a z-rewired d-regular random graph (d-RRG) of size N
goes as follows. We begin constructing two d-RRGs, each of size N/2. We use
normal indices i, j € 1, N/2] and primed indices 7, j/ € [N/2 + 1, N] to refer
to nodes in the first and second graphs, respectively. Let £; and Ep denote the
edge sets of these two graphs. Initially, the set / of edges (i, ') interconnecting
the two graphs is empty. Then we apply z times the rewiring procedure, which
removes an edge (i, ) from £; and an edge (7, /') from Eg atrandom, and adds
the rewired edges (i, ;') and (7, ) to the set . The edge set of the zrewired

d-RRG of size NisE = £, U Ep U 1.
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Given that the maximum number of edges that can be rewired is zmax =
dN/4, i.e., the size of both £1 and £, we define t = z/zmax. Simulations were
performed with d = 4, and thus t = z/N in the following.

We have simulated spin-glass models with random binary coupling (J;; =

+1) on z-rewired 4-RRG of sizes N = 28, 28,210, 212 The number of samples
ranges from approximately 108 forN = 26t04 103 for N = 212 We have used
the Parallel Tempering algorithm to thermalize the systems downto T = T¢/2,
where 7o = 1/atanh(1/4/d — 1) =~ 1.51865 for d = 4. The most relevant
observable we have measured is the variance of the overlap difference between
the two coupled subsystems

oM = E({( —aw)?),) - [45]

InFig. 5 we show the data D(t = z/N, N) as afunction of z for several system
sizes, for all the values of z, up to z = N, where half of the links have been
rewired. The dashed line is the predicted behavior in the large N limit, i.e., a
power decay z~1/2 that is very well compatible with the data. In the insert, we
zoomin on the small-zregion, where we observe that the large-N limit s reached
for not too large values of N.

The main numerical result has already been shown in Fig. 1, where data have
been collapsed following the two scalings predicted by our theory: D(t, N)
t=3/2 atfixed Nand D(z) o 2~ 1/2. The former scaling is in perfect agreement
with that reported in ref. 24. The figure also reports the explicit form for the
smooth crossover function C(x)/x"/2 with x = z/N'/2 that is relevant in the
region where the above two asymptotic functions do intersect. In conclusion,
our theoretical analysis is perfectly in agreement with the measured behavior of
D(t N).
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