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1. Introduction

In this paper we deal with composition operators defined in locally convex Hausdorff spaces of real valued
continuous functions. We study when the operator has big orbits, i.e., when it is supercyclic or hypercyclic,
and also when it has small orbits, i.e., when the operator is power bounded or mean ergodic. We collect in
this section our results and relate them with recent literature.

We focus our attention on composition operators on locally convex Hausdorff spaces X — C™(R), for
m € Ng U {oo}. For a function ¢ € C™(R), being increasing and with no fixed points is equivalent to
being strongly runaway, i.e., for all compact subsets K C R there is ng € N such that " (K)NK = ()
for all n > ng (see [20, Lemma 4.1] for a proof). Kalmes got in [18, Corollary 4.1, Corollary 4.2] the
equivalence between hypercyclicity and strongly runaway with no vanishing derivative in a more general
context, which includes weighted composition operators defined in function spaces of several variables. The
results of Kalmes generalize those of Przestacki obtained in [20, Lemma 4.1, Theorem 4.5, Theorem 4.6]
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for composition operators on C>(2), with @ C R? open. Our main result here is that, under natural
assumptions on X, C, being weakly supercyclic implies that ¢ is increasing, with no vanishing derivative
when m > 0, and without fixed points. This, using previous works of Bonet and Domanski and Kalmes,
permits us to conclude that weak supercyclicity is equivalent to being mixing for composition operators
defined on C™(R) with m € N U {oco} and that weak supercyclicity implies to be mixing for composition
operators defined on A(R).

We also obtain results for power boundedness and mean ergodicity of composition operators. We prove
that for a Montel space X — C*(R) satisfying that, for every symbol ¢ € X

(*) The composition operator Cy, : X — X is power bounded if, and only if, the sequence {¢;,}nen of
iterates of ¢ is bounded in X,

under natural assumptions on X, choosing a monotonic ¢ € X with ps(x) # x, then the composition
operator C, is power bounded if, and only if, ¢ has a unique fixed point a to which the sequence of the
iterates ¢, of ¢ converges if, and only if, the sequence {C,, },en is convergent in L,(X) to Cy (Cy : X —
X, f = f(a)).

Furthermore, if we restrict to particular locally convex spaces X and a polynomial ¢(x), then the com-
position operator is equivalently power bounded and mean ergodic if, and only if, ¢(x) = ax + b, |a| < 1.
The excluded cases p(z) = xz and ¢(z) = —z + b produce trivially power bounded uniformly mean ergodic
composition operators. The equivalence between power boundedness, mean ergodicity and the convergence
of the iterates of ¢ to the unique fixed point of ¢ has been proved in [9] to be true for A(R), with no
restriction on the symbol. Besides A(R), our result applies to C*°(R), which satisfies (*) by [17] and to the
space O (R) := proj ; ind » O (R) of the multipliers of the classical space S(R).

The structure of the paper is the following: Section 2 is devoted to preliminaries and to the study of the
symbols in Oy (R) and O™(R), m € N. In Section 3 we study weakly supercyclic composition operators.
In Section 4 we obtain respectively the results on dynamics explained above. Finally, Section 5 is devoted
to show that O (R) and O™(R), m € N, satisfy condition (*).

2. Preliminaries and the action of the composition operator on Ops(R)
2.1. Preliminaries

Through the paper, we denote by N the set of all positive integer numbers and set Ny := N U {0}.

Let X be a locally convex Hausdorff space (briefly, lcHs). We denote by £(X) the space of all continuous
linear operators from X into itself.

An operator T € L£(X), with X a IcHs, is called power bounded if {T™},en is an equicontinuous subset
of L(X).

The Cesaro means of an operator T € L£(X), with X a IcHs, are defined by

1 &=
T[n]:EZT’ n € N.
m=1

The operator T is called mean ergodic (resp. uniformly mean ergodic) if {T[n}}neN is a convergent sequence
in £4(X) (resp. in L4(X)), where L4(X) denotes L(X) endowed with the strong operator topology 7s (resp.
Ly(X) denotes £(X) endowed with the topology 73, of the uniform convergence on bounded subsets of X).

For reflexive Fréchet spaces (in Montel Fréchet spaces, resp.) every power bounded operator is necessarily
mean ergodic (uniformly mean ergodic, resp.) by [1, Corollary 2.7, Proposition 2.9]. There exist mean ergodic
operators which are not power bounded, see, f.i., [16, §6]. For further results on mean ergodic operators we
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refer to [19,22]. For recent results on mean ergodic operators in 1cHs’ we refer to [1-4,7,12,17], for example,
and the references therein.

Given an operator T' € £L(X), we denote by o(T) the spectrum of T, i.e., the subset of C formed by the
A such that AI — T is not invertible, and by o,(T) its point spectrum, i.e., the subset of o(T") formed by
those A such that A\ — T' is not injective.

Moreover, we recall that 7" denotes as usual the dual operator of 7. We have that 7' € L(X}) and
also T' € L(X), where Xj and X, stand for the topological dual of X endowed with the strong topology
B(X’, X) and the weak topology o(X’, X) resp.

Let X be a IcHs of functions defined on R and let ¢p: R — R be a function. If foy € X for all f € X,
then we can consider the composition operator C,: X — X, f +— f o . The operator C, is clearly linear.
In case that C, € £(X), the function ¢ is said to be a symbol for X.

Given a function ¢: R — R, we denote by ¢, the n-th iterate of ¢ for all n € N, i.e., ¢, ;= po...0¢p
n-times, and define ¢, = %22:1 @y for all n € N. In case the function ¢ is bijective and hence there
exists o~ !': R — R, we denote by ¢_,, the n-th iterate of ! for all n € N. We also recall that a function
¢: R — R is said to be increasing (decreasing, resp.) if ¢(x) < ¢(y) (¢(z) > ¢(y), resp.) for every z,y € R
such that © < y. The function ¢ is said to be non decreasing (non increasing, resp.) if p(z) < ¢(y)
(p(z) > ¢(y), resp.) for every z,y € R such that z < y.

In what follows, we recall the necessary definitions and some basic properties of the spaces S(R) and
O (R). For general information about function spaces in the theory of distributions we refer to [11,21].

The space S(R) of rapidly decreasing functions is a nuclear Fréchet space and hence, it is Montel and
reflexive. Accordingly, its strong dual §’'(R) is a nuclear lcHs. In particular, S’'(R) is a barreled and bornolog-
ical lcHs.

The space O (R) of slowly increasing functions on R is given by

Oum(R) = N—y Unzy OFY(R),
where O7'(R) := {f € C™(R): | f|m,n := SUP,cR SUPg< i< (14+22) 7" f(2)| < 00}, endowed with the norm
| - |m,n, is a Banach space for any m,n € N. The space Op(R), endowed with its natural le-topology, i.e.,
Oum(R) := proj » ind » O*(R), is a projective limit of the complete (LB)-spaces O™ (R) := ind » O]'(R),
for m € N. In particular, Op(R) is a bornological nuclear lcHs (hence, Montel and reflexive), and it is
continuously embedded in C*°(R) (see [15]). Furthermore, a fundamental system of continuous norms on
O (R) is given by

pm,v(f) = Sup Sup |U(Z‘)||f(z)(1‘)|, fe OM(]R)v
z€R 0<i<m
where v € S(R) and m € N (see, f.i., [11]).

The space Op;(R) is the space of multipliers of S(R) and its strong dual S'(R). So, for any fixed h €
O (R), the multiplication operator My, : S(R) — S(R), f — hf, is continuous.

The spaces C™(R), m € Ny U {oo}, are always endowed with their natural le-topology 7. given from
the canonical fundamental sequence of seminorms. We point out that (C™(R), 7.) is a Fréchet space. In
particular, (C*°(R),7.) is a nuclear Fréchet space. Moreover, we denote by D™(R) := {f € C™(R)
suppf iscompact}, for m € Ny U {oo} (we write D(R) for m = 00). Then D™(R) = U2, C*([—k, k]) for
all m € N and so, endowed with its natural le-topology, i.e., D™(R) := indﬁ) Ci"([—k, k]), is a complete
(LB)-space ((LF)-space, for m = c0).

We remark the following fact.

Proposition 2.1. Let m € N and let B be a bounded subset of O™(R). Then the spaces O™(R) and C™(R)
induce on B the same topology.
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Proof. For any p € N we will show that the spaces O} ;(R) and C™(R) induce the same topology on the
unit ball B of O}'(R). To do this, we only need to show that for each e >0, U := {f € B} : |f|mp+1 < ¢}
is a neighborhood of 0 in B}* endowed with the topology inherited from C™(R). So, let M > 0 be such that
(1+2%)~! < e, whenever |z| > M and let V := {f € C™(R) : |f@(z)| <eforalli=0,...,m, |z|] <M}
Then B)'NV CU. Indeed, if f € BJ" NV, then

(1+2*) 7D @) < [fD (@) <e, i=0,...,m, || <M,
and
1+ 2P YO @) = A+ 2)PIfP@))1+2) <A +2)t<ei=0,...,m, |z| > M.

Therefore, f € U. The conclusion follows from the fact that the bounded subsets of O™ (R) are localized,
i.e., O™(R) is a regular (LB)-space. O

Remark 2.2. As a consequence of Proposition 2.1, we get that a sequence {p, }nen C O™(R) is convergent
in O™(R) to some ¢ € O™(R) if, and only if, {¢,, }nen is a bounded sequence in O™ (R) and lim,, 00 ¢, = ¢
in C™(R). Therefore, as Op(R) is the projective limit of the complete (LB)-spaces O™ (R), for m € N, we
can then conclude that a sequence {¢, }nen C O (R) is convergent in O (R) to some ¢ € Oy (R) if, and
only if, {¢n}nen is a bounded sequence in O (R) and lim,, o0 @ = ¢ in C°(R). Therefore, for every
sequence {fntnen C D(R) satisfying the condition for every compact subset K of R there exists ng € N
such that suppf, N K = 0 for all n > ng, we get that {f,},en is convergent to 0 in O™(R) (in O (R),
resp.) if, and only if, it is a bounded sequence of O™(R) (of Op(R), resp.).

We point out that there are examples of sequences {f,},en C D(R) satisfying the previous condition
but not bounded in O™(R) (in O (R), resp.). Indeed, for all n € N let f,, € D(R) be such that f,(x) :=
n(1+a?)" for x € K, := [n+ 2,n+1— 1] and suppf,, C [n,n + 1]. Then for any m,p € N we have

|fn|m,p = sup Ssup (1 =+ x2)7p|f7si)(‘r)|

zeR 0<i<m
- (1+a?)"
> sup (1+22)7P|f, =n sup ———— >n, foralln > p.
2P (TR = e

This means that the sequence {f,,}nen cannot be bounded in the Banach space O;*(R) for all p € N and
hence in O™ (R), being O™(R) = ind » O}'(R) a regular (LB)-space.

2.2. The composition operator on Op(R)

In [13] the symbols ¢ € C*°(R) for S(R) have been characterized. Precisely, [13, Theorem 2.3] states
that a function ¢ € C*°(R) is a symbol for S(R) if, and only if, the following conditions are satisfied:

(1) For all j € Ny there exist C,p > 0 such that, for every x € R
o9 ()] < C(1 + p()*)P;

(2) There exists k > 0 such that

We now characterize the function ¢ € C*°(R) such that C, acts continuously from Oy(R) into itself. In
order to do this, we first establish the following result.
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Theorem 2.3. Let m € N and let ¢ € C™(R). Then the following properties are equivalent:

(1) Cy acts continuously from O™(R) into itself;
(2) p € O™(R).

Proof. (1) = (2). Consider the function p;(z) := z, for 2 € R, which belongs to O™ (R). Then ¢ = C,p; €
O™(R). So, (2) is satisfied.

(2) = (1). We claim that for all n € N there exists n’ € N such that C,, : O]*(R) — O} (R) is continuous.
Indeed, for fixed n € N and f € O*(R), we observe for every z € R and ¢ =0, ..., m that

=Y e et () (£ ()

7!

where the sum is extended over all (k1, ko, ..., k;) € Né such that kq1+2ko+. . . +1k; = i and k1 +ko+. . .+ k; =
k (observe that k < ). Since by assumption on ¢, i.e., ¢ € O™(R), there exist D > 0 and p € N such that
loW)(z)] < D(1 4 2?)? for 2 € R and j = 0,...,m and hence (1 + p(z)?) < D'(1+ 22)? for z € R and a
suitable constant D’ > 0, from (2.1) it follows for every z € R and ¢ = 0,...,m that
( (k) M ¢ (x)
C,NHY <
(ConO@)] £ Y g 1 ot :
D¥(1 4 x2)rk

2
‘Zk% ot Ml (b (@) )" fore e
< Ci|f|m>"(1 +z )p(2n+z < le'mtn(l + $2)p(2n+m)7

1!

where C; := (D)"Y kl!k;!!...k-! 1!k12!113:..uk¢ and C := max;—q, . m C;. Accordingly, if n’ := p(2n +m) € N,
we get that

|C¢>f|m,n/ < C‘f|m,n~

Since n € N and f € O*(R) are arbitrary, the claim is proved. O
As a consequence of the result above, we obtain the class of symbols for which C, € L(Op(R)).

Theorem 2.4. Let o € C*°(R). Then the following properties are equivalent:

(1) Cy acts continuously from On(R) into itself;
(2) C, acts continuously from O™ (R) into itself for all m € N;
(3) v € Om(R).

Proof. (1) = (3). Consider the function p;(z) := z, for € R, which belongs to Oa;(R). Then ¢ = C,p;1 €
Oum(R). So, (3) is satisfied.

(2) < (3). Follows by Theorem 2.3.

(2) = (1). If the composition operator C, acts continuously from O™ (R) into itself for all m € N, taking
into account of the fact that Oy (R) is the projective limit of the (LB)-spaces O™(R), it follows that the
operator C, acts continuously from O/ (R) into itself. O

Remark 2.5. Let ¢ € Op(R). If ¢ is not a constant function, then the continuous linear operator C,,
Oup(R) = Op(R) is never compact. The result follows from [13, Theorem 3.3], after having observed that
D(R) — Op(R) — C*°(R) continuously.
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Remark 2.6. Let O¢(R) := U2, N%_; O(R) be the space of very slowly increasing functions on R,
endowed with its natural lc-topology, i.e., Oc(R) = ind » proj » O;*(R), which is a complete (LF)-space.
In particular, O¢(R) is continuously included in Oy (R) and it is the predual of the space of convolutors of
the spaces S(R) and S’'(R).

Let ¢ € C*(R). If C,, acts continuously on O¢(R), then ¢ € O¢(R) since ¢ = Cy,p1, where p; € Oc(R)
is the identity function. But the converse is not true. For example, let ¢(z) = 22 and f(x) = sinz, for
x € R. Then ¢, f € Oc(R). But fop ¢ Oc(R). Indeed, we have for every x € R and ¢ € N, with ¢ even,
that

(f o) (x) = P(z)sinz?® + Q(z) cos 22,

where P is a polynomial of degree equal to ¢ and @ is a polynomial of degree less than i. So, fo ¢ ¢
Npe=1077 (R) for all n € N. Otherwise, if f o € NY_, O (R) for some ng € N, then

(0 @lmny = sup sup (1+ 2?) 7" |(f o @) (2)] < +00
z€R j=0,...,m

for all m € N. But if we choose #7 := 5 + 2k, for all k € N and i := 2(ng + 1), we get for all k € N that
(1+a) ™ |(f 0 9)*"o (@) = (1 +2F) 7" |P(an)| > caf
for some suitable positive constant c. Therefore, [(f © ©)[2(ng+1),n, = +00. A contradiction.

3. Dynamics of composition operators acting on IcHs’ continuously included in C™(R) for some
m € No U {oo}

Through this section X always denotes a separable lcHs. Let T' € £(X). The operator T is said to be
supercyclic if there exists x € X whose projective orbit under T is dense in X, that is the set {\T"z: n €
Ng, A € C} is dense in X. Such an z is said to be a supercyclic vector of T. The operator T is said to be
hypercyclic if there exists © € X whose orbit under T is dense in X, that is the set orb(z,T) := {T"z: n €
Ng} is dense in X. Such an z is said to be a hypercyclic vector of T. No power bounded operator is
hypercyclic, but can be supercyclic. Every hypercyclic operator is always supercyclic. The converse is not
true in general. The operator T is said to be cyclic if there exists x € X whose span of the orbit under T’
is dense in X, that is the space span(orb(x,T")) is dense in X. Such an z is said to be a cyclic vector of T
Every supercyclic operator is always cyclic. The converse is not true in general. The operator T is said to
be topological transitive if for every pair of non-empty open subsets U and V of X, there is n € N such that
T™(U)NV # 0. An hypercyclic operator is always topological transitive. Thanks to the Birkhoff-transitivity
theorem, the converse holds for Fréchet spaces (see [5, Theorem 1.2]).

We recall an important result that we use in the following. For the proof see [5, Proposition 1.26].

Proposition 3.1. Let X be a separable lcHs and let T € L(X) be supercyclic. Then either o,(T") = 0 or
op(T") = {A}, for some X # 0. In the latter case, Ker(T'—X) has dimension 1 and Ker(T'—X)" = Ker(T'— M)
for all n € Ng. Moreover, there exists a (closed) T-invariant hyperplane Xo C X such that Ty := A‘lﬂXO
is hypercyclic on Xy.

An operator T' € £(X) is said to be mizing if for every pair of non-empty open subsets U and V of X
there is N € N such that T"(U) NV # () for all n > N. Every mixing operator on a separable Fréchet
space X is hypercyclic. In particular, in such a case it is easy to see that if the operator T  is mixing, then
it is also hereditarily hypercyclic, i.e., for any infinite set I C N the family {T" : n € I} is universal which
means that for some z € X the set {T"x : n € I} is dense in X.



A.A. Albanese et al. / J. Math. Anal. Appl. 514 (2022) 126303 7

An operator T is said to be weakly hypercyclic if there exists x € X whose orbit under T is weakly dense
in X (for the weak topology (X, X’)). Such a vector z is called a weakly hypercyclic vector for T. One
defines in the same way weakly supercyclic operators and weakly supercyclic vectors. We refer the reader to
[5,14] for more details.

In the following, if X is a IcHs of functions defined on R, we denote by d, the linear functional on X which
maps every function of X to its value at a € R. We observe that if X is continuously included in C™(R),
for some m € No U {co}, then 59 € X for all j < m and a € R, where 65 is defined by 5C(Lj)(f) = fU)(a).
A function ¢ : R — R is said to be strongly runaway when for any compact subset K of R there exists
no € N such that ¢,(K) N K = () for all n > ng. It is standard to show that for an increasing function
¢ : R — R the property to be strongly runaway is equivalent to the fact that ¢ has no fixed points (cf. [20,
Lemma 4.1] for a proof in the smooth case).

We now can prove the following result.

Proposition 3.2. Let X be a separable lcHs such that X — C*(R) and d,, 5511) are linearly independent in
X' for every a € R. Let p € CH(R) be a symbol for X. If p(a) = a for some a € R or ¢'(a) = 0 for some
a € R, then C, : X — X is not weakly supercyclic.

Proof. Since ¢ is a symbol for X, C, € L(X) and hence C, € L((X,0(X, X")).

Suppose firstly that ¢'(a) = 0 for some @ € R. This assumption implies that C,(X) C Ker 6&1). Then C,
cannot be even (weakly) cyclic.

Now, suppose that ¢(a) = a for some a € R. This assumption implies that C/,(d,) = d, and C;(éél)) =
gp’(a)éi}l()a) = @’(a)&(ll). Now we have to distinguish two cases. If ¢'(a) # 1, then C{, has two different
eigenvalues. Applying Proposition 3.1 to (X, (X, X’)), we get that C., is not weakly supercyclic. If ¢’(a) =
1, then ¢, and 6,21) are two different eigenvectors for C,, thereby implying that Ker(C/, — I) has dimension
greater or equal than two. Again, applying Proposition 3.1 to (X, o(X, X’)), we get that C, is not weakly

supercyclic. O

Corollary 3.3. Let X be a separable lcHs such that X — C*(R) and 5(1,(5((11) are linearly independent in X'
for every a € R. Let ¢ € CY(R) be a symbol for X. If C, is weakly supercyclic on X, then ¢ is strongly
runaway and ¢'(x) > 0 for all z € R.

Proof. By Proposition 3.2 we can assume that ¢'(x) # 0 for every « € R. Since Proposition 3.2 also implies
that the function ¢ cannot have fixed points, it follows that ¢ is increasing (¢ decreasing would have fixed
points). Accordingly, the function () — x has constant sign. From this it follows that all the orbits of ¢
are divergent. Hence ¢ is strongly runaway. 0O

Observe that in Proposition 3.2, we ask that X — C'(R). We now prove the following result which
concerns the weaker assumption X — C(R).

Proposition 3.4. Let X be a separable lcHs such that X — C(R) with dense inclusion and {0, : € R} is a
linearly independent subset in X'. Let p € C(R) be a symbol for X. If Cy is supercyclic on X, then ¢ is
increasing and without fixed points.

Proof. The density of the inclusion X < C(R) permits us to consider only the case X = C'(R) in order to
prove that C, supercyclic implies ¢ increasing and without fixed points.

If ¢ is not injective, then there exist a,b € R with a # b such that ¢(a) = ¢(b). Then C,(C(R)) C
Ker(d, — dy), thereby implying that C, cannot be (even weakly) supercyclic.
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We now suppose that ¢ has fixed points. If there are more than one, for instance a,b € R with a # b,
we have that C[,(0,) = dq and C,(dp) = . By Proposition 3.1 it follows that C, cannot be (even weakly)
supercyclic.

Finally, we assume that ¢ has a unique fixed point, that without loss of generality we can suppose to
be 0. Since ¢ is injective, the function ¢(x) — = has constant sign in (—o0,0) and in (0,00). Suppose ¢
to be increasing. If ¢(z) < « for all > 0, then ¢p,(x) = 0 as n — oo for all z > 0 and so C,, is not
(even weakly) supercyclic by [8, Theorem 8(ii)]. Hence, ¢(z) > z for every z > 0. In a similar way, we can
show that op(x) < z for every z < 0. Therefore, the function ¢ is also surjective and ¢~!(z) < z for every
z >0 and p~!(z) > z for every x < 0. Accordingly, ¢! € C(R). Since C,, : C(R) — C(R) is supercyclic,
also C,-1 : C(R) — C(R) is supercyclic. Again we get a contradiction by [8, Theorem 8(ii)]. If ¢ is not
increasing, it must be decreasing since it is injective. The contradiction now follows taking into account of
the fact that C, : C(R) — C(R) is supercyclic if, and only if, Cy, : C(R) — C(R) is supercyclic. O

Combining our results with previous works of Bonet and Domanski and Kalmes, we get the following
result for dynamics of some composition operators. The proof of (i) below uses an unpublished argument
due to Bonet and Domanski which ensures that C,, is sequentially supercyclic in A(R) for every analytic
diffeomorphism ¢ in R without fixed points.

Theorem 3.5.

(i) If a composition operator C, defined on A(R) is weakly supercyclic, then Cy, is mizing. If we assume in
addition ¢ to be surjective, then C., is weakly supercyclic if, and only if, C, is sequentially hypercyclic.

(ii) A composition operator C, defined on C™(R) with m € N U {oo} is weakly supercyclic if, and only if,
Cy, is mizing.

(ili) A composition operator Cy, defined on C(R) is supercyclic if, and only if, C, is mizing.

Proof. (i). By Corollary 3.3, if C, is weakly supercyclic then ¢ must be runaway, ¢’(z) # 0 for all z € R,
and ¢ does not have any fixed point. By [10, Theorem 2.3] C,, is then mixing. If ¢ is also surjective, then
¢ is an analytic diffeomorphism, and therefore ¢ is analytically conjugate to ¢ (z) = = + 1 by [6, Theorem
3.1]. We conclude since Cy; is sequentially hypercyclic by [10, Theorem 3.6].

(ii) It follows by combining Corollary 3.3 with [18, Corollary 4.2].

Finally, (iii) is a consequence of Proposition 3.4 and [18, Corollary 4.1]. O

Proposition 3.6. Let ¢(z) = x +d, d # 0. The operator C, is mizing on O™(R) for any m € N, and also
on Oy (R).

Proof. Using Remark 2.2 it is easy to show that, for every f € D(R), both sequences {f o vy, }nen and
{f o p_n}tnen are convergent to 0 in O™(R) for any m € N and hence, in Oy (R). Now, by applying [5,
Theorem 1.6] with n, = k, Dy = Dy = D(R) and S = C,, we get that Cy, is mixing in O™ (R) for any
m € N and also in Oy (R). O

The basic example of the translations gives us mixing operators on both spaces O™(R), m € N, and
O (R). This should be compared with [12, Theorem 2.1] and [12, Corollary 2.2(1)], which shows how the
situation differs when {f o, }hen is not convergent to 0 when f € D(R) and p(z) = z+d. We do not know
if Cp : O (R) = Op(R) or Cp - O™(R) — O™(R) is mixing when ¢ is strongly runaway and ¢'(z) > 0
for all x € R.
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4. Ergodic properties of composition operators acting on 1cHs’ continuously included in C™ (R) for some
m € Ng U {oo}

4.1. Strong operator topology on operators on spaces of differentiable functions

We start by proving that the superposition operator is continuous.

Proposition 4.1. Let m € Ng U {oo} and let f € C™(R). Then the superposition operator Sy : C™(R) —
C™(R), p+— fo, is continuous.

Proof. We prove the statement by induction on m. Let f € C(R) and let {¢y, }nen C C(R) be a convergent
sequence in C(R) to some ¢ € C(R). We will show that the sequence {f o ¢, }nen is convergent to f o ¢
in the topology 7. of C(R). To do this, we first observe that for all k& € N there exists M € N such that
on([—k, k]) C [-M, M] for all n € N. Indeed, there exists ng € N such that n > ng implies |, (x)—p(x)] <1
for each x € [—k, k]. On the other hand, p([—k,k]) and ¢;([—k,k]), i = 1,...,m9 — 1, are compact subsets
of Ras p,¢; € C(R),i=1,...,n9 — 1, and hence, ¢([—k,k]) C [-M', M'] and ¢;([-k,k]) C [-M', M'],
i=1,...,n9 — 1, for some M’ > 0. Therefore, @, ([—k,k]) C [-M'—1, M’ + 1] for all n € N.

Since f € C(R), f is uniformly continuous in [-M, M] and hence, for a fixed € > 0, there exists 6 > 0
such that |f(z) — f(y)| < e for each z,y € [-M, M] with [z —y| < J. On the other hand, sup,¢(_ ) |on(z) —
¢(x)] — 0 for n — oo and hence, there exists ng € N such that sup,c_ g l¢n(z) — ()| < ¢ for all n > no.
Since ¢, ([—k, k]) C [-M, M] for all n € N, we get that |[(f o pn)(x) — (f o p)(z)| < € for all n > ng and
x € [k, K]

Assume now the hypothesis is true for m —1. Let f € C™(R) and let {¢n}nen € C™(R) be a convergent
sequence in C™(R) to some ¢ € C™(R). For all n € N, for every z € R and i = 0,...,m, Faa di Bruno
formula gives:

i " ( k1 e k2 (1) T ki
(S @) = ¥ et et (£0) (2 (“”,“) SRS

where the sum is extended over all (kq1, ks, ..., k;) € Né such that ki + 2ko + ... +ik; = 7 and k1 + ko +
...+ k; = k. We get from (4.1), the inductive hypothesis and the continuity of the product in C(R) that
{(S5(¢n) P }nen is convergent to (S(¢))® in C(R) for any 0 < i < m, thereby completing the proof. O

Corollary 4.2. Let m € Ng U {00} and X be a barreled lcHs continuously included in C™(R) and satisfying
the following properties:

(i) The identity p1(x) =z € X;

(ii) X is closed under composition;

(iif) A sequence {¢n}tnen C X is convergent in X to some ¢ € X if, and only if, {pn}nen is bounded in
X and lim,_, ¢, = ¢ in C™(R).

Let {pn}tnen C X be a sequence of symbols for X. Then the sequence {Cy, }nen of composition operators
is convergent in Ls(X) if, and only if, {on}tnen is convergent in X and {C,, }nen is an equicontinuous
sequence in L(X).

Proof. If there exists C' € L£(X) such that {C, (f)}nen is convergent to C(f) for any f € X, then for
f = p1 we get that {¢,},en converges in X to C(p1). Since X is barreled, we also obtain that {C,, },en
is an equicontinuous sequence in £(X).
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The converse follows from Proposition 4.1. Indeed, if the sequence {@, },en is convergent in X to some
¢ € X, then by (iii) the sequence {¢y, }nen is convergent in C™(R) to ¢ and so, by Proposition 4.1 we have
that Cy, (f) = fog, = fopin C"(R) as n — oo for any fixed f € X. On the other hand, the sequence
{Cy, (f)}nen is bounded in X for any fixed f € X, being {C,,, },en an equicontinuous sequence in £(X).
Therefore, by (iii) we conclude that C, (f) = foy, — fopin X as n — oo for any fixed f € X. The
equicontinuity of {C,, }n,en implies that C, € L(X). So, C,, = Cy, in Li(X) asn — 0. O

Remark 4.3. If X is a Montel lcHs space which is continuously included in C™(R), with m € Ng U {o0},
then X clearly satisfies condition (iii) of Corollary 4.2.

Remark 4.4. If the sequence {¢,, }nen is bounded in C™(R) for some m € NgU{oo}, then for all k € N there
exists M > 0 such that sup, <, |<p,(f)(x)| <Mforall 0 <j<mandneN,ie, wg)([—k,k]) C [-M, M]
for all 0 < j < m and n € N. Hence, [17, Theorem 3.13] for the particular case of composition operators
reads as follows: C,, is power bounded in C™(R) if, and only if, {¢, },enN is bounded in C™(R).

4.2. Polynomial symbols

We collect some results on mean ergodicity of Cl,.

Proposition 4.5. Let X be a lcHs which is closed under composition, continuously included in C™(R) for
some m € Ng U {oo} and contains the function p1(z) ==, for x € R. If ¢ € X is a symbol for X and C,
is mean ergodic on X, then the following properties are satisfied:

(1) The sequence {@p)}nen converges in C™(R);
(2) The sequence {2} ,en converges to 0 in C™(R).

If C,, is power bounded on X, condition (2) above is satisfied.

Proof. Assume that C, is mean ergodic on X.

(1) By assumption there exists P € X such that (Cy),) — P in £,(X). Since the function p; belongs to
X, it follows that (C,)m)(p1) = @) — Pp1 = ¢ in X. Hence, {¢[,) }nen is also convergent in C™(R) to
1. Therefore, condition (1) follows.

(2) Since

$n n—1
7:90[77.]_

<tp[nfl]a n > 27

the result immediately follows from part (1).
Finally, if C, is power bounded, then the sequence {Cy,, (p1)}neN = {¢n}nen is bounded in X and
hence, bounded in C™(R), thereby implying that (2) is satisfied. O

Theorem 4.6. Let ¢ be a polynomial and let X € {Opn(R), C®(R), AR)}U{O™(R): m € No}U{C™(R) :
m € No}. Then the composition operator Cy, is mean ergodic on X if, and only if, Cy, is power bounded if,
and only if, o(x) = ax + b, with either |a| <1, a=—1 ora=1 and b = 0. In case |a|] < 1, we even have
that the sequence of iterates {Cy, }nen converges in Ls(X).

Proof. Assume that either the degree of ¢ is greater or equal than two or ¢(x) = ax + b with |a| > 1. Then
there exists ng € N such that || > ng implies |¢(x)| > |z| + 1. So, it follows that |, (ng)| > ng + n for all
n € N. Therefore, C,, is neither power bounded nor mean ergodic on X by Proposition 4.5. If p(x) = 2 + b,
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with b # 0, then ¢,,(0) = nb, and again Proposition 4.5 yields that C, cannot be power bounded or mean
ergodic on X.

Let ¢(x) := axz + b for z € R and some a,b € R. The case a = 1, b = 0 gives the identity. The case
a = —1 gives @3 = ¢, and hence, C, is idempotent. In both cases the statement is trivial. Also it is trivial
when a = 0. Indeed, in this case C,, is the evaluation at b and satisfies C,,,, = C, for all n € N.

Let |a| < 1, with a # 0. In this case, for ¢(z) := x+b/(a—1), and ¢(x) := ax, we have C, = Cy-15y0p =
CyCyCy-1. Hence, power boundedness or mean ergodicity of Cy, is equivalent to that of Cy. Thus, we can
assume b = 0. In this case it is easy to show that the sequence {@,}nen is convergent to the constant
function 0 in all the spaces we are considering and hence, bounded there. Accordingly, the operator C,, is
power bounded in every space X (see Theorem 5.2 for X equals to Ops(R) or equals to O™(R) with m € N;
see Remark 4.4 for X equals to C™(R) with m € Ny U {oo}; for X = A(R) see [9]). Since every space X
satisfies the assumptions (i)+(iii) of Corollary 4.2, the conclusion follows from Corollary 4.2. O

We point out that if ¢ is a polynomial of even degree and with no fixed points, like ¢(z) = 22 + 1 for
x € R, then the composition operator C, is power bounded on S(R) (see [12, Theorem 3.7]). The key point
to make the difference is that in S(R) the polynomials are symbols, but they do not belong to S(R). We
see below that in case of analytic functions we can go further than polynomial symbols.

Remark 4.7. Bonet and Domanski showed in [9] that a nontrivial composition operator C, (i.e., g2 # p1)
defined on A(R) is power bounded if, and only if, {¢,, },en is convergent in A(R) to a (unique) fixed point
a of ¢. Hence, from Corollary 4.2 we get that such an operator satisfies that {C,,, },en is convergent in

Ly(AR)).
4.3. Monotonic symbols

Proposition 4.8. Let X be a lcHs which is closed under composition, continuously included in C(R) and
contains the function py. Let ¢ € X be a symbol for X such that there exists lim, o on(z) for all z € R.
If C, is mean ergodic on X, then the set Fix(p) of fized points of ¢ is a non empty closed interval of R.

Proof. Since C,, is mean ergodic on X, we can apply Proposition 4.5(1) to get that the sequence {¢,) }nen
converges in C(R) to some function 1) € C(R). Since there exists lim,, o ¢, (z) for every & € R, by Cesaro’s
theorem we necessary have

P(z) = lim on(z)

n—oo

for every x € R. So, by the fact that ¢ is a continuous function, we also have for every x € R that

P(x) = lim @n(z) = lim o(pn-1(z)) = p(¢(2)).
This means that ¢ (z) € Fix(p) for all € R and hence, Fix(¢) = Imt. Since Fix(p) is always a closed set
and i € C(R), it follows that Fix(y) is a non empty closed interval of R. O

Proposition 4.9. Let X be a lcHs which is closed under composition, continuously included in C(R) and
contains the function p1. Let ¢ € X be a symbol for X. If there exist B > 0 such that ¢ is a non decreasing
function on [B,+00) (on (—o0, ], respectively), and p(x) > z (p(z) < x) for every x > B (x < 3,
respectively), then Cy, is not mean ergodic on X .

Proof. We consider only the case in which ¢ is a non decreasing function on [, +00). In the other case the
proof follows by arguing in a similar way.
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We first observe that {¢,(8)}ren is a non decreasing sequence, but not a bounded sequence. Indeed,
from ¢(B) > B follows that there exists 6 > 0 such that p(8) > 8 + ¢ and hence, ¢,(8) > 8 + nd for all
n € N. Accordingly, “JT(B) > % 4+ > ¢ for all n € N. Hence, {%T(m}neN does not converge to 0. So, by
Proposition 4.5 we can conclude that C,, is not mean ergodic on X. O

Corollary 4.10. Let X be a lcHs which is closed under composition, continuously included in C*(R) and
contains the function p1. Let ¢ € X be a symbol for X, ¢ # p1. If ¢ is a non decreasing function and Cy,
is mean ergodic on X, then there is a € R such that Fix(¢) = {a} and {pn}nen converges in C(R) to the
constant function ¥(x) := a for x € R.

Proof. Since ¢ is a non decreasing function, there exists lim,, o @, () for all x € R. Indeed, for a fixed
x € R, we have either p(z) < z or ¢(z) > = from which it follows that {¢, () },enN is either a non increasing
sequence or a non decreasing sequence, being ¢ a non decreasing function. Since C, is mean ergodic, we
can then apply Proposition 4.8 to conclude that the sequence {¢[, }nen converges in X (and hence, in
CL(R)) to some 1) € X and the set Fix(¢) = ¥(R) is a closed interval of R. The pointwise convergence
of (Ypn])nen to ¢ together with the monotonicity of (¢, (z)),en for all 2 € R implies that (¢n)pen is
pointwise convergent and 1 (x) = lim,, oo ©n(z) for every z € R.

Let assume Fix(¢) to be bounded below and let a be the infimum of Fix(y). Clearly, a € Fix(p). On
the other hand, since C,, is mean ergodic, Proposition 4.9 implies that ¢(z) > « for all < a. Accordingly,
taking into account that ¢ is a non decreasing function, it follows for every & < a that {¢,(2)}nen is a non
decreasing sequence such that ¢, (z) < ¢, (a) = a for all n € N. Hence, 1(x) = lim,, p,(z) < a for all z < a.
But, we also have for every x < a that (x) = lim, 0 p(@n—1(z)) = @(¢(z)) and hence, ¥ () € Fix(p),
thereby implying that ¢(z) > a. So, ¥(z) = a for all x < a. If Fix(y) is not a single point, then there is
d > 0 such that [a,a +6) C Fix(p). For all z € [a,a 4+ §) we have ¢ (z) = lim,, p,)(x) = 2. This contradicts
the differentiability of ¥ at a.

The proof of the case Fix(¢) bounded above is completely analogous.

Now, we can assume that a = 0 without loss of generality. So, Proposition 4.9 yields |p(z)| < |z| for all
x € R. From this we get immediately that lim, o ¢, (2) = 0 uniformly on compact subsets of R. O

Theorem 4.11. Let X be a Montel IcHs which is closed under composition, continuously included in C1(R)
and contains the function py. Assume that the following condition is also satisfied:

(*) The composition operator Cy, : X — X is power bounded if, and only if, {¢n}nen ts bounded in X for
any @ € X symbol for X.

Let ¢ € X be monotonic, @2 # p1. Then Cy, is power bounded if, and only if, ¢ has an attracting fized point
a and {Cy, }nenN is convergent to Cq, in Lg(X).

Proof. We first observe that if C, is power bounded, then the sequence {¢, },en is bounded in X, being
on = Cyp,p1 for all m € N.

Assume first that ¢ is non decreasing. Since X is Montel and C,, is power bounded, C,, is also (uniformly)
mean ergodic. Thus, by Corollary 4.10 the sequence {¢,},en necessarily converges in C'(R) to a unique
fixed point a. Now, the fact that X is Montel together with (*) imply that {®, }nhen is also convergent in
X to a. Therefore, we can apply Corollary 4.2 to conclude the convergence of {Cy, }nen to Cq in L4(X),
taking into account that C, is power bounded. Vice versa, if {Cy, },en is convergent in £4(X) to C,, then
C, is power bounded, and we conclude.

Assume now that ¢ is decreasing. Since X is barreled, by Banach-Steinhaus theorem we have that any
operator T' € L£(X) is power bounded if, and only if, T? is. Accordingly, C, is power bounded if, and only
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if, Cy, is. Since o is increasing, by the first part of the proof we get that Cy, is power bounded if, and
only if, 2 has only one fixed point a and {C,,, }nen is convergent to C, in L4(X). It follows that also
¢ has only one fixed point a. On the other hand, the convergence of {C,, }nen to Cq in L£4(X) implies
the convergence of {¢a,}nen to the constant function a in C(R). By applying this to any ¢([a, £]), with
a, B € R, we obtain the convergence of {¢,}nen to the constant function a in C(R). Taking account of
the fact that {¢n}nen is a bounded sequence of X as C, is power bounded, we can apply Corollary 4.2 to
conclude that {Cy,, },en is convergent to C, in L4(X). O

5. Power boundedness of composition operators on O (R) and on O™ (R)

A characterization of the power boundedness of C, when it acts continuously on S(R) has been proved
n [12]. Precisely, in [12, Proposition 4] it has been shown that if ¢ € C°°(R) is a symbol for S(R), then the
composition operator C,, is power bounded if, and only if, the following conditions are satisfied:

(1) For all j € Ny there exist C,p > 0 such that, for every x € R and n € N
o (@)] < O+ pn()?)7;
(2) There exists k > 0 such that
lon ()] > \x|%, Vx| >k, Vn € N.
In order to treat the case of the space Opr(R) we first establish the following result.

Theorem 5.1. Let m € N and ¢ € O™(R). Then the following properties are equivalent:

(1) C, is power bounded on O™(R);
(2) The sequence {@n}neN is bounded in O™(R); ‘
(3) For all 0 <i <m there exist C,p > 0 such that \wgf)(xﬂ < C(1+2?)? for allz € R and n € N.

Proof. (1)=(2). The operator C,, is power bounded on O™(R). Accordingly, if we consider the function
pi(z) ;= z, for € R, which belongs to O™ (R), then by assumption the sequence {C}p1}nen = {¥n}nen
is bounded in O™ (R).

(2)=(1). We claim that for all » € N there exists 7 € N such that C,: O*(R) — O}(R) is power
bounded, thereby obtaining that the sequence {f o ¢,}nen is bounded in OZ(R) for all f € O(R).
Indeed, for fixed » € N and f € O*(R), we observe for every € R and n € N that

HP (@ k) @\ (1@ (@)
€200 =2 Ve (7)) (252 ( : ) |

where the sum is extended over all (k1, ka, ..., k;) € Ni such that ki +2ko+...+ik; = i, with k = ky+. .. k;.
Since by assumption on {gon}neN (i.e., {¢n}nen is a bounded sequence of O™ (R)), there exist D > 0
and p € N such that |<pn (z)| < D(l + 22)P for every x € R, j = 0,...,m and n € N, and hence,
(1+¢n(z)?) < D'(1+22)? for every € R and n € N, and a suitable constant D’ > 0, it follows for every
reR,i=0,...,mand n € N that

_ oD ()|

|(Cnf |_Zk |k2 f(k)(‘Pn ‘Son
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il gvp DF(1 + 22)PF
<> ey ey ..ki!mm”(l +oon(@) ) T

< Cil flmr(1+ x2)p(2r+i) < Ol flmr(1+ $2)p(2r+m)a

where C; := (D))" > kllk;;mki! 1!’“12!["');_“1'!’91‘ and C' := max;—g, . m C;. Accordingly, if ' := p(2r + m) € N,
we get for all n € N that

|C<Zf|m,r’ < C|f|m,r'

Since r € N and f € O (R) are arbitrary, the claim is proved.

We are now able to show that C, is power bounded. Indeed, for a fixed f € O™(R), there exists r € N
such that f € O;"(R). By the proof above, it follows that the sequence {CJ f},en is bounded in O7}(R)
for some 7' > r and hence in O™ (R) = ind , O}"(R), being it an (LB)-space. So, we can conclude that C,
is power bounded on O™(R) thanks to the Banach-Steinhaus theorem.

(2) < (3). Follows as O™(R) is a regular (LB)-space. O

Thanks to Theorem 5.1, we easily obtain the following characterization of the power boundedness of C,
when it acts in Oy (R).

Theorem 5.2. Let ¢ € Op(R). Then the following properties are equivalent:

(1) C, is power bounded on Op(R);

(2) C, is power bounded on O™(R) for all m € N;

(3) The sequence {@n}neN is bounded in Op(R);

(4) For alli € Ny there exist C,p > 0 such that |go£f)(x)| < C(1+22)P for allx € R and n € N.

Proof. Since Oj;(R) is the projective limit of the sequence (O™ (R)),,en of (LB)-spaces and it is barreled,
the Banach-Steinhaus theorem yields that C, is power bounded if, and only if, {f o ¢, },en is bounded
in O™(R) for any m € N and any f € Op(R). So, the conclusion follows now immediately from Theo-
rem 5.1. O

From Remark 4.4, Theorems 5.1 and 5.2 we get immediately the following fact.

Proposition 5.3. Let ¢ € Oy (R) (¢ € O™(R), for m € N, resp.). Then C,, is power bounded in C*(R) (in
C™(R), resp.) whenever C,, is power bounded in Op(R) (in O™(R), resp.).

Combining Theorem 4.11 with Theorem 5.2, we immediately obtain the following characterization, that
should be compared with [17, Theorem 3.13].

Corollary 5.4. Let ¢ € Op(R) be an increasing function. Then {Cy, }rnen s convergent in L(Oar(R)) if,
and only if, C, is power bounded on Op(R) if, and only if, {¢n}nen is bounded in Op(R).
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