J. Math. Anal. Appl. 564 (2026) 130883

Contents lists available at ScienceDirect

Journal of Mathematical Analysis and Applications

journal homepage: www.elsevier.com/locate/jmaa

Regular Articles

S

Dynamics of the translation semigroup on directed metric trees ™ )

Check for
updates

Elisabetta Mangino**, Alvaro Vargas-Moreno "

& Dipartimento di Matematica e Fisica “Ennio De Giorgi”, Universita del Salento, Via per Arnesano,
1-73100 Lecce, Italy

b Institut Universitari de Matematica Pura i Aplicada, Universitat Politécnica de Valéncia, 46022,
Valéncia, Spain

ARTICLE INFO ABSTRACT
Article history: The dynamics of the left translation semigroup {T}};>0 on weighted L? spaces
Received 12 January 2026 over a directed metric tree L(G) is investigated. Necessary and sufficient conditions

Available online 9 June 2026

on the weight famil for the strong continuity of the semigroup are provided.
Submitted by A. Peralta € y P & Y group P

Furthermore, hypercyclicity and weak mixing properties are characterized in terms
of the asymptotic decay of p along the tree structure. These results generalize

Keywords: X . ) . :

Directed metric tree classical LP translation semigroup dynamics to a graph setting.

Translation semigroup © 2026 The Author(s). Published by Elsevier Inc. This is an open access article
Weighted L? spaces under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
Hypercyclicity

‘Weak mixing

0. Introduction

The study of dynamical systems on metric graphs has its roots in the analysis of the transport equation on
so-called quantum graphs. In this context, the effects of the flow along the edges are modeled by differential
equations and coupled through specific transmission conditions at the vertices. The pioneering works of
Kramar and Sikolya [13] and Dorn et al. [4,6,5] initiated a systematic analysis of these problems. The
monograph by Mugnolo [16] represents a fundamental reference in this field (see also [1, Chapter 18]). A
first approach to the study of hypercyclicity in this setting can be found in [17].

In parallel, the research community turned to the dynamics of operators on graph structures. In particular,
the work of Martinez-Avendaio [14] inaugurated the study of the dynamic properties of the backward shift
operator on directed trees. More recent efforts by Grosse-Erdmann and Papathanasiou [8,9] have significantly
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advanced the understanding of hypercyclicity and chaos phenomena in this specific dynamical context.
Further related results are due to Menet and Papathanasiou [15], Lopez-Martinez and Papathanasiou [11]
and Kawamura [12].

Inspired by both the semigroup approach to transport and the rich dynamical analysis of shift opera-
tors on trees, this article extends the notion of left translation to the setting of weighted LP spaces over
directed metric trees and studies its dynamics. The first section introduces the structure of metric trees,
summarizes the essential definitions of strongly continuous semigroups (Cp-semigroups) and hypercyclicity,
and establishes the theoretical framework for our work.

The central results of this article are twofold. The first, presented in Section 2, establishes the necessary
and sufficient conditions on the weight family p that guarantee the translation operator generates a strongly
continuous semigroup on the weighted spaces L. The second key result, developed in Section 3, provides
necessary and sufficient conditions on the weight p that ensure the semigroup exhibits hypercyclicity on
both rooted and unrooted directed metric trees.

1. Preliminaries
1.1. Strongly continuous semigroups

We recall some basic definitions and results, referring to the monograph [7] for further details.

Definition 1.1. Let X be a Banach space. A one-parameter family {7} };>0 of bounded operators on X is a
strongly continuous semigroup (or a Cy-semigroup) if the following conditions are satisfied:

(i) To=1
(ii) Tiys = Ty o Ty for any s,t >0
(7)) limg_,y Tsx = Tyx for all z € X and ¢ > 0.

As a consequence of the strong continuity of the semigroup, there is an exponential bound for the norm
of the operators, namely there exist M > 1 and w € R such that

T3] < Me™,  t>0.
We can also express condition (4i7) in some equivalent ways.

Proposition 1.2. [7, Ch. 1, Proposition 5.8] Let {T,}1>0 be a family of operators on X satisfying (i) and (i3)
of Definition 1.1. Then the following assertions are equivalent:

(i) limg_y¢ Tsx = Tyx for allz € X and t > 0;
(i) limy o Tyx = for allx € X.
(iii) {Ti}e>o0 is locally equicontinuous and there exists a dense subset Xo C X such that limy_o Tyx = x for
all x € Xy.

1.2. Linear dynamics
The main references for linear dynamics are the monographs [10,2]. Throughout this section, let X be a
separable Banach space. An operator T' on X is said to be hypercyclic if there is some z € X whose orbit

under T,

Orb(z,T) := {z, Tz, T?x, ...},
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is dense in X. The operator T is said to be topologically transitive if for every pair U,V of nonempty open
sets there exists some n € N such that 7"(U) NV # (. Furthermore, if T*(U) NV #  for all k > n,
then the operator is said to be mizing. For separable Banach spaces, the Birkhoff Transitivity Theorem [10,
Theorem 2.19] states that hypercyclicity is equivalent to topological transitivity. Moreover, if the operator
defined by

(ToT)(x,y) =Tz, Ty), (r,y) e X x X

is hypercyclic, then T is called weakly mizxing. Every weakly mixing operator is hypercyclic, but the converse
fails. We refer to [10] for further insights about the equivalence of the weakly mixing property and the
Hypercyclicity Criterion.

All these dynamical properties have a counterpart in the context of strongly continuous semigroups. A
strongly continuous semigroup {T;};>0 on X is said to be hypercyclic if there exists some x € X whose
orbit, defined as

Orb(z,{T3}) == {Tyz : t > 0},

is dense in X. Furthermore, the semigroup {T;};>0 is said to be topologically transitive if for any pair of
nonempty open sets U, V there is some to > 0 such that Ty, (U) NV # @, while, if T,(U) NV # ( for any
t > to then the semigroup is said to be mizing.

Topological transitivity is equivalent to hypercyclicity also in the context of strongly continuous semi-
groups [10, Ch. 7].

The semigroup {7} }+>0 is called weakly mizing if (T} & T3)¢>0 is topologically transitive in X x X. Every
weakly mixing semigroup is hypercyclic, but to the best of the authors’ knowledge, whether the converse
holds true remains an open problem. A discretization of a semigroup {7};};>0 is a sequence of operators
(Ty, )n with t, — co. A discretization is said to be autonomous if there is some ty such that ¢, = nty for
every n € N. The following theorem provides an equivalence between the weak mixing property and the
existence of a mixing discretization.

Theorem 1.3. [10, Propositions 7.20, 7.25] Let {T;}1>0 be a strongly continuous semigroup on X. Then the
following assertions are equivalent.

(i) {Ti}i>0 is weakly mizing;
(ii) some discretization of {T}}i>0 s mizing;
(1i1) some discretization of {T}}i>0 is weakly mizing.
(iv) some autonomous discretization of {Ti}i>0 is weakly mizing;
(v) every autonomous discretization of {T}}i>0 is weakly mizing.

Finally, we recall the following important result due to Conejero, Miller and Peris.

Theorem 1.4. [10, Theorem 6.8] Let {T;}1>0 be a strongly continuous semigroup on X. Then the following
assertions are equivalent.

(i) {Ti}i>o0 is hypercyclic;
(ii) every operator Ty is hypercyclic for t > 0
(7ii) there exists to > 0 such that the operator Ty, is hypercyclic.
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1.8. Directed metric trees

In this section, we establish the fundamental structure for our investigation, namely the directed metric
tree. This construction starts with a directed tree, which is then endowed with a continuous metric structure.
We recall that a directed tree is a connected graph G = (V, E) without cycles. That is:

(i) V is a countable set of vertices.
(i) EC (VxV)\{(v,v):v €V} is the set of directed edges (or arcs).

(7ii) For every u,v € V, u # v there exists a finite sequence of vertices vy,...,v; € V such that (u,v),
(v1,v2), (va,v3), .y (Vk—1,k), (Vk,v) € E.

(iv) There are no closed sequences of vertices vy,...,v; € V such that (v1,va), (va,v3), ..., (Vk—1,Vk),
(’Uk,vl) € FE.

(v) For each vertex v € V, there is at most one vertex w € V such that (w,v) € E. In this case, w is the
parent of v and v is a child of w.

A vertex without children is called a leaf.

We obtain the directed metric tree L(G) by assigning a coordinate z. € [0,1) to every edge e € E,
increasing in the direction of the edge. Thus, we identify each edge e with the interval [0,1). For an edge
e = (v,w), v is the tail and w is the head.

A directed metric tree is rooted if there exists a vertex, called the root, that is not the head of any edge
(i.e., no edge enters the root). If no such vertex exists, the tree is said to be unrooted.

The geometric structure of L(G) can be described by the edge-to-edge incidence matrix 4. Indexing the
set of edges as E = {e;}icr, the entries of A are defined by:

A {1 if the head of e; is the tail of e;,
ij =

0 otherwise.

Since the tree structure dictates that each vertex has at most one parent, it holds that
Viel: card{iel :A;#0}) <L

That is, each column of A contains at most one non-zero term.

The powers of A track paths along the tree: (A™);; # 0 if and only if there exists a directed path of
length n starting with edge e; and ending with edge e;. We denote the set of indexes of edges reachable
from e; in n € IN steps as:

Mn(i) ={j €I : (A")i; # 0},
while we set My (i) := {i}.
Observe that, due to the geometry of the tree, for any n € N,

M)\ M,(j) =0  ifi#j. (1.1)

We now define the functional space on L(G) on which the dynamics will be studied. A function f on
L(G) is identified with the family of its restrictions to the edges, (f;)icr, where f; = fle, : [0,1) = K (with
K=RorC).

A weight on L(G) is a family p = (p;)icr, where p; : [0,1) = R, p; € L'((0,1)) and is a.e. strictly positive.
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For a given exponent p € [1,00), we define the weighted space on a single edge e; as:

L8.0,1) :=={f :[0,1) — R : f is measurable and [f[’p; € L'((0,1))},

1

endowed with the norm ||f]|, ,, = (fol \f|Ppidgc) "
Naturally, the value at 0 of a function f € L [0,1) carries no measure-theoretic information, but we
prefer to include 0 in the interval where these spaces are defined to better highlight the geometric framework.
The space of functions on the entire metric tree, LL(L(G)), is then defined as:

Ly(L(G)) = {(fi)ief D fi € LB [0,1) and Y |Ifillp,, < OO}-

il
This space is a Banach space when equipped with the norm:

1

1fllp.p = (Z ||f¢||”,pi> p v F=(Fier € L(L(G)).

icl

It will be useful to observe that condition (1.1) yields for any f € L5(L(G)) and for any n € N

1AE, =SR2, =3 S s

i€l i€l jEM, (3)

(1.2)

p
p,pj°

A straightforward proof gives that

F? = @ier L5, [0,1) =
= {(fi)ier : fi € L,]0,1) and there exists a finite set F C I s.t. f; =0if i e I\ F}
is dense in LE(L(G)), and, consequently, ®;erCe.(0,1) is dense in LE(L(G)).
1.4. Left translation semigroups on directed metric trees
We now define the left translation semigroup {73};>0 on Lb(L(G)). This family of operators describes
the flow of a function’s value along the directed paths of the tree. For any s € [0,1) and t > 0, let n(t, s) be

the integer part of s+t, i.e., the unique n € Ng such that n < s+t < n+ 1. Keeping in mind that s € [0, 1),
if ng <t <mng+1, then

if 0 <s< +1-t
n(t,s)—{no ph=s s (1.3)

no +1 ifn0+1—t§s<1.
For f € LH(L(G)) and t > 0 we define the left translation T} as
(Tof)(s) = A" f(t + s —n(t,s),  s€0,1).

More in detail, for f = (f;)ier € LE(L(G)) and t > 0, the value of the translated function is given by:

(Tif)i(s) = > (A™)- fit+s—n(t,s), i€l sel0,1).

JEMp(t,5) (%)
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The map defined in this way can intuitively be seen as a left translation with several contributions that
are described by the matrix A.
Note that if t = n € IN, then n(t, s) = n for every s € [0,1) and therefore

(Taf)ils) = Y (A~ fils),  s€[0,1).

JEMn (3)
Remark 1.5. If the tree is a rooted sequence of connected edges of the following type:

€1 €2 €3

it holds that
(A £0ej=itn,
hence for every (f;)ieny € LP(L(G)) and every i € N
(T3f)i = figne,s)(t+5—n(t,s)), s€0,1), t>0.
Clearly LF(L(G)) is isometric to LE([0, +00)), with

p(s) = pi(s — 1), se€fi,i+1), i€ N, (1.4)

via the isometry

®: (fi)ier — f

where f(u) = fiu)(u — [u]) for any u € [0, +00).
Under this isometry, the left translation semigroup on the directed metric tree turns into the classical
left translation semigroup (7});>¢ on Lg[(), +00). Indeed, for every f € LE(L(G)) and u € [0, +00)

(@(Te((fi)ien))(w) = [Te((fi)ien)] ) (u — [u])
= frultn(tu—fu) (t +u —[u] = n(t,u —[u])) = ©((fi)ien)(t + u)
= Ty(®((fi)ien))(w).

Analogously, if the tree is an unrooted sequence of connected edges, then LE(L(G)) is isometric to LE(R),
where p is defined on R as in (1.4), but with ¢ € Z. In this case, the left translation semigroup on the
directed tree turns into the left translation semigroup on Lg(R).

2. Strong continuity for the translation semigroup on directed metric trees

In this section we provide a characterization of the weight p such that the translation semigroup {T}}:>0
is strongly continuous on the weighted space Lb(L(G)).

We begin with the following preparatory result that can be proved by adapting the proof of [8, Lemma
4.3].

Lemma 2.1. (see [S, Lemma 4.3]) Let E C R? be a Lebesque measurable set, I a finite or countable set,
p = (pi)icr a family of positive measurable functions on E, and define the set
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V= {('Ui)ie] : v; measurable on E for every i € I, Z [vi(s)] =1 for all s € E} .
icl

Then, for every s € E

. o) L\
(ujifGV (Z [vi(s)] Pi(5)> = (Z MM) . I<p<oo.

iel iel
Proposition 2.2. Let p = (p;)icr be a weight on the directed metric graph L(G) and let M > 1 and w € R.

(a) The following assertions are equivalent:
(i) The family {T}i>0 is a strongly continuous semigroup on LL(L(G)) such that ||T;|| < Me™* for
allt > 0;
(ii) forallie I, t>0, and a.e. s € [0,1)

(s) < Me™t inf i(s+t—n(ts)).
pils) i pls =)

(b) Let 1 < p < co. Then the following assertions are equivalent:
(i) The family {T;}i>o is a strongly continuous semigroup on LP(L(G)) such that ||Ty|| < Me™* for all
t>0;
(ii) forallie I, t>0, and a.e. s € [0,1)

p—1

1 1
> < MPervt——
i(s+1t— 1/(p—1) = _
jeMn(t,s)(i) pj <S t n(t,S)) pl(s)

Proof. (a) (ii) = (i): We first show that for every ¢ > 0 the map T} is a continuous operator on L}(L(G))
and ||Ty|| < Mevt.

Fix tg > 0 and let ng € N U {0} be such that ng <ty < n9+ 1 and f € L}(L(G)). Taking into account
(1.2) and (1.3), we compute the norm of Ty, f and apply condition (i¢), so that:

1Tt fll1p =
no+1—to
- Z / [(A™ f); (s +to — no)| pi(s)ds
i€l
1
+ / [(A™Ff), (s +to —no — 1)| pi(s)ds
i€l g,
no+1—to
:Z / Z [i(s+to—mno)| pi(s)ds
i€l JEMng (3)

1
+Z / Z fi(s+to—mno—1)|pi(s)ds
i61n0+17t0 jGMnO+1(i)
no+1—tg

<> [ X b+t ol

el 0 JEMpn (3)
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+% [ X st Dlplds

ieI’I’L()Jrlfto jGMnO+1(i)
no+1—to

< Mewtoz / |fl(5+t0—ﬂ0)|pz(5+t0 —no)ds
i€l 0

L —

€l no+1-t0

1
= Me"" Z / | fi(s)|pi(s)ds = Me™ ]| f]|1,,.
0

iel
As a consequence, the family {T}},>0 is locally equicontinuous on L}(L(G)).
The strong continuity of the semigroup is established by showing that

%% HTtg - 9||1,p =0

holds for g in a dense subset of L}(L(G)), specifically for g € ®;c;C.(0,1) (see Proposition 1.2).
To this end, let g € ®;c1C:(0,1), I, := {i € I | g; # 0} and € > 0, and observe that g; is uniformly
continuous for each i € I,;. Since I, is finite, there exists some 0 < ¢ < 1 such that

Z'S+t — g;\S 61
|9 )g()|<22i61gfopi(5)d3

for all s € [0,1), 0 <t <t and i € I,. Then, for 0 <t < ¢, we obtain

Z / l9i(s +1t) — gi(s)| pi(s)ds = Z / lgi(s +1) — gi(s)| pi(s)ds < €/2.

i€l i€ly

On the other hand, there exists some 0 < tg < ¢ such that for all ¢ < tg,

Me®t Z/|9¢(S)‘Pz‘(5)ds = Mevt Z / lgi(8)|pi(s)ds < /4
0

i€l iely
and also
1 1
3 / g:(s)lpils)ds = 3 / 10:()|pi(s)ds < e/4.
iely”, icly”,

As a consequence, for t < ¢y, we obtain:

|Trg — 9”1,,0 =

-3 / 955 + 1) — 04(5) pa(s)ds + 3 / (Ag)i(s + 1 — 1) — gi(s)|pi(s)ds

i€ly | il
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1-t

<3 [ losts +0) = gi(s) ()i

el

1

+Z/|(Ag) (s+t—1)|pi(s d5+2/|gz )pi(s)ds

il il

<Z/|gzs+t — i(3)] pils)ds

el

1
+Z/ > ails+ 11| po)as+ X [ Lol

i€l |jEM1(3) il

<Z/|gzs+t — i(3)] pi(s)ds

i€l

Meth/ Z lgi(s +t—1)|p;(s+t—1)ds

1t€ly” y jEM;y(7)

+Z/\gz )|pi(s)ds

€197 4

<Z/|gzs+t — i(3)] pi(s)ds

i€l
t

+:e S [lan(s)lpits)ds

i€l

+Z/‘gz )pi(s)ds < e,
i€l 7y

where we applied (1.2) to get the last inequality.

(i) = (ii): Let us now assume that {7}},>0 is a strongly continuous semigroup in L}(L(G)), such that
| T:|] < Me™ for all ¢t > 0. Assume that (i) does not hold. Then there exist ty > 0 and iy € I such that
the set

B:={s€[0,1) : pjo(s) > Me™™ inf  pj(s+to—n(to,s)}
]eMn(tO,s)('LO)

has Lebesgue measure A(B) > 0. Let ng € N U {0} such that ng <ty < ng+ 1. Then B = By U By, where

By = {s €[0,n0 +1—1t9): piy(s) > Me™ ™ inf pj(s+to —ng)},
JEMH()('LO)

By = {3 €[no+1—to,1):piy(s) > Me“™ inf  pi(s+to—mng— 1)} .
JEMny+1(i0)

Clearly either A\(B;1) > 0 or A\(Bz) > 0. Assume without loss of generality that A(By) > 0 (the argument for
A(Bz2) > 0 is entirely analogous). Since
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By C U {s €[0,n0+1—to] : piy(s) > Me"pj(s+t—mno)}
jeMno(iO)

we get that there exists jo € My, (o) such that the set
Bl ={s€[0,n0+1—to] : pi,(s) > Me“ pj (s +t—mng)}

has strictly positive Lebesgue measure. Define the function f := (f;):cr as

1 ifizjoandueB{U—l—to—nO;
fi(u) :== .
0 otherwise.

Clearly f € L,(L(G)) and

1l =3 / F()|ps(s)ds = A(BJ) > 0.
0

iel
Nevertheless,
no+1l—to
1Tl = / [(A™ f)i(s + to — no)lpi(s)ds-+
i€l )

£ [ A s o = o = D)

el -t

no+1l—to
=Y [ 1Y st mlesds
il 0 JEMn ()

5 [ 1Y plerte-m-Dlntsds

i€l {1ty TEMngt1(3)

no+1—to no+1—to
=Y [ 1Y flert-nlads= [ 1l to—nolpy (5)ds
iel JEMn (1) 0

— [ 15+ to = mo)lpi(s)as
B0
> Met / | fia (8 + to = 10) pjo (5 + to — no)ds = Me*A(B}") = Me*|| f||1,p,
Bio

which contradicts (i). Hence (a.i¢) must hold and the conclusion follows.

(b) (ii) = (i): Consider o > 0, ng € N U {0} such that ng <t <ng+ 1 and f € LE(L(G)). Let p* be
the conjugate exponent of p. By observing that p*/p = 1/(p — 1), by (4i), Holder’s inequality and (1.2), we
obtain

ITe0 FII5,0 =
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no+1—to
= Z / [(A™ f)i(s 4+ to — no)|Ppi(s)ds+
iel Y

+Z / (A" £)i(s +tg — o — 1)|Ppi(s)ds

icl

no+1—tg
no+1—to 4
- Z / Z [i(s4+to —no)| pi(s)ds+
i€l 0 JEMn ()

p

1
+Z / Z fi(s+to—mno—1)| pi(s)ds

ie]’no-'—l—to jEMn(J‘Fl(i)

no+1—to ( +t )1/p D
i(s —n
e DR B I D ot AT
iel FEMn, (3) pj(s+to —mno)t/?
’Vlo
1 y
i(s+tg—mng—1)"/°
+Z Z fj(5+t0—n0—1)p3( 0 0 )1/ pi(s)ds
€041ty [JE€EMng+1(9) pj(s+to —ng —1)1/P
no+1—to n
no+1—to
SZ / Z |fj(5+t0_nO)‘ppj(S—Fto—no) X
el 0 jGMnO(i)
p—1
1
X Z pi(s)ds
; — o)L/ (-1
GEM g (i) pi(s+to —no)/r
1
> S (s +to—no—1)Pps(s+to—no—1) | x
€ 0+1—ty \IE€Mng+1(9)

p—1

% > ! pi(s)ds

pi(s+to —ng — 1)/ =1

JEMpy41(4)
no+1—to
< MTerty S 1f5(s + to — no)lPps(s + to — no)ds+
i€l 0 FEMp, (i)
1
+ Mreny ST fi(s 4 to —no — DIPpy(s 4 to —no — 1)ds

ie[’ﬂo+17t0 jGM"0+1(j)

< MPere| £} .

Hence, it follows that the family {T}}:>0 is locally equicontinuous.
Now we prove that the semigroup {7} }+>¢ is strongly continuous. Let g € ®;c1C.(0,1), I, :={i € I | g; #
0} and € > 0. As in case (a), it is easy to see that there is some ¢y € (0, 1] such that for 0 < t < t:

> / 195 (5 +) = g; ()| pi(s)ds = Y / lg; (s + 1) — g;(s)[” pj(s)ds < /2,

J€l j€ly
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1 1
S 1o Poeis =S [ la6rmnds < 350,
jellft je[glft

waiiﬂmlm @—Mwmilﬂmlm %<%H

LEI i€ly 0

Therefore, by condition (b.i7), for ¢ < to we have:

ITeg —gll7.,

—Z/|gls+ ~ai(s) s ds+2/|Ag (s = 1) = g(s)Ppi(s)ds

icl 0 7,611 t
<> / 935+ 1) — g:(s)[" pi(s)ds
el
+2 12/\«49 (54t = )Ppi(s)ds +27 12/'91 Foile)
icly”, i€l
<y / 955+ 1) = 59" pi(s)ds

iel 0

1
. _|_t_11/P
+2p712/ Z gj(s_i_t_l)u d8+2p 1Xj/lgz |ppz )

. —1)l/p
i€l |jEMy () pils +t—1)

1€1g17
1—t
<Y [t 0= g pls)ds
iel
1 p—1
_ 1
b2 [ gtrt-vrmere-n ]| X | plas
A , 4 , pi(s+t =1t
1€l \JEM1(7) JEM; ()
+ 2P 1Z/|gt ‘ppt s)ds
1€Ig1 ¢
<y / (s 1) = g9 ()
el 0

1 1

+ Mty / S lgils +t—DPps(s+t—Dds +2270 3" [ gi(s)[Ppis)ds
i€l jeM(i) i€lg1"y
—t

<X [t )= g pils)ds
0

iel

+ MPePvior— 1Z/|gl )P pi(u)du + 2P~ 1Z/|gZ )Ppi(s)ds < e,

el tel”
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where we applied (1.2) to get the second-last inequality. Hence the conclusion follows by Theorem 1.2.
(i) = (i1). Assume that (b.i¢) is not satisfied. Then there exist some tg > 0, ig € I, such that the set

1-p

B:={sec0,1): 3 ! < Pal®)

) _ 1/(p—1) wt
JEM, e (o) p;(s+to —n(to,s)) M ewto

has strictly positive Lebesgue measure. Let ng € N such that ng <ty < ng + 1. Then B = By U By where

1—p
1 Pio (5)
By :=q¢se€[0,ng+1—1tp): Z T < =L
’ . — /(p—1) pepwt ’
Jebne (o) pi(s+to —no) MPepwto
1-p
1 Pio (5)
By = SE[TL0+17t01)Z Z 1 <
’ . _ _ /(p—1) D ppwt ’
JEMng1(io) pils o —no—1) Mpepeie

hence By or By have strictly positive Lebesgue measure. Assume without loss of generality that A(B1) > 0.
By Lemma 2.1, there exists a sequence (v;(-+to—no))jem

.o (i) Such that every v;(-+to—ny) is measurable
on By, for every s € By

Z |vj(s+t0—n0)|=1,

jEMno (ZO)
and also

pio(s)

Z [vj (s +to —n0)|"pj(s +to —no) < Wperuto’

JEMn (o)

Define the function f on L(G) such that

f(t) L Uj(t) lfj S Mno(iO) and t € Bl +to — No;
N0 otherwise.

We have the following.

HTtof |£,p =
no+1—tg
= / [(A™ f)i(s + to — no) [P pi(s)ds+
icel 0
1
£ [ Il o — o — DPpiCs)ds
i61n0+17t0
no+1—to p
=> / Y fils+to—mno)| pi(s)ds+
i€l b My (@)

p

+Z / Z fi(s+to—no—1)| pi(s)ds

i61n0+17t0 jGMTLO+1(i0)
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no+1—to P
= [ | X st s = [ s
0 J€Mnq (ig) B1

Nevertheless,

112, = / () Ppi(s) / S ()P s

zGI iel

:/ Z |fi(s+to—n0)Pp;(s+to —no)ds
B, J€Mnq(io)

= / Z |Uj(5‘|‘t0 —n0)|ppj(8+to — ng)ds
B, J€Mnq (io)

Pio (5) ds — | T, £1IP

< e
MPepwto MPpepwto’

B,

which contradicts the assumption, and therefore (b.74) must hold. O

Remark 2.3. When considering the specific tree structure described in Remark 1.5, conditions (a)(ii) and
(b)(ii) become:

pl(s) < MPePwt
pi+n(t,3)(8 +i— n(t, 5)) h

for all i € N, ¢ > 0 and almost every s € [0,1). By translating this property to the weight p on the half-line
[0, 400), we get that:
p(u) < MPeP plu +t), t>0, ae u>0.

This inequality is the precise condition that guarantees the strong continuity of the classical left translation
semigroup on the space LZ([0,+00)) (see [10, Example 7.4]).

In the following, and in order to avoid some technical problems, we will consider a slightly stronger
condition for the weight p.

Definition 2.4. Let p = (p;)ier be a weight on the directed metric tree L(G) such that for every ¢ € I and
for every s € [0, 1) it holds that p;(s) > 0. Then p is said to be a p-admissible weight for L(G) if there exists
M >1 and w € R such that for alli € I, s € [0,1) and ¢t > 0:

pi(s) < Me™" inf  pi(s+t—n(ts)) ifp=1 (2.5)
jEMn(t,s)(i)
p—1
L <M”e”wt# ifl<p<oo (2.6)
_ 1/(p—1) - . ’ ’ :
Jeag (o) P8 T E—nlt,8))H " pi(s)

Remark 2.5. Observe that under conditions (2.5) and (2.6), it holds that, for every i € I, s,t > 0 such that
0<s+t<1

pi(s) < Me'pi(s +1)
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and therefore, 0 < p;(0) < Mel®!p;(t) for every t € [0,1). Hence we get that inf 0,1y pi(s) > 0. Moreover,

i(s) < Me®(=%) inf (0 ifp=1
pi(s) < jeMl(i)pg( ) p
1-p
pi(s) < Mev(1=9) Z p;(0)~1/ =D if 1 <p<oo.
JEM; (3)

In any case, p; is bounded and bounded away from 0 on [0, 1).
3. Hypercyclicity for the left translation semigroup on directed metric trees

In this section we provide necessary and sufficient conditions for a p-admissible weight sequence (p;)icr
that ensure hypercyclicity for the translation semigroup on directed metric trees. We begin by observing
that, if the directed tree G has a leaf, then the left translation semigroup cannot be hypercyclic in any
admissible space Lb(L(G)). Indeed, let f € LP(L(G)) and e = (v;,,v;,) € E be such that vj, is a leaf of

G. Then it is clear that (T;f)c(s) =0 for all £ > 1 and 0 < s < 1, and therefore the semigroup cannot be
hypercyclic.

Theorem 3.1. Let L(G) be the directed metric tree associated with G = (V, E). Assume that L(G) is rooted
and that G is without leaves.

(a) The following assertions are equivalent:
(i) the translation semigroup is hypercyclic on L} (L(G));
(ii) the translation semigroup is weakly mizing on L) (L(G));
(iii) there exists some increasing sequence (np)nen € NN such that for alli € I:

lim  inf inf p,(s) =0.
h=300 jEM,, (i)se[O,l)p]( )
(b) If 1 < p < oo, the following assertions are equivalent:
(i) the translation semigroup is hypercyclic on LH(L(G));
(ii) the translation semigroup is weakly mizing on LL(L(G));
(iii) there exists some increasing sequence (np)peny € NN such that for all i € I:

1
lim sup — | = .
h=o0 s¢0,1) je%(i) pj(s)1/P=1)

Proof. We will only provide the proof of assertion (b), as the proof of (a) is analogous.
The equivalence of (i) and (i) follows from the fact that F? is a dense subspace such that the orbit of
each f € F} is bounded (see [10, Theorem 2.48]).

Along the proof, it will be useful to observe that the limit in (ii7) can be reformulated as
-1

1
lim inf E _— =0.
o0 s ; 1/( 71)
hovooselo) | o pj(s)t/®

We will prove that (iii) = (i), by showing that given € > 0, and f1, fo € FY, there is some g € LE(L(G))
and t > 0 such that
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Ifi = 9gllp, <e and Tig= fo,

which by density of F? implies that {T;}+>0 is topologically transitive and consequently the translation
semigroup will be hypercyclic.
Observe that since f; € FP, there is some Ny € N such that

T.f1=0

for all n > Ny. Now, take M > 1 and w € R such that p satisfies the condition (2.6). Furthermore, define
L:={iel:(f1)i#0}, I:={ie€l:(f2);+# 0} and the constants:

Cy = min infsejo,1)pi(s) >0, Cp:= rlyéz}zcsupse[o,l)pi(S) > 0.

Given 0 > 0, by (ii%) we have that there is some ny € N such that n, > Ny and for all ¢ € Iy there exist
some $; p, € [0,1) with

o -1
FEM,, (i) Pi(Sian )/

By Lemma 2.1, for each i € Iy there exists a sequence (V]Z:)jeMnh(z‘)a uji» > 0 such that
Z yj? =1 (3.8)

and also

Z |V;|ppj(si,nh) < 4. (3.9)

JEMy, (3)

Define the function g € LH(L(G)) such that

(f1)i(s) if i € Iy;
gi(s) == < (fa)i(s)vl  if i € M, () for some [ € Is;
0 otherwise.

Since ny > Ny we have by (3.8) that if ¢ € I5 then

(Tn,.9)i(s) = Z (f2)i(5)V;‘ = (f2)i(s).

JEMn,, (3)

On the other hand, if i ¢ I3 then (T}, g); = 0, and consequently T, g = fa.
Now we prove that || fi — g||p,, < €. By equation (3.9) we have:

I —gll2, Z/| 11)i(5) — gi(s)Ppi(s)ds

-y ¥ / ()il P (s)ds

l€l; jeM,, (D)
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= Z/Kfz)l(S)\p > WhPpi(s)ds

€ JEM,, (1)

1
<3 [Iner Y e s < 5Z/|fz s

Il JEM,,,, (1) Il )

< 0152/' PUEP () = 31l

lels 0

We obtain the assertion by choosing ¢ = || fallpheP.

We will now prove that (i7) = (). Assume that the translation semigroup is weakly mixing but p does
not satisfy condition (¢i¢). By Theorem 1.3 every autonomous discretization is weakly mixing, which holds
in particular for the sequence (7, ),en. As a consequence, the sequence (7},),, is hereditarily transitive (see
e.g. [10, Exercise 1.6.4]), namely there exists an increasing sequence of natural numbers (ny)ren such that

(Tin, )keN is transitive for every subsequence (my)ren of (nk)keN-
Assume that there exists some ig € I such that

-1

1
lim inf — | <o
P (a)1/(p—1)
k—o0 s€[0,1) jer (io) p;(s)t/

Then there exists a subsequence (ny¢))een and g9 > 0 such that

1-p

1
inf E _— > £p.
s (s)1/(p—1)
€fo,1) JeMir o) p;(s)

Taking Remark 2.5 into account, we get that there exists some K > 0 such that

1-p

pus) <K | 3 !

(5)1/(p—1)
JEMuy g, (i0) p;i(s)

for all £ € N and s € [0,1). Now, consider g € LE(L(G)) defined as

2l-1/p e e
gi(s) := ¢ Pio(s)1/7 i = do;
0 otherwise.

By equation (3.10) and Hélder’s inequality, for any f € LP(L(G)) such that [|f|b , <

obtain:

1T f gl =3 / (A" £)i(s) = gi(s)|Ppi(s)ds

el

(3.10)

%andanygere

1 1
/| A™© ), (5) — gio ()P pi, (8)ds > / (27P1giy ()P = [(A™© £ (5)]7) pig (s)dss
0 0
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p

(A 1) (9 (s =1 [ 56| pus)ds

JEMnk@) (i0)

O\H

p—1

S 15 )e(s) S | pulss

. ‘ , . pj(s)pe/p
JEMn, ¢ (i0) JEMn, ) (i0) i

vV
—_
\
O\H

1

>1-K / S 1) Pas(s)ds

0 jEM”k(&) (lo)

>1-K|fl5, = 1/2.

Hence, the sequence of operators (T, ke

translation semigroup is weakly mixing, condition (¢4¢) must hold. O

)eeN is not transitive, which is a contradiction. Therefore, if the

Remark 3.2. A slight modification of the proof of Theorem 3.1 allow to show that, either on L}(L(G)) or
on LB(L(G)), the translation semigroup is mixing if and only if condition (i77) on the weight of the space
holds for the full sequence (n),en.

We will now characterize hypercyclicity for the unrooted case. In order to do so, given a directed metric
tree L(G), where G = (V, E) is a directed tree, and E = (e;);er, we define K,,(j) € I as the index of the
unique edge such that j € M,,(K,(j)). The edge ek, ;) can be considered as an ancestor of e;. Moreover,
we define the set

Ny
n=1

and observe that if j; € G(j) then G(j1) = G(j).
Furthermore, we say that j; ~q j2 if j1 € G(j2), so that ~¢ defines an equivalence relation on E.

Theorem 3.3. Let G be an unrooted directed tree without leaves and let L(G) be the directed metric tree
associated with G.

(a) The following assertions are equivalent:
(i) the left translation semigroup is hypercyclic on L;(L(G));
(it) the left translation semigroup is weakly mizing on L,(L(G));
(iii) there exists an increasing sequence (ny)n € NN such that for alli € I

1. . f : f . :07
hlargoself(l),1)jeflwrih(i)pj(8)

and

lim inf min i inf (s) p =0.
h—o0 s€[0,1) {pK”h( )( ) ]eMnh(Knh(l))pJ( )}

(b) For 1< p < oo, the following assertions are equivalent:
(i) the left translation semigroup is hypercyclic on Lb(L(G));
(ii) the left translation semigroup is weakly mizing on Lb(L(G));
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(iii) there exists an increasing sequence (np,)n, € NN such that for all i € I

1
lim sup L ~
P20 selon) \ e oy P38/ TY
and
1 1
lim sup T I S R
h=0 sef0,1) \ PK, () ()Y 2 p;(s)1/(P=1)

JEMn,, (Kn,, (1))

Proof. Since the proofs for both cases are similar, we only present the proof of case (b). We turn first our
attention to the implication (7) = (7).

We will prove that given a finite subset ' C I, for every € > 0 and every N € N there exists n > N such
that for every i € F:

1 1
sup T N1 > -,
s€lo.1) je%u) pi() 7Y :

1 n Z 1 S 1
Sup | —————— =D e
s€0.) \ Pr ) ()77 e, (K (i) i)/ ‘

The assertion will follow by taking an increasing sequence (Fj)pen of finite subsets of I such that
Uy, Fr = I and a sequence (ep,)pen of positive numbers tending to 0. Then, we can construct an increasing
sequence (np)pen of natural numbers such that

1 1
Vh € N Viec F, sup SR
s€[0,1) jel\%(i) pj(s)t/(p=1) .

1 n Z 1 S 1
sup — _ —.
s€[0,1) meL(i)(S)l/(p 1) T, pi(s)1/(=1) €n

If i € I, then ¢ € F}, for any h > hg for some hg € N, and therefore

1 1
Vhe N, h>h: S
= ItQ sup pj(s)l/(pil) e

s€0D \ jeM,, (i)

St Y i) o
sup — —_— il
s€[0,1) PKnh(z‘)(s)l/(P 1) senn, o () p;(s)1/(=1) e

and the assertion follows.

So, consider a finite subset F' C I and a subset H C F such that for all i € F there is some i; € H
such that 41 ~¢ i and if 41,42 € H then i; g iz (namely H is a set of representatives with respect to the
equivalence relation ~¢ in F'). Define the functions

(fr)i(s) := { (1) ifi ek, for all s € [0,1),

otherwise
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1 ificH,
(fr)i(s) == { 0 otherwise for all s € [0,1).

Since the semigroup {T;};>¢ is hypercyclic, by Theorem 1.4, it follows that the operator T3 is also hy-
percyclic. Hence, given e €]0,47 min;er inf p;[ and N € N, there exist f € LP(L(G)) and n > N such

that
1f = Fatllps < g7 1Tt = ol < 75
and we can choose n large enough so that
HnNM,(F)=0, K,(H)NF=1
and
,JEF, i~gj = K,()=K,().

Claim 1:foralli e F

1 p—1

1 4 p=T 1 € o
Sup —Te-0 | = (7) ((lnfp )p — _)
s€[0,1) jG%(i) pj(s)l/(lﬂ 1) ep sup p; i 4%

Indeed, by (3.11) and (3.12), for each i € F

1

> [1ereeds < .

JEM ()

and

=

1

JITie) =1 pis)ds | < 1Tt = el < 575

0

and therefore

=
=

1

0

Hence, we get:

(inf p;) 7 — 5 <

4»
1 v 1 p »
Jianrnas | = ([ S 56| s
0 0 |7€Mne)

8=

p—1

1 1
< / @ | | X | s

JEMy (i) JEMy(5)

1
€ 1 €
/|(Tnf)i(s)|”pi(s)ds > O/pi(s)ds i > (inf p;)» — 4—%

(3.11)

(3.12)

(3.13)
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p—1 1
P 1 P

: 1
) s€f0,1) 2 ) pi(s)/=D Yo [ fG)Pes)

JEM,, (i JEMn () o
p—1
. € (s ); 1
S upp p . Sup —
a T selon FEM () ps()t =)
Consequently:
1 4 \7T =
rp— 1 € r
sup — | > <7> ((mfp )p — —)
s€[0,1) je%@ pj(s)t/(P=1 €P sup p; ' 4%
Claim 2: For each i € F
1 1 1
sup ————— + — > —
2o\ reemren 2 oG | 2 garen

Observe that, by the definition of H and (3.13), it is enough to prove Claim 2 for any ¢ € H. To this
aim, fix i € H and consider the function g defined by

gj(s){fj(s)—aij ifj € MaFali) oy,

0 otherwise ’

By (3.11) we have

1

3 /@@Wmm

jeMn(Kn(i)) 0
1

= [1s) = 1Pois+ S /m 0
0 JEMn (Kn(i))\{i}

EP
<||f = fallf < R

by observing that (M, (K,(i))\ {i}) N H = (). Therefore

A s€0,1) : Z lgi(s)[Ppj(s) > €
JEM (K ()
1 1
1
g;/ 93(5)Ppi(5)ds < 7.
0 JEMn(Kn(i))

Hence there exists some set Fy C [0,1) with A(Ey) > 3/4 such that for all s € E;

ST gi(s)Pei(s) < e

JEM: (Kn (7))



22 E. Mangino, A. Vargas-Moreno / J. Math. Anal. Appl. 564 (2026) 130883

By (3.11) and (3.12), for each i € H we have

1 1 P
/|(Tnf)Kn(i)\pPKn(i)(S>d8=/ S HG)| pr,(s)ds
0 0 JeMn(K'n(z))

1 p

P
:/ 1+ Z g;(s) PK, (i) (8)ds < T
) JEM (K (1)

and, again we conclude that there exists a set E2 C [0,1) such that A(Ez) > 3/4 and for all s € E,

p

PE,.i)(8) || 1+ Z g;i(s) || ds <€P.
JEMn (Kn (%))

Define now E := Fj N Ey. Since A(E1), A\(E2) > 3/4, it is clear that A(E; N Ez) > 0. Let 59 € E. If
PK,. (i) (50) < (2¢€)P, then Claim 2 is satisfied. If px, (;)(s0) > (2€)P, then

p

1
1+ > gi(s0) < 5
GJEM, (K (i)

This yields that

1
> lgi(s0)l = > gilso)| = 3
JEMy (Kn(i)) JEM, (Kn(i))
For any j € M, (K,(i)), consider the functions
_ 95(s0)
vj(s0) = 5 XEN{pi, 1)>(2€)P} so €[0,1).

e, (1 (i) 195 (S0)]

Every v; is measurable on E'and 3~y (i)) [vj(s0)| = 1 for any s € EN{pk, ;) > (2¢)?}. Therefore, by
Lemma 2.1,

1-p
1
- . P, P
Y | £ Y bl <2)
JEMu (K (i) 7 JEM, (Kn (i)
for any so € EN{pk, ) > (2¢)7}.
Hence for any sg € E
1

>
e/ —1) = Jp—1)°
GEM, (K (3)) pi(s0)t/r (2e)/te

and Claim 2 follows.
To prove the implication (iii) = (i), it is enough to show that, given fi, fo € F} and € > 0, there is some
g € LB(L(G)) and t > 0 such that

[f1=9gllp, <e and |Tzg — fallp, <e.
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Without loss of generality, we can assume that, for k = 1,2, if (fx); # 0 for some i € I, then (fx), =0
for all b ~¢ i, h #i. Indeed, any f € F} is a linear combination of functions satisfying this condition.
Define Iy :={i € I : (f1); # 0}, Is :={i € I : (f2); # 0} and the constants:

Ci:= min inf p;(s) >0 C5:= max su i(s) >0
! iellubse[o,l)pz() 2 iehubse[(ﬁ)p’()

Clearly, there is some Ny € N such that for all n > Ny

(U Mn(i)> NI =90, <U Kn(i)> NI, =0 (3.14)

i€l i€l

for all n > Nj.
Given fixed 01,02 > 0, by (4i7) there exists ny € N, ny, > Ny, such that for all ¢ € I there is s;,, € [0,1)
for which

1 1 1
(s Z (s, /(p=1)
P, () (Siinn) GEMy, (Ko, () Pi (i) /7 o
and, for every i € Iy, there exists ¢; ,, € [0,1) such that
= K
At p, VI (P—D) 0o
jeMnh (Z) p] (tlynh) 62

Then, for every i € I}

1 1 1 1
> — or

. . (q. 1 —1
pK'nh (Z) (S'L,nh) 261 jej\/lnh (Knh (7)) p] (S'Lanh) /(p )

hence we can write I; = J; U Jy where

1 1
Ji=<ielj: —— > — 5,
1 { ' pKnh(i)(Si,n;L) 201 }

1 1
pe=dien | Y L ). L
(84, )H/ (P=1) 20

Jery Gow, (i) P (51mn) L

By Lemma 2.1, for each i € J, \ J; there exists a family of numbers (ué‘)jEMnh(Knh () ué > 0 such that

> ufy =1 > 517 pj(sin,) < (200)P7,

GEMp, (K, (1)) JEMn), (Kny, (1))

and for every i € I, there exists (V;)jej\/[nh (i)> V§ > 0 such that

i 7 —1
> ovi=1, > WiPptim,) <5

JEMp, (i) JEM., (7)

Now, define the function g € LH(L(G)) such that
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(f1)i(s) if i € Jy;
(f1)i(s)(1 = uf) ifie o\ Ji
gi(s) == ¢ —(f1)i(s)ul it i € M, (Kp, (1)) for some [ € Jo \ J; and i ¢ I;,;
(f2)i(s)v! if i € M, (1) for some [ € I;
0 otherwise.

Ifl e Jy and j € M,, (K, (1)), then, by (3.14) and (1.1), j ¢ M, (I2) and j ¢ M, (K,, (J2\ J1)), so

(Thn9) i, (1)(8) = > gils) = (fls).

JEMn,, (K, (1))

If I € Jy \ J1, then for every j € M, (K, (1)) it holds that j ¢ M,, (I2) and

T, = > gls)=0hs)— Y (fls)g =0.

JEM,, (Ko, (1) JEM,, (Ko, (1)

If | € My, (I2) then

Tod)rn 0= S G, 0, Y = (f2)k, 1 (5).

JEM, (Ko, (1))

(3.15)

(3.16)

(3.17)

Finally, if i € 1\ (K, (J1) U Kn, (J2 \ 1) U Kn, (Mo, (1)) = T\ Ko, (It U My, (1)), then My, (i) has

empty intersection with the support of g, hence (T5,, g) (s) =0.
By (3.15), (3.16) and (3.17) we have:

1

C
Tus — fall, = / S I pxcy ()5 < [ 32 1A o, 0510 )ds

o leq o ledr

<—261/Z|f1 s < 251/Z|f1 I ads = G2,

leJy leJy

Moreover,

I~ 9l Z/| £:() = gi(5) i)

i€l

-y ¥ / )4 Pp;(5)ds

l€ly jeM,,, ()

DD /|f1 S oy ()

l€J2\J1 ]EMﬂh(Knh l)) 0

=3 [P Y WiPesdst

€Iz JEMa, (1)

1

3 / FiP Y lPas(s)ds

ledJa\J1 JEMp, (Kn,y, (1)
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S%Z/ng),(s)y’ Y WPei(tin,) | dst

l€lz ) JEM,,, (1)
o 1
o X Jler| X et | d
IRV GEMy, (Kn,, (1)
C / C /
<Y [lraeds« gesrt Y [leratds <
1 lelz g 1 leJ2\J1
<&

—1 — CY2
01255 215, + (201)° 1C—%Hf1||p7p-

Now, choosing

P2 1/(p—1) p2 1/(p—1)
(51 = <7€ Cl D ) and (52 = <7€ Cl 7 )
4C2||f1||p,p 202||f2||p,p

we get the assertion.
Following a similar argument, it can be proved that if condition (ii¢) holds, then given ¢ > 0 and
f1, f2, f3, fa € F}) there exists some ko € IN and g1, g2 € LE(L(G)) such that

v =g1llpp <€ lfo=g2llpp <€

and also

||Tnkogl - f3||p,p <eé, |‘Tnk092 - f4||p,p <,
hence {T}};>0 is weakly mixing. O

Remark 3.4. As in the rooted case, one can show that either on L}(L(G)) or on LF(L(G)), the translation
semigroup is mixing if and only if condition (éii) of Theorem 3.3 holds for the full sequence (n),en.

Remark 3.5. In the case considered in Remark 1.5, the conditions in Theorems 3.1 and 3.3 are exactly those
ensuring that the left translation semigroup is hypercyclic when acting on [0,4o0c[ or on R (see e.g. [10,
Example 7.10] and [3]).
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