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ABSTRACT

The formation of ground-level ozone follows complex nonlinear photochemical processes that depend on multiple environ-
mental factors and have strong spatio-temporal structures. Environmental data used to study these dynamics usually originate
from multiple sources, including in situ monitoring stations and satellite observations. While in situ data provide more accu-
rate measurements, they often suffer from missing values and limited coverage, making it beneficial to incorporate additional
satellite-based covariates. To address these challenges for spatio-temporal interpolation and forecasting aims, novel identifiable
variational autoencoder (iVAE)-based methods are introduced that explicitly integrate satellite-derived predictors and handle miss-
ing values within a nonlinear blind source separation framework. The proposed extensions preserve the identifiability guarantees
of the iVAE framework under the missing at random assumption. Performance is benchmarked against established statistical and
deep learning approaches by using daily average ozone concentrations in Northern Italy: in interpolation, the proposed method
achieves an appreciable reduction of the estimation errors and in forecasting it shows 10 times less training time with respect to
the best competing method. The results establish nonlinear blind source separation as a promising approach for spatio-temporal
prediction of environmental data.

1 | Introduction etal. 2019). Exposure to increased ozone concentrations has been

associated with respiratory problems, cardiovascular diseases,

Ground-level ozone (O,), that is, the ozone concentration found
in the lowest layer of the Earth’s atmosphere, the troposphere,
is a secondary air pollutant that poses significant threats to
human health, ecosystems, and agricultural productivity (Ember-
son 2020; Nuvolone et al. 2018). Unlike stratospheric ozone,
which protects the Earth from harmful ultraviolet radiation, tro-
pospheric ozone is a harmful pollutant formed through com-
plex photochemical reactions that occur when primary pollu-
tants, namely nitrogen oxides (NO and NO,) and volatile organic
compounds (VOCs) react with sunlight and stagnant air (Zhang

and increased non-accidental mortality (Nuvolone et al. 2018).
Beyond human health impacts, ozone pollution damages vegeta-
tion, reduces crop yields, and contributes to ecosystem degrada-
tion (Emberson 2020). Therefore, accurate modeling and predic-
tion of ozone levels are crucial for public health and environmen-
tal protection.

The formation of ground-level O; follows complex nonlinear
photochemical processes that depend on multiple environmental
factors and have strong spatio-temporal dependencies (Donzelli
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and Suarez-Varela 2024). While the primary precursors are
nitrogen oxides, emitted mainly by vehicular traffic and indus-
trial sources, and VOCs, from both anthropogenic and biogenic
sources, many other variables also influence this environmen-
tal process, such as relative humidity, wind direction and speed,
air temperature and particulate matter (PM, s, PM,,). All such
environmental variables are characterized by spatial and tempo-
ral dependence. For example, in Europe, temperature and solar
radiation are higher during the summer as compared to winter,
and most pollutants have strong spatial dependence due to sub-
stantial variation in terms of traffic and industry activities, as well
as between urban and rural areas. Therefore, when modeling and
predicting O5 concentrations, it is important to consider these
auxiliary covariates and their spatio-temporal correlation struc-
tures. This makes the O; modeling task highly complex and often
computationally challenging as the relationship among the dif-
ferent variables, as well as the dependencies in both space and
time, have to be considered.

In addition to the previously discussed complexities, the mod-
eling of environmental phenomena of O, concentration often
involves data from various different sources. The two primary
sources are ground-based in situ measurements from moni-
toring stations and satellite-derived estimates. Satellite-based
data usually have high spatial and temporal resolutions, mak-
ing them useful for analyzing spatial and temporal variations
on a global scale, although they provide less accurate mea-
surements compared to in situ observations (Donzelli and
Suarez-Varela 2024). Satellite observations are measured on
regular grid in space allowing wide range of methods, includ-
ing, for example, convolutional neural network (CNN) based
methods (Raitoharju 2022), to be used for forecasting or spatial
downscaling purposes. However, modeling performed solely
on the basis of satellite data is suboptimal due to the low accu-
racy of these kind of measurements. On the other hand, in
situ observations from air quality monitoring networks provide
accurate local measurements, serving as the “ground truth” for
model validation. Nevertheless, these measurements are spa-
tially sparse and unevenly distributed, which prevents the use of
traditional grid-based modeling approaches. For such irregular
data, modeling methods must explicitly account for the spatial
relationships between stations, including adjacency, distance,
and directional dependencies, since the natural neighborhood
structure of regular grids is absent.

Many of the recent studies have focused on predicting O, concen-
trations by combining in situ and satellite data. This is achieved
by using various statistical and machine learning methods car-
ried out to predict O; concentrations by taking into account
other air pollutants, meteorological variables and land-use vari-
ables (Li et al. 2020; Wang et al. 2022; Xu et al. 2022). Machine
learning algorithms, such as neural networks, random forests
and eXtreme Gradient Boosting (XGBoost) have been widely
utilized for O, prediction thanks to their capability to capture
nonlinear dependencies (Li et al. 2020; Pan et al. 2023; Zhou
et al. 2023). While these methods have obtained good predictive
performance, the spatio-temporal dependencies between the
observations have been often neglected. In addition, forecasting
the study variable for future time points is not possible with these
approaches, as the predictors are available only for current and
historical time points.

To account for spatial and spatio-temporal dependencies, kriging
has been applied to spatial O, prediction (Kethireddy et al. 2014)
as well as regression kriging, which incorporates additional
covariates through a preliminary regression step, has been used
for the spatio-temporal prediction of NO, (Van Zoest et al. 2020)
and O, concentrations (Michael et al. 2019). While these geosta-
tistical approaches explicitly model spatial and spatio-temporal
dependence and can incorporate auxiliary covariates, they rely
on assumptions of linearity and stationarity that may be inade-
quate for capturing the complex nonlinear photochemical pro-
cesses governing O, formation.

To model these nonlinear relationships among variables and
complex dependence structures, a variety of modern approaches,
including deep learning methods, have been considered for O,
prediction. In the temporal context, O; prediction lately been
addressed using long short-term memory (LSTM) networks (Guo
et al. 2025), hybrid support vector regression (SVR)-LSTM mod-
els (Cheng et al. 2021), and functional data analysis approaches
(Shah et al. 2024). Recent developments, such as transform-
ers (Vaswani et al. 2017), CNNs and graph neural networks
(GNN) (Scarselli et al. 2009) have also produced many new meth-
ods for multivariate forecasting, increasing the predictive perfor-
mance. For example, Chen et al. (2022) utilized CNN-transfromer
hybrid approach for station-wise forecasting of O;. Similarly, Pak
et al. (2018) considered CNN-LSTM hybrid model for temporal
forecasting, whereas Guo et al. (2023) applied the CNN combined
with the LSTM and the gated recurrent unit (GRU) to predict the
change of monthly average and extreme atmospheric tempera-
tures. Although these methods capture nonlinear relationships
effectively, they treat observations at different stations indepen-
dently, either ignoring spatial dependence entirely or modeling it
only implicitly. For broader surveys of deep learning approaches
to air pollutant modeling and forecasting, see Guo et al. (2024),
He and Guo (2024), He et al. (2025); Zhang et al. (2022).

GNN based approaches, in particular, can be used for uni-
variate or multivariate spatio-temporal forecasting. GNNs can
effectively model the spatial or spatio-temporal dependence
structure of irregular observations through adjacency matri-
ces. Iskandaryan et al. (2023), among others, employed vari-
ous GNN based methods on a multivariate air pollution pre-
diction task. While these approaches do account for the irregu-
lar spatial structure, they are typically computationally expen-
sive, require complete data and do not naturally integrate het-
erogeneous data sources such as satellite covariates alongside
in situ measurements. Sipild et al. (2026a) extended two deep
learning architectures (the super-resolution deep residual net-
work and the encoder-decoder-based UNet) with a lightweight
temporal module for the spatial downscaling of tropospheric
ozone.

Taken together, the existing literature reveals a persistent gap;
indeed, frameworks that simultaneously (i) model nonlinear
cross-variable relationships and complex spatio-temporal depen-
dencies in spatially irregular settings, (ii) accommodate the large
proportion of missing values characteristic of in situ monitor-
ing data, (iii) integrate satellite-derived auxiliary covariates as
additional predictors, and (iv) support both spatial interpolation
and temporal forecasting within a unified modeling procedure,
remain scarce.
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A promising candidate for addressing several of these chal-
lenges is the nonlinear blind source separation (BSS) framework
for multivariate spatio-temporal prediction introduced in Sipild
et al. (2025), Sipil4 et al. (2026b). In this approach, cross-variable
dependencies are modeled through statistically independent
latent components extracted from the observed multivariate data
using an identifiable variational autoencoder (iVAE), thereby
avoiding the need for explicit parametric modeling of potentially
complex cross-variable relationships. The spatio-temporal depen-
dencies of each latent component are then modeled individu-
ally using radial basis functions (RBFs) constructed from the
observation locations and times, providing a flexible represen-
tation of spatio-temporal structure that naturally accommodates
the irregular spatial distribution of monitoring stations. However,
these existing methods are not designed to incorporate external
auxiliary covariates, nor do they provide a principled mechanism
for training in the presence of the high rates of missing observa-
tions that are typical of air quality monitoring data.

To address this gap, two novel extensions of the iVAE frame-
work (Sipild et al. 2025, 2026b) are proposed. The first incorpo-
rates satellite-derived auxiliary covariates directly into the latent
variable model to improve the interpolation of O, concentra-
tions across Northern Italy. The second introduces a probabilis-
tic treatment of missing values through a masked-loss training
approach, enabling reliable learning of latent components despite
the substantial proportion of missing observations in monitor-
ing station data. The resulting models are applied to both spa-
tial interpolation and temporal forecasting tasks, and their per-
formance is evaluated against a range of established competing
methods, including geostatistical, machine learning, and deep
learning approaches.

The paper is organized as follows. Section 2 recalls the main the-
oretical aspects of BSS-based modeling methods. The proposed
iVAE extensions are then presented in the case of missing val-
ues in Section 3.1, as well as when covariates are available in
Section 3.2. Then a thorough description of the case study on
O, concentration follows in Section 4, where the interpolation
and forecasting results are compared with the outcomes obtained
from various competing statistical approaches. Finally, conclud-
ing remarks and discussion are provided at the end of the paper
in Section 5.

2 | Multivariate Spatio-Temporal Modeling
With BSS

Multivariate spatio-temporal data present significant modeling
challenges due to complex dependencies across spatial loca-
tions, temporal sequences, and multiple variables simultane-
ously. BSS offers an approach to simplify the modeling complexity
by addressing the cross-variable dependencies by finding inde-
pendent latent components from the observed data that can be
modeled and predicted univariately.

2.1 | Multivariate Spatio-Temporal Processes

In modeling multivariate spatio-temporal phenomena, it is cru-
cial to account for spatio-temporal dependence as well as for the

cross-variable relationships. In such a setting, the multivariate
observations y = y(s, 1) = (y,(s,1), ...,yS(s,t))T €Y cRS are
observed in spatial locations s € S C RP?, where S is the spa-
tial domain and D is the spatial dimension (usually D = 2), and
at time points t € T C R, where 7 is the temporal domain. The
whole spatio-temporal domain can be denoted as S X 7.

The fundamental challenge in modeling this kind of processes
lies in capturing the complex dependency structures that exist
between variables, across space, and through time. The multi-
variate spatio-temporal process is usually characterized by the
spatio-temporal trend function u(s,t) = (py(s,1), ..., ug(s, t))T
and spatio-temporal covariance function C(y(s,),y(s'.7"))
which is an (S X .§) functional depending on the spatio-temporal
locations (s, #) and (s’ , t’). The spatio-temporal process is then the
following:

y(s,1) = u(s, 1) + @(s, 1), €Y)

where @(s,t) follows a zero-mean distribution with the covari-
ance structure C(y(s, 1), y(s',7')).

The covariance model is often simplified by assuming either
stationarity, which implies that the covariance function
depends solely on spatial and temporal distances within the
spatio-temporal domain, or separability, indicating that distinct
spatial and temporal covariance models can represent the entire
spatio-temporal correlation structure. When stationarity in space
and time is assumed, the covariance function simplifies to

C(Y(S,ZLY(S,JI)) =C(”S—S/”,|t—l,|), (2)

and in case of separability, the covariance can be written as a
product of spatial and temporal covariances:

C(y(s.0),y(s',1")) =C(s,s") @ C(1.7), 3)

where © represents the Hadamard product. Both assumptions,
stationarity and separability, can simplify the modeling consider-
ably, but they are not realistic in many real life applications. For
example in the context of air pollution modeling, the nonstation-
arity may occur in space because of variation across geographical
regions due to factors such as topography, land use, or emission
sources, and in time because of seasonal behavior, changes in
air quality control policies and long-term trends. In addition, the
nonseparability reflects the common presence of interaction in
space and time, that is for different spatial lags, the temporal pro-
file of covariance function are not proportional and similarly for
the spatial profile, when different temporal lags are considered.
Hence, it is important to account for nonseparability and non-
stationarity in spatio-temporal modeling procedures, although
this represents a highly complex and computationally challeng-
ing task (Porcu et al. 2021; Salvana and Genton 2020).

If the nonstationarity is explained by the trend function u in
(1), then it is common in Geostatistics to estimate and model
the covariance matrix on the stationary residuals. After predict-
ing the spatio-temporal residuals usually on the basis of some
valid models for the covariance matrix (Bevilacqua et al. 2015;
De Iaco et al. 2003, 2005; Genton and Kleiber 2015; Gneiting
et al. 2010), the estimates of the variable of interest can be
obtained by adding the trend to the predicted residuals. In this
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context, some techniques useful to support the modeling stages
through latent variables identification are available in the litera-
ture (Cappello et al. 2022; Muehlmann et al. 2023), and various
covariance models, characterized by different types of separabil-
ity, can be used (Allard et al. 2022; De Iaco and Posa 2013; De
Taco et al. 2025, 2013). Note also that the trend function can be
supposed to depend on the (spatial or temporal) coordinates or
on some covariates. Indeed, in many applications, some auxiliary
information or covariates are available from the phenomenon
of interest. Let x := x(s,1) = (x;(s,1), ..., X (s, t))T denote an
M -dimensional covariate vector that is additionally observed at
spatio-temporal location (s, ). If such covariates are available
more densely than the variables of interest y, the covariates can
be used as predictors to determine y to new spatio-temporal loca-
tions. Then, y can be modeled as function of s, 7 and x, that is,
¥(s,, x), and the generative spatio-temporal process of y can be
written as.

y(s,t,%) = p'(x) + @' (5,1), 4)

where @' (s, t) follows a zero-mean distribution with a covariance
structure C (@' (s, 1), @' (s',1')).

Alternatively, it can be assumed that the trend function u also
includes the spatio-temporal location, and that the residual part
o includes the covariates x. This is a more relaxed assumption,
allowing more general nonstationarity, that is,

y(s,t,x) = p'(s,t,x) + @*(s, 1, x). (5)

This last formulation, however, increases the complexity of the
model, as it requires the (S X .S) covariance function C of *,
which may be nonstationary, and depends on the parameters s, ¢
and x, to be modeled.

2.2 | Spatio-Temporal BSS

In the BSS framework (Comon and Jutten 2010), it is assumed
that the observed data y are generated from independent latent
components z := z(s, 1) = (z,(s, 1), .‘.,z,,,(s,t))T through some
mixing function f : R” - RS, namely.

y=f(2). (6)

BSS aims to estimate a function g which recovers the latent com-
ponents z up to some identifiability class, usually up to permuta-
tion, signed scale and location shift. Once the latent components
are recovered, they can be modeled and predicted univariately.
The predicted latent components can be back-transformed to the
observation space by using the inverse of q, which is typically esti-
mated simultaneously.

BSS approach simplifies the spatio-temporal modeling consider-
ably, as instead of the (P X P) matrix-valued covariance function,
it is sufficient to estimate P univariate covariance functions. The
cross-variable dependencies are accounted for exclusively by the
mixing process of the estimated latent components.

In spatio-temporal context, the spatial and temporal depen-
dencies have to be accounted for when estimating the latent

components. Spatio-temporal BSS (ST-BSS) accounts for spatio-
temporal dependencies by jointly diagonalizing multiple spatial
and temporal scatter matrices in order to identify the latent com-
ponents (Muehlmann et al. 2023). ST-BSS, however, assumes sta-
tionary latent components and that the mixing process is linear,
i.e., f(z) = Az, where A is a (P X P) mixing matrix. In addition,
ST-BSS cannot be directly applied to predict latent components at
new spatio-temporal locations; it must be combined with a sepa-
rate univariate spatio-temporal method for prediction purposes.

Recently, iVAE-based methods have been developed for non-
linear and nonstationary ST-BSS (Sipild et al. 2025, 2026b).
Spatio-temporal iVAE (Sipild et al. 2025) uses spatio-temporal
locations of the observations as auxiliary data to achieve identi-
fiability and estimates the latent components from the original
data. Similarly, auxiliary data have been used to achieve identi-
fiability in nonlinear temporal and spatial BSS, for example, in
Hyvérinen and Morioka (2016, 2017), Hyvirinen et al. (2019),
Khemakhem et al. (2020), Sipild et al. (2024). For identifiability
results of spatio-temporal iVAE methods, see Sipild et al. (2026b).

Spatio-temporal iVAE assumes nonstationary latent components
and a nonlinear injective mixing function f, making the model-
ing framework more flexible. The model simultaneously learns
an encoder-decoder pair for latent component extraction, along
with an auxiliary function that estimates the spatio-temporal
trend and variance based on the observation’s location. Owing to
the auxiliary function, the model can directly be applied to predict
data at new spatio-temporal locations.

In Sipild et al. (2026), iVAE has been further extended to a
spatio-temporal framework by incorporating the estimation of
autoregressive (AR) coefficient functions for each latent com-
ponent through the auxiliary function. The AR iVAE (iVAEar)
assumes a temporal AR structure for the latent components and
utilizes previous time points for modeling and prediction.

Both iVAE and iVAEar account for spatio-temporal dependen-
cies as well as cross-variable relationships through the latent
components and the mixing function. By assuming the BSS
model (6), they can estimate the multivariate spatio-temporal
process defined in (1), while allowing for nonstationary trends
and covariance structures in both the latent components and the
observed data.

However, in previous studies, covariates x, as presented in
(5), have not been incorporated into the model. In the follow-
ing section, the iVAE and iVAEar models are introduced in
detail, showing how covariates can be integrated into the same
framework.

3 | Identifiable Variational Autoencoders

Following Sipili et al. (2026b), u(s, ) = (u,(s,1), ..., ug(s,1)"
is considered to denote the spatio-temporal location dependent
auxiliary variable vector. iVAE and iVAEar methods consist of
three main components, namely an encoder g(y,u), a decoder
h(z) and an auxiliary function w(u) that are parametrized by neu-
ral networks so that vectors 0,, 6, and 6, contain the parameters
for encoder, decoder and auxiliary function, respectively.
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The encoder aims to estimate the unmixing function by map-
ping the observation-auxiliary data pair (y,u) into the mean
vector p,,, € R” and variance vector 6,,, € R”. Through the
reparametrization trick (Kingma and Welling 2013), these param-
eters are used to obtain the latent representation z. The decoder
then estimates the mixing function by aiming to reconstruct the
original input y from the latent representation z. The final output
of the decoder is denoted by y'.

The auxiliary function maps the auxiliary data u into distribu-
tional parameters u,, and o, effectively learning to predict the
latent component statistics based solely on auxiliary information.
IniVAEar method, the auxiliary function additionally outputs the
AR coefficients for each latent component, and calculates the dis-
tribution mean u by assuming an AR process with AR order R
over the previous latent components. The AR order R is hyper-
parameter to be decided by the user. In Sipild et al. (2026) a larger
R, such as R = 3, has been proposed as a safer option for latent
component estimation. On the other hand for prediction tasks,
the parameter R can be selected based on prediction accuracy on
validation data.

A key insight of iVAE is that the auxiliary function w(u) is trained
to approximate the encoder’s output g(y,u). This is achieved
through the evidence lower bound (ELBO) optimization:

ELBO =E, (5, |l0gpe, (¥|2) +log py (z|u) —logg, (z|y,w)|, (7)
0, Iy h w '3

where P, (¥12) controls the reconstruction accuracy and the
Kullback-Leibler (KL) divergence log pgw(zlu) —log ‘Iag(z| y, u)
forces the distribution given by the auxiliary function to be as
close as possible to the distribution of the encoder. Each of the
distributions, Po, > Po, and 9p,» are assumed to be Gaussian. Specif-
ically, the distributions are set as p, = N (z|p,,diag(o,,)),
do, = N (2|pyy, diag(o,y,,)) and py = N(yly’.pI), where
B > 01is a constant that defines the assumed observational noise
and controls the weight of the reconstruction error in the loss
function. In non-noisy BSS setting (6), where no observational
noise is assumed, a common choice for the weight parameter is
p = 0.01. The loss function (7) is minimized with respect to the
parameters 6,, 6,, and 0, of the encoder, the decoder and the aux-
iliary function.

Because the auxiliary function learns to mimic the encoder’s
behavior during training, it can be used independently for pre-
diction tasks. Once trained, w(u) can estimate latent component
statistics at new locations where only auxiliary data is available,
without requiring observations y. This makes iVAE particularly
valuable for spatial and temporal prediction applications.

In this paper, radial basis function (RBF) based iVAE meth-
ods (Sipild et al. 2025, 2026b) have been carried out for
spatio-temporal prediction, as these methods can predict smooth
trend, variance and AR coefficient functions, enhancing the
ability to predict to new spatio-temporal locations. In the RBF
approach for iVAE, u is constructed by using radial basis func-
tions to capture rich spatio-temporal dependencies beyond sim-
ple coordinate information. This method transforms spatial and
temporal locations into RBF representations that can better
encode complex spatial and temporal patterns.

The RBFs are constructed separately for spatial and temporal
domains as functions of the distance between the spatial or
temporal coordinate of the observation and a spatial or tempo-
ral node point. The RBFs are defined at multiple spatial and
temporal resolution levels H, , k; =1, ...,Kg and Gy, k, =
1, ..., K, where K¢ and K, denote the numbers of unique spa-
tial and temporal resolution levels, respectively. The resolution
levels control the density of the node points and the scale of the
RBFs; at low resolution levels, the node points are sparse and the
scale is large, allowing the functions to capture broad, large-scale
dependencies, while at high resolution levels, node points are
placed densely over the spatial and temporal domains and the
scale small, enabling the representation of fine-scale, local vari-
ations in the spatio-temporal process. Prior the construction of
the RBFs, spatial coordinates are normalized to range [0, 1]. The
normalized spatial coordinates are denoted as s*. The auxiliary
variables are then constructed using these spatial and temporal
RBFs, defined respectively as.

e lr=of |
o) o FE), (o) 120 o

where {07} and {07 } denote the sets of spatial and temporal
node points, ¢ H,, and Csz are scale parameters defined by the
spatial and temporal resolution levels H, and G, controlling the
spread of each basis function, and v(-) is a chosen kernel function.
The scale parameters 4 H, and {G are calculated as ¢ H,=

2H,,
and Q’sz = Gk -, Where T is the number of time points, following

Chen et al. (2024) Nag et al. (2023) and Nychka et al. (2015).

The temporal node points for a specific resolution level Gy,
are constructed by evenly selecting G, points that divide
the temporal domain into G, +1 equally sized segments,

T 2T G, T
Gy +1° Gy, +17 7777 G+l
tial node points are constructed by similarly dividing both spa-
tial dimensions into equal segments, forming the following grid

e., the node points are { . The spa-

1 2 Hy,
Hy +1" H +1° 7777 H +1

This means that the number of formed spatial RBFs for the res-
olution level H, is (H,, ) Following W. Chen et al. (2024)
and Nag et al. (2023) Gaussian and Wendland kernels (Wend-
land 1995), v; and vy, are used for temporal and spatial RBFs,
respectively. Specifically, Gaussian kernel is defined as vg(d) =
e71/24* and the Wendland kernel that is used in this paper is
defined as follows:

N . * * . * *
of node points: 4 (s}.s3) : 57,55 €

—_ )6 2
o () = {(1 d)°(35d* +18d +3) /3, d € [0,1] ©)

0, otherwise.

The sets H = {H,, ..., Hg_} and G = {G,, ...,Gy, | specify
the spatial and temporal bases, respectively, where each H, (or
G,) indicates the number of spatial (or temporal) node points
used at resolution level k. Together, these define the full collection
of spatial and temporal radial basis functions. For more details on
the construction of the RBFs, see Sipild et al. (2025).

3.1 | iVAE With Missing Values

In many practical scenarios, observational data are incomplete:
sensors may fail, measurement campaigns may be irregular, or

Environmetrics, 2026

50f 20

85UB017 SUOLULLIOD 3AIES.D 3|deal|dde au3 Aq peusenob afe Sape O ‘88N JO S9N 10y Afeq 1 BUIIUO A3]IA UO (SUOIPUOD-PUR-SLURYWI0D A8 M ARIq 1 BUTIUO//SARY) SUORIPUOD PUe Swis | 8y} 835 *[9202/60/8T] U0 AriqIauliuo AB|IM *elfeleURILO0D AG TZTOL AUS/Z00T OT/I0p/L0d"AB| 1M Afeq joul Uo//SdnY Lo pepeojumoq ‘9 ‘9202 XS60660T



subsets of variables may not be recorded at all spatio-temporal
locations. Standard iVAE assumes that the observation vector y
is fully observed, which restricts its applicability when missing-
ness is present. A common way to address missingness is to dis-
card any incomplete samples, but this strategy results in substan-
tial information loss when missing values are frequent. To avoid
this, a masking-based extension of the iVAE training objective is
proposed.

Let m = (m,, ,..,mP)T be a binary mask, where m, =1 if
observation y; is available and m; = 0 otherwise, and let y ., =
{ Y sm; = 1} denote the vector that contains all the observed val-
ues. Based on the data log-likelihood, the following lower bound
is derived:

IOg p(yobslu) bd Iqu(z\yohs,u) [logpy(YObs|z) + lngz(zlu) - IOg qz(zl}’obs’u)]’

(10)

where the distributions p,, p, and g, are the true distributions of
the data generating process. Similarly as in regular iVAE loss for-
mulation, these distributions are estimated by encoder, decoder
and auxiliary function that are modeled as neural networks with
parameters Gg, 0, and 0, respectively. However, as the length of
the vector y,, varies based on the number of zeros in the vec-
tor m, and the algorithms in practice require constant length, the
vector y* € RS is formed as follows:

Lom =1,
y=4 0 an
0, m=0,

where the missing values are replaced with zeros to avoid
computational problems. Then, by utilizing the masking vari-

able m to write pg (Yobs|2) = Z,-P=1P9,, (¥1z) and qeg(zlyobS’") =
qeg(zl y*,u, m), the following masked ELBO is obtained:

P

ELBO nasiea = Egy, alya) | 2,7 108 o, (3712) +108 b, (21u) = l0g dg, (21" m) |
i=1

(12)

In this formulation, the missing entries are excluded from the
reconstruction term and in KL divergence, the indices of the miss-
ing values are included as conditioning variable in 9o, This mod-
ification ensures that the unavailable entries are omitted from the
loss calculation, while all available information is fully utilized.

In practice, the masked loss (12) can be estimated with iVAE by
modifying the encoder so that it takes an additional input m con-
taining the indices for the missing values. Then, the encoder can
learn to distinguish between a true zero observation and a miss-
ing entry whose value was imputed with zero. Without adding
m as an input, this ambiguity would lead to bias in estimation of
de,- For iVAEar, the same approach can be used to allow missing
values in the observed data.

Beyond its computational convenience, the masked ELBO
(12) is a lower bound on the observed-data log likelihood
P(¥opslu), which is the appropriate objective under the missing
at random (MAR) assumption. Specifically, MAR assumes
that  p(m|ype Yimiss #) = p(M|yops. u), Where y_ . denotes
the unobserved values. Under this assumption, the joint
observed-data likelihood factorizes according to the chain rule as

10g p(Yops» mlu) = 10g p(Yopslu) + log p(m|yyps, u). Furthermore,
assuming that the parameters 6 in (12) are distinct from those
governing the missingness mechanism, the latter is ignorable
in the sense of Rubin (1976). In other words, the probability of
missingness may depend on the auxiliary variables (including
the covariates introduced in Section 3.2) and on the observed
values y,, but not on the unobserved values y, ;. themselves.
Because the masked ELBO targets the correct observed-data log
likelihood p(yqplu) under the MAR assumption, the proposed
framework remains consistent with the identifiability guaran-
tees established for the underlying iVAE models (Khemakhem
et al. 2020; Sipild et al. 2026b). Related likelihood-based varia-
tional approaches for incomplete data under MAR have been
proposed by Nazabal et al. (2020) and Mattei and Frellsen (2019).
In Section 4, the iVAE and iVAEar models equipped with the
masked-loss approach are referred to as masked iVAE and
masked iVAEar, respectively.

3.2 | iVAE With Covariates

The iVAE framework relies on auxiliary variables u to encode
spatio-temporal structure. In many situations, however, addi-
tional covariates x are available that provide information about
the latent structure of the data. To take advantage of such infor-
mation, the iVAE model has been extended to incorporate covari-
ates alongside the spatio-temporal auxiliary variables.

Formally, assume the following generative latent variable model:

p(y. zlu, x) = p,(y|2)p,(z|u, x). (13)

From data log-likelihood, the following lower bound can be then
derived:

log p(ylu, x) > E,_cz1yu0 108 Py (¥12) +log p,(z|u, x) — log g, (z|y, u, x)].
(14)

To estimate the true distributions ¢, p, and p,, the encoder and
the auxiliary function are modified so that vector x of the covari-
atesis added to their input. Then, the encoder g(y, u, x) has access
also to the covariates when encoding the observations y, and sim-
ilarly, the auxiliary function estimates the parameters of the dis-
tribution p, based on both spatio-temporal locations u and the
covariates x. The following ELBO is then maximized with respect
to the parameters 0,, 0, and 6, to estimate the assumed genera-
tive model:

ELBO,y, = Eop zlyux [Ingoh (y12) + log po,, (z|u, x) — log g, (z]y, u, x)] .

15)

In practice, the covariates x(s, f) are required to be available for
all observed data point y(s,?) to fit the model. If the objective
is to predict the observed variables or the latent components
to new, unobserved spatio-temporal locations, the covariates x
should be available also for the new spatio-temporal locations of
interest.

Naturally, the masking approach can be combined with the auxil-
iary variables approach when missing values are present in y but
not in x.
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4 | CaseStudy

The primary objective of this case study is to assess the
spatio-temporal interpolation and forecasting of in situ O, con-
centrations across Northern Italy. In particular, this section
demonstrates the application of the iVAE methodology devel-
oped earlier in the paper and evaluates its performance rel-
ative to several established O, prediction methods. Through
this comparison, we examine the extent to which incorporat-
ing satellite-derived covariates and accommodating incomplete
observations through the proposed masking strategy can improve
predictive performance.

The interpolation and forecasting performance of the competing
methods are evaluated separately. For interpolation, the available
satellite-derived covariates are incorporated to improve predic-
tive accuracy. In addition, because the in situ observations con-
tain a substantial number of missing values, the analysis must
accommodate incomplete observations. Accordingly, the inter-
polation study employs both iVAE extensions introduced ear-
lier in the paper, the incorporation of satellite covariates and the
masking-based treatment of incomplete data, and compares their
performance with several state-of-the-art interpolation methods.

As the satellite variables are not available at the future time
points, the forecasting is conducted solely based on the in situ
variables. Because most of the forecasting methods require
complete data, the best performing interpolation method is used
to impute missing values in the in situ data prior the forecast-
ing step. The standard iVAEar and iVAE methods, along with
multiple state-of-the-art prediction methods, are applied for the
complete O, data. These methods are compared against the pro-
posed masked iVAE and iVAEar methods, which in contrast do
not use the imputed complete data, but the original incomplete
one instead.

Based on these objectives, the case study has been developed
through the following steps:

1. exploratory analysis of the available data sets,

2. interpolation of O, in situ data to overcome the issue related
to the missing values,

3. prediction of O in situ data for future time points not used
in the modeling procedures.

A schematic overview of the interpolation/missing value impu-
tation with the proposed iVAE method, is presented in Figure 2
and an analysis of missingness patterns is also provided in the
next Section.

Hyperparameter selection is a crucial step for all modeling
approaches as it controls model complexity and the balance
between fitting training data and generalization to unseen
spatio-temporal locations and future time points. To ensure reli-
able model evaluation, the data have been divided into training,
validation, and test sets. The validation set has been used exclu-
sively for hyperparameter selection, while the test set has been
reserved for final performance assessment. All hyperparameters
have been selected to minimize the Mean Absolute Error (MAE)

on the validation sets. In interpolation stage, all validation data
have been used in validation, while the validation in forecasting
stage have been performed based on ten-step ahead accuracy. The
data preparation is explained in more detail later in this section.

The analysis in the case study has been performed using R 4.4.1
(R Core Team 2024). The code for reproducing all the results of
the case study and the implementations for the methods are pro-
vided in GitHub repositories.!-?* All data used for the case study
are publicly available as described in Section 4.1.

41 | The Analyzed Data

The available data consist of satellite and in situ observations
recorded for meteorological and air pollution variables over
Northern Italy, from 2018 to 2023. The number of unique time
points is 2189, meaning that total number of multivariate obser-
vations is 337,106. In situ data, which can be considered the most
accurate and reliable measurements in comparison with satellite
data, refer to three very hazardous air pollutants, among which
O, represents the target variable to be estimated. On the other
hand, the satellite data consist of two subsets, namely air pol-
lution and meteorological data recorded on grid; these data are
adopted as auxiliary variables to enhance the predictions of O in
situ measurements.

41.1 | InSitu Dataset

The in situ dataset contains daily mean concentrations of O,
NO,, and PM,, (all in ug/m?) measured at 154 meteorological
stations across Northern Italy from 2018 to 2023. This dataset
provides daily aggregated data derived from the hourly measure-
ments available on the Air Quality Portal of the European Envi-
ronmental Agency (EEA) (Fusta Moro and Fasso 2025).

The spatial locations of the EEA monitoring stations are illus-
trated in Figure 1, where also the spatial and temporal behaviors
of daily O values are shown. Very high daily values have been
observed during the summer months, especially in the Northern
part of the study area, extending from East to West. This area
is the so-called Po Valley, which is also known as the Pianura
Padana; it is a large and fertile geographical feature in North-
ern Italy that extends from the Western Alps to the Adriatic Sea,
encompassing a broad, flat plain surrounding the Po River. In the
Po Valley, Oj; levels often exceed health and environmental limits,
particularly in summer. This is due to elevated levels of precur-
sor pollutants such as nitrogen oxides originating from traffic and
industrial activities, coupled with strong solar radiation and the
distinctive geographic basin effect that retains pollutants.

From the time plots shown in Figure 1c,d it is also evident
that a seasonal behavior characterizes the temporal evolution
of O; levels during the year. Very high values are seen dur-
ing the summer (in July and August the values exceed 100-110
ug/m?® on average at almost all the monitoring stations), which
decrease significantly in the winter months (in winter, O daily
concentrations range from 15 to 40 ug/m* for most monitoring
stations).
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FIGURE1 | Atthe top, the spatial plots of the in situ O; average values recorded over Northern Italy during summer 2022 (a) and winter 2022 (b).
At the bottom, the time plots of the O daily values recorded in situ (blue line) and at the closest satellite grid-nodes (red line) related to two selected
EEA monitoring stations indicated with a circle (c) and a triangle (d) in the spatial plots. Note that the color scales are different for the summer and

winter average spatial plots, presented in the top row.

In situ pollutant data are characterized by many missing values:
5.6%, 11.0% and 26.9% are the proportions of missing values for
05, NO, and PM,,, respectively. Among the multivariate obser-
vations, 34.5% are incomplete, meaning that at least one variable
is missing. The missing values occur relatively evenly and ran-
domly across the whole temporal domain. Over spatial domain,
the number of missing values is unevenly distributed between the
stations. O; has been measured at all monitored stations even
if with some missing values for a few time points; on the other
hand NO, and PM,, have been completely skipped at, respec-
tively, 4 and 30 stations out of 154. The missing values of O, are
illustrated in the left hand side of Figure 2, and the spatial and
temporal missingness patterns of the in situ variables are illus-
trated in Figure 3.

4.1.2 | Satellite Datasets

As mentioned above, in the present case study satellite data con-
cerning air pollutants and meteorological variables, have also
been used. Air pollution data have been downloaded from the
Copernicus Atmosphere Monitoring Service* (AQ-CAMS) and
refer to hourly values of O;, CO, NH;, NO, NO,, PM, 5, PM,,,

SO, and VOC recorded from 2018 to 2023 on a regular (0.1° X 0.1°)
grid covering the Northern Italy. For the purposes of this study,
the hourly data were aggregated to daily averages, and the result-
ing daily mean values were used in the subsequent analyses. The
total number of 130 x 130 gridded observations is 2189, meaning
that the satellite derived variables are available for all the time
points in which the in situ variables are observed.

In terms of spatio-temporal density and number of missing val-
ues, the satellite air pollution data are high quality, but the mea-
surements are less accurate due to the fact that they are mea-
sured/approximated by satellites. Hence, the satellite data do not
give the optimal estimates for the variables at a given location. As
an example, in Figure 1c,d the daily O, values measured during
2022 at selected EEA monitoring stations have been compared
to the daily O, satellite data recorded at the closest grid node: the
discrepancy between the two different time-series is evident from
the plots, especially in the areas (Figure 1c), where the spatial
variance is high.

As regards satellite meteorological variables, the hourly values
concerning relative humidity (RH, expressed in percentage),
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FIGURE2 | Schematic overview of the interpolation process using iVAE with additional satellite-derived covariates. The iVAE model is trained on

incomplete multivariate air pollution data (05, NO,, and PM,,), which is irregularly and sparsely observed in space, using spatio-temporal coordinates
and satellite-derived covariates as auxiliary information. Missing values are then interpolated using the trained model. On the left, the original O,
data are shown spatially on May 25, 2022, and temporally at the location indicated by the black triangle. In the spatial plot, empty red circles denote
O, missing values. In the temporal plot, time points marked with dotted red lines correspond to missing observations. On the right, the dataset after

imputation is presented. At the top, the multivariate satellite covariates are displayed, including satellite-derived ozone concentrations for May 25, 2022.

The satellite covariates are densely observed and complete.

surface solar radiation (SSR, in W/m?), temperature at 2m
(T2m, in °C), wind speed (WS, in m/s) and low and high
vegetation indices (lvi, hvi, in m?/m?) have been downloaded
from ERAS5Land dataset (https://eeadmzl-cws-wp-air02-dev.
azurewebsites.net/download-data/) and refer to the same grid as
AQ-CAMS, for the period 2018-2023. Note that, also in this case,
the extracted data have been converted from hourly to daily aver-
ages; moreover, these data have no missing values on ground, but
all observations from the sea area are missing. The final number
of total time points is 2189, similarly as for the in situ air pollution
dataset.

In the present case study, the available satellite observations have
been utilized as covariates when predicting the in situ measured
variables to new unsampled spatio-temporal locations.

413 | Analysis of Missingness Patterns

The proposed masked iVAE and iVAEar methods assume the
missingness mechanism to be either MAR or missing completely
at random (MCAR), implying that the probability of missing-
ness cannot depend on the unobserved values themselves or is
completely uniform across the entire dataset, that is for the spa-
tial and temporal profiles. This assumption could be violated,
for example, if sensors fail more frequently during periods of
high pollution. To assess the plausibility of the MAR assumption
and rule out obvious evidence of missing not at random

(MNAR) behavior, Spearman correlations have been computed
between the binary missingness indicators of the in situ mea-
surements and the corresponding complete satellite-derived vari-
ables, which serve as proxies for the unobserved pollution levels.

The results presented in Table 1 indicate that the satellite-derived
variables serve as suitable proxies for the in situ measurements,
as evidenced by their strong correlations with the correspond-
ing in situ observations. Despite this, all correlations between the
missingness indicators and the satellite proxies are below 0.1 in
absolute value. This provides strong evidence that sensor failures
are not systematically associated with the underlying pollution
levels, suggesting that an MNAR mechanism is unlikely.

Furthermore, the average spatial and temporal missingness pat-
terns shown in Figure 3 indicate that the proportion of miss-
ing values varies across monitoring stations and, temporally,
increases at the beginning of 2022 for all variables. These pat-
terns suggest that the missingness mechanism is more consistent
with MAR than with MCAR, as the probability of missingness
appears to depend on the spatial and temporal location within
the study area.

4.14 | DataPreparation

For the aim of the present case study, as previously specified in
Section 4, steps (2) and (3), the available in situ air pollution
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TABLE1 | Pairwise Spearman correlations between in situ variables although the validation and test datasets span long time peri-

and the respective satellite derived estimates and the Spearman correla-
tions between the binary missingness indicators and the satellite derived

estimates.
0, NO, PM,,
In situ vs. satellite 0.94 0.82 0.81
Missingness vs. satellite —-0.05 —-0.076 —0.002

dataset has been split into training, validation, and test data. All
the data recorded between 1/1/2018 and 31/5/2022, containing
1612 time points, have been selected as training set and the data
recorded between 1/6/2022 and 31/5/2023, containing 364 time
points, have been used as validation set, namely for the hyperpa-
rameter selection. The rest of the data (213 time points), recorded
between 1/6/2023 and 31/12/2023, have been used as test set for
final evaluation of the prediction methods. The training, valida-
tion and test datasets contain the total number of spatio-temporal
observations 248,248, 56,056 and 32,802, respectively. Note that,

ods, validation and evaluation in forecasting stage are performed
based on ten-step ahead prediction accuracys; this is because the
test set is chosen to cover the beginning of summer—a period
of elevated ozone concentrations—while the validation set is
aligned to start at a similar time of year, ensuring that the hyper-
parameter selection reflects conditions representative of the tar-
get evaluation period. Moreover, once validation has been per-
formed, also the validation time period (1/6/2022-31/5/2023)
has been included to train the forecast methods for the final
evaluation.

As the many of the considered prediction methods require
complete datasets, the missing values of the in situ training
datasets are imputed prior training. In order to determine the
best imputation approach, various spatio-temporal interpolation
methods are evaluated prior performing the imputation and
the forecasting step. For interpolation (step 2), the data from
1/1/2018 to 31/5/2022, corresponding to the training data period
for the forecasting step, are further divided into interpolation
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training, validation and test datasets. The distinct validation and
test datasets are constructed by randomly selecting 5% of the
spatio-temporal locations for each set. The resulting training,
validation and test datasets contain 223,424, 12,412 and 12,412
spatio-temporal observations, respectively. The validation set has
been used for the hyperparameter selection and the test data to
assess the various interpolation procedures. The best performing
interpolation method has been carried out to impute all missing
values in the in situ data set for the prediction methods that
require complete data prior training the models.

For both interpolation and forecasting procedures, the perfor-
mances of the competing methods have been assessed through
the error metrics Mean Absolute Error (MAE) and Root Mean
Square Error (RMSE) computed between the true values and the
estimated ones for the test data set. In order to assess the uncer-
tainty of the MAE and RMSE point estimates for the trained mod-
els, 95% bootstrap intervals are calculated based on 1000 boot-
strap samples. In interpolation, the bootstrapping is performed
over the spatio-temporal observations of the test set, while in fore-
casting, the bootstrapping is performed over the spatial stations.
For each selected station, all time points are preserved to obtain
balanced bootstrap intervals over different forecasting horizons.

As the satellite and in situ datasets are observed at different spa-
tial locations, in situ observations have been paired with the satel-
lite ones recorded at the same grid cell. In particular, the pairing
has been performed by selecting the spatially closest satellite data
for each in situ monitoring station. Moreover, as the meteorolog-
ical satellite variables were not observed at grid cells correspond-
ing to the sea, 7 meteorological stations on the shore have been
dropped out in order to have no missing values in the considered
satellite dataset.

4.2 | Interpolation

In interpolation context, the daily O5 in situ values have been esti-
mated at the spatio-temporal locations where the measurements
were missing. For this aim, the satellite data have been consid-
ered as additional predictors x, as they are observed densely and
are available for all observed points within the in situ dataset. The
interpolation procedure using iVAE is illustrated in Figure 2.

4.2.1 | Competing Methods

As statistical baseline methods, linear regression and linear
regression combined with either inverse distance weighting
(IDW) or spatio-temporal kriging have been considered (De
Taco and Posa 2012). As IDW and kriging do not allow addi-
tional predictors by default, they have been combined with lin-
ear regression pre-processing step to predict the trend as in
(4). Then, IDW and kriging have been applied on the residu-
als of linear regression, yielding regression IDW and regression
kriging. As machine/deep learning alternatives, random forest
(Breiman 2001) and deep kriging (Nag et al. 2023) have been car-
ried out on the study data sets.

Linear regression and random forest perform prediction only
based on the satellite predictors and neglect the spatio-temporal

structure of the data. Linear regression estimates the target vari-
able as linear combination of the predictors, while random forest
allows nonlinear relationship by combining multiple decision
trees, where each tree is trained on a random subset of the data
and the predictions are made by averaging across all trees.

Regression IDW and regression kriging account for spatio-
temporal structure of the data and for the satellite predictors. For
both methods, the mean of ozone is modeled by linear regression
as u(s,t) = a+u(s,t)TB. Then, the residuals r(s,t) = x(s,1) —
u(s,t) are predicted to new spatio-temporal location (s’ ! ) in
IDWbyA(s', 1) = X1 w;(s'.1")r(s;.1;) where the weights w, are
inversely proportional to spatio-temporal distances, and in krig-
ing by 7(s',1") = Y A;r(s;.1;) where the weights 4, are deter-
mined based on the fitted product-sum variogram model. Note
that the parameters of the product-sum model have been esti-
mated by using the L-BFGS-B method in the gstat R pack-
age (Griler et al. 2016). The final predictions are obtained by
(s 1) =a(s' 1) +7(s'. 7).

Deep kriging is a deep learning alternative of ordinary kriging. It
models the data by forming several spatial and temporal radial
basis functions, similarly as iVAE, and predicts the observed
variable with neural network which takes the radial basis func-
tions as input. It allows nonstationary spatio-temporal mean and
covariance functions, but it performs the modeling univariately.
In addition, it does not take nearby observations explicitly in
account in predictions, and instead models the variable only
based on the formed radial basis functions. In order to account
for additional satellite variables, a further deep neural network
(DNN) module has been included, in order to take the covariates
as input to the model. The spatio-temporal DNN module, which
takes the values of the radial basis functions as input, is combined
with the covariate module in final DNN module, which forms the
predictions.

For each method considered, all satellite variables have been used
as predictors when the models have been trained.

4.2.2 | iVAE Configuration

In iVAE, the in situ variables, O;, NO, and PM,,, have been
considered as observed data and all meteorological variables as
covariates that are used for predicting the latent components
to new spatio-temporal locations. The number of latent com-
ponents is set to P =.§ = 3, matching the number of observed
pollutants. This ensures that no information is discarded during
the blind source separation, as P < .S would risk losing relevant
information for prediction. Choices of P > .S are excluded on
theoretical grounds, as the identifiability results of Khemakhem
et al. (2020), Sipild et al. (2026) require P < S; additional com-
ponents beyond S would be unidentified and contribute noise
rather than signal. The appropriateness of this choice is con-
firmed empirically through validation, described next in hyper-
parameter selection. The number of hidden layers in encoder and
decoder has been set to 3 with 128 hidden units in each layer, fol-
lowing previous simulation studies on latent component estima-
tion (Sipild et al. 2025, 2026b). The remaining hyperparameters
have been selected through validation to optimize interpolation
performance.
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4.2.3 | Hyperparameter Selection

All hyperparameters have been selected to minimize MAE on
the validation set, containing hold-out spatio-temporal locations.
For deep learning methods, hyperparameters have been selected
through progressive search strategies, gradually increasing model
complexity to balance modeling capacity with computational fea-
sibility, while for statistical methods, standard model selection
procedures and grid search over reasonable parameter ranges
have been employed.

4.2.3.1 | Regression Kriging. For regression kriging, the
empirical variogram has been calculated using temporal lags
from 0 to 20 and spatial cutoff parameter of 100 km. Based on the
empirical variogram, a spatio-temporal product-sum variogram
model (De Iaco et al. 2001) has been fitted by gstat R pack-
age. The fitted variogram model consists of a spatial spherical
component with partial sill 56.06 and range 10257.36 (meters),
and a temporal spherical component with partial sill 1.90 and
range 21.11 (days). The nugget effects are 0 for spatial part and
5.21 for temporal part. The product-sum interaction parameter
is 0.059. The best performing spatio-temporal anisotropy param-
eter, determined on the basis of validation MAE, is 2500, out of
the available options of 1250, 2500, and 5000. The anisotropy of
2500 means that 2.5km is considered to be equal to one day in
time when selecting the nearby observations. A set of 200 nearest
observations has been used in prediction step.

4.23.2 | Random Forest. The random forest model has
been trained using randomForest R package (Liaw and
Wiener 2002). The number of trees has been set to 50 to balance
predictive performance with computational feasibility. Other
hyperparameters have been kept at their default values.

4.23.3 | Deep Kriging. For deep kriging the number of
epochs, spatial and temporal radial basis functions, number of
hidden layers and units in each DNN module and type of spatial
kernel (Gaussian versus Wendland) have been identified through
hyperparameter selection. The spatial and temporal radial basis
functions have been selected by progressively adding finer res-
olution levels (from coarse regional scales to fine local scales),
balancing computational complexity with the capacity to cap-
ture multi-scale spatio-temporal structure. For epochs, options
20, 40, 60 and 80 have been considered. For the DNN modules, the
number of hidden layers and hidden units have been gradually
increased to find a setting with sufficient modeling capacity: the
spatio-temporal module has been increased from one layer with
128 hidden units up to three layers with 1024, 512 and 256 hidden
units, and the covariate module from one layer with 128 hidden
units up to three layers with 512, 256 and 128 units, respectively.

Based on the validation MAE, the following best performing
parameters have been fixed: 20 epochs, spatial basis of H =
{2,9,17,37,60}, temporal basis of G = {9,17,37,73,211, 555},
Wendland spatial kernel, two layers with 256 and 128 hidden
units in the covariate module, three layers with 1024, 512 and
256 hidden units in the spatio-temporal module, and one layer
with 128 hidden units in the final module. Based on the selected
resolution levels H and G, the radial basis functions have been
formed as described in Section 3. All models have been trained
with a batch size of 64.

4.23.4 | 1iVAE. ForiVAE, the number of epochs, spatial and
temporal basis functions, spatial kernel type (Gaussian versus
Wendland), and number of layers and hidden units in the aux-
iliary function have been selected using the same progressive
search strategy as for deep kriging, gradually increasing model
complexity to find a setting with sufficient modeling capacity.
Based on the validation MAE, the best-performing parameters
have been: 160 epochs, spatial basis of H = {2,9,17, 37,60}, tem-
poral basis of G = {9,17, 37, 73,211, 777}, Wendland spatial ker-
nel, and three hidden layers with 1024, 512 and 256 units, respec-
tively, in the auxiliary function.

While the selected resolution levels and DNN module structure
have been similar to the selected hyperparameters of deep kriging
model, the best performing number of training epochs has been
high compared to deep kriging model. The difference is most
likely because iVAE performs multivariate modeling through
latent component extraction, requiring more training time com-
pared to deep kriging.

Finally, to validate the choice of latent dimension, the mod-
els have been additionally fitted with P =.5 —1 =2 and com-
pared against P = .S = 3 on the validation set. The choice P = .S
yields better validation performance, confirming that reducing
the latent dimension risks discarding information relevant for
prediction.

Table 2 summarizes the selected hyperparameters for all forecast-
ing methods.

4.3 | Interpolation Results

Table 3 reports the MAE and RMSE point estimates and their
95% bootstrap intervals related to the O, interpolated data for
the test set in Northern Italy obtained using iVAE with covari-
ates and the competing methods discussed above. As a further
very simple baseline, satellite-derived O, levels have been consid-
ered as predictions for spatio-temporal locations of the test set.
In this case the predictions have been obtained by pairing each
in situ observation with the nearest satellite-derived value. This
method, denoted as direct satellite predictions in Table 3, exhibits
the worst performance, in terms of both MAE and RMSE, with
respect to the other selected interpolation methods.

Standard linear regression yields modest improvements over the
direct satellite-derived estimates, while random forest gains slight
further improvement on prediction performance. Both meth-
ods, however, are considerably outperformed by all methods that
incorporate spatio-temporal structure.

Regression IDW and regression kriging achieve a substantial
improvement over random forest and linear regression, regres-
sion kriging being the superior method of the two. Deep krig-
ing, while allowing for nonstationary dependence structures, per-
forms better than regression IDW but slightly worse than regres-
sion kriging, likely due to not explicitly leveraging nearby obser-
vations during prediction.

The best performance is achieved by the proposed iVAE method,
which outperforms all competitors. iVAE performs the modeling
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TABLE 2 | Best performing hyperparameters for interpolation methods, selected based on validation MAE for hold-out spatial locations.
Method Hyperparameter Selected value
Regression kriging Anisotropy parameter 2500

Nearest observations 200
Random forest Number of trees 50
Deep kriging Epochs 20
Spatial basis {2,9,17,37,60}
Temporal basis {9,17,37,73,211, 555}
Spatial kernel Wendland
Covariate module layers 2 (256, 128 units)
Spatio-temporal module layers 3 (1024, 512, 256 units)
Final module layers 1 (128 units)
Batch size 64
iVAE Epochs 160
Spatial basis {2,9,17,37,60}

Temporal basis
Spatial kernel
Auxiliary function layers
Encoder and decoder layers
Latent dimension

Batch size

{9,17,37,73,211,777)
Wendland
3(1024, 512, 256 units)
3(128,128,128)

3
64

TABLE3 | MAEsand RMSEs for various methods on the interpolation task of O, in Northern Italy, when the covariates are used as predictors.

Interpolation method

MAE

RMSE

Direct satellite predictions
Linear regression
Regression IDW

Regression kriging

Deep kriging with covariates
iVAE with covariates

Random forest

7.47 (7.35, 7.60)
7.17 (7.04,7.31)
3.68 (3.62, 3.74)
3.46 (3.40, 3.52)
3.57(3.51, 3.63)
3.22(3.17,3.28)
6.40 (6.28, 6.52)

10.56 (10.37, 10.78)
10.14 (9.91, 10.36)
5.02 (4.90, 5.19)
4.74 (4.63,4.85)
4.86 (4.75, 5.00)
4.33(4.25,4.42)
9.17 (8.94, 9.38)

Note: The values in parentheses correspond to the 95% bootstrap intervals over 1000 bootstrap samples of the test data set.

of O;, NO, and PM,, multivariately simultaneously and captures
both spatio-temporal dependencies through radial basis func-
tions and cross-variable dependencies through latent component
modeling. These results highlight the importance of incorporat-
ing covariates, modeling spatio-temporal dependencies, and per-
forming the modeling multivariately for the most accurate ozone
interpolation.

The calculated 95% bootstrap intervals of MAE and RMSE are rel-
atively small for all of the methods. The bootstrap intervals of the
best performing method, iVAE, and the second best performing
method, regression kriging, are by far non-overlapping, suggest-
ing strong statistical significance between the MAE and RMSE
obtained by these two methods.

To assess computational complexity of the different interpolation
methods, the training and inference times are reported in Table 4,

expressed in seconds (s). The simplest methods, linear regression
and regression IDW, are by far the fastest to fit, while iVAE with
covariates requires the longest training time. This is expected,
as iVAE simultaneously accounts for spatio-temporal structures,
cross-variable dependencies, and satellite-based covariates, mak-
ing it the most information-intensive method among those com-
pared. Deep kriging has the second longest training time, fol-
lowed by random forest. Despite the longer training time of iVAE,
its inference over the full test set remains practically negligible.
Regression kriging, by contrast, has a moderate fitting time but
by far the slowest inference—over 30 min —making it impracti-
cal for operational use at scale.

4.4 | Forecasting

In forecasting stage, the missing values of O;, NO, and PM,, of
the train data set are first estimated by using iVAE method which
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TABLE 4 | Computation wall-clock times for fitting the models and
for inference over the test sets.

Method Fit (s) Inference (s)
Interpolation
Linear regression 0.1 0.002
Regression IDW 0.1 27.0
Regression kriging 80.7 2062.9
Deep kriging with 1386.7 0.7
covariates
iVAE with covariates 9092.5 3.2
Random forest 612.5 0.36
Forecasting
ARIMA 30.2 0.006
Kriging 98.6 15.4
iVAEar 1873.1 0.30
iVAEar masked 1851.9 0.30
iVAE 796.2 0.10
iVAE masked 814.4 0.14
HiSTGNN 17725.3 1.0

has been the best performing method in terms of interpolation
results, as discussed in the previous section. The imputed data
set is used for forecasting all methods besides the masked iVAE
variants.

When forecasting to future, the future satellite covariates are not
available and hence they cannot be utilized as predictors. There-
fore, in forecasting, only methods that perform the modeling
based on temporal, spatio-temporal and cross-variable dependen-
cies, are available. For the multivariate methods, there are all
iVAE variants and the hierarchical spatio-temporal graph neu-
ral network (HiSTGNN) developed by Ma et al. (2023), where
the three in situ variables O;, NO, and PM,,, and three most
important satellite variables, temperature at 2 m, relative humid-
ity and VOC, can be considered as input variables. The iVAE
methods additionally use the spatio-temporal coordinates as aux-
iliary data, where as the HiSTGNN models the spatio-temporal
structure through graphs by constructing an input using all
spatio-temporal observations from 20 most recent time points at
once. For the univariate methods, namely, ARIMA and kriging,
only the in situ observed O, is used as an input.

All hyperparameter selection is performed based on the valida-
tion data. The final models are then trained by including also the
validation data, and evaluated using the test data set.

44.1 | Competing Methods

As competing methods, two statistical baselines, ARIMA (Box
et al. 2015) and ordinary kriging, have been considered. On
the other hand, as modern deep learning alternative, HISTGNN
developed in Ma et al. (2023), has been adopted.

Ordinary kriging has been used similarly as in the interpolation
scenario, but without the linear regression pre-processing step as
the satellite variables are not available.

ARIMA is a classical time series forecasting model that com-
bines autoregression (AR), integration (I), and moving average
(MA) components. The model is commonly denoted as ARIMA
(p,d, q), where p represents the AR order, d the degree of dif-
ferencing needed for stationarity, and ¢ the order of the moving
average. ARIMA models linear relationships in univariate time
series by expressing the current observation as a linear combi-
nation of past observations, past forecast errors, and a stochastic
term. The differencing component handles nonstationary data
by transforming it into a stationary series. ARIMA does not
account for spatial dependence or the dependence between dif-
ferent variables.

For ARIMA and kriging, seasonal trends have been removed to
fulfill the stationarity assumption. In particular, the detected sea-
sonal component has been modeled as follows

x;(s,1) = By, + Py, cosS2rt/365) + B, ; SIN(27t/365) + X, (5, 1),

where residuals x
kriging.

have been predicted using ARIMA and

res,i

HiSTGNN is a modern deep learning architecture designed for
spatio-temporal forecasting that captures multi-scale spatial and
temporal dependencies through a hierarchical graph structure
(Ma et al. 2023). The model constructs multiple graph representa-
tions at different spatial resolutions, from fine-grained local inter-
actions to coarse-grained global patterns, enabling it to model
both short-range and long-range spatial dependencies. The tem-
poral dependencies within each subgraph are modeled using tem-
poral convolution to capture the temporal evolution. HISTGNN
incorporates cross-dependencies between input variables as well
as spatio-temporal dependencies. It also allows nonstationarity in
the dependence structures.

4.4.2 | iVAE and iVAEar Configurations

In iVAE and iVAEar, the time points relative to seasonal period
instead of the absolute time points have been used to form
the temporal radial basis functions. This approach keeps the
future values of the radial basis functions within the bound-
aries of the training data, allowing the methods to generalize
better to the future. In order to allow difference between sea-
sons, additional one-hot encoded year factor has been added to
the spatio-temporal auxiliary data. In encoder and decoder, three
hidden layers with 128 units in each, and leaky ReLU activation
function have been applied, following previous studies (Sipild
et al. 2025, 2026). The learning rate is set to 0.0001 and the batch
size to 64. The most crucial hyperparameters, spatial and tem-
poral bases, the depth and number of units in auxiliary function
and the type of the spatial kernel, are selected through hyper-
parameter selection. The number of latent components is set to
P = S = 6, following the same reasoning as in the interpolation
case (Section 4.2). The appropriateness of this choice is confirmed
through validation as described in the hyperparameter selection.

4.4.3 | Hyperparameter Selection

All hyperparameters, that were selected on the validation data,
have been evaluated based on ten-step-ahead validation MAE.
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4.43.1 | ARIMA. The best parameters have been chosen
for each station individually on the basis of the corrected AIC
(the well known Akaike Information Criterion) computed for
AR of order p=0, ...,5and MA of order ¢ =0, ..., 5. The inte-
gration parameter has been determined through the KPSS test
(Kwiatkowski et al. 1992) selecting from options 0 and 1. Then, it
hasbeen set to 1 for all stations, according to the higher validation
accuracy.

4.4.3.2 | Kriging. The spatio-temporal anisotropy parame-
ter has been set to 1250 based on the average ten-step-ahead
validation MAE, selected from options 1250, 2500, and 5000.
A set of 200 nearest observations has been used in the
prediction step.

4.4.3.3 | HiSTGNN. The initial neighborhood graphs have
been constructed by selecting all spatial points within 20 km to
be connected observations, representing a typical scales of local
air quality influence. The 20 most recent observations in time
have been considered to predict the 10 time steps ahead. The sea-
sonal time point of the observation has been included as predictor
to allow the model to learn seasonal differences. The model has
been trained multivariately for the pollutants O;, NO, and PM,,
recorded in situ, and the satellite environmental variables which
are the most important in terms of influence on air quality condi-
tions, namely relative humidity, temperature and VOC. Based on
preliminary experiments, the default values for the model layers
have been chosen: the number of convolution and residual chan-
nels have been set both to 32, while the number of skip channels
and the one for the final convolution channels have been fixed,
respectively, to 64 and 128. The number of graph convolution
heads has been set to one, the depth of the graph convolutions
to two and the number of consecutive graph convolution layers
in the model to two. With these parameters, the model already
contains approximately 1.8 million parameters and makes it com-
putationally heavy to train, which is the reason for not perform-
ing an extensive hyperparameter search. Then, the number of
training epochs have been selected by monitoring the validation
accuracy to avoid overfitting. The number of epochs for the final
model is 40.

4.43.4 | iVAE and iVAEar. For iVAE and iVAEar, the
hyperparameter search has been similar as in the interpolation
step previously discussed. For iVAEar the following best perform-
ing parameters have been selected based on 10 steps ahead vali-
dation MAE: AR of order R = 3, one layer with 64 units in the
auxiliary function, spatial basis of (2,9, 17, 37), temporal basis of
(9,17,37) and 70 training epochs. For masked iVAEar, the same
parameters have been chosen, with except that the AR order is
R = 4. For both iVAE and masked iVAE methods, the following
parameters have been selected: one layer with 128 units in the
auxiliary function, the spatial basis of (2,9, 17, 37), the temporal
basis of (9, 17, 37) and 60 training epochs. As in the interpolation
case, the choice P = S = 6 is confirmed against P=S-1=5
on the validation set, with P = § yielding better validation per-
formance for all iVAE and iVAEar variants.

Table 5 summarizes the optimal hyperparameters for all forecast-
ing methods.

TABLE 5 | Best performing hyperparameters for forecasting meth-
ods, selected based on validation average MAE for ten-step-ahead
predictions.

Method Hyperparameter Optimal value
ARIMA AR order (p) 0-5 (station-specific)
MA order (q) 0-5 (station-specific)
Integration order 1
Kriging Anisotropy parameter 1250
Nearest observations 200
HiSTGNN Spatial neighborhood 20km
Temporal window 20 time steps
Convolution/residual channels 32
Skip channels 64
Final convolution channels 128
Graph convolution heads 1
Graph convolution depth 2
Consecutive GC layers 2
Training epochs 40
iVAEar AR order 3
Auxiliary function layers 1 (64 units)
Spatial basis 2,9,17,37)
Temporal basis 9,17,37)
Training epochs 70
Latent dimension 6
Masked AR order 4
iIVAEar Auxiliary function layers 1 (64 units)
Spatial basis 2,9,17,37)
Temporal basis 9,17,37)
Training epochs 70
Latent dimension 6
iVAE/Masked Auxiliary function layers 1 (128 units)
iVAE Spatial basis 2,9,17,37)
Temporal basis (9,17,37)
Training epochs 60
Latent dimension 6
4.5 | Forecasting Results

Table 6 presents the MAE, the RMSE and their 95% bootstrap
intervals of daily average O; concentrations over Northern Italy
for all evaluated forecasting methods. In particular, MAE and
RMSE for one-step-ahead predictions, as well as MAE and RMSE
averaged over the first ten forecasting steps, calculated on the in
situ test set, have been considered and the most accurate results
have been written in boldface. For one-step-ahead forecasting,
masked iVAE approach achieves the lowest error, followed by
masked iVAEar and HiSTGNN. However, when forecasting fur-
ther into the future, the best performance is shown by the HiST-
GNN and the masked iVAEar, with no significant differences,
although the former performs slightly better, closely followed by
the latter.

The masked iVAE variants, trained on the original train-
ing data with missing values, are performing better than the
counterparts that are trained on the imputed dataset, especially in

Environmetrics, 2026

15 of 20

85UB017 SUOLULLIOD 3AIES.D 3|deal|dde au3 Aq peusenob afe Sape O ‘88N JO S9N 10y Afeq 1 BUIIUO A3]IA UO (SUOIPUOD-PUR-SLURYWI0D A8 M ARIq 1 BUTIUO//SARY) SUORIPUOD PUe Swis | 8y} 835 *[9202/60/8T] U0 AriqIauliuo AB|IM *elfeleURILO0D AG TZTOL AUS/Z00T OT/I0p/L0d"AB| 1M Afeq joul Uo//SdnY Lo pepeojumoq ‘9 ‘9202 XS60660T



TABLE 6 | MAEsand RMSE:s for the adopted forecasting methods of daily average O, concentrations in Northern Italy.

1 step RMSE

1-10 steps MAE

1-10 steps RMSE

Method 1 step MAE

ARIMA 6.33 (5.42,7.32)
Kriging 6.86(5.93, 7.78)
iVAEar 6.53 (5.63, 7.55)
iVAEar masked 5.95(5.18, 6.84)
iVAE 7.94 (6.91, 8.99)
iVAE masked 5.80 (4.88, 6.77)
HiSTGNN 6.12 (5.39, 6.95)

8.35(7.37,9.37)
8.49 (7.47, 9.52)
8.42(7.35, 9.40)
7.59 (6.63, 8.60)
9.91 (8.76, 11.01)
7.93 (6.62, 9.24)
7.81 (6.64, 9.13)

11.51(10.94, 12.11)
11.23 (10.75, 11.69)
11.11 (10.58, 11.57)
10.66 (10.10, 11.28)
11.38 (10.84, 11.90)
12.06 (11.51, 12.56)
10.58 (10.12, 11.03)

14.63 (13.79, 15.61)
14.34 (13.52, 15.25)
14.28 (13.48, 15.13)
13.77 (12.74, 14.91)
14.78 (13.86, 15.80)
15.52 (14.69, 16.38)
13.70 (12.92, 14.63)

Note: The errors are calculated for one step (day) ahead and the mean of the first 10 steps (days) ahead predictions of the in situ O, test data set. Bold values in parentheses

correspond to the 95% boostrap confidence intervals over 1,000 bootstrap samples.

one-step-ahead forecasts. The masked iVAEar yields lower errors
also for ten-steps-ahead forecasts, but the masked iVAE ranks the
worst in ten-steps-ahead forecasting. Overall, iVAE methods per-
form worse than iVAEar methods.

Kriging performs decently in both one-step-ahead and
ten-steps-ahead prediction. Although its one-step-ahead per-
formance is second worst, it achieves nearly as low prediction
errors as iVAEar. In ten-step-ahead forecasts, kriging achieves
similar prediction errors as iVAEar, being the fourth best method.
ARIMA performs relatively well in one-step-ahead forecasting,
achieving the fourth best performance, but is the second worst
in ten-steps-ahead forecasting.

The 95% bootstrap confidence intervals for the forecasting met-
rics are considerably wider than those for interpolation, and over-
lap notably across all methods. This indicates that the differ-
ences in forecasting performance between methods are statisti-
cally less conclusive than in the interpolation case. The larger
uncertainty is consistent with the nature of the forecasting task:
predictions are made beyond the observed time window, so
there is no information from the future side of the interval, and
the spatio-temporal distance to adjacent observations becomes
large. Together, these factors increase prediction uncertainty and
reduce the ability to distinguish between methods based on a sin-
gle test period.

The training and inference times for the forecasting methods are
reported in Table 4. Based on the methods, ARIMA and kriging
are the fastest to fit, while the iVAE variants require moderate
training times. The autoregressive iVAEar variants take approxi-
mately twice as long to train as the non-autoregressive iVAE vari-
ants, reflecting the additional complexity of modeling temporal
dependencies. Most notably, HISTGNN requires almost ten times
longer training than iVAEar, representing a substantial computa-
tional overhead while providing similar forecasting accuracy. For
inference, kriging is the slowest by a considerable margin, while
all other methods complete inference in at most 1s. Among the
neural network approaches, iVAE variants perform the inference
the fastest, followed by iVAEar approaches, and the HISTGNN is
the slowest.

Further comparison between two best performing methods,
masked iVAEar and HiSTGNN, has been conducted by com-
paring their spatial prediction error maps, that are provided in

Figures 4 and 5 for the prediction steps 1-10. Based on the
figures, HISTGNN has slightly higher prediction errors in Milano
area (around coordinates (X, Y) = (550, 5050)), especially at steps
2 and 3. In contrast, masked iVAEar has higher errors in some of
the locations that are at the edge of the study area, for example,
the most south-east location (see steps 5 and 6). Both of the meth-
ods have the three similar large errors in steps 6 and 7, which are
individual observations with very high ozone concentration.

When comparing the masked iVAEar and HiSTGNN, it should be
noted that HISTGNN has been trained particularly by minimiz-
ing the ten-steps-ahead prediction error, while masked iVAEar is
trained by maximizing the lower bound of the data log-likelihood.
Asresult, iVAEar can more robustly make predictions to any fore-
casting horizon once trained. Furthermore, HiSTGNN is signifi-
cantly more complex model, requiring substantially greater com-
putational resources and longer training times when compared
to iVAE methods.

The superior one-step-ahead prediction performance of masked
iVAE variants compared against their non-masked counterparts,
and their competitive performance in longer forecasting hori-
zons, is promising. These methods require fewer computational
steps and avoid missing values imputation, which may otherwise
lead to noise in the imputed training data. This suggests that
learning from the original partially observed data can be bene-
ficial performance wise, while being computationally more effi-
cient and simpler approach.

5 | Conclusions and Discussion

To address the challenges of fully multivariate spatio-temporal
modeling, the existing iVAE framework was extended to incorpo-
rate observed covariates directly into the estimation and predic-
tion of the latent component. In addition, a masking strategy was
introduced to explicitly handle missing values, resulting in the
masked iVAE approach. These extensions enabled the incorpo-
ration of satellite-based covariates together with spatio-temporal
coordinates for interpolation, while simultaneously allowing
latent components to be estimated even at locations with incom-
plete observations.

The proposed iVAE extensions were evaluated against several
state-of-the-art methods for interpolation and forecasting of
in situ observed O, concentrations in Northern Italy. In the
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The absolute prediction error maps of in situ measured daily O, concentrations for prediction steps 1-10 for masked iVAEar approach.

The three large errors in time steps 6 and 7 are marked with red crosses and their respective values to keep the color scale clear for majority of the data.

The predictions are available also for the spatio-temporal points marked with empty circle, but these points are missing in the test data set.

interpolation task, the masked iVAE with satellite covariates
achieved the strongest predictive performance, clearly outper-
forming competing methods. In the forecasting task, masked
iVAEar yielded the best one-step-ahead prediction accuracy and
remained competitive at longer forecast horizons when com-
pared to the modern and computationally intensive deep learning
model HISTGNN. Notably, masked iVAEar attained its strong per-
formance without requiring prior imputation of missing values
and with substantially shorter training times than HiSTGNN.

Although the present study focuses on ozone prediction, the
proposed framework is not limited to this specific application.
The methodology is applicable to a broad class of multivari-
ate spatio-temporal prediction problems where latent factor
structures and partially observed covariates arise. For instance,
similar modeling challenges occur in environmental monitor-
ing tasks such as water quality assessment, hydrological pre-
diction, and other ecological or atmospheric applications. A

systematic evaluation across different pollutants, geographical
regions, and related monitoring domains would provide further
insight into the generalizability and practical utility of the pro-
posed approach.

Despite its advantages, the proposed framework has certain
limitations. In particular, the iVAEar specification assumes a
strict autoregressive temporal structure, which implies a sep-
arable spatio-temporal covariance structure. This assumption
may restrict flexibility in settings where space -time interactions
are more complex. Future research could extend the model to
non-separable spatio-temporal covariance structures.

Another promising direction is to further enhance the fore-
casting pipeline through improved integration of satellite-based
information. One possible extension is to first predict full satel-
lite grids using CNN architectures such as U-Net combined
with temporal models (e.g., LSTM), and subsequently use these
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FIGURES5 |

The absolute prediction error maps of in situ measured daily O, concentrations for prediction steps 1-10 for HISTGNN approach. The

three large errors in time steps 6 and 7 are marked with red crosses and their respective values to keep the color scale clear for majority of the data. The
predictions are available also for the spatio-temporal points marked with empty circle, but these points are missing in the test data set.

predicted high-resolution covariates within the iVAE forecast-
ing framework. Such an approach could leverage high-resolution
remote sensing information more effectively and may further
improve prediction accuracy, particularly in regions with sparse
ground-based monitoring infrastructure.

Finally, the nonlinear BSS model adopted in this work is assumed
to be non-noisy, which leads to a Gaussian reconstruction dis-
tribution with an infinitesimally small variance (set to 0.01 in
practice). While this is a standard assumption in the BSS litera-
ture and provides a principled motivation for the Gaussian recon-
struction term in the ELBO, environmental phenomena such as
ozone and PM,, pollution are characterized by episodic extreme
events—for example, summer ozone peaks or pollution episodes
driven by stagnant meteorological conditions—that can induce
skewed or heavy-tailed error distributions. Since the reconstruc-
tion term models the distribution of observational noise rather
than the marginal distribution of the variables directly, the

expected impact on model performance is modest; however, in
the presence of genuinely heavy-tailed measurement noise, the
Gaussian assumption may lead to less accurate decoder estima-
tion at extreme values. A natural future extension would there-
fore be to consider a noisy nonlinear BSS variant, in which
observation noise is explicitly modeled through a heavier-tailed
reconstruction distribution, such as a Student-t, skew-normal or
skew-t likelihood, and to study the robustness of iVAE estimation
under such conditions.
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