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Abstract

We prove the existence of infinitely many solutions for a class of elliptic Dirichlet problems
with non-symmetric nonlinearities. In particular, in suitable domains of R" with n > 3,
this result gives a positive answer to a well known conjecture formulated by A. Bahri and
PL. Lions. The proof is based on a minimization method which does not require the use
of techniques of deformation from the symmetry. This method allows us to piece together
solutions of Dirichlet problems in suitable subdomains, so we obtain infinitely many nodal
solutions with a prescribed nodal structure.

Mathematics Subject Classification 35J20 - 58E05

1 Introduction

In this paper we are concerned with Dirichlet problems of the form
—Au=uPlu+y inQ, u=0 ondQ (1.1)

where  is a bounded domain of R” withn > 1, ¥ € L*(Q), p > land p < Z*_’% when
n > 3.

The solutions of problem (1.1) are the critical points of the energy functional Ey :
Hi(Q) — R, defined by

1 1
E =— | |VulPdx — —— rtlyg —/ d 1.2
v (u) 2fQI ul“dx erl/Qlul X Qx/fu X (1.2)

where, under our assumptions, the exponent p + 1 is less than the critical Sobolev exponent

2% = nz_”z forn > 3.
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If ¥ = 0 in £, the functional Ey is even, so the equivariant Lusternik—Schnirelmann
theory for Z,-symmetric sets may be applied and guarantees the existence of infinitely many
solutions (see for instance [1, 3, 9, 18-20, 29, 30, 37, 39]).

A natural question, which goes back to the beginning of the eighties, is whether the infinite
number of solutions still persists for ¥ 0.

In particular, this question was raised to the attention by Rabinowitz in his monograph
on minmax methods (see [39, Remark 10.58]). In [4] Bahri proved that, if » > 3 and
l<p< %, then there exists an open dense set of ¢ in L2($2) such that problem (1.1) admits
infinitely many solutions. In [8] Bahri and Lions proved that, ifn > 3and 1 < p < "5, then
problem (1.1) admits infinitely many solutions for every ¥ € L?(2). These results suggest
the following conjecture, proposed by Bahri and Lions in [8]: the multiplicity result obtained
in [8] holds also under the more general assumption 1 < p < %

In the present paper we prove that, if the domain 2 is a cube of R”, then problem (1.1)
has infinitely many solutions for every ¥ € Lz(Q). Thus, for n > 3, our result shows that
the Bahri—Lions conjecture is true at least when €2 is a cube of R”.

In order to show that the infinite number of solutions we have for ¥ = 0 persists under
perturbations, a detailed analysis was originally carried on in [2, 3, 5-8, 26, 31, 32, 38, 41,
45] by Ambrosetti, Bahri, Berestycki, Ekeland, Ghoussoub, Krasnoselskyii, Lions, Marino,
Prodi, Rabinowitz, Struwe and Tanaka by introducing new perturbation methods.

More recently, a new approach to tackle the break of symmetry in elliptic problems has
been developed by Bolle, Chambers, Ghoussoub and Tehrani (see [10, 11, 17]). However,
that approach (which works also for more general nonlinear problems) did not allow to solve
the Bahri—Lions conjecture.

Related results can be found also in other, more recent, papers (see for example [40] and
references therein).

In the present paper we develop a method introduced in [34] in order to construct infinitely
many nodal solutions of problem (1.1), having a prescribed nodal structure.

The idea is to piece together the solutions of Dirichlet problems in suitable subdomains of
Q2. A similar idea has been first used by Struwe in earlier papers (see [41-43] and references
therein). We consider as nodal regions some subdomains of 2 that are deformations of cubes
by suitable Lipschitz maps (so we obtain nodal solutions having a “check’” nodal structure).
Notice that Lipschitz conditions combined with the covering of R” by cubes with vertices in
Z"" have been also used in some recent papers by Rabinowitz and Byeon in order to construct
solutions with a prescribed pattern for the Allen-Cahn model equation (see [14, 15] and
references therein).

The main result of the present paper is stated in Theorem 2.1 (which is a direct consequence
of Proposition 2.2) and says thatif Qisacubeof R",n > 1, p > land p < Zt% whenn > 2,
then for all ¢ € L?(2) there exist infinitely many nodal solutions of problem (1.1), having
as nodal structure suitable partitions of €2 in subdomains that are Lipschitz deformations of
arbitrarily small cubes. More precisely, in Proposition 2.2 we prove that there exists k € N
such that for all positive integer k > k there exist at least two solutions ux(x) and vg(x) of
problem (1.1) such that the nodal regions of the functions u (%) and vy (§), after translations,
tend to the cube Q2 as k — oo. Moreover, the number of nodal regions of uy, v and their
energy Ey (uy), Ey (vr) tend to infinity as k — oo, while the size of the nodal regions tends
to zero.
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Notice that, in dimension n = 1, the existence of infinitely many solutions for all v
in LZ(Q) follows from a result obtained by Ehrmann in [25] (see also [24, 28] for related
results). However, the method used by Ehrmann relies on a shooting argument, typical of
ordinary differential equations, combined with counting the oscillations of the solutions in
the interval 2. On the contrary, in the present paper we use a method which is more similar
to the one introduced by Nehari in [35], that can be in a natural way extended to the case
n > 1. In fact, Nehari’s method was used by Coffman in [19, 20] and, independently, by
Hempel in [29, 30] to study an analogous problem for partial differential equations.

More recently, Nehari’s method has been used also by Conti, Terracini and Verzini to
study optimal partition problems, existence of changing sign solutions etc. (see [21-23, 46]).

Let us remark that Nehari consider an odd differential operator (so the corresponding
energy functional is even) and prove that for every positive integer k there exists a solution
having exactly k nodal regions. On the contrary, as Ehrmann in [25], we find solutions with a
large number of nodal regions. However, let us point out that our multiplicity result is sharp
because, as we proved in [34, Proposition 3.5], ¥» can be chosen in L*() in such a way that
problem (1.1) does not have solutions with a small number of nodal regions: more precisely,
for every positive integer & there exists ¥, in L?(€2) such that every solution of problem
(1.1) with ¢ = v, has at least 4 nodal regions.

Now, let us describe the method we use to prove our result. For every cube 2 of R”
and every positive integer k, let us consider the k" cubic open subdomains C ]1‘ , C§ R C]’;n,

having all the same size, such that Q = Uf‘i lff. So, these subdomains are pairwise disjoint
and, forall i € {1, ..., k"} the cube ka is a translation of the cube Q.

Moreover, for all L €]0, 1[, let us consider the set D, of all the deformations 7 : @ — Q
such that T differs from the identity map in Q by a Lipschitz function with Lipschitz constant
L, T(Q) = Qand T(F) = F for every face F of the cube Q. Notice that, since L €]0, 1,
every deformation T € Dy is a bilipschitz map in Q. Then, for all 7 in Dy and k in N,
by using a Nehari type minmax argument in every subdomain 7 (C lk )withi € {1,...,k"},
we construct two distinct nodal functions ukT and va in HO1 (£2) whose nodal regions are the
subdomains T(Cll‘), fori = 1,...,k", and such that, for k large enough, u,{ and va satisfy
equation (1.1) in each nodal region and are solutions of the Dirichlet problem (1.1) in €
when, in addition, they satisfy a suitable stationary property. Moreover, the construction of
ukT and va shows that va behaves as —u,{ when k — oo.

Now, for all k& € N, we minimize the energy functional Ey in the set {u,{ T € Dr};
moreover, we show that, if the minimum is achieved by a map TkL in Dy, with Ly €]0, L[,
then the corresponding function uZ"L satisfies the stationarity condition which allows us to
conclude that it is a solution of problem (1.1) for k large enough.

Indeed, we show that there exists a sequence (Ly)x of positive numbers such that
limg_ o0 Ly = 0 and TkL € Dy, Yk € N, so L €]0, L[ for k large enough and the solution

L
up = ukT" satisfies all the assertions of Proposition 2.2 (in analogous way one can construct
the solutions vy that behaves as —u; when k — 00).

In particular, we obtain that TkL tends as k — oo to the identity map in © and that the
rescaled nodal regions kaL (Cik), after translations, tend to the cube 2 as k — oo, uniformly
with respecttoi € {1, ..., k"}.

The existence of such a sequence (Lx)k, which plays a crucial role in the proof, is strictly
related to a minimality property of the cubes in R”. In fact, the functions u[ (%), suitably
rescaled, tend as k — oo to solutions of the equation (1.1) with ¥ = 0. Therefore, since the
effect of the term v tends to vanish as k — o0, the rescaled nodal regions kaL (C{‘), suitably
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translated, tend to polyhedra as k — oo. Among these polyhedra, the cubes of R” are the
unique minimizers of the “shape factor” ¢ () defined by

1

0G0 = mGlx %), (1.3)

where | x| is the volume of x and
m(x) :min{/ |VU|?dx U € Hj (x), / \UPHdx = 1} (1.4)
X X

(notice that ¢(x) depends only on the shape of x and not on its size because it is invariant
with respect to translations and rescaling of y ). Therefore, taking into account the asymptotic

L
behaviour of Ey, (u,zk ) as k — oo, the minimality of TkL implies that go(kaL (Cf)) — @,
where @ denotes the shape factor of every cube of R”, while the volumes |kaL(C lk ) — 1
as k — oo, uniformly with respecttoi € {1, ..., k"}.

As a consequence, taking also into account the conditions of TkL on 9€2, we infer that,
after translations, the rescaled nodal regions kaL (@ lk ) tend to 2 as k — oo and there exists
a sequence (L), having the desired properties.

It is clear that our method does not require techniques of deformations from the symmetry
and may be applied to more general problems. For example, it may be easily adapted to deal
with the case where in problem (1.1) the nonlinear term |u|?~'u is replaced by ¢4 (uT)? —
c—(u™)P with ¢y and c_ two positive constants. Moreover, this method may be adapted to
work even in case of nonlinear elliptic equations involving critical Sobolev exponents. For
example, it allows us to obtain in this case a multiplicity result similar to Theorem 2.1, which
is announced in Theorem 3.18.

Now, we can compare results and methods of the present paper with those of [34] in order
to state clearly a relation between these papers.

In both papers the starting point of our approach is to observe that, for a given f € L?(),
there exists a mountain pass solution in every sufficiently small subdomain of 2. Then,
we decompose the domain €2 into disjoint union of small subdomains which are given by
the images of disjoint union of small cubes through a class of admissible Lipschitz maps.
Next, on each subdomains we dispose mountain pass solutions, which are perturbations of
(positive or negative) mountain pass solutions of problem (1.1) for f = 0 (in such a way that
the solutions in adjacent subdomains have different signs). Finally, we minimize the energy
functional among the class of admissible Lipschitz maps and show that, if a minimizing
map is (in a suitable sense) in the interior of the class of the admissible maps, the normal
derivatives of the corresponding functions on the interfaces of the subdomains are equal and
so we obtain infinitely many solutions (because the cubes may be arbitrarily small).

However, even if the scheme of our approach is similar in both papers, the class of Lipschitz
maps considered in [34] is quite different from the class D; we use in the present paper. In
fact, in [34] we denote by Py the union of all the cubes with sides of length % and vertices
in %Z”, that are enclosed in Q and, for L’ > 1, we consider the class Cy/( Py, Q) consisting
of the bilipschitz maps between Py and  with Lipschitz constants in [, L']. Moreover,
we show that, if the minimal energy is achieved by a bilipschitz map TkL/ with Lipschitz

L
constants in ]%, L' [, the corresponding function u,fk is a solution of problem (1.1).

Thus, in [34] we prove the existence of infinitely many solutions under a geometric

condition on the domain €2, which guarantees that, for a suitable choice of L’ > 1, the
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minimum is achieved by a map T;%" which, for k large enough, belongs to Cp»(Py, $2) for
some L € ]% L.

This geometric condition may be easily checked in dimension n = 1 because, since for all
L’ > 1 the minimality of TkL/ implies that the subdomains tend to have all the same size as
k — oo, forn = 1 we infer that TkLl € CL;((Pk,ﬁ), where L) € [1,L']Vk e Nand L) — 1
as k — oo.

On the contrary, for n > 1 it is difficult to check this geometric condition because, even
if the subdomains tend to have all the same size, for n > 1 they might have a shape very
different from the cubes, so it is difficult to control the Lipschitz constants of the map TkL/
as k — oo.

For this reason in the present paper we use the class Dy of admissible Lipschitz maps.

Moreover, let us point out that the approach used in the present paper and the class Dy, of
Lipschitz maps work not only for cubes but also for other domains that can be decomposed
into disjoint union of translations of scaling domains (for example, equilateral triangles,
triangular prisms, rectangles, rectangular parallelepipeds, etc.).

In fact, in order to apply our method it is sufficient that the domain 2 admits tessellations
by arbitrarily small congruent subdomains, symmetric by reflection with respect to all the
interfaces and colourable with two colors in such a way that adjacent subdomains have
different colors, so that we can have a criterion to choose the sign in every subdomain and
the functions have the same normal derivatives on their interfaces (for example, tessellations
by hexagons or hexagonal prisms do not work in our arguments).

In the present paper we describe our method only for cubic domains, for the sake of
simplicity, because for the cubes the same arguments hold in every dimension n (on the
contrary, for example, the tetrahedra do not work for n = 3 as the equilateral triangles do for
n=2).

2 Variational framework and statement of the main results

Our aim is to prove the following theorem.

Theorem 2.1 Let Q be a cube of R" withn > 1,let p > 1 and p < Zf% when n > 3. Then,
for every y € L*(2), problem (1.1) admits infinitely many solutions.

Without any loss of generality, we can assume that
Q={x=0G1,...,x) eR" 0<x; <1 fori=1,...,n} 2.1
For all positive integer k and for all z € Z", let us set
1 n
ck = L@t and 0() = (—DXi=i (2.2)
(thus, in particular, we have Cé = Q).

Notice that for all k € NwehaveCf C Qifandonlyif0 <z; <k—1fori=1,...,n;
moreover, if we set

Zr={z=(1,...,zn) €Z" 0<z; <k—1 fori =1,...,n}, (2.3)
we have
Q= U f]; and CfﬂCf =0 for z £ 7 (2,7 € Zy). 2.4)
ZEZk
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Then, the following proposition holds (it obviously implies Theorem 2.1).

Proposition 2.2 Under the assumptions of Theorem 2.1, if Q is the cube (2.1), for all ¥ €
L2(Q) there exists k € N such that for every k > k problem (1.1) admits two solutions uy
and vy having the following properties (here we consider uy and vy extended by the value
zero in R" \ Q). For all k > k there exist two bilipschitz maps Trews Tew @ Q — Q (with
Lipschitz constants independent of k) such that for every choice of z* in Zy the functions U ok
and V « defined by

k k
U(x) = ”(i ) i [f + Tha (iﬂ Vx € R", Vk > k, 2.5)
Sk k _
Vi (x) = G(f ) e [f ¥ Tiw (Z—)] Vx € R", Vk > Kk, (2.6)
k-1 k k

restricted to Q, both converge as k — o0 to a positive solution of problem (1.1) with ¢ =0
in 2, satisfying

Eo(U) =min{Ey(U) U € HOI(Q) \ {0}, EQ(U)HIUT = 0}. 2.7)

Moreover; the sequences (T )k and (T )k both converge to the identity map uniformly in

Q, while the domains k [Tk’u (ka) — Tkou (%)] and k I:Tk’v (ka> — Tk v (%)] tend to Q

as k — oo for every choice of zZ* in Zy.

The proof is reported in Sect. 3.
In order to prove Theorem 2.1 and Proposition 2.2, we proceed as follows. For every
te[0,1]andi € {1, ..., n}, let us consider the set

Fl={(x1,....,xx} € Q x; = 1} (2.3)

(in particular, if 1 = 0 or t = 1, F/ is a face of the cube Q).
Now, let us fix L €]0, 1] and consider the set D; of the admissible deformations of €
defined by

DL={T:Q—>QTQ)=Q, T(F)=F fort=0,1,i=1,...,n,

_ (2.9)
IT(x) =T () —x+y| < Llx —y[Vx, y € Q}.

Notice that for every deformgtion T € Dy one can write T(x) = I(x) + S(x) where

I(x) = xVx € Qand § : Q@ — R” is a Lipschitz continuous function with Lipschitz
constant L. Moreover, we have

(I=Dx =y <ITx) =TI <A+L)x -yl VYx,yeQ (2.10)

where 1 — L > 0 because we assumed L €]0, 1[. Thus, 7 is invertible and both 7 and 7!
are Lipschitz continuous functions in Q.
Other important consequences of the definition of Dy are presented in next proposition
where we describe some geometrical properties of the deformations 7' (F}) of the sets F/
with respect to the straight lines orthogonal to F; (these properties motivate the introduction
of this class of admissible deformations).
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Proposition 2.3 Let T € Dy and L €]0, 1[. Then

(@) forallt € [0,1], i € {1,...,n} and y € Q2 there exists a unique x € Fit such that
P; o T(x) = P;(y), where P; denotes the orthogonal projection of R" on the subspace
{x = (x1,...,xp) € R" x; = 0} (that is, every straight line orthogonal to Fi’ meets

T (F!) in a unique point);
(b) for all ¢, t" in [0, 1] such that t' < t" and for all x' € F' and x"" € F!" such that

l 1

PioT(x") = P;oT(x"), we have T;(x") < T;(x") (that is, the deformation T (F}) of the

set Fit meets every straight line orthogonal to Fi’ in a unique point whose i coordinate
increases as t increases).
Proof In order to prove (a), first notice that, for all r € [0,1],i € {1,...,n} and y € Q,

there exists x € F/ such that P; o T'(x) = P;(y).
In fact, let us consider the function P; o T : F l.’ — Fl.o, which is a continuous function
satisfying

P; oT(Fi’ﬂFJQ) C F,.OijO, P; oT(F;mF}) C FiOﬁF; Vjiefl,....,n}\ {i}.
(2.11)

Therefore, since P;(y) € FI.O, there exists x € Fit such that P; o T (x) = P;(y) (as follows
from [33]).

Now, let us prove that such a x is unique. Arguing by contradiction, assume that there
exists another X in Fi’ , X # x, such that P; o T(X) = P;(y), which implies

[T(x) — T(X)]- (x — %) =0. (2.12)
Since T € Dy with L €]0, 1[, we infer that
IT(x) —T(X) +X% —x| <Llx — | (2.13)
and, as a consequence,
IT(x) —T@E) + % — x> < |x — % (2.14)
because x # X. On the other hand, from (2.12) we obtain
IT(x) = TE +%— x> =Tx) = TEP + % - x> = 2[T(x) = TH] (x — §)

=|T(x) = TE*+|F — x| (2.15)

> |)€—x|2

in contradiction with (2.14).

Thus, (a) is completely proved.

In order to prove (b), we argue again by contradiction and assume that there exist ¢', 1"
in [0, 1] such that ¢’ < " and x’ € F!, x" € F!" such that

PioT(x')=PioT(x") and T;(x") > T; (x"). (2.16)
Notice that (2.16) implies

[Tx)—TE"]- & —x") <0. 2.17)
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Therefore, we obtain

TG = TG +x" —x'P = T = TP + 1 =" = 2AT () = TG (¢ = x)
2 TGN = TP+ =22 (2.18)

> | —x"%

On the other hand, since T € Dy with L €]0, 1[ and x’ # x”, we infer that
T =T+ X =x' P < L?Ix' —x"> < |x' = x"? (2.19)

in contradiction with (2.18).
Thus, we can conclude that, if P; o T(x') = P;oT(x”)andt' < t”,then T; (x") < T;(x"),
so the proof is complete. O

Now, we exploit the class of admissible deformations Dy in order to construct the solutions
up and vg. We first construct the solutions u; (then one can proceed in a similar way to
construct the solutions vg). Forallk e N,z € Z; and T € Dy with L €]0, 1[, let us set

Ey(k,z,T) =inf { Ey(u) u € HOI(T(CQC)), / lulPHdx = 1} . (2.20)
T(Ck)
Since p < Zf% when n > 3, one can easily verify that the infimum in (2.20) is achieved.

Moreover, for all k € N and L €]0, 1], also the infimum
inf{Ey(k,z,T) z€ Zy, T € Dy} (2.21)

is achieved, as one can prove by standard arguments using Ascoli-Arzela Theorem.
For the construction of the functions u; we need the following Lemmas.

Lemma 2.4 Forall L €]0, 1] we have

klim min{Ey (k,z,T) z€ Zy, T € D1} =0 (2.22)
—00
and there exists k(L) € N such that, for allk > k(L), z € Zy and T € Dy, the infimum
inf { Ey (u) u € Hy(T(CY)), / lu|Ptldx <1 (2.23)
T(Ch
is achieved by a unique minimizing function ﬁ]{z Moreover, we have
lim sup / \Vii] |dx z € Zx, T € Dy = 0. (2.24)
k— 00 T(Cé‘) ’

Proof Forall k € N, let us consider z¥ € Z; and Ty € D, realizing the minimum (2.22) and
Uy € HOl (T(ka)) realizing the minimum Ey (k, z*, Tr).

Let us extend the function uy in all of Q by the value zero in Q2 \ C fk. Since T € Dy,
Vk € N, taking into account the second inequality in (2.10), we obtain

lim measTi(CX) =0, (2.25)
k—o00 z
so (up to a subsequence) ity — 0 almost everywhere in 2. It follows that
lim / Vit |*dx = oo (2.26)
k—o00 Jq
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otherwise, since p < :’l%% forn > 3, ity — 0 alsoin LPT1(Q), which is impossible because

Jo litg|PT dx = 1 Vk € N. As a consequence, since

1 1
Ey(k, z¢, T =f/ Vii de—i—/ﬁ dx, 2.27
vk, 26, T") 29| k| FE] leﬂ (2.27)

we obtain (2.22).
Notice that (2.22) implies that for all L €]0, 1[ there exists k(L) € N satisfying
0 < min { Ey(u) u € HY(T(CY)), / lulPdx =1
T(Ch
Vk > k(L), Yz € Zy, VT € Dy. (2.28)
Since Ey (0) = 0, it follows by standard arguments that forallk > k(L),z € Zyand T € Dy,

there exists ft,{l IS Ho1 (T(Cé‘)) such that

Ey (i1} .) = min {E,/,(u) u € Hy(T(CHy), /T(Ck) )P ldx < 1} . (2.29)

Taking into account that
Ey(il ) < Ey(0) =0 Vk >k(L), Vz € Z, VT € Dy, (2.30)

it follows that
sup {/ |Viiy |*dx k>k(L), z€ Z, T € DL} < o0. (2.31)
T(Ck) ’

In order to prove (2.24), we argue by contradiction and assume that for all k > k(L) there
exist zX € Zy and T € Dy such that

k— 00

lim inf / Vi, |*dx > 0. (2.32)
T(Ch) <

From (2.31) we infer that the sequence (IZZ’:,( )k (with ﬁg"zk extended by the value zero outside
T (C fk)) is bounded in Hol (£2). Moreover, up to a subsequence, ﬁl?zk — 0as k — oo almost
everywhere in 2 because Ty € Dy, so meas(Ty (Cf")) — 0ask — oo. Therefore, ﬁZka —-0

as k — oo also in LPT1(Q). Then, from Ey (ft]szk) < 0 Vk € N it follows easily that

lim sup / ViR *dx =0 (2.33)
Tchy

k—o00

in contradiction with (2.32). Thus, we can conclude that (2.24) holds.
Finally, notice that the functional Ey is strictly convex in a suitable neighborhood of

zero. Therefore, for k large enough, ﬁ:kzk is the unique minimizing function for (2.23) for all
z€ Zryand T € Dy. So the proof is complete. O
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Lemma 2.5 Forallk > k(L),z € Zy and T € Dy, there exists a function u,{z in HO1 (T(Cf))

such that u,ﬁz E= [‘l{,z’ cr(z)[ulzZ — ﬁ,?z] >0in T(Cé‘) and

Esl/(”l{,z) = M‘//(ulz,z)
=min{My (u) u € Hy(T(CY), u#iy . o(@)u—if_ >0 inT(CL))}
(2.34)

where, for all u € H&(T(Cf)), My (u) is defined by
My (u) = max{Ey (@] , +t(u — i, .)) t > 0}. (2.35)

Proof First notice that the maximum in (2.35) is achieved for all u € HO1 (T(C f )) because
p > 1. Now, let us consider a sequence (u;); in HOI(T(Cf)) such that u; # LNt]Z:Z, o()[u; —
i 1> 0inT(C¥) Vi € Nand

lim My (u;) = inf{My () u € Hy(T(CY)), u # ﬁ,zzk, o @ —i} . 1= 0in T(CHY.
(2.36)

Then, let us set w; = |ju; — ﬁ/f,z”;“ (uj — ﬁ,{z) and notice that, obviously, My (u;) =
My (ﬁ,{Z + w;). Moreover notice that, since the sequence (w;); is bounded in LPH (2.36)
implies that it is bounded also in HO1 Since p < % when n > 3, it follows that (up to a

subsequence) (w;); converges weakly in Hol, in LP*! and almost everywhere to a function
w e HOI(T(Cf)). As a consequence, |W|;p+1 = 1 and o(z)w > 0 in T(Cf). Indeed,
w; — W asi — oo strongly in HOI(T(C f)). In fact, since we have the weak convergence,
arguing by contradiction assume that ||w; ||12L11 does not converge to || uA)||i,1 asi — oo, that
0 0
is
/ |Vid|?dx < lim [Vw, |%dx, (2.37)
T(Ck i—=00 JT(Ck)
which, combined with the weak convergence, implies My, (it + W) < lim;_.o0o My (it + w;).
Therefore, we obtain a contradiction because w # 0 and, as a consequence, lim; _, .o M MUSS
w;) < My (it + ) because of (2.36). Thus, we can conclude that w; —  in Hy (T (C¥))
as i — 0o, which imples lim;_, oo My (it + w;) = My (i + ).
Moreover, since p > 1, there exists > 0 such that Ey (ﬁ,{Z +iw) = My (ﬂ,{z +7W), so
all the assertions in Lemma 2.5 hold with ukTZ = ﬁ,{z + fw. m]

Remark 2.6 Notice that the function u,{ . given by Lemma 2.5, for k large enough, satisfies
Ey(ul.) = Ey(k, z, T) because uj _ # i _in T(CF).
Thus, by (2.22) we get

lim min{Ey (u{,) z € Zx, T € D1} = 0. (2.38)
k— o0 o

Now, we extend every function u,{’ . in all of Q by the value zero outside T(C f) and
we consider the function u,{ S HO1 (£2) defined by u,{ =) . Z u,ﬁ .- Using Ascoli-Arzela

Theorem, one can verify that for all k > k(L) there exists an admissible deformation TkL €
Dy, such that

Ey, (quL> = min{E, ul) T e Dy}. (2.39)
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. Tk . .
In next section we show that u,* is a solution of problem (1.1) for k large enough and that
. . Tt .
Proposition 2.2 holds with uy = u kk and Ty, = TkL. In order to construct the solutions vy,

we proceed in analogous way. In fact, asin Lemma 2.5, forallk > k(L),z € Zyand T € Dy,
there exists also a function va.z in Hol (T(Cf)) such that Usz #* IZZZ, (r(z)[vaZ — IZZZ] <0
in T(CF) and

Ey(l.) =My} ,) =min{My () ve H(T(CY)), v £ iy .,
o@)v—ij,] <0in T(CH)}. (2.40)

T _ T T . . .
Then, we set v; = > ., v (where v;  is extended in Q by the value zero outside

T(C f)) and, using Ascoli-Arzela Theorem, we minimize Ey, (va ) with respect to 7' in Dy..

v

If Ty, € Dy is a minimizing admissible deformation, the function vk"‘ is a solution of

problem (1.1) for k large enough and Proposition 2.2 holds with vy = vak'”, as we show in
next section.

3 Asymptotic estimates and proof of the main results

In this section we describe the asymptotic behaviour as k — oo of the functions uy and vy,
arising in Proposition 2.2, we constructed in Sect. 2. Then, we show that these functions are
solutions of problem (1.1) for k large enough and satisty all the assertions of Proposition 2.2.
As follows from Proposition 2.3, forall T € Dy,i € {1,...,n}and ¢t € [0, 1], the set

T(F!) is the graph of a function f/ T F) — Rand

X ior atl o
T(CH={xeQ f;i* oPix)<xi< f, ¥ oP(x)fori=1,...,n} VkeN, VzeZ.

3.1

In next lemma we prove that fl."T is a Lipschitz continuous function.

Lemma3.1 IfT € Dy with L €]0, 1[, then foralli € {1,...,n}andt € [0, 1] we have

LT = o)l < lx —y|  Vx,yeF 3.2)

1-L

Proof For all x, y in F, there exist x', y' in F! such that P; o T(x") = x, P, o T(y') = y
and, as a consequence, fit’T(x) =T;(x"), fi”T(y) =T;(y").
Thus, since x! = y/ =¢and T € Dy, we obtain
AT = T =1TGD) = TN = 1T = T — xf + 3]
SITGH) =TGN —x" 4| (3.3)
< Lix" = y'|.
Moreover, since L €]0, 1[, we obtain
x=y|=|PioTx") = PioT(Y) =|A[T&) =T +y —x' — (' —x)]
> x' =y = AT = TO) +y — x| 349
> (1= L)x" =y

which, combined with (3.3), implies (3.2). ]
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Let us denote by Lip(fl.t’T) the best Lipschitz constant of the function fit‘T, that is

LT o) = 7T o)l
lx — yl

Lip(f1'") = sup[ x,y€P(Q), x # y} ) (3.5)

Then, from (3.2) it follows that Lip(fl.t’T) — 0Qas L — 0.
Corollary 3.3 shows, in some sense, that also the converse in true. Notice that, if we set
St(x) =T(x) —x Vx € Q, then T € Dy if and only if

[ST(x) — ST()|

Lip(St) := sup { Xy

x,yeQ,x#y}fL. (3.6)

Moreover, it is obvious that the set Dy may be also written as
D={T:Q—>QT(Q)=Q, T(F)=Ffort =0,1,i=1,....n, Lip(Sr) < L}.
3.7

Lemma3.2 Let T € Dy with L €]0, 1[ and assume that there exists A € ]0, %[ such that
Lip(F' "y <A Vrel0,1], Yiefl,...,n} (3.8)
and

T = 2T+ —nl <Al —nl Vi, el0,1], Vie(l,...,n), Vx € F.

(3.9
Then,
n—+1)/nA —
IT(x)—T(y)—x+y|§%|x—yl Vx,y € L, (3.10)
that is Lip(S7) < WHEDNIA oo 7 ¢ Dy () with L(A) = UHDVIA
Proof Notice that T;(x) = ]‘ixi’T(Pi oT(x)) forallx € Qandi € {1,...,n}.
Thus, for x, y € Q and h = y — x, we obtain
Ti(x +h) — Ti(x) — hy = £ T (Pro TG+ 1)) — £ (P o T(x + h)) — by
+ TP o T +h) — £ (P o T(x))
. (3.11)
= pih; + Z v [Tj(x +h) — Tj(x)]
j=1
where, for all i and j in {1, ..., n}, u; and vij are suitable numbers in [—A, A] because of
our assumptions on the functions fl.t’T.
It follows that
n
Ty (e +h) = Ti(x) = hil < Alhil + A | Tj(x +h) = Tj(x) — hy|
j=1
n
+AZ|hj| Viell,...,n} (3.12)

j=1
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and, summing up,

DT +h) = Tix) —hil <A +mA Y lhil +nA Y 1T+ h) = T (x) — hil.

i=1 i=1 i=1

(3.13)
Since A < %,We obtain
n n
n+ DA
YT +h) = Ti(x) —hil < ———= > |kl (3.14)
. 1—nA 4
i=1 i=1
which implies
n
TG +h) = T(x) —h| <Y |Ti(x +h) = Ti(x) = b
i=1
n+ DA < (n+1)/nA
< —— ) || < — | 3.15
<A ;m_ el (3.15)
So the proof is complete. O

The following corollary is a direct consequence of Lemma 3.2.

Corollary 3.3 Let (Ty)i be a sequence in Dy with L €10, 1[ and assume that, for a suitable
sequence (Ap)y in ]O, %[, the same conditions as in Lemma 3.2 are satisfied with T replaced
by Ty and A by Ay forall k € N.

Then, limy_, oo Ay = 0 implies limy_, o Lip(S7,) = 0.

Remark 3.4 Notice that, if Lip(S7,) — 0 as k — oo, then S7, converges to a constant
function S, uniformly in 2. Moreover, taking into account that 7y € Dy Vk € N so T
must satisfy suitable conditions on d€2, we can say that So, = 0, that is 7 converges to the
identity function in €.

. . . Tk .
Now, let us prove the assertions of Proposition 2.2 for the function uy = u kk (in a similar

way one can proceed for the function vy = va"’v). First, we prove the following proposition
(here we use the notation introduced in Lemmas 2.4 and 2.5).

L
Proposition 3.5 For all k > k(L) the function u; = ukT" (extended to R™ by the value zero
in R" \ Q) has the following asymptotic behaviour. -
For every choice of zF in Zy, there exists a function T : Q2 — R” such that

T =0, (I-LDx—yl <T@ T <(+L)x—y| Vx,yeQ (3.16)
and, if we set x 1= f"(Q), the function U defined by

2 L k
Up(x) = o (K7 Tu* (% + 1t (%)) Vx € R, (3.17)

restricted to x, as k — 0o converges in HY () toa positive solution Uy of the Dirichlet
problem

—AU=UIP"'U iny, U=0 ondy, (3.18)
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satisfying

2
“p—1
</ |UX|p+1dx> ! /|VUX|2dx=m(X), (3.19)
X X

where
m(x) = min{/ IVU|?dx U € Hj(x), / U dx = 1}. (3.20)
X X
Moreover, we have
kli)rlgok( Ll)Ew(u Q= Jim [%/ |VUk|2dx—%/ |Uzk|ﬁ+1dx]

/lVU |2dx—7/ |U, 1P dx (3.21)

Proof For all k € N, let us rescale problem (1.1) by replacing every function u € Ho (2) by
the function R*u € H (k2) defined by

Rhu(x) = k7 Tu (f) Vx € kQ (3.22)
) .

(here R¥u is extended by the value zero outside k€2).
Then, our problem becomes

— AU =UPT'U 4y inkQ, U=0 ondke) (3.23)

where ¥ € L*(kSQ) is defined by

Ve(x) = k7T (%) Vx € kQ. (3.24)

Moreover, the corresponding functional becomes

k — l 20 _ ; p+l g
EfU) = VU 2dx \U1P*H dx ViU dox, (3.25)
2 Jka p+1Jia kQ

defined for all u € HJ (k).
Since TkL € Dy, Yk € N, so in particular it satisfies (2.10), also the function kaL ("J]r(—zk),

defined for all x € €, satisfies (2.10) and, as a consequence,

k
kTt (x J]ZZ ) (ka (—) a +L)[> Vx € S (3.26)

Therefore, using Ascoli-Arzela Theorem, we infer that (up to a subsequence) the function
KTk <+TZI‘> kT ( ) converges as k — oo to a function 7 : @ —> B(0, (1 + L)/n)

uniformly in Q. As a consequence, T satisfies (3.16) in Q.
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From Lemmas 2.4 and 2.5 we infer that R%ii. k  and Rk belong to Ho (kC ) and
that
EX Rk kk) _mm:E/‘(U) U € Hy (kT (CY)), / ) [uPt! < 1} Vk € N,
Lk

(3.27)
lim Ek(R’“ kk) = lim f VR, kk|2dx =0. (3.28)
k— k— 00 ka (C :)
Moreover,
EX(RKu! k) — MM (RFu] !, k) = min{M"(U) U € Hy(kT}(CL)), U # Rk i 329)

o (MU - Rk” ¢ 1= 0in kTE(CE))
where M*(U) is defined by

L
M*U) = max{E"(RkﬁZfzk +1(U — R"~ 3 (D10} VUe Hy (kTE(CS)). (3.30)

Notice that
2 n—22 2
/ Yidx =k 1’*1/1// dx (3.31)
kQ Q

where n < % under our assumptions on p. In fact, for n < 4 it is obviously true because

p > 1 while for n > 4 it is true because 1 < p < %, as one can easily verify by direct

computation (taking into account that Zf%

~27). As a consequence, we obtain in particular

lim Yidx =0. (3.32)
k—o00 kaL(ka)

Therefore, we infer that the function U, satisfies all the assertions in Proposition 3.5, that
is its restriction to x converges to a positive solution U, of the asymptotic problem (3.18),
satisfying the minimality condition (3.19).

In fact, (3.28) and (3.32) imply

1
0<1iminf|: /|vuk2dx—7/ |Uk|P+‘dx]
k— 00 p+1

(3.33)
gnmsup[ / |VU |?dx — —/ |Uk|p+1dx] < o0
k— 00
and

Jim [/ VU | de—/ |Uk|p+1dxi| =0. (3.34)

It follows that

VU «|?dx

lim sup fx : < 00 (3.35)

o (f 1Ualrtax)” i
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1
=
U

Z

so, up to a subsequence, (fx |Uzk|”“dx)

function ﬁx S HO1 (x) almost everywhere in y, strongly in L? +( x) and weakly in H I X)-
L

Moreover, the minimality property of u k implies, by standard arguments, that

« converges as k — 00 to a positive

/ VU Pdx = m(x) (3.36)
X

) E—
and that, as k — 0o, U converges strongly in H'(x) to the function Uy =m()r 11Uy,
which is a positive solution of problem (3.18).

Therefore, taking also into account (3.24), we obtain

_pptl L
tim k025 g, (“Zﬁk) = lim E* (Rk T )
k— 00 , k—o00
= lim [ /|VUk2dx—7/ |Uk|”+1dxi| (3.37)

e 1 et
—(5 +1>[m(X)] :

So the proof is complete. m}

In next lemma we describe other properties of the function T and of the domain f(Q)
arising in Proposition 3.5.

Lemma 3.6 Ler (zF), T and X be as in Proposition 3.5. Then, the function S; : Q —> R”
defined by S;(x) = f"(x) — x Vx € Q, satisfies the Lipschitz condition

1S(0) = S| < Llx —y|  Va,y e Q. (3.38)

Moreover; for everyi € {1,...,n} there exist two functions fio, fl-1 1 Pi(x) — R, Lipschitz

continuous with Lipschitz constant such that fi0 o P;(0) =0, fl.0 o Pi(x) < fl.1 o P;(x)

Vx € x and

lL’

x={xeR" Pi(x) € Pi(x), fPoPi(x) <xi < floPi(x) fori=1,...,n}. (3.39)

Proof Notice that, as the functions STL : @ — R” defined by STkL x) = TkL (x)—xVx € @,

also the functions k [TL (—) TL ( ) — %] are Lipschitz continuous with Lipschitz
constant L for all k € N. Therefore, as k — oo, we infer that the function S; satisfies (3.38).
In order to obtain the functions in and fl.l, we use Lemma 3.1. From (3.1) it follows that

L

,‘ Z;(‘Fl
THCY) = eQ AT o P < x < £ 7 o P(x) fori=1,....n}. (3.40)

zy zlf+1
L TL i L
: 4 ko Tk k Tk : 0 1
Now, notice that, as the functions f; and f; , also the functions fl wand f;

defined by

4 e k g L k
ﬁ(?k(x) =k |:flk Tk <% + P;o TkL (%)) - £ T P;o TkL <Zlc>] (3.41)
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and
zf+1 L k i L k
f@) =k[fl- o (;(—‘+Pi oT{ (%)) — P o poTt (Zkﬂ (3.42)

are both Lipschitz continuous with Lipschitz constant ﬁ Moreover, for all k € N we have

x—l—zk Zk
Tt L
"( k ) k(k)

RO =0 Vie(l,...,n}, Kk <(+L)Wn VxeQ

(3.43)
and

[ = ) = A= Dlxly = xl = 1= L) >0 Vx e PO,
Vie{l,...,n}, VkeN, (3.44)

where xl.l « and x? « are the points in Q such that

1 k k
k [TkL (xlk:Z> s (1)] = (x, £ () (3.45)

0 42k k
k |:TkL (MkZ> e (Zk)} = (x, £ (), (3.46)

which implies [x}, —x?,| > 1.

Therefore, by Ascoli—Arzela Theorem we can say that, up to a subsequence, the functions
ﬁk and ffk converge as k — oo uniformly in P;(}) respectively to functions fl.1 and fl.o
satisfying all the assertions in Lemma 3.6. O

and

Lemma 3.7 Let (%) and x be as in Proposition 3.5. Then, for every choice of Z* in Zy, the
domain y is a cube of R" having a vertex in the origin and the sides of lenght 1. Moreover,
we have

Jim max{|k"|TE(CHI - 1] ze Z} =0 (3.47)
—00
(where ITkL (Cf)l denotes the volume of TkL (Cf)) and

_pptl L 1 1 p+1
lim max k(n : "“)Ew(u;" )— |z ——— ]
k— 00 »Z 2 p+ 1

z€ Zk} =0 (349
where m = m(S2).

Proof Notice that, as we pointed out in the proof of Proposition 3.5, the effect of the term
Y in problem (1.1) tends to vanish as k — oo because in the rescaled problem (3.23) ¢ is

replaced by the function ¥ defined by (3.31) and, since n < p4f Ts
2 n— 22 2
lim Yidx = lim k° »-T / Yedx = 0. (3.49)
k—o0 Jro k—o00 Q

As a consequence, taking into account the minimality of TkL, the interfaces between the
domains kaL (Cé‘), with z € Z, tend to be flat, so these domains tend as k — o0 to
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polyhedra with 2n faces, having minimality properties inherited by the analogous properties
of the domains kaL (c é‘ ), related to the minimality of TkL.
In particular, arguing as in the proof of Proposition 3.5, one can show in addition that,

for every p > 0, the function k [Tk (x“ ) — TkL (%)] (up to a subsequence) converges

as k — oo to a function 7 uniformly in the domain Q, = Uzezpfz, where

Z,=1{z€Z" |zl <p, ?¥+2¢€Z Vk e N} (3.50)

(not only in €, which is strictly enclosed in Q, for p > /n).
Moreover, if we set x, = f"(CZl) Vz € Z,, the number Zzez [m()(z)]!’ has to be as

small as possible for all p > 0. By symmetry reasons, among this polyhedra yx, the cubes

of R" are the unique minimizers of the value ¢(x) := m(x)|x |2<ﬁ7%") (where | x| is the
volume of x and m() is defined in (3.20)) that is, if we set ¢ = ¢(2), p(x) = @ if x isa
cube and ¢(x) > ¢ otherwise (notice that ¢ () depends only on the shape of y and not on
its size because it is invariant with respect to translations and rescaling of ).

By Proposition 3.5, for every choice of z¥ in Zy, the corresponding limit domain x satisfies

lim k" TE(CE)1 = Ix] (3.51)
k— 00 z

and

'1\~
‘m

kllm K" 25 IEI/,(uk k)[kn|Tk (C )] (% )ptl
1 1 #)25
B (E N ﬁ) o1 A7) (3.52)

which implies

+1

<

tim 10725 g ) = (% - #) woorF [ PERE L Gy

k— 00 p+1

Therefore, taking into account the minimality of TkL, it follows that, for every choice of Z*
in Zy, the limit domain x is a cube, that is ¢(x) = ¢. As a consequence, since it is true for
every choice of z¥ in Zj, we can say that

L L)etl 1 1 p+1
lim maka" = lEl//(uk z)[kn|Tk (Ck)l] ( p+1 2*)/’*1 — (7 — 7) ¢]p—1

k—o00

Now, let us set
p—1

naptl (1 1 \! N o
(MZ):[k H(3-o17) Ew(u,f@} wrtehiP(F ) 6ss)
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Then, we have

+1 L +1 L
B0l =i Y gyl
ZGZ/(

| ( L )p , (3.56)
=--— plknT Ck P2 ) pT
(2 s 1) Y @1 K TECHT
7€Zy
Taking into account the minimality of TE, since ZZ ez |TkL (C;< )| = 1, we obtain
L,L pHl
@1 = e TP FT ) vieN vieze  (57)
where px > 0 is a suitable Lagrange multiplier. It follows that
1
pL\ S 1 _1y\pHl |
1 T\ 20 2) for
Thch) = L[ @I ’ VkeN,VzeZy  (3.58)
k" Mk
which, summing up, yields
Ry L
1 1ypr 71 1N =1
p 7 LS o (359)
Z2€Z)
Since
lim max{|gx(z) —¢| z€ Zxk} =0 (3.60)
k— 00
(because of (3.54)), we obtain
1
Jim S o T I gk
z€Zk
(3.61)
which implies
prl
lim px = @rt. (3.62)
k— 00
From (3.57) we get
1
ptl 1 1\ p+I
| )
kTEchy = | SRIT (3.63)
Mk

Thus, we can easily obtain (3.47) from (3.60) and (3.62) and then (3.48) from (3.47) and
(3.54). Finally, we can say that, for every choice of z¥ in Zy, the corresponding limit domain
x is a cube of R" with sides of lenght 1. Moreover, the construction of x shows that this cube
has a vertex in the origin, so the proof is complete. O
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Lemma3.8 Forallk € Nand L €]0, 1], let TkL € Dy, be a minimizing deformation as in
Sect. 2. Then, foralli € {1, ..., n}, we have

f" oP,oTk (%) - fl" oP,oTk z
hm sup{ hel0,1,...,k},
e PoTE(5) = PioTE(§))] (3.64)
z,§ € Zk, 2 # 8, Zi=§i=h} =0.
Proof Arguing by contradiction, assume that for some i € {1, ..., n} there exist sequences

(hi)k, (Z)k, (¢%)i such that by € {0, 1, ...k}, 2K e Zi, th e Zi, 2 # ¢k b =¢f =iy
Vk € N and (up to a subsequence)

Be L k Be Tt k
fE o pom (5) = £ o o (%)

PoTE (%)= PoTE (%)

We say that there exist two sequences (z¥); and ({k)k in Zj such that z z = Zi" = hy,
|25 — ¢k| = 1 Vk € Nand

lim
k—00

> 0. (3.65)

hy

. he gL y
'f" T oPoTt ()£ oPioTkL<%>

lim inf
k—o00

In fact, if lim sup;,_, |2k — §k| < 2,itis obvious because in this case |zF — §k| = 1 fork large
enough (so we can set 25 = zF and £¥ = ¢¥). On the contrary, if lim SUP;_, o0 1z — ¢k > 2,

let us set vk = Zr;zl |Z{<€ - {ikl. Then, one can choose v; + 1 points mg, 71, ..., Ty, in Zg
such that
k k .
o=z, my=¢", |rj—miql=1 Vje{l,..., v} (3.67)
. g
(notice that all the points 52, 7L, ..., —% must belong to F;* because of the choice of v).

Therefore, we obtain

hy k hi oL k
% o poTt ( ) FARE oP,-oTkL(§—>

k

Vi " Tl T b L T

Z ,kOPiOTkL(fj>—f<k’koPiOTkL(ji>

_ k ! k

h
‘ﬁTk’TkLoPioTk (717) flk Tk OPjOTkL (%) (3.68)

<
SEAT Rt () - et ()

ot () nert (%)
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where
et () mert (S52)| < () -7 ()0 - 55
Vjiefl,...,vl,
(3.69)
which implies
Vk
()-nent () e E -5
; PioTf (32) = PioT! ) *
' — k (3.70)
) ()

where

=

k k
PioTkL<1>—PioTkL<§k>

k h k
T b ot <%) S Y A 2 (%)I 3.71)

k k
(5) - (%)

and, by Lemma 3.1
e L k h oL k
fik’TkoP,voTkL<—) fk’T"oP oTkL(%)'fil LL

Therefore, (3.65) implies

h h
e nert (3)- T oot ()

B ot D [P o 1L () = P o TE (Z)]

>0. (3.73)

So, if the maximum in (3.73) is achieved for j = ji, our assertion (3.66) holds for k=nx e
and Ek =Tj_1.

Now, for all i € {1,...,n} let us consider the vector ¢/ = (el, .. ei) € R” such that
) ; ) .
e; =1, e’j =0forj #1i,i,j€{l,...,n}and the function §; : Q2 — ]R” defined by
z e z
sorei[ (+2) )
(3.74)
Zj zj+1 . .
Vx € Q suchthatyij< X Vjef{l,...,n} withz € Z;.
Notice that the set Zg = UkeN%Zk is a subset of 2, Zg = Q and, for all i € {1,...,n},

the sequence of functions 5?\2 , up to a subsequence, converges as k — oo to a function
Q
(S,‘ : ZQ — R,
Taking into account Lemma 3.7, for all x € Zg we have

Si(x)-8i(x) =1, 8i(x)-8;(x) =0 fori # j, Vx € Zg, Vi, je{l,...,n}. (3.75)
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sk
6;‘ (Z—> —é
k
2k
Jim 8k [P,- (?ﬂ =e¢ (3.77)

because of the conditions satisfied by TkL on the boundary of €.

Therefore, since
sk sk
Z k%
8i(k>_8i (?)‘:0 (3.78)
k

and §; [P,- (%)] = ¢! Vk € N, it follows that

sk sk

Z Z
() =0 7 (%))
On the other hand, since 2;‘ < k, we obtain

zk 2k 2k jel 2k (j=1é
() Bh () o (=)

Jj=1 (3.80)

) ()|
k k

We say that the last term tends to zero as k — oo that is, if the maximum in (3.80) is achieved
for j = ji, we have

Moreover, we infer that

>0 (3.76)

lim inf
— 00

because of (3.66), while

lim
k—00

lim inf
k—o00

> 0. (3.79)

Zk

< k max
1<j<z

A'k N A.k —(ir —1 i
lim ks () _s (U DN (3.81)
—0o0 k k
In fact, assume that (up to a subsequence) the sequence k [(Si (Ekf(j’,fl)ei ) — 6 (Ekfkj"ei )

~ ;k7 s i
converges as k — 0o to a vector in R”, we denote by D;§;, and the sequences §; (%)

A

converge to some vectors (§, in R”". Then, we have that Si 8 j =0fori # j and Si -6 =1

fori, j € {1,...,n} (because of Lemma 3.7). Therefore, in order to prove that D; Si =0, it
suffices to prove that D;6; - 6; =0Vj e {l,...,n}.
First, notice that D; 3,- . Si = 0. In fact, we have

N 2 — (jk — De 2K — e
DiSi-Sizfl 5,"81' - —51"81' - ) .82
zk:n;ok[ ( X K (382)

where the limit is equal to zero because

sk _ s 0 sk _ (s -1 i
5 - 6; (%)zai-si (W):l Vk € N. (3.83)
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In order to prove that D,& - 3.,- = 0 for j # i, notice that, since §; - §; = 0in Zg, we have

sk . i sk EaN

- —1 — PO ~ ~

0= tim k|88, (=== DEY s (SIEN 2 g5, 48038,
k— 00 k k

Moreover, we have

Di§; = D;§ = lim kz[TkL(Ek — (k= Det +e/y -1 <
k—o0
L 2k — el + e/ s 2k el
k k k k
and, as a consequence,

R R R R 1 sk s i J sk _ ;i
5-D;8; = §-D;é; :Q,E‘;ok[‘si'fsi (z Jkke +e )_31,,3[, (z kae )] =0

2 — Gk — 1)ei>
(3.85)

(3.86)

because §; - §; = 1 in Zg. Therefore, from (3.84) we obtain D,-& . SJ- = 0 also fori # j, so
D;; = 0.
Then, from (3.80) we infer that

sk sk
Z z
’Si(k)_‘s“[')"(k)”: G0
in contradiction with (3.79).

Thus, we can conclude that (3.65) cannot hold and (3.79) is true. So the proof is complete.
O

lim
k—00

Indeed, the minimality of TkL allows us to prove a stronger result, stated in the following
corollary.

Corollary 3.9 Under the same assumptions of Lemma 3.8, for alli € {1, ..., n} we have

h L h L
Ry = 15T ()

| | he{0.1,....k}, x,y e FO, x £y} =0. (3.88)
x—y

lim sup
k—o00

Proof Since, under our assumptions on the values of TkL ond, P;o TkL is a one-to-one map

h
between FO" and Fio, (3.88) is equivalent to

Lot L s L
{|fi o PioTy(x) — f** o PioTi"(y)]

lim sup hel0,1,...,k},

ko0 |Pi o TE(x) — Pi o TE(y) (3.89)
n

x,y€F*, x;ﬁy}:O.

Arguing by contradiction, assume that there exist sequences (), (x)x, (y%)x such that
h
hiy €{0,1, ..., k}, x*¥ and y* belong to Fi" , x¥ £ y* Vk e N and (up to a subsequence)

.7t Lk T Lk
) |ftk oPiOTk(x)—fl-L kOPiOTk(y”
lim >

k—o0 |P; o TE(xk) — Py o TE (M)

0. (3.90)

@ Springer



177  Page 24 of 37 R. Molle, D. Passaseo

Notice that the interfaces between the domains kaL (Cf ), z € Zy, tend to be flat because of
the minimality of the admissible deformation TkL and, as follows from Lemmas 3.7 and 3.8,
up to translations these domains tend to €2 that is, for every choice of ZFin Z., the domain

k[TEeh -1 (%)) ends o ¢ = .

Therefore, (3.90) is possible only if limg_, o k|x* — y¥| = oo (otherwise, up to a subse-
quence, the segment {xk + t(yk —x*) 1 € [0, 1]} meets only a finite number of subdomains
f/; with z € Zg). In this case, if x* e ka and yk € Cé‘,{ for suitable z* and ;k in Zp, we
have

lkxk — 2K < Vn, Ikyf —cFl < n Yk eN, Jim X —F =00 (391
—00

and
Q’TL Q’TL
L5 o PoTEGR) — fHF OPiOTkL(yk)‘
Ty’ Iy oL k
< o P oTEM — £F N o Po T (%)‘
P X P « (3.92)
5 oPoTt (%) — 5 o p o T (%)’
e L ck el
+ |5 oPoTE (?> — 5 o o TEGY)
where
b L I b L K
AR Y CO A opioTkL(%)‘
lim - k =0 (3.93)
B e (7)ot )
(as follows from Lemma 3.8) and
th’TkL L (. k th’TkL k
fi oPioTy (x)—fl oPioTy (%)‘
lim - =0, (3.94)
k=00 |Pro T () = Pro T (%)
bort be Tk K
fll‘ "oPioTkL(yk)—fik koPioTk (%)
lim A =0 (3.95)
koo ’Pi oT}F (yF) — Pio T (%)’

because the segments [xk +t (% — xk> t €10, 1]] and [yk +t (% — yk) t €0, 1]]

are respectively enclosed in the subdomains 6Zk and 6;1(.
Moreover, for k large enough, we have

L, k (2 L, k L2 (2
PioTyr () = Piolr | - )| = [T ) =T | )| =T+ L) {x" = —
1 kL k k/3.96)
_l’_
<+ LDx* =y < 1L |TkL(xk) - TkL(yk)|
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and, analogously,
k

¢ 1+L
Pio TG = PioT (ﬂ‘ < U+ DR =y = T ITEEH = TGN
(3.97)
with
ITECS) = TEG < 1P o TEGY) — Poo TEGH)
M L hi L
AT o Pl — £ o B0 TEGH) (3.98)
where
bert bert
FEF o PoTEGS) = 178 o o TEGH| < =7 1P o TEGH) = Pio TEGY)]
(3.99)
because of Lemma 3.1.
In a similar way we obtain
L2 s L.k L.k
PioT; (z)—PioTk <?>‘§‘PioTk () = PoT (v )’
' . (3.100)
+|PoTt (%) = PoTE ()| + |Po T <%) —PoTE ().
Therefore, it follows easily that (3.90) cannot be true.

Thus, we have a contradiction, so (3.88) holds and the proof is complete. |
Lemma 3.10 Under the same assumptions as in Lemma 3.8, for all i € {1, ..., n} we have
also

. %kaL h%l’TkL 0
kli)n;osup{lk[fi x) — f; (O] —=1] hefl,... .k}, x € F'} =0. (3.101)
Proof Arguing by contradiction, assume that for all k € N there exist i; € {1, ..., k} and
xke Fi0 such that
Iy TL k hy =1 TL X
limk|:fi"’k(x)—fi"”‘(x)j|7é1 (3.102)
k— 00

forsomei € {1, ..., n}.
For all k£ € N, let us choose yk € Q and z* € Z; such that

hg—=1

hi=1 oL hg L
Veck, oM =xFand f; © TGN < F < 0GR vke N (3.103)
Therefore, we have

he=1 L hy —L
Tk

TkL(é’Z‘k)={yesz FALERL Y IO R oP,-(y)forizl,...,n} Vk € N.
(3.104)

Taking into account Lemmas 3.7, 3.8 and Corollary 3.9, the domain k [Tf (6’;/() — TkL (%)]

71 J—
tends to Cy = Qask — oo.
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On the other hand, this convergence is not possible if (3.102) holds forsome i € {1, ..., n}.
Thus, we have a contradiction, (3.102) cannot hold for any i € {1, ..., n} and (3.101) is
true. So the proof is complete. O

Now, for all i € {1,...,n},7 € [0,1] and k € N, let us consider the function f/*"

0 — [0, 1] defined by

FRby = £ b —h DY @ — £ )

h—1 h
VxeF,.U,Vte[ ],he{l,...,k}.

| (3.105)
kK k

Proposition3.11 Foralli € {1,...,n),t € [0, 1] and k € N, the functions f"*** defined
by (3.105) have the following properties:

lim sup[Lip(fit’k’L) ie{l,....n}, t €0, 1]] =0 (3.106)
k— o0

1 ~ -
lim sup { —— | /15 E ) = F2RE ) — 1 + 1o
k—o0 |t — 12

(3.107)
iefl,....,n}, ti,0 €0,1], n;étz,xeFO}—o

Proof Taking into account the definition of fi”k’l‘ , properties (3.106) and (3.107) follow by
direct computation respectively from Corollary 3.9 and Lemma 3.10. O

Lemma 3.12 Let f’ KL pe the functions defined in (3.105). Then, for all x € Q there exists
y € Q such that fX’ kL

fX‘kaorl_l n).

o Pi(y) = y; Vi € {1,...,n} (that is, y belongs to the graph of

Proof From Proposition 2.3 and (3.105) we infer that f;" flok.L

with respect to ¢ in the interval [0, 1] for alli € {I,...,n},k € N,y € Q. Moreover, we
have

o P;(y) is strictly increasing

0= 7" o Pi(y) <y < f*l o Pi(y) =1 (3.108)

so for all y € Q there exists a unique #;(y) € [0, 1] such that ft’(V) KL P;(y) = y;. Letus

setl(y) = (t1(), ..., t,(y)). Then, the function ¢(y), defined for all y € , is continuous
in © and satisfies

t(F)CF? and t(FHCF' vie{l,...,n). (3.109)

Therefore, from [33] we infer that for all x € Q there exists at least one y € Q such that
t(y) = x,thatis t;(y) = x; foralli € {1,...,n}.

Thus, since #; (y) = x; is equivalent to fx’ KL P;(y) = yi, the proof is complete. O

Lemma 3.13 Let fit’k’L be the functions defined in (3.105). Then, there exists ki € N such

that for all k > ky the following property holds: for all x € S there exists a unique y €
such that

FiRt o Py =y Viell,... n) (3.110)
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Proof Tn Lemma 3.12 we proved that for all k € N and for all x € Q there exists at least one
y € Q satisfying (3.110). Now, we have to prove that for k large enough such a y is unique.

For all £ > 0 letus set C;(£) = {x € R" |x;| < L|P;(x)|} and notice that the graph of
ﬁxi’k'L is enclosed in y + C; (Lip(fix"’k’L))

One can verify by direct computation that N<;<,C; (£;) = {0} when £; < (n — 1)_%
Viell,...,n}.

Therefore if Lip(f; ) < (n— 1)_% Vi € {1,...,n}, y is the unique point in R”"
satisfying (3.110). On the other hand, taking into account (3.106) of Proposition 3.11, we
infer that there exists k; € N such that

7xik,L

Lip(ff*) < (n—1)"2  Vk=k, Vie(l,....n}, Ve €[0,1].  (3.111)
Thus, the assertion of Lemma 3.13 holds for such a &, so the proof is complete. O

Qeﬁnition 3.14 Taking into account Lemma 3.13, for all Lc > 121 we can define a function
TkL : Q@ — Q in the following way. For all x € Q we set TkL (x) = y where y is the unique
point in €2 satisfying (3.110), given by Lemma 3.13

Taking into account the properties of the function ff’k‘L defined by (3.105) one can
verify by standard arguments that TkL is a one-to-one continuous function and that (TkL)’1
is continuous too. Moreover, foralli € {1,...,n}andt € [0, 1], T}(L(Fl?) is the graph of the

~ TL ~ ~
function £*F (thatis £"* = f5), TL(F!) = F! fort € {0, 1} and
TECYH = TEH(CYH Yk =k, Vze Zk. (3.112)
Proposition 3.15 Forall k > 121 and L €]0, 1], let fkl‘ be the function introduced in Defini-

tion 3.14. Then, there exists 122 € N such that Tkl‘ e Dp Yk > 122. Moreover, there exists a
sequence of positive numbers (Ly ) such that limg_, oo Ly = 0 and TkL C Dy, Yk > 122.

Proof From Proposition 3.11 we infer that there exists a sequence of positive numbers (A )x
such that limy_, oo Ay = 0 and

Lip(f/*5) <A VkeN,Vie(l,...,n}, V1 €[0, 1], (3.113)
IFRE ) = FPRE ) =t 40l < Akl — ] VKEN, Vie(l,...,n), Vx € F.

(3.114)

Since Ay — 0, we can choose k, € N such that Ay < i Vk > k,. Hence, taking into

account that f;” okl f , from Lemma 3.2 we infer that, for all k > k,,, T € Dy, where

Ly, = (”tl)xl\" Since Ly — 0 as k — 00, we can choose k2 such that L, < L Vk > kz.

So the proof is complete. O
. Tk . .

Now, we can show that the function u; = u kk is a solution of problem (1.1) for k large
enough and satisfies all the assertions of Proposition 2.2 (in a similar way one can argue for
the function vy).

. it Tt ~r . . . ..

Notice that ;" = u;" , where Tk € Dy is the function introduced in Definition 3.14,

because T (CK) = TL (CL) Yz € Zk.

First, we prove that u k is a solution of the Dirichlet problem in every subdomain TL (Ck )
forall z € Z; and then we show that it satisfies a suitable stationarity condition which allows
us to prove that, indeed, it is a solution of the Dirichlet problem (1.1) in the domain 2.
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Lemma3.16 There exists k1 (L) € N such that, for all k > ki (L) and z € Zy, the function

TE . . .
"‘kfz is a solution of the Dirichlet problem

—Au=uPutry in TEHCY, wu=0 on aTECH). (3.115)

_—
Proof For all k € N and z € Zy, let us consider the function G,{f‘z : TE(CH) x R — R such

~p N
that GI?Z (x,) € CZ(R) Vx € TkL(Cf) and

Tt ||+ .
kaz(x, t) = P + ¥ (x)t if o (2)[r —uy’ Z(x)] >0, (3.116)
TL TL
G, (. G, p i
a’tz = 81‘2’ (x, Uy, x)) ifo()[t— uk (x)] <0, (3.117)

L
where IZkT"Z is the function given by Lemma 2.4 which, for k large enough, is a solution of
problem (3.115) because it is a local minimum of the functional Ey, in HOl (YN"kL (Céc ).
TkL
8?'1 (x, t). Then, let us consider the functional E ko T :

Moreover, let us set gk" (x,t) =
H} (TE(CF)) — R defined by

1 2 T
Ek’Z’TkL(M) =5 /%kL(Cf) |Vul|“dx — /NL(ak) Gk’z(x, u)dx. (3.118)

I

. . _TE .
Since p > 1, for k large enough one can verify that for all u # i kf‘z there exists ¢, > 0 such
that

EszL(ukZ+t"(u_uk ))[u—ukk]—o (3.119)

if and only if o (z)[u — & k. Z()c)] Vv 0 # 0; in this case such a #,, is unique; in the other case
we have

TL TL
E; (i), + 1 - -1 >0 Vi =0 (3.120)
and
TL NL
Jim E, 7o (uk L — iy Z)) = o0. (3.121)

When o (2)[u — i Kz (x)] Vv 0 # 0, one can verify by direct computation that E iy (uZ"Z +

t(u — ﬁkfz))[u — ﬁkfz] is positive for ¢ €]0, [ and negative for t > 1, so
‘“TkL ’“j:kL TL L
Ey . g (i, + tu(u — i) = max{E, . TL( L1 — uk )) t >0} (3.122)
Moreover, one can verify that

p T _TL _TL _TL
ke L (”k,z +t,(u — ”k,z))[” — i u— ”k,z] < 0. (3.123)
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Assume, for example, that o(z) = 1 (in a similar way one can argue when o (z) = —1). In
this case, we have
LTE _TL
Ey . 5L (il + 1w — i)

TL
_EszL(ukZ—i-t[(u—uk")vO])—i—tEk TL(ukZ)[(u i) A O]

12 _TL ) (3.124)
+5 . IV[(u—uk ) A 0])%dx

2 FL(Ch

t2 1 TL
- *p/N lit, I” [(u—ii," ) AOPdx ¥t >0,

27 Jikch .

where

o g () = i) A 01 =0 (3.125)

TL
because zll?z is a solution of problem (3.115).
Notice that

/N Iuk" [P~ ‘[(u—ﬁkk)/\O]de
TE(Cch)

p-1 2 (3.126)
p+1 TL p+1
< /~ |it, |P+‘dx /N | — i) A 0P dx
TEch TEch '
where, as follows from Lemma 2.4,
lim max / |u |P+1dx z€Zrt =0. (3.127)
k— o0 ka(CZ{) kz

Moreover, we have

2

~L p+1
/N |V[(u—uk")/\0]| dx > iy /  — ") A O[P+ dx Vk €N, Vz € Z
TL(ck) Tl ch -

(3.128)
where, forall k € N,
Ax = min /~ IVudx z € Zk, v e Hy (TE(CH), /~ P lax =114 .
ya(e)) (el
(3.129)

We say that limy_, o, Ax = 0. In fact, otherwise, there exist suitable sequences (z¥) in R”,
and (v)x in Hy () such that z¥ € Zg, v = 0in Q\Cf . Jq lvklPTdx = 1Vk € N and (up
to a subsequence) limy_, oo fQ |Vug|2dx < oo.
"+2 when n > 3, there exists v € H (€2) such that (up to a
subsequence) vy — v as k — oo weakly in H0 (), in LP1(§2) and almost everywhere in
Q.

Taking into account that limy_, measfk" (c f) = 0, the almost everywhere conveg-
ence implies that 7 = 0 in €, in contradiction with the convergence in LP?*1(2) because
kaL(CZk) |vg|PT! dx = 1 Vk € N. Thus, we can conclude that limy_, oo Ax = 00

As a consequence, since p <
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It follows that, for k large enough,

TL TL TL TL

T T, T, T,
Ey o g (i, + il =il ) v Ol) < By g (i, + 1 —t)) - Vi >0. Vue Hl (k).

As a consequence, if we set

= {ue H (THC) u#i ukz, QI i ] =

FL
we have u,*, € T" and

T Tt .
Ey(u) = Ek,z,TkL () = min Ek,z,TkL'

Therefore, there exists a Lagrange multiplier ;© € R such that

(3.130)

0}, (3.131)

(3.132)

T, Tr TF TF T,
E;ﬂﬁkL )]l = {E]i/yzikL Dk, — it vl + El/c,z,ﬁ,L (ukfz)[v]} Yu e Hy(CY).

(3.133)
. . R .
In particular, if we choose v = u', — iy, we obtain ;& = 0 because
7L T _Tr
El/c z, Tk (uk z) |:ukkz uk{(z] =0 (3.134)
while
VP VR o
E/ TL(u ) [uk L=tk — uk;} #0. (3.135)
TL
Thus, quZ is a weak solution of the Dirichlet problem
At — TEY i FLock _ FL Ck 136
—Auy =g xu, in T;~ (C7), u=0 ondT; (C;). (3.136)
; TE ST ELk
On the other hand, since w, =y, in T~ (C;), we have
TL ~
g(x uk (x) = Iuk Z(x)|1’ luk Z(x) +y)  VxeTEChH. (3.137)
TL
So u,sz is a solution of problem (3.115) and the proof is complete. O

Proposition 3.17 Under the assumptions of Proposition 2.2, there exists k € N such that the
TL TL

T T -
functionw,* =73~ _, w’. is a solution of problem (1.1) for all k > k.

Proof From Lemma 3.16 we infer that, for a suitable kj (L) € N, El// ( 7 ) [v] = O for all

ve HITEChH), 2 € Zi k = ki(L).
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TL
Now, we have to prove that El’// (u,{" vl = 0 Vv € HO1 (£2). Taking into account
Lemma 3.16, we obtain

TL TL TL TL
El (u )lv] = / [Vug® - Vo — Jug* [P~k v — yroldx

g et T
Z/T [Vu,* - Vo —|u" |7 u," v—yv]dx (3.138)

k
keZy C )

Tt
= Z v(Vu' -v)do

k
Kez, AT (Cch

~ TL
where vy, denotes the outward normal on aTkL (c f ). Thus, in order to obtain E :p (uZ" Nv] =
0, we prove that

FL FL ~ o
Vih (x) = Va0 Vx e aTEH(Ch) naTE k) (3.139)

for all z1, z2 € Z such that |z; — zp| = 1 (that is when TL(Ck ) and TL(C ,) are adjacent
subdomains of £2).

TL
Notice that, since for all k > k(L) and z € Z; the function u,{f‘z is a solution of problem

(3.115), for all vector field ® € C(% (€2, R™) we obtain

E://(M,TkL)[QD-Vu?L]:/[Vuk V(D - Vuk )_|"‘k |p lukk (P - Vuk )—1#(<I> Vukk ) dx

= Z/ kW”k V(D - wk )—| |P luk" (@ - wkk)—w(cp uk" )] dx
L(ch
z€Zk
- X (3.140)
= Z/ N (Vi v )2 (@ - vy o) do.
ez, JOTE(CH)

Thus, it is easy to verify that in order to prove (3.139) it suffices to show that there exists k
such that

FL L o _
Ej(u/)[®-Vu,F 1=0 Vo e Ch(L R, Vk = k. (3.141)

From Proposition 3.15 we infer that there exists k > ki (L) such that TkL € Dppp Vk > k.
Now, forallt €e Rand ® e CO1 (2, R™), let us consider the function T o : Q — Q defined
by the Cauchy problem

aT: Q
%(x) =®oTro(x), Toolx)=x VreR, Vxe. (3.142)
T

One can Verlfy by standard arguments that for all ® € CO(Q R”") there exists Tp > 0 such
that 77 ¢ o T € D; V1 € [—To, To]. It follows that

< ) 3 E¢,(ukk <Y E¢< T”"°Tk> Ey(u ,j“’° CY Vre[—to. To]

z€Zk z€Zk

(3.143)
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because of the minimality of ka. Moreover, notice that

d 7
EEW(uk oT] <1>)\r 0= Ew (”k )[d) V”k ], (3.144)
so we have to prove that
d
ZE, ( v, T;},) =0. (3.145)
dt [z=0

Arguing by contradiction, assume that (3.145) does not hold. We can assume, for example,
that

d Tt
5151#(% oT; <I>)|r 0 <0 (3.146)

(otherwise we replace ® by —®). Therefore, there exists a sequence of positive numbers
(fi)i such that llmlﬁoo ;=0 and

Ew(uk ol d)) < Ev,(uk ) VieN. (3.147)
We say that, as a consequence of (3.146), for i large enough we have

_ TL
ZE‘P ”kz q)—f—tz(uk, T"lp—uk,oT q))) >0VzeZyp < EyQut).

€7

(3.148)

In fact, arguing by contradiction, assume that (up to a subsequence still denoted by (t;);) the
inequality (3.148) does not hold.
Then, for all i € N and z € Zy, there exists 7; ; > 0 such that

-1 ~TkL —1 TkL :
> Ey( ukz o +tz,(ukZ T o — i 0T, ) > EyGu}) VieN
z€Zy
(3.149)
Since p > 1, the sequence (¢, ;); is bounded Yz € Z;. Moreover, taking into account that
~ka TkL ~TkL ka
Ey @, +tQu, — uk’z)) <Ey(u,) Vt#1,VzeZ, (3.150)
we infer that lim; oo, ; = 1 Vz € Z; and
_TL _ ~ _ TL
Z Ey (i, o T, <1> t1r, l(ukz ol ®— ukkz ri,]<1>)) > Ey(u")
eZ
e - o (3.151)
> Y Ey(il, + it — @) VieN
ZEZk

As a consequence, for all i € N there exists tl.’ €]0, 7;[ such that

d FL Lo T .
) Byl o T g il oT g =il 0T ), 20 VieNBIs)
z€Z; i

which, as i — oo, implies
d

T
TEy !l 0T 3, 20, (3.153)
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in contradiction with (3.146). Thus, (3.148) holds. From Lemma 2.4 we infer that, if we
choose k large enough forallk > k, z € Zi and i € N there exists a unique minimizing

_Tr, 90 T, ooTL JTL
function k” . Moreover, ukr’z LN uk in H (), asi — oo, Vk > k,Vz € Z.

Ty
Then, using the functions u; 'Z and arguing as in the proof of Lemma 3.16, for i large

T, chT
enough we obtain the functions u kr’ k

T.vmof,l‘ T.VcDOTL
The construction of the functions i kr’ K and u kr‘z ¥ shows also that

Tt, PO

Ey (" ")<E,//(uk 0T ) (3.154)

and
Ty ol JTL TL TL
Ey (u krl k)SmaX{Ellf(ukkzOT-1<I>+[(ukkonril —ukaoT ¢)) [>0} Vz € Z.

Ti

(3.155)
Therefore, from (3.148) and (3.155) we obtain
ka ~ka -1 TkL -1 i3
Ey(u,” ) > max Z EI/,(uk’Z o Tr,-,(b +i(uy, 0 T, o~ “k ol cb)) t, >0Vz e Z
€7k '
0~L
> 3 By (0" Ty = By (T (3.156)

z€Zk

for i large enough, in contradiction with (3.143).

L
So we can conclude that <4 =Ey (uk ol ) =0, that is E’, (ukk NP - Vukk 1 =0 for
all vector ﬁeld D e CO (2, R").

Thus, u k is a solution of problem (1.1) for all k > . O
Proof of Proposition 2.2 (conclusion) If Q2 is the cube (2.1), all the assertions of Proposition 2.2
hold for k large enough if we set uy = u,{ and T, = T (or Ty = TL) where the function

L
u k and the admissible deformation Tk are obtained by the minimizing method described in

. T L - .
Sect. 2 (the functions vy = vkk‘ are obtained in a similar way: it suffices to replace o (z) by

o (z) + 1). Notice that we have quL = ukT"L (where TkL : Q — Q is the function introduced
in Definition 3.14) because T} (CX) = T} (C¥) vz € Zk.

In fact, Proposition 3.17 guarantees that there exists k € N such that uZ"L
problem (1.1) for all k > k.

The asymptotic behaviour of u; as k — oo is described by Proposition 3.5, Lemma 3.7
and Proposition 3.15. In fact, Proposition 3.5 shows that for every choice of z¥ in Zy, upto a
subsequence, the function U, as k — oo converges in H () to a positive solution U 5 of

the Dirichlet problem —AU = |U|P~'U in x, U = 0 on d, satisfying

2
el
(/ |UX|”+1dx> ! /|VUX|2dx:min{/ IVU2dx U e HL (x), / |U|P+1dx:1}
X X X X

(3.157)

is a solution of

where y is a bounded domain of R”. Lemma 3.7 says that the minimality of the admissible
deformation TkL implies that x must be a cube of R” having a vertex in the origin and the sides
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of length 1 and finally Proposition 3.15 guarantees that ka € Dy, for a suitable sequence
(Lg)k in O, 1[ such that limg_,~ Lx = 0 so, as a consequence, y = Cé = Q and TkL
converges as k — oo to the identity function uniformly in €2 (as pointed out in Remark 3.4).

Notice that TkL € Dy Yk € N but, unlike ka , we cannot say that TkL € Dp, Yk e N.

However, we can say that also TkL converges to the identity function uniformly in €2 because,
taking into account the definition of TkL, we have

TE(x) e TH(CH  vxeck vzez (3.158)

SO, as a consequence,

i

sup{|TF () = TE ()| x e Q) < (1 + L)T". (3.159)
Therefore, all the assertions in Proposition 2.2 hold for Ty, = T* and also for Ty, = T/,
so the proof is complete. O

Theorem 2.1 is a direct consequence of Proposition 2.2.

Notice that our method to construct solutions having this checked nodal structure does
not require any technique of deformation from the symmetry and it works in case of more
general nonlinearities, even when they are not perturbations of symmetric nonlinearities by
lower order terms.

For example, it works when in problem (1.1) the term |u|?~'u + v is replaced by
et —c_(u)? +y withcy >0,c_ >0andcy #c_.

Moreover, notice that our method works also when the nonlinear term has critical growth.
For example, for n > 2 and A € R let us consider the Dirichlet problem

—Au=uTu4du+y nQ, u=0 ondQ (3.160)

whose solutions are critical points of the energy functional F : HO1 (2) — R defined by

1 2 n—2 on A 5
Fu) == |Vul|*dx — —— lu|»=2dx — = | u“dx — | Yyudx. (3.161)
2 Ja 2n Jq 2 Ja Q

It is well known that, if . = 0 and ¥ = 0 in &, problem (3.160) has only the trivial solution
u = 0 for every bounded starshaped domain €2, as a consequence of the Pohozaev identity
(see [36]).

Whenn > 4,4y = 0in Q and A is positive and strictly less than the first eigenvalue of the
Laplace operator —A in HO1 (R2), there exists a positive solution that concentrates as a Dirach
mass as A — 0 (see [12, 13] etc.); the existence of nodal solutions is studied for example in
[16] etc..

Notice that also when ¥ = 0 in 2, so that the functional F is even, the problem of find-
ing infinitely many solutions is difficult because the well known Palais-Smale compactness
condition is not satisfied, as a consequence of the presence of the critical Sobolev exponent
(see [12, 13, 44] etc.).

When 2 is a cube of R”, our method, combined with some estimates as in [13], allows us
to construct infinitely many solutions with many nodal regions and arbitrarily large energy
level forall A > 0 and ¢ € L3(Q).

In fact, as we prove in a paper in preparation, the following theorem holds (see also [27]
for the particular case where €2 is a cube and ¥ = 0 in Q).

Theorem 3.18 Assume that Q2 is a cube of R" with n > 4 and . > 0. Then, for every
¥ € L*(Q), problem (3.160) admits infinitely many solutions.
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More precisely, if L is for example the cube (2.1), forally € L*(Q) there existsk € N such
that, for every k > k, problem (3.160) admits a solution uy having the following properties.
For all k > k there exists Ty € Dy, such that, for every choice of ZX in Zy, the function
k= uk'rkwkk) belongs to HO1 (Tk (ka)) (here we consider uy .« extended by the value

Uy -

zero in R\ Q)."
Moreover; there exist &, > 0 and my, € Cé = Q such that ¢, — 0 as k — oo and the
function Uy, defined by

n—2 k
Ui =@ (F) T s [%kx + T <Z+ka>] Vx e R", Vk € N(3.162)

converges as k — 0o to a function U € D(R") such that

n+2

—AU=U"2, U=>0inR", U= r%%xﬁ. (3.163)

The sequence (Ty )y converges to the identity map uniformly in Q while the domains k [Tk (c fk)

—Tx (%) ] tend to the cube Q as k — oo for every choice of Z¥ in Zy.

Furthermore, for all k > k there exists also another solution vy, of problem (3.160) such
that the function —vy presents an asymptotic behaviour as uy when k — oo.
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