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1 Introduction

Study of o-models in AdSy is of interest for several reasons (see, e.g., [1-3]). Here we
will consider correlators of elementary o-model fields in Euclidean AdSs with Poincare
metric ds?> = Z%(dt2 + dz?). While in flat space the scattering amplitudes of massless
scalar fields in perturbative vacuum are ambiguous due to IR divergences (see, e.g., [4])
the coordinate-space boundary correlators in AdSs are well-defined and are constrained by
1d conformal invariance. One interesting question is how the structure of these correlators
is further restricted by hidden symmetries of the o-model and how to compute AdSs loop
corrections in a way consistent with these underlying symmetries.

Since a classical o-model in curved 2d space is Weyl-invariant (with the scalar field not
transforming), defined on AdSs it is formally the same as on a half-plane ds? = dt? + dz?,
z > 0. This is true also for models that are conformally invariant at quantum level, where
Weyl anomaly is decoupled from o-model correlators. Compared to a generic boundary
CFT set-up here we are interested in (i) the standard AdSs (or Dirichlet) boundary con-
oo = z2 ®(t) + --- for an elementary field with mass m? = A(A — 1); (ii)
correlators of elementary fields ¢ rather than composite operators with good 2d conformal

ditions ¢(t, z) }

transformation properties. The 1d boundary operators dual to the massless o-model fields
with Dirichlet b.c. will thus have A = 1. In contrast to the Liouville theory case dis-
cussed in [5—7] it turns out that the classical 2d conformal invariance of the bulk o-model
theory does not sufficiently constrain the structure of the tree-level boundary correlators.
For example, the tree-level boundary four-point functions are still non-trivial log functions
of 1d cross-ratio. An important difference is that while the o-model field is a scalar on
which conformal symmetry acts trivially, the Liouville field transforms non-trivially under
the conformal transformations.! Similar tree-level correlators (containing logs) were found
also for the fields of the Nambu action in AdSs [1, 2], but they appear already in the case
of 2-derivative o-model vertices.

To study the role of additional o-model symmetries here we will consider the example
of the WZW model [13, 14] which has an infinite-dimensional Kac-Moody (KM) symmetry
¢ = u(w) gv(w), w = t+iz. It appears for the special value of the ratio of the coefficients of
the principal chiral model (PCM) and WZ terms in the action when the classical equations
of motion admit a chiral decomposition (the resulting model is then conformal and KM
invariant also at the quantum level). Like the Virasoro symmetry in the Liouville case
here the KM symmetry will impose rigid constraints on the AdS, boundary correlators of
the elementary fields ¢, parametrizing g. In particular, the KM symmetry rules out the
presence of log terms in the four-point correlators, both at the tree and the quantum level.

As we will argue below, the AdSo boundary correlators of the massless fields ¢, defined
in the standard way as

n

(®q, (t1) -~ Dy, (t)) = lim HZZ‘_A (Pay (t1,21) -+ Pay, (tn, Zn)>Ad52 ) A=1, (11

z;—0
=1

!The theories in flat space and in AdS; correspond to different vacua [5, 8, 9]. The Liouville field in AdS»
has a constant vacuum with the fluctuation field with m? = 2 and thus A = 2. Its boundary correlators
are constrained by 1d Virasoro symmetry and thus are exactly the same as the 2d stress-tensor correlators
restricted to the boundary [6, 7]. This generalizes also to the Toda theory (see also [10-12]).



are constrained by the underlying KM symmetry so that they are equal, up to a univer-
sal prefactor, to the correlators of the chiral component of the WZW current J%(w) ~
tr(t%0pgg~ '), w = t + iz, restricted to the boundary. This is formally equivalent to the
“identification” of the boundary operator associated to ¢, with the chiral component of
the current J,(w — t)

K= g (1.2)

d,(t) — nJa(w)‘Z_)O, ?

Here k is the WZW level. For comparison, in the Liouville theory case the role of the
A =1 current J = J,, (the generator of KM symmetry) is played by the A = 2 chiral
stress tensor T = T, (the generator of the Virasoro symmetry)? and the proportionality

coefficient was Kk = —4 66;021 where ¢ = 1+ 6(b~! + b)? is the Liouville central charge [7].3

In the WZW case the KM symmetry implies the Virasoro symmetry but is much stronger:
as already mentioned above, the boundary correlators in conformal o-models that do not
have an extra KM symmetry have much more complicated structure.?

Explicitly, the standard OPE relation for the chiral components of the KM current
(see, e.g., [19])
kéab fabCJc(w)

a b/
~ . 1.
J(w)J (w') R , (1.3)
determines all higher current correlators to be given by
k §9ra2
JUMwy) J2(wr)) = ——m 1.4
7 ) T2 ) = s (1.4)
T ) I () S ul i 15)
w w wy)) = ——, .
( 1) 2) S ws)) = (
k2 §a102 §a3aq k falagbfa3a4b
J (wy) J¥? (wa) J* (w3) J*(wy)) = +(23)+(2+4) .
(7% ) T2 (wz) T ) I () = (24 3)+(204)

(1.6)

Below we will explicitly reproduce (1.4), (1.5), (1.6) with w; — t; as the expressions for the
boundary correlators of the WZW fields (1.1) computed in the 1/k perturbation theory in
AdSs with the identification (1.2).

A semiclassical argument of why the boundary correlators of ¢, are related to the
restriction of the current correlators to the boundary of half-plane can be given as follows

2In the Liouville (or Toda) case the Virasoro symmetry becomes realized as a reparametrizations of the
boundary and thus completely fixes the structure of the correlators modulo overall powers of the coordinate-
independent factor .

3This close analogy may not be accidental given that the Liouville theory may be obtained by a Hamil-
tonian reduction from the SL(2) WZW model [15, 16].

4The key point is that the elementary o-model field transforms non-trivially under the KM symmetry
(like the Liouville field was transforming under the conformal symmetry). Note also that the simplification
of the form of boundary correlators in the case of KM symmetry is analogous to what happens in the
AdS/CFT examples when the bulk theory has higher symmetry thus constraining also the correlators of
the dual boundary CFT. An example is provided by the vectorial AdS/CFT where the symmetry in question
is a higher spin symmetry [17, 18].



(for a similar though more involved argument in the Liouville theory case see [7]). Starting
with the expression J* ~ tr(t%9ugg!) = duwp® + O(¢?) (where 0, = 3(d, — i6;)) and

using the boundary condition ¢q(z,t)| — z®,(t) + ... we find that (up to an overall

z—0
normalization constant) J a‘z%O — ¢4,

To demonstrate the correspondence (1.2) we shall start in section 2 with the example
of the SL(2,R) WZW model on AdSs and compute boundary correlators of its fields in
the leading tree-level approximation. We shall also consider the corresponding PCM,
theory (i.e. the PCM with a WZ term with coefficient  ¢), and show that the four-point
correlators simplify (with logs of coordinates cancelling out) and thus can be matched with
the correlators of the chiral currents only at the WZW point (¢? = 1) when the model has
an extra KM symmetry. In section 3 we shall repeat the computation of the tree boundary
correlators for a generic o-model including the case of PCM, for an arbitrary group G.

In section 4 we shall test the relation between the boundary correlators of the WZW
fields and the chiral currents (1.2) beyond the classical (large k) limit by computing the
one-loop corrections to the two-point and three-point boundary correlators. Like in sim-
ilar computations in the Liouville and Toda theories in AdSy [7, 11, 12] this requires an
explicit evaluation of loop integrals in AdSo which is subtle in the present case of the
o-model theory with two derivatives in the vertices. We shall argue that there exists a
particular computational scheme in which the one-loop terms in the WZW field boundary
correlators vanish, implying that the proportionality coefficient x in (1.2) does not receive
1/k correction and thus its expression in (1.2) is expected to be exact.

It is interesting to note that while in flat space the scattering amplitudes for the
massless WZW fields vanish [4, 20] their coordinate-space boundary correlators in AdSs
are non-vanishing. Their structure, however, is simple being dictated by the KM symmetry.
One may wonder if with some natural definition of the S-matrix in AdS they may actually
correspond to trivial scattering in AdSs or on half-plane. We will address this question in
section 5. There is a close analogy with what happens in the Liouville theory [5] where
the full quantum S-matrix was argued to be trivial [21, 22]. We shall discuss the idea of
defining AdS, scattering amplitudes by Fourier transform of boundary correlators or using
the prescription of [5] (cf. [23]) and argue that this leads to trivial three-point scattering
amplitudes also in the present WZW case.

Some concluding remarks will be made in section 6. Appendix A will list our notation
and conventions. In appendix B we shall discuss a constraint imposed by global symmetry
on boundary two-point functions in the SL(2,R) WZW model. In appendix C we shall
revisit the computation of the one-loop corrections to the two-point boundary correlators
in SL(2,R) WZW model using an alternative form of the action and emphasizing some
subtle scheme-dependence issues.

2 Boundary correlators in SL(2,R) WZW model on AdS,

To demonstrate the correspondence (1.2) we shall first consider the example of the SL(2, R)
WZW model and compute its boundary correlators on AdSs in the leading-order (tree)
approximation. It is useful to view this WZW model as a special case of the PCM,, i.e.



the principal chiral model with an additional WZ term. This allows one to investigate the
consequences of the Kac-Moody symmetry appearing at the WZW point for the structure
of the boundary correlators.

2.1 Action
The action for the PCM, may be written as

11 i 1
= |—5 [ PxTr(g " Oug g~ '0"g)++ / Tr(g~'dgrg™'dgng'd = ~kA\?
8 2M2[ 2/2 (g™ Oug 97 0"9) 30 | Trlg™'dgng™ dghg dg) |, g = ZkX*,
(2.1)

where k is the coefficient of the WZ term, ¥ is a Riemann surface and B? is the 3d extension
of ¥ such that 0B? = 3. When

2
A= Hm, ie. qg=signk = +1, (2.2)

the action (2.1) reduces to the WZW model action.
Assuming k& > 0, a generic SL(2,R) group element may be represented in the Gauss
decomposition form (see, e.g., [24])

(1w (e 0 1 0
o))

Then the action (2.1) (written on generic curved 2-space with metric g) becomes

S = % / P E|g" 00,0 + ¢ (g +ige™) 00|, b=VIN.  (24)

Here " = % is the standard antisymmetric tensor. This action may be interpreted as
that of a o-model with AdSs target space and particular B-field coupling.

Specializing to the ¢ = 1 WZW point and the Euclidean AdSs background (see ap-
pendix A for our notation and conventions)

dt? + dz? dwdw
dsQZL:—élwifL_U, w=t+1iz, wW=t-—1z, z>0, (2.5)
22 (w —w)?

we get the following expression for the corresponding SL(2,R) WZW action
2
N
(2.6)
As the conformal factor of the metric decouples, this is formally the same as the WZW

S = / d*w (0¢dp+e** ) = / d*w (8¢5¢>+8w51/~)+b ¢0w51/~1+ib2¢28w51/~1+- ) , b=

action on a flat half-plane z > 0. However, it will be useful to phrase the computation of
the boundary correlators in the AdSs language.

We shall assume that the massless fields ¢, ), are subject to the standard (Dirich-
let) boundary conditions and thus they should be dual to the boundary operators with
dimension A = 1, i.e. the asymptotic expansion of these fields near z =0 is

z—0: otz)=zd(t)+ -, P(t,z) =zV(t)+ -, D(t,z) = zV(t)4--- . (2.7)

Our aim will be to compute the tree level boundary correlation functions (1.1) for the fields
in (2.6) and then match them with the correlators of KM currents.



2.2 Propagators

The bulk-to-bulk propagator of a massless scalar in AdSs with a standard normalization
2 [ Pwoted,e is

1
Ga=1(n) = = logm, (2.8)
7r
where the geodesic distance is defined as
U (t—t)2+(z—7)?
- = : 2.
"= uT b 2z7/ (2:9)

Hence, for the field ¢ in (2.6) we have (cf. (A.7))°

/

oo, w') = ((w)p(u) = & = 21 Gaca(n) = gn) = — logn(w, ).
(2.10)
The bulk-to-bulk propagator of the pair of fields v, 1/; is similarly
w w’ ~
Gupw,u) = S8 = (Y(w)d(w)) = 2g(w,w) = —logn(w,w)).  (2.11)

Given the structure of the perturbative (small b or large k) expansion in (2.6), it is useful
also to quote the propagators for the differentiated fields

Op(w)  d(u)

_ 1 1 1
_ _ — (2)
= 8w8w/g¢w(w,w’) = Oy ( _,) (0= )2 + w6\ (w w’),

(2.12)
where we used the relations (A.6). The d-function piece here will be important to account
for below.

To compute the boundary correlators, we will also need the bulk-to-boundary propa-

gators
1 27/ —1 i
9 (.0l — T Y _ ol
g¢¢(t,w ) = ll_%ggd)tﬁ(taZ:t XA ) = (t, —t)2 T2 t—uo + t—aw gf’(t7w )7
g (Ew) = lim S ()W) = s = B = 28 g0 ()
PP 250 Z t—w)?2 Y (t—w) B
g0 (tw) = lim L () ) = — 2 = B2 — o (). (213)
Yoy 20z (t—w')? Yt —w) 7

2.3 Tree-level boundary correlation functions
2.3.1 Two- and three- point functions

Considering the boundary-to-boundary case of the propagators (2.10), we get the following
two-point functions (using the notation in (1.1))
2 ~ 4
(O(t)®(t2)) = 5 (Vt)V(t2)) = 5 tj=ti—t;. (2.14)
12 12

These have the same form as the boundary restriction of (1.4).

5Note that w,w’ in the propagators are labels of the points on half-plane: the propagators may also
depend on the anti-holomorphic coordinates w, @’ but we do not indicate this to simplify the notation.



The only non-zero three-point function is <¢\U\TJ>, which, at the tree level (leading
order in 1/k), is computed by the Witten diagram®

(2.15)

We have

A3<t1,t2,t3) = <¢(t1)W(t2)W(t3)> = —b/dQ’LU ggqs(tl,w)gzng(t%w)g%aw(t;;,w) . (2.16)

Using the propagators in (2.13), we get

z

4 _ . (21
stwtat) =8 [T [ e 210

This integral can be done by first computing the residues in the t integration variable.

Integrating then over z one finds

~ 4 b

(B(t)V(t2) V¥ (t3)) = (2.18)

tiotogtsr |

This has again the same structure as the real-line limit of (1.5).

2.3.2 Four-point functions

We now turn to the four-point functions the computation of which is little more involved.
The only non-vanishing cases are the correlators (W2W?2) and ($2WW).

(WleJz). At tree level this correlator is given by the following Witten diagrams

______
S

W(t)a
'::I w (2.19)
b
We can represent the result as
(W(t)W(t2)W(t3)W(ta)) = Aa(te, to, ta, ta) + Aa(ts, ta, t3, ta) (2.20)

SHere the dashed circle represents the boundary of AdS, and solid lines represent the propagators of the
corresponding fields in the bulk.



where

At tastart) = (<07 [ dPud?u’ g0, (61,10)99,, (620) ool 0') 65 (10, 0)93,, (04 0)
= 2%0 H(ta, t1, 4, t3) , (2.21)

H(ty, ta, t3,t4) = /dede’ 09 (t1,w)0g° (t2; w) g(w,w") &' g? (tz,w')d g° (ta;w') . (2.22)

To compute this integral we may first integrate by parts at the vertex w,

H(ty, to, tg, tg) = —/dede’ ﬁéga(tg;w) dg(w,w'") &' g2 (ts,w)d'g? (ts;w') (2.23)
L —
-
— d2 d2 ! —z
/ O R i 1 )2 (w — t1) (ta — 0)2(—t3 + )2 (w — ') (w — )’

where we ignored 2-derivative terms assuming

0'9'g? (t;w') = 0. (2.24)

Indeed, possible terms with 6(2)(t — w’) and its derivative may be neglected here as they
localize the bulk point to the boundary, and hence give zero contributions after performing
the bulk integral.

The integral in (2.23) can be evaluated by applying the residue theorem

2
_ log (%) + i (sgntyo + sgntoz + sgntsg + sgntay) 1
H(t1, t, t3,t4) = s _ _

Atyts, 2t1ot13toatss
(2.25)
Then from (2.20) we finally obtain
oY U 412 4 432 [ 8v”
(W(t1)W(t2)V(t3)W(ta)) = 2767 H(ta, t1, ta, t3) + 2707 H(ta, t1,ta,t3) = ——— . (2.26)
tiatastsqts

Remarkably, all logarithmic (and sign function) terms present in (2.25) cancel out in the
sum of the two exchange Witten diagrams. This cancellation is crucial in order to be able
to match (2.26) with the correlators of the KM currents that are rational functions of the
differences of points (cf. (1.6)).

(¢2lll{lvl). This correlator is given by the sum of the following three diagrams

It can be written as

<¢(t1)¢(t2)\|/(t3)\|1(t4)> = B4(t1,t2,t3,t4) + B4(t2,t1,t3,t4) + C4(t1,t2,t3,t4) , (2.28)



where the explicit form of By and C} is

By(tu, ta, t3, ta) = b° /d2Wd2w/ 956 (t1,0) g5 4 (t2s0") g 55 (W', w) 9351;(’[37111/)93%@4; w)
= Bérleg(t17t27t3;t4) - 04(t17t2at37t4) ; (229)

Cy(t1, to,t3,t4) = —bz/dQUJ 9o (t1, )G (t2sw) g7 55 (t3, w)g7 o (tasw). (2.30)

Here B;*® and Cj are the contributions from the regular and singular parts of the internal
propagators in (2.12), respectively (note that in (2.29) the singular J-function part in the
propagator (2.12) turns the exchange diagram into a contact diagram). Using the explicit
form of the propagators we get

1662 z7'

By (t1,to,t3, 1) = — | dPwd’w’
& (ta—t—iz)2(t3—t/+iz/)? [(t—t1)2+22} [(t’—t2)2+z'2]
-2
X [—t—l—t’#—i(z—i—z')} : (2.31)
—16b? 2
Cy(t1, to,t3,14) = /d2w : .
(ts—t+iz)?(ty—t—iz)? [(tl—t)2+22} [(tg—t)Q—i—Zz]
(2.32)
Using the same method as for the previous four-point function, we obtain
2ib? tiotas |
Bieg(t17t2,t3,t4) = Ry [z log <t1§tzi> +7 (— sgnt12+sgnt13—sgnt24+sgnt34)] ,
2314
(2.33)

2
ilog (Eigg) +7 sgn(ty2)—m sgn(tia)+m sgn(toz)+m sgn(tss)
Cy(ty, to, t3,tq) = 2b% | —i

72
tiatoy

2
—ilog (m) +m sgn(tiz) —m sgn(tiz)+m sgn(taa) —7 sgn(tsa)

+i ti3toq
tiytss
2
(2.34)
tistigtostoy
Inserting these results into (2.28) gives’
1Y reg reg 42
(P(t1)P(t2)W(ts)V(ta)) = By (1, to, t3,ta)+B, 5 (to, t1, t3, ta) —Calty, to, t3,t4) = ——————.
tistiatastoy
(2.35)

Tt is easy to verify that By is related to A4 in (2.20) as Bua(t1,to,ts, ta) = A4(t1, ta, ts, t2). This relation
can be easily understood using integration by parts. Indeed, integrating by parts the cubic vertex, one
can transfer the derivatives acting on the internal leg to the external legs; then the first diagram in (2.27)
reduces to the second diagram in (2.19).



As in the case of the correlator (W(t;)W(t2)W(t3)W(ty)) in (2.26), both the logarithms and
the sign functions again cancel out.

2.4 Matching AdS; boundary correlators with correlators of chiral currents

Let us now compare the above boundary correlators with the correlators of the chiral WZW
currents on the plane restricted to the real line. The correlation functions of the currents
are a direct consequence of the KM algebra (1.3). Adapted to the SL(2,R) case the OPEs
of the three currents (H,J",.J7) read (see, e.g., [24])

k + ivV2 JE(0) " _ 2k 2iv/2 H(0)
HHO) ~ %5 e~ 2O o)~ 2 2V2HO)L
(2.36)
From (2.36) we conclude that: (i) the two-point functions are
k _ 2k
(Hw)H(ws)) = —,  (JH(w1)J " (w2)) = 5, (2.37)
W12 W12
(ii) the only non-vanishing three-point function is
i k
H(wy) J*F (ws) J ™ (w3)) = —2v2 — % 2.38
(H(w1) J* (wg) J™ (w3)) 0rs rs o (2.38)
and (iii) the non-trivial four-point functions are
1 1 8k
JH(wr) T (wa) JF(ws) J- =4k -
< (wl) (w2) (wg) (w4)> (w%3w%4 w%2w§4) W12 W23 W14 W34 '

1 4k
w2 w2, W13 Wi Wag Way
12 W3y 13 W14 W23 W24

(JH(w1) T (w2) H(ws) H(wy)) =2k (2.39)
These four-point functions are non-trivial in the sense that in addition to the k? contri-
bution they also have a term linear in k (cf. (1.6)).® Comparing to boundary correlators
discussed above, the k? term is a counterpart with disconnected AdS; Witten diagram
contribution, while the order k£ term corresponds to connected exchange and contact con-
tributions due to non-trivial bulk interactions. In fact, it is possible to establish the precise
matching between the tree-level 2-point and 3-point boundary correlators in (2.14), (2.18)
and the current correlators (2.37), (2.38) restricted to the real line using the following
identification (cf. (1.2))

~ 2 b
¢ =kxH, V=rxJ", V=rJ, :\/>:. 2.40
K K K K F (2.40)

A non-trivial consistency check is that the connected 4-point boundary correlators (2.26),
(2.36) then also match with the non-trivial order k parts of the 4-current correlators
in (2.39). The fact that there is just a single universal proportionality coefficient x fol-
lows from the global group symmetry of the WZW model (this is true not only at the tree
level but also to all orders in 1/k).

8For instance, a four-point function which is non-vanishing but trivial in the above sense is

(H(w1) H(wz2) H(ws) H(ws)) = L ( Lt 1 ) .

2 2 2 .9 2 .2
4 \wiywy wizwy Wi Wi

~10 -



2.5 Boundary correlators in PCM, on AdS,

Let us now go back to the SL(2,R) principal chiral model with a general coefficient ¢
of the WZ term in (2.4) to emphasize that its boundary correlators have a complicated
structure already at the tree level (containing, in particular, logarithmic terms found also
in a similar o-model context in [1, 2]). In contrast to the Liouville and Toda theories
discussed in [6, 7, 10] here the classical conformal symmetry of PCM, (2.4) is not enough
to sufficiently constrain the boundary correlators.” The correlators simplify precisely at
the WZW point ¢?> = 1 and this may be attributed to the emerging KM symmetry (that
implies chiral decomposition in flat space).
The action (2.4) in AdSy expanded in powers of b reads (cf. (2.6))*°

S = / 2w <a¢a¢> n 12ﬂewa¢5@5 n 12qeb¢a¢a¢?>

HI0) 55, MO0

( q)

_ / <a¢a¢> + 00ID + POV

2
+b ( )¢2a¢aq/) + = L5200 + - - ) (2.41)

Repeating the calculation of the tree-level four-point (W2\T12> correlator we find (cf. (2.20))

(W(t1) W (ta)W(t3)W(ta)) = Aa(ty, ta, 3, ta) + Aa(ty, ta, ta, ta) (2.42)
1+ 1-q\?
Ag(ty, to, t3, 1) = <2q> Ay(ty, to, ta, ta) + <2q> Ay(ta, tr,ta, t3)
1—q2
o Attt )+ Attt )|, (249)

where Ay is given by (2.21), (2.22), (2.25). Similarly, for the (®2WW) correlator we get

<¢(t1)¢(t2)W(t3)W( )> 84('[1 t2,t3,t4) +fB4(t2,t1,t3,t4) + ('34(t1,t2,t3,t4) (2.44)
1+ 1—q\?
B4<t17t27t37t4) = (2q> B4(t17t27t37t4) + <2q> B4(t17t27t47t3) ) (245)

+ 1—
Calty, ta, tay ta) = —o— Oyt to, ta, ta) + —— Ca(tr,ta, ta, ts) (2.46)
where By and Cy are given by (2.29), (2.30), (2.33), (2.34). We conclude that these four-
point functions contain logarithmic terms. These cancel only at the WZW point ¢? = 1
allowing one to relate these boundary correlators to the “connected” part of the correlators

of the chiral WZW currents as explained above.

9As we remarked in the Introduction, this may be related to the fact that the o-model fields transform
as scalars (i.e. trivially) under the conformal group.

10WWhile the AdSs conformal factor decouples at the tree level, this will no longer be so at the quantum
level as this model will have UV divergences and thus conformal anomaly (assuming reparametrization-
covariant regularization) unless ¢ =1
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3 Tree-level boundary correlators in generic o-model on AdS,

Let us now consider the AdSs boundary correlators in a general o-model expanded near a
constant background. This includes, in particular, the case of a WZW model for a general
group G. We shall again demonstrate the cancellation of the logarithmic terms in the
four-point correlators at the WZW point and match them with the connected part of the
correlators of the chiral currents (1.6) restricted the real line.

3.1 Action

Let us start with a general bosonic o-model with coupling functions (G g, Byp) and expand
it in normal coordinates near the origin using Ggp(X) = dqp — %Racbd(O)X cX+09(X?) and
Bap(X) = Bap(0) + %Habc(O)XC + O(X?). Then its Euclidean action may be written as!!

S = 4i / d*z\/g (8" Gup(X)+ie" Bap(X)] 9, X0, X°
vy

1 1 :
= 47r/d295\/§ [g’w <5ab—3Racbd(0)Xch+~ ‘-)—l—;e’“‘” (Hape(0) X +- )] 9, X9, X"
(3.1)

In what follows we will consider the leading terms in this action parametrized as

1 ,
S=_ / d2x\/§(auxaaﬂxa — Popea X X0, X 0P X +iQupee X0, X0, X + - - ) :

(3.2)
where the constant real coupling functions P and () are given by
1 1
Pabcd = gRabcd(O) ) Qabc = gHabc(O) . (33)

Thus @ is totally antisymmetric and P has algebraic symmetries of the curvature

Pabcd = _Pbacd ’ Pabcd = _Pabdc ’ Pabcd = Pcdab P (34)
Pabcd+Pacdb+Padbc =0.

To account for the manifest symmetry of the 4-vertex in (3.2) in (a,c) it is useful to
introduce also the corresponding symmetrization of Pp.q

1 1 1
Pabcd = §(Pabcd + Pcbad) = _i(Pbacd + Pbcad) = i(Pbadc + Pdabc) 5 (36)

Pabcd = PbadC7 Pabcd = Pcbad > Pabcd = Padcb . (37)

Then specifying to the AdSy background the action (3.2) may be written as (cf. (2.6))

S = / d%w (8X“5X“ — PupeaX XX 0X? + Qupe X OX 0XC 4 - - - ) : (3.8)

1YWe ignore the overall coupling factor or ﬁ that can be absorbed into a rescaling of X and then appears
in R and H.
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The action (3.2) represents as a particular case the expansion of the PCM, (2.1) for an
arbitrary group G. Let us normalize the generators {t,} and the invariant bilinear form of
the Lie algebra of G as'?

[ta, ts] = fap“tc, tr(taty) = Oap - (3.9)

Then choosing the parametrization of the group field as'® g = e"MaX® we find that in the
PCM, case

1 1,
PCMq : Paped = pfabefcd67 Qabe = qfabca p= _E)\Qy q= —gZ)\q . (310)

The WZW theory corresponds to the choice (2.2), i.e. q = —sign(k‘)%i)\, A= % In
what follows we shall assume that k£ > 0.
3.2 Tree-level AdSs boundary correlation functions

The fields X in (3.8) are massless and thus, assuming the Dirichlet boundary conditions,
we have (cf. (2.7))
Xt, z)‘

They should correspond to the boundary operators with dimension A = 1. As in (2.10),

=2 X)) (3.11)

z—0

their bulk-to-bulk AdSy propagator is given by

an(w0,') = (Xa(w) Xi(w)) = 6 g() = — gbwlogn(w,w),  (312)
while the bulk-to-boundary propagator is
N o 27/ B ,
Jap(6 ) = lim —gap(t,2;t',7') = 5abm = dap 92 (t,0") . (3.13)
Then the boundary two-point function is (cf. (2.14))
Xt () = i%‘;b . (3.14)

Starting with (3.8) it is straightforward also to compute the three-point function

_ 6iQabc

 tiotogtis
c(t3)

(3.15)

~ -

~_——-

The connected tree-level four-point function receives contributions from both exchange
diagrams and contact diagrams

<Xa(tl)Xb(tg)Xc(tg)Xd(t4)> = Gg)ggg(tl, to, t3, t4) + Gggrcl;(tl, to, 3, t4) . (3.16)

12We assume that t, are Hermitian and thus the structure constants f.;¢ are purely imaginary. The
group indices are raised or lowered by 45, implying that fape = fap© is fully anti-symmetric. Repeated
group indices are summed over, regardless of their positions.

3Notice that this parametrization is different from (2.3) used in the SL(2,R) case.
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Exchange diagrams. The exchange part contains contributions of the three different
channels

Gobeni(t1, to, ta, ta) = Gapehi(t1, to, 13, ta) + Ganphi(t1, t3, ta, ta) + Goop (t1, ta, t3, t2) -
(3.17)
As these are related by permutations (crossing), we only need to compute one of them

- ~~

Xa(t1) ol w_—eXp(ta)

=’

ngligs (t17 to, ts, t4) = Qabchde :, (318)

Xa(ta) e g 9%, (t3)

Note that using integration by parts, one can always arrange so that the derivatives in the
cubic vertex in (3.8) act only on the two external legs.!* Then the 6 terms in the cubic

vertex can be written as
K(t1,t2,w) = 30¢° (t1, w)0g° (t2, w) — 30¢° (t1, w)Dg° (t2, w) , (3.19)

where the two terms arise from the two ways of acting by derivative on the external legs
and the factor of 3 comes from rearranging other similar cubic terms. Using (3.19), we find
for the exchange diagram

X (t), t, t3,t4) = Qabchde/dzw d*w' K(t1,t2,w) g(w, w') K(ts, t4,w)

= 9QabeQedeH(t1, t2,t3,t4) (3.20)
H(t1, to, t3,ta) = H(t1,to,t3,ta) — H(t1,to, ta, t3) — H(ta, t1, t3, ta) + H(ta, t1, ta, t3) .
(3.21)

Here H was defined in (2.22) and computed in (2.25).

Contact diagrams. Since the quartic vertex in (3.8) contains derivatives, the contact
contribution may also be represented as a sum of the three contributions

Gogog(t,to, t3, ta) = Gopog(ti, ta, t3,ta) + Gaopg(tr, ta, to, ta) + Goge(ty, to, ta, t3) . (3.22)

Gggrcl(ti(tla to, ts, t4) = 2Pbadc

Note that X® (axbéxc — aXcéXb) is fully anti-symmetric in a, b, c up to a total derivative.
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Here we have indicated explicitly the coupling tensors appearing from each diagram (the
factor of 2 arises from two ways of contracting the two legs without derivative). Explicitly,
we get

GO (11,12, t3, t4) = 2Popeq [/ d*w dg(t1, w)g(ta, w)Ig(ts, w)g(ts, w) + (t1 < t3)]

+ 2Pabcd |:/ d2wg(t1) w)ag(t27 w)g(t37 w)ég(tlla ’LU) + (t2 s t4):| )

(3.24)
where we used (3.7). As a result,
con(t1, to, t3, ta) = 4Papeq I(t1, o, t3,t4) (3.25)

where

I(t1,t2,t3,t4) = /d2wgg(t1>w)g(t2aw)gg(t3>w)9(t4»w) + (t1 <> t3)
— [ uglts,w)0(ta,w)gltn, w)dgeew) + (2 65 1)
1 tiotas \ 1 tiatos \ 2 2
= 5 log( 12 34) + 5 log< M 23) + . (3.26)
t1at53 t13tos tot3s t13tog tiatigtastsy

Collecting the contributions in (3.17), (3.20) and (3.25), (3.26), the four-point function
in (3.16) may be written as

(Xa(t1)Xp(t2)Xe(tz)Xa(te)) = dasl(ty, to, ts, ta)+4ael(ty, ts, to, ta)+4a, 1(t1, to, ta, ts)
+9B:H(ty, t2, t3, ta)+9B8:H(t1, ts, to, ta) +9BuH(t1 ta, t3, t2) . (3.27)

where in the r.h.s. we suppressed the indices (a, b, ¢,d) introducing the symbolic notation

(s,t,u stand for different channels)!®
Qs = ~abcd7 Qp = pacbdv Qq, = Pabdca (328)
Bs = Qabchde ) /Bt = Qacedee ) /Bu = Qadchbe . (329)

Using the expressions for the integrals H in (3.21), (2.25) and | in (3.26) one can compute
the four-point function (3.27) explicitly.
We find that the logarithmic terms in (3.27) cancel if the following relations are satisfied

8 8 8

s =glas—au),  fr=glar—au),  fu=glas—a). (3.30)

This implies that

55 - Bt - 6u = Qabchde - Qacedee - Qadchbe = Qabchde + Qcaedee + Qadeche =0,
(3.31)

5Note that the permutations of legs on the first and second lines of (3.27) are different.
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and also that

%Qabe@cde = Pabcd_Pabdc = Pubed+ Pevad — Pabde — Piavac = 3FPabed s 1.6 Paped = ZQabchde,

(3.32)
where we used (3.6) and symmetry properties of the curvature tensor in (3.4) and (3.5).
Written in terms of R and H in (3.3) this reads

1
Rabcd - iHabeHcde . (333)

Interestingly, the trace of this relation, i.e. Ry = %Habeche, is the same as the vanishing
of the one-loop beta-function [25] of the o-model in (3.1).
In the group space case (3.10) the condition (3.31) is automatically satisfied due to the

Jacobi identity for the structure constants. The condition (3.32) or (3.33) reduces to
q° =3P, ie. ¢ =1, (3.34)
i.e. is valid only in the WZW model case (cf. (2.2), (3.10)).

3.3 WZW model case: matching with correlators of chiral currents

Thus the cancellation of the logarithmic terms in the four-point boundary correlators of
a generic o-model in AdSs happens only in the WZW model. This generalizes the obser-
vation made in section 2 in the SL(2,R) WZW case. Then the resulting expression for
the connected four-point correlator (3.27) may be written as (using (3.10) with ¢ = 1,
iLe. A2 =2)

4( fabefcde + facefdbe + fadefbce > .

Xa(t1)Xp(t2) X (t3) Xy (ta)) = —
(Ka(t2)Xp(82)Xe(t3)Xa(t4)) tiotistostss  tiotistostos  tiotistigtos

: (3.35)

As in the SL(2,R) case (cf. (2.26), (2.36)), we can now explicitly check the correspondence
between AdSs boundary correlators and holomorphic correlation functions of Kac-Moody
currents.

The basic OPE relation for the WZW chiral currents on the plane (1.3) gives the
two-point function (1.4). Higher point correlators can be obtained by repeatedly using the
OPE (1.3).1° In particular, one finds

(Ja(w1)Jp(w2) Je(w3)) = _ Kfabe (3.36)

wiawizwa3
k25ab50d kfabefcde W2 <> W3 W2 > Wy
Jo(wr)Jp(we)Je(ws3)Jg(wye)) = + + + .
(Jalwn) Jo(w2) Je(ws) Jalwa)) w%gw32,4 W12W34W23 W24 b c b+ d
(3.37)

%The current-current OPE translates into the (recursion) relation [26]

n kéala: alll"CJU w;
(Jay (1) ... Ja, (wn)) :Z<Ja2(w2)...Ja]‘_l(w]’71) J -|—f j (wy)

Jj=2

} Jajiq (Wit1) - Ja, (wn)) -

(wi—w;)?  wi—w;

The mutual locality of the KM currents implies a trivial (meromorphic) singularity structure and the
solution of the above relation is simply obtained by isolating poles as in (3.36)—(3.38).
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The “connected” part of (3.37) may be written as
() ) o) oo = (Tl Mol el )
W12W34W23 W24  WI3W24W23W34  W14W23W43W24

-k < fabefcde + facefdbe + fadefbce > .

W12W13W23W34 W12W13W23W24 W12W13W14W23
(3.38)

Here in the second line we wrote an equivalent expression (expressing crossing symmetry
of the four-point function) that is a consequence of the Jacobi identity for the structure
constants.

Restricting the points to the real line (w; — t;) we can identify the two-point (1.4) and
three-point (1.5) correlators of the currents with the corresponding boundary correlators
in (3.14) and (3.15) up to an overall universal factor k™ where n = 2,3,... is the number
of legs. Explicitly, this amounts to the formal identification (assuming k > 0)

2
X — kJY, K= \/; (3.39)

Indeed, the two-point functions match if k% = %, while the three-point functions match
for Qupe in (3.15) related to fupe in (3.36) as in (3.10) and x® = %)\. Furthermore, the
four-point correlator (3.35) is also in precise agreement with the boundary restriction of
the connected part of the correlator of four currents in (3.38).

As already mentioned in the Introduction, one can give a simple semiclassical argument
supporting the relation (3.39), i.e. the expression for s that, we remark, is same as in (2.40).
Starting with the expression for the w-component of the chiral current consistent with
k> 0 and (1.3), (3.36) (see, e.g., [19]) J* = —ktr(t?0g g~ ') and using the parametrization

g = e~ MaX" e get in the z — 0 limit (for the boundary asymptotics in (3.11))

1 1
2500 JP=ikAIX oo = iRA (0 — i0)(2X o) = JRAX 4o (340)

This suggests the identification J% = 1kAX?® as in (3.39) where A is given by (2.2), i..
=2

4 Quantum corrections to boundary correlators in SL(2,R) WZW model

The above discussion was restricted to consideration of tree-level terms in the boundary
correlators in AdSy. Let us now try to test the relation between the boundary correlators
of WZW fields and chiral currents (1.2) beyond the classical (large k) limit. This requires
determining loop corrections to AdSs boundary correlators. Similar computations were
done in the Liouville and Toda theories in [7, 11, 12] and it was found that the analogs
of the coefficient x in (1.2) that relate boundary correlators of elementary fields in AdSs
to correlators of CFT currents (stress tensor and W-symmetry currents) restricted to real
line receive quantum corrections.

17 -



In the present WZW model case, the simplicity of the semiclassical argument in (3.40)
suggests instead that the relation (1.2) or (2.40), (3.39) may be exact.!”

To provide support to this conjecture below we shall consider the computation of one-
loop corrections to the two-point and three-point boundary correlators (1.1) on the example
of the SL(2,R) WZW model. A central issue will be the choice of a UV regularization and
subtraction scheme consistent with underlying SL(2,R) symmetry of the model. It turns
out to be possible to relate the scheme ambiguity to the definition of the propagator at
the coinciding points, i.e. to the choice of the renormalized value of the self-contraction
contributions.

4.1 One-loop corrections to the two-point correlators

Let us start with computing the one-loop corrections to the tree-level two-point func-
tions (2.14) for the fields in the action (2.6), i.e. to the boundary correlators (VW) and (®®).

4.1.1 (WWw)

One-loop corrections to the 1, propagator in AdSo come from the following diagrams:

>m>+>m>+ >O> +><:>> . (4.1)

regular d—function

Here we have separated the contributions of the regular and dé-function terms in (2.12)
combining the latter with the self-contraction diagram corresponding to the vertex qb%/n/;
in (2.6) as both are proportional to the free scalar propagator at the coinciding points, i.e.
g(w,w) (cf. (2.10), (2.11)). The last tadpole diagram with a 1 loop is linearly divergent
and may be removed by imposing the normalization condition (¢) = 0.

The first contribution in (4.1) involving the regular part of the second derivative of
the propagator in (2.12) (with legs taken to the boundary) is given by

t1 to b2 ~
D\IJ\TJ (tlg) = > m > = 22 ﬁ E(t12) , (42)

reg;ﬂar
E(to) = | dPw &' ,
( 12) / w a w (t ity — 2-2)2 (t/ —to + iZ/)2 [t —t 4 (Z T Z/)]2 g(w,w )
1 1 1
= [ dw df ") = By, O, J (t 4.3
/ v (W —11)2 (W —t2)2 (w — )2 g(w,w') =0, 0, J(t12),  (4.3)

1 1 1
w—tw —te (w—w)

J(t12) = /d2w d*w'’ 5 9(w,w'). (4.4)

'"One could wonder if the level k in (1.2) may get a familiar quantum shift by the dual Coxeter number
of G (i.e. kK — k+ c¢) which is known to appear from the quantum jacobian transformation from the group
fields g to currents and in the Sugawara construction of the stress tensor and related computation of the
central charge. As we shall argue below, there exists a natural computation scheme in which this does not
apparently happen in the present case of  in (1.2).
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By formal shifting and rescaling w,w’ one may try to argue that the integral .J should be

independent of ti,ts. However, it is IR divergent and thus requires a regularization. A

regularization will then be expected to give J ~ log(A~!|t; — t2|) and thus a finite ~ t%
12

contribution to E(tlg). Indeed, integrating by parts the formal expression in (4.4) we get
(using (2.11))!8

1 1 1 1 24
J:/ded2 — Owg(w, w") / dm/ (I46iy+2izy— Sy)'
—t] w'—ty w—w —z+2y)(—z—|—2y—|—2zy)

(4.5)
This is divergent due to the contribution from the y — 400 region where the integrand

scales as ~ 1/(x%y). A cutoff on the z,Z' integrals near zero in (4.4) translates into the
modified integration range 0 < y < %, A — 00. Then we find for the regularized integral*®

t / dm/A/tm 1+61y 21(17y+8y)1\—:>oo_7ﬁlog£+ﬁnite (46)
(tr; A (—i 4+ 2y)(—i + 2y + 2xy)? 2 t1o T
and thus ) A )
~ T T
E(t12) = 0O, 0, —?loga to = BYORR (4.7)
12

Including also the contribution of the square bracket terms in (4.1) which depend on regu-
larized value of g(w,w) we finish with the following one-loop (i.e. order b* ~ ) correction
to the tree-level boundary correlator (2.14)

2b°

<w(t1){l}(t2)>l-loop - % (1 - gO) 3 go = g(wv w) . (48)

Thus a particular scheme choice where gy = 1 would lead to the vanishing of the one-loop
correction.

To put this in a more general context, while the WZW is UV finite in the sense that
there is no coupling renormalization, there may still be a wave function renormalization (i.e.
UV divergent Z-factor in the off-shell 2-point function). This should be accounted for in the
definition of the S-matrix: the scattering amplitudes defined in terms of correlators with
extra powers of Z will be automatically finite (see, e.g., a discussion in [27] and refs. there).
Similar considerations should apply to the analog of S-matrix in AdS (see section 5) and
thus to the boundary correlators. Here we will effectively by-pass this subtlety by simply
assuming a particular subtraction under which the wave-function renormalization factor
is trivial.?’ It remains an open question how this scheme extends in a consistent way to
higher loop orders.

4.1.2 (Od)

The one-loop correction to the boundary two-point function (®(t;)®(t2)) is given by the
sum of two diagrams: a bubble and a self-contraction diagram.

8The integral over z,z' here may be split and turned into a double integral over z, Z with 0 < z < Z.
Then setting Z = yti12, z = xyti2 one is to integrate over 0 < z < 1 and 0 < y < oo.

19VWe first integrate over & and then add and subtract the leading term of the y — co expansion.

20For some recent discussions of one-loop self-energy corrections in AdS see [28-30].
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Bubble. The bubble contribution is

4 [D(tlg) + 7Dy (t12) + 7 D_(t12) + 7 Deon (t12)| . (4.9)

Here we decomposed the derivatives of both propagators (2.12) in the loop into the regular
and d-function parts getting four terms: with no J-function factors (D), with one (D)
and with two (Dcont). Explicitly,

z 7 1
1 2 + 22 ( _ t2)2 + 2/2 [(t _ t/)2 + (Z + Z/)2]2

Y

ﬁ(tlg) = /d2w d*w' (t 1

/
~ 1
D (te) = | d?>w d*w’ z z — '
+(t12) / w d2w ) 2 (V) v it )P o(w —w')

1 1 1
=—— [ & : 4.10
4/ w(t—t1)2+22 (t—t2)2 422 (4.10)

Integrating over t,t',z’ gives

Blt) = ™ /ood L Da (t12) ”/Ood L L Btia)

= — Z—————mmmm = — lI— = — — .

2 2 Jo z(t3, +42%)’ = 2 Jo z (t2, + 42%) a2
(4.11)

Self-contraction. With the same decomposition of the two derivatives of the propagator
in the loop (2.12) we get

t t 2~ ~
! ’ b ] (4.12)

= *4? Di(tlQ) + WDcont(t12) .

As a result, ﬁcont here exactly cancels against the double é-function part in the bubble
diagram (4.9). The total expression for the one-loop correction is then
4b? 402 ~ 4b?
(PP) 1 _1oop = W—(D + 27rDi) — —Di =3 (D + 7TD:|:) (4.13)
where we used (4.11), i.e. Dy = —%f)

A more rigorous derivation of (4.13) requires introducing a regularization factor z° in
each (formally divergent) AdS integral. Then

/
~ 1
De(t12) = | d*w d*w' °7* & :
e(t12) / PO IS TP 2 (W — )+ 2 [ V)2 + 2+ 2)7?

1 7347%(2e + 1) cot(me)[(—2¢ — 2)['(e + 2)

th > [(—e) 7
~ 1 1 1 1
Dy (tp2) = —= | dPwz* _ 9—2-2¢ 2
) = =5 [ o s e TgEt T o)

(4.14)
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Then expanding for small & gives

2 2 42 R 1 2
+—log==+--|,  Dic(tin)=5 |- log—=+-|,

De(tiy) = o | —
o(tr2) 2, |4 4 ° 4
(4.15)

leading again to (4.13).
Compared to (4.8) the vanishing result in (4.13) suggests that for consistency with
global symmetry (see (B.6)) the value of gy = g(w, w) to be used in (4.8) should be indeed

go=1. (4.16)

4.2 One-loop correction to the three-point correlator

Let us now compute the one-loop correction to the three-point function (W(t;)W(t2)®P(ts))
with the tree-level value given by in (2.18).2! There are two types of contributions: from the
triangle diagram and its “limits”, and from the “self-energy” corrections to the propagators
in the tree-level diagram (2.15).

Triangle. The first is given by the following set of diagrams

i.e.

(W (t1) W (t2)D(ts)) | 1mB'® = V, (1, ta, ts) + Vi (te, ta, ta) + Velte, ta, ta) + Va(ty, ta, ta). (4.18)

1-loop

We will again separate the contributions coming from regular and J-function parts of
derivatives of internal propagators in (2.12). Then the “regular” part of V, is given by??

—9p\ 3 1 1 1 1 z
yres — (22 d*w d*w' d*w” ' w”
; < - ) / wd w d*w @ —11)2 (0 —0)2 (w—1")2 (w'—ts)2 (t—t3)2+22 g(w', w")
_9p\ 3 1 Oupgw,w") 1 1 z
== d?w 2w’ 2w v ! 4.19
< T ) / wawaw (W—-t1)2  w-w (w-w")? (w'—t3)? (t—t3)2+22"’ ( )

2!Similar loop corrected three-point functions in AdSs have been considered in the Liouville theory [7],
the abelian or non-abelian Toda theory [11], and the N = 1 supersymmetric Liouville theory [12]. In all
those cases, the analysis has been semi-analytic because some contribution required a numerical evaluation.
In the present WZW model all calculations will be fully analytical due to the simpler structure of virtual
exchanges.

22In the integration by parts we may ignore the d-function from 9,
localize the bulk integral to the boundary.

and its derivatives as they

_1
w’ —tq
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This is the triple integral over a half-plane of a rational integrand. Applying the residue
theorem gives

o 3 3 . .13
2") i 2 (4.20)

VI (t1,tg,t3) = — .
@ (b2 E) 4 tioty3tas tioti3tas

™

The contribution V; with only one d-function from (2.12) turns out to precisely cancel the
regular parts of the contributions of the two diagrams (b) and (c), i.e. V,*® 4 V2.

The contributions of the diagrams with the J-function parts of the derivatives of all
of the internal (1), 15) propagators reduce to that of the diagram (d) (with different overall
factors). Explicitly, the contribution V;2° with the two d-functions 6 (w—w'), §®) (w—w")
in the diagram (a) is given by V.20 = —2V, (accounting for the symmetry factor of the ¢
loop) and V;!? = V19 = V2 je.

1 2ib®
VI(t1,t, ) = V29 + Vo 1 V19 v, = Ty - 20000 w) (4.21)
2 tiotostys
Thus finally (using the notation go in (4.8))
a7 triangle 2Zb3
(W(t)W(t2)®(t3))1000p = —7 7 (1 —90) - (4.22)
tiotostss

Self-energy corrections. The contribution of the corresponding diagrams (here gray
circles stand for sums of relevant one-loop diagrams as in (4.1) and (4.9), (4.12))

(4.23)
may be represented as
o _ oy ¢¢>1_100 <wilvj>1—loo
0, v ® self-energy — (v v o oo < P ) / P
(W(t)W(t2)P(t3)) 1 100p (W(t1)W(t2)P(t3))tree X ( ) | (VW) ree )
(4.24)

with the full 1-loop correction to three-point function thus given by

(W)U (t2)D(t)) 1100p = (W(t1)W (t2)P(t3)) es” + (W(t)W(t2) D (t)) oo™ - (4.25)
In view of (4.22) to (4.8), (4.13) we conclude that for the special scheme choice (4.16) under
which the two-point functions do not receive one-loop corrections the same is true also
for the three-point function (4.25). Then comparing to the correlators of chiral currents
in (2.37), (2.38) this suggests that the coefficient £ in (2.40) does not receive quantum

corrections.??

ZWe are assuming that the quantum theory is defined by the path integral with the WZW ac-
tion (2.1), (2.3), (2.6) where the overall coefficient k or b in (2.6) has its classical value (an action with
a shifted k would correspond to a different scheme choice). It is not clear if the quantum effective ac-
tion [31, 32] given by the WZW action with £ — k + c¢ (that reproduces correlators of currents computed
in perturbation theory on a plane) is a possible starting point in computing boundary correlators of ele-
mentary fields of the WZW theory in AdSs.
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In appendix C we will further elaborate on the issue of the scheme dependence of
the one-loop corrections to the boundary correlators starting with a classically equivalent
action in terms of redefined fields.

5 Boundary correlators and scattering amplitudes on AdS,

While the scattering amplitudes for the massless WZW fields in flat space is known to
vanish [4, 20], we have seen that the coordinate-space boundary correlators for WZW
fields AdS, are non zero. Their structure, however, is simple being dictated by the KM
symmetry. One may wonder if with some natural definition of the AdS S-matrix they may
actually correspond to trivial scattering in AdSs or on half-plane. Below we will attempt

to clarify this issue.?*

It is useful first to recall what happened in the Liouville theory — how triviality of
scattering in AdSy emerges in that case. The flat space scattering in this theory was argued
to be trivial in [21], based on previous results about the energy-momentum eigenstates in
finite volume [33-36].2 The scattering in a non-trivial Liouville vacuum or effectively in
AdS; space was discussed in [5].26 Ref. [5] have shown that at the tree level there exists a
perturbative expansion which is infrared safe and leads to trivial S-matrix. This conclusion
was generalized and proved in more formal way in [22].

One may attempt to define S-matrix in AdS space by specifying suitable “in” and
“out” states and computing amputated bulk correlators (as in flat space LSZ formula).
In addition to the question of which asymptotic states to use (cf. [23]) a major technical
problem is how to explicitly construct the Lorentzian AdS scattering amplitudes starting
directly from the Euclidean coordinate-space boundary correlators.

Below we shall first outline the general relation between the AdS scattering ampli-
tudes and the Lorentzian boundary correlators. Then we shall discuss the Euclidean —
Lorentzian correlator reconstruction problem in the case of the Liouville theory relating it
to the approach of [5]. Finally, we shall comment on the simplest scattering amplitude in
the WZW theory in AdSs using an analogous method.

24Starting with scattering amplitudes in AdS, one can in principle define a flat space limit of the associated
S-matrix, but this requires to scale the masses/dimensions of external particles. In the massless 2d case,
it is unclear how to do this and whether it is possible to directly related the AdS S-matrix to the flat
space one.

%5To avoid infrared problems, the theory may considered on a circle, where the Liouville field ¢ can
be expressed in terms of a free field ® by means of a quantum Bécklund transformation. All energy-
momentum eigenstates on the circle can be obtained by acting on the vacuum with the modes of the stress
tensor T\'% of the Bicklund field. In [21], it was argued that the dynamical properties of the infinite volume
multi-particle states are equivalent to the large radius limit of the (free) T,S?% eigenstates. This implies that
the S-matrix is trivial.

26 As a normalizable translation-invariant ground state does not exist in Liouville theory in flat space,
ref. [5] considered, following [8], the theory in a non-invariant domain-wall background that spontaneously
breaks translation invariance and “semi-compactifies” space to a half-line. The resulting model can be
identified with the Liouville theory in AdSs geometry.
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5.1 Massive scalar S-matrix on AdSs

Let us start a scalar field theory in AdSy with mass parameter m? = A(A — 1). Let
us consider a Witten diagram with one propagator connected to a bulk point (¢,z) (here
t is real Minkowski time, and z > 0 is the radial AdSs Poincare coordinate). Ignoring
dependence on other external points, it may be symbolically represented as?”

(5.1)

where D = G is the Lorentzian massive scalar propagator with Dirichlet boundary con-

ditions?®

D(t,z;t',2) = _Ca o F1 (A,A,QA, —%) , Ca __ra) u(z,z') =

(2u)A T 2/rl(A+1/2)]
(5.2)

and T stands for the rest of the diagram (i.e. with one line amputated). The propagator
D may be written as

D(t,z;t',2) = % /000 djwe_iw‘t_t/‘fw(z)fw(z/) , (5.3)

where the functions {f,(z)}.>0 are eigenmodes of the kinetic operator for a scalar field

in AdS,

m2

<a§ + w? — ) fu(z) =0. (5.4)

22

They form a basis in z € [0, c0) with normalization

/ " dw fo() () = 8(z — 7). / T d fo@) () = dw—o).  (55)
0 0

fw(z) can be identified with the wave function of the asymptotic state with energy w created
by the scalar field. Its explicit form for the Dirichlet boundary condition is

fu(z) = a(w) ﬁJA_%(w z), (5.6)

where the normalization a(w) is determined by (5.5). The corresponding scattering ampli-
tude A(wq,...,wy) may be formally defined as

N
Awr ..., wN) :/<Hdtz‘dzz‘€witi f(gz‘Ai)(Z’L‘)> L(ti,z15...5tN,2N) (5.7)
i=1

where in T we included the external leg labels and the subscript in fu(,A) (z) is (5.6) indicates
the corresponding value of A (in the case of multi-scalar scattering with different masses).

2"Here t is Minkowski time related to Euclidean AdS, time t used above by t = it.
% As in (2.8), this is for the standard normalization of the action, i.e. S = 1 [ d*z \/g[(9¢)>+m> ¢*+---].
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5.1.1 Comments on relation to boundary correlators

It is possible to formally “derive” a relation between (5.7) and a Fourier transform of
the coordinate-space boundary correlators. Let us consider one leg in (5.1) taken to the
boundary, i.e. define the boundary correlator

A(t) = limz~2G(t,z) =

z—0

where the circular line on the left denotes AdSs boundary. Substituting (5.3) into (5.1)
and computing (5.8) using that f,(wz) ~ z for z — 0, we find that the Fourier transform
of A(t) is actually the same as the scattering amplitude in (5.7). Indeed, (here ca is a
coefficient dependent only on A)?

. . > dw' . ,
A(w) = /dte“’”A(t) =ca /dte“”t/dt' dz’/ %e"w =l (W™ fo(Z)T(H,2)

_ CA/dt/ dzleiwt/ A dw’ ’LCL((JJ )L‘)/;A fw( ) (t ,Z/) ) (59)

wow?

Evaluating the integral over w’ by picking (one-half of) the contribution from the pole at
w' = w, we obtain

A(w) =N(w) /dt dz e“'f,(z)T(t,2), (5.10)

in agreement with (5.7). The same result is found by directly considering the boundary
limit of (5.1). This amounts to replacing the bulk propagator D by the bulk-to-boundary
expression

Z/

A
_@_tlw} r(,7), (5.11)

A(t) = limz~2G(t,z) = Ca /dt’dz’ [

z—0

and taking the Fourier transform of (5.11) in Cauchy principal value sense (i.e. summing
half of the two residues at t =t/ +2).3Y For w > 0, it reads

iwt z s 273 A A+l iwt!
GA dte m = mw 2 \/EJAfl/Q(wz) e : (512)

and thus implies again (5.10).
To summarize, we have shown that under a certain prescription, one can start with
the N-leg boundary correlator for fields with dual conformal dimensions A1, ..., Ay

A(tl,...,tN)thLnOzlA _AN/<Hdt dz, tz,zz,tl,zl)> Ty, 2 5thh, Zh)
(5.13)

29Here and in the following, integrals z are restricted to the AdSs region, i.e. z > 0.
30 At this stage this is just a formal prescription. More precisely, one should shift the integration contour
by adding causal ic shifts, see below.
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take its Fourier transform in each leg and as result find an alternative representation for
the scattering amplitude A(w,...,wn) in (5.7), i.e.

N
Alwi, ... ,wN) = / (H dtieiwiti> A(tl, o tN) . (5.14)
=1

Let us note that the amputated Green’s function I' in (5.7), as well as the boundary
correlator in (5.14), are the Lorentzian ones. In general, the explicit analytical continuation
of the boundary correlators from the Euclidean to the Lorentz signature should be done
according to the general prescriptions based on reconstruction theorems [37] as discussed
more recently in [38-40]. In particular, to compute the fully time-ordered Wightman
function from the Euclidean correlators, one replaces t; — t; —ig; with &; > ¢; when t; > ¢;
and then takes ¢; — 0.3! The Fourier transform of the resulting expression is expected to
give the scattering amplitude and to match (5.7).

5.1.2 Tree level scattering in Liouville theory on AdSs

To illustrate the relation between (5.7) and (5.14) let us consider again the Liouville theory
following [5]. The basic 1 — 2 particle production process ¢ — ¢ + ¢ here is particularly
simple: at tree level it involves the amputated 3-point function that is just a constant. Let
us begin by (5.7). The off-shell wave functions (5.6) are

faw(t,z) = eiat\/wzJ;;/g(wz) , w>0. (5.15)
The on-shell condition is a? = w?, namely o = +w. Besides, f_,,(t,2) = f-w —w(t,2),

and we can simultaneously treat both signs of w, i.e. “in” or “out” states. Up to irrelevant
constants, the scattering amplitude for a 3-particle process may be written as

.A3(a1,w1; a9, wWo; 043,(/.13) ~ 5(&1 + ag + 043) ﬁg(wl,w%wg) s (5.16)

where

As(wr, w2, ws3) :/0 %fwl(z)fw(z)fw?,(z) = \/w1w2w3/o %sz(W1Z)J3/2(w22)=]3/2(w32)~

(5.17)

We may now use the known value of the following definite integral®?

S 21/—18211—1
Jy Jy Jy = , 5.18
[ s = =Bt G
where
1

S= 1\/(w1 + wy + w3)(—w1 + wa + w3) (w1 — wa + w3) (w1 + we — ws), (5.19)

31 As first discussed in [41], the analytical continuation can be done at the level of Mellin amplitudes,
see [42-44].
32Useful integrals involving three Bessel functions are discussed in [45, 46].
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is the area of a triangle with sides w1, w2, ws (if w1, w2, w3 do not form a triangle, the integral
is zero). From (5.18) ref. [5] found the following expression for (5.17)

2
A3 = \/5 S (5.20)
T WiWows

As the kinematically allowed 3-particle processes are associated with a degenerate triangle

with vanishing area S = 0 one finds that As = 0. This calculation has been extended in [5]
to the 4-particle scattering processes that were also found to vanish.

To try to recover (5.20) as a Fourier transform (5.14) of the boundary correlator we

need first to analytically continue the Euclidean boundary 3-point function ~ W to the

Lorenzian signature (to get the Lorentzian time-ordered 3-point function). Eéglﬁaﬁng the
associated Fourier transform seems far from trivial because the d3t integration region has to
be split according to the time ordering and suitable +ie shifts have to be introduced.? In
principle, another approach is to look for an analytic continuation of the triple- K integral
representation of the Euclidean 3-point function [47]. Such analytic continuations have
been recently discussed in [48].

Let us note that continuation to Lorentzian signature and time-like momenta requires
an analytic continuation of expressions involving the Appel function and this is known to
be related to triple-J integrals for special arguments, see eq. (7.1) of [49] and also [45, 46].
This procedure is yet to be investigated in detail, but let us note that

o) 2 21/—1821/—1
dzz' 7" K, (w12) K, (wez) K, (w3z - +0(1). (b.21
/ (12) o) Ksllsd) = 5t 2 S 0D (521

This relation shows that with a simple (although ad hoc) regularization of the triple- K
integral, the triple-J integral (relevant for the scattering amplitude) shows up as the residue
at the singular pole. The fact that leading singularities of divergent triple K integrals may
contain physical objects has been discussed in the Euclidean context in [50]. It would be
interesting to understand the relation between their analysis and relations like (5.21).

5.2 Massless scattering case

In view of the subtleties involved in extracting the scattering amplitudes from the Euclidean
boundary correlators, here we shall consider massless scattering following the approach
of [5] based on (5.7). Let us start with the simplest 1 — 2 process and emphasize the
difference between models with derivative-independent scalar ¢® vertex and with ¢(9¢)?
o-model type (classically) conformally invariant vertices.

For a massless scalar we have A = 1 or A—% = % in (5.6) and for a ¢3 interaction vertex

the analog of the integral in (5.17) representing the tree level 1 — 2 particle production

33The Fourier representation of the Wightman Lorentzian 3-point function with fixed time ordering
(O(t1)O(t2)O(t3)), t1 > t2 > t3 is discussed in [39)].

—97 —



amplitude is

* dz

?Jl/Q(WIZ)Jlﬂ(L‘QZ)Jl/Q (w32z)

1
227132 Joranws

Q log(Q%) — w12 log(wiy) — wis log(wis) — was log(wds) |, (5.22)

where we defined wiy = w1 + w2 — w3, ete., and Q = wy + we + w3. The integral (5.22) does
not vanish on-shell. For instance, if w3 — w; + wo it has a finite non-zero limit.?*

In the o-model case in flat space the 3-point amplitude vanishes due to on-shell kine-
matics. This is less automatic in the AdSo case. Let us consider the case of a gen-
eral o-model in the parametrization used in (3.2), (3.8) where the cubic vertex in the
WZW case is ~ fup.0X*0X? X¢. Because of antisymmetry of fup. the vertex is effectively
~ 3(0X°90X" — 0X*9X")X°. Let us first consider the contribution of the first term and

then antisymmetrize in momenta. We will need the wave functions

f:l:w,w (t, Z) = eiiwt sin(zw) 5 (5.23)
Oftww(t, ) o (9; + 8,)eT ™ sin(zw) = wet™@(tH2)
Oftww(t,z) oc (O — dy)eF ! sin(zw) = —wetw(t=2)

Starting from (5.7), suppressing the group indices and defining o; = 4w; we find
(cf. (5.17), (5.22))

Ay = / dtdz D fay oy (£:2)D fars oz (£2) g o (£,2) o / dtdz wywae'® (D) 10272 100 sin (2105

o<5(a1+a2+a3)w1w2/ dz[ei(al_“2+°‘3)Z—ei(°‘1‘a2_°‘3)2}
0

1 )
= (o +tastas) wiws |:7T(5(a1—042+013)+—71'(5(041—0&2—043)—
a1 —0p+a3 a1 —02—03
a1+a
x (o +astas) wi wy 12 (5.24)
a1 Qg

Here we used that fooo dz e* = §(w) +iw~1. We are still to antisymmetrize in wy <> wo,
but since the expression in (5.24) is symmetric, the final result is thus zero. Thus the
3-point scattering amplitude vanishes also in AdS,.%"

As for the 4-particle scattering amplitude, in the Liouville theory in AdS, it was
found to vanish in a non-trivial way, due to a cancellation of different contributions [5].
It would be interesting to see if it also vanishes in the WZW theory in AdS,. A possible
reason of why this may happen is the absence of non-trivial structures in the corresponding
Euclidean boundary correlators, i.e. the cancellation of logarithmic terms that happens in

34Notice that we can put an arbitrary scale y in the logarithms in (5.22) since 2 — w12 — wig — w2z = 0.

35Let us note that dealing with massless 2d fields requires extra care. The wave function f in (5.23) is
not vanishing for z — oco. Thus, integration by parts is not a priori allowed in (5.24). That means that
the starting form of the action may be important as the contribution of boundary terms (produced by
integrations by parts) may be non-trivial.
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the Liouville theory [6, 7] and that we also observed above for the WZW limit of a general
o-model. To establish this link it remains to derive the AdSy scattering amplitudes from
Euclidean boundary correlators in a systematic way.

6 Concluding remarks

In this paper we considered boundary correlators of elementary fields of 2d o-models in
AdSs. Similar problem appears in the study of correlators of operators on a Wilson line
in the strong-coupling description in terms of the AdSs x S® Nambu string action in the
static gauge [1, 2]. One motivation is to learn how to compute loop Witten diagrams in
AdS, in models with derivative interactions. We have observed, in particular, that the
structure of four-point correlators simplifies (with logarithmic terms of the 1d cross-ratio
cancelling out) only in the WZW case when the o-model has an extra KM symmetry. In
that case the boundary correlation functions of the WZW fields are found to be the same
as the correlators of the chiral WZW currents on the plane restricted to the real line.

Another possible motivation is related to the search for new integrable 2d o-models
using S-matrix based criteria as in the massive case. If one expands near a trivial o-
model vacuum in flat 2d space one gets massless scattering amplitudes which, in general,
suffer from IR ambiguities [4, 51]. If instead one considers the o-model on AdSy then
its coordinate-space boundary correlators are better defined and one may try to find the
analogs of the standard integrability constraints (S-matrix factorization and no particle
creation) directly in terms of them. As any 2d o-model is classically Weyl invariant, the
tree-level problem in AdS, is equivalent to the same problem on flat half-plane with partic-
ular (Dirichlet) boundary conditions. Hidden conserved charges that exist in a classically
integrable o-model on a plane should lead to constraints on the corresponding Euclidean
boundary correlators and the associated S-matrix on half-plane. This should also extend
to the quantum level if the o-model is quantum scale invariant (like the WZW model).
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A Notation and conventions

The AdSs metric is

2 2 =
_ At dz =—4 dwdw w=t+iz, z>0, (A.1)

2
ds 2 (w— )
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and we use the conventions

1 = 1
a = 8w = 5(81; - 182) 5 8 = 8@ = 5(81; + ’Laz) , (A2)
6tz — —EZt — 22’ eww — _Eww — _21-227 gzz — gtt — 227 ngjj — gww — 222.
(A.3)
We also define the integration measure as follows

2
d*w = dz dt, SR (A.4)

T

Our convention for the d-function is
8@ (w) = 6(t)6(z), / PwdP(w)f(w) = f0),  dPw=dtdz, w=t+iz, (A.5)

so that one has 1 1
0— = 6 (w), 5; = 16@ (w). (A.6)

The bulk propagator of a massless field in AdSs with the action normalized as S =
Jaas, d?w 0¢0¢ is given by

1
9(n) = =5 logn(w,w’) , (A7)
where the geodesic distance 7 is defined in (2.9). The associated bulk-to-boundary propa-
gator is
1 27 —1 i
o M ! = 1 —_ M / / = =
g (t,'ZU) il_%zg(t,z,t,Z) (t/_t)2+2/2 t_w/—i_t_w/ (AS)

B Global symmetry constraints in SL(2,R) WZW model

Let us consider the consequences of the global invariance of the WZW action (2.6) under
g — Ug where U is a SL(2,R) matrix that may be chosen as

U:<1+7 p )) (B.1)
e 1l—v

where (v, p,e) are constant parameters. The infinitesimal transformation of the fields
in (2.3) reads

56 = VE(—y+e),  6b=2y+p—idle, ob=ke vi’e.  (B.2)
In particular, taking v = p = 0 and rescaling € — be where b = % gives
S =2pe, o = —byp?e, St =4b e e, (B.3)

The action (2.6) is readily checked to be invariant under (B.3) (using integration by parts).
Using the boundary asymptotics (2.7) we get from the z — 0 limit of (B.3) the following
transformation of the corresponding boundary fields

SO(t) =2W(t)e +0(c%2),  OW(L)=0(z), V() =4[zt —d(t)] e+ 0(e2,2).
(B.4)
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Assuming the computational scheme preserves the global SL(2,R) symmetry, it then im-

poses constraints on the boundary correlators. In view of the symmetry rotating ¢ into
one should have (®(t;)W(t2)) = 0. Applying the variation (B.4) to this relation gives

0= 2(W(t))W(ta)) + 4(d(t1)4[b 1271 — d(t2)]) + O(c,2). (B.5)

The SL(2,R) symmetry implies that the tadpole (®) should vanish (¢ is shifted by the
parameter 6; in (B.1)).3¢ We thus find the following relation

(W(t1)W(t2)) = 2 (b(t1) (t2)) - (B.6)

This relation is expected to hold at the quantum level assuming the above SL(2, R) symme-
try is preserved by the computational scheme. This is a necessary condition for matching
the correlation functions of chiral currents on which SL(2,R) acts linearly.

C Alternative computation of one-loop boundary correlators in SL(2,R)
WZW model

Here we shall revisit the computation of the one-loop corrections to the two-point boundary
correlators in SL(2,R) WZW model discussed in section 4.1. We shall use an alternative
form of the action in terms of redefined field variables. Local field redefinitions are, in
general, expected to leave the physical (boundary) correlators invariant provided they are
properly defined (taking into account wave-function renormalization factors, etc.).3” Here
we shall first follow a naive approach ignoring this subtlety.

Let us start with the action (2.6) and represent it in terms of the redefined fields (x, X)
defined by

p=e ", P =eP. (C.1)
Then up to the quartic terms (2.6) is given by3
2 a5 5 b, o TvS L
S = [ d*w [0pDp + OxOX — 5()(8)(&25 + X0x09) + Zxx@qﬁ@qb +---1.  (C.2)

Let us now compute the one-loop correction to the boundary two-point function for ¢,
i.e. (Pd). It receives contributions from several bubble diagrams (with the cubic vertices
from (C.2)) and a self-contraction diagram (with the quartic vertex from (C.2)).

36Note that the one-loop contribution to (®) given by the tadpole with (v, J)) propagator computed with
a cutoff z > ¢ is linearly divergent

t 2 z 1 1 [ > 1 T
—{ )N d ) a | =T
/ Yo neE+2 @in? 4/,00 / i@ r2) | de

This divergence is to be subtracted in a SL(2,R) preserving scheme (see also discussion below (4.1)).
37This is easy to see at the tree level: redefinitions like ¢ — ¢ + 2 + ... with ¢ subject to the boundary

conditions like (2.7) produce terms of higher order in z — 0 in the correlators.

38Note that the cubic term can be rewritten as x9¥0¢ + X0x0¢ = x(0X0¢p — OX0¢) — xXO0p. The first
two terms here represent the standard WZ term, while the last term can be removed by a redefinition of ¢
under which an extra quartic term will be generated.
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There are two bubble diagrams where both cubic vertices are of the same type:

As these two diagrams are complex conjugate of each other, it is enough to focus on the
contribution of the first one:

I(ty,t2) = /dede’ 8wgg¢(t1,w)aw/gg(ﬁ(tg,w’)éw/gxg(w,w’)gngg(w’,w)

1 _ _
= — / d?wd*w’ (6 =) (6 = w/)zaw/gxg(w, W) O gyx (W', w) . (C.4)

Here we used the notation in (A.4), (2.10)—(2.13) (the free propagators of x, x fields are
the same as of 1, 1[}) As the integrand is a rational function one may apply the residue
theorem to do the t,t’' integral. It turns out that no pole survives,? implying that the t,t’
integral gives zero. Thus (C.3) gives a vanishing contribution.

The remaining bubble diagram with two different cubic vertices and the self-contraction
diagram are represented by

+
Il

to t X X to b
2

2
5o 09 ) E(t,t2), (C.5)

plus complex conjugate diagrams. Explicitly,
E(tb t2) = / dede, 5wgg¢(t17 w)aw’gggb(t% w,)awgw’gxg(wa w/)gx)?(wla w)
— [ @ Bughy (1,010l 12,0 gz w0 0)

, 1 1 ,
= [t e ), (©6)

where the contribution of the self-contraction diagram is exactly cancelled by the part of
the bubble diagram associated with the §-function piece in the derivatives of the propagator
(cf. (2.12)). It is easy to see that, (4.3), (4.7) and (C.6) happen to differ by an overall factor
only, although coming from different two-point functions, i.e.

1

92
E(tl,tz) = ﬁE(tm) = tT (C?)
12

39This is true for z > 7’ and z < 7/, respectively (recall that w = t+iz,w’ = t'4142). In the case of z = 7/,
one would encounter a factor of 1/(t —t’)? in the integrand, which leads to a divergence when performing
the t,t’ integral. A more careful treatment with an explicit regularization may lead to a non-vanishing
contribution, but we will not explore this here. Note that a similar subtlety happens also when z = 0
orz =0.
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Thus the final expression for one-loop correction is given by (taking into account the
contribution of the complex conjugate to (C.5))

b? b?
(q)(tl)q)(t?))l—loop =2X *E(tlyt2) = 5.2 (CS)
4 2t2,
Curiously, this is different from the vanishing result in (4.13).
Assuming the symmetry relation (B.6), the result in (C.8) corresponds to
~ b2
<W(t1)w(t2)>1—loop = tT . (Cg)
12

This matches the expression in (4.8) provided one chooses gy = g(w,w) = 3 (instead of
go = 1in (4.16)).

One may also compute the one-loop correction to the three-point function (4.25).
Using (4.24) and (C.8), (C.9) we get

G 34 b* < - 2i b3
V()W (to) D (tg))Sobenerey — 227 W(t )W (ty)D(ty))Hiamele — =27 (1),
< ( 1) ( 2) ( 3)>l-loop tiotostis ; < ( 1) ( 2) ( 3)>1—loop t1otostis (go )
(C.10)
Then instead of the vanishing result in (4.25) for go = 1 found in section 4 here we get
- ib?
<¢(t1)w(t2)w(t3)>l-loop = 7(290 - 5) . (C.ll)
tiota3tis

The resulting one-loop corrected expressions for the boundary correlators could be, in prin-
ciple, reconciled with the corresponding correlators of the currents provided the relations
between k and k in (2.40) and between b and k in the action (2.4) are modified from their
tree-level form.

A more consistent approach should be to define the boundary correlator with the
“wave-function” renormalization factors included and that should ensure the invariance of
the result under field redefinitions. Then the expressions in this appendix found starting
with the redefined action (C.2) could be reconciled with the approach used in section 4.%°
This remains to be clarified further.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

4°0One may need also to carefully take into account contributions of boundary terms from integration by
parts. Note also that the use of the symmetry relation (B.6) probably requires a particular choice of the
scheme, i.e. the value of the propagator at coinciding points g(w,w) and its derivatives. For example, using
the action (C.2) to compute explicitly the 1-loop correction of the two-point function (W\TI>, one would
encounter the self-contraction diagram like the third diagram in (4.1). The quartic vertex in (C.2) requires
us to deal with 0wOwg(w,w) due to ¢ running in the loop. The regularization of such derivative term
OwOsg(w,w) was discussed in [2].
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