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1. Introduction

The problem of differentiability along subspaces arises in a natural way in the
study of differential equations for functions of infinitely many variables. Over
the years, regularity properties along subspaces, such as Hoélderianity and Lip-
schizianity, have become increasingly central in the theory of infinite dimensional
analysis. Various authors have introduced many definitions for these regularity
properties, the most widely used are two. One introduced by L. Gross in [56]
and systematically presented by V. I. Bogachev in [22], the other one introduced
by P. Cannarsa and G. Da Prato in [28] and later developed by E. Priola in his
Ph.D. thesis, see [90]. The main purpose of this paper is to compare the Gross
and Cannarsa—Da Prato notions of differentiability. We will begin by relating
the two different notions of gradients along subspaces, introduced in [28] and
[56], when these operators act on a class of sufficiently smooth functions. We
will then turn to the specific case where the subspace along which to differen-
tiate is the Cameron—Martin space associated to a given Gaussian measure. In
this framework, it is possible to extend such operators to spaces of less regular
functions, i.e., Sobolev spaces with respect to the reference Gaussian measure.
Such extensions are called Malliavin derivatives. The central result of this paper
will be to rigorously show that the Gross and the Cannarsa—Da Prato Malliavin
derivatives are two different operators (although linked by a relationship that
we will clarify) that still have the same Sobolev space as their domain. This
work should therefore be understood as a review of existing results with the
specific purpose of relating them through rigorous proofs. Moreover we will also
provide the proofs of some results that, to the best of our knowledge, are not
present in the literature.

More in details, in Section 2 we recall the notions of differentiability given in
[28] and [56] and investigate their relation. In Subsection 2.1, given a separable
Hilbert space Hy continuously embedded in a separable Hilbert space H, we
recall the definition of differentiability along Hy presented by L. Gross in [56]
for functions with values in a Banach space Y. Over the years, this notion has
became essential to prove many regularity results for stationary and evolution
equations for functions of infinitely many variables both in spaces of continuous
functions and in Sobolev spaces, see for instance [1, 3, 4, 6, 7, 8, 10, 16, 17, 18,
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19, 31, 34, 70]. In Subsection 2.2, given a linear bounded self-adjoint operator
R : H — H we define the differentiability along the directions of Hp := R(H)
(see Section 2.2) presented by P. Cannarsa and G. Da Prato in [28]. This notion
of differentiability has also been widely used over the years, see for instance
[2, 5, 15, 40, 41, 43, 44, 57, 76, 77, 90, 91, 92]. When Hy = Hpg one can compare
the above mentioned notions of differentiability, this is done in Subsection 2.3
where we provide the relationship between the Gross derivatives of order n
and the Cannarsa—Da Prato derivatives of order n. We highlight that a first
comparison between these two derivatives has been already presented in [89]
but in the specific case of a injective operator R. Subsection 2.4 is devoted
to the comparison of the above mentioned notions of differentiability with the
classical notions of Gateaux and Fréchet differentiability.

The results of Section 2 lay the ground for the comparison of the Malliavin
derivatives that naturally appear in the setting considered by L. Gross and P.
Cannarsa and G. Da Prato when a Gaussian framework comes into play. This is
the content of Section 3. On a separable Hilbert space H, endowed with its Borel
o-algebra B(H), one considers a centered (that is with zero mean) Gaussian
measure 7y with covariance operator ), with Q : H — H a linear, self-adjoint,
non-negative and trace class operator. The subspace along which to differentiate
is the Cameron—Martin space associated to the Gaussian measure, that is Hy =
QY?(H) =: Hgu/2. It is classical to prove (see e.g. [22] and [39]) that the gradient
operators V Hyyo and V12, in the sense of Gross and Cannarsa-Da Prato,
respectively, are closable operators in LP(H,B(H),~), p > 1. Their extensions
are called Malliavin derivatives and the domain of their extension is a Sobolev
space with respect to the measure . We refer to these two Malliavin derivatives
as the Malliavin derivative in the sense of Gross and the Malliavin derivative in
the sense of Cannarsa—Da Prato, respectively. In Subsections 3.3, 3.4 and 3.5 we
recall the construction of these two Malliavin derivatives and prove that they
are indeed two different operators linked by the relation VHQ1/2 = Ql/ZVQ1/2.
Nevertheless these two derivatives, although different, have the same Sobolev
space as their domain.

In order to make a rigorous comparison between the Malliavin derivative in
the sense of Gross and Cannarsa—Da Prato, it is convenient to approach the
Malliavin calculus from a more abstract point of view, as done, for example, in
[86]. We briefly recall this approach to Malliavin calculus in Appendix A.

At first glance it might seem strange to refer to Malliavin derivatives that
are different, since one usually speaks of the Malliavin derivative. We point out
that in fact it would be more appropriate to speak of a (choice of) Malliavin
derivative rather than the Malliavin derivative. In fact, as explained in details
in Appendix A, one can construct infinitely many different Malliavin derivative
operators. On the other hand, it turns out that all these Malliavin derivatives
have the same domain when somehow the Gaussian framework is the same. In
a sense, the results of Section 3 can be considered as an example of this general
fact in a concrete situation: we deal with two particular Malliavin derivatives
that naturally appear in the literature for the study of various problems. How-
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ever, these Malliavin derivatives are just two possible choices among the infinite
possible ones that can be considered in that specific Gaussian framework.

We emphasize here that the general framework for Malliavin calculus con-
sidered in [86] not only proves useful in understanding the relationship between
different Malliavin derivatives that appear in the literature in various contexts
but also turns out to be particularly flexible for dealing with various prob-
lems. We mention, for example, the study of the regularity of solutions to
stochastic partial differential equations (see, e.g., [12, 37, 74, 75, 83, 87, 88|
for parabolic-type stochastic partial differential equations, [25, 26] for equations
with boundary noise, [81, 93, 94] for the stochastic wave equation, [51, 103, 82]
for fluid-dynamics stochastic partial differential equations, [32] for the stochas-
tic Cahn-Hilliard equation), the study of density formulae and concentration
inequalities (see e.g. [85]), the study of ergodic problems (see, among others,
[58]), or even the study of integration by parts formulas on level sets in infinite
dimensional spaces (see, e.g., [7, 24, 27, 42]). Moreover, there are applications
to finance, see e.g. [11], and to numerical analysis (see, e.g., [13, 14, 36, 101]).

Section 4 should be interpreted as an application of the results of Section 2.
We establish an interpolation result (see Theorem 4.12). In [18, Section 3] and
[28, Proposition 2.1], two interpolation results analogous to Theorem 4.12 are
proven. The one in [28, Proposition 2.1] is in the sense of Cannarsa—Da Prato
differentiability, while the one in [18, Section 3] is in the sense of Gross differ-
entiability. Theorem 4.12 covers the degenerate case, which is not included in
[18, Section 3] and [28, Proposition 2.1] (see Remark 4.13). This improvement
is possible due to some regularity results about Lasry—Lions type approximants
that are finer than those found in the literature (see, for example, [18, 28]).
These results can be found in Section 4.2 and are of interest regardless of Theo-
rem 4.12. Finally, we recall that interpolation theorems are useful for Schauder
regularity results for Ornstein—Uhlenbeck type operators in infinite dimensions,
see, for instance, [18, 33, 34, 38, 92].

Notations

In this section we recall the standard notations that we will use throughout
the paper. We refer to [48] and [95] for notations and basic results about linear
operators and Banach spaces. Throughout the paper, all Banach and Hilbert
spaces are supposed to be real.

Let Ky and K2 be two Banach spaces equipped with the norms ||-||,, and
[, respectively. Let H be a Hilbert space equipped with the inner product
(-,-)y and associated norm ||-|| .

For any k € N, let L*)(K1;Ks) be the space of continuous multilinear map-
pings from ¥ to Ky endowed with the norm

[T (has - i)l

1T 2o gicyi0) = sup '
LE) (K1;K2) hi,...;hi, €K1\ {0} Pl - 1wl

If Gy = K; we use the notation £ (IC;). If k = 1 we write £(/C1; Ko) and £(K1),
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respectively. If Ko = R and k& = 1 we use the standard notation Kj := L(K1;R)
to denote the topological dual of ;. By convention we set £(9(K;) := K;. We
denote by Idx, the identity operator from KC; to itself.

We say that @ € L(H) is a non-negative (positive) operator if (Qz, ), >
0 (> 0), for every x € H\ {0}. Q € L(H) is a non-positive (negative) operator
if the operator —@ is non-negative (positive). Let Q € L(H) be a non-negative
and self-adjoint operator. We say that @ is a trace class operator, if

+oo

Trace[Q] := Y (Qen, €n)yy < +00, (1)

n=1

for some (and hence for all) orthonormal basis {e,, }»en of H. We recall that the
definition of trace is independent of the choice of the orthonormal basis in (1).

We denote by B(K;) the family of the Borel subsets of K1. By(K1; K2) is the
set of the bounded and Borel measurable functions from 1 to Ko. If o = R
we simply write By(K1). Cp(K1;K2) (BUC(K1;K2), respectively) is the space
of bounded and continuous (uniformly continuous, respectively) functions from
K1 to Ko. If Ky = R we write Cy (K1) (BUC(K4), respectively). Both Cy,(KCq; Ks)
and BUC(Ky; Ks) are Banach spaces if endowed with the norm

[flloe = sup [[f(2)llx.-
€K,

2. Differentiability along subspaces

In this section we present the notions of differentiability along subspaces consid-
ered in [28] and [56]. In Subsection 2.1, we present the notion of differentiability
along a Hilbert subspace first considered by L. Gross in [56, 61] for vector valued
functions. This notion often appears in the literature, in particular in the study
of transition semigroups associated with stochastic partial differential equations.
For example, in [10], a Harnack-type inequality is investigated. In [17, 18, 34, 70],
results regarding Schauder regularity are explored, and in [3, 4, 16, 30, 31], the
Sobolev theory is examined. It is also worth mentioning [6, 7, 8], where integra-
tion by parts formulas on open convex domains are studied.

For the sake of clarity, in Subsubsection 2.1.1 we rewrite some definitions of
Subsection 2.1 in the special case of real-valued functions. In Subsection 2.2 we
recall the notion of differentiability along a particular subspace Hy of a Hilbert
space H given by P. Cannarsa and G. Da Prato in [28] and later revised by E.
Priola in [90, Sections 1.2 and 1.3]. This approach is also widely employed in the
literature. For example, in [49, 50, 57, 76, 77, 91, 92|, it is applied to study the
regularity properties of transition semigroups in Banach spaces. Additionally,
in [5, 78, 79], applications to the regularization by noise theory can be found.

Subsection 2.3 focus on the comparison between the two above mentioned
notions of differentiability. Finally, in Subsection 2.4 we make clear their relation
with the classical notions of Fréchet and Gateaux differentiability.
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2.1. Differentiability in the sense of Gross

Here we introduce the notion of Gross differentiability. We thought it appropri-
ate to prove some results concerning differentiability in the sense of Gross in
a rather general setting, since these results are used in many papers [3, 4, 10,
16, 17, 18, 30, 31, 34, 70]. Throughout this subsection X and Y will denote two
separable Banach spaces endowed with the norm |-||y and |||y, respectively,
and Hy will denote a separable Hilbert space equipped with the inner product
(, ) 1, and associated norm ||-|| ;; . We assume Hy to be continuously embedded
in X, namely there exists C' > 0 such that

[hllx <Clhllg,, — h € Ho. (2)
Let us start by recalling the notions of Hy-continuity and Hy-Lipschitzianity.

Definition 2.1. We say that a function ¢ : X — Y is Hp-continuous at x € X
if

lim |lo(z +h) — @()[ly = 0.

1l g, —0

o is Hp-continuous if it is Hy-continuous at any point x € X. We say that
@ : X =Y is Ho-Lipschitz if there exists a positive constant Ly, such that for
any x € X and h € Hy it holds

lo(@ +h) — e(@)lly < La, 1Pl g, (3)
The infimum of all the possible constants Ly, appearing in (3) is called Hp-

Lipschitz constant of (.

We now introduce the notions of Fréchet and Gateaux differentiability
along Hy.

Definition 2.2. We say that a function ¢ : X — Y is Hyp-Fréchet differentiable
at x € X if there exists L, € L(Hp;Y) such that

le(z + h) — p(x) = Lahlly

=0.
1]l 17y —0 1Al &,

The operator L, is unique and it is called Hy-Fréchet derivative of ¢ at x € X.
We set Dy, p(x) := L,. We say that ¢ is Hy-Fréchet differentiable if it is Hp-
Fréchet differentiable at any point x € X.

We say that ¢ is twice Hyp-Fréchet differentiable at z € X if ¢ is Hy-Fréchet
differentiable and the mapping Dy, : X — L(Ho;Y) is Ho-Fréchet differen-
tiable. We call second order Hy-Fréchet derivative of ¢ at x € X the unique
D3 p(x) € L (Hp;Y) defined by

D%,Ocp(x)(h,k) := Dy, (D, p(x)h)k, h,k € Hy.

In a similar way, for any k£ € N we introduce the notion of k-times Hy-Fréchet
differentiability of ¢ and we denote by DI;JO (z) its k-order Hy-Fréchet derivative
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at x € X. In particular D¥;_o(z) belongs to L*)(Hy;Y). We say that ¢ is k-
times Hy-Fréchet differentiable if it is k-times Hy-Fréchet differentiable at any
point z € X.

Definition 2.3. We say that a function ¢ : X — Y is Hyp-Gateaux differentiable
at € X if there exists L, € L(Hp;Y) such that for any h € Hy

p(x + sh) — ¢(z)

lim —L,h| =o0.
s—0

Y

The operator L, is unique and it is called Hy-Gateaux derivative of ¢ at x € X.
We set D, m,p(x) := L. For any k € N (in an analogous way of Definition 2.2)
we can define the notion of k-times Hy-Gateaux differentiability of a function
¢ and we denote by D’é) H,() its k-order Ho-Gateaux derivative at = € X,
in particular D’&Hogo(m) belongs to L) (Hy;Y). We say that ¢ is k-times Ho-
Gateaux differentiable if it is k-times Hy-Gateaux differentiable at any point
z e X.

If X is a Hilbert space and X = Hj, then Definitions 2.2 and 2.3 are the
classical notions of Fréchet and Gateaux differentiability, respectively, and in
this case we will use the notation Dy and Dg, respectively. If ¢ : X — Y is Hy-
Fréchet differentiable, then it is Ho-Gateaux differentiable and Dy, = Dg. m, ¢;
the converse is false. The following result provides a sufficient condition for the
equivalence of Hy-Fréchet and Hy-Gateaux differentiability.

Theorem 2.4. Let o : X — Y be a Hy-continuous function. If ¢ is Hy-
Gateauz differentiable and Dg my,p : X — L(Hp,Y) is Ho-continuous, then ¢
is Hy-Fréchet differentiable and Dy, = Da,m, -

Proof. We refer to [53, 4.1.7. Corollary 1] for the case in which X is a Hilbert
space and X = Hy. If Hy g X, given x € X let us consider the function
gz Hy — Y defined by

gz(h) == o(z + h), h € Hy.

Since ¢ is Hg-continuous, g, : Hy — Y is continuous. By the Hy-Gateaux
differentiability of ¢, for any x € X and h,k € Hy, we infer

e (h + sk) — gz (h)

lim . — Da,myp(x + h)k y
h k) — h
= lim plzt+htsk) —plz+h) — DG,HUQO(LE + h)k =0.
s—0 S v

Thus g, is Gateaux differentiable at h € Hy and Dgg.(h) = D, u,p(r + h),
for any x € X and h € Hy. Since Dg g, : X — L(Hop;Y') is Hy-continuous by
assumption, it follows that Dgg, : Hy — L(Hp;Y) is continuous. By [53, 4.1.7.
Corollary 1] we thus infer that g, : Hy — R is Fréchet differentiable at 0 and
D9 (0) = Dy, (0). To conclude, we observe that for any x € X

o(z + h) — o(x) — Dga (0)h[y
172 7, —0 1]l g,
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_ ”gm(h) B gm(o) B Dgz(o)hHY
1] gy —0 12,

=0,

so that ¢ is Ho-Fréchet differentiable at © € H and Dy, p(x) = Dg,m,p(z). O

In the next propositions we collect some basic properties of the Hy-Fréchet
and Hy-Gateaux differentiability. The chain rule is particularly valuable, among
other tools, especially for establishing gradient estimates for a transition semi-
group associated with a stochastic partial differential equations. These estimates
are extensively used to investigate both the Schauder and Sobolev regularity of
Kolmogorov equations linked to the transition semigroup; please refer to the
citations provided in the introduction of this section.

Proposition 2.5. Let Z be a Banach space equipped with the norm |-||,. If
f X =Y is Hy-Gateaux differentiable at xo € X and g :' Y — Z is Fréchet
differentiable at yo = f(xq), then g o f is Ho-Gateaux differentiable at x¢ and
its Ho-Gateauz derivative is Dg(yo) o Da. m, f (o).

Proof. Let h € Hy and let (¢,)nen be an infinitesimal sequence of positive real
numbers. We consider the sequence (z,)neny € Z defined as

zn = g(f (2o +tnh)) — 9(f(20)) — tn(Dg(yo) © Da,m, f(20))h-

We need to prove that (¢, zn]| ;)nen is an infinitesimal sequence. For k € Hy
and y €Y set

R(k) := f(xo + k) — f(x0) — Da,m, f(20)k;
=g

S(y) == g9(yo +y) — 9(yo) — Dy(yo)y;
and
Yn = f(xo + tnth) — f(20) = D 1o f (o) + R(:nh).
We write

Zn _ 9(yo + tnyn) — 9(y0)
tn

— (Dg(yo) © Da,m, f(x0))h

~
3

= Sbe) | Dy (yo)y ~ (Do(yo) o Derana (o))

tn
B S(tnyn) R(tnh)
Tt tn

+ Dy (yo)

The Hy-Gateaux differentiability of f yields

tnh
LA

n—+oo tn

:O7

whereas the Fréchet differentiability of g yields lim,,— 1o t, [|S(tnyn)llz = 0
We thus infer lim,, o0 5, |2l , = 0 which concludes the proof. O
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Proposition 2.6. Assume that ¢ : X — Y is a Hy-Fréchet differentiable func-
tion and that there exists a constant M > 0 such that || D, o(2)| £(meyy < M,
for any x € X. The function ¢ is Hy-Lipschitz and for every x € X and h € Hy
it holds

lp(e +h) = @)y < M||hl|#,-

Proof. The proof is standard, we give it for the sake of completeness. Let ¢ :
[0,1] — X be defined as ¢(t) := z+th and let ¥ (t) := p(¢(t)), for any ¢ € [0, 1].
Observe that U is derivable in (0, 1), indeed for ¢ € (0, 1)

U(t+s)— U(t)

U'(t) = lim
s—0 S
_ HE% oz + (t+ S)Z) — p(z +th) Dy o+ th)h.

Furthermore ¥ is continuous in [0, 1], since ¢ is Hy-Fréchet differentiale. By the
mean value theorem there exists to € (0,1) such that ¥(1) — ¥(0) = ¥'(tg).
Thus

[p(z + h) = (x)| = [Drop(a + toh)h| < MI|A] -

This concludes the proof. O

Proposition 2.7. Let ¢ : X — Y be a Hy-Fréchet differentiable function, such
that for every x € H it holds ||Du,(x)|lz(my;v)y = 0. Then for every x € X
and h € Hy it holds p(x + h) = p(x). Moreover if Hy is dense in X and ¢ is a
continuous function, then ¢ is constant.

Proof. By Proposition 2.6 we get that o(z + h) = ¢(x), for every x € X and
h € Hy. Now assume that Hj is dense in X and that ¢ is a continuous function.
Let 29 € X and let (hy,)nen € Hp be a sequence converging to xg in X. By the
continuity of ¢ and the first part of the proof of the proposition it holds

p(zo) = lim @(hy) = Tim @0+ hn) = (0).

n—-+oo n——+00
This conclude the proof. O

The following result clarifies the relationship between the classical notion of
Fréchet differentiability and the notion of Hy-Fréchet differentiability.

Proposition 2.8. Let ¢ : X — Y be a Fréchet differentiable function. ¢ is
Hy-Fréchet differentiable and for any x € X and h € Hy it holds Dy, p(x)h =
Do(x)h.

Proof. By the Fréchet differentiability of ¢ we know that for every n > 0 there
exists ¢ > 0 such that for every y € X with 0 < |ly||x < ¢ it holds

le@@ +y) = o) - Dol@yly )
lyllx '
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Fix ¢ > 0, let n = ¢/C in (4), where C is the constant appearing in (2),
and consider h € Hy such that 0 < ||h|lg, < 6/C where § > 0 is the one
introduced at the beginning of the proof. Observe that by (2) it holds that
0 < ||hllx < Clh|lg, <d. By (2) and (4), it holds

(@ +h) — () = Do@)hlly _ |l +h) — o(x) = Do(x)hlly [|hllx

0<

[1]| 2, a 1]l x [172]] 2,
< clel@+h) —e@) - Do(@hly _
1Pl x
This concludes the proof. O

The converse implication of Proposition 2.8 is not true in general, as shown
by the following example.

Example. Let ¢ : X — R be defined as

_ [l=llE,, =€ Ho;
plz) = {0, otherwise.

 is not Fréchet differentiable (it is not continuous), but it is Ho-Fréchet differ-
entiable and it holds

_ 2<l’,h>Ho, T e HO;
Dy p(z)h = {0’ otherwise.

Remark 2.9. One of the most significant frameworks in which the Gross dif-
ferentiability is applied are abstract Wiener spaces. Let X be a separable Ba-
nach space, and let v be a Gaussian measure on the Borel o-algebra of X.
We denote by H., the Cameron-Martin space associated to v (see [22, 69]). In
this case, we consider Gross differentiability along the Cameron—Martin space
H,, namely Hy = H, in Definition 2.2. This differentiability is related to the
integration by parts formula with respect to v and lays the ground for the
theory of infinite-dimensional Ornstein—Uhlenbeck semigroups (see, for exam-
ple, [23, 35, 45, 46, 68, 71]). In the most important example of Wiener space
X = C([0,1]), the space of real-valued continuous functions on [0, 1], 7 is the
Wiener measure, and the Cameron-Martin space H consists of real-valued func-
tions f defined on [0, 1] such that f is absolutely continuous, f’ € L?((0,1),d\)
(here dA\ is the Lebesgue measure on (0, 1)), and f(0) = 0 (see [22, 69]).

2.1.1. Gross differentiability for real-valued functions

In this subsection we rewrite Definitions 2.2 and 2.3 for functions from a Hilbert
space H (with inner product (-, -, ) ) with values in R: we will focus of this case
from here on. Let k € N and L € £*(H;R), by the Riesz representation
theorem there exists a unique I € £L*~Y(H) such that

L(hl,...,hn) = <l(h1,...,hn,1),hn>H, hl,...,hn c H.
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Definition 2.10. Let k € N and let f : H — R be a k-times

1. Hy-Fréchet differentiable function, then for any € H we denote by
V4, f(2) the unique element of £~ (Hy) such that for any hy, ..., hy €
Hy

Dy f(@) (b, hy) = (Vi @) (b, b)), B .-

If £ =1 we write Vi, f(z) and we call it Ho-gradient of f at x € H. If
H = Hy we write V¥ f(z).

2. Hy-Gateaux differentiable function, then for any x € H we denote by
Vg?HOf(x) the unique element of £¥~1(Hy) such that for any h1, ..., hy €
Hy

Dg,Hof(x)<h17 R hk) = <vlé,Hof($)(h17 SRR hkfl)’ hn>Ho'

If k =1 we write Vg, i, f(z) and we call it Hy-gradient of f at x € H. If
H = Hy we write V§ f(x).

Notice that Vf and Vg f are the standard Fréchet and Gateaux gradient
of f in «x € H, respectively. Now we introduce some natural functional spaces
associated to the notion of Hy-differentiability.

Definition 2.11. For any k € N, we denote by BUC’;I0 (H) the subspace of
BUCF(H) of k-times Hy-Fréchet differentiable functions f : H — R such
that the functions = + Vi f(z) belong to BUC(H; L0~V (Hy)), for every
i=1,...,k If H= Hy we write BUC*(H).

For any k € N, the space BUC]EO(H ) is a Banach space if endowed with the
norm

k
IFlsuc, o = Iflle + > sup Vo £ (@) 261 (Ho)-
i=1%

We conclude this subsection noting that, for real-valued functions Theo-
rem 2.4 reads as follows.

Theorem 2.12. Let ¢ : H — R be a Hy-continuous function. If ¢ is Hgy-
Gateauz differentiable and Vg u,p : H — H is Hy-continuous, then ¢ is Hy-
Fréchet differentiable and Vg, = Vg, 1, -

2.2. Differentiability in the sense of Cannarsa and Da Prato

We introduce here the notion of R-differentiability considered by P. Cannarsa
and G. Da Prato in [28] dropping the assumption of injectivity of the operator
R considered in that paper. In a separable Hilbert space H (with inner product
(-,-,)m and associated norm ||-|| ), we fix a self-adjoint operator R € L(H). We
denote by ker R the kernel of R and by (ker R)* its orthogonal subspace in H.
By Pxer r We denote the orthogonal projection on ker R.
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We denote by Hg := R(H) the range of the operator R. In order to provide
Hp with a Hilbert structure, we recall that the restriction th‘ L (ker R)*+ —

Hpy, is a bijective operator. Hence, we can define the pseudo-inverse of R as

R':=(R )=t e L(Hg, (ker R)1), (5)

‘(ker R)L

see [66, Appendix C]. We introduce the scalar product
(x,y)HR = (R 'z, R 'y)y, =,y€cHp (6)

with its associated norm ||zl . := [|[R™" || z. Endowed with this inner product
Hp, is a separable Hilbert space and a Borel subset of H (see [60, Theorem 15.1]).
A possible orthonormal basis of Hp is given by {Rey }ren, where {eg ren is an
orthonormal basis of (ker R)-. We recall that it holds

RR™' =1dy,, R 'R=1dy — PR, (7)
-R_ll%“ker )L = Id(kcr R)‘R?R_l =Idg. (8)
Notice that for any z € Hg it holds
el = |RR allar < |1 Rll ooy IR llir < IR sl

Thus, when Hy = Hp the constant C' appearing in (2) is given by [[R||, ).
Moreover we recall that ker R = {0} if, and only if, R(H) is dense in H (see [47,
Lemma VI.2.8]).

Definition 2.13. We say that a function f : H — R is R-differentiable at
x € H if there exists [, € H such that for any v € H it holds

flz + sRv) — f(x)

S

lim

s—0

— <ZQ«, ’U>H = O (9)

We set Vgrf(z) := l,. We say that a function is R-differentiable if it is R-
differentiable at any © € H. We say that f is twice R-differentiable at x € H
if it is R-differentiable and there exists a unique B, € L(H) such that for any
v € H we have

Vif(z + sRv) — Vaf(x)
S

lim
s—0

— Byvl| =0. (10)

H

We set V% f(x) := B,. Let k € N; similarly one introduces the notion of k-times
R-differentiability at = € H. We denote by V% f(z) € L*~1(H) the k-order
R-derivative of ¢. We say that a function is k-times R-differentiable when it is
k-times R-differentiable at any = € H.

Remark 2.14. In [28] the authors introduce a weaker notion of twice R-differ-
entiability. More precisely, a function ¢ : H — R is twice R-differentiable if, for
any ¢ € H, there exists a unique B, € L(H) such that for any w,v € H it holds

lim <VR30(1' + sRv) = Virp() — B,v, w> =0.
s—0 S H
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We introduce some natural functional spaces associated to the notion of R-
differentiability.

Definition 2.15. For any k € N, we denote by BUCK(H) the subspace of
BUCF(H) of k-times R-Fréchet differentiable functions ¢ : H — R such that
the mapping  — V4o (z) belongs to BUC(H; LUV (H)), foreveryi = 1,..., k.

The space BUC%(H ) equipped with the norm

k
||¢||BUC§(H) = [lelly + Z sug IVRO(@)| -0 )

i=17%

is a Banach space. The following result will be useful throughout the paper.
Notice that if ker R = {0} (as in [28]) the next proposition is trivial.

Proposition 2.16. Let k € N and let f: H — R be a k-times R-differentiable
function. For any x € H

Vif(x) € L*V(H; (ker R)Y), (11)
where we set LO(H; (ker R)*) := (ker R)*. In other words, for any v € ker R
(Vrf(z),v)y =0,
and if k> 2
Vhf(x)(v1, ..., 00-1) =0, (12)

whether v; € ker R fori=1,...k—1.

Proof. The case k < 2 is an immediate consequence of (9) and (10) by taking
v € ker R. For k > 2 we proceed by induction. Assume the assertion to hold
true for k and let us prove it for k + 1. Let f : H — R be a (k + 1)-times
R-differentiable function. By the inductive hypothesis and Definition 2.13 we
infer that

Vi (@t sRu) = VES@) i
s R

f@)Censor) =0,

LK) (H;(ker R)L)

lim
s—0

hence (11) holds true and (12) holds true when v,, € ker R. Moreover for any
Vi,...,0, € H we have

VE f(z + sRog) (v1, ..y vp—1) — VEf(2) (01, . .., vp—1)
s

lim
s—0

— VAR F(2) (v, .. 0)

H

thus the inductive hypothesis yields (12). |
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2.3. Comparisons between R-differentiability and
H r-differentiability

We aim to compare the notion of R-differentiability of Section 2.2 with the
notion of Hy-differentiability of Section 2.1.1, if Hy = Hpg.

Proposition 2.17. A function ¢ : H — R is R-differentiable if and only if it
is Hr-Gateauz differentiable. Moreover, for any x € H

(RVre(@), h) gy, = (Vaare(@), h) g, s he Hg
(Vre(2),v) g = (R 'V mpp(x),v)m, veH. (13)
In particular, for any v € H it holds |Vre(z)|g = |V, mre(@)|| -

Proof. Assume that ¢ is R-differentiable. By (6), Definition 2.13 and Proposi-
tion 2.16, for every x € H, h € Hg of the form h = Rv it holds

o |25 51) = @)

s—0 S

— (BVRrp(z), W) i,

ple + sRv) — p(x)

= lim
s—0

— (Vre(z),v)m| = 0.

Since RVgry(z) € Hpg, the mappings h — (RVgry(z),h)y, belongs to Hp,
so ¢ is Hp-Gateaux differentiable and (Vg m,9(2),h) . = (RVre(2), h) by
Assume now that ¢ is Hpr-Gateaux differentiable. Recalling that h = Rv, by
Definitions 2.3 and 2.10, and (7) for every x € H, v € H it holds

o(z + sRv) — p(x)

limy ; — (R (), v>H'
. + sh) — _
= lg}(l) w(z ° S) 90('1:) - <VG,HR()0($)7 h>HR - <R 1VG,HR§0('7;)>Pker RU>H’-

Since, by (5), R™'Ve.m,(z) € (ker R)* and h = Ruv, by (6) we obtain

. T+ sRv) — p(x _
lim a ) —e(@) _ (R 1VG7HR<p(x),v>H’ =0.
s—0 S
Hence ¢ is R-differentiable and (13) is verified. O

Bearing in mind Definitions 2.11 and 2.15, we now show that BUC’;IR (H) =
BUC’}C(H ) for any k € N. We need the following preliminary result.

Lemma 2.18. For any n € N the mapping T,, : L™ ((ker R)*) — L (Hp)
defined for vy,...,v, € Hg and A € L™ ((ker R)*) as

(T, A)(v1, ... vn) = RA(R v1,..., R ,),

is a linear isometry and an isomorphism. We recall that for n = 0 we let
LO((ker R)*) := (ker R)* and L (Hg) := Hg and we set Tov := Ruv, for
any v € (ker R)*. Furthermore if A € L™ ((ker R)*) and v € Hpg it holds

T 1(A(,..., R7) = (T,A)(,...,-,v).
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Proof. For any n € N, since R|(kcr L (ker R)t — R(H) is linear and bijective,

it follows that 7}, is linear. By (7) and (8), for any A € L™ ((ker R)*) we have

|RA(R vy, ..., R v) ||y

ITnAll g (rrp) = sup
EOOHR) T eneHR\{0} lvillzrg - llvnll g

_ ||A<R_1U1,...,R_1’Un)||H

= sup — —
v1,...,un EHR\{0} ||R Ul”H”R vnHH

= sup = | All 2o ((ker R)4)-
haveohmeCker R)\(0} [[Palle - |on e £ ((ker B))

This conclude the proof. O

Theorem 2.19. For any n € N, it holds BUCY; (H) = BUC|(H). Moreover
if p € BUCR(H) and x € H then

HrP(@) = Tho1 (Vie(2)) (14)
with T,,_1 as in Lemma 2.18.

Proof. We proceed by induction. We start by proving the base case n = 1.
Let ¢ : H — R; by Proposition 2.17 the mapping = — V¢ g, ¢(z) belongs to
BUC(H; Hg) if, and only if, the mapping x — V rp(z) belongs to BUC(H; H).
Thus the case n = 1 follows by Theorem 2.12.

Now we prove the induction step. Assume the thesis to be true for an integer
n>2. Let o € BUCKT (H), 2 € H and v,, € Hg\{0} such that v, = Rh, with
h, € (ker R)*. By Proposition 2.16 and Lemma 2.18 we infer

B + n) %
iy [| Ve PE L0 = VhPE) g (omt g )
s s LO=1) (Hg)
. Ro(x + sv,) — Vie(x n
= lim ‘Tn—l ( RQO( ) RSD( ) _VR+190(x)('7~-~7'7hn))
s—0 S ‘C(”71>(HR)
~ lim %oz + sRhy,) — Vie(x)
s—0 S
_v%+1§0($)(,77hn) =0.
Ln=1)((ker R)L)
Since
Tha (V;L%Jrlso(x)(" ceey s R_lvn)) = (TnvrllerlSO(x))('» ceey s vn)v

we obtain (14) and BUCR(H) € BUCY, (H). The inclusion BUCY (H) C
BUC'(H) follows in a similar way using the operator 7}, ! instead of the oper-
ator T,. O

In view of the above result, from here on we will use the space BUCK(H) to
represent both BUC’;{R (H) and BUCK,(H).
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2.4. A Comparison with the classical notions of differentiability

We focus here on the relationship between the R-differentiability and H r-dif-
ferentiability, and the classical Fréchet and Gateaux differentiability.

Proposition 2.20. For anyn € N, if ¢ : H — R is n-times Gateauz differ-
entiable, then ¢ is n-times R-differentiable and for any x € H and n > 2 it
holds

VTIL%SO(J)>(U17 (R 71)1'7,—1) = Rv?}@(x)(R’Ula XN R’Un_]_), Viy. ., Un—1 € H.
While if n =1, then for any x € H
Vre(z) = RVayp(z).

Proof. We proceed by induction. Let ¢ : H — R be a Gateaux differentiable
function and let z,v € H. By Definition 2.10 we have

o | 2@+ 3R0) — (@)

s—0 S

— (Vgp(z), Rvyg| = 0.

Thus the thesis follows for n = 1. Now we assume that the statements hold true
for n and we prove it for n + 1. Let ¢ : H — R be a (n + 1)-times Gateaux
differentiable function and let x, v, ..., v, € H. By the inductive hypothesis we
have for any s € R\ {0}

H Lo(x + sRuy)(v1, ..y 0n—1) — Vip(x)(v1, ..., Up_1)
s

- R Zﬂcp(x)(th ..., Ruy)

H

H RVZ%p(x + sRu,)(Rovs, ..., Rvy—1) — RVEp(x)(Rvy, ..., Ruyp_1)
s

— RVEH o(x)(Ruy, . .., Ruy,)

H
Vio(x + sRuy)(Ruvr, ..., Rup—1) — Vie(z)(Rui, ..., Rvy_1)
< 1Rl -
— Vgﬂcp(x)(va, ..., Ruy)
H
(15)
To conclude it is enough to take the limit as s approaches zero in (15). |

Combining Theorem 2.12, Propositions 2.19 and 2.20 we obtain the following
result.

Theorem 2.21. For any k € N, if p € BUCF(H) then ¢ € BUCK(H) (and so
it belongs in BUC]I“_IR(H), by Proposition 2.19) and for any x € H and k > 2 it
holds

Vi e@)(hi, ... hy—1) = RVFo(x)(h1, ..., hi—1),  ha,... he—1 € Hp;
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Vho(x) (v, ... vp_1) = RV*0(2)(Ruy, ..., Rup_1),  v1,...,v5_1 € H.
Furthermore if k =1, for any x € H

Viupe(zr) = R*Vo(z), and Vre(x) = RVp(x). (16)

3. Malliavin calculus in Wiener spaces

We start by considering a Gaussian framework. We introduce on (H,B(H)) a
centered (that is with zero mean) Gaussian measure v with covariance opera-
tor Q. Here Q € L(H) is a self-adjoint non-negative and trace class operator.
The aim of this Section is to recall the construction of the Malliavin derivative
operators in the sense of Gross and in the sense of Cannarsa—Da Prato (mainly
referring to the books [22] and [39], respectively); then to show that they can
be interpreted as two (different) examples of the general notion of Malliavin
derivative (see Appendix A). In particular, we will show that the Malliavin
derivative in the sense of Gross and in the sense of Cannarsa-Da Prato are
different operators but with the same domain.

3.1. The Gaussian Hilbert space Hj/“

We will denote by (H*)’ the algebraic dual of H*, namely the space of all linear
(not necessarely continuous) functional f : H* — R. The space H* is included
in L2(H,B(H),~) and the inclusion mapping j : H* — L?(H,~) is continuous.
The space

* . * : 2
H := closure of j(H™) in L*(H,7),

when endowed with the scalar product of L?(H,~), is a Gaussian Hilbert space
(see e.g. [22, Lemma 2.2.8]). We introduce the covariance operator R, : H} —
(H*)" defined as

Ry f(g) == (f.3(9)2(r) = /Hfj(g)d% feH; ge H".

R, is injective and its range is contained in H (see e.g. [69, Proposition 2.3.6]).
We define the Cameron-Martin space K (for the measure 7) as

K := R,(HX) C H.

K inherits a structure of separable Hilbert space through R, (see e.g. [22,
Lemma 2.4.1]), that is introducing the mapping

AL -1 . * 2
=R K — HX C L*(H,”)

it holds
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whenever h,k € K with h = R,Yfz, k= vag:. As proved in [69, Theorem 4.2.7],
the Cameron—Martin space coincide with the Hilbert space Hgi/2 = QY?(H)
and its inner product is given by

(h k) e = (h k) grre == (Q7?h, Q7 )y, h,k € K =Hgo.

From the very definition of the Cameron—Martin space it follows that the map-
ping == R 1 is a unitary operator and this yields that

H: ={heL*H,~)|he K}, (17)

where every h € HJ is a centered Gaussian random variable with variance

||hH%2(H,~,) = ||h||12r<

On the other hand, when the measure v is non degenerate (that is ker Q =
{0}), the Cameron—Martin space turns out to be dense in H (see e.g. [39, Lemma
2.16]). In this case, see [39, Section 2.5.2], the mapping * = R;l K — H> C
L?(H,~) can be uniquely extended to a linear isometry W, defined as

. * 2
We: H = H? C L*(H, 7).

In the literature the mapping W, is usually called white noise mapping. Thus,
W, is a unitary operator and it holds

* 2
H} ={W.cL*(H,v)|z€ H}. (18)
Every W, is a centered Gaussian random variable with variance |W, H%Q( HA) =

I211%-

3.2. Sobolev spaces

We denote by V Huyo

tions 2.10 and 2.13, respectively, with the choice R = Q'/? and Hy = Hgi2. In
Section 2 we analyzed the relations between this two operators.

and V1,2 the gradient operators introduced in Defini-

Lemma 3.1. Let Q € L(H) be a self-adjoint non-negative and trace class
operator with ker @ = {0}. For any ¢ € BUCY(H), z € H, h € Hguyz with
h=QY?%z

<VHQ1/2<p(x)’h>HQ1/2 = <VQ1/290($)’Z>H'
In particular, HVHQ1/2 c,o(ar:)HHQl/2 = Vgizp(@)||a-

The following integration by parts formula with respect to v is well known
(see e.g. [22, Theorem 5.1.8])

| Vgt = [ ehar. pecin. he g )
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and in [22, Chapter 5] it is used to prove that the operator
Vi : Cy(H) C LP(H, ) — LP(H.,; Hg 2),

is closable as an operator from LP(H,~) to LP(H,~y; Hgi/2), for any p € [1, +00);

for a proof see [69, Proposition 9.3.7]. The Sobolev spaces WH’p , (H,~) are
Ql 2

o1/20 still denoted by

VHQ1/27 in LP(H,~). W}J’gl/z (H,7) is a Banach space with the norm

defined as the domain of the closure of the operator Vg

1oty = W) 4 1V g0 MWt (20

Moreover, the integration by parts formula (19) holds for any ¢ belonging to
WyP  (H,v)and h € Hgu/2 (see e.g. [69, Proposition 9.3.10]).

Ql/2
When 7 is non degenerate, Lemma 3.1 provides the following equivalent form
of the integration by parts formula (19)

/ (Vgizp, z)pdy = / oW.dr, e CHH), z € H, (21)
H H

where we used i = W, for h = Q'/2z. The integration by parts formula (21) is
the one used in [39] to prove that the operator Vgi2 : Cp(H) — LP(H,~; H)
is closable as an unbounded operator from LP(H,~) to LP(H,~; H), for any

€ [1,+00). The Sobolev space I/Vé’f’/2 (H,~) is defined as the domain of the
closure of the operator V2, denoted by M. It is a Banach space with the
norm

||fHW1 P H"/) = ||f||iP(H7y) + ||MfH€P(H,'y;H)' (22)

Moreover, the integration by parts formula (21) holds for any ¢ € VVQ1 P (H,¥)
and z € H.

In the following sections we show that the gradient operators V Hpuyo and

M, can be thought as Malliavin derivative operators. For this purpose, referring
back to Section A, it will be enough to identify the choices of the probability
space (Q,F,P), the Gaussian Hilbert space H;, the Hilbert space H and the
unitary operator W.
Remark 3.2. Given RV : C{(H) C LP(H,vy) — LP(H,~;H), under specific
compatibility assumptions between R and @ it is possible to prove that RV is
closable, we call generalized gradient the closure of it (see, for example, [16, 55]).
The Sobolev space Wll%’p (H,~y) is the domain of the closure of the operator RV.
See also [9] for the problem of equivalence of Sobolev norms.

3.3. Malliavin derivative in the sense of Gross

In [56] (see also [22]), the reference probability space is (2, F,P) = (H, B(H),~),
with v a centered Gaussian measure. The Gaussian Hilbert space H; is HJ, the
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space H is the Cameron-Martin space K = H1/2 and the unitary operator W is
the operator * = R 1. With these identifications, by comparing the integration
by parts formula

/(VHQW%MHdev:/ phd,
H H

for ¢ € W;I’;/z (H,y) = Dom(VHQl/z) and h € Hgi/2, with (43):

E[(Dy, h)y] = E[eW (h)], ¢ € D'? = Dom(D), h € H,

we immediately see that the Malliavin derivative in [56] (see also [22]) is the
gradient operator V Hepae

3.4. Malliavin derivative in the sense of Cannarsa and Da Prato

In [39] the reference probability space is (Q, F,P) = (H,B(H),v), with v a
centered non degenerate Gaussian measure. The Gaussian Hilbert space H; is
HZ, the space H is H itself and the unitary operator W' is the white noise
mapping W,. With these identifications, by comparing the integration by parts
formula

/ (Mg, z)pdy = / PW.dy, € Wii,(H,y) =Dom(M), z € H,
H H

with (43), we immediately see that the Malliavin derivative in [39] is the gradient
operator M.

3.5. Final remarks

The Malliavin derivatives V Hyyo and M of Sections 3.3 and 3.4 are different.

Indeed (16) yields the relation Vi, = Q'/2M . On the other hand, the domain
of the two derivatives is the same, that is

Wéf/z (H’ 7) = Wllfilm (H’ ’Y)'

In fact, thanks to Lemma 3.1, the closure of the space C,} (H) with respect to the
norm (20) is the same as its closure with respect to the norm (22). This should
not be surprising in light of the general results of Section A: in Sections 3.3
and 3.4 the reference Gaussian Hilbert space H; is the same, that is H7; thus
Proposition A.6 ensures the two Malliavin derivatives V Hyuyo and M to have
the same domain. What changes in Sections 3.3 and 3.4 is how the space H;
is characterized. In Section 3.3 we considered the unitary operator * = R 1
between Hgi/2 and H; and obtain the characterization (17), whereas in Sec-
tion 3.4 we considered the unitary operator W, between H and H; and obtain
the characterization (18). This naturally leads to different Malliavin derivatives,
having chosen different Hilbert spaces H and unitary operators W.
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4. Application: Lasry—Lions approximation and an interpolation
result

We consider the same framework of Section 2. We introduce here the notions
of Hp-Holder and R-Holder functions. We prove this notions to be equivalent
when Hy = Hp. We thus prove an interpolation type result for the space of
Hpg-Holder functions. A key role in the proof is played by Lasry—Lions type
approximations along the space Hp (see Subsection 4.2).

4.1. Hdélder and Lipschitz functions along subspaces

We recall here the notions of Hy-Holderianity (Ho-Lipschitzianity, respectively)
and R-Holderianity (R-Lipschitzianity, respectively) and show that they are
equivalent when Hy = Hp.

Definition 4.1. We say that ¢ : H — R is a Hp-Holder function of exponent
a € (0,1) if there exists a positive constant L, m, such that for any = € H and
h € Hy it holds

lo(@ +h) = (@) < La,m, 175, (23)

The infimum of all the possible constants L, g, appearing in (23) is called
Hy-Holder constant constant of ¢.

It is trivial to see that a Hg-Hoélder function ¢ : H — R is Hyp-continuous.
When Hy = H we recover the classical definition of Holder continuous function
from H to R. Moreover, by (2), if ¢ is Holder continuous, then ¢ is Hy-Holder.
The converse is not true as shown by the following example.

Example. For any « € (0, 1), we consider the function ¢, : H — R defined as

- ”m”?{ov x € Ho;
#al7) = {O, otherwise.

pa is Ho-Holder of exponent «, but it is not continuous.

Definition 4.2. For any a € (0,1) we denote by BUCY, (H) the subspace of
BUC(H) given by all Hy-Hoélder functions of exponent o.

For any o € (0,1), the space BUC, (H) is a Banach space, if endowed with
the norm

llellBucs, () = ¥l + [lHo.00

where

Pl = sup |2EHM =@

e H; 12115,
heHo\{0}

If H= H, we write BUC*(H) and [¢],.
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Definition 4.3. Let o € (0,1). We say that ¢ : H — R is R-Hoélder of exponent
o if there exists Lo, g > 0 such that for any z,v € H it holds

o(z + Rv) — @(x)| < La,rllvlg- (24)

The infimum of all the possible constants L, r appearing in (24) is called R-
Holder constant constant of .

Definition 4.4. Let o € (0,1). We denote by BUC%(H) the subspace of
BUC(H) of the R-Hélder functions of exponent a.

For any « € (0,1), the space BUCR(H) is a Banach space, if endowed with
the norm

1l fa = 1l + [flR.0

where
[f]R,a = sup ‘f(.’b-i—R’U)—f(ﬁ)‘

@
z,wEH, v#£0 ||U||H

Let us compare the above definitions in the specific case Hy = Hp.
Proposition 4.5. If a € (0,1), then BUCY, (H) = BUCR(H).
Proof. Simply letting h = Ru, it immediately follows that (24) coincides with
(23). O

In view of the above result, from here on we will use the space BUC%(H) to
represent both BUCY, (H) and BUC%(H). We state now a useful characteriza-
tion of the space BUCE(H) whenever ker R = {0}.

Proposition 4.6. Assume that ker R = {0} and let o € (0,1) and ¢ €
BUC(H). ¢ belongs to BUCR(H) if, and only if, the function ¢ o R belongs
to BUCY(H). Furthermore it holds

[@]R,a = [QO © R]a

Proof. Let us start by noticing that Hp is dense in H, since ker R = {0}. We
begin to prove that ¢ € BUC%(H) implies po R € BUC*(H). If ¢ € BUC%(H),
then for any x,y € H it holds

[(p o R)(x) = (poR)(y)| = |p(Rz) — p(Ry)|
= |p(Ry + (Rz — Ry)) — p(RyY)| < [¢]r.allz — yll%-
So po R e BUCY(H) and [¢ o R]s < [¢]R,a-

Now let ¢ o R € BUC*(H), x € H and let (x,, = Ryn)nen € Hgr be a
sequence converging to x in H. For any v € H it follows

lp(z + Rv) —p(z)| = lim _|p(Ry, + Rv) — ¢o(Ry,)|

n—-+00

= lim _[(poR)(yn +v) = (¢ o R)(yn)| < [ o Rlallvl3-

n——+oo

So ¢ € BUC%L(H) and [¢]p.a < [0 Rla. O
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Now we introduce the notion of R-Lipschitz function.

Definition 4.7. We say that ¢ : H — R is R-Lipschitz, respectively if there
exists Lr > 0 such that for any x,v € H it holds

o(z + Rv) — ¢(x)| < Lellvll - (25)

The infimum of all the possible constants Lr appearing in (25) is called R-
Lipschitz constant constant of .

Definition 4.8. We denote by Lip, p(H) the subspace of BUC(H) of the R-
Lipschitz function.

Lipy, r(H) is a Banach space, if endowed with the norm

1 llipy oy = 1F1loo + [z

where

ey MR~ @)
z,wEH, v#£0 ||U||H

It easy to see that (25) is equivalent to (3). Hence by Proposition 2.6 and
Theorem 2.19, we deduce that BUCR(H) C Lipy, r(H).

4.2. Lasry—Lions type approximations
We recall the classical Lasry-Lions approximating procedure introduced in [65].
Theorem 4.9. Let f € BUC(H) and t > 0; we define the function

505 = sup {iut {0tz =)+ s} - JIlh ) oem

2eH \YvEH
Then {S(t)f}i>0 € BUC'(H) and for any x € H it holds

lim |5(#) f(z) — ()] = 0.

t—0t

We now recall a modification of the Lasry-Lions approximating procedure
presented in [28] (if ker R = {0}): given f € BUC(H), t > 0 and € H one
defines

507 = sup { iut {100+ 1R = o)} - 1A w - o)l .

weH (vEH
(26)

with the convention that ||R™1y| = +o0 if y ¢ R(H). We will consider a slight
modification of (26) obtained via a change of variables

SE(Of(w) = sup { ing {fat k=) + gkl | - Ikl @D

heHp k€eHRr
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Proposition 4.10. For every f € BUC(H) and t > 0, the mapping x
SE(t)f(z) belongs to BUC(H).

Proof. Fix t > 0. We prove that ST(t)f € BUC(H). Since f is uniformly con-
tinuous we know that for every n > 0 there exists § := d(n) > 0 such that for
every z,y € H with 0 < |z — y| < 6 it holds |f(x) — f(y)| <n. Let x,y € H be
such that 0 < |x — y| < ¢, then for every o > 0 there exist h,,k, € Hg such
that

SH()f(x) = ST() f(y)

1 1
< inf _ 2 - 2
< fnf {f(:ﬂ—l—hg k)—|——2€||k’|R} E”ha”R"'U

. L2 Loz
=t {7 =0+ IR + 2l

€EHR
1 1
< f@+he — ko) + = lkolli = F(y + ho = ko) = —[lko|[: + 20
2e 2e
<n+20.
Using similar arguments we get that SZ(t)f(z) — SE(t)f(y) > —n — 20. So
SE(t)f is uniformly continuous. O

The following proposition summarize some of the properties of {S%(t)f}i>0
that we will use throughout this section.

Proposition 4.11. Let f € BUCR(H), for some a € (0,1). Let {SE(t)f}i>0
be the family of functions introduced in (27). There exists co > 0 such that for
everyt > 0 and x € H it holds

ISEE) Flloo < [1F]loci (28)
0< f(x) — ST(0)f(x) < cal fIY g0/, (29)
[S(#) f1r < 2(2cal f17C7) /2leD/Ce), (30)

In particular the mapping = — ST(t) f(x) belongs to Lip,(H), for every t > 0.
Proof. We start by proving (28).

55070 = sup { it {7t =)+ g0, b 000,

heHr \FE€HR

< swp {7+ g0, — I, < 7@ <l @D
h€HR

In a similar way

s7(0f(w) = sup {int {4 b=+ oIk, b 5100, |

he€Hp keHRr

> inf { a0+ gl | = 1 (32)

~ ke€Hgr
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By (31) and (32) we get (28).
Let us now prove (29). By (27), for every n > 0 there exists k,, € Hg such
that

0< 5e) = ") < ) - ing {1Ge— 1)+ LI,

kE€Hp
< J(@) = £l =) = 52 Wl
< Alralalli, = 5elkallfg + 7 (33)
From the above inequality we get the estimate ||k, |17, < 2t[f]r.allky %, + 2tn.
The Young inequality yields, for every ¢ > 0,

2 & 9/ 2 2-«a 1 2/(2—a
kn 2, < 3¢ / ol 27, + Tm(%[ﬂm) /(2=e) 4 o,

Now taking ¢ = a~/2

we get
kol < (2 = a)a/ @G22/ Coel[ffE7 2 =) apy. (34)
Combining (33) and (34) we obtain
0< f(x) = ST(t) f(x)
< [f]R,a((2 _ a)aa/(Q—a)QQ/@—a) [f]2R<(2*a)t2/(2—a) + 4tn)a/2 .

[

Since the above estimate holds for every n > 0, by choosing n arbitrarily small,
we get (29).

We conclude by proving (30). First notice that by (27) for every o > 0 there
exists h, € Hp such that

. 1 1
$5(050) < ing {1+ ho = K)+ 1K1 b= s, + o

kEHR
A straightforward calculation gives
1 2 R 1 2
el < F(2) — SEOS@) 40 + ool
Thus from (29) we obtain
lho |, < 2calfIHE 2/ 4 2to, (35)
By (35) we get
STE(t) f(a+h) — ST(t) f ()

1 1
< 3 o L2 L 2
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: 1 2 1 2
-t {f(x+h+hg — k) + 2—t||k||HR} 2 lh ol

= 21t Rl — ol + 0 = Il + 2 (0 o)1+ 0
< thH%R + %||h||HR(2ca[f];{f*“)t2/(2—@) +2t0)'? + 0.
Since the above inequalities hold for every ¢ > 0 taking the infimum we get
SR f(x+h) — ST(t) f(x) < %uhn%m + 2[R, (2eal SR ) 2elom D/ e,
In a similar way we get
SR(t) f(x+ h) — S7(t) f ()
> 13, — 20l (e FI )20/ ),
and so
|S5(#) f(w + h) = SE(t) f(x)]
< A, + 2l (Gea A2, (35)

By (36), the mapping x — SE(t)f(z) verifies (25) for every h € Hp such that
[h]l g7, <1, instead, since SE(t)f, if ||hl 5, > 1 then

ST () f @+ h) = ST f(@)] < 20157 () flloo < 2087 (E) flloolIBll .

so the proof is concluded. O

4.3. An interpolation result

We have now all the ingredients to prove an interpolation result for the space
BUC%(H). We shall use the K method for real interpolation spaces (see [67, 99]).
Let K1 and K3 be two Banach spaces, with norms |||, and [|-[|,, respectively.
If K9 C K7 with a continuous embedding, then for every r > 0 and =z € K1 we
define

K(r,z) :=inf {|la|lx, +7l|bllk, |z =a+0b, a € Ky, be Ko} (37)
For any ¢ € (0,1), we set
lellies sz = supr™ K (t,@); (38)
(K1, K2),00 :={z € K| [zl (e, 10y, 0 < +00}-

It is standard to show that (KC1, K2)9,00 endowed with the norm ||-|| (K1 ,K2) .o 15 8
Banach space. The following result can be found in [29] for the case R = Idy and
a similar result can be found in [18], where the space Lip, z(H) is substituted
by another space.
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Theorem 4.12. Let a € (0,1). Up to an equivalent renorming, it holds
BUCR(H) = (BUC(H), Lipy g (H))a,c0-
Proof. We start by showing that (BUC(H),Lipy, g(H))a,co € BUCR(H). For

any element ¢ € (BUC(H), Lip, p(H))a,co and any r,t > 0 there exist f,; €
BUC(H) and g,; € Lip, p(H) such that

90(7;) = fr,t(x) +gr,t(m)7 x € H;

and

ant

By (39), for any x,v € H it holds

oo + 7llgrtlLip, 1) < @l BUCEH) Lipy p(H))a o Tt (39)

|§0(‘T + RU) - <p(1?)| < 2Hf7",t| oo T ‘gr,t(x =+ Rv) - gr,t(x)‘
< 2[[frtlloo + [gre]rllv]la

< 2r%lellBUC(H) Lipy, g () o o0

_ t
+2t+ 77 1H<PH(BUC(H),Lipb,R(H))a,oo vl + ;HU||H~
Now letting ¢ tend to zero and setting r = ||v|| g we get

[p(z +h) — ()] < 3llellBuc).Lip, o(H))a. V|5

This proves the continuous embedding (BUC(H ), Lipy, z(H))a,co € BUCR(H).

To show that BUCR(H) C (BUC(H), Lip), r(H))a,c, let ¢ € BUCE(H). For
every t > 0 let S%(t)p be the function defined in (27). For r € (0, 1) we consider
the functions f, : H — R and ¢, : H — R defined by

fr(@) = (z) = SR p(@),  gr(@) = ST N)p(x),

so that ¢ = f. + g, with f, € BUCg(H) and g, € Lip, p(H) in virtue of
Proposition 4.10. By (29) we get that there exists a constant k1 = ki (o, ) >
0 such that ||frllcc < k1. By (28) and (30), there exist a constant ko =
ka(cr, ) > 0 such that

197 lIip, () = 1S @* ) ¢lloo + [ST(* ™)l R < kar® ™"

Thus, bearing in mind (37), for every r € (0,1) we get K(r,p) < (k1 + ka)r®.
Notice that the previous estimate is trivial if » > 1. Keeping in mind (38) we
get the thesis. O

Remark 4.13. In the case ker R = {0} the results of Subsection 4.2 were already
proved in [18] and [28]. Here we proved that the condition ker R = {0} is not
necessary to ensure that the Lasry—Lions approximants defined in (27) have
sufficient regularity to prove the interpolation result stated in Theorem 4.12
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Appendix A: Malliavin calculus in an abstract framework

Malliavin calculus is named after P. Malliavin who first introduced this tool
with his seminal work [72] (see also [73]). There he laid the foundations of what
is now known as the “Malliavin calculus”, an infinite-dimensional differential
calculus in a Gaussian framework, and used it to give a probabilistic proof
of Hormander theorem. This new calculus proved to be extremely successful
and soon a number of authors studied variants and simplifications, see e.g.
[20, 21, 54, 62, 63, 64, 86, 96, 97, 98, 102, 104].

The general context consists of a probability space (€2, F,P) and a Gaussian
separable Hilbert space i, that is a closed subspace of L?(£2, F,PP) consist-
ing of centered Gaussian random variables. The space H; (also known as the
first Wiener Chaos) induces an orthogonal decomposition, known as the Wiener
Chaos Decomposition, of the corresponding L?(Q2, o(H;1),P) space of square in-
tegrable random variables that are measurable with respect to the o-field gen-
erated by H;. To characterize elements in 7 it is useful to fix a separable
Hilbert space H and consider a unitary operator between the two spaces. In
this abstract setting one can introduce the notion of Malliavin derivative, that
is the derivative Dy of a square integrable random variable ¢ :  — R, mea-
surable with respect to o(H1). Heuristically one differentiates ¢ with respect to
w e Q.

Usually € is a linear topological space and the Malliavin derivative operator
can be introduced as a differential operator (see Section 3). Nevertheless, as
done for instance in [86], it is possible to introduce a notion of Malliavin deriva-
tive without assuming any topological or linear structure on the probability
space ). This approach proves to be particularly flexible and useful in several
applications; moreover, it is general enough to admit as special cases the defini-
tions of Malliavin derivative given in probability spaces with a linear topological
structure, as explained in details in Section 3. It is worth mentioning that, in
quantum probability theory, there are connections with Malliavin calculus as
well. For example, in the general framework of Fock spaces, the so-called anni-
hilation operator can be interpreted as a Malliavin derivative, as discussed in
[80]. Moreover, for a definition of the Malliavin derivative on non-commutative
spaces, we refer to [52].

We point out here that it would be more accurate to speak of a (choice of)
Malliavin derivative rather than the Malliavin derivative. In fact, given (2, 7, P)
and the Gaussian Hilbert spaces Hj, one can construct infinitely many different
Malliavin derivative operators. On the other hand, it turns out that all these
Malliavin derivatives have the same domain when the Gaussian Hilbert space
Hq is the same. This is showed in details in a concrete situation in Section 3:
there we provide two different (among the infinitely many) examples of Malliavin
derivatives on a Wiener space having the same domain.

In this Section we briefly recall the construction of the Malliavin derivative
in the abstract framework described above and collect some results. We mainly
refer to [59, 84, 86, 100].
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A.1. Gaussian Hilbert spaces

Let (2, F,P) be a probability space, we denote by E the expectation under P. Let
‘H be a real separable Hilbert space with inner product (-, -)3; and corresponding
norm |||,

Definition A.1. A Gaussian linear space is a real linear space of random vari-
ables, defined on (2, F,P), such that each variable in the space is centered
and Gaussian. A Gaussian Hilbert space is a Gaussian linear space which is
complete, i.e. a closed subspace of L?(£2, F,P) consisting of centered Gaussian
random variables. We denote it by #;.

We recall that a linear isometry between Hilbert spaces is a linear map that
preserves the inner product. Linear isometries that are onto are called unitary
operators.

Proposition A.2. Let H be a Hilbert space. There exists a Gaussian Hilbert
space Hq (with the same dimension of H) and a unitary operator h — W (h) of
H onto Hy. That is, H1 = {W(h)|h € H} and for any h,k € H,

E W)W (E)] = (b, k)3

Proof. Let {e;}ic; be an orthonormal basis of H. Let {&;}icr be a collection
of independent standard Gaussian random variables, defined on some proba-
bility space (2, F,P). Every element h € H can be uniquely written as h =
> icr(h, ei)nei. We introduce the mapping H > h +— W (h) := ../ (h, ei)n&:.
By construction, the random variable W (h) is Gaussian. Moreover, since the §;
are independent, centered and have unit variance, W (h) is centered and, for any
h,k € H, it holds

E[W(RW (k)] =E | > (he)n& > (k ej)n;

iel jel

= Z<h, €i>7{<k7 6i>7—£ = <hv k>7'[

iel

This entails that W is a unitary operator of H onto the Gaussian Hilbert space
Hy :={W(h)|h € H}, and concludes the proof. |

In [86] the unitary operator W, introduced in Proposition A.2, is called isonor-
mal Gaussian processes. The role of the space H and the operator W, in the
above result, is to suitable index the elements in ;. We point out that, fixed a
generic Gaussian Hilbert space 1, there are infinitely many possible choices of
real Hilbert spaces H (with the same dimension as H1) and unitary operators
W such that H; = {W(h) | h € H}. For instance, since H; is itself a real Hilbert
space (with respect to the usual L?(Q, F,P) inner product), it follows that 4
can be represented by choosing H equal to H; itself and W equal to the identity
operator. In general, given an Hilbert space H, there are infinitely many differ-
ent ways of choosing an orthonormal basis {e;};c; in H and an orthonormal
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basis {& }ier in Hi, each choice giving a different unitary operator W of the
form W(h) = .. ;(h, ei)»&. The subtlety in the use of Proposition A.2, is that
one has to select an Hilbert space ‘H and a unitary operator W that are well
adapted to the specific problem at hand.

A.2. Wiener Chaos Decomposition

Every Gaussian Hilbert space induces an orthogonal decomposition, known as
the Wiener Chaos Decomposition, of the corresponding L?(2,0(H1),P) space
of square integrable random variables that are measurable with respect to the
o-field generated by the Gaussian Hilbert space, that we denote by o(#;). For
n > 0 we introduce the linear space

Pn(H1) :={p(&1,...,&n)| p is a polynomial of degrees < n,
gla"'agm 67‘[17 mGN}

Let P, (H1) be the closure of P, (H1) in L*(Q, 0(H1),P). For n > 0 the space

)J_

H,, = ’PR(H1) S ’Pnfl('}‘h) = Pn(H1) N ’Pn71(’H1

is called n-th Wiener Chaos (associated to H;). We remark that Hyo = R. The
following result is usually called Wiener chaos decomposition, its proof can be
found in [59, Theorem 2.6].

Theorem A.3. The spaces Hy, n > 0, are mutually orthogonal, closed sub-
spaces of L?(Q, F,P) and

LQ(Q7 U(Hl)a IP) - é Hn
n=0

For n > 0 let us denote by J,, the orthogonal projection of L?(Q,a(H1),P)
onto H,; in particular, Jo(X) = E[X]. Theorem A.3 yields that every random
variable X € L%(Q,0(H1),P) admits the unique expansion

+oo +oo
n=0 n=1
with the series converging in L?(2,0(H1),P).

A.3. Malliavin derivative operators and Sobolev spaces

From here on we fix a probability space (2, F,P) and an infinite dimensional
separable Gaussian Hilbert space H;. We assume F to be the o-field generated
by H1. Moreover, according to Proposition A.2, we fix a separable Hilbert space
‘H and a unitary operator

W:H—H, CL*(Q,0(H1),P),
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so that we characterize
Hi={W(h)|h € H},

and every W(h) € H; is a centered Gaussian random variable with variance

W (M)720.0000).2) = 1215
Let us denote by S(H1) the set of smooth random variables, i.e. random variables
of the form

F=fW(hy),...,W(hn)) (40)
for some m > 1 and hq,...,hy € H, where f is a C°°(R™) function such that
f and all its partial derivatives have at most polynomial growth.

Definition A.4. The derivative of a random variable F' € S(H;) of the form
(40) is the H-valued random variable

DF = Z ggi(W(hl), o W ()i

The space S(H1) turns out to be dense LP(Q, o(H1),P) for any p € [1, 4+00),
see e.g. [84, Lemma 3.2.1]. This, along with the following integration by parts
formula (see e.g. [86, Lemma 1.2.1]):

is the crucial ingredient to extend the class of differential random variables to a
larger class. For a proof of the following proposition see [84, Proposition 2.3.4].
Proposition A.5. For any p € [1,+00) the operator

D:S(H1) CLP(Q,0(H1),P) = LP(Q,0(Hq1), P H),
introduced in Definition A.4, is closable as an operator from LP(Q,o(H1),P) to
LP(Q,0(Hy), P, H).

For any p € [1,+00) we denote with D1? the closure of S(H;) with respect
to the norm
1Fl5e, = EIFPI+E[IDF|]. (42)
According to Proposition A.5 the operator D admits a closed extension (still
denoted by D) with domain D'?. We call this extension Malliavin derivative
and we call DV the domain of D in LP(Q,0(H1),P). For any p € [1,+00) the
space DP endowed with the norm (42) is a Banach space, for p = 2 the space
D2 is a Hilbert space with the inner product

(F,G)pr2 = E[FG] + E[(DF, DG)y] .

It is not difficult to prove that the integration by parts formula (41) extends to
elements in D2, that is

E[(DF,h)y] = E[W(h)F], heH, FeD"2 (43)

The space D2 is characterized in the following proposition, in terms of the
Wiener chaos expansion (see [86, Proposition 1.2.2]).
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Proposition A.6. Let F € L*(Q,0(H1),P) with Wiener chaos expansion F =
S o In(F). Then F € D2 if, and only if,

oo

E[IDFI5] = > nllJa(F)Za2@) < o

n=1

Let us emphasize that, once we have fixed the reference probability space
(Q, F,P) and the Gaussian Hilbert spaces H;, different (infinitely many) choices
of the separable Hilbert space H and the unitary operator W lead to different
(infinitely many!) Malliavin derivative operators. On the other hand, in view
of Proposition A.6, all these Malliavin derivatives have the same domain D2
when the Gaussian Hilbert space H;p is the same. In fact the characterization
of D2 is given in terms of the Wiener chaos decomposition that relies only on
the Gaussian Hilbert space H; (and not on the choices of H and W).

Acknowledgments

The authors are grateful to E. Priola and L. Tubaro for numerous useful com-
ments and discussions.

Funding

The authors are members of GNAMPA (Gruppo Nazionale per 1’Analisi Mate-
matica, la Probabilita e le loro Applicazioni) of the Italian Istituto Nazionale
di Alta Matematica (INAAM). Davide A. Bignamini and Simone Ferrari have
been partially supported by the INAAM-GNAMPA Project 2023 “Equazioni
differenziali stocastiche e operatori di Kolmogorov in dimensione infinita”
CUP__E53C22001930001. Margherita Zanella has been partially supported by
the INAAM-GNAMPA Project 2023 “Analisi qualitativa di PDE e PDE stocas-
tiche per modelli fisici” CUP__E53C22001930001. The authors have no relevant
financial or non-financial interests to disclose.

References

[1] AppONA, D. (2021). Analyticity of nonsymmetric Ornstein—-Uhlenbeck
semigroup with respect to a weighted Gaussian measure. Potential Anal.
54, no. 1, 95-117. MR4194535

[2] ADDONA, D., BANDINI, E. and MASIERO, F. (2020). A nonlinear Bismut—
Elworthy formula for HJIB equations with quadratic Hamiltonian in Ba-
nach spaces. NoDEA Nonlinear Differential Equations Appl. 27, no. 4,
Paper No. 37, 56 pp. MR4110685

[3] ApDONA, D., CAPPA, G. and FERRARI, S. (2020). Domains of elliptic
operators on sets in Wiener space. Infin. Dimens. Anal. Quantum Probab.
Relat. Top. 23, no. 1, 2050004, 42 pp. MR4107241


https://mathscinet.ams.org/mathscinet-getitem?mr=4194535
https://mathscinet.ams.org/mathscinet-getitem?mr=4110685
https://mathscinet.ams.org/mathscinet-getitem?mr=4107241

60

[4]

[17]

[18]

D. A. Bignamini et al.

AppONA, D., Cappa, G. and FERRARI, S. (2022). On the domain of
non-symmetric and, possibly, degenerate Ornstein—Uhlenbeck operators
in separable Banach spaces. Atti Accad. Naz. Lincei Rend. Lincei Mat.
Appl. 33, no. 2, 297-359. MR4482038

ADDONA, D., MASIERO, F. and PrIOLA, E. (2023). A BSDEs approach
to pathwise uniqueness for stochastic evolution equations. J. Differential
FEquations 366 192-248. MR4582084

ADDONA, D., MENEGATTI, G. and MIRANDA, M., JR. (2020). BV func-
tions on open domains: the Wiener case and the Fomin differentiable case.
Commun. Pure Appl. Anal. 19, no. 5, 2679-2711. MR4153527

ADDONA, D., MENEGATTI, G. and MIRANDA, M., JR. (2021). On inte-
gration by parts formula on open convex sets in Wiener spaces. J. Evol.
Equ. 21, no. 2, 1917-1944. MR4278418

ADDONA, D.; MENEGATTI, G. and MIRANDA, M., JR. (2023). Charac-
terizations of Sobolev spaces on sublevel sets in abstract Wiener spaces.
J. Math. Anal. Appl. 524, no. 1, Paper No. 127075, 20 pp. MR4545179
ADDONA, D., MURATORI, M. and Rossi, M. (2022). On equivalence of
Sobolev norms in Malliavin spaces. J. Funct. Anal. 283, no. 7, Paper No.
109600, 41 pp. MR4447770

ANaruLl, L., BiaNaMmiNI, D. A. and FERRARI, S. (2023). Harnack in-
equalities with power p € (1,400) for transition semigroups in Hilbert
spaces. NoDEA Nonlinear Differential Equations Appl. 30, no. 1, Paper
No. 6, 30 pp. MR4505172

AL0s, E. and GARciA LORITE, D. (2021). Malliavin Calculus in Finance:
Theory and Practice. Chapman & Hall/CRC Financial Mathematics Se-
ries. CRC Press, Boca Raton, FL. MR4701113

BALLY, V. and PARDOUX, E. (1998). Malliavin calculus for white noise
driven parabolic SPDEs. Potential Anal. 9, no. 1, 27-64. MR1644120
BALLy, V. and TarAy, D. (1996). The law of the Euler scheme for
stochastic differential equations: I. Convergence rate of the distribution
function. Probab. Theory Related Fields 104, no. 1, 43—60. MR 1367666
BALLy, V. and Taray, D. (1996). The law of the Euler scheme for
stochastic differential equations: II. Convergence rate of the density. Monte
Carlo Methods Appl. 2, no. 2, 93-128. MR1401964

BIGNAMINI, D. A. (2023). L2-theory for transitions semigroups associated
to dissipative systems. Stoch. Partial Differ. Equ. Anal. Comput. 11, no.
3, 988-1043. MR4624132

BiaNaMINI, D. A. and FERRARI, S. (2022). On generators of transi-
tion semigroups associated to semilinear stochastic partial differential
equations. J. Math. Anal. Appl. 508, no. 1, Paper No. 125878, 40 pp.
MR4347466

BiaNaMINI, D. A. and FERRARI, S. (2023). Regularizing properties of
(non-Gaussian) transition semigroups in Hilbert spaces. Potential Anal.
58, no. 1, 1-35. MR4535917

BicnaMINI, D. A. and FERRARI, S. (2023). Schauder regularity re-
sults in separable Hilbert spaces. J. Differential Equations 370 305-345.


https://mathscinet.ams.org/mathscinet-getitem?mr=4482038
https://mathscinet.ams.org/mathscinet-getitem?mr=4582084
https://mathscinet.ams.org/mathscinet-getitem?mr=4153527
https://mathscinet.ams.org/mathscinet-getitem?mr=4278418
https://mathscinet.ams.org/mathscinet-getitem?mr=4545179
https://mathscinet.ams.org/mathscinet-getitem?mr=4447770
https://mathscinet.ams.org/mathscinet-getitem?mr=4505172
https://mathscinet.ams.org/mathscinet-getitem?mr=4701113
https://mathscinet.ams.org/mathscinet-getitem?mr=1644120
https://mathscinet.ams.org/mathscinet-getitem?mr=1367666
https://mathscinet.ams.org/mathscinet-getitem?mr=1401964
https://mathscinet.ams.org/mathscinet-getitem?mr=4624132
https://mathscinet.ams.org/mathscinet-getitem?mr=4347466
https://mathscinet.ams.org/mathscinet-getitem?mr=4535917

[26]

[27]

[28]

[29]

[30]

[31]

Differentiability in infinite dimension and the Malliavin calculus 61

MRA4607573

BiaNaMINI, D. A. and FERRARI, S. (2024). Schauder estimates for sta-
tionary and evolution equations associated to stochastic reaction-diffusion
equations driven by colored noise. Stoch. Anal. Appl. 42, no. 3 499-515.
MRA4736363

BismuT, J.-M. (1981). Martingales, the Malliavin calculus and hypoellip-
ticity under general Hérmander’s conditions. Z. Wahrsch. Verw. Gebiete
56, no. 4, 469-505. MR0621660

Bismutr, J.-M. (1984). Large deviations and the Malliavin calculus.
Progress in Mathematics, 45. Birkh&duser Boston, Inc., Boston, MA.
MRO755001

BoGAcHEV, V. 1. (1998). Gaussian measures. Mathematical Surveys
and Monographs, 62. American Mathematical Society, Providence, RI.
MR1642391

BoGAcHEV, V. I. (2018). Ornstein—Uhlenbeck operators and semigroups.
(Russian); translated from Uspekhi Mat. Nauk 73, no. 2(440), 3-74 Rus-
stan Math. Surveys 73, no. 2, 191-260. MR3780068

BONACCORSI, S., DA PrATO, G. and TUBARO, L. (2018). Construction
of a surface integral under local Malliavin assumptions, and related inte-
gration by parts formulas. J. Fvol. Equ. 18, no. 2, 871-897. MR3820426
BONACCORSI, S. and ZANELLA, M. (2016). Existence and regularity of
the density for solutions of stochastic differential equations with bound-
ary noise. Infin. Dimens. Anal. Quantum Probab. Relat. Top. 19, no. 1,
1650007, 24 pp. MR3474519

BONACCORSI, S. and ZANELLA, M. (2017). Absolute continuity of the
law for solutions of stochastic differential equations with boundary noise.
Stoch. Dyn. 17, no. 6, 1750045, 31 pp. MR3685638

BONACCORSI, S., TUBARO, L. and ZANELLA, M. (2020). Surface mea-
sures and integration by parts formula on levels sets induced by functionals
of the Brownian motion in R™. NoDEA Nonlinear Differential Equations
Appl. 27, no. 3, Paper No. 27, 22 pp. MR4092082

CANNARSA, P. and DA PraTO, G. (1996). Infinite-dimensional elliptic
equations with Holder-continuous coefficients. Adv. Differential Equations
1, no. 3, 425-452. MR1401401

CANNARSA, P. and DA PraTO, G. (1996). Schauder estimates for Kol-
mogorov equations in Hilbert spaces. In ALVINO, A., BUONOCORE, P.,
FERONE, V., GIARRUSSO, E., MATARASSO, S., ToscAaNO, R. and TROM-
BETTI, G. (Eds.), Progress in elliptic and parabolic partial differential
equations (Capri, 1994 ), pp. 100-111. Pitman Res. Notes Math. Ser., 350,
Longman, Harlow. MR1430142

CapprA, G. and FERRARI, S. (2016). Maximal Sobolev regularity for solu-
tions of elliptic equations in infinite dimensional Banach spaces endowed
with a weighted Gaussian measure. J. Differential Fquations 261, no. 12,
7099-7131. MR3562320

CapprA, G. and FERRARI, S. (2018). Maximal Sobolev regularity for so-
lutions of elliptic equations in Banach spaces endowed with a weighted


https://mathscinet.ams.org/mathscinet-getitem?mr=4607573
https://mathscinet.ams.org/mathscinet-getitem?mr=4736363
https://mathscinet.ams.org/mathscinet-getitem?mr=0621660
https://mathscinet.ams.org/mathscinet-getitem?mr=0755001
https://mathscinet.ams.org/mathscinet-getitem?mr=1642391
https://mathscinet.ams.org/mathscinet-getitem?mr=3780068
https://mathscinet.ams.org/mathscinet-getitem?mr=3820426
https://mathscinet.ams.org/mathscinet-getitem?mr=3474519
https://mathscinet.ams.org/mathscinet-getitem?mr=3685638
https://mathscinet.ams.org/mathscinet-getitem?mr=4092082
https://mathscinet.ams.org/mathscinet-getitem?mr=1401401
https://mathscinet.ams.org/mathscinet-getitem?mr=1430142
https://mathscinet.ams.org/mathscinet-getitem?mr=3562320

62

[45]

[46]

D. A. Bignamini et al.

Gaussian measure: The convex subset case. J. Math. Anal. Appl. 458, no.
1, 300-331. MR3711905

CARDON-WEBER, C. (2001). Cahn-Hilliard stochastic equation: existence
of the solution and of its density. Bernoulli 7, no. 5, 777-816. MR1867082
CERRAI S. and DA PraTO, G. (2012). Schauder estimates for elliptic
equations in Banach spaces associated with stochastic reaction-diffusion
equations. J. Fvol. Equ. 12, no. 1, 83-98. MR2891202

CERRAI S. and LUNARDI, A. (2019). Schauder theorems for Ornstein—
Uhlenbeck equations in infinite dimension. J. Differential Equations 267,
no. 12, 7462-7482. MR4011050

CHOJNOWSKA-MICHALIK, A. and GoLDYs, B. (1996). Nonsymmetric
Ornstein—Uhlenbeck semigroup as second quantized operator. J. Math.
Kyoto Univ. 36, no. 3, 481-498. MR1417822

CrisaN, D.; MaNoLarAKIS, K. and Touzi, N. (2010). On the Monte
Carlo simulation of BSDEs: an improvement on the Malliavin weights.
Stochastic Process. Appl. 120, no. 7, 1133-1158. MR2639741

Darang, R. C., KHOSHNEVISAN, D. and NUALART, E. (2009). Hitting
probabilities for systems for non-linear stochastic heat equations with mul-
tiplicative noise. Probab. Theory Related Fields 144, no. 3-4, 371-427.
MR2496438

Da PraTO, G. (2013). Schauder estimates for some perturbation of an
infinite dimensional Ornstein—Uhlenbeck operator. Discrete Contin. Dyn.
Syst. Ser. S 6, no. 3, 637-647. MR3010672

Da PraToO, G. (2014). Introduction to stochastic analysis and Malliavin
calculus. Third edition. Appunti. Scuola Normale Superiore di Pisa (Nuova
Serie) [Lecture Notes. Scuola Normale Superiore di Pisa (New Series)], 13.
Edizioni della Normale, Pisa. MR3186829

Da PraTO, G. and LUNARDI, A. (2014). Sobolev regularity for a class
of second order elliptic PDE’s in infinite dimension. Ann. Probab. 42, no.
5, 2113-2160. MR3262499

DA PrATO, G. and LUNARDI, A. (2015). Maximal Sobolev regularity in
Neumann problems for gradient systems in infinite dimensional domains.
Ann. Inst. Henri Poincaré Probab. Stat. 51, no. 3, 1102-1123. MR3365974
Da PraTO, G., LUNARDI, A. and TUBARO, L. (2014). Surface Measures
In Infinite Dimension. Atti Accad. Naz. Lincei Rend. Lincei Mat. Appl.
25, no. 3, 309-330. MR3256212

DA PrATO, G., LUNARDI, A. and TUBARO, L. (2018). Malliavin Calculus
for non Gaussian differentiable measures and surface measures in Hilbert
spaces. Trans. Amer. Math. Soc. 370, no. 8, 5795-5842. MR3803148

Da PraTo, G. and TUBARO, L. (2001). Some results about dissipativity
of Kolmogorov operators. Czechoslovak Math. J. 51(126), no. 4, 685-699.
MR1864036

Da PrATO, G. and ZABCZYK, J. (2002). Second order partial differential
equations in Hilbert spaces. London Mathematical Society Lecture Note
Series, 293. Cambridge University Press, Cambridge. MR1985790

Da PraATO, G. and ZABCzYK, J. (2014). Stochastic equations in infinite


https://mathscinet.ams.org/mathscinet-getitem?mr=3711905
https://mathscinet.ams.org/mathscinet-getitem?mr=1867082
https://mathscinet.ams.org/mathscinet-getitem?mr=2891202
https://mathscinet.ams.org/mathscinet-getitem?mr=4011050
https://mathscinet.ams.org/mathscinet-getitem?mr=1417822
https://mathscinet.ams.org/mathscinet-getitem?mr=2639741
https://mathscinet.ams.org/mathscinet-getitem?mr=2496438
https://mathscinet.ams.org/mathscinet-getitem?mr=3010672
https://mathscinet.ams.org/mathscinet-getitem?mr=3186829
https://mathscinet.ams.org/mathscinet-getitem?mr=3262499
https://mathscinet.ams.org/mathscinet-getitem?mr=3365974
https://mathscinet.ams.org/mathscinet-getitem?mr=3256212
https://mathscinet.ams.org/mathscinet-getitem?mr=3803148
https://mathscinet.ams.org/mathscinet-getitem?mr=1864036
https://mathscinet.ams.org/mathscinet-getitem?mr=1985790

[51]

[52]

[55]

[56]

[57]

[58]

[59]
[60]

[61]

Differentiability in infinite dimension and the Malliavin calculus 63

dimensions. Second edition. Encyclopedia of Mathematics and its Appli-
cations, 152. Cambridge University Press, Cambridge. MR323675
DUNFORD, N. and ScHWARTZ, J. T. (1988). Linear operators. Part I.
General theory. Wiley Classics Library. A Wiley-Interscience Publication.
John Wiley & Sons, Inc., New York. MR1009162

FABIAN, M., HABALA, P., HAJEK, P., MONTESINOS, V. and ZIZLER, V.
(2011). Banach space theory. The basis for linear and nonlinear analy-
sis. CMS Books in Mathematics/Ouvrages de Mathématiques de la SMC.
Springer, New York. MR2766381

FEDERICO, S. and Gozz1, F. (2017). Corrigendum to “Mild solutions of
semilinear elliptic equations in Hilbert spaces” [J. Differential Equations
262 (2017) 3343-3389] [MR3584895]. J. Differential Equations 263, no. 9,
6143-6144. MR3688443

FEDERICO, S. and Gozzi, F. (2017). Mild solutions of semilinear el-
liptic equations in Hilbert spaces. J. Differential Equations 262, no. 5,
3343-3389. MR3584895

FERRARIO, B. and ZANELLA, M. (2019). Absolute continuity of the law
for the two dimensional stochastic Navier-Stokes equations. Stochastic
Process. Appl. 129, no. 5, 1568-1604. MR3944777

FRrANZ, U., LEANDRE, R. and ScHOTT, R. (2001). Malliavin calculus
and Skorohod integration for quantum stochastic processes. Infin. Dimens.
Anal. Quantum Probab. Relat. Top. 4, no. 1, 11-38. MR1824471

FLETT, T. M. (1980). Differential Analysis. Differentiation, differen-
tial equations and differential inequalities. Cambridge University Press,
Cambridge-New York. MR0561908

GAVEAU, B. and TRAUBER, P. (1982). L’intégrale stochastique comme
opérateur de divergence dans I’espace fonctionnel. (French) [[The stochas-
tic integral as divergence operator in the function space]] J. Funct. Anal.
46, no. 2, 230-238. MR0660187

GoLpys, B., Gozzl, F. and VAN NEERVEN, J. M. A. M. (2003). On
closability of directional gradients. Potential Anal. 18, no. 4, 289-310.
MR1953265

GRross, L. (1967). Potential theory on Hilbert space. J. Funct. Anal. 1
123-181. MR0227747

Gozzi, F. (2006). Smoothing properties of nonlinear transition semi-
groups: case of Lipschitz nonlinearities. J. Evol. Equ. 6, no. 4, 711-743.
MR2267705

HAIRER, M. and MATTINGLY, J. C. (2006). Ergodicity of the 2D Navier-
Stokes equations with degenerate stochastic forcing. Ann. of Math. (2)
164, no. 3, 993-1032. MR2259251

JANSON, S. (1997). Gaussian Hilbert spaces. Cambridge Tracts in Math-
ematics, 129. Cambridge University Press, Cambridge. MR1474726
KECHRIS, A. S. (1995). Classical descriptive set theory. Graduate Texts
in Mathematics, 156. Springer-Verlag, New York. MR1321597

Kuvo, H. H. (1975). Gaussian measures in Banach space. Lecture Notes
in Mathematics, Vol. 463. Springer-Verlag, Berlin-New York. MR0461643


https://mathscinet.ams.org/mathscinet-getitem?mr=323675
https://mathscinet.ams.org/mathscinet-getitem?mr=1009162
https://mathscinet.ams.org/mathscinet-getitem?mr=2766381
https://mathscinet.ams.org/mathscinet-getitem?mr=3688443
https://mathscinet.ams.org/mathscinet-getitem?mr=3584895
https://mathscinet.ams.org/mathscinet-getitem?mr=3944777
https://mathscinet.ams.org/mathscinet-getitem?mr=1824471
https://mathscinet.ams.org/mathscinet-getitem?mr=0561908
https://mathscinet.ams.org/mathscinet-getitem?mr=0660187
https://mathscinet.ams.org/mathscinet-getitem?mr=1953265
https://mathscinet.ams.org/mathscinet-getitem?mr=0227747
https://mathscinet.ams.org/mathscinet-getitem?mr=2267705
https://mathscinet.ams.org/mathscinet-getitem?mr=2259251
https://mathscinet.ams.org/mathscinet-getitem?mr=1474726
https://mathscinet.ams.org/mathscinet-getitem?mr=1321597
https://mathscinet.ams.org/mathscinet-getitem?mr=0461643

64

[62]

[73]

[74]

D. A. Bignamini et al.

Kusuoka, S. and STROOCK, D. (1984). Applications of the Malliavin cal-
culus. I. In IT6, K. (Eds.) Stochastic analysis (Katata/Kyoto, 1982), pp.
271-306. North-Holland Math. Library, 32, North-Holland, Amsterdam.
MRO780762

Kusuoka, S. and STROOCK, D. (1985). Applications of the Malliavin
calculus. II. J. Fac. Sci. Univ. Tokyo Sect. IA Math. 32, no. 1, 1-76.
MR0783181

Kusuoka, S. and STROOCK, D. (1987). Applications of the Malliavin
calculus. II1. J. Fac. Sci. Univ. Tokyo Sect. IA Math. 34, no. 2, 391-442.
MR0914028

LAsry, J.-M. and Lions, P.-L. (1986). A remark on regularization in
Hilbert spaces. Israel J. Math. 55, no. 3, 257-266. MR0876394

Liu, W. and ROCKNER, M. (2015). Stochastic partial differential equa-
tions: an introduction. Universitext. Springer, Cham. MR341040
LUNARDI, A. (2018) Interpolation theory. Third edition [of MR2523200].
Appunti. Scuola Normale Superiore di Pisa (Nuova Serie) [Lecture Notes.
Scuola Normale Superiore di Pisa (New Series)], 16. Edizioni della Nor-
male, Pisa. MR3753604

LuNARDI, A., METAFUNE, G. and PALLARA, D. (2020). The Ornstein—
Uhlenbeck semigroup in finite dimension. Philos. Trans. Roy. Soc. A 378,
no. 2185, 20200217, 15 pp. MR4176390

LUNARDI, A., MIRANDA, M., JR. and PALLARA, D. (2016). 19th Internet
Seminar. Infinite Dimensional Analysis. Lecture motes. https://dmi.
unife.it/it/ricerca-dmi/seminari/isem19/lectures/lecture-
notes/view. This lecture notes will be expanded into a book in the near
future.

LuNARDI, A. and ROCKNER, M. (2021). Schauder theorems for a class
of (pseudo-)differential operators on finite- and infinite-dimensional state
spaces. J. Lond. Math. Soc. (2) 104, no. 2, 492-540. MR4311102
LuNARrDI, A. and PALLARA, D. (2020). Ornstein—Uhlenbeck semigroups
in infinite dimension. Philos. Trans. Roy. Soc. A 378, no. 2185, 20190620,
19 pp. MR4176388

MALLIAVIN, P. (1978). Stochastic calculus of variation and hypoelliptic
operators. In IT6, K. (Eds.) Proceedings of the International Symposium
on Stochastic Differential Equations (Res. Inst. Math. Sci., Kyoto Univ.,
Kyoto, 1976), pp. 195-263. Wiley-Intersci. Publ., John Wiley & Sons, New
York-Chichester-Brisbane. MR0536013

MALLIAVIN, P. (1997). Stochastic analysis. Grundlehren der mathematis-
chen Wissenschaften [Fundamental Principles of Mathematical Sciences],
313. Springer-Verlag, Berlin. MR1450093

MARINELLI, C., NUALART, E. and QUER-SARDANYONS, L. (2013). Ex-
istence and regularity of the density for solutions to semilinear dissipative
parabolic SPDEs. Potential Anal. 39, no. 3, 287-311. MR3102988
MARQUEZ-CARRERAS, D., MELLOUK, M. and SARRA, M. (2001). On
stochastic partial differential equations with spatially correlated noise:
smoothness of the law. Stochastic Process. Appl. 93, no. 2, 269-284.


https://mathscinet.ams.org/mathscinet-getitem?mr=0780762
https://mathscinet.ams.org/mathscinet-getitem?mr=0783181
https://mathscinet.ams.org/mathscinet-getitem?mr=0914028
https://mathscinet.ams.org/mathscinet-getitem?mr=0876394
https://mathscinet.ams.org/mathscinet-getitem?mr=341040
https://mathscinet.ams.org/mathscinet-getitem?mr=3753604
https://mathscinet.ams.org/mathscinet-getitem?mr=4176390
https://dmi.unife.it/it/ricerca-dmi/seminari/isem19/lectures/lecture-notes/view
https://dmi.unife.it/it/ricerca-dmi/seminari/isem19/lectures/lecture-notes/view
https://dmi.unife.it/it/ricerca-dmi/seminari/isem19/lectures/lecture-notes/view
https://mathscinet.ams.org/mathscinet-getitem?mr=4311102
https://mathscinet.ams.org/mathscinet-getitem?mr=4176388
https://mathscinet.ams.org/mathscinet-getitem?mr=0536013
https://mathscinet.ams.org/mathscinet-getitem?mr=1450093
https://mathscinet.ams.org/mathscinet-getitem?mr=3102988

[85]

[36]

Differentiability in infinite dimension and the Malliavin calculus 65

MR1828775

MasIERO, F. (2005). Semilinear Kolmogorov equations and applications
to stochastic optimal control. Appl. Math. Optim. 51, no. 2, 201-250.
MR2117233

MASIERO, F. (2007). Regularizing properties for transition semigroups
and semilinear parabolic equations in Banach spaces. Electron. J. Probab.
12, no. 13, 387-419. MR2299922

Masiero, F. and Priora, E. (2016). Correction to “Well-posedness of
semilinear stochastic wave equations with Holder continuous coefficients”.
e-print arXiv 1607.00029. MR3634696

Masiero, F. and Priora, E. (2017). Well-posedness of semilinear
stochastic wave equations with Hoélder continuous coefficients. J. Differ-
ential FEquations 263, no. 3, 1773-1812. MR3634696

MEYER, P.-A. (1993). Quantum Probability for Probabilists. Lecture
Notes in Mathematics, 1538. Springer-Verlag, Berlin. MR1222649
MILLET, A. and SANZ-SOLE, M. (1999). A stochastic wave equation in
two space dimension: smoothness of the law. Ann. Probab. 27, no. 2,
803-844. MR1698971

MorIeN, P.-L. (1999). On the density for the solution of a Burgers-
type SPDE. Ann. Inst. Henri Poincaré Probab. Stat. 35, no. 4, 459-482.
MR1702238

MUELLER, C. and NUALART, D. (2008). Regularity of the density for
the stochastic heat equation. Electron. J. Probab. 13, no. 74, 2248-2258.
MR2469610

NOURDIN, I. and PECcATI, G. (2012). Normal approzimations with Malli-
avin calculus. From Stein’s method to universality. Cambridge Tracts in
Mathematics, 192. Cambridge University Press, Cambridge. MR2962301
NoURDIN, I. and VIENS, F. G. (2009). Density formula and concentra-
tion inequalities with Malliavin calculus. Electron. J. Probab. 14, no. 78,
2287-2309. MR2556018

NUALART, D. (2006). The Malliavin calculus and related topics. Second
edition. Probability and its Applications (New York). Springer-Verlag,
Berlin. MR2200233

NUALART, D. and QUER-SARDANYONS, L. (2007). Existence and smooth-
ness of the density for spatially homogeneous SPDEs. Potential Anal. 27,
no. 3, 281-299. MR2336301

PARDOUX, E. and ZHANG, T. S. (1993). Absolute continuity of the law
of the solution of a parabolic SPDE. J. Funct. Anal. 112, no. 2, 447-458.
MR1213146

PriorLa, E. (1998). w-Semigroups and applications. Scuola Norm. Sup.
Pisa preprint n. 9.

PrioLA, E. (1999). Partial differential equations with infinitely many
variables. Universita degli Studi di Torino, Iris, AperTO. https://iris.
unito.it/handle/2318/1559581.

PriorLa, E. (1999). On a class of Markov type semigroups in spaces of
uniformly continuous and bounded functions. Studia Math. 136, no. 3,


https://mathscinet.ams.org/mathscinet-getitem?mr=1828775
https://mathscinet.ams.org/mathscinet-getitem?mr=2117233
https://mathscinet.ams.org/mathscinet-getitem?mr=2299922
https://mathscinet.ams.org/mathscinet-getitem?mr=3634696
https://mathscinet.ams.org/mathscinet-getitem?mr=3634696
https://mathscinet.ams.org/mathscinet-getitem?mr=1222649
https://mathscinet.ams.org/mathscinet-getitem?mr=1698971
https://mathscinet.ams.org/mathscinet-getitem?mr=1702238
https://mathscinet.ams.org/mathscinet-getitem?mr=2469610
https://mathscinet.ams.org/mathscinet-getitem?mr=2962301
https://mathscinet.ams.org/mathscinet-getitem?mr=2556018
https://mathscinet.ams.org/mathscinet-getitem?mr=2200233
https://mathscinet.ams.org/mathscinet-getitem?mr=2336301
https://mathscinet.ams.org/mathscinet-getitem?mr=1213146
https://iris.unito.it/handle/2318/1559581
https://iris.unito.it/handle/2318/1559581

66

[97]

(98]
[99]
[100]

[101]

[102]

[103]

[104]

D. A. Bignamini et al.

271-295. MR1724248

Priora, E. and ZamBoTTI, L. (2000). New optimal regularity results
for infinite-dimensional elliptic equations. Boll. Unione Mat. Ital. Sez. B
Artic. Ric. Mat. (8) 3, no. 2, 411-429. MR1769994

QUER-SARDANYONS, L. and SANz-SoLE, M. (2004). A stochastic wave
equation in dimension 3: smoothness of the law. Bernoulli 10, no. 1,
165-186. MR2044597

QUER-SARDANYONS, L. and SANZ-SOLE, M. (2004). Absolute continuity
of the law of the solution to the 3-dimensional stochastic wave equation.
J. Funct. Anal. 206, no. 1, 1-32. MR2024344

REED, M. and SmvoN, B. (1972). Methods of modern mathemati-
cal physics. I. Functional analysis. Academic Press, New York-London.
MR0493419

SHIGEKAWA, I. (1980). Derivatives of Wiener functionals and absolute
continuity of induced measures. J. Math. Kyoto Univ. 20, no. 2, 263-289.
MR0582167

SHIGEKAWA, 1. (2004). Stochastic analysis. Translations of Mathemati-
cal Monographs, 224. Iwanami Series in Modern Mathematics. American
Mathematical Society, Providence, RI. MR2060917

STROOCK, D. W. (1981). The Malliavin calculus, a functional analytic
approach. J. Funct. Anal. 44, no. 2, 212-257. MR0642917

TRIEBEL, H. (1995). Interpolation theory, function spaces, differential op-
erators. Second edition. Johann Ambrosius Barth, Heidelberg. MR 1328645
TUBARO, L. and ZANELLA, M. (2024). An Introduction to Malliavin cal-
culus. Lecture notes, in preparation.

WaN, X., Rozovskil, B. and KARNIADAKIS, G. E. (2009). A stochastic
modeling methodology based on weighted Wiener chaos and Malliavin cal-
culus. Proc. Natl. Acad. Sci. USA 106, no. 34, 14189-14194. MR2539729
WATANABE, S. (1984). Lectures on stochastic differential equations and
Malliavin calculus. Tata Institute of Fundamental Research Lectures on
Mathematics and Physics, 73. Published for the Tata Institute of Funda-
mental Research, Bombay; by Springer-Verlag, Berlin. MR0742628
ZAapi, N. L. and NUALART, D. (1999). Burgers equation driven by a
space-time white noise: absolute continuity of the solution. Stochastics
Stochastics Rep. 66, no. 3-4, 273-292. MR1692868

ZAKAL, M. (1985). The Malliavin calculus. Acta Appl. Math. 3, no. 2,
175-207. MRO781585


https://mathscinet.ams.org/mathscinet-getitem?mr=1724248
https://mathscinet.ams.org/mathscinet-getitem?mr=1769994
https://mathscinet.ams.org/mathscinet-getitem?mr=2044597
https://mathscinet.ams.org/mathscinet-getitem?mr=2024344
https://mathscinet.ams.org/mathscinet-getitem?mr=0493419
https://mathscinet.ams.org/mathscinet-getitem?mr=0582167
https://mathscinet.ams.org/mathscinet-getitem?mr=2060917
https://mathscinet.ams.org/mathscinet-getitem?mr=0642917
https://mathscinet.ams.org/mathscinet-getitem?mr=1328645
https://mathscinet.ams.org/mathscinet-getitem?mr=2539729
https://mathscinet.ams.org/mathscinet-getitem?mr=0742628
https://mathscinet.ams.org/mathscinet-getitem?mr=1692868
https://mathscinet.ams.org/mathscinet-getitem?mr=0781585

	Introduction
	Differentiability along subspaces
	Differentiability in the sense of Gross
	Gross differentiability for real-valued functions

	Differentiability in the sense of Cannarsa and Da Prato
	Comparisons between R-differentiability and HR-differentiability
	A Comparison with the classical notions of differentiability

	Malliavin calculus in Wiener spaces
	The Gaussian Hilbert space H*
	Sobolev spaces
	Malliavin derivative in the sense of Gross
	Malliavin derivative in the sense of Cannarsa and Da Prato
	Final remarks

	Application: Lasry–Lions approximation and an interpolation result
	Hölder and Lipschitz functions along subspaces
	Lasry–Lions type approximations
	An interpolation result

	Malliavin calculus in an abstract framework
	Gaussian Hilbert spaces
	Wiener Chaos Decomposition
	Malliavin derivative operators and Sobolev spaces

	Acknowledgments
	Funding
	References

