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1. Introduction

The present paper is a contribution to the classification of restricted Lie algebras
of low dimension. Similar classifications for ordinary Lie algebras represent a classical
problem and have been carried out by several authors over the years. Up to dimension
5, the characterization of nilpotent Lie algebras over any field has been known for a long
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time. In 1958, a classification in dimension 6 over fields of characteristic zero was given
by Morozov in [13], and other results in this framework appeared in [1,7,14,22]. However,
these classifications differ and it was hard to compare them until de Graaf [5] provided
a complete classification over arbitrary fields of characteristic not 2. Some years later,
de Graaf’s approach was revised and extended to characteristic 2 in [2]. Apparently, the
classification in dimensions more than 6 seems to be still in progress (see e.g. [15,17]).

Let L be a Lie algebra over a field F of characteristic p > 0. We recall that [p] : L — L,
z — 2z is called a p-map if satisfies the following:

(1) ()Pl = \rglPl forallz € L, A€ T,
(2) adzl?! = (adz)P, for all z € L,
3) (x+y)lP =zl 4 ylel 4 S Vg (1), for all 2,y € L,

where the terms s;(x,y) are determined by the relation

p—1
(adz@ X +y@ )P Haal) =Y is(z,y) @ X!

i=1

in the Lie algebra L ®p F[X] over the polynomial ring F[X]. A Lie algebra L with a
fixed p-map is referred to as a restricted Lie algebra. Restricted Lie algebras play a
predominant role in the theory of Lie algebras in positive characteristic, in connection
with algebraic groups, homological algebra, representation theory and classification of
simple Lie algebras (cf. [19-21]).

A restricted Lie algebra L is said to be p-nilpotent if there exists a positive integer n
such that P!
restricted Lie algebra is nilpotent. On the other hand, every finite-dimensional nilpotent

=0, for all x € L. By Engel Theorem, every finite-dimensional p-nilpotent

restricted Lie algebra is a central extension of a p-nilpotent restricted Lie algebra by a
torus (see [21, Chapter 2, Corollary 4.2]).

Now, a classification of p-nilpotent restricted Lie algebras of dimension at most 4 over
perfect fields was obtained by Schneider and Usefi in [16]. Afterwords, a description of 5-
dimensional p-nilpotent restricted Lie algebras over perfect fields of characteristic p > 3
was provided by Darijani and Usefi in [3]. Unfortunately, as explained in Section 2, the
proof of the main result of [3] is partially incorrect and, actually, the list of isomorphism
classes of restricted Lie algebras found by the authors is incomplete.

In this paper we provide a classification of p-nilpotent restricted Lie algebras of di-
mension 5 valid over algebraically closed fields of characteristic p > 3. This is achieved
by means of a cohomological method that can be considered as the natural restricted
analogue of the Skjelbred-Sund procedure for classifying ordinary nilpotent Lie algebras
(cf. [18]). Similar ideas also appear in some recent work concerning the classification of
other kinds of non-associative algebras: see e.g. [6,8,10-12].

Here we give a rough outline of the method that we use, for more details we refer to
Section 2. It essentially consists of two steps. In the first step, we construct a possibly
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redundant list containing all n-dimensional p-nilpotent restricted Lie algebras. Secondly
we remove the isomorphic copies from the list.

In the first step, p-nilpotent restricted Lie algebras are constructed as central exten-
sions of p-nilpotent restricted Lie algebras of smaller dimension. Let L be a p-nilpotent
restricted Lie algebra of dimension n — 1 and V a vector space of dimension 1 regarded
as a trivial left L-module. Let H2(L, V') denote the second restricted cohomology group
of L with coefficient in V. Every [0] € H2(L, V) defines a restricted Lie algebra structure
on L@V, which is called the central extension of L by [f]. By this construction we obtain
all p-nilpotent restricted Lie algebras of dimension n (varying L and [6]). As different
restricted 2-cocycles may yield isomorphic restricted Lie algebras, we will use the action
of the restricted automorphism group Aut, (L) of L on H2(L, V) in order to reduce their
number. In fact, elements lying to the same Aut,(L)-orbit yield isomorphic restricted Lie
algebras. However, the converse is not true and so we still need to eliminate the remain-
ing redundancies from the list. As the conditions for isomorphism of two restricted Lie
algebras are translated to polynomial equations, the assumption that the ground field is
algebraically closed is used in a decisive way at this stage.

Note also that every 5-dimensional p-nilpotent restricted Lie algebra has nilpotency
class at most 4. Therefore, as p > 3, all p-maps are p-semilinear, so the task of de-
termining H2(L,V) and the action of Aut,(L) is easier. In characteristic 2 and 3, the
computations and the resulting list of restricted Lie algebras are somewhat different,
which is the reason why these exceptional cases will be considered in a future paper.

The paper is organized as follows. In Section 2 we fix the notation, recall some basic
facts about the second restricted cohomology space and describe our method for clas-
sifying p-nilpotent restricted Lie algebras. We also explain the main problems that the
proof proposed in [3] present and how our approach is different. Sections 3, 4 and 5
are devoted to determine all the 1-dimensional central extensions of the 4-dimensional
p-nilpotent restricted Lie algebras over an algebraically closed field F of characteristic
p > 3. In Section 6 we eliminate redundancies, by detecting and removing isomorphic
restricted Lie algebras from the list. Section 7 contains the statement of our main result,
which provides the list of the p-nilpotent restricted Lie algebras of dimension 5 over F.
Finally, in Section 8 we briefly discuss our results and compare the classification in [3]
to ours.

The main aim of this paper is to describe the methods used, and to present the main
results. However, a detailed proof of these results involves many case distinctions, and is
rather technical (Sections 3-6 contain a small part of it along with some guiding elabo-
rated examples). Therefore, in order to avoid tedious repetition of the same arguments,
most of the explicit computations have been omitted from the paper and left to the

interested reader.
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2. Preliminaries and summary of the method

Throughout this paper, I will denote an algebraically closed field of characteristic
p > 3. Before explaining our method to classify p-nilpotent restricted Lie algebras of
dimension 5 over F, we recall some known facts about the second restricted cohomology
space with coefficient in a trivial module and the central extensions of restricted Lie
algebras (cf. [3,4,9]). Let L be a restricted Lie algebra over F and V a vector space
regarded as a trivial L-module. Following [4], for ¢ € Homp(A%L,V) and a map w : L —
V', we say that w has x-property with respect to ¢ if, for every z,y € L and A € F, we
have w(Azx) = APw(x) and

wlaty) =@ +o)+ Y oo gl

x]{=x,r0=y

where #x is the number of z; equal to x. If L is nilpotent of class less than p, note
that w has x-property precisely when it is p-semilinear. The set C2(L, V) consisting of
all (¢, w), where ¢ € Homp(A2L,V) and w has x-property with respect to ¢, is viewed
as a vector space over IF.

Let Z2(L,V) denote the set consisting of all (¢,w) € C%(L,V) with the properties
that

¢([w17x2]7x3) + qs([xval]va) + QZS([{EQ, xS]vxl) = 07 ¢(‘T7y[p]) = QS([(E,y, ce 7y]7y)v (1)

p—1

for all z,y € L. The elements of Z2(L, V) are called restricted 2-cocycles. For a linear map
¢ :L—V, wedefineamapt: LxL—V as(x,y) =¢(z,y]),and amap ¢ : L =V
as ¥(z) = (zP). The set {(¢,¥)|¢ : L — Vislinear} is denoted by B2(L,V). It is
routine to check that B2(L,V) is a subspace of Z2(L, V), and the elements of B2(L,V)
are said to be restricted 2-coboundaries. The second restricted cohomology space of L
with coefficient in V is defined as H2(L,V) = Z2(L,V)/B2(L,V).

We denote by Aut(L) and Aut,(L), respectively, the automorphism group and the
restricted automorphism group of L. The vector spaces defined in the previous paragraph
can be viewed as Aut,(L)-modules. Indeed, for A € Aut,(L) and 0 = (¢,w) € Z2(L,V),
we define A0 = (A¢, Aw) € Z2(L,V) by the conditions (A¢)(x,y) = ¢(A(x), A(y)) and
(Aw)(x) = w(A(z)). This action makes Z2(L,V) an Aut,(L)-module and it is easy to
see that B%(L,V) is an Aut,(L)-submodule. Hence the quotient H2(L,V) can also be
viewed as an Aut,(L)-module.

Now, let L be a restricted Lie algebra, V' a vector space over F and 0 = (¢,w) €
Z2%(L,V). Following [9], we say that a restricted ideal I of L is strongly abelian if I is
abelian and z[P! = 0 for every 2 € I. We define a restricted Lie algebra Lg as follows.
The underlying space of Ly is L & V. For z + v,y + w € Ly, Lie bracket and p-map on
Ly are defined by
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[z +v,y+w] = [2,9]r + d(z,y), (z+0)F =2lPlL pw(),

where [z,y]r and zlPlr denote the Lie bracket and the p-map of L, respectively. Then
Ly is a restricted Lie algebra and V is a strongly abelian ideal of Ly contained in the
center Z(Lg). Moreover, Ly/V = L, therefore Ly is a central extension of L. Further,
if 0 € Z2(L,V) and n € B%(L,V), then Ly, = Ly, so the isomorphism type of Ly
only depends on the element [0] = 0+ B2(L,V) of H2(L, V). Conversely, suppose that a
restricted Lie algebra K has a strongly abelian restricted ideal V such that 0 # V C Z(K)
and set L = K/V. Let # : K — L be the projection map and choose an injective
linear map o : L — K such that w(o(z)) = « for all x € L. Define ¢ : Lx L — V
by é(z,y) = [o(z),0(y)] — o([z,9]), and w : L — V by w(z) = o(z)P! — o(zlP!). Then
0 = (¢,w) € Z2(L,V) and K = Ly. Note that 6 depends on the choice of o. However, the
0’s corresponding to two different o’s differ by a coboundary. Therefore, [6] is independent
of o and the central extension K of L determines a well-defined element of H2(L,V).

The previous argument applies, in particular, when K is a n-dimensional p-nilpotent
restricted Lie algebra. Indeed, by Engel’s Theorem, K is nilpotent of class at most n—1, so
we can find a central element z such that 2P = 0 and V = Fz is a 1-dimensional strongly
abelian restricted ideal contained in Z(K). We conclude that all p-nilpotent restricted
Lie algebras of dimension n can be obtained as 1-dimensional central extensions of p-
nilpotent restricted Lie algebras L of dimension n — 1 (via restricted 2-cocycles). The
number of isomorphic restricted Lie algebras obtained in this way can be then reduced
by using the action of Aut,(L) on HZ(L,V). In fact, it turns out that if [#;] and [6s]
belong to the same Aut,(L)-orbit, then Ly, = Ly, by [3, Theorem 2.13]. However the
converse is not true and, moreover, one can obtain isomorphic restricted Lie algebras as
central extensions of non-isomorphic restricted Lie algebras. Thus we have to eliminate
all redundancies from the list.

Our procedure to classify 5-dimensional p-nilpotent restricted Lie algebras can be
summarized as follows.

1. Take a 4-dimensional p-nilpotent restricted Lie algebra (L, [p]) listed in Theorem 2.2,
determine Aut,(L) and H2(L,F).

2. Find a (possibly redundant) list of representatives of the orbits of Aut,(L) acting on
H2(L,F).

3. For each [f] found in 2, construct Ly.

4. Detect and remove isomorphic restricted Lie algebras from the list obtained by varying
L and [0)].

Clearly, Aut,(L) is determined as the subgroup of Aut(L) consisting of all A € Aut(L)
such that A(zl) = A(x)P! for all z € L. The space H2(L,F) can be calculated in the
following straightforward way. Let x1, 2, 23,24 be a basis of L and (¢,w) € C2(L,TF).
Then we have ¢ = 37, ;4 ¢ijAi;, where A;; denotes the skew-symmetric matrix with
(i, 7)-entry equal to 1, (j,i)-entry equal to —1 and all other entries equal to 0. Moreover,
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as L is nilpotent of class at most 3 and p > 3, the map w has x-property with respect to
¢ if and only if w(Az) = NWw(z) and w(z +y) = w(z) + w(y) for all A € F and z,y € L,
that is, w is p-semilinear. Since w is determined by its evaluation on x1, x2, x3, x4, we will
write w = af1 + 5 fa+7f3+0 f1, where fi(z;) = 0; j, and o, 8,7, 0 € F. The set consisting
of the elements (A;;,0) and (0, f;) is a basis of C?(L,F). We have that (¢,w) € Z2(L,F)
if and only if the conditions (1) hold. As L has nilpotency class at most 3 and p > 3,
note that the second condition in (1) reduces to ¢(x,yP!) = 0, for all 2,y € L. Also, the
restricted 2-cocycles (¢, w) € B2(L,F) are found by requiring that (¢,w) = (1/3,@5) for
some linear map ¢ : L — IF, and H2(L,F) is the space of cosets of B2(L,F) in Z2(L,TF).

For Step 2 there is no general method and it has to be handled by a direct case-
by-case analysis. As this process is quite tedious and involves a big amount of routine
computations, we will include the details only in one case. For the other restricted Lie
algebras listed in Theorem 2.2, a description of Aut,(L), a basis of H2(L,F), and the
1-dimensional central extensions of L are given without including the computations. We
now provide an explicit description of the action of Aut,(L) on H2(L,F). An element
A € Aut, (L) is represented by an invertible matrix

a1l ai2 a1z ai4
A= a21 a22 G23 (424
az1 as2 a3z as34
a41 QA42 Q43 (44

Let [0] = [(qﬁ,w)] S HE(L,IF) If qf) = O,Alg + bAlg + CA14 + dAQg + €A24 + fA34 and
w = af; + Bfs +vfs + f1, by a direct computation we have A¢p = a’ A1z + b’ A1z +
CIA14 + d/Agg + €/A24 + f’A34, where

a11G22 — A12021
a11G23 — 21013
a11024 — Q14021
a12@a23 — 22013
a12024 — A14022
a13a24 — Q14023

a11a32 — 31012
a11a33 — 31013
411034 — 0140431
@12a33 — a32013
12034 — 014032
13434 — Q14033

a11042 — (41012
11043 — Q13041
a11044 — 14041
12043 — Q13042
a12044 — A14042
13044 — Q14043

21032 — 31022
@21a33 — @31023
421034 — 024031
@22a33 — 32023
422034 — 024032
a23434 — A24033

21042 — (41022
21043 — G23041
a21044 — (24041
@22043 — Q23042
22044 — (24042
23044 — A24043

431042 — Q41032
31043 — A33041
31044 — A34041
a32043 — A33042
32044 — 034042
33044 — A34043

e CIESTIES i S}

and Aw = o' f1 + B’ fo ++'f3 + &' f4, where

p p p p
a a a a
o 11) 1 12)1 21 ;1]1 a
!
B | @12 a3z azp Gy B (3)
N D D D D
T (13 O3 a3z dy3 7
J a?, ab, o, d 0
14 Q24 Q34 Oy
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The first 3 steps of the procedure described above provide a complete (but redundant)
list of isomorphism classes of p-nilpotent restricted Lie algebras of dimension 5. Therefore,
it remains the problem to detect and remove redundancies from this list, so that the
remaining algebras are pairwise non-isomorphic. As we will see in Section 6, deciding
whether two restricted Lie algebras are isomorphic is equivalent to the existence of a
solution over F of a set of polynomial equations.

We include here the list of nilpotent ordinary Lie algebras of dimension 5 (cf. [5])
and the list of p-nilpotent restricted Lie algebras of dimension 4 over algebraically closed
fields of characteristic p > 3 (cf. [16]). For nilpotent ordinary Lie algebras we keep the

(]

same notation Ls ; used in [5]. As usual, unspecified elements [z;, z;] or ;" are intended

to be zero.

Theorem 2.1 (/5], Section 9). The isomorphism classes of all nilpotent Lie algebras of
dimension 5 over an arbitrary field are the following:

o L5 = abelian;

o Lyo={(x1,...,25 | [x1,22] = 23);

o Lys=(x1,...,25 | [x1,22]) = 23, [21, 23] = x4);

L] .[/er,’4:<!’L‘17 .,{L‘5‘ [111,1‘2]:37 ,[$3,$4] Is >,'

o Lys={(r1,...,25 | [x1,22] = 23, |21, T3] = 5, [X2, 4] = x5);

o Lso = (1, 25 | [T1, 2] = ®3, [T1, 73] = 24, [71, 74] = 75, [v2, 73] = 75);
o Lsz=(21,...,25 | [w1,22] = 3, [1, 23] = 24, [21, 24] = T5);

L] L5’8 = <{L‘1, ., X5 ‘ [(L‘l,xg] = T4, [.Tl, 3] Is >,'

o Lyg={(x1,...,25 | [x1,22] = 23,71, T3] = 24, [2, T3] = x5).

Theorem 2.2 (/16], Theorem 2.1). Let L be a nilpotent Lie algebra of dimension 4 over
an algebraically closed field F of characteristic p > 3. Then the equivalence classes of the
[p]-maps on L are as follows:

o If L ={(x1,22,23,24), then
(1) Trivial p-map;

(2) 2l = 2.
7 17

(3) z}" =z, x5 = 4.
(4) :E[p] = Zo, x[2p] = x3.
(5) a:[p] = &g, x[zp] = x3, xgp] = 14.
o If L ={(x1,20,23,24 | [x1,22] = x3), then
(1) Trivial p-map;
(2) 2l = z3.
(3) x[lp] =1y4.
(4) :E[lp] =3, x[2p] = 24.
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(5) w3 =4

(6) mgp] = 14, 1:[2’7] = 13.

(7) @ = s

(8) J:A[f] = x3, x[2p] =14

o If L ={(x1,29,23,24 | [X1,22] = 3, [T1, 23] = 4), then

(1) Trivial p-map;

(2) a:[lp] =1y4.

(3) 2 = .

(4) 2P = 2.

As mentioned in the introduction, by using a cohomological method different from
ours, a classification of 5-dimensional p-nilpotent restricted Lie algebras over perfect
fields of characteristic p > 5 was proposed by Darijani and Usefi in [3]. In their approach,
the authors start with a 5-dimensional nilpotent Lie algebra H, a central element z € H
and then aim to find all possible p-maps on H such that z[P! = 0. For this purpose, they
consider the Lie algebra L = H/(z) and all possible p-maps on L and then try to construct
all 1-dimensional central extensions of L that lead to H by choosing § = (¢,w) € Z2(L,F)
such that Ly is isomorphic to H as a Lie algebra. Unfortunately, some crucial arguments
used in that paper are not correct. We briefly explain the main problems. Indeed, in [3],
the following lemma is proved:

Lemma 2.3 (/3], Lemma 4.1). Let F be a perfect field of characteristicp > 5. Let K = Ls o
and [p] : K — K a p-map on K such that zgp] =0. Let L = %, where M = (x3)g. Then
K = Ly, where 0 = (Aj3,w) € Z2(L,TF).

Now, let S be the 4-dimensional abelian restricted Lie algebra with basis {1, x2, 3, x4}
and p-map defined by x[lp] = I, x[2p] = xgp] = xé[f] = 0. Let ¢ = a2+ bA13+ cAy +
dAss + eAgy + fA3z4. In Section 4.1 of [3], by using Lemma 2.3, it is claimed that since
a = ¢(x1,x2) = 0, then L5 o cannot be obtained from S. This conclusion is not true. For
instance, for = (As34,0) € Z%(L,F), the central extension Sy is clearly isomorphic to
L5 5 as an ordinary Lie algebra. Similar invalid arguments also occur in other parts of [3]
(see for instance the applications of Lemma 5.1 in Section 5 and Lemma 10.1 in Section
10). As a consequence, the classification of Darijani and Usefi lacks of several restricted

Lie algebras.
3. L abelian

In this section we focus on the central extensions of an abelian 4-dimensional restricted
Lie algebra L := (x1, x2, 23, z4)F by a 1-dimensional vector space V' = Fz5. Note that the
automorphism group Aut(L) of L as an ordinary Lie algebra consists of all the invertible
matrices
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a1l a2 ai13 a4
A= a21 Aa22 G23 (24
a31 as2 azz a34
G41 Q42 Q43 Q44

According to Theorem 2.2, up to isomorphisms, the possible p-maps on L are the fol-

lowing:

1. Trivial p-map;

2. x[lp] = X2;

3. z[lp] = T, Jfgp] = Ty4;

4. x[lp] = T2, x[zp] = 3;

5. a:[lp] = X2, x[zp] =3, xgp] = x4.

In the sequel we will freely use the following property

Remark 3.1. Let G be a group acting on the sets A and B. Consider the action of G
on A X B defined by g - (a,b) = (ga,gb), for all g € G, a € A, b € B. Let S be an
orbit representative system of the action of G on A. For every a € S, let J, be an orbit
representative system of the action of the stabilizer G,, of & on B. Then {(«,B)| a € S,
B € Ju} is an orbit representative system of the action of G on A x B.

3.1. Strongly Abelian case

We deal with the central extensions of a 4-dimensional strongly abelian restricted Lie
algebra L over an algebraically closed field F of characteristic p > 3 by a 1-dimensional
vector space V. This will also serve as a guiding example showing how the computations
can be performed in the remaining cases.

Let L be the abelian 4-dimensional restricted Lie algebra with trivial p-map. Then
the restricted automorphism group Aut,(L) of L is clearly given by

Aut, (L) = GL(4,F).
Thus, Aut,(L) consists of all matrices

a11 a2 @13 ai4
A— a21 QA22 A23 (24
a31 asz2 agz 34
a41 Q42 Q43 Q44

with det A # 0. Moreover, a basis for H2(L,F) is given by the following elements (see
Section 2 for the definition of the A;;):

[(A12,0)], [(A13,0)], [(A14,0)], [(A23,0)], [(Az4, 0)], [(Asz4,0)], [(0, f1)], [(0, f2)],
[(07 f3)]7 [(07 f4)]
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Let [(¢,w)] € H3(L,F). By Remark 3.1, in order to determine the orbits of Aut, (L)
on H2(L,F), in a first stage we will only concern with the action of Aut,(L) on the ¢’s,
regardless the w’s. This allows to focus on elements of the form [(¢;,w)], where the ¢; are
of a particularly convenient special form. In a second stage, for every ¢;, we determine
the orbit representatives of the action on the w’s by the subgroup of Aut, (L) consisting
of the restricted automorphisms A such that A¢; = ¢;.

By symmetry, without loss of generality we need only to consider the following cases:

C.1 ¢ = aA12 —+ bAlg —+ CA14 —+ dAQg + €A24 —+ fA347 where a, b, ceF* =T \ {O},
C.2 ¢ =alia+bA13 4+ cAyy + dAo3 + eAoy + fA3y, where a,b,d € F*,
C.3 ¢ = alis + bA13 + cA1y + dAs3 + eAoy + fAzy, where a,b,e € F*,
Cd ¢=aliz2+ fAz, a, f €FX,
C.5 ¢ =aly + bAlg, a,b c FX,
Cb6 o= aAlg, a < ]FX,
C7¢=0.
Indeed, for every ¢ € Z2(L,F) one can easily reduce to one of the previous cases by
means of a suitable restricted automorphism. For instance, if ¢ = aA1s +bA13+cA14 +
dAs3 + eAoy + fA3y4, where a,d,e € F* by considering

01 00
1 0 0 0

A= 0010 € Aut, (L),
0 0 01

one has Ap = —alis + dA13 + eA1y + bAs3 + cAoy + fA34, which is of the form C.1 in
the previous list.
We will then consider separately each of these cases.

3.1.1. Case C.1
Let \y =a b 'd—b"te f+a"lcte € F. If A # 0, take

1 1+b7tetf ao7'd A la o7 td+b7tc L)
-1

0 0 —a —a" 1)1
A = O b_l b_l O S Autp(L)
0 0 0 D
Then by (2) we have
1
0
0
Ap = 0
0
1

On the other hand, if Ay = 0, by considering
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1 1+b7te tf a=o7ld (a0 ld+b7tc7tf)
0 0 —a~! —a1
A= 0 b_l b_l 0 € Autp(L),
0 0 0 c !
by (2) one has

1
0
o
Ap = 0
0
0

Therefore, in this case [(¢,w)] belongs to an orbit represented by [(¢',w’)], where ¢’ is
one of the following:

SO OO O
—_—OoO oo o

Cases C.2 and C.3 can be managed in a similar way and yield the same orbits.

3.1.2. Case C.4
Consider A = diag(a™',1,1, f~!) € Aut,(L). Then the action (2) gives
1
0
10
Ap=1,
0
1
3.1.3. Case C.5
Consider
1 0 0 0
0 a! —a7'h 0
A= 0 0 1 ol € Aut,(L).
0 0 0 1
Then the action (2) gives
Ap =
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Cases C.6 and C.7 are obvious, so we conclude that the representatives for the Aut,(L)-
action on H2(L,F) are of the form [(¢,w)], where ¢ is one of the following

-
=
I
coococoo
©-
V)

Il
coococor~
-

w
|
—oooorR

Case ¢ = (0,0,0,0,0,0)T. In this case, we obviously have that A¢ = ¢ for every
A € Aut,(L). Let w = afi + Bfa + v fs + 6 f+. Without loss of generality, it is enough to
consider the following subcases:

a=0=y=0=0.
acF*, g=y=0=0.
a,BeEF* v=§=0.
a,B,yeF*, 0=0.

o, B,7v,0 € F*.

Sk e

In fact, any other case can be reduced to one of the previous cases via a suitable restricted

automorphism by using the action (3). Clearly, Subcase 1 leads to the class represented

by (0,0,0,0). Suppose that Subcase 2 holds. Consider the restricted automorphism
A= diag(a_%, 1,1,1) € Aut,(L).

Then from (3) we have

1
Aw = 8
0
If Subcase 3 holds, then from (3) we have
1 a’r =7 00
1
Aw = 8 , where A= 0 ar 0 01 ¢ Aut,(L).
0 0 1 0
0 0 0 01
Next, suppose that Subcase 4 holds. Then
_1 _1 _1
1 ar —ar —ar 0
Aw = 8 , where A= 0 B> 01 0 € Aut,(L).
0 0 45 0
0 0 0 0 1
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If Subcase 5 holds, then

_1 _1 _1 _1
1 o P —o P —o P — P
_1
Aw=|01. whee a=| 0 P00 e a0,
0 0 0 40
0 0 0 o

Therefore, the set of w’s such that [(0,w)] is an orbit representative of the Aut,(L)-action
on H?(L,TF) is as follows:

0 1
0 0
0f’{O
0 0

Case ¢ = (1,0,0,0,0,0)T. For every A € Aut,(L), in order to have Ap = ¢ the
following conditions must be satisfied:

a11a22 — a12a21 = 1;
a11a23 — az1a13 = 0;

a11a24 — az1a14 = 0;

a12a23 — azza13 = 0;

a12a24 — a22014 = 0;

a13a24 — azzaig = 0.

Without loss of generality, we need only to consider the following cases:
a=3=y=0=0;
acelF*, B=y=0=0;
NEF*X a=6=0=0;
Lo, B EFX v =6§=0;
v, eFX a=8=0;
Lo,y EFX B=6=0;
Lo, B,y eFX 6 =0;
La,y, 0 €eFXOB=0;
Lo, B,y,0 € FXL
Clearly, the first case leads to (0,0,0,0)%. If Subcase 2 holds, then by (3) we have

© 00N DU W N

Aw = , where A= diag(aii,a%,l, 1) € Aut,(L).

1
0
0
0

In Subcase 3 we have
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Aw = , where A =diag(1, 1,7_%,1) € Aut,(L).

O~ OO

Assume now that Subcase 4 holds. Then

1 a v —Br 0 0
1
Aw=|"0 , where A= 0 ar 0 01 ¢ Aut,(L).
0 0 0 10
0 0 0 0 1
Consider now Subcase 5. We have
0 10 0 0
0 01 0 0
Aw=|{ |, where A= 0 0 'y_% _s3 € Aut,(L).
1
0 00 0 A

If Subcase 6 holds, then

1
Aw = (1) , where A:diag(of%,a%m_%,y%)GAutp(L)
0
Next, suppose that Subcase 7 holds. Then
1
1 a » —f» 0 O
1
Aw = (1) , where A= 0 ar 01 0 € Aut,(L).
0 0 ~# O
0 0 0 0 1
If Subcase 8 holds, then
1 a’r 0 0 0
1
Aw = (1) ,  where 8 aop 79% _((;% € Aut,(L).
0 0 0 0 A

Finally, suppose that Subcase 9 holds. Then (3) yields

1 ar —Br 0 0
Aw = (1) , where A= 0 ar O; Ol € Aut,(L).
O 0 ’}/P —6;1
0 0 0 0 ¥

Now, by (3), we have
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1 0 1 0 0 0

~0 0 A 0 1 0 0

Al{ =11 where A=1| 71 45 1 € Aut,(L).
0 0 0 0 0 1

We conclude that the w’s such that [(Ajq,w)] are representatives of the orbits of the
Aut,(L)-action on H2(L,F) are the following

0 1 0
0 0 0
opftoygf1
0 0 0

Case ¢3 = (1,0,0,0,0,1)T. One has that A € Aut,(L) satisfies Ap = ¢ if and only if
the following hold:

a11022 — A12a21 + A31042 — a41a32 = 1;
(11023 — Q2113 + 031043 — A41a33 = 0;
(11024 — Q21014 + 31044 — A410a34 = 0;

Q12023 — Q22013 + 32043 — Q42033 = 0;

12024 — Q22014 + A32044 — (42034 = Oa

(13024 — Q23414 + 33044 — A34a43 = 1.

Without loss of generality, we need only to consider the following cases:

a=3=y=40=0;
LaeFX B=y=06=0;
NYEeEFa=6=60=0;
Lo, fEF* y=6=0;
v, eFX a=6=0;
Lo,y eFX B8=6=0;
Lo, B,y eFX 6 =0;
La,y,0 €eFX B =0;
Lo, By,0 € FXL

Clearly, the first case leads to (0,0,0,0)7. If Subcase 2 holds, then we deduce from
(3) that

© 00 J O U = W N

Aw = , where A= diag(of%,ai,l, 1) € Aut,(L).

[N el

Suppose that Subcase 3 holds. Then
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0
10
Ao.)—l
0

Next consider Subcase 4. We have

,  where A:diag(l,l,y_%,wi)GAutp(L).

1 a’r —fr 0 0
1
Aw= |V , where A=| 0 ar 0 01 ¢ Aut,(L).
0 0 0 10
0 0 0 01
Assume now that Subcase 5 holds. Then
0 1 0 O 0
0 01 0 0
Aw=| 1], where A=1|, , S o Aut,(L).
1
0 00 0 4
Let @ = (0,0,1,0)7. Then by (3) we have
1 0 010
< 0 = 0 0 0 1
Aw = 0| where A=, 00 olc€ Aut,(L).
0 01 0 O

Let Subcase 6 holds. Then we have
1

0 . _1 1 1

Aw = E where A = diag(a™ »,ar,y 7
0

If Subcase 7 holds, then

1 Oz_% ,ﬂ% 0
Aw = (1) , where A= 0 ar 9;
0 0 B

0 0 0 0

€ Aut,(L).

Now assume that Subcase 8 holds. Consider the restricted automorphism

1 a’r 0 0
1
Aw = (.i) , where A= 0 ar 91
0 0 0 ~7r
0 0 0

Finally, assume that Subcase 9 holds. Then

0
0
—J

D=

N

€ Aut,(L).
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1 a’r —BF 0 0
1
Aw = 0 , where A= 0 ar 9; Ol € Aut,(L).
1 0 0 y"P  —0p
0 0 0 0 v

We conclude that the set of w’s such that [(Aj2 + Aszg,w)] is a representative of the
Aut,(L)—action on HZ(L,F) is as follows:

OO =

0 1
0 0
opf{oy)
0 0

By summarizing, the central extensions obtained from a 4-dimensional strongly abelian
restricted Lie algebra L by a 1-dimensional vector space V are the following:

x1,x2,$3,x4,x5>

<

=
<$ $2,$3,]}4,J}5|J}[1p] = T5);
T1,X2,T3,T4,T5||T1,T2] = T5

= | [21, 2] = @s);

<$ $2,$3,$4,l‘5| T1,T2 —.135,.131 = T5);
= (71,22, 3, T4, T5| [T1, 22
=
=
=

[ ]
[ | =
X1, T2, X3, T, Ts| [T1, T2]
[ ]
[ ]

. = x5 = [23,24]);
i 1 1’2,1’3,Z’4,$5| XT1,T2| = Ts [£E37£E4], —£U5>
. $1,9€2,$3,$47$5| x1,T2] = T5 [3337334], _135%%1)] = 905)

3.2. pmapx[p]—:vg

Auty,(L): Invertible matrices of the form

aii 0 0 0
A a2 by ass az

az1 0 aszz ass

ag1 0 ag3 ag

Basis of H2(L,F):

[(A13» 0)}’ [(A147 0)]a [(A347 0)]7 [(Oa f2)}’ [(07 f3)]’ [(0» f4)]

Central extensions:

* Lg = <$17x27$37x4)x5|x[1p] = .132>,
p] _ >

(]
o Lig = (1,20, 23, T4, x5 2] = 12, 23" = x5

_ [P _ Pl _ . \.
° Lll - <x1,x2,x3,x4,x5\x1 = T2, Ty 7.T5>,
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[p]

o Ly = (x1,22,x3, T4, T5| [3, 4] = x5, 2] = T2);
o Li3 = (21,22, 23,24, x5| [T3,24] = [lp} = I, xgp] = T5);
o Ly = (w1, 22,73, T4, 75| [T3, 74] = $[1p] = T2, T [p] = T5);
o Lis = (21,29, 23,24, 25| [23, 4] = $[1p] = @, m[f] = T3, xgp] = I5);
o Lig = (1,29, T3, 24, 05| [11, 7] = 75, 27} = 3);
o Lyi7 = {(x1,22,23,24, 25| [x1,24] = z[lp] = Zo, xg] = x5);
o Lig = (21,29, 23,24, 25| [11,24] = x[lp] = @, x[f] = I5);
o Lig = (21,22, 23,24, 25| [T1, T4] = T5, a:[lp] = I, xﬂf] = T5).
3.8. p-map x[p] = X9, acgp] =4
Aut,(L): Invertible matrices of the form
a;; 0 a3 O
Ao | @ an ax d
az1 0 a3z O
P P

a41 A3y Q43 G33

Basis of H2(L,F):

[(A13a 0)]7 [(07 fZ)]’ [(07 f4)]

Central extensions:

[p] .
b L20 - <£C1,£E2,$3,£C4,$5|.’E1 = T2, xS = $4>,
[p] p] _ .
o Loy = (21, 362,963,1?4,965|$1 =T, Ty = Ts, Ty = T4);
_ [p] _ p] _ .
o Loy = (x1, 2,03, %4, 5| [X1, 23] = x5, ] = T2, T3 = T4);
[p] (] (]
o Ly3= <$1,$2,$3,$4,$5| [3317333] =I5, Ty = T2, Ty = Ts, T3 = 3C4>'
3.4. p-map x[p] = T2, x[2p] =3
Aut,(L): Invertible matrices of the form
a1 0 0 0
a1 afl 0 0
A= p p>
azi ag; ayp A34
as1 0 aqu

Basis of H2(L,F):

[(A14,0)], (0, f3)], [(0, fa)].
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Central extensions:

] _

o Loy= (xl,xg,x3,x4,a:5\x[1p] = X9, Ty' = T3);

o Los = <x1,x2,x3,x4,x5\x[lp] = Zo, $[2p] = 13, :cgp] = x5);

o Log = (xl,xg,a:g,a:4,m5\x[1p] = Zo, x[Qp] = I3, a,{f’] =5);

o Lo7 = {(x1, 9, T3, T4, 5| [21, 4] = x5, x[lp] = 1o, x[Qp] = z3);

o Log = (x1,T2, T3, T4, T5| [X1,24] = x5, ac[lp] = To, x[zpl = x3,x[3p] = x5);

o Log = (1,2, %3, T4, T5| [1,24] = 5, x[lp] = I, x[f] = x3,x£1p] = x5).
3.5. p-map a:[lp] = T, x[2p] = 23, mgp] =14

Aut,(L): Invertible matrices of the form

a1 0 0 0
az1 a1171 0 0
A= p p’
as1 Qo al% O3
an ay ahyy  ay
Basis of H2(L,F):
[(0, fa)].
Central extensions:
e Lz = <$1,$2,$3,f€4,$5\ Jf[lp] = T2, f[gp] = I3, xé”] = 334);

[p] [p] (] [p]
o L3y = (x1,22,%3,Ta, Ts|T] = T2, Ty" = T3, Ty = Tq, T4 = Ts).

4. Case L = (x1, x2, T3, T4|[x1, T2] = x3)
In this section we focus on the 1-dimensional central extensions of
L := Ly = (x1,2, 23, T4][x1, T2] = 3)F.

The automorphism group Aut(L) of L as an ordinary Lie algebra consists of the invertible
matrices of the form

aiy a2 0 0

A _ as1 as2 0 0
azr azz T a3 |’
as1 as2 0 ay

where r = aj1a29 — a12a21.
According to Theorem 2.2, up to isomorphisms, the possible p-maps on L are the
following:
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(1) x[lp] _ x[zp] xgp] _ [ J—

(2) x[lp] — 23 [ 1 _ [p] — l,[p] —0.

(3) x[lpl = a4, @ [p} [p] _ Lp] —0.

(4) gc[lp] =23, T [p] = 24, mép] [p] —0.
(5) x:[gp] =24, :U[ p] _ [P] — CC[P] =0.

(6) xép] = 14, a:[ Pl— s, x[lp] = a:é[lp] =0
(7) x&ﬁ] — 23, az[ pl _ x[2p] _ m[p] —0.

(8) xgp] =13, :U[ Pl _ =4, [P] — x[P] 0

4.1. p—map x[p] _ $[2p] _ xgp] _ sz[lp] 0

Aut, (L) = Aut(L).
Basis of H2(L,F):

[(A13,0)], [(A14,0)], [(Azs,0)], [(A24,0)], [(0, f1)], [(0, f2)], [(0, f3)], [0, fa)]-

Central extensions:

o L3o = (1,22, 73,24, 25| [T1,22] = T )

o L3z = (1,22, 23, T4, T3] [21, 22] = 23 =x5>;

o L3y = (w1, 22,73, T4, 5] [21, 2] = 23 = T5);

o L5 = (1,22, 73,24, 25| [T1, 2] = 23 = z5);

o L3g = (x1,%2, 23,24, 25| [T1,22] = 23 [xg,mg] =T5);

o L37 = (21, %2, 23,24, 5| [T1, 22] = T3, [22,23] = x5, x3 = x5, pr] = I5);

o Lig(a) = (xq, 29, 3, 24, T5| [21, 2] = 23, [X2, 23] = X5, x[lp] = as, xgp] = x5), where
a €T,

o L3g = (1, %2, 23,4, 5| [T1, x2] = T3, [T2,23] = T5, J:A[lp] = x3);

o Ly = (21, %2, 03,4, 75| [11, 22) = @3, [0, 23] = @5, @) = x5);

o Ly = (21,29, 23,24, 25| [11, 2] = T3, [22,23] = z5, m[lp] = I5);

o Lyp = (w1, 22,73, T4, T5| [21, 72] = 23, [11,24] = 75);

o Lyz = (21,22, 03,04, 25| [11, 22) = 23, [21, 2] = @5, ) = 25);

o Ly = (1,29, 23,24, 5| [11, 2] = T3, [11,24] = T5, mép] = I5);

o Lys = (x1,29,23, %4, 5| [x1, 2] = T3, [X1,24] = x5, a:[lp] = x5);

o Ly = (x1, %2, 23,24, 5| [T1, x2] = T3, [21,24] = @5, xgp] = x5, x[f’] = I5);

o Lyr = (21,29, 23,24, 5| [11, 2] = T3, [21,24] = T5, m[Qp] = I5);

o Lyg = (x1,29,%3, T4, 5| [T1, 2] = 3, [X1,24] = x5, [T2, 23] = 25);

o Lyg = (21,22, 03,04, 25| [11,22) = @3, [21, 2] = @5, [02, 23] = @5, ) = 25);
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o L5y = (1,29, 23, T4, T5| [T1,T2] = @3, (21, 24] = @5, 22, 23] = @5, xé”] = z5);
d L51 = <x17x27x37x47x5‘ [xlaxQ] .'173, [$1,$4] - .’E5, [.'1/'27.'1/'3] - I5; m[Qp] = :I/'5>7
o Ly = (xl,xz,xs,m,%\ [xl,ﬂiz] = I3, [3317334] = Ts, [9627963] =I5, T [p] = 335>~
4.2. p-map x[p] =13
Auty,(L): Invertible matrices of the form
ail 0 0 0
A= asi a11)1_1 0 0
as1  azxy af; as
ag1  ag2 0 agy
Basis of H2(L,F):
[(A147 0)]7 [(A247 0)}’ [(07 fl)]a [(07 f2)]a [(0’ f3)]7 [(Oa f4)]
Central extensions:
o Ls3 = <£€1,5€2,$3,9€4,5€5\ [3317302] r3 [p] = 933>,
o L5y = (x1,22, 23,24, 05| [21, 2] = 3 [p] = 3, 9C£1p] = 5);
o Lss = (x1,22, 23, %4, 05| [21, x2] = 3 =3, xé”] = T5);
o Lz = (x1,22,23, T4, T5| [T1, 22] = x3 =3, Ji[gp] =5);
o Lsy = (21,22, 3, T4, T5| [T1, T2] = x3 [p] = x3 + T5);
o Lsg = (x1,22, 23, T4, T5| [T1,T2] = 3, [2172,964] = T5, 33[117] = 3);
. L59(CV) = <$17$27$37$47$5| [5E1,$2] = I3, [552,%4] = Ts, $[1p] = 23+ axs, T Lp] = $5>7
where o € TF;
o Lgo = <$1,$2,$3,f€4,$5\ [$1,332] = T3, [332,334] =T5, T [p] = T3, xé”] = T5);
o Lei(a) = (21,22, 23,24, T5] [71, 22] = 3, [22,24] = w5, ﬂﬂ[p] = X3 + s, 30[2] = ars),
where o € TF;
o Lgy = (£1,$2,$3,JC4,1‘5\ [$1,332] = I3, [1‘2,334] = Ts, $[1p] = T3, l‘[zp] = 335>;
o Leg3 = (w1, %2, 73,74, T5| [11, T2] = 73, [71,74] = 75, Sc[p] = x3);
o Les() = (w1, 20,73, 24, 25| [21, 2] = 23, [T1,24] = 25, T [p] = T3, ff[p] = QIs, xz[lp] =
x5), where o € TF;
o Lgs = <$1,$2,l‘3,$4,$5\ [$1,332] = I3, [1‘1,1‘4] = Ts, $[1p] = T3, x@,”] = $5>;
o Leg = (v1, 22,23, T4, 75| [21, X2] = 3, 11, 24] = T35, 33[1]9] = T3, if[zp] = T5);
o Lg7 = <£U1,£U2,9037904,905\ [5517%2] =3, [171,554] =I5, T [p] =3 +$5>'

4.83. p-map x[lpl =Ty

Aut,(L): Invertible matrices of the form
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aii 0 0 0
az1  a22 0 0
az1 azz ajjaze 0
aq1 Qg2 0 CL‘lel
Basis of H2(L,F):

[(A13,0)], [(A23,0)], [(0, f2)], [0, f3)], [(0, fa)]-

Central extensions:

o Lgg = (x1, 22,23, T4, T5| [T1, T2 —964>

= 14, xgp] = x35);

[p

= 14, 933] = x5);

o Legg = (w1, 22,23, T4, Ts| [T1, T2

. L70— x1, %2, X3, Ta, Ts| (21, T2

( 1, 22)]
( 21, 22)]
( [ ]
. = (21, %2, T3, T4, 5| [T1, T2]
( 1, 22)]
( 1, 22]
( ]

x3
x3
x3
=13 = 4 x[ Pl Pl oy,
- 3 5 334 335>7
¢ L72 T1, T2, 73,74, T5| [T1,T2] = 73 = 24, x[zp] = x5);
¢ L73 z1 £C2,$3,x47x5| L1, T2| = T3, [.’EQ,.’E;;] = Ts, x[lp] = $4>
° L74 - x17x27$3,x4,$5| [x17x2 = 3, ['1:2,1:3} =x5, T [p] = 14, l,z[f)] _ Jf5>;
. L75(04) = <l‘1,l‘2,l‘3,l‘4,$5| [1‘1,1‘2] = I3, [.TQ,.%‘;),] = x5, T [p] = 14, J;ép] = Ts5, ﬂfé[lp]
azs), where a € F;
. L76 = <£L’1,J,'2,£L'371L'47{L'r| [1’171‘2] T3, [1'2,333] = x5, x[lp] = 4, x[2p] _ $5>;
o L= <x1,x2,x3,x4,x5| [:L’th] = x3, [xl’x;ﬂ =5, [ ] _ £U4>
o Lag(a) = (w1, 22, w3, 24, 5] 21, 20] = @3, [0, 23] = w5, @ [p] = T4, a:é”] = axs, mz[f)]
x5), where a € F;
o Lro(a) = (z1, 22, 3, 24, x5 [T1, 2] = 23, [21, 23] = 5, x[lp] = x4, I[zp] = azs, xgp]
x5), where a € F;
o Lso = (w1, 72,73, 24, 35| [11, 22] = w3, [11,75] = w5, 2 = 24, 2 = 25).
4.4. p-map x[ll = 13, $[2p] =1y

Aut,(L): Invertible matrices of the form

a1 ai2 0 0
1
0 afl 0 0
A= P P
azi  azz2 a4y a2

>

ag1 Q42 0 aly”

Basis of H2(L,F):
[(07 fl)]v [(07 f3)]7 [(0’ f4)]

Central extensions:

o Lgi = (x1, 2,23, T4, 5| [T1, 2] = 3, $[1p] = x3, x[zp] = 4);
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d L82 = <.’E1,.’E2,$3,$4,.’E5‘ [1'171'2] = I3, Tq
. L83 = <$1,$2,$3,$4,$5‘ [SCl,SCQ] = 3, I[lp] =3, T

o Lgy = (x1,29,23, T4, T5| [T1,22] = 23, T

(]

4.9. p-map T3 = T4

Aut,(L): Invertible matrices of the form

where r = a11a22 — A120217 .

Basis of H2(L,F):

[p]

T

[p]

[(A13,0)], [(A23,0)], [(0, f1)], [(0, f2)], [0, fa)].

Central extensions:

o Lgs = (x1,x9,x3, 4, x5 [T1, 2] = 23
o Lgg = (x1, 2,23, %4, T5| [X1,T2] = X3
. L87 = (1, %2, T3, Tq, 5| [T1, 2] = T3
. = (x1, T2, T3, Tq, Ts| [T1, 2] = 23
. = (1, %2, T3, T4, 5| [T1, T2] = T3
. = (21, %2, T3, Tq, 5| [T1, 2] = T3
. L91 = (x1, z2, T3, Tq, T5| [21, x2] = T3,
o Lgo = (1,2, %3, T4, Ts| [1, T2] = T3,
o Loz = (w1, 22,23, 74, T5| [11, T2] = 3,
o Loy = (x1,x9,x3, 24, 25| [T1, 22| = T3,

[

4.6. p-map :c2p] = 3, g;g’] =1y

Auty,(L): Invertible matrices of the form

p—1

o9

Basis of H2(L,F):

= X3+ x5, Ty' = T4);
[2]9] = T4, x[p] = SC5>,

[1p] = 3, x[QP] = 1y, pr] =I5).

a2 0 0

as2 0 0

o r» 0

49 0 ’I“p
‘T[3p] = SC4>,
o =, ) = )
x[Qp] = x5, xép] _ x4>;
x[gp] — xglp] = 15);
[$1796‘3] = Zs, xé”] = $4>;
[3?1,053] =T5 iC[lp] = Ts, xé”] = T4, Q?LP] = $5>;
[5U1,CU3] =I5 Z[lp] = Is, xé"] = $4>;
[x1, 23] = x5 a:[gp] = 5, xép] = 14, xé[lp] = I5);
[3?1,053] = Ts, w[gp] = Ts, xé”] = $4>§
[71, 23] = w5, xéf’] = T4, %[;p] = T5)
a2 0 O

as2 0 0

0 aby, 0

a42 0 a§2

[(07 fl)]’ [(07 f2)]7 [(Oa f4)]
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Central extensions:

° L95 <$1,$2,$3,$4,l’5| [.131,.’132] = I3, 1‘[217] = T3, .’Egp] = $4>'

o Log = (1,2, w3, 24, 25| [T1, T2] = T3, m[lp] = r5, x[zp] = x3, xgp] = I4);
o Log7 = (1, %2, 23,24, 5| [T1, T2] = T3, xgp] =3+ x5, xg] = I4);

o Log = (1, %2, x5, 24, 25| [T1, 2] = T3, m[Qp] = 3, xép] = 24, mz[f] = I5).

4.7. p-map pr] =3

Aut,(L): Invertible matrices of the form

ail ai2 0 0
_ a1 a2 0 0
as1 azz T asq |’
0 0 0 Q44

where 7 = a11a22 — a12a21 = al,.
Basis of H2(L,F):

[(A14,0)], [(Az24,0)], [(0, £1)], [(0, f2)], [0, f3)], [(0, fa)]-

Central extensions:

[p]

o Log = (w1, 22,23, 24, 5| [T1,22] = 23, T4 = 23);

o Ligo = (1,2, T3, 24, 5| [X1, x2] = X3, mlp] = x5, a:z[f] = x3);

e Lio1 = (21,22, 23,24, X5 [x1, 22] = T3, xgp] = 5, zz[f] = x3);

o Lygy = (21,22, 23,4, X5] [x1,22] = w3, xlp] = x5, :ELP] =3+ x5);

o Lioz = (1, %2, T3, 24, 5| [X1, X2] = X3, $4p] = x3 + T5);

o Lios = (x1, 22,23, %4, 75| [21, X2] = T3, [1,74] = w5, lfz[f] = x3);

o Ligs() = (w1, 22,73, 24, T5] [xl,xg] = 13, [21,14] = s, as[lp] = axs, z[f} = x3 + x5),
where a € F;

o Ligs(a) = (@1, 22, T3, T4, T5| [21, 2] = T3, |71, 24] = X5, x[f] = axs, x[lp] = x5+ z5),
where o € F*;

o Loy = (21,22, 03, T4, 75| [11,22) = x5, [21, 2] = @5, 2]} = 25, 2 = w3);

o Lios = (x1, 2, 03,04, 75| [11,22) = x5, [21, 2] = @5, 27 = 25, 2 = w3);

o Ligo = (21, T, 23, T4, 5| [11, 23] = @3, [11, 24] = 25 27 = 25, 2P = 23).

4.8. pmapx”-m, acé[lp}zxg

Aut,(L): Invertible matrices of the form
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2
—1
a1272 ai2 0 0
0 a 0 0
A= 22 B
asi @32 Aoy QAyo
p
0 a42 0 (5%
Basis of H2(L,F):
[(0, f1)], [0, £3)], [0, fa)]-
Central extensions:
[p] [p] .
o Liio = (21,22, 23, T4, T5| [0, 2] = T3, By = T4, Ty = T3);
P D P .
i Llll - <l’1,l’2,l’37l’4,l’5| [1'171'2] = 3, x[Q] = T4, 1'[3] = Ts, xgl] = 1’3),
[p] (p] [p]
i L112(Oé) = <$17$2,$3,$4,9€5| [131,1’2} = I3, X1 = Q5, Ty = T4, Ty
where a € [F;
P P P
o Lz = (21,22, 73, T4, T5| [1, 2] = 23, 95[1] = w5, 96[2] = T4, $£1] = x3).
5. Case L = (&1, X2, 3, T4| [T1, T2] = T3, [T1,X3] = 24)
In this section we deal with the 1-dimensional central extensions of L := L3 =

(21, T2, T3, T4|[T1, T2] = T3, [21, 23] = x4)F. The automorphism group Aut(L) of L con-

sists of the invertible matrices of the form

a1 0 0 0
A _ a1 a22 0 0
as1 ase ai1a22 0

2
a4q1 QA42 11032 G71022

According to Theorem 2.2, up to isomorphisms, the possible p-maps on L are the fol-

lowing;:

Pl _ [l _ gp] _ 37[117] —0.

[Pl _ 4, m[2p] _ xgp] _ xl[lp] —0.

(1)

(2) 23

(3) x[f] = 1y, :c[2p] :xgp] ::cgp} = 0.
(4)

4 x[Qp} = Ty, a:[lp] :x:[}p] :aré[f} =0.
5.1. p-map Ji[lpl :3:[21’} zx:[;p] :mé[f} =0

Auty,(L): Invertible matrices A of the form

a1 0 0 0
A _ a1 a22 0 0
az1 ase ai1a22 0

2
Gyg1 QA42 11032 G71022
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Basis of H2(L,F):

[(A14,0)], [(A23,0)], [(0, f1)], [0, f2)], [(0, £3)], [(0, fa)].

Central extensions:

o Li1g = (x1, 22,23, 74, 75| [thQ] z3, [$17$3] = T4);
o Liis = (x1, 22,23, 74, 75| [thz] 3, [$17$3] = T4, xz[lp] = T5);
o Liig = (x1, 22,23, 74, 75| [%,mz] z3, [$17$3] = T4, x;[gp] = T5);
o Liz = <$ , T2, 3, T4, Ts| [2517552] z3, [ffhfs] = T4, CU[QP] = $5>§
o Lig = <=’E , T2, 23, T4, Ts| [$1,$2] z3, [$17$3] = T4, $[1p] = $5>§
o Liyg = (w1, %2, 23, T4, 5| [1, 22] = x3, [11, 73] = T4, [v2, 23] = X5);
o Ligp = <$ , T2, 23, T4, Ts| [2517552] z3, [ffhfs] = T4, [302,353] = Ts, fz[f] = T5);
o Lioy = (@1, 22,23, 24, 05| [21, B3] = x3, [21, 73] = T4, [T0, T3] = ¥5, T = 5);
o Lig = (21,2, 3,4, 75| [11,02] = 23, [11, 23] = 24, [, 73] = @5, 2} = x5);
o Liog = (21,22, 3,4, 75| [11,02] = 23, [11, 23] = 24, [, 23] = @5, 27 = 25);
o Loy = (w1, 72,73, 04, 5| [T1, 22| = 23, [T1, T3] = 24, [71, 74] = T5);
o Lyos = (21,22, 03,04, 75| [11,02] = 23, [11, 23] = 24, [21, 2] = @5, 2P} = 25);
o Lisg = (21,22, 03,4, 75| [11,02] = 23, [11, 23] = 24, [21, 2] = @5, 2] = 25);
o Lior = (1, @9, T3, 24, 5| [21, X2] = 23, [21, 23] = 4, [21,24] = @5, x[;] = I5);
o Lisg = (21, X2, T3, 24, x5 [21, X2] = T3, [21, 23] = 24, [21,24] = z5, x[lp] = I5);
o Lizg = (w1, %2, 73, T4, T5| [1, ¥2] = T3, [T1, 23] = 24, [T1, 74] = 75, [12, 23] = T5)
o Lizo(a) = (v1,%2,73, 74, 75| [x1,22] = 73, [21,23] = 24, [v1,74] = @5, [12,73] =
Z5, pr] = axs), where a € F*;
b L131( ) = <$1,$27$37I4,$5|[$1,$2] = I3, [$17$3] = T4, [$1,$4] = Ts5, [332,333] =
Ts, :E[3p] = axs), where a € F*;
. L132( ) = <$1,$2,$3,$4,$5|[$1,$2] = I3, [$1,$3] = T4, [581,%4] = s, [5C2,=’E3] =
xs, :c[2p] = aws), where a € F*;
o Lizz(a) = (x1,%2, 73,04, 5| [01,22] = 3, [11,23] = 24, [11,24] = @5, [w2, 23] =
Z5, a:[lp] = axs), where a € F*.
5.2. p-map x[lp] =4
Aut,(L): Invertible matrices of the form
ai 0 , 0 0
R aly p()_l 0
asy  aGs2 ay 0
as1 a4 anazy  aj
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Basis of H2(L,F):

[(A23,0)], [0, f1)], [(0, £2)1, [0, f5)], [(0, f4)]-

Central extensions:

o Ligs = (x1,%2,23, 24, 5] [561,362] = I3, [9317963] = Z4, $[1p] = Z4);
o Lizs = (1,22, %3, 24, T5| [21, T2] = 3, [71, 23] = 24, 2P = 2, x&p] = 5);
L] L136 = <.’1?17.’172,.’1?37.’L‘47.’175| [.’1?1,.’172] = I3, [.1'1,583] = T4, J}[p] = T4, .Tgp] = $5>,
o Lizr = <$1,$2,$37$47$5| [961,962] = I3, [$179€3] = X4, 96[1p] = X4, 90[21)] = $5>,
o Lizg = (21,22, %3, 24, T5| [21, 2] = 3, [11, 23] = 24, x[lp] =24 + T5);
o Li39 = <$173«"27$37$47$5| [331,332] = I3, [361,963] = T4, [$2,$3] = Ts, x[lp] = £C4>,
o Li(a) = (w1,22,23,24, 75| [v1,22] = 3, [11,23] = 24, [x2,23] = w5, m[1p] =
2y, x[lp] = axs), where a € F*;
o Lin(a) = (21,202,203, 00, 25| [21,22] = 3, [21,25] = 24, [w2,25] = 25,27 =
T4, xgp] = axs), where a € F*;
o Ligp(a) = (x1,22,%3, 04, 05| [w1,02] = 3, [x1,23] = x4, [v2,23] = w5, 55[1p] =
Xy, 33[2”] = axs), where o € F*;
o Lus(a) = (w1, 00,23, 4, 75| [21, 73] = 3, [0, 73] = 24, [w2, 23] = 25, 27 = 24 +
axs), where a € F*.
5.8. p-map xép] =Ty
Aut,(L): Invertible matrices of the form
a1 0 0 0
2—p
-1
A= a1 afl i 0
0 0 aj' 0
_p
as1 Q42 0 afy’
Basis of H2(L,F):
[(A23,0)], [0, f1)], [(0, £2)], [(0, £3)], [0, fa)].
Central extensions:
o Ly = (x1, 22,23, 24, T5| [01, 2] = 3, [11, 23] = 24, x[gp] = T4);
o Lis(@) = (w1, 29, T3, 24, T5| [11, T2) = @3, [21, 73] = @4, &) = 24 + s, 2 = @5),
where a € F;
o Ligs = (21,22, 23,14, T5| [21, T2] = 3, [11, 23] = 24, x[gp] = x4 + T5);
o Ligr(a) = (21,22, 3, 24, T5| [1, T2] = 23, [21, 23] = 24, x[lp] = x5, xgp] =14 + axs),

where a € F;
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[p] [p]

o Lus(a) = (m1, 22,23, 4, T5| [T1, 2] = X3, [21, 23] = T4, T3 = x5, Ty = Tg + aT5),
where o € F;

o Lyyg = <$1,€E2,=’E3,$4,€E5| [2517552] = T3, [ffhfs] = T4, CU[QP] = Ts, fg,p] = T4);

o Liso = (w1, 22, 03,04, 25| [11,22) = x5, [21, 23] = 24, 27 = 25, 2F) = 24);

o Li51 = <$1,l”2,l”3,334,335| [2171,1’2] = 3, [1»‘17$3] = T4, [zz,l‘s] = Ts, xép] = 174>

i L152( B) <.’E1,$2,$3,$4,.’E5| [ﬁrhﬁEQ] = T3, [xhx-i] = T4, [xQ;xS] = s, xép] = T4 +

azs, of) = Bs), where (a, 8) € F?\ (0,0);

o Liss(a,B) = (x1,®2, @3, 84, 5| (11, 22] = 3, [11,23] = x4, [w2,23] = w5, 90[1p] =
Bxs, © [p} = x4 + axs), where (a, 3) € F? \( 0);
o Liss(a ,5) = (1,20, 23,24, 35| [21,22] = @3, [21,25] = 24, [22,03] = w5, &) =
Bas, 2P = x4 + aws), where (a, 8) € F2 \( 0);
o Liss(a) = (w1,02,23, 24, 25| [1,22] = @3, [x1,23] = x4, [x2,23] = w5, m[lp] =
axs, mgp] = 14), where o, € F*.
5.4. p-map x[2p] =4
Aut,(L): Invertible matrices of the form
p—1
Gog 0 0 0
0 a 0 0
. 22 o
a3z as9g a222 O
p—1
a41 42 Aoy 32 agg
Basis of H?(L,F):
[(A23, 0)}» [(07 fl)]a [(07 fQ)]a [(07 fB)]v [(Oa f4)]
Central extensions:
o Lisg = <$1,9€2,$3,9€4,9€5| [$1,$2] = I3, [3317333] = T4, x[gp] = $4>§
o Lisr = <171,I2,l’3,9€47$5| [961,1752] = 3, [9317$3] = T4, 'T[Qp] = T4, Iz[;p] = 175>;
o Lisg = <$1,!E2,$3,$4,$5| [!E1,$2] = I3, ffhifs] = T4, CU[gp] = T4, :ré,”] = CU5>;
o Liso(a) = (1,22, 03,24, 25| [11, 2] = @3, [11, 23] = 24, @) = aws, 2¥) = 24 + 5),
where a € F;
o Ligo = (w1, 2,73, 24, 75| [21, 22] = 23, [21, 23] = 24, 2 = 25, 27} = 24);
o Lig1 = (1,22, 23, Ta, 5| [1, T2] = X3, [21, 23] = T4, [T2, 23] = x5, @ [p] = Z4);
b L162( ) = <.’E1,.’E2,.’E3,.’E4,.’E5‘ [xlva] = I3, [x1a$3] = T4, [anx3] = s, x[zp] =
T4, pr] = axs), where a € F*;
o Ligs(a) = (w1,02,73, 24, 25| [x1,22] = 3, [x1,23] = a4, [2,23] = w5, x[zp] =

Z4, xgp] = axs), where a € F*;
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o Liga(eo, ) = (x1,20, 23,24, 25| [T1,22] = a3, [21,23] = x4, [x2, 23] = w5, Cv[lp] =

Bxs, m[gp] x4 + axs), where (o, 3) € F2\ (0,0).
6. Detecting isomorphisms

In the previous sections we determined the 1-dimensional central extensions of the 4-
dimensional p-nilpotent restricted Lie algebras. This gives a complete (but redundant) list
of isomorphism classes of p-nilpotent restricted Lie algebras of dimension 5. In order to
eliminate redundancies, we proceeded in the following way. We first separated the classes
according with the 5-tuple of invariants (dim L', dim Z(L), dim L], dim L[p}z7 dim L[p]3),
where LIP" denotes the restricted subalgebra generated by all the elements 2P’ Now,
if two restricted Lie algebras K; and Ks have different 5-tuple of invariants, then it is
clear that Ky 2 K5. On the other hand, if K; and K5 have the same invariants, we first
established whether they are isomorphic as ordinary Lie algebras. If so, by means of a
suitable change of basis, we reduced to one of the 9 Lie algebras listed in Theorem 2.1
and, finally, we looked for possible restricted isomorphisms f : K7 — K. This gives rise
to the study of a set of polynomial equations. Of course, the given restricted Lie algebras
are isomorphic if and only if such a system admits solutions. Here the assumption that
the ground field is algebraically closed has been used in a crucial way. As it would be
impractical to include here all the straightforward computations needed to detect and
remove isomorphic p-nilpotent restricted Lie algebras, this has been omitted from this
work. However, we illustrate by an example how the problem has been solved. Consider

o Lig(a) = (x1,x2, 23,24, 25| [21,22] = x3, [T1,23] = x4, [x2,23] = x5, x[lp] =
Ty, xf = axs), a € F*;

o Lisa(a, B) = (@1, 2,23, 24, 5| [21, 0] = 23, [11, 3] = @4, [02, 23] = 25, 1) = 24 +
azxs, zz[f] =pas),a €F, e,

o Liga(a) = (m1,mo, 3,24, 25| [11,22] = 3, [T1,23] = @4, [x2,23] = x5, z[Qp] =

T4, x[lp] = axs), a € F*.

If L is any of the previous restricted Lie algebras, then we have dim L' = 3, dim Z(L) = 2,
dim L) = 2, dim L = 1, dim L’ = . Clearly, all these restricted Lie algebras are

isomorphic to Ls g as ordinary Lie algebras. Therefore, Aut(L) is the set of the invertible
matrices of the form

a1l a12 0 0 0
a1 a2 0 0 0
A = asy as9 T 0 0 s

aq1 Q42 a11032 — Q31012 A1l a2’
as1  as2 (21432 — @31G22 A21T G227

where r = aj1a22 — as1a12.
We first show that Ligo(a) = Li140(1). Indeed, let f1 : Ligo(a) — L140(1) be the

element in Aut(L) defined by the following conditions: fi(z1) = T x1, fi(za) =
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a?%xg, filxs) = a?:_;ﬁmg, fi(zy) = amm and f1(z5) = 0[52%1'5 Then it
is easy to verify that f; is a restricted isomorphism. Similarly, let fo : Liga(a) — L162( )
be the element in Aut(L) defined by the following condltlons fa(z1) = amxl,
folws) = %573, o) = a0 g, fo(wa) = a3, folus) = o,
Then one can check that f is a restricted isomorphism, so Liga(a) = Liga(1).

Finally, we consider fs + Lis2(a, B) — Llog(O 1) € Aut(L) deﬁned by f3(z1) =

p—1

Br2tr—3x) — aﬂp7+p 319, f3(l‘2) = /Bp +p 319, f3($3) = [r7tr-3 +p 3x3, fs(x4) =
p

Britr—3gx,y — a,BPEJrP 315, fa(xs) = Brite-3 e 3x5. Then f3 is a restricted isomorphism

and so Liza(a, f) = L152(0,1).

We now show that the restricted Lie algebras Li49(1), L152(0,1) and Lig2(1) are
pairwise non-isomorphic. Denote by [p]1, [p]2, [p]s, respectively, the p-maps of Li40(1),
L152(0,1), L1g2(1). Let f: L152(0,1) = Li162(1) € Aut(L) and suppose by contradiction
that f is restricted. Then we must have 0 = f(z/"?) = f(2,)P = a8 24 + a¥ 25 and
0= f(x [p]z) = f(x2)lPls = aBy2y4 + alyx5. Consequently, we have az; = agp = 0, thus f
is not bijective, a contradiction. Hence L152(0,1) 2 L¥4,(1).

Let h : L152(0,1) — L140(1) € Aut(L) and suppose by contradiction that h

is restricted. Then we must have 0 = h(z"?) = h(z))P' = aP 24 + a¥j25 and
0= h(z [plz) = h(zo)lPh = alsxy + alyxs. It follows that a1 = a2 = 0, hence h is
not bijective, a contradiction. Thus, L152(0,1) 2 Lig2(1).
Finally, let g : L1g2(1) — L140(1) € Aut(L) and suppose, if possible, that g is restricted.
We must have 0 = g(:c[lph) = g(z)lPh = a? 24 + b x5 and 0 = g(x [Pl 3 = g(xs)Plr =
alyrPxs. Then, as ajy = ajor = 0, ¢ is not bijective, a contradiction. Therefore we have
that Liga(1) 2 L140(1).

We now re-list the central extensions taking into account of the isomorphisms found
by the just described method. The title of each subsection will refer to the underlying
Lie algebra L5 ; to which the central extensions are isomorphic as ordinary Lie algebras
(cf. Theorem 2.1).

6.1. Underlying Lie algebra Ls
Ly; Lo = Lg; Lyo = Lao; Lyy = Log; Loy & Log;  Los & Lao;  Lag.
6.2. Underlying Lie algebra Ls >

L3 = L3g; Ly = Lss; Ly = Log;  L12 = Lag = Lios; L1z = Lsa = Ligg;

Liy = Lis; Lig = Las & Lsr = Les; L1z = Lioo;  Lis = Liio;  Lig = Lise & Lsi;
Loy = L7g = Lgo;  Log = Li13; Lot = Leg = L112(0);  Las;

Lag = Lgy = Lipa(a), a #0;  Lzq = Lgs;  Lss = Los;

L7o = Lge = Ls7 = Lo7;  L71;  Lss = Los;  Lss;  Loes;  Lio1;  Lin-
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6.53. Underlying Lie algebra Ls 3

6..

6.5.

6.6.

6.7.

6.8.

6.9.

L3¢ = L11a;  Lz7; Lsg(a) = Liga;  Lzo;  Lao = Liza;  Lai = Lise;
L73 = Li17 = Lis9(0);  L7a;  Lrs(a) = Lys(1) = Lyg(a'), o, @’ #0;
L75(0) = L14g(0) = Liag;  L7e = Lizr = Liso(a), a # 0;

L77 = Li1g = Lizg;  Lrs(0);  Lro(a) = L1a7(0) = Liso;  Lgo = Lieo;
Lgg = Li16 = Lias;  Loo = Lo = Loa; Loy = Lize = Liar(), o # 0;
Loz = Lyss = Liag(a), a#0;  Liis;  Lizs;  Lias(a) = Ligs(1), o #0;
L145(0);  Lasz.

Underlying Lie algebra Ls 4
Lg; L7 = Lg.
Underlying Lie algebra Ls 5
Lag;  Lag;  Lso; Lsi;  Lso.
Underlying Lie algebra Ls 6

Ligg;  Lizo(a) = Lizo(1);  Lizi(a) = Lyzi(1);
Liga(a) = Lig2(1);  Lass(e) = Lizs(1).

Underlying Lie algebra Ls 7
Li2a;  Lios;  Lize;  Lior;  Lass.
Underlying Lie algebra Ls g

Lyo;  Lasz = Lys = Lsg = L1(0) = L1o5(0);  Laa;  Las = Le3 = Lr;

Ly7 = Lygs;  Lso(a) = Ligs(a) = Lig7;  Leo;

Lei (o) = Lep = Lea(o) = Lyos (@), a,a” #0;  Lgs;  Les = Lios;  Lioo-

Underlying Lie algebra Ls g

Li19;  Li2o;  Li21 = Lis1 = Lisa(,0) = Lisg(,0) = Lisa(e, 0);
Li2s = Ligg = Liag(a) = Liga(,0);  Liaz = Lig1;  Liao(a) = Liso(1);
Liga(a) 2 L1s1(1);  Lyag(e) = Lyaz(1) = Liga(e, B), B # 0;

785
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Lisa(a, B) = L152(0,1), B #0;
Liss(c, B) = L153(0,1) = Lisa (o, ') = Liss (@) = Lies(a”), 6,8 # 0;
Liga(a) = L162( )

7. The classification theorem

In the previous sections we found the 1-dimensional central extensions of the 4-
dimensional p-nilpotent restricted Lie algebras and removed isomorphic copies from the
list. Thus we are now in position to state the main result of this paper. Let [p]; and [p]a
be two p-maps on a Lie algebra L defined over a field of characteristic p > 0. Following
[16], we will say that [p]; and [p]s are equivalent if the restricted Lie algebras (L, [p]1)
and (L, [p]2) are isomorphic. We have

Theorem 7.1. Let L be a p-nilpotent restricted Lie algebra of dimension 5 over an alge-
braically closed field ¥ of characteristic p > 3. Then the equivalence classes of the p-maps
on L are as follows:

o IfL=1Ls1=(x1,...,25) is abelian, then

) Pl _ (Pl _ (7]
1 2, L2

(a) Trivial p-map; (e) " = a9, x5y =ux3, Ty = T5;
(b) aj[lp] = Io; (f) x[lp] = 1o, x[2p] = x3, xgp] = xy4;
(©) 2" =z, 2! = w4y (8) @f) =2, af) = s, ) = s,
(d) J:[lp] = To, x[Qp] = x3; fo] = x5.
o If L=1Lss=(r1,...,25 | [x1,22] = x3), then

(a) Trivial p-map; (m) x[lp] = 24, xgp] = I5;

(b) m[lp] = x3; (n) x[lp] = 14, ZCLP] = x5, a:[5p] = x3;
(c) xé[lp}:xg; (0) x[lp]—x,x[f]—x,xgp]—xg,,
(d) af’ = as; (p) @ = ay;

(e) x[lp] = 13, xz[f] = I5; (q) 1'[2p] = 13, :cgp] = Xy

(f) .TA[LP] = x5, :(;[51)] = I3; (r) x[lp] = 14, ZC:[SP] = I5;

(2) x[lp] = @y; (s) :c[lp] = 1y, xgp] = 15, xé[f’] = T5;
(h) ;v[lp] = x5, mé[lp] = x3; (t) x[lp] = 3, x[2p] = X4, xgp] = x5;
(i) :E[QP] = 24, xz[f] = x3; (u) azgp] = 24, :cgp] = I5;

() a:[lp] = x3, x[;] = Iy; (v) x[Qp] = x3, J;:[sp] = 1y, pr] = x5;
(k) aj[lp]zx47 x[zp]:a:5, (w) asgp]—x ,pr]—x3

Q) x[lp] = x5, x[f] = 4, pr] = x3; (x) x[gp] = 14, acgp] = x5, pr] = a3
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(a) Trivial p-map; (m) m[lp] = I3, x5] = 1y;

(b) mgp] = 14, xép] = Iy; (n) 2P = g5, xg] = @y;

(c) ar[gp] = @y; (o) o:[lpl = x5, x[f] = Iy;

(d) 2 = ay; (p) «f’ = s,

(e) o) = a4 (@) 23 = a5, af) = as;

() ar[zp] = @y; (r) Jf[lp] = 1y, z:[),p] = T5;

(8) 24! = as; () @) = w4, 2l = s,

(h) ac[2p] = x5, xép] = Iy; (t) xé[f’] = T5;

(i) x[lp] = x5, :ci[gp] = 1y, 1:[5p] = &y; (u) x[lp] = 14, sz] = T5;

() 23 = a5, 2¥) = ay; (v) o = 2y + @5, 2 = a5

(k) :c[lp] = 14, x[Qp] = I5; (w) mép] = 1y, pr] = T5;

) x[lp] = x5; (x) I[2p] = 1y, :CLP] = x5
If L=Lsa=(71,...,75 | [71,72] = x5, [T3,24] = x5), then

(a) Trivial p-map; (b) x[lp] = 5.
IfL=1Lss=(z1,...,25 | [x1,22] = 23, [21, 23] = x5, [¥2,24] = 5), then

(a) Trivial p-map; (d) x[lp] = T5;

(b) :L'Elp] = I5; e) x[f] = x5

(c) ! = as;
If L =1Lse = (z1,...,%5 | [21,%2] = w3, [71, 23] = @4, [21,24] = w5, [2, 23] = w35),

then

(a) Trivial p-map;
(b) ILP] = x5;

(c) xgp] = Ts5;

If L= L5z = (x1,...,75 | [v1,%2] = x3, [x1, 73] = 74, [71,74] = T5), then

(a) Trivial p-map;
(b) @) = a5;

(c) xgp] = 5;

]fL:L5’8: <LI’,‘1,...

(a) Trivial p-map;
(b) x[3:0] = 15;

(o) @i = as;

(d) x[;] = T5;

(e) x[lp] = 5.

s | (21, x2] = x4, (21, 23] = x5), then

(d) x[lp] = 15;
© o o

(f) xgp] = x5, .Tgp] =24;



788 N. Maletesta, S. Siciliano / Journal of Algebra 634 (2023) 755-789

() x[Qp] = 24, :rz[f] = z5; () 33[1p] = 74, x[2p] = 25;
(h) x[lp] = x4, xg] = x5; (k) :E[3p] = X4, xL] = 5.
(i) a:[lp] = x4, xé[lp] = Ts5;
o If L=1Lsg=(r1,...,25 | [x1,22] = x3, [T1, %3] = x4, [T2, 23] = T5), then

(a) Trivial p-map; (g) 1'[1p] = 24, xgp] = x5;
(b) zip] = x5; (h) x[p] = 14, x[p] = 5.
(c) xgp] = x5; (i) xg] = 1y, x&p] = I5;
(d) m[2p] = Ts5; 8) x[lp] = s, xgp] = T4,
(e) :c[lp] = T5; (k) 2P = T4 :cEf’] = x5
() .I[lp] = x4, xé[lp] =x5;

8. Comments

Let L be a p-nilpotent restricted Lie algebra of dimension 5 over any field F of charac-
teristic p > 3 and denote by F the algebraic closure of IF. Since p-nilpotency is preserved
under extensions of the ground field, L®p F is clearly isomorphic to one of the restricted
Lie algebras in Theorem 7.1. In particular, this allows to compare the classification by
Darijani and Usefi in [3] with ours. According to the conditions given in the main results
of [3], it is easily seen that all the variables appearing in the parametrized families of
their classification can be settled to 1 over algebraically closed fields.

We first point out that, in the notation of [3], the abelian restricted Lie algebras Lg)l
and Lg,1 are isomorphic over any field. We also note that the restricted structures (f),
(n) and (t) on Ls o are missing in [3]. Moreover, the p-maps (h), (o) and (v) on Ls 3 do
not appear in [3]. Finally, the classification in [3] lacks of the p-map (f) on L5 s. It is also
worth noticing that the restricted Lie algebras Lg g and L3 4 in [3] are isomorphic over
algebraically closed fields.
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