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most of the efforts are aimed at estimating and identifying 
a model for the matrix-valued CF, which is able to explain 
the spatial or spatio-temporal direct and cross linear depen-
dence among the variables, as seen in Rouhani and Wacker-
nagel (1990); De Iaco et al. (2003); Berrocal et al. (2010); 
De Iaco and Posa (2013); Calculli et al. (2015); Ip and Li 
(2016, 2017a, 2017b); Krupskii and Genton (2017); Otto et 
al. (2024a), (2024b). Recently, there have also been com-
prehensive reviews on spatio-temporal covariance model-
ing, such as those by Chen et al. (2021); Porcu et al. (2021). 
Morever, a novel multivariate spatio-temporal model, based 
on the Gneiting family, was recently introduced by Bourotte 
et al. (2016); Allard et al. (2022); Dörr and Schlather (2023). 
Nevertheless, the linear coregionalization model (LCM) 
first proposed for multivariate geostatistical analyses (Jour-
nel and Huijbregts 1978; Myers 1995; Wackernagel 2003; 
Babak and Deutsch 2009; Emery 2010) and successively 
extended to the spatio-temporal context (ST-LCM) as dis-
cussed in Genton and Kleiber (2015); Li et al. (2007); De 
Iaco et  al. (2003, 2005, 2019); Cappello et  al. (2022), is 
a computationally flexible approach widely adopted for 
various applications (Gneiting at al. 2010; Bevilacqua et 
al. 2015; De Iaco et al. 2012, 2023, 2025; Cappello et al. 
2021; Palma et al. 2023). Through this approach the matrix-
valued CF is modeled by linearly combining univariate 

1  Introduction

Various scientific fields require using appropriate tech-
niques to analyze a dataset characterized by spatial or spa-
tio-temporal structure and referring to multiple correlated 
variables. Multivariate Geostatistics offers various meth-
ods for describing and interpolating the correlation pattern 
exhibited by the variables being investigated in an accurate 
and reliable way (Abulkhair et  al. 2023). In this context, 
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models which are related to latent uncorrelated processes 
underlying the phenomenon being studied. In this case, the 
latent uncorrelated components are detected through a joint 
diagonalization method applied to the covariance matrices 
computed for distinct lags.

Another recent approach for modeling a multivariate 
random field has been developed in the framework of blind 
source separation (BSS), originally introduced for spatial 
data (Nordhausen et al. 2015; Cabral Pinto et al. 2021; Sip-
ilä et al. 2024, Muehlmann et al. 2025) and more recently 
extended to spatio-temporal data (ST-BSS) by Muehlmann 
et  al. (2023), where computational advantages have been 
highlighted. While ST-LCM begins from the perspective 
of the CF and derives a latent variable model to facilitate 
covariance estimation, ST-BSS takes the reverse approach: 
it starts with a latent variable model and focuses on estimat-
ing the latent components. This, in turn, implicitly defines 
the covariance structure and enables its estimation. Both the 
ST-LCM, based on the covariance matrices’ joint diagonal-
ization, and the ST-BSS simplify the multivariate modeling 
and prediction steps since in both cases the identification of 
the uncorrelated latent components reduces a multivariate 
spatio-temporal problem into an univariate context where 
the latent components are modeled separately. Moreover, 
the comparison is also consistent since both assume that 
the multivariate spatio-temporal random field (MSTRF) 
is obtained by linearly combining uncorrelated random 
variables, each characterized by a basic CF. Besides these 
aspects, other interesting similarities and dissimilarities 
between the two approaches need to be discussed, from 
both theoretical and practical perspectives. For this reason, 
the main features of the two methods are delineated in the 
present contribution and their fitting performances are also 
highlighted through a real environmental application and a 
simulation study. Thus, the aim of the paper is to provide not 
only a critical review of the two methods, namely ST-LCM 
and ST-BSS, but also to provide useful hints for perform-
ing multivariate spatio-temporal analyses for prediction and 
simulation purposes, since both of them simplify the spatio-
temporal multivariate analysis by detecting and modeling 
the most significant latent components underlying the vari-
ables under study. As far as known, in the literature there 
does not exist a similar contribution which on one hand 
offers a theoretical and empirical comparison between these 
two approaches of modeling MSTRFs, and on the other 
hand discusses their modeling procedures, also through the 
above-mentioned case studies.

It is worth pointing out that both methodologies rely 
on the theory of the spatio-temporal random fields. 
Indeed, given a vector of variables, the related obser-
vations recorded at various sampling locations and 
time points are assumed to be a realization of a MSTRF 

{X(s, t),(s, t) ∈ S × T ⊆ Rd × R, d ≤ 3}, where X(s, t)
= [X1(s, t), . . . , Xp(s, t)]⊤, p ≥ 2. By assuming the 
second-order stationarity, the first order moment of the 
MSTRF is µ = [µ1, . . . , µp]⊤, where µi is the expected 
value of Xi, i = 1, . . . , p, and the second order moment for 
any (s, t) and (s′, t′) ∈ S × T  whose separation vector is 
(hs, ht) ∈ Rd × R, with hs = (s − s′) and ht = (t − t′), is 
C(hs, ht) = [Cij(hs, ht)], where = E[(Xi(s + hs, t + ht)
·Xj(s, t))]−µi µj  is the cross CF for any Xi and Xj , 
i, j = 1, . . . , p, with i ̸= j, while for i = j, it is the 
direct CF of Xi. For simplicity, the following notation 
Cij(0, 0) = Cov(X(s, t)) has been used.

The paper is structured in seven sections. After an accu-
rate explanation of the ST-BSS model (Sect. 2) and the cor-
responding unmixing matrix functionals and properties, the 
procedure to select an ST-LCM is detailed (Sect. 3) and the 
similar and dissimilar features between ST-BSS and ST-
LCM are pointed out (Sect. 4). Then, Sect. 5 is devoted to 
the presentation of a detailed case study, concerning seven 
agrometeorological indicators, i.e., evapotranspiration 
level, maximum and minimum temperature, maximum and 
minimum humidity, wind speed and rainfall, whose weekly 
data have been measured at some observation points in the 
Veneto Region (Italy) during the period 2000-2022, and the 
application of the space-time modeling procedures based 
on both approaches is discussed in Sect. 5.1. Indexes of fit-
ting accuracy are calculated to compare the performance (in 
terms of prediction accuracy) of the ST-BSS to the ST-LCM 
one (Sect. 5.2). In Sect. 6, the findings obtained from the 
simulation study are presented and a comparative analysis, 
taking into account different options regarding the quantity 
of variables and the various scales of variability, is pro-
posed. Finally, conclusions with a discussion on possible 
future research are reported in Sect. 7.

2  ST-BSS model

BSS has its roots in the signal processing community, ini-
tially focusing on independent and identically distributed 
(iid) data and time series, as highlighted in Hyvärinen et al. 
(2001); Cichocki and Amari (2002). However, in recent 
years, it has garnered significant interest in the statistics 
community (Nordhausen and Oja 2018; Pan et  al. 2021), 
expanding its applications also to spatial data (Nordhausen 
et al. 2015; Bachoc et al. 2020; Wu et al. 2024). Within the 
framework of spatial data analysis, it is referred to as Spatial 
Blind Source Separation (SBSS). More recently, its scope 
has been extended to irregular spaced space-time data as 
well (Muehlmann et al. 2023), by introducing the acronym 
ST-BSS.
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The core concept of BSS revolves around the idea that 
observable data can be interpreted as a mix of hidden pro-
cesses. The primary objective is to estimate these latent 
processes solely based on the observable data. While the 
original motivation stemmed from attributing physical 
meanings to these latent processes, contemporary research 
emphasizes that these latent processes are often more inter-
pretable and manageable than the observable data itself.

2.1  ST-BSS model formalism and characteristics

The BSS model formulated for spatio-temporal data by 
Muehlmann et al. (2023) can be expressed as follows:

X(s, t) = AZ(s, t) + µ,� (1)

where X(s, t) represents a p-variate random field, Z(s, t) 
comprises second-order stationary and independent compo-
nents Zi(s, t), with i = 1, . . . , p. The mixing matrix A is a 
full-rank (p × p) matrix, and µ is a p-dimensional location 
vector. The goal is then to find an unmixing matrix W that 
can recover Z(s, t) from the observed data X(s, t) alone, 
i.e., find a W such that W (X(s, t) − µ) = Z(s, t).

The motivation behind this approach is that, if Z(s, t) 
exhibits uncorrelated or independent components, modeling 
p independent univariate processes is more tractable than 
dealing with a full p-variate process. This simplification 
enables researchers to make predictions for each latent pro-
cess independently and, if necessary, transform them back 
to the original scale using W−1. This approach has been 
effectively implemented in a range of settings, such as in 
multivariate spatial prediction (Muehlmann et al. 2021).

In summary, the ST-BSS workflow can be outlined as 
follows: 

I.	 Estimate the unmixing matrix W and the mean µ to 
obtain the latent processes Z(s, t).

II.	 Model each component of Z(s, t) univariately.
III.	 If required, back-transform the quantities of interest to 

scale of X(s, t) using W−1 (and µ).

An obvious question that comes up in the framework of ST-
BSS is how to estimate the unmixing matrix W and what 
additional assumptions are necessary? The assumptions 
made by Muehlmann et al. (2023) are as follows: 
(ST-BSS 1)	 E[Z(s, t)] = 0, Cov(Z(s, t)) = Ip, where 

Ip represents the identity matrix of order p.
(ST-BSS 2)	 Cov(Z(s, t), Z(s′, t′)) = E[Z(s, t)Z(s′, t′)] 

= D(hs, ht), where D(hs, ht) is a diagonal 
matrix. The l-th diagonal element of this 
matrix corresponds to the covariance of 
the l-th entry of the latent process Z(s, t), 

denoted as cl(hs, ht).
(ST-BSS 3)	 The components of Z(s, t) are independent.
Therefore, assumption (ST-BSS 1) establishes the location 
and scale of the latent components. The second assump-
tion, (ST-BSS 2), specifies that all components are uncor-
related, both in space and time. Additionally, it asserts that 
the dependence between different observations relies solely 
on the spatio-temporal separation distance between them. 
Assumption (ST-BSS  3) goes beyond uncorrelatedness 
by requiring independence between the components. The 
assumption of independence is standard in the BSS litera-
ture and enables the subsequent analysis to treat each com-
ponent separately. This assumption can be motivated as one 
of two natural ways to generalize the multivariate normal 
distribution—either by preserving the elliptical shape of the 
probability contours or by maintaining the independence 
property of the standard normal case (Nordhausen and Oja 
2018). In practice, when dealing with dependent data, as is 
the case here, the assumption of independence can often be 
relaxed to uncorrelatedness to achieve identifiability of the 
latent components. This is, for example, the case in the BSS 
time series method SOBI (Miettinen et al. 2016).

Consequently, Z(s, t) exhibits second-order stationarity, 
which also extends to X(s, t), resulting in

Cov(X(s, t), X(s′, t′)) = AD(hs, ht)A⊤,� (2)

therefore it is also easy to see that the space-time covariance 
matrix of X(s, t) is symmetric and usually not separable.

Still, the conditions (ST-BSS 1) - (ST-BSS 3) do not spec-
ify the model completely as for a given pair of (A, Z(s, t)), 
the pair (APJ, JP⊤Z(s, t)) leads to the same observable 
X(s, t) where the two latent fields Z(s, t) and JP⊤Z(s, t) 
do not violate conditions  (ST-BSS  1)-(ST-BSS  3). This 
holds true for any P ∈ Pp and J ∈ J p where Pp is the set 
of all (p × p) permutation matrices and J p is the set of all 
sign-change matrices, i.e., diagonal matrices with diagonal 
elements ±1. Hence, the latent field (or equivalently the 
mixing matrix) is only identifiable up to permutation and 
sign (of its rows). Thus W is equivalent to A−1 up to sign 
changes and order of the rows. This identifiability issue, 
which applies to all BSS approaches, is usually not consid-
ered a problem, in practice. To guarantee the parameters’ 
identifiability, condition  (ST-BSS  2) must be substituted 
with a slightly stringent assumption, which varies based on 
the used estimator, as discussed in the following for the two 
estimators considered here.

Despite these sources of indeterminacy, it is noteworthy 
that the ST-BSS model simplifies the second-order spatio-
temporal dependence significantly. This simplification 
arises because the second-order dependence structure is 
entirely defined by the (p × p) matrix A and p univariate 
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where Df  is a diagonal matrix whose diagonal entries 
are arranged in decreasing order. Thus, stAMUSE can 
be determined through a decomposition into generalized 
eigenvalues and eigenvectors where Df  then contains the 
corresponding generalized eigenvalues. Therefore it is also 
obvious that stAMUSE is well-defined if the diagonal ele-
ments of Df  are all distinct. Therefore it requires that (i) all 
latent random fields must have a different space-time cova-
riance matrix and (ii) the kernel f must be chosen wisely.

To avoid making a single choice, the alternative is not to 
diagonalize two matrices but more than two. The estima-
tor stSOBI (Muehlmann et al. 2023) requires K > 1 differ-
ent spatio-temporal kernel functions f1, . . . , fK  and is then 
defined as the matrix W which maximizes

K∑
k=1

|| diag(W LACFfk
(X(s, t))W⊤)||2� (6)

under the constraint that W Cov(X(s, t))W⊤ = Ip, where 
diag(·) extracts the diagonal elements and || · || gives the 
Frobenius norm. There are many algorithms to solve such 
joint diagonalization problems; the one based on Jacobi 
rotations (Clarkson 1988) has been used in this paper. 
The advantage of stSOBI over stAMUSE is that it is 
now sufficient that there exists k ∈ {1, . . . , K} such that 
(LACFfk

(Z(s, t)))ii ̸= (LACFfk
(Z(s, t)))jj , for all 

i, j = 1, . . . , p and i ̸= j.
Let wi denote the i-th row of W, then the squared 

pseudo-eigenvalues

λ2
i,k = (w⊤

i LACFfk
(X(s, t))wi)2

for i = 1, . . . , p and k = 1, . . . , K,
� (7)

can be interpreted as a measure of spatio-temporal depen-
dence and often the components are ordered such that ∑K

k=1 λ2
i,k is in decreasing order.

To acquire the finite sample estimations of stAMUSE 
and stSOBI, the corresponding kernels need to be chosen, 
and then the corresponding sample versions of Cov(·) and 
LACFf (·) are jointly diagonalized. Joint diagonalization 
of two or more matrices has a long tradition in BSS; see, 
among others, Nordhausen and Ruiz-Gazen (2022) and Tang 
et al. (2005) for an overview. AMUSE and SOBI were actu-
ally introduced in a time series setting, and it is well-known 
in that framework (Miettinen et  al. 2012, 2016) that it is 
not necessary that the latent components are independent. 
Hence the assumption (ST-BSS  3) is actually not needed 
and stAMUSE and stSOBI work also when the latent com-
ponents are only uncorrelated. More important is that the 
spectra of the components differ sufficiently and the task of 

stationary spatio-temporal CFs. This stands in stark con-
trast to the scenario where no assumptions about X(s, t) 
are made, which would require modeling p covariances and 
p(p − 1)/2 cross CFs.

2.2  Unmixing matrix functionals and properties

Muehlmann et al. (2023) suggested two types of estimators 
for the unmixing matrix W. Both types are based on local 
autocovariance matrices (LACF) which are defined for n 
space-time locations as

LACFf (X(s, t))
= 1

nFn,f

n∑
i,j=1

f(si − sj , ti − tj)E
(
(X(si, ti) − µ)(X(sj , tj) − µ)⊤) � (3)

where the spatio-temporal kernel function f : Rd+1 → R 
defines the locality and

F 2
n,f = 1

n

n∑
i,j=1

f2(si − sj , ti − tj)� (4)

is a normalizing constant for the denseness in the locality. 
To avoid the necessity to introduce a metric which combines 
time and space, Muehlmann et al. (2023) suggested to mea-
sure locality via the following kernel functions 
Ball kernel	 fb(hs, ht; rs, rt) = I(∥hs∥ ≤ rs)I(|ht| ≤ 

rt), with rs ≥ 0, rt ≥ 0 and I denotes the 
indicator function.

Ring kernel	 fr(hs, ht; rs0 , rs1 , rt0 , rt1) = I(rs1 < ∥hs∥
≤ rs0)I(rt1 < |ht| ≤ rt0)), with rs0 > rs1

≥ 0, rt0 > rt1 ≥ 0.
Gauss kernel	 fg(hs, ht; rs, rt, α) = exp(−0.5 Φ−1(1 − α)2

[(∥hs∥/rs)2 + (|ht|/rt)2]), where Φ−1(1 − α) 
is the (1 − α) 100% quantile of the standard 
Normal distribution and rs ≥ 0, rt ≥ 0. 
Muehlmann et al. (2023) recommended using 
α = 0.05.

 Note that some other kernels in a pure spatial context were 
suggested in Muehlmann et  al. (2024) and could also be 
used here for the spatial part of the kernels.Muehlmann 
et  al. (2023) proposed then two estimators of the unmix-
ing where the main idea is to jointly diagonalize the covari-
ance matrix and one or more different LACFs. When two 
matrices are involved the estimator is called stAMUSE. For 
a chosen spatio-temporal kernel f, the stAMUSE unmixing 
matrix W = W(X(s, t)) simultaneous diagonalizes Cov 
and LACF as follows:

W Cov(X(s, t))W⊤ = Ip and W LACFf (X(s, t))W⊤ = Df ,� (5)
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X(s, t) =
L∑

l=1

Al Yl(s, t) + µ,� (9)

where Al is a (p × p) coefficient matrix for each l = 1, . . . , L 
and µ = [µ1, . . . , µp]⊤ is the vector of the expected values 
of the random fields Xi. In particular, the random fields Y i

l , 
i = 1, . . . , p, l = 1, . . . , L, are such that E[Y i

l (s, t)] = 0 and

Cov[Y i
l (s, t), Y i

l (s + hs, t + ht)] = cl(hs, ht),
Cov[Y i

l (s, t), Y j
k (s + hs, t + ht)] = 0, i ̸= j, l ̸= k.

More specifically, the above model can be explained by 
clarifying that

- each random field Xi of the MSTRF X is assumed to 
be decomposed into the sum of the spatially and temporally 
uncorrelated factors {Xi

l (s, t); l = 1, . . . , L}, that is

Xi(s, t) =
L∑

l=1

Xi
l (s, t) + µi,

where E[Xi(s, t)] = µi,E[Xi
l (s, t)] = 0, 

Cov[Xi
l (s, t), Xj

l (s + hs, t + ht)] 
= E[Xi

l (s, t) Xj
l (s + hs, t + ht)] = Cl

ij(hs, ht) and 
Cov[Xi

l (s, t),Xj
k(s + hs, t + ht)] = 0, l ̸= k;  

- each spatio-temporal component Xi
l  is defined as a 

combination of uncorrelated factors Y j
l , j = 1, . . . , p, with 

coefficients ai
jl,

Xi
l (s, t) =

p∑
j=1

ai
jlY

j
l (s, t).

Thus, from the above two points, it results the model in (9), 
which can be explicitly written as

Xi(s, t) =
L∑

l=1

p∑
j=1

ai
jlY

j
l (s, t) + µi.

The cross CFs Cl
ij(hs, ht), associated to the factors Xi

l (s, t), 
are linked to the CF cl(hs, ht) through the coefficient of pro-
portionality bl

ij , that is Cl
ij(hs, ht) = bl

ijcl(hs, ht), thus

Cij(hs, ht) =
L∑

l=1

Cl
ij(hs, ht) =

L∑
l=1

bl
ijcl(hs, ht).� (10)

It is also worth underlining that, in practice once the matri-
ces Bl are determined from the empirical multivariate CF, 
they can be decomposed to obtain the matrices Al, that is 

the user is to select lags in such a way that the eigenvalues 
of LACFf (Z(s, t)) are as distinct as possible. This lag-
selection is still an open issue and is usually based on sub-
ject knowledge paired with exploratory data analysis. Some 
visual analytic approaches are discussed, for example, in 
the pure temporal and pure spatial case in Piccolotto et al. 
(2022a); Cappello et  al. (2024); Piccolotto et  al. (2022b) 
and similar tools should be developed still for ST-BSS. The 
current approach of ST-BSS assumes p latent fields; often 
however it is assumed that only a few of them are of inter-
est. Different noise models in the temporal and spatial case 
are discussed in Nordhausen and Virta (2019); Nordhausen 
et al. (2022); Muehlmann et al. (2024) where for example 
it is assumed that noise components are white noise. The 
aforementioned references give tools to determine the num-
ber of interesting components for the pure spatial or pure 
temporal settings, which are again still missing for ST-BSS. 
The (pseudo)-eigenvalues of stAMUSE and stSOBI provide 
however a good starting point to evaluate if the components 
contain any serial dependence or not.

3  The ST-LCM and the selection procedure

A modeling approach based on an ST-LCM, as in its first 
introduction by De Iaco et al. (2003), is widely adopted in 
the literature for many space-time multivariate geostatisti-
cal applications, since it is flexible enough from a computa-
tional point of view, as highlighted in Cappello et al. (2022). 
In the following, a review of the ST-LCM is given and the 
modeling procedure is recalled.

3.1  ST-LCM background

The ST-LCM is built by linearly combining L (L ≤ p) basic 
scalar CFs; specifically, the matrix C is modeled as follows:

C(hs, ht) =
L∑

l=1

Bl cl(hs, ht),� (8)

where cl(hs, ht) represent the above-mentioned basic scalar 
covariances related to the hidden variables of the random 
field X and Bl = [bl

ij ], l = 1, . . . , L, are matrices of dimen-
sion (p × p), called coregionalization matrices, which must 
be positive definite for the admissibility of model (8).

Note that the structure of the above covariance model 
can be derived from the assumption that each component of 
X(s, t) is assumed to be constructed as a linear combination of 
uncorrelated second-order stationary random functions, e.g. 
Yl(s, t) = [Y 1

l (s, t), Y 2
l (s, t), . . . , Y p

l (s, t)]⊤, l = 1, . . . , L.

Then
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such that the separation lag is (hs, ht)k (Wackernagel 
2003). Then, the sample covariance matrices calculated at 
distinct space-time lags are jointly diagonalized with the 
aim of detecting the basic components:

Ψ Ĉ(hs, ht)k Ψ⊤ = Λ(hs, ht)k, k = 1, . . . , K,� (12)

where Ψ is a (p × p) orthogonal matrix and Λk are the diag-
onal (p × p) matrices. Joint diagonalization with respect to 
the lags implies that Ψ is independent of the lags. There are 
many algorithms performing joint diagonalization, see Illner 
et al. (2015) for a comprehensive summary. For the purpose 
of the joint diagonalization, the algorithm based on Jacobi 
rotations (Cardoso and Souloumiac 1996) will be adopted, 
which is for example available in the R package JADE 
(Miettinen et al. 2017). The estimates of cl (l = 1, . . . , p), 
denoted with ĉl, for the K spatio-temporal lags are achieved 
by retrieving all the diagonal elements from the K diago-
nal matrices Λ(hs, ht)k, k = 1, . . . , K (Myers 1995, Xie 
and Myers 1995). Then, only the L ≤ p basic components 
ĉl, l = 1, . . . , L, which exhibit distinct spatio-temporal 
scales of variability (corresponding to the lag where the sur-
face decays) are selected. Then, they are used in the second 
step, where they are modeled.

Finally (step III), the matrices Bl, l = 1, . . . , L, of the 
model in (8) are estimated. Starting from the p(p + 1)/2 
covariances Ĉij(hs, ht), i, j = 1, . . . , p, the elements bl

ij  of 
Bl, l = 1, . . . , L, are equal to the ratio between the contri-
butions of Ĉij  at the l-th scale of variability, and [cl(0, 0)], 
i.e.,

bl
ij = [Ĉij(hs, ht)l−1] − [Ĉij(hs, ht)l]

[cl(0, 0)]
, l = 1, . . . , L,� (13)

where Ĉij(hs, ht)0 = Ĉij(0, 0), with i, j = 1, . . . , p, i ≤ j.

The admissibility condition for Bl, l = 1, . . . , L, namely 
their positive definiteness, is verified in the presence of non-
negative eigenvalues. Then, by spectral decomposition of 
these matrices, Bl = VlΛlV⊤

l , l = 1, . . . , L, with their 
eigenvector matrix Vl and diagonal matrix of the eigenval-
ues Λl, it suffices to check if any of the eigenvalues are 
negative, and replace them with zero. In this way, the fol-
lowing transformed matrix B′

l is obtained

B′
l = VlΛ′

lV⊤
l , l = 1, . . . , L,� (14)

where the diagonal matrix of the eigenvalues Λ′
l is changed 

with respect to the original Λl since zeros replace the nega-
tive eigenvalues.

Bl = AlA⊤
l , Al = [ai

kl]. This factorization can be com-
puted through the eigenvalue decomposition of each core-
gionalization matrix.

For details, the readers can refer to Myers (1995); Wack-
ernagel (2003) and De Iaco et al. (2005).

 
Remarks

	● The components cl(hs, ht) are called “basic” since 
their value at zero is usually set to be one; thus, they are 
also denoted with ρl(hs, ht) to indicate the correlation 
function.

	● In the geostatistical literature, a special case of ST-LCM 
obtained when L = 1 is the so-called intrinsic model. In 
particular, the CF matrix which explains the relationship 
among the variables at the spatio-temporal lag (hs, ht) is 
defined as the multiplication of the variance-covariance 
matrix B with a spatio-temporal univariate CF c(hs, ht) 
which is the same for all variables and measures their 
relations between the points in space-time, that is: 

	 C(hs, ht) = B c(hs, ht).� (11)

 The property of this model is that the correlation ρij  
between two variables Xi and Xj  does not depend on the 
spatio-temporal lag: 

Cij(hs, ht)√
Cii(hs, ht)Cjj(hs, ht)

= bijc(hs, ht)√
biic(hs, ht)bjjc(hs, ht)

= bij√
biibjj

= ρij ,

 which implies that the direct and cross CFs are all propor-
tional to a same basic spatio-temporal correlation function: 
Cij(hs, ht) = bijc(hs, ht). In this case, the equation (9) 
reduces to X(s, t) = A Y(s, t) + µ, which analytically 
corresponds to the ST-BSS model.

3.2  Modeling steps

The model in (8) is fitted following the outlined steps below: 

I.	 Selection of the uncorrelated components, defined by 
jointly diagonalizing the sample covariance matrices, 
and computation of the empirical basic CFs;

II.	 Modeling the empirical basic CFs by adopting classes 
of models which are adequate in accordance to the 
empirical features of each basic component;

III.	 Calculation of positive definite matrices of 
coregionalization.

Step I starts with the computation of the symmetric (p × p) 
matrix Ĉ(hs, ht)k = [Ĉij(hs, ht)k] obtained, for each lag 
(hs, ht)k, with k = 1, . . . , K, by taking into account all 
observations at any pair of sample points (s, t) and (s′, t′) 
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4  Similarities and dissimilarities

In this section, backgrounds, hypotheses, properties and 
characteristics of the two approaches have been discussed, 
thus, similarities and dissimilarities have been clarified and 
summarized in Table 1.

The extension of the LCM and BSS from space to space-
time dates back to the early years of the new century for 
the former (De Iaco et  al. 2003) and to the beginning of 
2020 for the latter (Muehlmann et  al. 2023); however, it 
is worth pointing out that they were developed within dif-
ferent scientific communities (features 1. and 2.). Indeed, 
the LCM originates from mining Geostatistics (Journel and 
Huijbregts 1978), while BSS comes from the field of signal 
processing (Jutten and Taleb 2000).

ST-LCM and ST-BSS diverge considerably in the initial 
setup and objectives (feature 3.). In ST-LCM, the structure of 
the space-time covariance matrix is predefined, with the pri-
mary objective being the estimation of the coregionalization 
matrices (in its widest sense, the covariance matrix). During 
the estimation, as a byproduct, uncorrelated latent compo-
nents (feature 9. for ST-LCM) can be obtained which rep-
resent the predominant scales of space-time dependencies. 
Conversely, in ST-BSS, the starting point is the assumption 
of latent components, with the observed data representing 
a linear mixture of these components. The primary aim 
here is to estimate these latent components and the unmix-
ing matrix. However, due to the assumptions regarding the 
latent components and linear mixing, the specification of 
the space-time covariance matrix is indirectly determined. 
While Muehlmann et al. (2023) stipulate the independence 
of latent components (feature 9. for ST-BSS), this require-
ment is not necessary for identifiability, as only uncorrelat-
edness is required.

As a consequence, for the ST-BSS the dependence 
among variables is specified by a (p × p) mixing matrix 
and p CFs associated to the p latent components; for the 
ST-LCM, it is determined by L (p × p) coregionalization 
matrices and L basic CFs, from which the p direct CFs of 
the variables under study and the associated p(p − 1)/2 
symmetric cross CFs are modeled (feature 7.). Regard-
ing other properties, differently from the ST-LCM which 
is orthogonal equivalent, i.e., invariant under rotation, the 
ST-BSS is affine equivariant, i.e., if X(s, t) is affine trans-
formed by X′(s, t) = MX(s, t) + a, where M is any 
invertible (p × p) matrix and a ∈ Rp is any vector, then 
the unmixing matrix functional W(X′(s, t)) should equal 
W(X′(s, t))M−1 up to permutation and sign (feature 6.). 
The unmixing matrix’s affine equivariance ensures that the 
estimation is independent by the specific mixing method.

Despite the above mentioned basic divergences, the 
two methodologies share various similarities, such as the 

Remarks

	● Given the (p × p) matrix Ψ, the components obtained as 
a matrix multiplication between the (n × p) data matrix 
x and Ψ, that is ỹ = xΨ, are such that their CFs allow 
the estimation of the basic components cl, l = 1, . . . , L.

	 In other terms, given the following mod-
el X′(s, t) = A′ Ỹ(s, t) + µ, where the ma-
trices of coefficients A′

j = [ai
jl] are such that 

A′
1 = A′

2 = . . . = A′
j = . . . = A′

p = A′, and 

	
Ỹ(s, t) =

[ p∑
i=1

Y i
1 (s, t), . . . ,

p∑
i=1

Y i
l (s, t), . . . ,

m∑
i=1

Y i
p (s, t)

]⊤

.�(15)

	 It is important to note that X′ is character-
ized by the same covariance structure of (8), since 
Cov(Ỹ(s, t), Ỹ(s + hs, t + ht)) = D(hs, ht), where 
D(hs, ht) is a diagonal matrix whose diagonal entries 
are the covariances cl(hs, ht), l = 1, . . . , p.

	● If the magnitude of the study variables differs, the ST-
LCM fitting procedure will be developed by jointly di-
agonalizing the covariance matrices computed for the 
standardized variables.

Table 1  Similarities and dissimilarities between ST-LCM and ST-BSS
ST-LCM ST-BSS

1. Introduced in De Iaco et al. (2003, 
2013)

Muehlmann et al.
(2023)

2. Origins Mining Geostatistics Signal processing

3. Initial objective Estimation of coregional-
ization matrices

Estimation of the 
latent components

4. Model for the 
MSTRF X

Linear Linear

5. Stationarity Second-order Second-order

6. Equivariance Orthogonal equivariant Affine equivariant

7. Dependence 
among variables

Specified by L(p × p) 
coregionalization matrices 
and L basic CFs

Specified by a 
(p × p) mixing 
matrix and p CFs

8. Properties of 
covariance matrix 
of X

Symmetric, non-separable Symmetric, 
non-separable

9. Latent 
components

Uncorrelated Independent 
(uncorrelated)

10. Covariance 
model of latent 
components

Non-parametric, but 
should reflect different 
spatio-temporal scales

Non-parametric, 
but should be 
different between 
the components

11. Parameters to 
estimate

L positive definite core-
gionalization matrices, L 
latent CFs

Full rank unmix-
ing matrix

12. Dimension 
reduction

In-built as L ≤ p Optional
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fields), which can be useful in this context to describe the 
spatio-temporal correlation of the latent components, but 
have not to be confused with the conditions in (16) and (18), 
stated for the cross-covariance of a MSTRF.

If the separability assumption of the basic component cl 
is not likely, then the type of non-separability can be stud-
ied through the computation of the sample non-separability 
ratios, as in De Iaco and Posa (2013):

r̂l(hs, ht) = ĉl(0, 0) ĉl(hs, ht)
ĉl(hs, 0)ĉl(0, ht)

, l = 1, . . . , L,� (19)

where L ≤ p for ST-LCM and L = p for ST-BSS. Accord-
ing to the values of the above mentioned index, uniform 
positive (negative) non-separability occurs if the ratios in 
(19) are much greater (lower) than 1 for the fixed lags; or 
alternatively, non uniform non-separability occurs in all 
other cases.

The box-plots representation of ratios in (19), grouped by 
spatial and temporal lags, help the researcher to easily iden-
tify the type of non-separability for each basic component. 
However, in Cappello et  al. (2022), some statistical tests 
were also proposed to determine the statistical significance 
of the hypotheses on the above mentioned characteristics.

Moreover, it is essential to specify that during the mod-
eling step, the parameters to estimate regard the full rank 
unmixing matrix for the ST-BSS, while they concern the L 
positive definite coregionalization matrices and the latent 
covariance models for the ST-LCM (feature 11.). Neverthe-
less, in the case that modeling is not the only objective of 
the analysis, but also prediction purposes have to be pur-
sued, the parameters of the latent covariance models have 
to be determined even for the ST-BSS. Thus, the sufficient 
condition for the admissibility of the ST-LCM, implies that 
if a cross-covariance Cij(hs, ht) discloses two or more 
nested structures with ranges equal to a1, a2, . . ., the same 
structures have to also appear on the corresponding direct 
CFs Cii(hs, ht) and Cjj(hs, ht); furthermore, a structure 
may characterize the direct CFs without being included in 
the cross-covariances. For the ST-BSS, this condition is also 
ensured from the requirement that A must be a full rank 
matrix.

As a consequence, one could argue that both ST-LCM 
and ST-BSS impart structure to the space-time covariance 
matrix and yield latent (at least uncorrelated) components 
that can subsequently be utilized for multivariate data mod-
eling. In particular, regarding the multivariate modeling, the 
ST-LCM includes the idea of selecting L ≤ p latent compo-
nents, which describe the scales of variability, while for the 
ST-BSS it is just optional and can be further investigated in 
the future (feature 12.).

second-order stationarity (feature 5.) of the MSTRF X, the 
linearity of its model (feature 4.) and the properties of the 
covariance matrix of X (feature 8.), since both methods 
assume symmetry and non-separability conditions for the 
covariance matrix of the MSTRF X.

In particular, note that the cross CFs are symmetric if 
they are invariant with respect to the exchange of the vari-
ables or equivalently to the sign of the spatio-temporal lag 
vector, i.e.,

Cij(hs, ht) = Cij(−hs, −ht), i, j = 1, 2, . . . , p, i ̸= j.� (16)

In addition, the full symmetry condition of the cross CFs 
occurs if

Cij(hs, ht) = Cij(hs, −ht), i, j = 1, 2, . . . , p, i ̸= j.� (17)

Under the condition (16), strictly positive definite covari-
ance models, discussed in De Iaco and Posa (2018) and De 
Iaco et al. (2019), can be adopted for the basic structures cl 
in (8).

The non-separability of the covariance matrix of X is sat-
isfied if the changes of the cross-covariances, with respect 
to the changes of the vector (hs, ht), do not depend on the 
pair variables Xi, Xj , or in other terms when the following 
condition of separability is not respected:

Cij(hs, ht) = ρ(hs, ht) aij , i, j = 1, 2, . . . , p,� (18)

where aij  are the elements of a (p × p) positive definite 
matrix and ρ is a spatio-temporal correlation function. 
Essentially, the separability condition is satisfied for the 
intrinsic coregionalization model, obtained from (8) when 
L = 1.

It is worth pointing out that for both methodologies, a non-
parametric modeling is adopted for the covariance structure 
of each latent component, where the basic models cl of the 
ST-LCM reflect different spatio-temporal scales, while for 
the ST-BSS they have to be simply different between the 
components (feature 10.). These methodologies also share 
the characteristic that the smoothness of any component of 
the MSTRF is that of the roughest underlying univariate 
random field, whose covariance model is an infinitesimal 
of lower order with respect to the other components of the 
linear combination (2) or (10).

Moreover, for the modeling aim, a suitable model 
class must be fitted to each latent component based on 
some specific characteristics, such as full symmetry 
(cl(hs, ht) = cl(hs, −ht) = cl(−hs, ht)) and separabil-
ity (cl(hs, ht) = cl(hs)cl(ht)/cl(0, 0)), which the sample 
covariance surfaces may show. Note that these are addi-
tional properties of the CFs (referred to univariate random 
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evapotranspiration, as well as the meteo-climatic condi-
tions, is crucial to determine and plan the amount of water 
to be given to crops through the fields irrigation. Moreover, 
ET0 is one of the climatic parameters that holds significant 
importance in planning the agricultural production for the 
efficient use of water resources. Therefore, investigating on 
the interrelationships among the above-mentioned variables 
and their joint behavior in space-time could be strategic 
for the arrangement of possible interventions in the region, 
especially in areas with massive agricultural land use, such 
as in the Venetian Plain (De Iaco et al. 2019).

For the aim of this paper, the present case study has been 
developed as follows. After an exploratory analysis show-
ing the main features of the investigated variables, 

a)	 the hidden spatio-temporal components underlying the 
environmental phenomenon, will be identified through 
the two previously discussed approaches, i.e., ST-BSS 
and ST-LCM; successively, the found components will 
be modeled with the most suitable models of space-time 
covariance, and the adequacy of the fitted models will 
be evaluated;

b)	 the ST-BSS model and the ST-LCM fitted to the study 
dataset will be compared in terms of predictive per-
formances; more specifically, the ET0 levels will be 
estimated by using the two fitted models and the result-
ing prediction errors will be compared to highlight the 
predictive abilities of the two methods (ST-BSS versus 
ST-LCM).

As a preliminary exploratory analysis, various basic statisti-
cal tools have been applied on the observed data.

To exemplify the modeling of multivariate space-time 
data using both approaches, we present a detailed case 
study describing each modeling step, in the following sec-
tion. This case study aims to evaluate potential differences 
in results when using both methods for prediction.

5  Case study

In this case study, the most relevant agrometeorological 
variables recorded by the Agency for Environmental Pre-
vention and Protection of Veneto region (​h​t​t​p​​s​:​/​​/​w​w​w​​.​a​​r​p​a​​.​
v​e​n​​e​t​o​​.​i​t​​/​b​o​​l​l​e​​t​t​i​n​​i​/​​s​t​o​r​i​c​o) have been analyzed. In particu-
lar, the following variables have been considered: evapo-
transpiration levels (ET0) in mm, maximum and minimum 
air temperature (indicated, respectively, with TM  and Tm) 
both expressed in ◦C, percentage of maximum and mini-
mum relative humidity (denoted, respectively, with HM  
and Hm), wind speed (WS) in m/s and total rainfall (R) in 
mm. The study dataset consists of weekly averages recorded 
for ET0, TM , Tm, HM , Hm and WS, as well as of total 
weekly R, taken at 72 monitoring stations spread-out over 
the Veneto region (Fig. 1) in a 23-year span, that is from the 
1st week in 2000 to the 14th week in 2022.

The Veneto region, located between the central European 
continental area and the Mediterranean one, is extended for 
about 18,400 kmq and represents the eighth largest region 
among the 20 Italian regions. Almost all the territory is cov-
ered by the Venetian Plain which is characterized by very 
intensive agricultural production, essentially based on wide 
vineyards from which fine wines are obtained and exported 
all over the world. In this context, knowing the levels of 

Fig. 1  Location map of the 72 agrometeorological stations in Veneto region
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The descriptive statistics computed for the deseasonal-
ized values and listed in Table 2 (values in brackets) have 
highlighted very different magnitudes for the data at hand, 
hence a standardization procedure has been applied and 
scaled variables with zero mean and unit variance have been 
considered in the next stages of the analysis. While this stan-
dardization has no impact on ST-BSS which is affine equi-
variant it is relevant for ST-LCM which is only orthogonal 
equivariant and the question of standardization is similar to 
the one in principal component analysis.

5.1  Identification of the hidden components

In this section the hidden components which characterize 
the investigated phenomenon will be identified through both 
the ST-BSS and the ST-LCM approaches, then spatio-tem-
poral covariance models will be properly chosen and fitted 
to the detected hidden components.

It is important to consider that, from a computational per-
spective, the functions used in this case study to identify the 
latent components through the ST-BSS method are available 
in the R package SpaceTimeBSS (Muehlmann et al. 2022); 
on the other hand, the R functions adopted for the ST-LCM 
approach are available on request from the authors.

5.1.1  ST-BSS approach

By recalling the ST-BSS workflow outlined in Sect. 2, the 
first step of this modeling approach concerns the estimation 
of the unmixing matrix.

In this case study, stSOBI method (Sect. 2.2) has been 
applied and the spatio-temporal kernels have been chosen 
to consider the spatio-temporal dependence. In particular, 
fifteen kernels have been considered:

	● three ball kernels with radius equal to 1, 2 and 3 weeks 
for the temporal part,

	● three ball kernels with radius equal to 30 km, 60 km and 
90 km, for the spatial part,

	● nine ring kernels with temporal lags equal to 1, 2 and 
3 weeks and spatial lags (0,  30) km, (30, 60) km and 
(60, 90) km, for the spatio-temporal part.

The choice of the kernel setting has been supported by the 
evaluation of the temporal lags where the correlation is 
strong and by some descriptive statistics on the Euclidean 
distance among the spatial locations.

In Table  3 a summary of the kernels’ parameters, as well 
as the corresponding pseudo-eigenvalues, is provided. These 
latter values have highlighted the most relevant kernel set-
ting for each latent component. Higher pseudo-eigenvalues 
for the temporal lags 1, 2 and 3 can be recognized for z1, z4, 

The main features of the study variables, from the per-
spective of the temporal and spatial profiles, arise that ET0, 
TM  and Tm exhibit increasing values in spring and summer 
periods, reaching the greatest mean values in June, for ET0, 
and in July for maximum and minimum air temperature; on 
the other hand, HM  and Hm show an opposite behavior. 
Finally, WS and R exhibit high variability and extreme val-
ues, especially during the winter period.

In Table 2 some descriptive statistics are listed: it is 
evident a very high variability, with respect to the corre-
sponding mean value, exhibited by WS and R, whose val-
ues ranging, respectively, from 0 to 11.3 m/s and from 0 to 
658.2 mm, with coefficients of variation equal to 56.408% 
and 151.611%, respectively. Moreover, the R weekly mea-
surements are characterized by a highly right-skewed distri-
bution, with a large proportion (62%) of the recorded values 
lower than the mean (21.726 mm), while the remaining mea-
surements are spread out till the maximum R value (658.2 
mm). Hence, the logarithmic transformation of the R values 
(after adding 1) has been considered and the transformed 
data have been used in the subsequent analysis. Note that 
neither ST-BSS nor ST-LCM make distributional assump-
tions, however transformation towards symmetry is mainly 
beneficial in a subsequent prediction step based on kriging. 
As previously pointed out, each variable is featured by a 
periodic component which has been computed through the 
weekly averages; then, the recorded data, and the logarith-
mic values of the R measurements, have been deseasonal-
ized by removing the weekly averages. The preprocessed 
dataset is made available in the R package SpaceTimeBSS 
(Muehlmann et al. 2023) as the dataset meteo_veneto.

Table 2  Descriptive statistics of the study variables’ measurements*
Minimum Median Mean Maximum SD

ET0 0.086 1.771 2.097 6.657 1.494

(−1.646) (2.144) (2.108) (6.647) (0.538)
TM −11.286 15.529 15.958 38.300 9.029

(−7.625) (16.841) (16.041) (41.023) (4.690)
Tm −25.420 6.357 6.314 26.800 7.688

(−17.679) (7.112) (6.391) (25.616) (4.364)
HM 0.000 96.143 93.271 100.000 8.247

(4.830) (95.395) (93.302) (114.550) (7.524)
Hm 0.000 50.286 52.276 100.000 15.465

(−10.728) (52.052) (52.292) (113.689) (12.453)
WS 0.000 1.171 1.303 11.300 0.735

(−0.051) (1.155) (1.302) (10.967) (0.708)
R 0.000 9.400 21.726 658.200 32.939

(−1.221) (2.244) (2.121) (6.877) (1.461)
*in brackets the statistics of the deseasonalized variables; for the 
R variable, the statistics in brackets refer to the log-transformed 
deseasonalized values
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	● z3 is mostly formed by the difference between maxi-
mum and minimum temperature in addition to the dif-
ference between rainfall and evapotranspiration. Also, 
a negative contribution of minimum humidity can be 
recognized;

	● z4 is mostly described by the difference between evapo-
transpiration and maximum temperature (with opposite 
signs compared to the first latent component) and mini-
mum temperature;

	● z5 is characterized by the difference between minimum 
and maximum temperature and the difference between 
maximum and minimum humidity, while the effect of 
the other variables is not relevant;

	● z6 is mainly characterized by the difference between 
minimum and maximum temperature (as already ob-
served for the second and fifth latent components) and 
negative contribution of minimum humidity and wind 
velocity;

	● z7 is driven by the difference between maximum and 
minimum temperature as well as the difference between 
evapotranspiration and wind speed.

As previously pointed out, the seven latent components 
are uncorrelated, hence each component has been analyzed 

z6 and z7, hence these temporal lags are more important for 
the above mentioned components than for the other compo-
nents. Moreover, the spatial lags equal to 30 km, 60 km and 
90 km are relevant for all the components. The remaining 
spatio-temporal lags are always important for the first and 
the second component. As described in Muehlmann et  al. 
(2023), the results coming from stSOBI, i.e., the pseudo-
eigenvalues, as well as the unmixing matrix (W) and the 
found latent processes (Z(s, t)), can be exploited for further 
analysis.

Moreover, as the transformation used is linear, the ele-
ments of the unmixing matrix can be interpreted as the 
weights of each variable in the linear combination. Hence, 
by looking at the unmixing matrix (Table 4) it is evident that

	● z1 is mostly described by the difference between maxi-
mum temperature and evapotranspiration, with a negli-
gible effect of the other meteorological study variables;

	● z2 is characterized by the difference between minimum 
and maximum temperature and positive contribution 
of rainfall. Evapotranspiration and humidity (mini-
mum and maximum) produce approximately the same 
contribution. Moreover, the effect of wind speed is not 
relevant;

Table 3  Kernel settings and pseudo-eigenvalues for the 15 kernel functions
Kernel Function rs

(rs0 , rs1 )
rt z1 z2 z3 z4 z5 z6 z7

Ball 0 1 1.17 0.44 0.40 1.02 0.60 1.08 1.07
Ball 0 2 1.07 0.26 0.31 0.90 0.50 1.02 1.02
Ball 0 3 1.06 0.23 0.30 0.88 0.48 1.00 1.01
Ball 30 0 2.21 2.65 1.84 1.14 1.26 0.83 0.71
Ball 60 0 3.24 4.26 2.76 1.67 1.66 0.92 0.86
Ball 90 0 3.34 5.29 3.28 2.03 1.78 0.79 0.77
Ring (0, 30) 1 2.22 0.94 0.24 0.40 0.31 0.39 0.06
Ring (0, 30) 2 1.96 0.47 0.07 0.13 0.18 0.33 −0.02
Ring (0, 30) 3 1.92 0.39 0.05 0.12 0.15 0.31 −0.03
Ring (30, 60) 1 2.58 1.31 0.26 0.66 0.30 0.33 0.16
Ring (30, 60) 2 2.23 0.64 0.02 0.28 0.14 0.25 0.06
Ring (30, 60) 3 2.16 0.54 0.01 0.26 0.10 0.21 0.04
Ring (60, 90) 1 1.06 1.26 0.21 0.67 0.15 −0.13 −0.17
Ring (60, 90) 2 0.72 0.61 0.01 0.31 0.02 −0.20 −0.23
Ring (60, 90) 3 0.65 0.53 −0.01 0.29 −0.01 −0.23 −0.24

Table 4  Unmixing matrix for the seven latent spatio-temporal random fields
ET0 TM Tm HM Hm WS R

z1 −0.44 1.06 0.17 0.19 0.12 0.30 −0.14
z2 0.22 −0.88 0.69 0.25 0.27 −0.09 0.48
z3 −0.85 1.80 −0.94 −0.14 −0.57 0.30 1.03
z4 2.18 −2.56 1.07 −0.20 −0.04 0.24 0.15
z5 0.14 −2.19 1.81 1.49 −1.66 0.11 −0.17
z6 0.04 −1.30 1.70 −0.16 −0.67 −0.79 0.13
z7 0.49 0.49 −0.67 0.35 −0.04 −0.50 0.25
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−0.005), the mean absolute error (MAE = 0.113) and the 
root mean square error (RMSE = 0.150). They confirm the 
goodness of the models detected with the ST-BSS approach.

As described in Sect. 3, after modeling the latent inde-
pendent components univariately, a back-transformation 
of the variable(s) of interest follows (III step), using the 
found unmixing matrix. This stage of the analysis will be 
recalled in the section of the paper devoted to the compari-
son between ST-BSS and ST-LCM, in terms of prediction 
results.

5.1.2  ST-LCM approach

According to the modeling steps described in Sect. 3.2 for 
constructing an ST-LCM, the first stage requires the estima-
tion of the sample direct and cross CFs at different spatial 
and temporal lags. The latter have been chosen as already 
done to develop an ST-BSS model for the study dataset, 
namely 7 lags in space (from 0 to 44 km) and 8 lags in time 
(from 0 to 7 weeks) for a total of K = 56 lags. Hence, the 
sample direct and cross-covariances have been estimated 
at the 56 spatio-temporal lags, for the 7 deseasonalized 
and scaled environmental variables. In Fig. 3 the 3D plots 
of the 7 direct and 21 cross spatio-temporal covariances 
are given. It is important to observe that all the empirical 
direct covariance surfaces show a linear pattern for short 
space-time lags, and a progressive delay for greater lags; 
on the other hand, looking at the sample cross-covariance 
between some variables (i.e., ET0 − HM , ET0 − Hm, 
ET0 − WS, ET0 − R, TM − HM , TM − Hm, TM − WS, 
TM − R, HM − WS and Hm − WS) it is clear that there 
is a negative linear relationship.            

Then, the (7 × 7) matrices of the direct and cross-covari-
ances estimated at each lag k, with k = 1, . . . , 56, have been 
jointly diagonalized through a (7 × 7) orthonormal matrix 
Ψ, and 56 diagonal matrices Λ(hs, ht)k, k = 1, . . . , 56, 
have been obtained, as indicated in (12). Successively, by 
extracting the diagonal entries of these matrices, the esti-
mates of the 7 basic components have been found out. Then, 
through the visual inspection of the 3D covariance surfaces 
as well as of the marginals in space and in time, only L = 3 
components (Fig. 4) have been kept as these components 
have demonstrated different levels of variability both spa-
tially and temporally.

In particular, the following scales of spatio-temporal 
variability have been detected

univariately and modeled with the most appropriate spatio-
temporal covariance (second step of the ST-BSS approach).

To identify a model for each independent component 
zi, i = 1, . . . , 7, it is required to preliminarily estimate the 
spatio-temporal covariances. The appropriate number of 
spatio-temporal lags has been defined by considering the 
points’ geometry across the spatio-temporal domain. In par-
ticular, 7 lags in space (with a lag spacing of 8 km) and 8 in 
time (with a lag interval of 1 week) have been fixed, hence 
K = 56 lags in space-time.

In Fig. 2 the 3D plots (left panel) and the correspond-
ing marginals in space and in time (middle panels) for the 
7 spatio-temporal sample covariances are provided for each 
latent component. The sample direct covariance surfaces 
show a well-structured positive correlation for all lags, a lin-
ear behavior at the origin and concave for small lags; finally, 
a different variability in space and in time is evident.

To select a suitable class of covariance models, the sam-
ple non-separability ratios (19) have been computed for each 
zi, i = 1, . . . , 7, by using the R package covatest (Cappello 
et al. 2020). From the box plots displayed in Fig. 2 it is clear 
that the calculated ratios (19) are uniformly smaller than 1 
for each latent component.

Hence, the empirical CFs can be fitted by the product-
sum model which is uniformly negative non-separable and 
it is also appropriate for modeling data that exhibit dif-
ferent variability in space with respect to time (De Iaco 
et  al. 2001b). Therefore, the following models have been 
considered:

ci(hs, ht)
= k1iCsi(hs)Cti(ht) + k2iCsi(hs) + k3iCti(ht), i = 1, . . . , 7,

� (20)

with k1i
> 0, k2i

≥ 0, k3i
≥ 0, exponential covariance mod-

els both in space and in time, namely Csi
= Exp(||hs||; asi

) 
and Cti

= Exp(|ht|; ati
) with spatial and temporal practi-

cal ranges, respectively, asi  and ati
, i = 1, . . . , 7.

The parameters of the models (20), which have been esti-
mated through the non-linear regression procedure of the 
SPSS package, are given in Table 5.

The adequacy of the models found out through the ST-
BSS method has been evaluated by carrying out a leave-one-
out cross-validation procedure for each latent component. 
Then, by multiplying the matrix of the predicted latent 
components by the inverse of the unmixing matrix, the 
variable of interest, in this case the ET0 variable, has been 
predicted, which has been successively re-scaled through 
the corresponding mean and standard deviation values. The 
final predicted ET0 values have been obtained by adding 
the seasonal component previously estimated. Lastly, true 
and predicted ET0 values have been compared through the 
correlation coefficient (r = 0.995), the mean error (ME = 

Fig. 2  Surface of the sample spatio-temporal covariogram (left), box-
plots of sample non-separability ratios classified by spatial and tem-
poral lags, and sample marginal spatial and temporal covariances with 
the corresponding models (middle), surface of space–time covariance 
model (right), for the latent components a) z1, b) z2, c) z3, d) z4, e) 
z5, f) z6, g) z7
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l = 1, 2, 3, of the coregionalization matrices Bl, have been 
determined. Finally, the ST-LCM fitted to the matrix-valued 
CF of the study data, is as follows:

C(hs, ht) = B1 c1(hs, ht) + B2 c2(hs, ht) + B3 c3(hs, ht),� (22)

where the parameters of the basic covariance models have 
been specified in Table 6 and Bl l = 1, 2, 3, have been as 
follows:

B1 =




1.264 0.919 0.460 0.106 −0.448 −0.242 −0.275
0.919 0.916 0.643 0.057 −0.299 −0.213 −0.232
0.460 0.643 0.829 −0.081 0.069 0.011 0.012
0.106 0.057 −0.081 1.274 0.651 −0.346 0.329

−0.448 −0.299 0.069 0.651 1.197 −0.049 0.548
−0.242 −0.213 0.011 −0.346 −0.049 1.510 0.076
−0.275 −0.232 0.012 0.329 0.548 0.076 1.279




,

B2 =




0.009 0.008 0.004 −0.003 −0.006 −0.0004 −0.007
0.008 0.009 0.006 −0.001 −0.003 −0.001 −0.006
0.004 0.006 0.008 0.002 0.004 −0.001 −0.001

−0.003 −0.001 0.002 0.011 0.011 −0.002 0.006
−0.006 −0.003 0.004 0.011 0.019 −0.002 0.010
−0.0004 −0.001 −0.001 −0.002 −0.002 0.004 0.001
−0.007 −0.006 −0.001 0.006 0.010 0.001 0.016




,

B3 =




3.168 3.159 1.798 0.132 −1.429 −0.677 −1.989
3.159 4.165 3.598 −0.056 −0.711 −0.020 −1.696
1.798 3.598 4.837 −0.208 1.023 1.032 −0.295
0.132 −0.056 −0.208 3.922 2.704 −1.100 1.534

−1.429 −0.711 1.023 2.704 4.362 −0.260 2.756
−0.677 −0.020 1.032 −1.100 −0.260 2.141 0.369
−1.989 −1.696 −0.295 1.534 2.756 0.369 4.812




Note that, the positive definiteness condition of the core-
gionalization matrices has been checked through the spec-
tral decomposition of the matrices. The condition has been 
satisfied since, for each Bl, the entries of the eigenvalues’ 
diagonal matrix have been all non negative.

Analogous to evaluating the ST-BSS model’s adequacy, 
the appropriateness of the ST-LCM in (22) has been 
assessed by the findings from the leave-one-out cross-vali-
dation procedure carried out for the primary variable (ET0). 
In particular, at each point of the study area, the ET0 stan-
dardized value has been first estimated on the basis of the 
model in (22) and the values available for all the variables in 
a properly defined neighborhood; then, the estimated value 
has been re-scaled by the corresponding mean and standard 
deviation computed for the ET0 variable and lastly the ET0 
seasonal component has been added to the re-scaled esti-
mated value. Finally, for the validation of the constructed 

	● at 15 km and 1 week (short scale),
	● at 18 km and 2 weeks (medium scale),
	● at 24 km and 3 weeks (large scale).

Note that the remaining four components have been dis-
carded since their variabilities in space-time were similar to 
the ones of the chosen components. The second step of the 
modeling procedure involves finding the most appropriate 
model classes for the empirical basic covariances. This case 
study presents statistical evidence supporting the adoption 
of classes of models which are fully symmetric and non-
separable for all the basic components. Moreover, the sam-
ple non-separability ratios grouped by spatial and temporal 
lags, as displayed through the corresponding box-plots in 
Fig. 4, have been smaller than 1 for all lags, thus uniformly 
negative non-separable space-time covariance models are 
the most apt models for the retained latent components (De 
Iaco et al. 2016; Cappello et al. 2018; De Iaco et al. 2020).

Taking these aspects into account, the product-sum 
model (De Iaco et al. 2003, 2001a; De Iaco and Posa 2013) 
has been selected to be fitted to each basic component, i.e.,

cl(hs, ht)
= k1l

Csl
(hs)Ctl

(ht) + k2l
Csl

(hs) + k3l
Ctl

(ht), l = 1, 2, 3,
� (21)

with k1l
> 0, k2l

≥ 0, k3l
≥ 0, Csl  and Ctl  the exponen-

tial covariance models in space and time, respectively, with 
practical ranges asl , for the former and atl , for the latter.

As previously carried out to compute the models’ param-
eters of the ST-BSS independent components, also in this 
case the parameters’ estimation for models in (21) has been 
computed by performing the non-linear regression pro-
cedure available in SPSS. The corresponding values are 
reported in Table 6.

At this point, the third step of the procedure for the ST-
LCM construction concerns the calculation of the coregion-
alization matrices’ elements. In particular, as described in 
Sect. 3.2, these entries correspond to the ratio between the 
contributions of the Ĉij , i, j = 1, . . . 7, at the l-th scale of 
variability and [cl(0, 0)]. Hence, by looking at the sample 
spatio-temporal covariances of the analyzed variables (Fig. 
3), and at the spatio-temporal covariance estimates of the 3 
basic components (Fig. 4), the elements bl

ij , i, j = 1, . . . , 7, 

Table 5  Estimates of the models’ parameters for the independent components of the ST-BSS model (20)
z1 z2 z3 z4 z5 z6 z7

k1 0.055 0.035 0.280 0.010 0.380 0.080 0.100
k2 0.495 0.150 0.200 0.690 0.300 0.700 0.720
k3 0.450 0.815 0.520 0.300 0.320 0.220 0.180
as 40 km 25 km 20 km 20 km 10 km 4.5 km 6 km
at 2 week 2 week 1 week 3 week 2 week 2 week 1 week
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a satisfying adequacy of the model in (22) to describe direct 
and cross-correlation in space-time between the variables.

ST-LCM, the correlation coefficient (r = 0.997), the mean 
error (ME = 0.002), the mean absolute error (MAE = 0.081) 
and the root mean square error (RMSE = 0.124) have been 
computed between the recorded ET0 values and the esti-
mated ones obtained as stated above. They have highlighted 

Fig. 3  Surface of the sample spatio-temporal direct and cross covariograms
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b)	 3 weeks in 2020, namely 26th, 43rd and 52nd weeks 
(belonging to different seasons of the year), over 29 
monitoring stations not included in the modeling stage.

Hence, in the case of the ST-BSS model, kriging predictions 
for all the 7 independent components have been computed 
first; then by multiplying the predictions’ matrix with the 
inverse of the unmixing matrix, the predictions of the scaled 
values for all the analyzed variables have been obtained. 
Successively, the data predicted for the ET0 variable have 
been transformed to the scale of the original data, by mul-
tiplying them by the corresponding standard deviation and 

5.2  Comparison between the two fitted models

In this section the two distinct modeling approaches dis-
cussed in the present paper have been compared in terms of 
predictive performances. In particular, the ST-BSS model 
and the ST-LCM have been used to compute jack-knife pre-
dictions of ET0 levels for 

a)	 4 weeks in 2022 after the last observed week, over the 
72 sampled spatial locations;

Table 6  Estimates of the models’ parameters for the basic components of the ST-LCM (21)
l = 1 l = 2 l = 3 l = 1 l = 2 l = 3

k1 0.140 0.125 0.055 as 15 km 18 km 24 km
k2 0.170 0.340 1.055 at 1 week 2 week 3 week
k3 0.260 1.575 0.560

Fig. 4  Surface of the sample spatio-temporal covariogram (left), box-
plots of sample non-separability ratios classified by spatial and tem-
poral lags and sample marginal spatial and temporal covariances with 

the corresponding models (middle), surface of space–time covariance 
model (right), for the selected basic components at a) short, b) medium 
and c) large scale of variability
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error indicator and the ST-LCM one (relative to the latter) 
has been computed to highlight the discrepancy, in terms 
of predictive performances, between the two approaches. 
Indeed, a positive (negative) value of ∆ indicates an 
improvement (worsening) in predicting by using the ST-
LCM instead of the one based on ST-BSS.

Tables 7 and 8 report the values of the error indicators 
with the corresponding relative variations concerning, 
respectively, case a) and case b) previously introduced as 
two different ways to examine the effectiveness of the two 
methods. Moreover, in Table 7 the above errors are reported 
by considering the ST-BSS and the ST-LCM predictions of 
the ET0 levels at all sample locations for one, two, three 
and four weeks in 2022 after the last time available in the 
study dataset.

From the listed results it is evident that up to 3 time points 
ahead (weeks), the discrepancies between the true ET0 val-
ues and the predicted ones based on the fitted ST-LCM are 
lower than the predictions obtained through the ST-BSS 
approach. The opposite results occurred in the case of pre-
dictions at 4 times ahead: in this case the error indicators 
have highlighted that the ST-BSS approach has improved 
the ET0 predictions with respect to the ones resulting on 
the basis of the ST-LCM. Evidently, the worsening of the 
predictive performances for the ST-LCM is consistent with 
the main features of the fitted model (22) which has been 
defined by considering three different basic components 
where the largest one referred to a temporal variability equal 
to 3 weeks.

However, it emerges that, in general, the two compared 
approaches (ST-BSS versus ST-LCM) have shown a slight 
difference in terms of predictive performances, with relative 
variations ranging from −12.14% to 28.46%.

The slight discrepancy between the two adopted proce-
dures to predict ET0 values, has been also found out in the 
case b) when the study variable has been estimated for 3 
different weeks of 2020, at 29 stations not included in the 
modeling stage. In this case, the relative variations (∆%) 
between the error indicators have shown low values, which 
have been negative (the ST-BSS performed better than ST-
LCM) at the 26th and 52nd weeks of 2020, and positive (the 
ST-LCM performed better than ST-BSS) at the 43rd week 
of 2020 (Table 8).

Moreover, by looking at the spatial distributions of the 
percentage relative differences between the ET0 estimates, 
computed, alternatively, on the basis of the ST-BSS and the 
ST-LCM, and the ET0 true values (Fig. 5), it is evident that, 
for the three study weeks, the minimum and maximum rela-
tive difference occurred at the same locations or at nearby 
locations.

A further consideration emerging from the maps shown 
in Fig. 5 is that, for each investigated week, the percentage 

adding the mean value. In this way, the estimates of the ET0 
residuals have been obtained and lastly, the ET0 seasonal 
component previously estimated, added to the residuals.

On the other hand, in the case of the ST-LCM, a spatio-
temporal cokriging (De Iaco et al. 2010) based on the fitted 
model (22) has been carried out to estimate the ET0 scaled 
residual values and then, after re-scaling them (i.e., multi-
plying by the standard deviation and adding the mean value 
for each monitoring station), the ET0 seasonal factor has 
been aggregated to the estimated residuals to obtain the ET0 
weekly predicted levels.

The assessment of the predictive performances concern-
ing the two modeling approaches (ST-BSS versus ST-LCM) 
has been carried out through four different indicators of the 
prediction error, namely the mean absolute error (MAE), the 
root mean square error (RMSE), the relative mean absolute 
error (r−MAE) and the relative root mean square error (r−
RMSE), which have been calculated between the true ET0 
values and the estimated ones. Then, for each error indica-
tor, a percentage relative variation (∆) between the ST-BSS 

Table 7  Statistics on the prediction errors of ST-BSS and ST-LCM for 
ET0 estimated values for 4 weeks in 2022 at all sampled locations

+1 week +2 weeks +3 weeks +4 weeks
ST-BSS predictions

MAE 0.120 0.101 0.094 0.100
RMSE 0.144 0.125 0.117 0.126
r−MAE 0.045 0.041 0.038 0.038
r−RMSE 0.053 0.049 0.046 0.046

ST-LCM predictions
MAE 0.094 0.084 0.092 0.113
RMSE 0.114 0.102 0.113 0.143
r−MAE 0.035 0.034 0.037 0.043
r−RMSE 0.042 0.040 0.044 0.053
∆(%)
MAE 28.46 19.60 2.46 −11.22
RMSE 26.66 22.16 3.87 −12.14

Table 8  Statistics on the prediction errors of ST-BSS and ST-LCM for 
ET0 estimated values for 3 weeks in 2020 at 29 testing locations

2020, 26th week 2020, 43rd week 2020, 52nd week
ST-BSS predictions

MAE 0.260 0.153 0.110
RMSE 0.318 0.195 0.137
r−MAE 0.057 0.133 0.279
r−RMSE 0.069 0.168 0.344

ST-LCM predictions
MAE 0.291 0.135 0.121
RMSE 0.342 0.174 0.144
r−MAE 0.064 0.117 0.305
r−RMSE 0.075 0.151 0.361
∆(%)
MAE −10.46 13.33 −8.49
RMSE −7.08 12.07 −4.72
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Fig. 5  Estimation maps at 29 stations and box-plots of the relative differences between true ET0 values versus estimated ones for (a) the 26th, (b) 
the 43rd, (c) the 52nd week of 2020
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	● 7 variables (p = 7), in the hypothesis of either 3 scales 
of variability by using the ST-LCM (III case) or 7 scales 
of variability by using the ST-BSS (VI case).

The (p × p) full-rank coefficient matrix A of the ST-BSS 
model, as in (1), as well as the matrices Al, l = 1, . . . , L, 
of the ST-LCM, as in (9), have been randomly generated for 
the different options under study. The latent random fields 
for both models have been simulated through the product-
sum CFs, whose spatial part is modeled with Matérn covari-
ance function, i.e.,

Cs(hs; ν, a) = 1
2ν−1 Γ(ν)

(
hs

a

)ν

Kν

(
hs

a

)
,� (23)

where ν > 0 is the smoothness parameter, a > 0 is the range 
parameter and Kν  is a modified Bessel function of the sec-
ond kind with shape parameter ν, while an exponential CF, 
resulting from an autoregressive temporal process of order 
1, is adopted for the temporal part, i.e.,

Ct(ht; ϕ) = ϕ|ht|,� (24)

where ϕ ∈ (−1, 1).
The parameters for the spatial and temporal CFs of the 

product-sum covariance model used for simulating multi-
variate datasets of 3 variables, with 2 or 3 scales of variabil-
ity, and for simulating multivariate datasets of 7 variables, 
with 3 or 7 scales of variability are given in Tables 9 and 10, 
respectively.

relative differences between ET0 estimates and true values 
have been characterized by the same sign using both the 
ST-BSS approach and the ST-LCM approach, at almost all 
locations, namely at 80.5% of the estimated points.

6  Simulation study

Throughout this part of the paper, the predictive ability 
of the ST-LCM and ST-BSS has been analyzed through a 
simulation study, based on space-time data, generated over 
a grid with 64 points in space (irregularly distributed) and 
128 points in time. The form of the spatial domains is cir-
cumscribed by the square Snsp

= (0, nsp] × (0, nsp], with 
nsp = 8, from which n2

sp = 64 sample points are selected at 
random for each simulation iteration; the form of domains 
in time is of the type Tnt

= [1, nt], from which the temporal 
locations are simply T ∩ Z where nt = 128 equals twice 
n2

sp to mimic the unbalanced nature of spatio-temporal data-
sets that frequently appear in real-world scenarios. Thus, 
the spatio-temporal coordinates belong to the domains 
Snsp × Tnt  which are denoted hereafter by [0, nsp]2 × nt.

The simulations have been performed to produce a total 
of 120 space-time datasets with

	● 3 variables (p = 3), in the hypothesis of either 2 scales 
of variability by using the ST-LCM (I case) or 3 scales 
of variability by using the ST-BSS (II case);

Table 9  Parameters for the spatial and temporal CFs of the product-sum covariance model used for simulating multivariate datasets of 3 variables, 
with 2 or 3 scales of variability
Scales ST-LCM ST-BSS ν a ϕ k1 k2 k3

(2 scales) (3 scales)
1 ✓ ✓ 1.30 1.90 0.80 2/8 1/8 5/8
2 ✓ 1.00 1.40 0.60 5/8 1/8 2/8
3 ✓ ✓ 0.70 0.90 0.40 5/8 2/8 1/8

Table 10  Parameters for the spatial and temporal covariance models of the product-sum covariance used for simulating multivariate datasets of 
7 variables, with 3 or 7 scales of variability
Scales ST-LCM ST-BSS ν a ϕ k1 k2 k3

(3 scales) (7 scales)

1 ✓ 1.60 2.40 0.90 1/8 2/8 5/8
2 ✓ 1.45 2.15 0.80 2/8 5/8 1/8
3 ✓ ✓ 1.30 1.90 0.80 2/8 1/8 5/8
4 ✓ 1.15 1.65 0.70 1/3 1/3 1/3
5 ✓ ✓ 1.00 1.40 0.60 5/8 1/8 2/8
6 ✓ 0.85 1.15 0.50 1/8 5/8 2/8
7 ✓ ✓ 0.70 0.90 0.40 5/8 2/8 1/8
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(negative/positive sign respectively) of the ST-BSS vs the 
ST-LCM, has been computed for both the MAE and the 
RMSE. Moreover, the hypothesis test has been conducted 
in order to check whether there is no difference between the 
performance (in terms of mean errors) of the 2 methodolo-
gies (δ=0); thus, the T test statistics and the corresponding 
p-values of the test statistic are also given.

Comparing the errors indexes, in the II and IV cases, the 
ST-BSS performs slightly better than the ST-LCM and this 
can be essentially explained by the consideration that the 
ST-LCM is based on a lower number of latent components 
(2 or 3, respectively) with respect to the effective number 
of scales of variability (3 or 7, respectively), thus ST-LCM 
loses the information related to the neglected latent compo-
nents at some scale of variability. As highlighted hereafter, 
note that the difference between the two methodologies is 
particularly significant in the last case (Fig. 8).

In the I and III cases, the differences between ST-BSS 
and ST-LCM are smaller, and the p-values are higher than 
the ones associated with the II and IV cases. In addition, in 
the case III, the ST-LCM performs better than the ST-BSS 
method at least up to 2 times ahead, where the correlation is 
stronger; indeed, the ST-BSS makes forecasts using 7 inde-
pendent components, of which only 3 can be associated to 
3 different scales of variability and then only 3 components 
can provide a substantial contribution, so ST-BSS forecasts 

Moreover, the 7 surfaces of the product-sum CFs in the 
hypothesis of 7 scales of variability are provided in Fig. 6 
and the corresponding spatial part, modeled with the Matérn 
class model, and temporal part modeled with the autoregres-
sive model of order 1, are given in Fig. 7.

The performance of the two modeling methodologies 
(ST-LCM and ST-BSS) has been measured by evaluating 
the absolute and relative deviations, previously defined 
(Sect. 5.2), between the simulated values and the predicted 
values in the last three times of the spatio-temporal grid 
Snsp × Tnt .

In particular, both the ST-LCM and ST-BSS have been 
used to make predictions for each of the 4 options consid-
ered in the simulation procedure, that is, simulations for 
MSTRFs of 3 variables with 2 or 3 scales of variability, 
based on the ST-LCM and ST-BSS, respectively (I and II 
cases), and simulations for MSTRFs of 7 variables with 3 or 
7 scales of variability, based on the ST-LCM and ST-BSS, 
respectively (III and IV cases).

In Table 11, the average values of the absolute and rela-
tive error indicators (MAE, RMSE, r−MAE, r−RMSE as in 
Sect. 5.2) related to the 4 simulation options are presented. 
Note that for each option, the error statistics associated to 
the ST-BSS and ST-LCM predictions for the first time point 
ahead, the first 2 time points ahead and 3 time points ahead 
are specified. Then, the relative variation ∆ (in percent-
age), which measures the relative improvement/worsening 

Fig. 7  (a) Spatial models with Matérn CF and (b) temporal models with exponential CF resulting from an AutoRegressive temporal process of 
order 1, with 7 variables (p = 7) and 3 (dashed lines) or 7 (dashed and solid lines) scales of variability

 

Fig. 6  Surfaces of the product-sum covariance model used for simulat-
ing multivariate datasets of 7 variables, with parameters (ν, a, ϕ, k1, 
k2, k3): (1.60, 2.40, 0.90, 1/8, 2/8, 5/8) for z1, (1.45, 2.15, 0.80, 2/8, 

5/8, 1/8) for z2 , (1.30, 1.90, 0.80, 2/8, 1/8, 5/8) for z3, (1.15, 1.65, 
0.70, 1/3, 1/3, 1/3) for z4, (1.00, 1.40, 0.60, 5/8, 1/8, 2/8) for z5, (0.85, 
1.15, 0.50, 1/8, 5/8, 2/8) for z6, (0.70, 0.90, 0.40, 5/8, 2/8, 1/8) for z7
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Table 11  Statistics on the prediction errors of ST-BSS and ST-LCM for 4 simulation cases, differentiated by 1 time ahead, 2 times ahead, 3 times 
ahead

I simulation case II simulation case
3 var. 2 scales 3 var. 3 scales
+1 t +2 t +3 t +1 t +2 t +3 t
ST-BSS predictions using 3 latent comp.

MAE 2.342 2.690 2.920 2.551 2.949 3.269
RMSE 2.883 3.306 3.596 2.895 3.464 3.900
r−MAE 0.678 0.735 0.770 0.688 0.751 0.828
r−RMSE 0.681 0.736 0.771 0.665 0.737 0.808

ST-LCM predictions using 2 latent comp.
MAE 2.426 2.797 3.099 2.653 3.074 3.477
RMSE 2.966 3.431 3.825 3.027 3.644 4.153
r−MAE 0.706 0.775 0.829 0.720 0.804 0.891
r−RMSE 0.704 0.773 0.830 0.698 0.787 0.878
∆(%)
MAE −3.47 −3.83 −5.78 −3.81 −4.07 −5.97
RMSE −2.80 −3.65 −5.98 −4.36 −4.96 −7.20
Test δ=0
Stat. test −0.277 −0.337 −0.549 −0.330 −0.389 −0.614
p-value 0.783 0.737 0.585 0.743 0.699 0.542

III simulation case IV simulation case
7 var. 3 scales 7 var. 7 scales
+1 t +2 t +3 t +1 t +2 t +3 t
ST-BSS predictions using 7 latent comp.

MAE 3.307 3.336 3.418 2.492 2.692 2.885
RMSE 3.900 3.995 4.120 2.763 3.095 3.407
r−MAE 0.814 0.834 0.875 0.583 0.564 0.595
r−RMSE 0.805 0.824 0.868 0.570 0.561 0.602

ST-LCM predictions using 3 latent comp.
MAE 3.207 3.290 3.528 3.317 3.674 3.992
RMSE 3.815 3.935 4.260 3.943 4.597 5.066
r−MAE 0.796 0.855 0.898 0.693 0.684 0.717
r−RMSE 0.792 0.842 0.893 0.784 0.860 0.927
∆(%)
MAE 3.10 1.40 −3.13 −24.88 −26.73 −27.74
RMSE 2.23 1.51 −3.28 −29.93 −32.68 −32.75
Test δ=0
Stat. test 0.304 0.137 −0.320 −2.202 −2.651 −2.780
p-value 0.762 0.891 0.750 0.032 0.011 0.008

Fig. 8  Box-plot of the relative variations ∆% for predictions based on ST-BSS and ST-LCM at (a) 1 time ahead, (b) 2 times ahead, (c) 3 times 
ahead
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marginally and spatio-temporally correlated; thus, each pro-
cess can be analyzed separately in a downstream analysis.

The discussed case study and the analysis developed on 
the simulated dataset revealed slight differences between 
ST-BSS and ST-LCM, measured in terms of relative varia-
tions between the prediction error indicators. A better perfor-
mance of ST-LCM with respect to ST-BSS has reasonably 
arisen when the number of significant latent components is 
much lower than the number of the original variables, as 
underlined in the real data application and the simulation 
study. On the other hand, ST-BSS outperforms ST-LCM, 
especially in case of a high number of variables, due to the 
information lost in the ST-LCM fitting process from leaving 
out some relevant components. The fact that in some cases 
the two methodologies have a similar performance repre-
sents a ’null result’ which is defined as an outcome that does 
not confirm the hypothesis that one method is better than 
the other.

While both methods seem to work well in practice, there 
is still some need for future research. BSS approaches, 
already developed for only spatial and only temporal data, 
can also handle non-stationary data and this line should also 
be extended to space-time data (see e.g. Muehlmann et al. 
2022, Sipilä et al. 2025). Similarly, here ST-BSS assumes p 
latent components but usually the hope is that there is room 
for dimension reduction. In general, there are two main 
approaches to formulate models with q < p latent compo-
nents and there are tools to estimate q and the components, 
like for example Nordhausen et al. (2022) and Muehlmann 
et al. (2024).

As regards the ST-LCM, future developments can also 
concern non-stationary and/or spatial anisotropic processes 
(Muehlmann et al. 2025), as well as, from a computational 
point of view, a unique user-friendly package for supporting 
an automatic procedure for all modeling steps, included the 
number of the relevant latent components to be retained and 
the class of covariance models to be considered for each 
latent component.
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are affected by the noise caused by the non-significant 
variables.

It is worth noting that the p-values for the I, II and III 
cases computed distinctly for the 3 intervals of prediction 
time widely lead to the non-rejection of the null hypothesis 
at the significance level of 5%, since they range from 0.891 
to 0.542. For the last option (IV case), the null hypothesis is 
not rejected only at a lower level of significance with respect 
to 5% and this is lower and lower (from 0.032 to 0.008) 
as the number of time points considered for prediction 
increases. Thus, there is no significant difference between 
the performance of the two methodologies. However, these 
findings might motivate the adoption of the ST-BSS model 
to produce spatio-temporal predictions, with respect to the 
ST-LCM when the number of basic components retained by 
the ST-LCM for prediction is less than 50% of the distinct 
variability scales, as in case IV; on the other hand, as shown 
in the case III, the ST-BSS results are affected negatively by 
the latent components which are involved in the estimate, 
but are redundant.

7  Conclusions and discussion

In this paper, two different approaches for modeling an 
MSTRF, namely the widely used ST-LCM and the recently 
developed ST-BSS method, were discussed and compared 
in terms of predictive performances. By a thorough presen-
tation of the theoretical features of the two techniques, as 
well as the main stages of the modeling procedures based 
on these methods, their similarities and dissimilarities were 
first highlighted and clarified. Then, both the methodologies 
based on the ST-BSS and ST-LCM were applied to a dataset 
concerning seven correlated agrometeorological variables, 
in order to a) model latent components underlying the mul-
tivariate spatio-temporal process at hand, and b) produce 
spatio-temporal predictions for the variable of interest. The 
former stage of the application offered the opportunity to 
point out the different modeling steps occurred in using each 
of the two methods, while the latter one was carried out to 
compare the performances of the two methods on the basis 
of proper prediction error indicators. Finally, a simulation 
study was also developed to analyze the predictive perfor-
mances of the two methods.

The parallelism between ST-BSS and ST-LCM, from 
both the theoretical and the empirical points of view, repre-
sents the effective novelty of this contribution. As detailed, 
although the two methodologies start from different per-
spectives in modeling an MSTRF, their abilities in pre-
dicting the variable of interest over the study domain are 
mostly equivalent. In both cases, the latent processes are not 
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