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ABSTRACT

The paper presents a multifield formulation involving five different physical problems under the equilibrium
thermodynamic conditions for laminated doubly-curved shell structures. More specifically, the study focuses on
the coupling between the mechanical elasticity and the thermo-hygrometric problem, while also considering the
magneto-electricity of the solid. The configuration variables are described with a generalized formulation based
on the Equivalent Layer Wise (ELW) approach, taking into account higher order polynomial interpolations along
the thickness direction. The fundamental relations are derived from the Master Balance principle and solved
using the Navier’s method. Furthermore, the three-dimensional response of the doubly-curved shell solid in
terms of primary and secondary variables is recovered from the two-dimensional solution with a methodology
based on the three-dimensional multifield balance equations and the Generalized Differential Quadrature (GDQ)
numerical technique. Some examples are then presented in which panels of different curvatures and lamination
schemes are investigated. The results are compared with success to those coming from three-dimensional nu-
merical models developed with a commercial software. It is shown that the present analytical solution is a valid
tool for modelling multifield problems for the evaluation of the response of doubly-curved shells under gener-
alized external actions and pre-determined values of the configuration variables.

1. Introduction

Recent applications in many engineering fields adopt structures of
very complex shapes made of innovative materials [1-2]. More specif-
ically, the so-called smart structures [3] are extensively employed,
which can react not only to external surface tractions, but also to other
general actions like hygrothermal loads, as well as electric and magnetic
fields. As a consequence, the bending and vibrational response of a smart
structure can be oriented according to the design needs by applying an
external field [4-7]. Another interesting application of this kind of
structures concerns the influence of thermal loads, since the de-
formations induced by high temperatures [8-9] or by moisture diffusion
processes can be easily controlled with an application of an electric field
to the structure [10-12]. The coupling between two physical problems
considers both the direct and the converse effects, therefore several
practical applications can be made. For instance, in case of piezoelectric
devices [13-15], the direct piezoelectric effect consists of a deformation
of the structure under the application of an electric field, whereas for the
converse piezoelectric effect an electric voltage is generated from a
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strain distribution. In other words, the direct and converse piezoelectric
properties of a structural component can be used in actuators and sen-
sors, respectively [16-17]. Furthermore, multifield simulations can be
adopted to investigate the effects of external electromagnetic fields,
vibrations in a thermal environment, and the influence of mass diffusion
processes on the structural response [18-20].

When a smart structure is studied, the derivation of a theoretical
model can be carried out using both coupled and uncoupled formula-
tions [21-23]. In case of uncoupled model, each physical problem is
solved separately, and a distribution of additional strains is derived,
which is embedded in the mechanical elasticity problem as an additional
volume load [24-26]. On the other hand, when a fully-coupled formu-
lation is adopted the constitutive equations of each physical problem
consider the coupling between the different fields [27-29]. As a conse-
quence, the energy of the system shows some additional terms and the
fundamental equations of each field are solved within the same system.
A multifield problem can be developed using either a three-dimensional
(3D) or two-dimensional (2D) approach, and an approximate solution is
usually obtained through a numerical procedure [30-33]. However, the
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computational cost can be very high due to the significative number of
Degrees of Freedom (DOFs) that are involved, especially in 3D formu-
lations. To this end, closed-form and semi-analytical solutions [34-41]
can be derived for some specific cases, such as plates, cylindrical and
shallow spherical panels characterized by antisymmetric cross-ply and
angle-ply lamination schemes. All these methods can be combined for a
more convenient derivation of the solution of the system of partial dif-
ferential equations governing each physical field [42-43].

When developing a multifield two-dimensional formulation, two
different approaches can be followed, namely the Equivalent Single
Layer (ESL) and the Layer-Wise (LW) models [44-47]. In addition, a
hybrid approach named Equivalent Layer-Wise (ELW) formulation [48]
can be also adopted. Several thickness functions can be selected,
including both polynomial and non-polynomial functions [49-51].
Furthermore, zigzag functions [52-53] can be employed to depict the
slope change of the deflection in the interface between two adjacent
laminae. In this way, each unknown field variable is described using
pre-determined thickness functions which only depend on the thickness
coordinate. Some generalized variables are thus introduced, which
represent the DOFs of the formulation. When an ESL model is used, these
variables can be found on a reference surface located in the middle
thickness of the panel under consideration [54-55], whereas LW and
ELW variables are distributed along the thickness of the solid [56]. In
addition, in LW models an axiomatic assumption is made in each lamina
of the panel, whereas in ELW and ESL formulations the description of the
field variables refers to the entire lamination scheme. Since each vari-
able of a multifield problem may have a different behavior within the
same layer with respect to the other ones, the structural model should be
based on a generalized formulation in which a particular thickness
function is adopted for each field. In order to achieve this, the unified
formulation [57-58], presented for the first time in the works by
Washizu and Reddy for the mechanical elastic problem [59-60], can be
used. As far as the external loads are concerned, in mechanical problems
an external surface traction is usually applied to the structure [61-62],
or alternatively a pre-determined distribution of the displacement field
can be prescribed in some regions. In the same way, in multifield
analysis a prescribed value of the unknown field variable is typically
enforced to the panel [63-68]. Furthermore, an external surface flux can
be assigned for each field, depending on the modeling requirements.
When coupled multifield formulations are presented, different expres-
sions of the total energy of the structural system are provided in liter-
ature [69-71], depending on the physical problems that are coupled. In
a more general case, the total free energy [72-73] can be seen as a
generalization of several multifield energies in which only two or three
physical problems are coupled, considering the elastic strain energy, the
electric energy, the magnetic energy, the entropy energy and the
chemical energy of the system. The total free energy can be interpreted
as the internal work done by all the generalized actions associated with
each physical problem. It should be noted that the governing equations
of a multifield problem can be easily derived if the energy of the system
is a thermodynamic potential. In this way, the Master balance principle
can be applied. If a smaller number of fields is considered, some ener-
getic contributions are neglected and the corresponding thermodynamic
potential for the specific problem under consideration is derived. For
example, when the coupling between the heat transfer problem and the
mechanical elasticity is studied, a stationary configuration of the
Helmholtz free energy function is derived, which depends on the
deformation gradient and the absolute temperature. As it is well-known,
the heat conduction problem is caused by a temperature gradient,
whereas a mass concentration gradient leads to a mass diffusion. These
two phenomena are traditionally modeled using the Fourier and Fick
equations [74-77]. However, experimental results show that moisture
diffusion and heat transfer are related to each other [78]. The coupling
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between these two systems of equations is conducted through the Ons-
ager reciprocity relations [79-80]. In this way, the Dufour effect can be
modeled, which consists of an additional heat flow coming from a
concentration gradient. In the same way, the increment of mass flow
caused by heat transfer is known as Soret effect [81-83].

Once the governing equations are derived, a closed-form solution can
be found for only specific load cases, lamination schemes and geome-
tries. Starting from the pioneering works by Pagano [84-85], several
three-dimensional [86] and two-dimensional analytical solutions have
been developed for laminated plates and shells based on the Classical
Plate Theory (CPT), First Order Shear Deformation Theory (FSDT) and
Third Order Shear Deformation Theory (TSDT) [87-89]. Analytical so-
lutions are typically employed to validate numerical models. Never-
theless, a correct implementation of a semi-analytical method can
provide a solution of practical interest by expanding some closed-form
solutions, as happens in the well-known Navier and Levy methods
[90-91]. On the other hand, the reconstruction of the actual distribution
of primary and secondary variables from two-dimensional generalized
variables may lead to inaccurate predictions of the real structural
response because two-dimensional models do not a-priori satisfy the
equilibrium conditions in the thickness direction. As a consequence, a
post-processing correction of these profiles is essential, as shown in Refs.
[92-94]. The correction of primary and secondary variable requires a
numerical method to integrate the balance equations of each physical
problem along the thickness direction. Among various numerical tech-
niques, the Finite Element Method (FEM) is widely used in several
commercial codes [95-96]. Based on local interpolation of the unknown
variables through shape functions, it requires the definition of a discrete
computational grid where the governing equations are solved. A grid
refinement can yield more accurate results, even though the computa-
tional cost is increased. For this reason, spectral collocation methods,
such as the Generalized Differential Quadrature (GDQ) method [97], are
commonly employed to reduce the number of DOFs. To this class be-
longs the GDQ method [98-100], which allows one to approximate the
derivative of an arbitrary order as a weighted sum of the values assumed
by the unknown function on a discrete grid. Weighting coefficients are
determined using various approaches. The Lagrange interpolating
polynomials are very frequently adopted as basis functions [101]. When
the unknown function is approximated with Taylor’s series, the
Taylor-based Differential Quadrature (TDQ) is obtained, whereas the
Harmonic Differential Quadrature (HDQ) is based on the adoption of
Fourier trigonometric series [102-103]. Several papers show that
GDQ-based procedures are highly efficient and accurate, especially
when the discrete problem is built on non-uniform grids [104-105]. The
GDQ method has been applied to a series of structural problems,
including laminated shell structures made of advanced materials
[106-108]. Furthermore, in Refs.[109-112] it has been used to derive
an approximate solution in various coupled multifield problems.

In the present work, a two-dimensional multifield problem is
developed for laminated doubly-curved shell structures. The present
model includes the mechanical elasticity problem, the electric and
magnetic fields, as well as the hygro-thermal coupling all presented in a
fully-coupled formulation. Once the geometry of the doubly-curved
panel is described through principles of differential geometry, the
multifield fundamental equations are derived from the Master Balance
principle, taking into account all the coupling effects between the
investigated physical problems. The unknown field variables are
described using a generalized ELW formulation, involving higher order
through-the-thickness kinematic assumptions. Furthermore, the in-
teractions between two adjacent laminae are described with an
improved version of the Murakami zigzag function. A semi-analytical
two-dimensional solution is derived with the Navier method for cross-
ply plates, cylinders and shallow spherical panels. Then, the GDQ
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method is employed to correct the through-the-thickness profile of the
primary and secondary variable of each physical problem through a
recovery procedure based on multifield three-dimensional balance
equations. Three examples of investigation are presented in which the
model is used to derive the multifield response of various structures,
considering different levels of coupling between the involved physical
problems. For each case, the semi-analytical predictions of this formu-
lation are successfully compared with the results obtained from refined
Finite Element numerical models developed with a commercial soft-
ware. To the best of author’s knowledge, the present work provides, for
the first time, a generalized model that considers the complete coupling
between the hygrometric, thermal, magnetic, electric and mechanical
fields. Furthermore, the equilibrium-based recovery procedure, initially
developed for the mechanical elasticity problem, is extended here to a
multifield formulation. This extension enables the derivation of highly
accurate predictions of the outcomes computational expensive three-
dimensional models starting from a two-dimensional semi-analytical
solution. Finally, the proposed methodology can be a valid tool for
studying a complete multifield problem with a high level of accuracy
despite limited computational resources.

2. Geometric description of a doubly-curved shell

In this section, an abitrary doubly-curved shell structure is described
according to the ESL approach. The position vector R of a doubly-curved
shell solid depends on three parameters denoted by a; = a1, @2, as,
which are defined in a closed interval a; € [a%,a}] with extremes a2
< al. If the unit vectors of a global cartesian coordinate system are
denoted by e1,e3,es3, the following relation can be introduced:

R(auaz,as) :fl(al,az,(h)ﬂ +f2(011,012,013)e2 +f3(f117l127l13)93

1)

where f1,f2,f3 are smooth functions. Following the ESL approach, a
reference surface is defined in the middle thickness of the solid. The
position vector r(a1,a2) of any point on this surface is determined by
the parameters a 1, 5, which are the principal coordinates of the surface
itself. In this way, the quantity R of Eqn. (1) can be expressed as follows
[45]:

h(al,az)

R(a,ay,() =r(a,as) + 5

n(a,a,) 2
being h the total thickness of the doubly-curved shell solid. In addition, z
= 2{ /h is a dimensionless parameter that identifies the points located
along the normal direction of the reference surface, with its unit vector
denoted asn(a 1,a2). If the symbol r; = dr /da; with the subscripti= 1,2
is adopted for the first order partial derivatives of the reference surface
position vector r with respect to the principal coordinates a1, a3, the
outward normal unit vector can be evaluated according to the following
relation:

r;Ary

3

n(a;,a,) =——=
( " 2) ‘r_l/\r_2|
At this point, the geometric properties of the reference surface r(a,
a,) can be evaluated using the well-known differential geometry prin-
ciples. In particular, the principal radii of curvature R, R ; along a; and
a o, respectively, are calculated as follows:
r;r;

R,‘((ll,(lz)i ﬁ l:1,2 (4)

where r; = 0°r /(da;da;) with i,j = 1,2 denotes the second order de-
rivative of r(a1,a2) with respect to a;,a; = a1, . Furthermore, Eqn.
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(4) allows one to define the principal curvature k,; =1 /R; along the
directions @; = @1, 2. In this way, the scaling parameters H; = H1,H,
associated with each principal direction of the shell, can thus be intro-
duced for each point of the doubly-curved shell solid. They are
computed as Hij(ai,a2,{) =1+ ¢ /R; with i = 1, 2, where ¢ is the
thickness coordinate of the shell. Note that for the sampling points
located on the reference surface, it leads to H; = 1.

The length s; of an arbitrary curve along a; = @1, @ principal di-
rection can be evaluated from the differential relation reported below
which allows one to compute the infinitesimal arch length ds; = ds;, ds»
[45]:

ds; = Ada; i=1,2 5)

Note that s; € [0,L;], where L; is the total length of the parametric
line along a; = a1, a,. Furthermore, A; =A;,A, denotes the Lame
parameter of the reference surface for the a; = a1, @ principal direc-
tion. These parameters are evaluated in each point of the physical
domain according to the following relation:

Aij(ar,a,)=yr;r; i=12 (6)

Finally, a general equation is provided for the evaluation of the total
shell thickness in each point of the physical domain. Recalling that each
k-th lamina of the stacking sequence with k = 1, ..., 1 is located between
its top and bottom surfaces, associated to the thickness coordinate value
{r and {44, respectively, the total thickness h(a1,a2) of an arbitrary
doubly-curved shell solid can be calculated as [45]:

1

]
h((ll-,(lz):th((lhaz):Z(gkﬂ—gk) )
=1 k=1

In the previous equation, h denotes the thickness of the k-th layer of
the lamination scheme.

3. Configuration variables and definition equations

The present section deals with the assessment of a generalized higher
order ESL model for a multifield problem in a laminated doubly-curved
shell structure. More specifically, the vector A*) (a1,a2,¢) is introduced
in each point of an arbitrary k-th layer of a three-dimensional solid,
collecting the configuration variables of the problem under consider-
ation [45]:

A a0 =[UP UP UP ag® ap® AT® ac®]” (8

More specifically, U, U¥ and U represent the three-dimensional
displacement field components along a1, a,,¢, while Ag® = ¢® — ¢,
and Ay® =y® —y, denote the variation of the electrostatic and
magnetostatic potential, respectively, with respect to the reference
values ¢, and , associated with the natural state of the system.
Finally, AT® = T® — Ty and AC® = C® — C are the temperature and
mass concentration gradients associated with the reference values T,
and C. It should be noted that the quantities introduced in Eqn. (9) are
expressed in accordance to the International Standards (SI). Therefore,
the displacement field variables are in meters [m|, whereas the units of
magnetic and electric potential are Ampere [A] and Volt [V], respec-
tively. On the other hand, the mass concentration problem involves the
effects of the moisture concentration C%, expressed in [kg/m?,
whereas T refers to the absolute temperature expressed in Kelvin [K].
Following the ESL approach, the vector A% of the three-dimensional
configuration variables of Eqn. (9) is expanded up to the (N + 1)-th
order as follows:
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Uy F9a 0 0 0 0
U 0 Fh= 0 0 0
k (k)a:
N+1 Ué ) N+1 0 0 F T ’ 0 0
AR — ZFEk)‘S(r) N Aqb(” _ 0 0 0 ngm 0
- a1 o 0 0 0 FWe
AT® 0 0 0
ACK 0 0 0

Further details regarding the generalized ESL description of the un-
known field variables can be found in Ref. [45]. In the previous equa-

tion, a generalized set of thickness functions denoted by Fla

= pla (a1,a2) with i =1,...,7 are introduced, which are collected in
the matrix Fi"), defined for each 7 = 0,...,N+ 1. In this way, the vector
A® defined in each point within the three-dimensional shell solid, is
expressed in terms of the vector 6 (a1, a3) containing the generalized
configuration variables. It is worth noting that Eqn. (10) provides a
generalized expression of the unknown field variables up to an arbitrary
order. The selection of a particular expression of ng)"‘ allows one to
obtain several multifield formulations for shell structures that are
available in literature, including well-established classical theories like
CPT, FSDT and TSDT. Furthermore, by considering higher order poly-
nomials for the kinematic expansion, refined models can be developed to
predict the stretching effects within each lamina. On the other hand,
Eqn. (10) can be employed to model the zigzag multifield effects that
occur at the interface between two different adjacent by assigning
different slopes to the profile of each configuration variable. In this
study the following expressions of the thickness functions are adopted
fort =0,...N+ 1, settingi =1,...,7:

-z

for z=0

7' forr=1,.,N—1
1+z

(10)

for t=N

The quantity z = 2{/h, employed in Eqn. (11), allows one to express
the thickness functions with 7 = 0, ..., N in terms of the thickness coor-
dinate £. On the other hand, the thickness function associated witht = N
-+1 accounts for the previously discussed zigzag effects. The following
relation is adopted, settingi = 1,...,7:

(71)'@:74_&‘ for k=1
=4
FRa _ )k, = _1k<# _M) fork=2,....1—1
N+1 (=D'ze=(-1) gkﬂigg Lo —Ce or )
(_1)%:(71)’% for k=1

+1 7 51

1)

where [ is the total number of laminae in the stacking sequence. Note
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0 0 uf)
0 0 u
0 0 ’4(;)
0 0 o (C)]
0 0 w
F, gkmﬁ 0 &0
0 FO ||

that if the thickness functions set (11) is adopted, the arbitrary element
5(1.7) of the generalized vector 6 associated withz = 0andz=N+11is

equal to the values assumed by the elements of the vector A®) at the top
and bottom surfaces of the doubly-curved laminated shell, respectively
[45]:

A(,l)<01,0!2,C: *%) :5,(0)(011~,Ulz)
12)

h
A(il) <(117(127§:§> = 5,@])(“17(12)
At this point, the following nomenclature adopted to identify the
axiomatic assumptions in Eqn. (10):

ELD - N

ELDZL — N a3

More specifically, “EL” indicates that the ELW approach is adopted
for describing the unknown variables, whereas “D” means that the
fundamental equations are derived in terms of the configuration vari-
ables, and N denotes the maximum kinematic expansion order. Finally,
the letter “ZL” is used when the model includes zigzag effects, following
Eqn. (12).

At this point, the multifield definition equations are written, taking
into account the higher order kinematic assumptions of Eqn. (10). To

this end, the vectors e®, E® H® AT (k>, AC (k>,0(k).,)~(k) of the three-
dimensional primary variables of the mechanical, electrostatic,
magnetostatic, thermal and hygrometric problem are introduced at each
point within an arbitrary k-th layer:

k (k) (K k k) k k
8()_ ‘El) E<) y(]) y(l },(> 8(>

: 0 k) 0" 0 0 m]"
E® — {E(l) EY E(}ﬂ CHW = [H(l' HY Hg)} 0
e R I
AT =AT , AC =AC

. T ) T
0w — [9(;\) oY 9@] oAl — W) A% /1(3@}

The three-dimensional definition equations of the multifield problem
can be expressed in a compact matrix notation as follows, where z®
represents the vector of the primary variables and D is a differential
operator [45]:

2% =DAY =D, DA™ (15)

More specifically, the matrix D,, which accounts for all the terms
depending on the thickness coordinate ¢ and its derivatives, has the
following form:
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Dy 0 0 0 0 0 0
0 D 0 0 0 0 0
0 0 Dy 0 0 0 0
D.=| 0 0 0 Dy 0 0 0 (16)
0 0 0 0 Dg 0 0
0 0 0 0 0 Dp O
0 0 0 0 0 0 Dy

The sub-operators D;(;), D2 and D introduced in the previous
equation are defined as follows:

- -
— 0 0 0 0 0 0 0 0
H,
1
— 0 0 0 0 0 0 0
H,
11
0 0 — — 0 0 0 0 0
H, H,
Dy = | 9 » Dy
ooooﬁloa—goo
1 i)
00 0 0 0 — 0 — 0
H, ac
o 0 0 0 0 0 0 0 2
L o |
1
Fl00
1
=10 A 0|, D=1 a7
d
0 0 —
L o

On the other hand, the differential operator D, which contains the
partial derivatives with respect to the principal coordinates a1, a,, is
defined as:

Doy 0 0 0 0
0 Doy O 0 0
0 0 Doy O 0
Do=| 0 0 0 Dgy 0 (18)
0 0 0 0 Dg
0 0 0 Dy O
0 0 0 0 Dgp

The matrices Dg(1), Do(2) and Dg(3) introduced in the previous equa-
tion take the following aspect:

Do) =[D; Dy D]
1 9 19 ’
Dooyy=|—— —— -1 (19)
) |: Al 6(11 A2 0(12
Dg) =1

N2

The quantities D;, , D;, , D;, are defined as:

— 1 0 1 0A 1 04 1 0 1 !
D= | —— 22 g - 9 2 1
e {Aléa, AA, day  AA, 0, A, da, R, 0 00
o 1 04, 1 0 1 0 1 0A 1 !
o = - = —— _ =20 — 010
AIAZ 00:2 A2 13(12 A] 6(11 AlAz 60{1 R2
— 11 1 0 1 0 ’
Dy =|— — _ 1
@ |:R1 Rz 0 Aldal A20a2 00

(20)
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It is useful to express the differential operator Dy as the sum of the
matrices D& with i = 1,...,7, as shown below [45]:

7
Dy = > D 21)

i=1

The quantities D¢ in Eqn. (22) are defined as follows:

a1

D,
0

a
DQ

c e o<

S oo o
S oo e o
S oo e o
S oo e o
[
=R

2

=]
o5
=]
05

0
0
0
DS =0
0
0
0

Il

S oo oo
S oo oS

S oo oS o
SRR A
SRR A
S oo S
S o oS o
SRR A
S e o<

R
S oo oS o
S oo o<
(I — I ]

=]
or S

c oo o
R
R
c oo o<
[

0 0 0
0 0 0
0 0 0
D% =0 o, D=0
0 0 0
0 0 0
0 0 0

c oo o<
(I ]
c o oo

SRS
R

o o =

Ao __ a7 __
DQ - ’ Dﬂ -

ST

©
S oo e

cc oo oo
SRS
S oo oS S
coc o oo S
coc oo oo S
= ¥

c oo o oS
S oo e o
(I — I — ]
S oo S S
I ]
S oo e o

5N N e RN ~% N7
where Doy = Dyy) = D9y = D) = Dq) and Dyy(3; = Dg3, = Do)
Introducing the generalized kinematic model of Eqn. (10) in the three-
dimensional definition (16), one gets [45]:
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7
79 =DAY =DDeA® =D, > DEAY =
i=1

7 N+l 7 N+l 7
- D,D4FW5 = Z D, FO= DL = Z Z Ztnpes) —
=0 i=1 =0 i=1 =0 i=1

As can be seen, the vector z(¥) of the three-dimensional primary
variables is expanded using a generalized kinematic model in terms of
the generalized vector z()%, defined for each7 =0,....N+1andi =1,
..., 7. In particular, #(9% includes the algebraic vectors ¢®%, E(%

(D (7)ai
, AC

H®% AT , 0% and A% which contain the generalized
strain characteristics of the mechanical, electrostatic, magnetostatic,
thermal and hygrometric problem [45]:

(D)a; _ (7)a;
Y3 W3

{H(lr)a, H(zr)a, ng)a,]r

T
e (), 5,1) = Hr)a, e 0 e (o ol <1)u,}

&

T
E(z)a, (051 ,az,l) _ [E(lr)a, E(Zr)a, E(;)a,] , H(r)a,- ((11 ’a27[)

~ (Dai

AT

~ (Da;

, AC

Jai 7)a;

~

(ay,a0,1) =AC
T T

0 (ar,a,t) = [0 0 0|, A0 (ar,a0,0) = 27 A9 45

~ (7
(ay,00,t) =AT

24)
Eqn. (24) can be expressed more conveniently in the following
compact form:
- e® VASI | 0
EW 0 Z¥ 0
H(k) 0 0 Z;kr)a,
" N+l 7 P W N+l 7
) =3"N"z0uan e AT [ =) > o0 0 0
=0 =1 ) =0 =1
AC 0 0 0
ow 0 0 0
L l(k) 0 0 0
- fék) _ﬁ)m _fgor —fzm _fik)T 0
c —m — _ _ _
p© r,, v r© T 7 o
B® f(k) f(k) f(k) f(k)T f(k)T 0
Q D M w f
=)k —k —(k _ —(k —(k
X(k) —TYrW o n(k) — Fil\) Ff’l\) rif) 1_,12 F(TAC> 0
) =0 =® =) (k) (k)
EW r,) T, T e T 0
3=(k)
| e | 0 0 0 0 0 Iy
0 0 0 0 I
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(23)
N+1 7
Z Z 7, k)ai ()
=0 i=1

where the matrices Z 7% Z¥% and Z{"“ assume the following aspect
foreachk=1,.., 1 settingm=1,2,3:

Zkai —

m

Dy FO (26)

4. Constitutive equations

An arbitrary k-th layer of the solid is modelled using a three-
dimensional linear elastic constitutive relationship valid for generally
anisotropic materials. With reference to the geometric reference system
of the shell Oaqa2¢, the following constitutive equation is considered,
with T® representing the multifield stiffness matrix of the k-th layer
[45]:

0 0 0 0 |1 e@a
0 0 0 0 EO®
0 0 0 0 H*
. ~ (Dai
VAL | 0 0 AT (25)
o)a; ~ (@
0oz 0 0
0 0 Z 0 0
0 0 0 Zékf)al L /'L(T)fl:
01 e®
0 E(k)
0 HY
)
0 27)
~ (k)
0 AC
(k)
|| Y
o |t /1(]‘)
T
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As can be seen, f(:) with « = C,L,M, TT,CC, K, S is the constitutive
matrix of each field, whereas f(};) with f =P,Q,D,z,0,w,e,g,f,TC,X,Y
accounts for the coupling between the primary and secondary variables
of the current multifield problem. On the other hand, the vector y®
contains the secondary variables of the present formulation. In a more
expanded form, the three-dimensional constitutive Eqn. (28) can be
expressed as follows [45]:
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where fik) and f,(,k) contain the thermal and hygroscopic expansion co-
efficients ﬁ(g) and B(;) with i,j =1,...,3, respectively.

Eqn. (28) and Eqn. (29) are expressed in the geometric reference
system O'aa ¢ already introduced in the previous section. However,

the multifield constitutive behavior of each k-th layer of the shell is
usually provided in the material reference system denoted by

c T e = [ i
oAV (G EY &P o o o |- -pY P |-l - |- || o oo o o)A
O jar ey oapy e ey a|-p - R |- - |- |- o o ofo o of«
i |oh ey ol & o | g A | ) ||| 0 0 ofe o oA
s jisy it Y k)
| |G & e EY E &b |-p Pl AV [ A g [P o o oo o ofn
| o ol o ey | A | A e e oo o oA
ol b el oy o & o |-l s -p[-a g g |-ah|alo o oo o ofs
oF | B B B A B3 By R0 B0 B0 4 a9 A9 a0 A0 |0 o oo o o*
Dj:ll Fﬁ;.:l __I_-:I i) ﬁl F:;I ’—’1:;' g::as T;;i r:_']_” Etl;l 3’:_:! J'll::l Elull i"};r n n ﬂ n n ﬂ EI;I
[ by ik i =ik | qim M7 <1 Sk b | =ik i i
ol (o m pW A g A BV B R |AY A & s & o o oo o offE
S\ A W W a w | A A (mp e om0 [0 o oo o o# ()
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BY e ' & A o o |dyY 4 4 | W mY ey (WA e o o)lo o o H:;‘
O E d a e @ w A d A e A A Ao o oo o o fif
W (T P ey b oy Wy W e (@ [E° [0 0 oo o &
||.|n #IN :I q}h l;.lh ;:r_;r !:I]II g:::lﬂ ggl g;:l JE|‘:|” :1 E:IH I;.?::H E\;l 0 o o 0 o o -Ell'l
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A ¢ o o0 o o 0| 0 ] ] o 0 o 0 o |B B EYIRY R s e
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" ¢ 0o o o o o] o0 o ] o 0 ] 0 o |5 B LI R PP
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Ml le o0 o o o o]0 o 0 o o o o | o |5 B iy g B

'~ (k) ~ (k)5 (K S . . .
o a({‘) ag‘) ¢ ¢ ), whose axes coincides to the material symmetry directions
of the lamina. Therefore, the following constitutive relation is consid-
ered:

PN P VO N VO § LN N I R
Y VOIS VAR SR RS VLA S ok
~ = (k)
B" ry ryoorny o o o ||H
. N ~ (K
79 =r0z% o n® | = o r® o |y r 0o 0 AT . (30)
(k) k k k T ®
u(k) NI VR VLS S O C(k)
h 0 0 0 0 o 1P rP|| 6
L o | ® @ | L Z(k) ]
0o 0 0 0 ry ri
from the following relationship [45]:
k) 5l =k o = &) ~k) k) ~(k) k) (k)
I _FORY, FOT_ FORY (29) w};ere ¢ EY AY AT AC .07, 2" and 6%, D", B q, plo,
B ),E(k) are the vectors of the primary and secondary variables,
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respectively, written in the material reference system, while I'®) repre-
sents the three-dimensional constitutive matrix. It is assumed that both
the origin of the material and geometric reference system coincides.

Furthermore, for each k = 1, ..., l it is assumed that the planes 6({‘) —&g‘)

~(k
and @; — a» are parallel, therefore the relation ¢ ®_ ¢ is considered. As
a consequence, the material reference system is rotated by an angular
quantity, denoted by 9%, which is the angle between a<f> and a; axes.

The matrices T

and f(ll;) of Eqn. (28) can be calculated from their
corresponding ones I‘(,’;) and I‘(};) of Eqn. (31), written in the material

reference system, as follows [45]:

T® F(Ck)T(k)T T® rgf)TH(k) T(A)Fg)TH(A) T® I‘g\)Tak)T*(’\)
H(k)'l'rgf) T®T H<k)TF£k> H® H(k)l'rg‘) H® H(]")TI‘SJ]‘)T
H(k)'l'rg) T®T H(")TrgQ H® H®T r;\//‘l) H® H(k)’/'rvi‘)T

™= | p9Tpwrpdre  poge rOH® ¥

ol NG ¥ (OIS vO) roH® )
0 0 0
0 0 0

Here, H® and T® are rotation matrices defined on each k-th layer,

dependent on the previously introduced material orientation angle 9*).
In a more extended form, they can be written as:

cos?9® sin>9® —2sin9%® cos9® 0 0 0
sin?9® cos>9® 2sin9® cosg® 0 0 0
T® — sind¥cosd® —sind®cos9® cos?9® —sinZ9® 0 0 0
0 0 0 cos9® —sing® 0
0 0 0 sind®  cosd® 0
0 0 0 0 0 1
(32)
cos9®  sing® 0
H® = | —ind® cosd® 0 (33)
0 0 1

The elements of the vectors ff,k) and I_‘,(,k) represent the transformed
. . . . — k) L
thermal and hygroscopic expansion coefficients a%f) and b(i].) withi,j=1,

..., 3 belonging to the matrices K(k) and ﬁ(k) defined as follows [45]:

—(k ~ (k) — ~(k)
AY —v, o (HWA HW), BY=v.0 (HWB H<k>) (34)
where the matrix Y, yields the conversion of the three-dimensional

strain components into the three-dimensional engineering strain com-
~(k) ~(k)
ponents, while A% and B® are defined in terms of the matrices A ,B

whose elements are the thermal and the hygroscopic expansion co-
efficients, respectively:
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k) (k r 1 2k 2k —k
a(ll) a(12) a(13) 122 a<“) a(IZ) a<13) ®
®_ | w v wl|_ ) =) =0 | —v A
AV =18 % dW=121210|aY a¥ a¥|=Y.0A
Ko (k) (K 2® 2® Sk
a(n a(zs) a(zs) 22 1] a(]3) a(23) a(33)
- 2 (35)
b9 6% p% | 1227 |BY Y Y "
B = | o 08| = |2 12| |5 5y 5| V.o
k k k - = 7
T I S R O
_T(k)r(ck)Tl()kﬂ‘f(k) 0 0
H(k);l‘rf(;k)T 0 0
H(”"I‘gm 0 0
r 0 0 =
¥ 0 0
0 H“‘”I‘@H“’) H(k)TI‘g()H(k)
0 H(k)Trgé')H(k) H®T rg‘) H®

The variation Au® of the chemical potential with respect to its
reference value pg‘) can be expressed in terms of the absolute temper-
ature T and the concentration variation AC*) variables as follows:

Ap® = p® — i = R T®10gACH (36)

where Ry = 461.9J/(kgK) denotes the gas constant. In this way, the
following definitions of can be considered for the constitutive co-

efficients 5({‘{ , 5(2 and 5({‘; which belong to the matrices ', I‘(Ckc) and F(ch),
respectively [45]:

W (an(k)) B (dn(k)) 7p(k)c(">

" aT £ EHAC oT e EH.Co To

£ = oo _ oph __RTy  _RTo_ RTo
z 9C /) puar oC ) ognz, CW— C((f) c¥  pom¥

&= (‘)P_(”) _ ("P_“)) _ <"‘1_(”> _ <‘9‘1_<k)> _
. 0T /) knac 0T /) epnc. 0C / gnar 0C J knm,

Au®
=— ”:fo =—R,log (C(Q —CE?) = —R,logC¥ = —R,log (p¥ MY)

37)

The coupled hygrothermal constitutive relations, which relate the
temperature and concentration gradient vectors % and A% to the

thermal and concentration vectors h® and ¢, respectively, are derived
from the Onsager’s reciprocity principle as follows:

h® = I_*i(l‘)a(k) + D(k)u(;‘)fi(k)l(k) — fi(]‘)a(k) + fif)/l(k)
(38)

(k)
v + Uq ‘F(k)l(k) :fgé‘)o(k) +fé’~')ll(k)

(k)
¢ PCEGRE

In the previous relation, the matrices f;k’ and ff) account for the
Soret and Dufour effects, which couple the classical Fick diffusion
equations and the Fourier relations of stationary heat conduction. In

addition, the assumptions u(g) = 0.1 and 2¥® = 0.25 are made in each
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point of the panel, in line to the approach presented in the book by Sih

[70]. In this way, the parameter v¥) is obtained from the following

relation:
(k)
w_ D
VT W (39
where Q(}If) is the heat of transport ratio, which is the heat exchanged

because of mass diffusion:

(k) o) g (K W«)R RO kR
® _ prce _ g
0 = TO\/ O £=T, ® (40)

Further details regarding the procedure presented above can be
found in Ref. [45]. At this point, a generalized constitutive equation is
derived for the doubly-curved shell solid, taking into account the kine-
matic assumption of Eqn. (10). To this end, the virtual variation of the
total free energy Y of the system is evaluated:

5Y = Z/// SaVTE )AL H  Hodat dond? = Z/// 5e

ap @ G ap @y &

—a90T (2 4 Beew ) _ 07 (Hengl
To +TUC (o

Note that in the previous equation the dissipation effects and the
irreversible processes are neglected, because constant values have been

N+l 7 l
- Z://w(ﬁmm’)rE Z/ (Z(mu')rx(k)Hledé‘ A Asrdayda, =
- L

7 r— N+l
=3 / / (672%) BED"A | Ardaydaty = / / (s70)"
i 7= 0 i=
ay

) a

selected for the quantities To, 1., and Cq,. The vector 7X) and 7
primary and secondary variables, respectively, occurring in Eqn. (42)
read as [45]:
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— SEWTp®)

T
Tt(k):[e(k)r _gpor _gwr _ar® _ac® _gwr _}_(k)T]
fpbq [T 0000 0 0|
oW 01000 0 0[]
B0 00100 0 0[]
By e g [0 00 L0 0 0l
0 00001 1o 0 1| o
u
— 00000 1 Moy
" T, T, |[hY
| (k)
Ld] 1o o000 o Hegfle
Co
(42)
_sHOTB® _ WsaT ¥ — pwsac ¥+
(41)

>)A AyH Hydoydand¢

T
7 >“r> ByWA A H H,dldayda, =

1 is the identity matrix of size 6 x 6, whereas I denotes the identity
matrix of size 3 x 3. Introducing the generalized definition equations
(26) into Eqn.(42), one gets:

(43)

A 1A zdald(lz

As can be seen, in the previous relation the generalized stress

resultant vector X% has been introduced for each 7-th kinematic
expansion order andi = 1,...,7, and it can be computed in each point of
the physical domain as follows:

! Crs1
=3 / (24) % OH Hadg (44)
k=1
k

In a condensed matrix form, X7% assumes the following aspect [45]:
o _ [s(r)a,T pPaT BO«T  p@a e go«r C(z)a,T}T (45)

On the other hand, the vectors S®% D% B@ HO% CO% are
expressed as:
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e _ [Nl(r)a, Nér)a, Nﬁ)a, N%)m T(’)m T(f)al P(r)a, P(r)al S(r)a,]T

DO — [Dgr)a, Dér)a,' D;T)”’]T_’ B« — {B(T a; Br)a, Br)a.] (46)

HOw [Hf’)”' L Hér)ai}77 clar — [CE”“’ o Cér)a,}r

As demonstrated in Eqn. (44), the generalized stress resultant vector
2% is related to the vector X" through the matrix B. To this end, the

following relation is adopted, with I representing the identity 9 x9
matrix:

;o Sk / Skt

=3 | O Hydr, NPT =N / oV FOUH AL, N
k=1 k=1
Sk
Cr1 ! Crs1
N7 Z / A FPTHE, T = [ AR g, T =
k=1 e
[ I 3%}
OF M=
i k
/ 7y Hadg, PP%=3 / gL, S,
- Sk
Cist ! Cist
po — Z DYOFWur g, DY =3 / DYFYuE g, D
= k
! Ciert ;o Sk
B(]T)a‘ _ Z B(f “HodC, Bgf)ﬂx _ Z B(éc “H L dE,
k=l Sk k=1 i
! Skt ! ksl
H =N [ WY FOeHac, B9 =3 [ WY FO H ag, H
= 7 =1
Sk Sk
! 3%} ! Cist
k=1 3 k=1 3
k k

! Ciert Cirt

r )i

k)a,H szé" M(T)“t — Z

ki1

N+l 7 ! N N+l 7
SO _ 3 / (209) TV 795 1 1 g |2 =3 37 A g
n=0j=1 k=1 n=0 j=1

4%

23

S(T)". _
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_ 10000 0 0 |_
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D p@ai

© 00100 0 0 (
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00001 0 0
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After performing all matrix multiplications, the following definitions
[45] can be derived for the generalized stress resultants of Eqn. (47):

ki1

Ty FOUH A,

!

(48)
F (k)

o H i d,

Z/
N

W E H odl

2d¢,

2d¢,

Substituting the three-dimensional elastic constitutive relation (28)
into the definition (45) and recalling the generalized ESL version of the
definition equations as reported in Eqn. (24), the generalized ESL
constitutive relationship can be derived [45]:

(49)

10



F. Tornabene et al.

In the previous equation, the quantity A™)%% represents the gener-
alized stiffness matrix of the multifield problem associated with each 7,5
=0,.,N+1 and i,j = 1, .., 7. Starting from the expression (26) of

matrix Z*9% and the extended version of I_“(k) adopted in Eqn. (28), an

extended version of the generalized stiffness matrix A™%% can be

provided:

Agy)a,a, Ai;:l)a,a, Aéﬁ,")a’a’ Agly)a,a,' Aifcrl)a.a,v

(s  (wa  w p (ag (g
A Ay Ay Ay T A

0 0
0 0
Afjg)a,a, Afvf;?’)fl:(l/ A‘(Vza)a,a, A\(;;/“)(WJ A‘(Jg)mfl/ 0 0

0 0

(m)aja; __ (m)a; ()a; (mn)aia (mn)aia (zn)aie,
A = ATﬂs “ ATT;S “ ATx// " A Ang '
(tn)aia, (mn)aia, (m)aia (m)aia (tn)aia
Ace Ac¢ ' ACl// " Acr T Acc 0 0
0 0 0 0 0 AT Al

0 0 0 0 0 AT A

(50)

a5 denoted by A% can

The generic element of the matrix A™ ot (00)

be calculated using the following condensed relation [45]:

for 7,n=0,..,.N+1

gt _
Z/ al‘F a; agF )aj HledC for nnm=1,...,6
"o ot HYH3

T’/ el aiaj
A Cum (Pq)

for p,g=0,1,2

for i,j=1,...,7
(51)

Introducing in Eqn. (50) the expression (24) of the generalized
higher order strain vector ("% in terms of the higher order vector 8",
the vector X% is expressed in terms of the quantities 8" with 3 =0,.
., N+1 [45]:

N+1 N+1

7
Z A(m)majl)g‘s(n) _ Z O™ai g (52)

n=0 j=1 n=0
Note that when the ESL kinematic model of Eqn. (10) cannot predict
the stretching effect along the thickness direction, the three-dimensional
elastic constants YS;)I of Eqn. (52) are adjusted by means of the well-

known shear correction factor x({) = 5/6, as shown in the following
relationship:

Y9 = ko (53)

nm nm
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(k) (k) E<k)7<k)

(k)=
=(k) ~(k) Cm3 Cs —w _ CoaPus —(k m349n3
Crm = Com — —®  Pram = P(nm) T —®  Rm = qu), )
Ci 33 33
W) (k) (k) () (k)
B _—w Cwl _m _—w Cws 0 _ 50 PusPus
ZRam = Zpm —k) CRum = €y — —k) anm - lnm + — (k)
33 33 C33 (54)
k anas - k) p( 2w« 9P
Ty = ) + 228 G = d Pl 50— o) 4 2l
33 33 33
(k) (k) =(k) (k) (k)
€3 p, —(k — Z; ‘1 €334,
Blom = By + e, Wi = W + 2 ”‘7 Foom =Ty + 210
33 33 33

5. Balance equations and external actions

At this point, the governing equations of the multifield problem for a
doubly-curved shell structure are derived for the equilibrium thermo-
dynamic condition, neglecting the irreversible processes. According to
the Master Balance principle, the time integral of the virtual variation of
the total energy of the system E or Hamiltonian Action restricted to an
arbitrary time interval [tq,t2] with t; < t3 is equal to zero [45]:

I [

/ SEdt = / (SL—8Y)dt =0 (55)

1 1

where 5L is the energy of generalized external actions, which is obtained
from the sum of the energetic contributions 6Lt, SLc associated with the
reference entropy density and the reference chemical potential,
respectively, and the quantitySL; coming from the virtual work of the
generalized external actions acting on the system and the energy asso-
ciated with heat transfer processes. Furthermore, Y denotes the total free
energy of the doubly-curved shell solid. More specifically, the general-
ized external surface actions are applied at the top (+) and the bottom (-)
surfaces of the shell, located at { =h /2 and { = — h /2, respectively.
Volumetric actions are neglected. In this way, 5L can be written as the

sum of the virtual work 6L, of the external mechanical loads qP, qgf)7

qE{), qgﬂ, qgﬂ, q(;), the generalized virtual works 6L, dLys of the

electric and magnetic fluxes q,@7 qg) and qgf), q{;), and the generalized
virtual works 6Lt and SLcs associated with heat and mass transfer fluxes
¢, ¢t g, 1f sUE sUSY sULY, sAp®) sApH) SATE),
SAC™) denote the virtual variations of the three-dimensional configu-
ration variables introduced in Eqn. (9) evaluated at the top and bottom
surfaces of the solid, one gets the following relation [45]:

and q(c_) ,

8L, = OLus + SLas + 6Ly + 01, + 60c, = / / ((ah o0 +ab)5uL7 + i, ous ) +

ap oy

(=)
), Pedc SACH
+ C

)

(=)
gl AP + i sy + L paTt
0

(+)
+ <q§,+>m¢<+> + g5 sapt) + —qTT AT 4+ Bde_ sac
0

where T — dﬁ, 4 +gq® +z0 48l In addition, when the
formulation in hand adopts the reduced multifield elastic coefficients,
the following definitions are derived from the three-dimensional

constitutive relation (28), setting 0(3") =0:

i (o o 66)

(+)
s <+>) H}*’Hﬁ)A \Asdayda,

Note that the computation of 5L; is carried out as a generalization of
the virtual work of mechanical elasticity because the secondary vari-
ables of each field are multiplied by the virtual variation of the corre-
sponding configuration variables. To this end, generalized secondary
variables are introduced for the heat and mass transfer equations so that
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the dimensions of §Lts; and SLcs are consistent with those of the other
fields. In this way, it is correct to state that 6L is written as the sum of the
virtual works of the generalized multifield external actions of the
problem under consideration. Note that the quantities HlH = H(f),H({)

and Hlm = Hﬁ”,H&” adopted in Eqn. (57) denote the geometric scaling
parameters evaluated for { = —h /2 and ¢ = h/2, respectively. These
- h/(2R ») andH'" =1 + h/(2R ).

At this point, the generalized loads ‘hs , qu , q3s , qu7 qu, qu q(cg
are introduced for each z-th kinematic expansion order, which act on the
reference surface of the shell, following the ESL model. The generalized
virtual work of these actions can be evaluated as follows:

quantities are calculated as H; ) =

N+l (@) (@)
o = // Z (6]]‘ 5“11) + ‘12 5"2 + ‘135)5“3 + ‘]D\‘S¢ + qB)‘SW(T & o8 + i%%ék(r)) e
7= To o

ap ay

where su), su),6u’), 57, 6y 56@ and 5k represent the virtual
variations of the generalized configuration variables introduced in Eqn.
(10). According to the static equivalence principle, the virtual work of
Eqn. (57) of the external surface actions is taken to be equal to that of the
generalized external actions, as reported in Eqn. (59). By introducing the
kinematic model (10) into Eqn. (57), an expression can be derived for
each 7 = 0,..., N+ 1, representing the generalized multifield external
actions in terms of the magnitudes of the external loads acting on the
three-dimensional solid [45]:

qg\). :q,(;)FS])‘“(’)H( H +q FEI a (+ )H§+)H§+)
T

(58)

¢\ = ¢\ JFVm O g 4 gD e go giv)

a5) = g5 FIOHOH 4 gl FOe O B

@) = ¢ FOIsOHOHS) 4 gl s g g
5

ay) = g5 FOHTHT + g FOS O HY
ar) = dy FUOHTHT + g PO O HY

3

4] = g PO RO 4 g PR Y
8Y = 6K — 6Eq =
! St - N+l
:Z / / / saNTZOA\ALH  Hodldayda, =
k=1 =l 0 i=
ap ay G
N+1 7 N+1 7
=3y / / (%) SO A A rdandar, — > Z / / (SE@
=0 i=1 =0 i=
ay ay a

7 r N+l 7
>3 / / (SHO") BO“A A rdanday = Y / / (56) (

=0 i=1

N+1 7

D> / / (6,1(T)<")T<E%C(f)“'>,4]Azdaldaz-&-

=0 i=
a @

N+1 7

=0 i=
ap a ap a

HO% 4 pr(T % >A 1Asdayday+
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Finally, it is convenient to collect the generalized external actions of

Eqn. (60) in the algebraic vector q'*, defined for each 7 = 0,...,N+ 1:
T, T T T T T T T
q(T) = [‘I(]\)- q(zf- ‘1<33 q(Dl- q(B.)r q(T.)s q<c.)\] (59)

If the quantities 7% and i*® represent the values of the reference
entropy density and the reference specific chemical potential of the
system at an arbitrary point in a k-th layer, respectively, the virtual
works 5Ly and SL¢ introduced previously can be calculated as follows:

(57)

Crert
SLr=— Z / / / MY SATY Hy HyA | Arday daydd
[

(60)

st

1
6LC:—Z / / /TLWEAC(")HIHgAlAzda]dade
k=1

[

For irreversible processes, it is assumed that the time integral of the
quantities introduced in the previous equation assumes a null value.

The virtual variation Y of the total free energy, as presented in Eqn.
(56), is expressed in terms of the virtual variation 570 of the generalized
strain characteristics as reported in Eqn. (44). It gives:

// IE(T 2 A 1A zd(lldaz

DY%A A »day dar+

(61)

7) T ~ (Dai
aAlAzdaldaz Z Z//M(f”’ﬁAC mAlAzdaldaz
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At this point, the definition of the generalized strain characteristics is
introduced into the previous equation, and the integration by parts rule
is applied. Then, Eqn. (59) and Eqn. (63) are integrated in the time in-
terval [t1,t2] and substituted into Eqn. (56).Recalling that the time in-
tegral in hand is set equal to zero, the balance equations of the multifield
problem are obtained [45]:

1 OND“  NO“ 9A, 1 N NS 0A, NPT oA,
A, oay AA, da; A, Oa, AA, da,  AA, day
Nér)m 0A 5 Tl(r)(n

T AA, 0, | R,
=0

SR

1 oNP= NO= oA 1 oND= NED2 A,  NP® oA,

A, Oa, | AA, 0as A, Oay | AA, da;  AA, da;
NP oA, T

_ 0A _ plia Q)
A 1A 2 00:2 R 2 2 * a2
=0
1 oT®% 7% ga, 1 T TOw ga, NEE o NEw o
A; Oay  AA, da; A, dan  AA, dan R, R, 3
+4q5)
=0

i 0D51)a4 D(lr)aa @ +L dD;f)aa Déf)tu % B D(,)m + q(f) —0
A, 60:1 AA, 6(11 A, 0(12 AA, 6(12 3 Ds

1 0B B 0A, 1 9BY™  BY™ 0A

P—— - (7) =0
A, 60(1 A A, ()al +A2 0&2 AA, 00{2 3 + s

1 oH%  HP% aAer 1 oHD™  H™ 94, HO% o
A, Oda A A, da, A, dar | AA, omy 3 TAn T

1 oc?™ oA, 1 9y P oA,

A, Oday  AA, day, A, Oday | AA, dar

—CP 4 g8 =0 (62)

As can be seen, in the previous relation it is assumed that the external
loads come from generalized surface actions applied at the top and the
bottom surfaces of the panel, whereas volumetric actions are neglected.
In a more compact matrix form, Eqn. (64) can be expressed as follows:

5
Z D;“'E(””‘ + q(” =0 (63)

i=1

fort = 0,...,N+ 1. In the previous equation, the matrices D3" with i =
1, ...,7 denote the equilibrium operators, whose definition is reported in
the following:
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000 00O O

000000 O

000000 O
D;”’=10 0 0 0 0 0 O (64)

000000 O

000 00O O

00000 0 D
where the sub-matrices Dy," assume the following aspect:
ﬁm,:[li+10A2_1% 1 oA 1 0 1 94
@ Ay day - AAy Oy AAy day AjAy dan Ay dan - AjA; Oy
ﬁ*az:[_I%L11%L11%1%
@ Ay 0wy Ay 0my Ay dar Ay Oay - AiAy day AvAy day
by o[ Lo Lo Lok Lo 1o
@ Ri R, Ai Oa; ' AjA; day Ay day | AAz Oa
ety ras 1 9 1 0A, 1 0 1 04,
Dy =Dy =Dy =Dg A 0a1 1A2 60:1 A 0(12 1A2 6(12

The Master Balance principle, as defined in Eqn. (56), also yields the
following boundary conditions along the edges of the two-dimensional
physical domain:
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(Nﬁ””' - N}”“‘)auﬁ” 0 (ﬁg’f“‘ - Ng)“')aui” -0
(V™ =N )aul =0 (W = N0 Yaul) =0
(Tﬁ”‘“ T@“ﬁ)&u(;) -0 (7;”“3 Tg”‘”)aug’) —0
(Bﬁ”‘” D@“‘*)&p(’) -0 (5;% D§’>“4)5¢<’> 0 (66)
(B~ B )ow™ =0 (B — B oy =0
(ﬁir)aﬁ H}rm) 65(’) 0 (ﬁg)% Héf)“‘?) 55(1) —0
(EY)’” cﬁ’)‘”)&aﬂ -0 (6(;’”7 c<;>°”)5;<<f> -0
0 -1 0 0}
R% 0 -1 0}
(65)

Introducing the generalized constitutive relationship of Eqn. (50)
into the balance multifield relations (65) and taking into account the
higher order kinematic relations (24), the fundamental relations of the
multifield problem are obtained, in which a relation is provided that
links the vector 6" of the generalized configuration variables and the

vector q'9 of the external loads [45]:

N+1
S LMY 4 g =0 (67)
n=0
for 7 = 0,..., N+ 1. The matrix L(™ is the higher order fundamental

(en)aia

operator, whose elements Ly with i,j=1,...,7 are evaluated ac-

cording to the following relatlons:

[flmimm  glivim  levin inanll F ol Fclanll
iddnn I | Lo | L
il Fizia pile- | iy
LI | gl | rtovieen | o | i |
j.1r:u-| {l.'.w-.--, -{_.‘F..l-....
[ty [ | e
Eiemn | gleain: | plonkit | oo
o _ e . L _ (68)
DRAID DRATMYDY DR ATTUDY | D AUD | DR ARG | DY o | B AL Dy
D AT™NDG DA DATTDG | D AT DG | D A'.J’ O | D ATTEDG | DA DY
_]u-“n_. I-.L._;I ﬁ[."‘:'.“““‘ﬂ' Bul A'I.:I ..... I}III- -]1: "\'Inlnl Jl_ﬁ:l‘ '_":T""'-::::""'ﬁﬂ' ﬁ:; ""Lll.u .I_ﬁi.lll I_ ‘ ---- E‘E
=D ATDE DAY D ADTTDG | B ADTCDE | D ASMDG | DR ATRDG | DR AT
D AR =Dy DiAm™mDy DA™ | BrATTDy | B ADTDE | B ALTCDY | DAL Dy
o 0 [ 0 Dgr AL DG | D AT DY
] 0 ] 0 ErA==Dn | DA DY
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Starting from Eqn. (68), the boundary conditions for the differential
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Table 1

Nomenclature for multifield simulations. Each letter refers to a specific field of
the present formulation. In particular, “D” is the mechanical elasticity, “E” and
“M” stand for electrostatic and magnetostatic fields, respectively. Finally, “T”
and “C” refers to heat transfer and hygrometric simulations.

Nomenclature ~ Multifield simulation

One field
D Displacement field or mechanical analysis

Two fields coupled
T-D Thermo-elastic or thermo-mechanical analysis
H-D Hygro- elastic or hygro-mechanical analysis
E-D Electro-elastic or electro-mechanical analysis
M-D Magneto-elastic or magneto-mechanical analysis

Three fields coupled
T-E-D Thermo-electro-elastic or thermo-electro-mechanical analysis
T-M-D Thermo-magneto-elastic or thermo-magneto-mechanical analysis
H-E-D Hygro-electro-elastic or hygro-electro-mechanical analysis
H-M-D Hygro-magneto-elastic or hygro-magneto-mechanical analysis
M-E-D Magneto-electro-elastic or magneto-electro-mechanical analysis
H-T-D Hygro-thermo-elastic or hygro-thermo-mechanical analysis

All fields coupled
H-T-M-E-D Hygro-thermo-magneto-electro-elastic or hygro-thermo-magneto-

electro-mechanical analysis

problem (69) are derived by setting a null value for the generalized
configuration and secondary variables along the edges of the rectangular
physical domain. More specifically, in this study the Simply-supported
(S) boundary condition is represented by the following relation:

=0, u) =l =D =y =D =D =0 at a;=a} ora; =a!

N =0, ul) =) = ¢ =y = ="

=0 at a,=0a% or a, =a}

(69)
6. Semi-analytical navier solution

In this section, a semi-analytical solution is derived for the higher
order fundamental relations (69) of the multifield problem in hand. To
this end, some geometric and mechanical assumptions are made, and the
Navier method is employed to solve the fundamental equations set. The
solution presented here is valid under the assumption of uniform prin-
cipal radii of curvature R1,R, and constant Lame parameters A,A »
throughout the rectangular physical domain, as detailed in Ref. [45]. As
a consequence, the following relations are considered:

an+m A an+m A
A =cost=> 1:0, A, = cost=> 2 _ s
05", 05" 0s", 05"
an }mR an + mR (70)
R, = cost=> =0, R, = t= =
e eos 05", 05" 2= CO= G lés’g

In this way, the lengths of the curvilinear parametric lines along the
principal directions a1, a,, denoted by L; and L ,, respectively, can be
computed as follows:

_
L]*Sl

— gl 0 —
Ly=5,—s,=

= (@ - )R,

(@ — )R> 7n

Here, ?, a} and a9, a} represent the extremes of the physical domain
along a; and a ,, respectively, whereas 50, s! and 53, s are evaluated as s/
= (Ii:Ri withi=1,2andj = 0,1. As a particular case of Eqn. (73), in the
case of a cylindrical surface with k,,; = 0 and R, =R, the quantities L,
L, are determined as:

L]:s}

[ (|
Ly=s,—5,=

0o_ 1 0
=S5 =T

(72)
(@ — )R

Note that in this case the extremes a?,a; correspond to lengths,
whereas the quantities a9, a} are angles expressed in radians. On the
other hand, when k,; = k,» = 0 as happens in a rectangular plate, it can
be demonstrated that the lengths L,,L, of the parametric lines are

15
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evaluated as:

Ll :S:

_
L,=s,

0 _ 1 0
=S = A

= -l 7

Following the Navier approach, an harmonic solution of the differ-
ential problem is developed within the physical domain (sq,s,) € [0,
L] x [0,L,]. In this way, each element of the vector 6 of the gener-
alized configuration variables is expanded, for each z = 0,...,N+ 1, in
terms of a two-dimensional harmonic distribution as shown below [45]:

2 & nx T
(/)(’)(sl, 52) = Z Z <I>ffn)l§m —s1>sin <—s2> (74)
n=1 m=1 1 2
& . (nm mn
W (s1,8) = Z Z P sin (—sl)sin <—s2>
n=1 m=1 1 Lz
2 & . (nm V1
Eo (81,%2) = Z Z Ef;,),sm (—sl> sin (—v2>
n=1 m=1 1 LZ
£ (s1,82) = Z Z Ksz sin (—sl ) sin (—s2>
n=1 m=1 Ll 2
In the previous equation, the quantities U, US UL @@y

E® K denote the wave amplitudes of the generalized configuration
varlables. If the relations presented in Eqn. (76) are assumed for the
unknown field variables, the simply-supported boundary conditions
described in Eqn. (71) are implicitly enforced along the edges of the
physical domain. In the same way, the generalized external loads of Eqn.
(60) are expanded using trigonometric functions according to the
following expressions [45]:

00 0 ) mr
qh (s1,82) Z Z lemcos< >sm (Zh)
n=1 m=1 “
e mn
ot 550) = 3 3 0sin o Joos (715
n=1 m=1 <
e . (nm miu
o) =3 3 Osin (1 sin (352 )
n=1 m=1 1 2
ab(s1,52) = Z (75)

8

q(r?(slasz) :Z

n=1

S . . (mn
4l (s1,5) = Z Z 08 sin (—31>sm <L_2S2

n=1 m=1

where Q15 Qi : Qm: Qisiam: Qgnm: Qo Qg Tepresents the wave
amplitudes of the generalized external loads for each n,m. By comparing
the previous relation to Eqn. (60), the following definition of these
quantities can be derived for each 7 = 0,...,N+ 1:
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O = Qi FL OB H 4 01, F O H

0y = Qs P OB HY 4 05, FU O H,

T
O = Qs OB HY 4 04, F O H
0o = QPO H HY o+ 00, FO O H
Qs = Qs P HTHY + 0y, F O H,

T

Oy = Qv P OB HS 4 05, FO O H By

T

- S ) - + +
O = QP HY Hy )+ Qo PO O HL

T

(76)

The Navier semi-analytical solution can be derived under the as-
sumptions of Eqn. (76) and of Eqn. (77) for cross-ply lamination
schemes. As a consequence, the following expression of the three-
dimensional constitutive relation of Eqn. (29) of each k-th layer is
considered written in the geometric reference system:
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scheme involving orthotropic materials with an orientation angle 9®
equal to +z /2 or 0. Substituting the harmonic expressions of the un-
known field variables and the generalized surface actions of Eqn. (76)
and Eqn. (77), respectively, into the fundamental relations of Eqn. (69),
the governing equations are simplified into a linear system, leading to
the following expression [45]:

Sy (Ni Lo+ Q.EZL) =0 78)
n=1 m=1 n=0

As can be seen, the unknown variables are the wave amplitudes
introduced in Eqn. (76) which are arranged into the algebraic vector
U In the same way, the vector Q) contains the wave amplitudes of
the external surface actions, written for each wave number n,m in
accordance with Eqn. (77). In a more expanded form, the previous

(o] [a% 8" o o & o o -E¥|lo o -g|-=|=s"|o o o|e o o] =
bl b =i i =ihH il ik}
2l M =l e &l e o -Ele o F'|-=|=|e ¢ o|lo o ¢f=
i~ &
llo o & o o o|lo o o|le o o|lo|lo|loe o 0|0 o ofn
1 =i =il =4 [
oy b o o &4 o oj-Bd 0 o |- o o |o|o]o o o|o o 07
. — i " =i ik
rh o o o o &F o|lo <F oo - o|o|o|o 0o o0o|lo o o
| p—t N ] -l —_ L] pury | j
o | |8 & o o o &'|o o -pg'|o o -g'|-ZH'|=[0 o oo o o =
o 6 o o B o oD o p |3 o o |o|o|e o oo o ofZ
I ¥}
B! e o o0 o B ol o I o o 4 o o o e a a|lo o olffE:
i - - Jir)
EPIEY B o 0 o EYlo o FM]le o &|&|#Er|loe o o|lo o olf
LT —ih 3 T L
B! o 0o o F' oo o |dY 0 o |@m 0 ] 0 o [o o oo o ofM 77
= - i
e o o o @ oo & oo & o|o|o [0 o oo o of#:
= i
B g @ o o o a@|o o am|o o a|@|m|o o oo o o
Tl . = T — =n T
mllZr = 6 o o | o o &' | 0 o & |&"|&E"]e o oo o ojaT
pllE & 0 0 o H'| o o g@lo o AIE|ZE |0 o ofe o o |z"
e o o o o o o 0 O o | e o o |0 | o B o ofF o ofg"
B 6 6 o o o o 0 a ] ] ] ] 0 o [o B oo # o] an
i i —i b
L e o © o o o 0 ] ] ] ] ] o oo o ko o 3y e
P 6 o o o o o| 06 0 o o o o | o |0 |5 ¢ ofF ¢ o™
e’ e o o o o o o ] 0 0 (] 0 0 o [o & oo #* o g
']]loe o o o o ofo o o le o o ]o|o]o o B0 o F)»
equation can be written as:
The constitutive relation in Eqn. (79) can be derived for a lamination
[~maa  ~@ae  c@as c@ae c@as c@as v@as |07 [ |
11nm 12nm 13nm 14nm 15nm 16nm 17nm U(v) Q(IT)
S(mmar s H(mmas  F(mea  F(meas  S(mamag F(m)aa; Lnm s 0
21nm 20nm 23nm 24nm 25nm 26nm 2Tnm U(v) Q;Q,m
FEwar  Fmaan  Fmae s(@maa F(maes Fmaas  F(maar 2nm ® 0
© 0 N+1 L31nm L32mn 33nm L34nm L35nm 36nm 3Tnm U:(;Z)m Q3:nm 0
~(magar  ~(maser  ~(magas  ~(magay  ~(magas  ~(magas  ~(m)asar (7) _
Zl Zl o 41nm ‘42nm 43nm ‘44nm ‘45nm ‘46nm 4Tnm <I);(1'Zr2 + QDSV!WI - 8 (79)
n=hom= = ~(masar  ~(masay  ~(m)asas  ~(masas  ~(masas  F(masas > (m)asar () (7)
Lyt Lsy,m Ls3, Ly Lss,, L Lg7,0 Yo Oigum 0
=t masa  Foaes  F(aen  mas  (oasa, Fmagar | | B o 0
61nm 62nm 63nm 64nm 65nm ‘66nm 6Tnm K(ﬂ) Q(T)
~(marar  ~(magay  ~(maras  (maras  F(magas  ~(maras > (m)azaz nm o
L71nm L72nm L73nm L74nm L75nm L76nm L77nm L i "
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rlo.o)=-ae, +ae,
(@, )e[al.o <[t ], (a).a))=(0.L ). (@hel)=(0L ). L =2m L =1m

rla, o =R omoe —ae, + 8 singe,. B =3im
(oo, )e [ o], <[ ol |, (af.a))=(~90%30°). (af.a )= (0.L,). L, =2m

vla.o =R (& Jcosae, - R, (a |sing.e, 4{3—,||R:—{R..{n', ” ]u1. R.a,)=Rsina,

(o, e [r.rf i ] :!f[l?: it }.. (et e = (75°105°), (a).a) )= (=20%20°), Rm3m

Figure 1. Two-dimensional models developed for the multifield simulations involving a rectangular plate, a cylindrical panel and a spherical panel and three-

dimensional mesh discretization for 3D FEM modelling.

7. Generalized differential quadrature

In the previous sections, a semi-analytical solution is derived, ac-
cording to Eqn. (80), for the two-dimensional multifield formulation of
Eqn. (69) using Navier’s method. The solution of Eqn. (69) is based on
the computation of derivatives and integrals along the thickness direc-
tion of the three-dimensional solid to determine the generalized
constitutive coefficients described in Eqn. (52). To this end, the GDQ and
GIQ method are adopted, which are presented here for the one-
dimensional case.

When the GDQ method is adopted, the derivative of an arbitrary n-th
order of a univariate smooth function f = f(x) at a discrete point X;
defined in a closed interval so that x; € [a,b] with i =1,...,1q is
computed using the following quadrature rule [45]:

_9fx)

oo

)
£ () =N "f(x) =12 (80)
j=1

X=X

In the previous equation, are the values assumed by in an arbitrary

17

discrete grid, whereas gg‘) are the GDQ weighting coefficient for the n-th
order derivative. It is worth noting that Eqn. (82) does not depend on the
particular grid chosen within the definition domain [a,b]. The quantities
ggl) are computed using the following recursive relationship, which is
based on Lagrange polynomials -/ for the interpolation of the solution
[100]:

1 (n=1)
(1) _ ! )(xi) Sij
0

m__ % Vi) (m) _ (1) n=1) _ 55 i L i
glj (xi _ Xj)g( (xj)a glj n(gt} Gii xXi— xj) l 7&]

Io
P ==3"cp
J=liA
The coefficients gg‘) of the n-th order derivative are conveniently
assembled into a matrix of size I x I, denoted by ¢™. For the sake of

completeness, in the previous relation the terms 2" (x;) and 2 (x 7)
represent the first order derivatives of the Lagrange polynomials .2

evaluated at the sample points x;,x;. In addition, the definition €(3 .
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Figure 2. Distribution of the displacement field components, electric potential, magnetostatic potential, temperature variation and concentration variation along the
thickness direction of a simply supported rectangular plate subjected to a sinusoidal generalized action. Effect of the coupling in various multifield simulations.
Thickness plots are provided at (0.25-Lq,0.25-L,) within the physical domain.
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Figure 3. Distribution of the three-dimensional strain components along the thickness direction of a simply supported rectangular plate subjected to a sinusoidal
generalized action. Effect of the coupling in various multifield simulations. Thickness plots are provided at (0.25-L1,0.25-L ;) within the physical domain.

is introduced, being §; the well-known Kronecker delta function. The
discrete points adopted in Eqn. (82) are chosen following the
Chebyshev-Gauss-Lobatto (CGL) harmonic distribution. Referring to the
interval [— 1, 1], the position X; with i =1, ...,I4 of an arbitrary CGL
sample point can be computed as follows:

(82)

Recalling the GDQ rule as described in Eqn.(82), it is possible to
derive a quadrature procedure, based on Taylor series, for the compu-
tation of the integral of a given function f = f(x), where [a, b] represents
the definition domain. If this domain is discretized using the sample
points x;,x; withi,j = 1, ...,1 according to the distribution of Eqn. (84),
the integral of f reduced to [x;, x;] with x;,x; € [a, b] can be expressed as
follows, with m <1Iq:

m 1( ~—x,)r+1d’f

Jreoas =3 S,

J g (r+1)! 83)

In the previous relation, it is important to note that the Taylor series
expansion of the function f to the m-th order is applied near the discrete
point x;. For a more accurate evaluation of the integral, the interval is
divided into smaller ones. As a result, the following expression is

19

obtained [100]:

xjﬂ,

e s [ i [ st ] i

‘,ﬂ,

Xt +x, X +x,

(84)

Introducing Eqn. (85) in the previous relation and recalling the GDQ
rule (82) for the computation derivatives, one gets:

i

—1 x r+l N ’ m—1 (,Xl x f+l N
/ Z r+1lzglkfx" ;2r+1r+1lzgﬂt
N m—1 (xj _ xi)r+l ” ( . x»)r+1 "
- ; (z_;« (2’“(r+ ek 2r+1(rjr 1)1 fln) =
N Uil (xj - )Ci)rJrl ) r+2 - ii
_;(row(gik +(=1) G,k) f(xk)_;wkf(xk)
(85)

Finally, the numerical evaluation of the integral of the function f
over the entire definition domain [a = x;,b = xy] is carried out using the
GTIQ method as follows:
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b N1 NoL N
[reas =3 / S = (2 w‘;’“)f(xk))
i=1 i=1 k=1

(86)

i= k=1

N N-1 i1 N
= Z (ZW;¢(1+ )>f(xk) = wi'f(x)
The weighting coefficients wj¥ are thus computed using the
following recursive relation:

N-1 o N-1 m—
N _ ZW;C(!H) — Z Z
i=1 =1 =0

+1

(gxk (= 1)"+2¢Ef)+1)k)

xl+l

2r+l (87)

8. Recovery of primary and secondary variablesR

In this section, an accurate reconstruction of the multifield response
of the doubly-curved three-dimensional shell solid is performed starting
from the two-dimensional solution derived in Eqn. (81) using an higher
order two-dimensional model. This procedure is adopted because a
higher order two-dimensional model does not implicitly respect the
balance of secondary variables in the thickness direction. As a conse-
quence, a correction of the recovered profile of primary and secondary
variables is performed using the multifield balance equations written for
a three-dimensional solid.

20

The procedure in hand is based on the definition of a discrete grid of
I points in each interval [, (] along the thickness direction in an
arbitrary k-th lamina of the stacking sequence. Starting from a dimen-
sionless discrete point X . € [-1,1] withm = 1,....,I¢, as defined in Eqn.

(84), a distribution of discrete points ¢ (r’;) € (¢, Ckya) is established for

each layer of the solid, as follows [45]:

I :§k+1 _Ck)_c. +§k+1 +Ck7hka +Ck+l + ¢

i 2 i 2 27w 2 &8)

The discrete points in Eqn. (90) are, thus, collected in the vector

T

A A ¢
vector of size 11, x 1 is introduced, where [ represents the total number
of layers of the stacking sequence. Each element ¢,, of this vector cor-
responds to a discrete point belonging to the interval [— h /2,h /2]. This

vector is constructed in terms of the indexm = (k —1)I, + m for eachk =
1,..,L

[(1 e L e C”T}T — [é-(l)T ;(I)T}

This allows the through-the-thickness profile of the elements of the
vector A% of the three-dimensional configuration variables to be
determined for an arbitrary point (si;,55;) within the physical domain
using the following relation, which is derived from Eqn. (10) settingi =

whose size is I x 1. Furthermore, a new

ewr . (89)
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1,..In,j=1,..,yand m =1,.... 11

N+1

ljm § F z]m) z]

=0

(90)

In the same way, the discrete version of Eqn. (16) is adopted to derive
the three-dimensional primary variables 7:253") of the present multifield

problem, once the quantity A(k is obtained from Eqn. (92):

(ijm)
o1

At this point, the in-plane secondary variables of the multifield
problem are obtained from the multifield constitutive relationship as
described in Eqn. (29). These quantities can be calculated using the
following matrix relation:

o e 0 0 0o ¥ o 0o A 0 o
o e 0o 0 0o T o0 0o H 0o o
) 0O 0 C 0 0 0 0 0 0 0 0
pYl=1o o o pY o o @ o o 4 o
DYy o 0 0o o Y o o & o o &
BY o 0o o0 g% o o a' o o @ o
By o 0o o0 o0 g¥ o o 4 o o my
Ky Koo 5 o] fey

@] Lo & o s||e o
e o0 s o ||V

4 o & o | [4Y

The out-of-plane secondary variables for the mechanical case are
thus derived from the multifield three-dimensional balance equations
reported below [45]:

21
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A S S )
o PA\RI+¢ Ra+¢ A1(1+¢/Ry) day
6“) a(]) 0A, 1 015? 215’2 0A
A A (14E/Ry) 0ar  A(1+C/Ry) day  AAs(1+Z/R,) 0a,
A S )
o PA\RI+E Ra+¢ A>(14¢/R5) 0y
o —6P oA, 1 ar]]; 21512 0A,
|A2(1+¢/R1)T(12 (1+C/R)(3(1| A1A2(1+§/R2)?ﬁ
o

The previous equation can be solved once the derivatives of 6\, '’

and r(lkz) are performed. The boundary condition of the previous first
order differential equation is derived from the loading condition at the
bottom surface when k = 1. On the other hand, for k# 1 the boundary

W

V12

—(k) =(k) (k) 713
43 T e

0 b 723
—qn —in —fn (*)

0 0 0
(92)

0 0
0 0
0 0
0 0

conditions are modelled from the equilibrium conditions at the interface
between two adjacent laminae:

1)
Tn (ii((k=1)17))
_ (k)

= T3(i((k-1)ir))

(95)

Tgkx) k—1)Ir+1
o] o e =

Pl
T3(ij((k—1)Ir-+1))

In order to assess the loading condition at the top surface of the shell,

qlw and 7, 123 ) = q(za), the recovered profiles of the

=()
namely 7, 3l =

shear stresses rgs)(ijm) and rzs(ijm) are adjusted, for each m = 1,..., I, as
follows [45]:
(+) _ =0
® =0 i) — Tisgia ) h
Tl3(tjm) - Tl}(ijm) + h 1) (é‘ + )
96
92l — B h o
(k) 2(ij 23(ij(1 Ir)
123(i/m) ijm) + h - (é‘m + 5)

and q2 represent the magnitude of the external load applied at
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Figure 5. Distribution of the components of the electrostatic field (a) and the magnetostatic field (b) along the thickness direction of a simply supported rectangular
plate subjected to a sinusoidal generalized action. Effect of the coupling in various multifield simulations. Thickness plots are provided at (0.25-L,0.25-L ) within

the physical domain.

{=h/2 along a; and a, directions. As a consequence, the same
approach is adopted for the reconstruction of the profile of the out-of-
plane normal stress agk). Following a similar procedure, the profiles of
the recovered secondary variables, denoted as D%, B¥) h®) ¢% are
derived from the balance equations of the electrostatic, magnetostatic,
heat and mass transfer problem, as reported in the following [45]:

0Jgk)+ (k)( 1 X 1 )_ 1 6’[(]);) T(llg) ()Az‘
of " \Ri+C Ro+E) T A(1+C/R)) da; AjAy(1+C/R) day
1 ar_g";_ 1(2? % 65") n ng)
Ar(14+¢/Ry) 0y AAL(1+E/Ry) 0y Ri+( Ry +¢
0D(§)+ (k)( [ )_ 1 oDy p¥ 0A,
o SA\RI+E R+ A (14+¢/R)) 0y AA,(1+C/R,) da
1 op® p¥ 0A,

Ay(1+C/Ry) da, A AL (1+C/Ry) day
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aB(§)+B(k)( 11 )_ 1 oY By A
o S\RI+C Ry+E) A(1+L/R)) 0oy AAL(1+E/Ry) day
1 By BY 0A,
Ay(14+8/Ry) 0y A1AL(1+C/Ry) 0
onY (k)< 1 1 > 1 onp A 0A,
2 h J = — t
BC R1+{ Rz-‘r{ A1(1+§/R1) 00(1 A1A2(1+C/R2) 0(11
Ay(1+8/Ry) 0y AAL(1+C/R)) 0oy
oy w1 1 1 act? e 0A,
=24l + = - —4
oc Ri+¢ Ry+¢ A (14+C/R)) 0y A AL (1+C/Ry) ooy
Ay(1+C/Ry) 0o A1A(1+C/R)) 0
97)

Following the approach already adopted in Eqns. (96)-(97), a nu-
merical solution can be derived if the boundary conditions and inter-
laminar equilibrium conditions are considered:



F. Tornabene et al.

'
1] 2 E
G
-

- onaf

S

= S

-

wr aif

- D 30 PO
Ll RED - RLOEA
=T - ELELE
sl o HALD - ELOOLE
g ELOWLA
sk bt Fobe - LB
WL G- CLOAE FL
o I . R |
- -] L] ) Ml Ll -] 00 &0 L]
IHI.
1 T
amf -
T 4
wif 4

B3t 4

= of .

=

w2 .

¥ D - 30 TR B
A4 AR0 - FLOPLE E
el R TN
T A~ LD I
a0 - fLBA s
.8 i 1 A0 - BN I
e H-T - BLOEL
| g . . . ) HIMED ELOAFC
ey 1"} e am L1rm] an =1 LFet 1) L]
Ha
T T T
-1 |
A 4
aa

=y 02

=

£ &

—

s

8l
S
O!L E
an ;

000 20 ) B0 000 4800 000 ) oot [
Ha

(a)

Thin-Walled Structures 198 (2024) 111751

1 —
& MO - 30 FEM
ank 40 - ELDELS
P=T80 - [LOIN 4
ank — kb0 - ELOTLA
P=#E-0 - BLETLE
0ApF =t Tl B - T
== TR E D - ELOSLE FEY
 0ar -
S
= uF -
-
e L -
g1
fdf -
Sl
AR -
" L i i i L -
ok 0% @i B o a1 a1 405 ] T
B,
1 v i
& D 30 FER
ank WO ELOD
F=TA40 - ELOMLA
o8 — 1A - B
(b 15 - ELOELA
pak [==t#-T-4d-£-0 - ELOJLA
e deTad0 - BLOMS (FEY
oy 02 E
e U0
&= o
=l |
oAz
ddp
QaF
a8
1] — . ¥ W CU— .
2.8 ar ag 45 L4 &3 1
i
(1]
aaE
oab
e a3t
S
= ar
S asf
{4
ad
00 flte T - ERDTLA
e T O - DD T

Figure 6. Distribution of the components of the electric displacement (a) and the magnetostatic flux (b) along the thickness direction of a simply supported rect-
angular plate subjected to a sinusoidal generalized action. Effect of the coupling in various multifield simulations. Thickness plots are provided at (0.25-L1,0.25-L )

within the physical domain.

_ (k=1
= O3(ij((k-1)ir))

50
3= Dip-+1)

—® e

Dy-vmr+n) = D sw—nmy)

_ =0 _ (o =) D)

k=12 QB =y K71 = 3 Byynn = By
(9 (k) _ glk=1)

51y = dr =1y = M-

(k) (k1)

S3((k-trr1) = C 3k 1))

(98)

Equilibrium under multifield surface actions is achieved at the top
surface through the implementation of the following linear corrections
of the solution:

+ =
®  _ = 93 — O 3(iju 1)) h
O Sm = O sm +— 5 (Sn T3
h 2
(+) 5(1)
*) A® 9o — P s6ium) h
D im) 3(m) T 7 . (Cm +3

23

(+) Ul

. =B h
() (k) 98 3 1))
B = B sy W (gm + 5)
(+) E(l)
w7 ) h
h 3(ijm) h 3(ijm) + h . gm +§

B Ay — Mg h
B =2, + 20 . i) (Cm +§> 99)
Starting from the multifield constitutive relations of Eqn. (31), the
linear system [45] reported below can be adopted to recover the mul-
tifield out-of-plane primary variables, which are collected in the vectors

T
o [® K ® ® K) W
X1(m = [7’13<ijm> Vasam Eaom Esim H: 3(ijm)] and Xy =
T

(0% A5 |+ setting i = 1,.In,j =1, Iy andm = 1.,

®) ®) ®
All(ijm) 0 X (jjm) _ Bl(ijm) ® ® g (100)

0 AW ® B® @ X(im) = Bigm)

2Gim) | | X 2(m) 2(iim)
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Figure 7. Distribution of the components of the thermal gradient (a) and the thermal flux (b) along the thickness direction of a simply supported rectangular plate
subjected to a sinusoidal generalized action. Effect of the coupling in various multifield simulations. Thickness plots are provided at (0.25-L1,0.25-L3) within the

physical domain.

The matrices A®

following aspect:

[ =
Ci

ijm)

A®

1 (im) —

S o o o

(k)
b 6(ijm)

The quantities b

11(ijm)* A(g(ijm) and the vectors B(f()l]m B(k oym) take the
0 0 0 0
(k)
C55(ijm) 0 0 0
=W ) ) ®
0 C33(ljm) “P3gm) 49 33Gm) | A22(ijm)
—(k) (k) —(k)
0 P 33im) U33m) d33(ijm)
—(k) (k) —(k)
0 9 33ijm) d 33(ijm) 33 ijm)
(k)
Y'33(ijm)
<(k)
533(ijm)
(101)
pO © w17 gw
2(ijm) 3(ijm) 4(ijm) 5@jm) | 2(ijm)
T
(k)
D | 102)
(k) (k) (k) (k)
1(ijm)° b 2(ijm)° b3<umwb 4(ijm)> b 5(ijm)? b 6(ijm)° b 7(ijm) are

24

written in the following extended form:

b(lk()um) <13) (ijm) +P(14 (iim) E<kvm +q(142 wmH (lk()vm)

By = To3m) + Posim E ) Tosm Fo

Bm = (3k<)zy'm>_5(1k3)<i/m>5(1<)vm> Com )E5im) T Zosim) ATE;;ﬁEg(s)wm) \¢ E?m)
By =D im) Py € )~ P2 ) — O AT :k/)m ~Em AC&)
B m) = B im) = T1my € im) — T i)~ P 53 ATEZ; —F o m AACEZm
Bl =15y

b (k)tzm - (3)?,,,,,)

(103)

Once the out-of-plane secondary variables are recovered from the
three-dimensional balance equations, the multifield constitutive rela-
tionship (29) is adopted to derive the recovered values of the in-plane
secondary variables. This process takes into account the updated pri-
mary variables that have already been recovered. As a consequence, this
approach ensures that the profiles, despite being derived from a two-
dimensional solution, well match the predictions of a three-
dimensional model.
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Figure 8. Distribution of the components of the concentration gradient (a) and the hygroscopic flux (b) along the thickness direction of a simply supported rect-
angular plate subjected to a sinusoidal generalized action. Effect of the coupling in various multifield simulations. Thickness plots are provided at (0.25-L,0.25-L )

within the physical domain.
9. Applications and results

Three examples are now presented in which the response of a rect-
angular plate, a cylindrical panel, and a shallow spherical shell under
various multifield loadings is evaluated using the present formulation.
For each case, different levels of coupling between the involved fields
are considered, and the response of the same structure is predicted under
various combinations of loads. A rapid identification of the fields
involved in the simulation is achieved through a proper nomenclature.
In this context, the mechanical elasticity problem is denoted by the letter
“D” because the displacement field vector represents the corresponding
configuration variable. On the other hand, the letters “E” and “M” are
used when simulating the electric and the magnetic effects, respectively.
Furthermore, “T” refers to heat transfer, where the temperature is the
unknown field variable, while “C” accounts for the hygrometric prob-
lem, with moisture concentration as configuration variable. Finally, the
acronym “FC” is employed in simulations involving the Fick diffusion
equations and Fourier heat transfer problem, along with Dufour and
Soret coupling effects. All the multifield simulations carried out in this
study are explained in detail in Table 1. As far as the external loads are
concerned, in each simulation two mechanical surface tractions are
applied at the top and bottom surfaces of the panel. These loads are

25

distributed with a sinusoidal dispersion with wave numbers along a;
)= _-7.10°Pa and g5’ = 3-
10° Pa represent the wave amplitudes of these loads. In addition, a pre-
determined sinusoidal distribution of the multifield configuration vari-
ables is enforced at the top and bottom surfaces of the panel with n =
m = 1, following the expression given in Eqn. (76). The following
reference values of the wave amplitudes are adopted when investigating
the rectangular plate:

and a, denoted as n = m = 1, while g

oV = ¢ =510V, o) = ¢ =5.10°V
PO =y =2.10'A, PV =y = —8.10°A
20 = AT =2K, EWM = AT = 10K

KO = Act) =0.02kg/m*, K =AC™ =0.05kg/m’

nm

(104)

As can be seen from Eqn. (13), the symbol (+ ) is used to denote the
top surface, while (— ) indicates that the configuration variable is
applied at the bottom surface. It should be noted that the reference
values mentioned in Eqn. (107) are equal to the generalized configura-
tion variables of the kinematic model described in Eqn. (10) corre-
sponding to z = 0 and 7 = N, respectively. These variables are located at
the two outer skins of the panel under consideration. On the other hand,
the wave amplitudes reported below are enforced for the cylindrical
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Figure 9. Distribution of the displacement field components, electric potential, magnetostatic potential, temperature variation and concentration variation along the
thickness direction of a simply supported cylindrical panel subjected to a sinusoidal generalized action. Effect of the coupling in various multifield simulations.

Thickness plots are provided at (0.25-L1,0.25-L ) within the physical domain.

panel and the shallow spherical shell:

0% =) = 1.10*V, oW = ¢ =5.10'V

nm

YO =y =1.10'A, ¥V =y =5.10'A

nm

EO = AT = 2K,
K = ACT) = 0.6kg/m’, KN =AC") =0.8kg/m’

The fundamental relations are solved following Navier’s approach,

EM = AT = —10K

(105)

as outlined in Eqn. (76). As a result, the simply-supported boundary
conditions are applied along the four edges of the rectangular physical
domain, as shown in Eqn. (71). A cross-ply (0 /90 /0) lamination scheme
consisting of three layers is adopted in each panel. More specifically, the
two external layers of thickness h; = h; =0.03m are composed of
adaptive wood, while the central core of thickness h, = 0.04 m consists
of soft adaptive wood. The mechanical properties of the adaptive wood
are listed below and taken from Ref. [45], following the notation of Eqn.

26
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Specific heat
J

M =434 ek (119)
Density
k
P = 5300 m—f (120)

Note that the Soret and Dufour matrices T'¥ and T'%, introduced in
Eqn. (39), are derived following to the procedure proposed by Sih. [70],
assuming the value M, = 0.12 for the reference moisture concentration
and T, = 293K. In this way, the value Q(,':) =5.9853-10°]J is easily
calculated for the heat of transport, through to Eqn. (41). Finally, the
hygrothermal constants ek 7.8505-10%J /mK?,
&%) = 2126198 m3 /kg? and &¥) = —2.9792.103) /kgK are deter-
mined from the expression in Eqn. (38). The mechanical properties of
the central lamina made of soft adaptive wood are obtained from those
of the adaptive wood already presented in Eqns. (109)-(120), with a
reduction scaling factor of 50%, except for the thermal expansion co-

. . (k) . . . . k) o+ S
efficients a;;’ and the hygroscopic expansion coefficients b’ with i,j =1,
2,3, which remain the same as the original material. For each panel, a
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Figure 13. Distribution of the components of the electric displacement (a) and the magnetostatic flux (b) along the thickness direction of a simply supported cy-
lindrical panel subjected to a sinusoidal generalized action. Effect of the coupling in various multifield simulations. Thickness plots are provided at (0.25-L1,0.25-L )

within the physical domain.

numerical Finite Element model is developed with a commercial soft-
ware, and the 3D FEM solution is derived for both the mechanical case
and simulations involving two coupled fields. The geometric properties
of the structures under investigation are reported in Fig. 1, along with a
representation of the 3D FEM mesh. The through-the-thickness profiles
of all configuration variables, primary variables and secondary variables
are determined for the point in the physical domain located at
(0.25(a} — ), 0.25(a} — a3)). The thickness plots for the rectangular
plate are presented in Figs. 2-8, whereas those for the cylindrical surface
can be found in Figs. 9-15. Finally, the results of the simulations con-
ducted on a shallow spherical shell are reported in Figs. 16-22. A first
preliminary simulation is performed for each structure, where the
bending response under sinusoidal mechanical surface tractions is
evaluated using the present semi-analytical formulation, and the results
are in agreement with those of a refined 3D FEM model. It is worth
noting that not only the configuration variables, which are directly
derived from the kinematic reconstruction of Eqn. (10), but also the
three-dimensional stress and strain components derived from the
semi-analytical solution, which are corrected with the GDQ-based re-
covery procedure in the post-processing, are in agreement with the
numerical predictions. Once the model is validated for the mechanical
elasticity case, multifield simulations are performed, in which different

30

coupling between the following fields are considered, as outlined in
Table 1.

The displacement field components derived for the rectangular plate
and presented in Fig. 2 show that in each coupled simulations involving
the mechanical elasticity problem and another field, the present
analytical solution, based on a two-dimensional model with higher order
ELW theories, is in line with those of a refined three-dimensional model.
The effect of a prescribed value of an external scalar field is thus accu-
rately predicted. Moreover, the present model can predict the zigzag
effect acting between two adjacent laminae even in multifield applica-
tions. Furthermore, the three-dimensional strain and stress components
shown in Fig. 3 and Fig. 4, respectively, satisfy the equilibrium condi-
tions in the interlaminar region and on the outer surfaces of the panel
where the external loads are applied. On the other hand, when a scalar
quantity is prescribed at the top and the bottom surfaces of the structure,
the ELW kinematic model efficiently evaluates the three-dimensional
dispersion of the configuration variables, as demonstrated in Fig. 2. A
slight variation in the electric potential and the magnetostatic potential
is seen in T-E-D and H-T-M-E-D simulations, highlighting that the pre-
sent formulation is based on fully-coupled equations. The thickness plots
of the primary and secondary variables of the other scalar fields can be
found in Figs. 3-8. The recovered profiles of the three-dimensional stress
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physical domain.

components from the mechanical case in Fig. 4 satisfy the equilibrium
under external mechanical loads even in multifield simulations. How-
ever, when the recovery procedure is applied to the electric displace-
ments associated with piezoelectricity (Fig. 5), the boundary condition
at the top and bottom surfaces cannot be traced in external loads since a
pre-determined distribution of configuration variables was applied.
Therefore, the constitutive relation is adopted here for the determina-
tion of these quantities. Nevertheless, a perfect alignment with 3D-FEM
numerical predictions is seen. Similar considerations can be made for
quantities presented in Fig. 6, which are associated with the magnetic
field. In multifield simulations involving the heat transfer and moisture
concentration, similar profiles of primary and secondary variables are
obtained for different multifield couplings (Figs. 7-8). However, when
the Dufour effect is considered, along with the coupling between the
specific entropy and chemical potential, an additional moisture flux is
seen in each direction, even though a similar profile of moisture con-
centration gradient is obtained, as shown in Fig. 8. Furthermore, in
Fig. 7 the flux vector obtained without considering the coupling between
heat transfer and mass diffusion is successfully compared to the 3D FEM
results.

In the case of a cylindrical panel, the mechanical response in terms of
in-plane displacement field components and vertical deflection is
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significantly influenced by the coupling with other fields. This influence
is particularly evident from the deflection profiles shown in Fig. 9,
where the deflection direction of mechanical elasticity simulations un-
dergoes a significant variation when the complete multifield solution is
considered. Similar observations are made for strain and stress compo-
nents of Fig. 10 and Fig. 11, respectively. The out-of-plane stresses al-
ways satisfy the equilibrium boundary conditions under external surface
tractions. Fig. 9 presents also the through-the-thickness distribution of
the scalar fields included in the present model. As can be seen, the
compatibility conditions with respect to prescribed values of the
configuration variables are always respected thanks to the ELW kine-
matic model. Furthermore, the thickness functions enable the prediction
of zigzag effects in each coupled multifield simulation. The components
of the three-dimensional electric field vector and the electric displace-
ment vector, whose thickness plots can be found in Fig. 12, are signifi-
cantly influenced by the coupling between equations. More specifically,
when the heat transfer equations are added to the heat transfer problem,
the electric field vector undergoes profile changes especially in the
central layer of the stacking sequence. Furthermore, the introduction of
a prescribed value of the moisture concentration at the two outer sur-
faces leads to a typical zigzag behavior of the cylindrical surface. Unlike
the electric field vector, the components of the magnetostatic field
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Figure 15. Distribution of the components of the concentration gradient (a) and the hygroscopic flux (b) along the thickness direction of a simply supported cy-
lindrical panel subjected to a sinusoidal generalized action. Effect of the coupling in various multifield simulations. Thickness plots are provided at (0.25-L,0.25-L )

within the physical domain.

vector in Fig. 13 are not significantly influenced by multifield loads
because the distribution of each component remains similar to that
derived in M-D simulations, which are in line with 3D-FEM predictions.
On the other hand, variations of the out-of-plane magnetic flux vector
are seen using fully-coupled multifield equations. Fig. 14 displays the
components of the temperature gradient vector and the heat flux vector.
The analytical predictions and numerical outcomes for the T-D simula-
tion exhibit a perfect alignment. A slight variation in the through-the-
thickness distribution of the out-of-plane heat flux emerges when the
hygrothermal coupling is introduced through the Soret effect, whereas
the influence of the electric and magnetic field on these quantities is
negligible. Finally, Fig. 15 presents the thickness plots of the elements of
the moisture concentration gradient and flux vectors. It is shown that the
same profiles of the moisture concentration gradient components are
obtained in each multifield simulation, in line with the 3D-FEM ones
derived for the H-D case. Once again, the introduction of the Dufour
matrix results in an additional flux, caused by the moisture concentra-
tion gradient, with respect to that of the uncoupled formulations. The
accuracy with respect to the 3D-FEM outcomes in H-D models is verified
in Fig. 15, where the dispersion of each component of the moisture
concentration flux is compared to the three-dimensional numerical
predictions.
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Finally, the same multifield investigations are conducted on a lami-
nated shallow spherical shell, characterized by the same lamination
scheme as the other panels. As can be seen from Fig. 16, the structure
tends to bend downwards under external mechanical surface loads as
shown by the typical profile assumed in both in-plane and out-of-plane
directions. On the other hand, in coupled multifield simulations an up-
ward bending can be observed because the profile of the out-of-plane
component is in the positive region, whereas the slope of the in-plane
components assumes an opposite direction if compared to the mechan-
ical elasticity simulation. A significant variation is found with respect to
the mechanical case even in the three-dimensional strain components of
Fig. 17. Finally, in Fig. 18 it is shown that an increase of the magnitude
of both in-plane and out-of-plane normal stress components occurs in
the central lamina when multifield loads are applied to the structure.
Nevertheless, the equilibrium condition under external loads is always
satisfied. The distributions of the scalar configuration variables of the
multifield problem are presented in Fig. 16. As can be seen, also in this
case the presence an external moisture concentration yields a different
curve for the electric potential. In addition, a change in slope of the
curve is seen in the central core of the shell panel. The thickness plots of
the electric potential obtained in the fully-coupled H-T-M-E-D and H-T-D
simulations are not significantly influenced by hygrothermal coupling,
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Figure 16. Distribution of the displacement field components, electric potential, magnetostatic potential, temperature variation and concentration variation along
the thickness direction of a simply supported spherical panel subjected to a sinusoidal generalized action. Effect of the coupling in various multifield simulations.

Thickness plots are provided at (0.25-L1,0.25-L ) within the physical domain.

as the same curve is obtained without considering these effects. On the
other hand, the distribution of the magnetic scalar potential undergoes
slight variations as external multifield loadings are introduced into the
model. The same temperature and moisture concentration profile is
derived in all simulations. The variation of the electric response of the
spherical panel in different multifield investigations can also be seen in
Fig. 19, where the components of the electric field and the electric
displacement are reported. It can be seen that the out-of-plane electric
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field is amplified in the layer of soft adaptive wood for T-E-D and H-T-M-
E-D models, whereas the in-plane electric field components exhibit
slight variations if compared to the outcomes of E-D simulations, both in
3D-FEM and the semi-analytical model. The introduction of couplings in
the formulation adds a linear quantity to the profiles of the in-plane
components of the electrostatic field, leading to more significant vari-
ations in the third lamina than the first one. In contrast, the components
of the magnetostatic field and the magnetic flux vector, reported in
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within the physical domain.

Fig. 20, are translated with respect to the M-D results. The Soret effect is
only visible in the out-of-plane component of the thermal flux vector, as
shown in Fig. 21. Accordingly, a new profile of this quantity is observed
which comes from the presence of a moisture concentration gradient. All
the other quantities remain unchanged in multifield semi-analytical
investigations. Finally, the moisture concentration flux is significantly
influenced by the temperature gradient, as can be seen in the thickness
plots of Fig. 22 regarding H-T-D and H-T-M-E-D (FC) simulations. On the
other hand, the mass concentration in H-T-M-E-D investigations is not
affected by the other multifield couplings since the heat transfer and the
mass diffusion equations are independent. In addition, the predictions of
the 3D-FEM model for H-D analysis are perfectly matched.

10. Conclusions

In the present study, a two-dimensional formulation has been
adopted for the coupled multifield modelling of curved and layered
panels under the assumption of quasistatic processes and equilibrium
thermodynamic conditions. Each configuration variable has been
expanded along the thickness direction according to the ELW approach,
taking into account higher order interpolating polynomials. The
fundamental equations have been derived from the Master Balance
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principle, and a semi-analytical solution has been found using the
Navier’s method. Then, the three-dimensional distribution of each pri-
mary and secondary variable is obtained from the balance multifield
equations written in the thickness direction. Some examples of investi-
gation have been proposed, in which the prediction of the present
formulation are compared to the results obtained from three-
dimensional Finite Element models. These comparisons show a high
level of accordance between these approaches. The proposed formula-
tion enables the derivation of the multifield response of laminated
curved panels using a semi-analytical method. Furthermore, the recov-
ery procedure, applied to the two-dimensional solution and carried out
with a numerical technique, provides a highly accurate prediction of the
multifield response of the three-dimensional doubly-curved shell solids.
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