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1 Introduction

An important problem in the study of superconformal quantum field theories admitting a large
N expansion (such as N “ 4 SYM and ABJM [1]) is to compute the conformal dimensions ∆
of primary operators as functions of the ’t Hooft coupling λ at each order in 1{N ,

∆pλ,Nq “ ∆0pλq `
1
N2∆1pλq ` . . . . (1.1)

The planar part ∆0pλq is determined in principle by integrability with its large λ expansion
matched by the large tension expansion of string energies in the dual string theory [2]. This
does not in general apply to non-planar ∆n corrections. In particular, determining large
λ behaviour of ∆n is challenging on string theory even for the states with large quantum
numbers as this requires computing higher genus corrections to semiclassical string energies.

While computing non-planar corrections at large λ is an open problem in the N “ 4
SYM theory it was recently realised [3] that it is possible to find the leading strong-coupling
terms in non-planar corrections ∆npλq in the UpNqk ˆ UpNq´k ABJM theory by using its
duality to M-theory, i.e. quantum M2 brane theory on AdS4 ˆ S7{Zk.1

1This was demonstrated earlier for other observables for which M2 brane predictions can be matched with
localization results on the gauge theory side [4–6].
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The idea is to consider an M2 brane counterpart of a semiclassical string solution with
large quantum numbers in AdS4 ˆ CP3 and find the 1-loop correction to its energy as a
function of the 11d radius 1{k or string coupling (see appendix A). The M2 brane action
S “ SB ` SF [7, 8] has the following bosonic part

SB “ SV ` SWZ, SV “ ´T2

ż

d3ξ
?
´g, gij “ BiX

MBjX
NGMN pXq, (1.2)

SWZ “ ´T2

ż

d3ξ 1
3!ϵ

ijkCMNKpXq BiX
MBjX

NBkX
K , T2 “

1
p2πq2ℓ3P

. (1.3)

The explicit form of the quadratic term in the fermionic part SF that we use in this paper
can be found, e.g., in [3].

The large N , fixed k expansion corresponds to the expansion in large effective dimen-
sionless M2 brane tension (L is the 11d scale, see (A.1))

T2 “ L3 T2 “
1
π

?
2Nk, T2 “

1
p2πq2ℓ3P

. (1.4)

In general, an observable (like the energy of a spinning membrane corresponding to the
dimension of an operator with large quantum numbers) computed in the semiclassical
expansion will then be

E “ T2 E0pkq ` E1pkq ` T´1
2 E2pkq ` . . . , T2 " 1. (1.5)

Expanding further in large k with fixed λ ” N
k corresponds to the ’t Hooft expansion in

the 3d gauge theory which is dual to perturbative expansion in type IIA string theory in
AdS4 ˆ CP3 with string coupling gs (A.8) and the effective dimensionless string tension
given by (cf. (A.9), (A.12))

T “
π

2kT2 “

c

λ

2 “

?
λ̄

2π , λ̄ ” 2π2λ . (1.6)

Representing Enpkq in (1.5) as a series in powers of

1
k2 “

λ2

N2 “
g2

s
8πT , (1.7)

and expressing it as an expansion in g2
s and then in T´1 determines the strong coupling

(large λ) corrections at each order in 1{N2 to the corresponding anomalous dimension in
gauge theory.

In particular, the 1-loop term E1pkq encodes the leading inverse string tension corrections
at each order in g2

s in type IIA theory on AdS4 ˆ CP3. Ref. [3] computed E1pkq for the two
types of M2 brane solutions generalizing (i) long folded string with spin S in AdS4 related
to cusp anomalous dimension, and (ii) “long” and “short” circular strings with two equal
spins J1 “ J2 in CP3. We shall review the resulting expressions in section 1.1.

The aim of the present paper is to consider two more non-trivial examples in the pS, Jq

sector that generalize (i) long folded string with spin S in AdS4 and orbital momentum J in
CP3 related to the generalized cusp anomalous dimension, and (ii) circular string with spin
S in AdS4 and spin J in CP3. We shall summarize our conclusions in section 1.2.
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1.1 Review

Starting with a classical string solution in AdS4ˆCP3 with large quantum numbers Q “
?
λ̄Q

(e.g. spins in both AdS4 and CP3) its AdS4 energy computed in large tension expansion
may be written as

E “

«

a

λ̄E0pQq ` E1pQq `
1
?
λ̄
E2pQq ` O

` 1
p
?
λ̄q2

˘

ff

` Opg2
s q . (1.8)

1-loop string corrections E1 to the energies of spinning string solutions in AdS4 ˆ CP3 were
computed, e.g., in [9–13]. Such solutions have direct M2 brane counterparts in AdS4ˆS

7{Zk—
the membrane is wrapped on 11d circle of radius 1{k and reduces to the string solution on the
AdS4 ˆCP3. The classical M2 brane energy, i.e. the first term in (1.5) then coincides with the
first term in (1.8) with the tensions related as in (1.6), i.e. E0 “ π2

k E0. Also, E1 “ E1 `Op 1
k2 q,

with subleading terms in 1
k2 determining g2

s corrections, etc.

Cusp anomalous dimension. The first example considered in [3] was the M2 brane analog
of the long folded string with large spin S “ S?

λ̄
" 1. Its energy determines the null cusp

anomalous dimension as in [14, 15], i.e. the leading coefficient fpλ,Nq in the large spin
expansion of the conformal dimension of an operator like OS “ tr

“

DSpY 1Y :
4 q

‰

,2

E “ ∆pλ, Sq
S"1
“ S ` fpλ,Nq logS ` . . . , fpλ,Nq “ f0pλq `

1
N2 f1pλq `

1
N4 f2pλq ` . . . ,

(1.9)

f0pλq
λ"1
“

?
2λ` f0pλq, frpλq λ"1

“ λ2r
`

a1r `
1?
λ
a2r ` . . .

˘

, r “ 0, 1, 2, . . . .
(1.10)

The leading coefficients in the planar part f0pλq found by quantizing the long folded spinning
string in AdS4 ˆ CP3 [9, 10, 16, 17] are

f0pλq “
?
2λ´ 5 log 2

2π ´
`

K
4π2 ` 1

24
˘ 1?

2λ
`Op 1

p
?

λq2 q “ 2hpλq´ 3 log 2
2π ´ K

8π2h
´1pλq`O

`

hpλq´2˘,

(1.11)
where hpλq is a “renormalized tension” (containing a log 2 correction [11] with the exact
form suggested in [18])

hpλq “ 1?
2

b

λ´ 1
24 ´

log 2
2π ` Ope´2π

?
2λq . (1.12)

The expression (1.11) is consistent with integrability and is related to the AdS5 ˆS
5 or N “ 4

SYM result by the replacement
?

λSYM
2π Ñ hpλ

ABJM
q [19].3

The semiclassical quantization of the corresponding M2 brane solution leads to the
following representation for f in (1.9) [3] (cf. (1.5))

fpk,T2q “
π

k
T2 ` q0pkq ` T´1

2 q1pkq ` T´2
2 q2pkq ` . . . , (1.13)

qspkq “ ks

ˆ

pp0qs `
1
k2 p

p1q
s `

1
k4 p

p2q
r ` . . .

˙

, s “ 0, 1, 2, . . . (1.14)

2Here Y i are bi-fundamental scalars of ABJM theory and D is covariant derivative in a null direction.
3This is related to the fact that planar part of the cusp anomalous dimension is controlled just by the

asymptotic Bethe ansatz. There is no reason to expect that a similar simple relation should hold at a
non-planar level.
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Comparing (1.9), (1.10) and (1.13) one finds that at any non-planar order 1{N2r the leading
large λ contribution to frpλq, i.e. the coefficient a1r, is fixed in terms of the coefficients
appearing in the large k expansion (1.14) of q0pkq, i.e. a1r “ p

prq
0 , r “ 0, 1, 2, . . . . The

expression for the 1-loop M2 brane correction q0pkq obtained in [3] is

q0pkq “
1
π

„

´
5
2 log 2` 4

k2 ζp2q `
4
k4 ζp4q ´

1616
15k6 ζp6q ` . . .

ȷ

“ ´
5 log 2
2π `

2π
3

1
k2 `

2π3

45
1
k4 ´

1616π5

14175
1
k6 ` . . . ,

(1.15)

where the expression for 1
k2 is given in (1.7). This determines the leading strong coupling

asymptotics of the non-planar 1
N2r terms in the cusp anomalous dimension.

Circular J1 “ J2 solution. The second example discussed in [3] was the M2 brane
generalization of the string solutions [12, 20] with two spins J1 “ J2 ” J in CP3. The dual
ABJM operator should have the structure OJ1,J2 “ trrpY 1Y :

2 q
J1pY 3Y :

4 q
J2s ` . . . . For the M2

brane solution which admits the “short” (or “slow” J ” J?
λ̄
! 1) limit, the corresponding

energy contains the following 1-loop M2 brane corrections [3]

E “ 2
b

a

λ̄ J ` 1
2 ` 1

2 λ̄
´1{4J1{2 ´ 9

4ζp3qλ̄
´3{4J3{2 ` Opλ̄´1J2q

`
1
k2

”

ζp2q
`

´ 4λ̄3{4J´3{2 ` 8λ̄1{4J´1{2˘` Opλ̄´1{4J1{2q
ı

` O
` 1
k4

˘

, (1.16)

where λ̄ was defined in (1.6). Here the first line is the 1-loop string correction that represents
the strong-coupling expansion of the conformal dimension ∆pJ, λq of the dual “short” operator
in the planar limit. The second line is the large k expansion of the leading non-planar correction
(cf. (1.13), (1.15)), i.e. the leading large tension asymptotics of the quantum string (torus)
contribution. Equivalently, (1.16) may be written as

pE´ 1
2q

2 “ 4
a

λ̄ J
`

1` 1
2
?

λ̄
`. . .

˘

´ 9?
λ̄
ζp3qJ2`. . .`

1
k2 16ζp2q

`

´λ̄ J´1`2
a

λ̄`. . .
˘

`O
` 1
k4

˘

.

(1.17)
For the M2 brane solution which admits the “long” (or “fast” J " 1) limit, one finds [3]4

E “2J ` 1
4 λ̄J

´1`1´ 2 log 2 λ̄´1{2 ` . . .
˘

` 1
2c1λ̄J

´2 ` Opλ̄2J´3q

`
1
k2 ζp2q

`

´ 8λ̄´1{2J ´ 2λ̄1{2J´1 ` 3
16 λ̄

3{2J´3 ` Opλ̄5{2J´5q
˘

` O
` 1
k4

˘

. (1.18)

The first line is the sum of the classical energy and string 1-loop contribution expanded in the
“long” limit [12] with c1 » ´0.336. The second line represents the membrane contribution, or
the leading non-planar correction, to the anomalous dimension of the dual ABJM operator
with large spin J .

Let us recall that the string corrections in (1.18) that scale as odd powers of 1{J , i.e.
EoddpJ,

?
λ̄q, do not receive wrapping corrections, i.e. they are controlled by the asymptotic

4Here ζp2q is the standard Riemann zeta-function value, i.e. π2

6 . Like in (1.15), below we will keep the
ζp2nq factors in the 1

k2n terms in their implicit form to emphasize their common origin from the summation
over the M2 brane modes in the second circular direction (identified with the 11d direction).
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Bethe Ansatz [19] and are directly related to their counterparts Eodd
AdS5

pJ,
?
λq in the AdS5ˆS

5

case as [11]

Eodd
AdS4pJ,

a

λ̄q“ 1
2E

odd
AdS5p2J,2h̄pλ̄qq , h̄pλ̄q” 2πhpλq“

a

λ̄´log2`. . . , (1.19)

where hpλq was given in (1.12). Thus the log 2 term in the first line of (1.18) may be absorbed
into the redefinition of the λ̄ factor. This relation is also consistent with (1.9), (1.11).5

1.2 Summary

Generalized cusp anomalous dimension. Below we will first consider a generalization
of the 1-loop M2 brane computation of non-planar corrections to the cusp anomaly in [3]
to the case of the “generalized” cusp anomaly that includes also dependence on the angular
momentum J in CP3. In the AdS5 ˆ S5 case the corresponding long folded string pS, Jq

solution and the associated cusp anomaly function was studied in [21–23]. For the string
in AdS4 ˆ CP3, the 1-loop correction to the energy of such pS, Jq solution was computed
in [9, 10]. While for generic values of the spins the form of the folded string solution is
complicated, it simplifies in the limit

S " J " 1, x ”
log S
π J

“ fixed, S “
S
?
λ̄
, J “

J
?
λ̄
. (1.20)

In this case one finds a generalization of (1.9) where fpλ,Nq Ñ fpλ,N, xq. The tree-level
string (planar) term in the expansion of f in (1.9) is then the following generalization of (1.10)

f0pλ, xq “

?
λ̄

π

?
1` x2

x
` f0pλ, xq , (1.21)

where f0pλ, xq is the coefficient of logS in the 1-loop AdS4 ˆ CP3 string correction [9] that
may be written as

E1pJ, S,
a

λ̄q “ ´ J
x2

?
1` x2 log 2` 1

2E
AdS5
1 p2J, 2S, 2

a

λ̄q, (1.22)

where EAdS5
1 pJ, S,

?
λq is the corresponding expression in the AdS5 ˆ S5 string case [22]

EAdS5
1 pJ,S,

?
λq“J

1
?
1`x2

”

xp
a

1`x2´xq

`2p1`x2qlogp1`x2q´p1`2x2qlog
“

a

1`2x2px`
a

1`x2q
‰

ı

.

(1.23)

Combining (1.22) with the classical string term in (1.21), i.e. E0 “ S`
?
2λ

b

1` 1
x2 logS`. . .

one observes that the relation (1.22) is consistent with the direct generalization of (1.19)
that includes also the spin S argument.6

5Note that the large J expansion of the classical string energy E0 “
?

λE0 has the form E0pJ,
?

λq “ J `
ř8

n“0 cnp
?

λq2n`2J´2n´1, which implies that E0pJ,
?

λq “ 1
2 E0p2J, 2

?
λq. This relation extends to odd terms

in the string quantum (inverse tension) corrections with extra replacements of
?

λ in the coefficients. The
factor of 2 in front of h̄ in (1.19) stems from a comparison of the BMN dispersion relation in the AdS4 ˆ CP3

and AdS5 ˆ S5 cases.
6Let us note also that the 2-loop corrections to the corresponding string energy or generalized cusp anomaly

were computed in the AdS5 ˆ S5 case in [23] and in the AdS4 ˆ S7
{Zkcase in [17].
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To find non-planar corrections to this generalized scaling function we shall consider the
M2 brane generalization of the long folded pS, Jq string in the limit (1.20). The resulting
analog of (1.13) will have qr now depending also on x with the 1-loop term q0px, kq having
the following large k expansion

q0px, kq “ ´
5 log 2
2π `

π

x

ˆ

2
3

a

1` x2 `
1

?
1` x2

˙

1
k2

`
π3

x3

„

2
45

´

a

1` x2
¯3

` 19
45

a

1` x2 ´ 1
60

1
?
1` x2

ȷ

1
k4 ` . . . . (1.24)

This generalizes (1.15) to the non-zero J case ((1.24) reduces to (1.15) for xÑ 8). Explicitly,
the large x and small x expansions of q0 may be written as (cf. (1.6))

q0px,kq
ˇ

ˇ

ˇ

x"1
“´

5log2
2π `

2π
3
λ2

N2

ˆ

1` J2

λ log2S
`O

`

λ´2J4 log´4S
˘

˙

`O
` 1
N4

˘

, (1.25)

q0px,kq
ˇ

ˇ

ˇ

x!1
“´

5log2
2π `

5π
3
?
2
λ2

N2

ˆ

J
?
λ logS

`O
`

λ1{2J´1 logS
˘

˙

`O
` 1
N4

˘

. (1.26)

These expressions represent the predictions for the non-planar corrections to the generalized
ABJM cusp anomaly function in the strong coupling limit.

Circular pS, Jq solution. Another 1-loop computation we will consider in this paper is for
an M2 brane generalization of the circular pS, Jq string solution, in which the string wraps
a circle in AdS4 and a circle in CP3. The 1-loop correction to such solution in AdS5 ˆ S5

was computed in [24–26] while for its AdS4 ˆ CP3 analog this was done in [11]. We will
consider string energy as a function of J “

?
λ̄ J and7

u ”
S

J
“
S

J
. (1.27)

In general, the M2 brane energy has the following structure

EpS, J, k,
a

λ̄q “ E0 ` E1pu, Jq ` EM2
1 pu, J, kq ` . . . , (1.28)

where E0 is the classical string (or membrane) energy, E1 is the 1-loop string correction and
EM2

1 pu, J, kq in (1.28) stands for the genuine M2 brane 1-loop contribution, i.e. a series in 1{k2.
In the “short” string limit (J ! 1, u=fixed) one finds that

E0 “

a

λ̄

„

u`
a

1` u2 J`
u

2p1` u2q
J2 ` . . .

ȷ

, (1.29)

E1pu, Jq “ A0puq `A1puq J`A2puq J
2 ` . . . , (1.30)

where Ai are given by convergent infinite sums (see appendix D), while (cf. (1.16), (1.18))

EM2
1 pu, J, kq “

1
k2 ζp2q

ˆ

´6u`
10

?
1` u2 J`

up3` 13u2q

p1` u2q2 J2 ` . . .

˙

`
1
k4 ζp4q

ˆ

´
3
2u´

35
?
1` u2 J`

162` 165u2 ´ 137u4

4up1` u2q2 J2 ` . . .

˙

` O
` 1
k6

˘

.

(1.31)
7In general, the classical solution depends on the two integer winding numbers n,m so that nS `m J “ 0.

We will fix n “ 1 (so that u “ ´m) but the dependence on n can be always reinstated by an appropriate
rescaling of J .
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In “long” string limit (J " 1, u=fixed) the classical string energy is given by

E0 “

a

λ̄

„

p1` uq J`
1
2Jup1` uq ´

1
8J3up1` uqp1` 3u` u2q ` . . .

ȷ

, (1.32)

i.e. has the familiar “fast string” expansion (E “ S ` J ` terms with odd powers in 1{Jq.
String 1-loop correction E1 expanded for J " 1 contains terms with both odd and even
powers of 1{J . The former combine with the classical E0 term to satisfy the analog of
the relation (1.19) (including also the dependence on S) to the corresponding terms in the
AdS5 ˆ S5 case [25, 27]

Eodd
AdS5pJ, S,

?
λq “ J ` S `

λ

2J up1` uq ´
λ2

8J3 up1` uqp1` 3u` u2q

`
λ3

16J5

”

up1` uqp1` 7u` 13u2 ` 7u3 ` u4q `
1
?
λ
u3p1` uq3

ı

` . . .

(1.33)

The even part of the AdS4 string 1-loop term is

Eeven
1 “

”

´ 3
4u

2p1` uq2ζp2q ` 15
8 u

3p1` uq3ζp4q ` . . .
ı 1
J2 ` O

` 1
J4

˘

. (1.34)

The coefficients of 1{J2n terms in (1.34) are given by infinite sums that converge for sufficiently
small u [11, 27]. The membrane correction in (1.28) expanded at large J is found to have
the following form (cf. (1.31))

EM2
1 pu,J,kq“

1
k2 ζp2q

„

10J´up6`11uq
J

`
up12`68u`88u2`27u3q

4J3 `OpJ´5q

ȷ

`
1
k4 ζp4q

„

81
2up1`uq J

3`
81`103u´221u2

4up1`uq J`OpJ´1q

ȷ

`O
` 1
k6

˘

. (1.35)

Note that the leading 1
k2 J term in (1.35) combined with the classical J term in (1.32) gives

E “ p1 `
10ζp2q
k2λ̄1{2 ` . . . qJ ` . . . which is similar to the structure of the linear in J term in

the energy (1.18) for the J1 “ J2 solution found in [3].

Flat space case. The matching of the leading strong-coupling asymptotics of non-planar
corrections found from localization to the 1-loop M2 brane corrections in [4, 6] implies that
the latter should be reproducing the leading in large string tension term in the quantum
string higher genus contribution in AdS4 ˆ CP3(cf. (1.7)). In particular, the 1-loop energy
of a semiclassical M2 brane state should be reproducing certain part of the quantum string
1-loop (torus) correction to the energy of the corresponding string state.

As was noted in [3] the same should then apply also in the flat space limit. Namely,
starting with a semiclassical string state in 10d IIA string theory, considering its M-theory
analog represented by an M2 brane wrapped on the 11d circle and computing the 1-loop
correction to its energy should capture certain leading terms in the corresponding torus, etc.,
corrections [28–32] to the string energy or the mass shift in 10d string theory.
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For example, starting with the R1,9ˆS1 counterpart of the (“short”) circular J1 “ J2 “ J

string rotating in 2 orthogonal planes in AdS4 ˆ CP3and taking the flat-space limit [3] of
the M2 brane 1-loop expression in (1.16) or (1.17) one finds8

E “ 2
?
α1´1J

”

1´ 1
2ζp2q g

2
sJ

´2 ´ 19
60ζp6q g

6
sJ

´4 ` . . .
ı

, (1.36)

α1E2 “ α1E2
0 ´ 4ζp2q g2

sJ
´1 ` ζ2p2q g4

sJ
´3 ´ 38

15ζp6q g
6
sJ

´3 ` . . . , α1E2
0 “ 4J . (1.37)

Below we will reproduce (1.36) by the 1-loop M2 brane computation directly in flat space
and extend this expression to all orders in expansion in gs.

Considering M2 brane in flat 11d background we have (µ “ 0, . . . , 9, α1 “ ℓ2s )

ds2
11 “ dxµdxµ ` dx2

10, x10 ” x10 ` 2πR11 , (1.38)

T “
1

2πℓ2s
“ 2πR11T2 , T2 “

1
p2πq2ℓ3P

“
1

p2πq2ℓ3s gs
, R11 “ gs ℓs , ℓP “ g1{3

s ℓs .

(1.39)

Here T is the tension of the 10d string related by the double dimensional reduction to the
M2 brane action with tension T2. As our aim is to compare the semiclassical M2 brane
expansion to string perturbation theory, we express the M-theory parameters in terms of
the string theory ones.

Specialising to the classical M2 brane solutions with topology Σˆ S1, where S1 wraps
the M-theory circle of radius R11 and Σ is the world surface of the associated 10d string
solution the corresponding quantum M2 brane corrections to its energy are organized as
an expansion in T´1

2 “ p2πq2ℓ3s gs as in (1.5),

E “ E0 ` E1 ` T´1
2 E2 ` T´2

2 E3 ` . . . . (1.40)

Here Er depend on dimensionless parameters of the solution (spins) and on R11{ℓs “ gs.
Note that in the flat space case there are no non-trivial tree-level (genus 0) α1 corrections
to string energies (i.e. E0 is just the classical energy) so that En will represent the genuine
M2 brane corrections depending on gs. Expanding (1.40) in small gs we get a series of gn

s
contributions that may be compared with higher genus string-theory corrections to the mass
shift of the corresponding semiclassical string state.

In the above example of the J1 “ J2 circular string solution we find the following structure
of the 1-loop M2 brane correction to its energy (cf. (1.36))9

E“E0`E1 , E1“
1

α1E0
Ē1 , E2“E2

0`∆E2, α1∆E2“2Ē1`
pĒ1q

2

α1E2
0
, (1.41)

Ē1“
8
ÿ

n“1
cnζp4n´2q 1

Λ4n´2 “´2ζp2q g
2
s
J
´ 19

15ζp6q
g6

s
J3 `... ,

1
Λ2 ”

g2
s

2J . (1.42)

8Note that [33] discussed the 1-loop correction to the energy of a different J1 “ J2 solution in flat 11d
space: there the membrane was rotating in 2 planes with the “radii” being periodic functions of the two
world-volume coordinates but was not wrapped on S1.

9Note that J , Ē1 and Λ are dimensionless while E has canonical dimension of inverse length.
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Here cn are rational coefficients that we will determine below for all n. We will also discuss
the case of a folded string with spin J where Ē1 should have a similar expansion in powers
of g2

sJ
´1.10

One may try to compare the g2
s term in (1.37) or (1.42) with the 1-loop mass shift for

the corresponding string state p∆E2qstr ” ∆M2 that can be found from the torus 2-point
amplitude

α1∆E2 “ g2
s
“

RpJq ` i IpJq
‰

. (1.43)

Here the real and imaginary parts are non-trivial functions of J „ E2
0 . The presence of an

imaginary part reflects the possibility of a decay of a massive states into lighter states.11

The imaginary part has the form [30, 31, 34]

IpJq „ Jγ , (1.44)

with γ depending on a specific string state (for the folded string γ “ 1
2 [30, 34], while for

the rotating circular string γ “ ´2 [30, 31]). The real part RpJq of the torus correction
is given by a complicated modular integral and appears to be explicitly known only in an
“averaged” (over states at a given mass level) form [35], e.g.,

RpJq „ J´3{4 . (1.45)

We conjecture that the leading M2 brane result „ g2
sJ

´1 in (1.37), (1.42) may be reproducing
the large J asymptotics of the function RpJq corresponding to the spinning circular string
state. The terms subleading in large J may be captured by higher-loop M2 brane corrections
in (1.40). A resummation of higher loop terms in (1.40) may also produce an imaginary
part in the resulting ∆E2 that should be present in the string theory result but absent in
the M2 brane 1-loop correction in (1.37), (1.42).

The rest of this paper is organized as follows. In section 2 we review the 1-loop correction
to energy of long folded pS, Jq string in AdS4 ˆ CP3. Then in section 3 we compute the
leading 1{k2 M2 brane corrections to its energy or generalized cusp anomaly. In section 4
we present a similar discussion of the circular pS, Jq string in AdS4 ˆ CP3 while in section 5
we generalize the computation of the 1-loop correction to its energy to the M2 brane case.
The flat space case is discussed in section 6. There are also several appendices with some
details of computations in the main part.

2 Long folded pS, Jq string in AdS4 ˆ CP3

In this section we review the structure of the 1-loop correction [9] to the energy of the folded
string with one spin S in AdS4 and one angular momentum J in CP3. Using the coordinates
defined in (A.2), (A.5), the folded string solution in the long string limit (1.20) [22, 36]
takes a simple form

t“κτ, ρ“µσ, α“ 0, β“κτ, η“ ν τ, γ“ π
4 , θ1,2 “

π
2 , ϕ1,2 “ 0, (2.1)

κ2 “µ2`ν2, x”
µ

ν
“ fixed, κ,ν,µ" 1 . (2.2)

10Note that since J “ 2πTJ “ J{α1 where J is a parameter of a spinning string solution, the expansion in
1

Λ2 “
g2

s
4πTJ

is analogous to the expansion in 1
k2 “

g2
s

2πT in (1.7) discussed above (cf. (1.14)).
11By optical theorem, the imaginary part is related to the decay rate as Γ “ 1

2E0
Imp∆M2

q.
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Here ρpσq periodic in σ P p0, 2πq is actually a combination of 4 segments: it is given by
µσ for σ P p0, π

2 q, by µ pπ ´ σq for σ P pπ
2 , πq, etc. The corresponding energy and the two

spins are, in general, defined as12

pE0, S, Jq “
a

λ̄ pE0, S, Jq , E0 “
κ

2π

ż 2π

0
dσ cosh2 ρ “ S` κ, (2.3)

S “
κ

2π

ż 2π

0
dσ sinh2 ρ, J “

1
2π

ż 2π

0
dσ ν “ ν. (2.4)

In the µ " 1 limit

S “
κ

4πµe
πµ ` . . . , µ “

1
π
log S` . . . , (2.5)

and thus from (2.2) we get

E0 “ S` J
a

1` x2 ` . . . “ S`
1
π

?
1` x2

x
log S` . . . , (2.6)

where the coefficient of log S corresponds to the leading term in the scaling function in (1.21).
To compute the 1-loop string correction to the energy one needs to start with the

quadratic fluctuation action and find the fluctuation frequencies p0 [9, 22]. Using the static
gauge and denoting by p1 P Z the mode number corresponding to the periodic σ-direction
we find for the bosonic and fermionic fluctuation frequencies13

B : pp0q1 “

b

p2
1 ` 2κ2 ´ ν2, pp0q2,3 “ pp0q4,5 “ ˘1

2ν `
b

p2
1 `

1
4ν

2, (2.7)

pp0q6 “

b

p2
1 ` ν2, pp0q7,8 “

c

p2
1 ` 2κ2 ˘ 2

b

κ4 ` p2
1ν

2 , (2.8)

F : pp0q1,2 “

b

p2
1 ` κ2, pp0q3,4 “

b

p2
1 ` κ2 ˘ ν, (2.9)

pp0q5,6 “ pp0q7,8 “ 1?
2

c

2p2
1 ` κ2 ˘

b

κ4 ` 4p2
1ν

2. (2.10)

Then the 1-loop correction to the energy is given by

E1 “
1
2κ

8
ÿ

p1“´8

ÿ

tp0u

p´1qF p0 . (2.11)

In the limit κ " 1 the sum over the spatial mode number p1 may be converted into an integral,
and then one obtains the expression (1.22) quoted in the Introduction. Let us note that the

12The string tension in (1.6) is given by
?

λ̄
2π

. Note that while the radii of AdS4 and CP3 in (A.7) differ
by 2, the dη term in (A.5) that determines the angular momentum J has the prefactor cos2 γ sin2 γ “ 1

4
that compensates for this difference which explains why (2.3), (2.4) have the same form as in the similar
AdS5 ˆ S5 case.

13Some frequencies have constant shifts compared to the ones in [9] as we use a different parametrization of
the fluctuation fields adapted to our choice of coordinates. These shifts cancel in the contribution to the energy.
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small/large x expansions of E1 in the AdS4 and the AdS5 cases read (cf. (1.22))

x ! 1 : EAdS4
1 “ J p´ log 2 x2 ´ 2

3x
3 ` 1

2 log 2x
4 ` 2

5x
5 ` . . . q,

EAdS5
1 “ J p´4

3x
3 ` 4

5x
5 ` . . . q, (2.12)

x " 1 : EAdS4
1 “ J p´5

2 log 2 x`
3`2 log 2`4 log x

4x ` . . . q,

EAdS5
1 “ J p´3 log 2 x`

3`4 log x
2x ` . . . q. (2.13)

3 1-loop energy of long folded pS, Jq M2 brane in AdS4 ˆ S7{Zk

The above folded string solution has a straightforward uplift to the M2 brane solution in
AdS4 ˆ S7{Zk with the second spatial direction of the membrane wrapped on the 11d circle
φ P p0, 2πq in (A.3). The values of the classical membrane action in (1.2) (given just by
the volume term) and of the conserved charges are then the same as in (2.3), (2.4) (the M2
brane (1.4) and the string tensions are related by (1.6)).

To find the 1-loop M2 brane correction to the energy (2.11) we will use as in [3] the static
gauge relating the world-volume coordinates ξi “ pτ, σ, σ1q to the target space coordinates
t, ρ and φ. The classical value of the induced 3d metric corresponding to the solution (2.1)
and φ “ σ1 is then (see (A.1), (1.2))

ḡij “
L2

4

¨

˚

˝

´µ2 0 0
0 µ2 0
0 0 4

k2

˛

‹

‚

,
a

´ḡ “
L3

4k µ
2. (3.1)

Bosonic fluctuations. The fluctuations of the 8 “transverse” bosonic coordinates (denoted
by a hat) will be defined as (cf. (2.1))

α “
1

sinhpµσq α̂pξq, β “ κτ `
1

sinh2pµσq
β̂pξq , (3.2)

η “ ντ ` η̂pξq, γ “ π
4 ` γ̂pξq, θ1,2 “ π

2 ` θ̂1,2pξq, ϕ1,2 “ ϕ̂1,2pξq. (3.3)

Expanding the volume part of the M2 brane action (1.2) to quadratic order in fluctua-
tions we get

S
p2q
V “

ż

d3ξ
a

´ḡ L
p2q
V , L

p2q
V “ 1

2 Φ̂p

“

KVpBiq
‰

pq
Φ̂q, (3.4)

where MV is a 2nd order differential operator with constant coefficients in the µ " 1 limit
(cf. in (2.2)). Similarly, expanding the WZ term in (1.3) gives (in the long string limit
cothpµσq Ñ 1)

S
p2q
WZ “ ´ T2p´

3
8L

3q

ż

coshpµσq sinh2pµσq
1

sinhpµσq α̂ dpκτq ^ pµdσq ^
1

sinh2pµσq
Bσ1 β̂ dσ1

Ñ 3
8T2κµ

ż

dτdσdσ1 α̂Bσ1 β̂ “

ż

d3ξ
a

´ḡ L
p2q
WZ, L

p2q
WZ “

3kκ
2µ α̂Bσ1 β̂. (3.5)
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Combining (3.4) and (3.5) we get the total kinetic operator KpBiq “ KV ` KWZ so that
the equation for fluctuations reads
“

KpBiq`KTp´Biq
‰

pq
Φ̂q “ 0 , Φ̂q “

ÿ

p1,p2PZ

ż

dp0
2π Φ̃qpp0, p1, p2q e

ipp0τ`p1σ`p2σ1q . (3.6)

The characteristic frequencies p0 “ p0pp1, p2q can be found from the equation

DBpp0, p1, p2q ” det
“

Kpipiq `KTp´ipiq
‰

“ 0 , (3.7)

DBpp0, p1, p2q “ P8pp0, p1, p2q
ź

s1,s2Pt´1,1u

”

p2
0 ´ p2

1 ` s1p0
a

κ2 ´ µ2 ´ 1
4µ

2kp2pkp2 ` 2s2q
ı

.

(3.8)

Here P8pp0, p1, p2q is a complicated polynomial of degree 8 in p0 that we do not give explicitly
here. In the string theory limit, i.e. for p2 “ 0, one recovers the expressions for the bosonic
fluctuation frequencies given in (2.7), (2.8).

Fermionic fluctuations. To find the fermionic fluctuation frequencies we will follow the
approach described in appendix A of [3]. One defines an orthonormal basis ei “ eM

i BM on
the membrane 3d world volume satisfying xei, ejy “ GMN eM

i eN
j “ ηij (cf. (1.2)). Using

the fact that the induced metric (3.1) is diagonal with constant coefficients, it is enough
to take eM

i to be proportional to BiX
M , i.e.

e0 “
2
µ
pκBt ` κBβ ` νBηq, e1 “

2
µ
Bρ, e2 “ kBφ. (3.9)

An orthonormal basis in the normal bundle can be chosen as

n1“
2

sinhρBα, n2“2ptanhρ Bρ`cothρ Bβq, n3“
2
µ
pνBρ`νBβ`κBηq,

n4“Bγ , n5“2
?
2Bθ1 , n6“2

?
2Bθ2 , n7“2

?
2Bϕ1 , n8“2

?
2Bϕ2 . (3.10)

One can introduce a dual basis satisfying eipejq “ δi
j , nppnqq “ δp

q , nppeiq “ eipnpq “ 0. We
define the set of 11d gamma matrices with respect to the orthonormal frame (3.9), (3.10),
i.e. we introduce ΓA “ pρi, γpq,14

tρi,ρju“ 2ηijI32 , i“ 0,1,2; tγp,γqu“ 2δpq I32 , p“ 1, . . . ,8. (3.11)

Assuming the κ-symmetry gauge p1` Γqθ “ 0 the quadratic term in the fermionic part of
the M2 brane action may be written as (ρi “ ηijρj)

SF “ T2

ż

d3ξ
a

´ḡ θ̄p1´ ΓqρiDeiθ, Γ “ 1
3!ϵ

ijkρiρjρk . (3.12)

The corresponding Dirac operator is

{D “ ρiDei “ ρi
”

∇ei `
1
12
`

ρiF4 ´ 3F4,i

˘

ı

, ∇ei “ Bei `
1
4Ω

AB
i ΓAB, (3.13)

F4 “ 1
4!FABCD ΓABCD, F4,i “

1
3!FiBCD ΓBCD, (3.14)

14Here A is the 11d tangent space index; for the explicit form of the matrices see appendix B.
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where ΩABpeiq is the spin connection on AdS4 ˆ S7{Zk. Using the frame (3.9), (3.10), we get

{D “ ρi∇K
ei
`

3κ
2µρ

1ρ2γ1γ2, ∇K
ei
“ Bei `

1
4Ω

pq
i γpq, (3.15)

with the normal bundle connection Ωpq
i “ xnp,∇einqy given in the appendix B.15

The resulting determinant of the fermionic operator computed for a single Fourier mode
as in (3.7) has the following factorized structure

DFpp0,p1,p2q“P4pp0,p1,p2q P4p´p0,p1,p2q P̃4pp0,p1,p2q P̃4pp0,p1,´p2q, (3.16)

P4pp0,p1,p2q“ p4
0´2νp3

0`p
2
0p´2κ2`ν2´2p2

1´
1
2k

2µ2p2
2q`

1
2νp0p4κ2`4p2

1`k
2µ2p2

2q

`p4
1`

1
2p

2
1p4κ2´2ν2`k2µ2p2

2q`
1
16µ

2p16κ2´8k2κ2p2
2`k

4µ2p4
2q, (3.17)

P̃4pp0,p1,p2q“ p4
0´p

2
0p2p2

1`κ
2` 1

2µ
2kp2pkp2´2qq`pp2

1`
1
4µ

2k2p2
2qpp

2
1`

1
4µ

2pkp2´2q2q.

The characteristic frequencies p0pp1, p2q are found by solving DFpp0, p1, p2q “ 0. In the string
theory limit p2 “ 0 they reduce to the ones given in (2.9), (2.10).

1-loop correction to energy. The 1-loop correction to the energy generalizing (2.11)
to the M2 brane case can be represented in terms of the determinants in (3.7) and (3.15)
as (see, e.g., [3, 37])

E1 “
1
2κ

ÿ

p1,p2PZ

ż 8

´8

dw

2π log DBp´iw, p1, p2q

DFp´iw, p1, p2q
“ E1 ` EM2

1 . (3.18)

Here the p2 “ 0 term in the sum represents the string mode contribution E1 in (2.11), (1.22),
while the terms with p2 ‰ 0 give the additional M2 brane mode contribution denoted as
EM2

1 as in (1.28). We can evaluate this part in the large k limit by converting the sum over
p1 into an integral in the long string limit, by rescaling w and p1 by k and then expanding
in large k. This yields

EM2
1 px, J, kq “

k2

2πκ

8
ÿ

p2“1

ż 8

´8

dw1

ż 8

´8

dp11 log DBp´ikw
1, kp11, p2q

DFp´ikw1, kp11, p2q

“

8
ÿ

p2“1

„

C2
1

pkp2q2 ` C4
1

pkp2q4 ` . . .

ȷ

“ C2
ζp2q
k2 ` C4

ζp4q
k4 ` . . . , (3.19)

where
C2 “

2p2κ2 ` 3ν2q

κ
, C4 “

8κ2 ` 76κ2ν2 ´ 3ν4

2κpκ2 ´ ν2q
. (3.20)

For some higher order C2n terms see appendix C. Expressing these coefficients in terms
of J “ ν and x, we get

C2n “ JC2npxq, C2pxq “
2p5` 2x2q
?
1` x2 “ 4

a

1` x2 `
6

?
1` x2 , (3.21)

C4pxq “
81` 92x2 ` 8x4

2x2
?
1` x2 “ 4p1` x2q3{2

x2 ` 38
?
1` x2

x2 ´
3
2

1
x2

?
1` x2 . (3.22)

15As in the cases discussed in appendix A of [3], the membrane metric (3.1) is flat, implying Ωij
k “ 0. Also,

since the classical solution represents a minimal surface (WZ term does not contribute at the classical level)
the term involving ρiρjΩjp,i vanishes.
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Since Jx “
log S

π (see (1.20)) the expression (3.19) gives the 1{k corrections to the generalized
cusp anomaly q0px, kq in (1.13) (1.24) already quoted in (1.24)

q0px, kq “ ´
5 log 2
2π `

C2pxq

6x
π

k2 `
C4pxq

90x
π3

k4 ` . . . . (3.23)

The small/large x expansions of (3.21), (3.22) are

x ! 1 : C2pxq “10´ x2 ` 7
4x

4 ` . . . , C4pxq “
81

2x2 ` 103
4 ´ 61

16x
2 ` . . . , (3.24)

x " 1 : C2pxq “4x` 8
x ` . . . , C4pxq “ 4x` 44

x ` . . . . (3.25)

4 Circular pS, Jq string in AdS4 ˆ CP3

Let us now consider the circular string solution with spins S and J in AdS4 ˆCP3 which was
discussed in [11] (for the analogous solution in AdS5 ˆS5 see [24, 25]). Using the coordinates
in (A.2), (A.5) it is described by

t “ κ τ, ρ “ ρ˚ “ const, α “ 0, β “ w τ ` n σ, η “ω τ `m σ, (4.1)

with other angles being trivial and n and m being integer winding numbers. The conformal
gauge (Virasoro) constraints read (r0 “ cosh ρ˚, r1 “ sinh ρ˚, r0 “

a

r2
1 ` 1)

w2´pκ2`n2q“0, r2
1wn`ωm“0, ´r2

0κ
2`r2

1pw
2`n2q`ω2`m2“0. (4.2)

The three conserved charges are as in (2.3) given by

pE0, S, Jq “
a

λ̄ pE0, S, Jq , E0 “ r2
0 κ, S “ r2

1 w, J “ ω. (4.3)

The second constraint in (4.2) implies that

nS `m J “ 0. (4.4)

In the following we will set

n “ 1, u ”
S

J
“ ´m . (4.5)

The dependence on n can be restored by rescaling of J and we will formally treat u as a
continuous parameter. The solution with minimal energy for given values of spins corresponds
to u “ ´m “ 1. The conditions (4.2) can be solved in terms of independent parameters u, r1 as

ω “ r2
1

a

1` 2r2
1 ` u2

a

u2 ´ r4
1

, w “
uω

r2
1

“ u

a

1` 2r2
1 ` u2

a

u2 ´ r4
1

, κ “
r2

1 ` u2
a

u2 ´ r4
1
, (4.6)

so that

E0 “
p1` r2

1qpr
2
1 ` u2q

a

u2 ´ r4
1

. (4.7)

In the case of S “ J or u “ 1 one finds explicitly r2
1 “ 1

4Jp
?
8` J2 ´ Jq and thus

u “ 1 : E0pJq “

b

1` 5
2J

2 ´ 1
8J

4 ` 1
8J

a

p8` J2q3 . (4.8)

– 14 –



J
H
E
P
0
5
(
2
0
2
5
)
1
8
7

ℰ( ,u) [exact]

1: ℰ=u+ 1 + u2 +O(2)

1: ℰ=(1+u)+ 1
2 
u(1+u)+O(1/3)

0.0 0.5 1.0 1.5 2.0 2.5 3.0
0

2

4

6

8

10
u=1

Figure 1. Comparison of the exact expression E0pJ, u “ 1q with its small and large J expansions.

For general u one can expand E0 at large or small J, corresponding to r1 Ñ
?
u or r1 Ñ 0:

J"1: r2
1 “u´

1
2up1`uq

2 1
J2 `

1
8up1`uq

2p3`uqp1`3uq 1
J4 `..., (4.9)

E0pJ,uq“p1`uqJ` 1
2Jup1`uq´

1
8J3up1`uqp1`3u`u2q`..., (4.10)

J!1: r2
1 “

u
?
1`u2 J´

u2

p1`u2q2 J
2´

up1´3u2`u4q

2p1`u2q7{2 J3`
2u2p´1`u2q2

p1`u2q5 J4`..., (4.11)

E0pJ,uq“u`
a

1`u2J`
u

2p1`u2q
J2´

u2

2p1`u2q5{2 J
3`... . (4.12)

The expression in (4.10) starts with the familiar “fast-string” term E0 “ p1 ` uqJ ` ¨ ¨ ¨ “

S ` J ` . . . , while the first term in (4.12) E0pJ, uq“u ` . . . “ ´m ` . . . is the contribution
to the energy due to the string winding the circle. A comparison of (4.10) and (4.12) for
u “ 1 with the exact expression for E0pJq in (4.8) is illustrated in figure 1. To compute the
1-loop correction to the energy one needs to combine the fluctuation frequencies p0 “ p0pp1q

as in (2.11). Fixing the static gauge on t and η one finds as in [11] that16

CP3 : pp0q1,2,3,4 “

b

p2
1 `

1
4pJ

2 ´ u2q, pp0q5 “

b

p2
1 ` J2 ´ u2 , (4.13)

AdS4 : p0 “

b

p2
1 ` κ2, pp2

0 ´ p2
1q

2 ` 4r2
1κ

2p2
0 ´ 4p1` r2

1q
´

p0
a

κ2 ` 1´ p1

¯2
“ 0,
(4.14)

where two out of the total three AdS4 frequencies are given by the positive solutions of
the quartic equation in (4.14).

16As in the folded string case discussed above, we note that different parametrizations of fluctuations may
introduce constant shifts of p0 but these do not affect the 1-loop correction to the energy.
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The fermionic spectrum contains four different frequencies, each being doubly-degenerate.
Two are given by [11]

F : p0 “ ˘
r2

0κu

2pu2 ` r2
1q

`

b

pp1 ˘ bq2 ` J2 ` r2
1, b ” ´

κu

w

w2 ´ J2

2pu2 ` r2
1q
, (4.15)

and two are the solutions of the equation which is very similar to the one in (4.14)

F : pp2
0 ´ p2

1q
2 ` r2

1κ
2p2

0 ´ p1` r2
1q

´

p0
a

κ2 ` 1´ p1

¯2
“ 0 . (4.16)

The resulting 1-loop correction E1 is given by the sum (2.11). It can be computed explicitly
in the large J expansion (cf. (1.33), (1.34)), where the “odd” term part is related (1.19) to
the corresponding AdS5 ˆ S5 expression (1.33). The small J expansion of E1 was not studied
previously and we present it in appendix D.

5 1-loop energy of circular pS, Jq M2 brane in AdS4 ˆ S7{Zk

Let us now consider the direct uplift of the circular string solution of the previous section
to the M2 brane solution in AdS4 ˆ S7{Zk where in addition to (4.1) we set φ “ σ1 as in
section 3. Using (4.6) the resulting induced metric may be written as (cf. (3.1)).

ḡij “
L2

4

¨

˚

˝

´pr2
1 ` u2q 0 0
0 r2

1 ` u2 0
0 0 4

k2

˛

‹

‚

,
a

´ḡ “
L3

4k pr
2
1 ` u2q. (5.1)

The classical conserved charges are the same as in (4.3) (WZ term in (1.3) does not contribute
at the classical level). Choosing the static gauge where t, β and φ do not fluctuate we
have (n “ 1)

t “ κτ, ρ “ ρ˚ ` ρ̂pξq, α “ α̂pξq, β “ w τ ` σ, (5.2)
η “ ωτ `m σ ` η̂pξq, γ “ π

4 ` γ̂pξq, θ1,2 “ π
2 ` θ̂1,2pξq, ϕ1,2 “ ϕ̂1,2pξq, φ “ σ1 .

(5.3)

Bosonic fluctuations. The expansion of the volume part of the M2 brane action gives the
quadratic fluctuation Lagrangian of the same form as in (3.4) while the analog of (3.5) is

S
p2q
WZ “´T2p´

3
8L

3q

ż

coshρ˚ sinh2 ρ˚ α̂dpκτq^dρ̂^dpwτ`σq“
3
8T2r

2
1r0κ

ż

dτdσdσ1 α̂Bσ1 ρ̂,

L
p2q
WZ “

3
2
kr2

1r0κ

r2
1`u

2 α̂Bσ1 ρ̂. (5.4)

The bosonic fluctuation frequencies are determined by solving the analog of eq. (3.7). In the
string theory limit (p2 “ 0) one finds for the characteristic polynomial

DBpp0,p1,0q“pp2
0´p

2
1´κ

2qpp2
0´p

2
1´ω

2`u2q

ˆ

”

`

p0`
1
2ω

˘2
´
`

p1´
1
2u

˘2
´ 1

4
`

ω2´u2˘
ı2 ”

`

p0´
1
2ω

˘2
´
`

p1`
1
2u

˘2
´ 1

4
`

ω2´u2˘
ı2

ˆ

„

pp2
0´p

2
1q

2`4r2
1κ

2p2
0´4p1`r2

1q
´

a

1`κ2p0´p1

¯2
ȷ

. (5.5)
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Then the solutions of DBpp0, p1, 0q “ 0 are equivalent to the frequencies in (2.7), (2.8) (up to
constant shifts related to the choice of parametrization of fluctuations). For generic p2 we get

DBpp0, p1, p2q “ P4pp0, p1, p2qP4p´p0,´p1,`p2qP8pp0, p1, p2q, (5.6)

where Pr stands for a polynomial of degree r in p0. From the zeroes of the two P4 factors we get

p0 “ 1
2

„

s1ω ˘

b

4p2
1 ` 4s2up1 ` ω2 ` pr2

1 ` u2qkp2pkp2 ` 2s3q

ȷ

, (5.7)

with s1,2,3 “ ˘1 (8 frequencies in total). The zeros of P8 cannot be easily written in a closed
form but can be found in an expansion in large J (see appendix E) or small J.

Fermionic fluctuations. The determination of fermionic frequencies is analogous to the
case of the long folded M2 solution in section 3. The orthonormal basis in the tangent and
normal bundles may be chosen as (cf. (3.9))

e0“
2
v pκBt`wBβ`ωBηq, e1“

2
v pBβ`mBηq, e2“kBφ, v”

b

r2
1`u

2 , (5.8)

n1“2Bρ, n2“
2ω
r0r1

Bt`
2κur0
v2r1

Bβ`
2κr1r0
v2 Bη, n3“

2
r1
Bα, n4“Bγ ,

n5“2
?
2Bθ1 , n6“2

?
2Bθ2 , n7“2

?
2Bϕ1 , n8“2

?
2Bϕ2 . (5.9)

The analog of the Dirac operator in the κ-fixed quadratic fermionic action reads
(cf. (3.13), (3.15))

{D “ ρi∇K
ei
`

3
2
κr0r1
v2 ρ0ρ1γ1γ3, ∇K

ei
“ Bei `

1
4Ω

pq
i γpq, (5.10)

with the spin connection presented in appendix B (see (B.3)). The zeros of the corresponding
determinant for one Fourier mode DFpp0, p1, p2q give p0 “ p0pp1, p2q. In the string limit
p2 “ 0 we get (s1,2 “ ˘1)

p0 “ s1
r2

0κu

2pu2 ` r2
1q

` 1
2s2ω `

b

`

p1 ` s1b`
1
2s2u

˘2
` pω2 ` r2

1q, b “ ´
κu

w

w2 ´ ω2

2pu2 ` r2
1q
,

(5.11)
which are the shifted versions of those in (4.15), and also find the fermionic frequencies
in (4.16) (with no shifts).

1-loop correction to energy. The 1-loop correction to the M2 brane energy is given again
by (3.18), (3.19). The expressions for the few leading 1{k2 coefficients in (3.19) are

C2 “
2p5r2

1`8r4
1´3u2q

a

u2´r4
1

, C4 “
232r6

1`148r8
1´70r2

1u
2´3u4`r4

1p81´64u2q

2pu2´r4
1q

3{2 , (5.12)

C6 “
2

15pu2´r4
1q

5{2

”

´175u6`u4r2
1p1192`1717r2

1q´u
2r4

1p3751`9886r2
1`6660r4

1q

`r6
1p1926`9529r2

1`14472r4
1`7044r6

1q
ı

. (5.13)
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Expanding in large/small J for fixed u we find (making use of (4.9), (4.11))

J"1: C2“10J´up6`11uq
J

`
up12`68u`88u2`27u3q

4J3 `...,

C4“
81

2up1`uqJ
3`

81`103u´221u2

4up1`uq J´
81`729u`1077u2`173u3´499u4

16up1`uq
1
J
`...,

C6“
1284

5u2p1`uq2 J
5´

2p´1926´2027u`4714u2q

15u2p1`uq2 J3`..., (5.14)

J!1: C2“´6u` 10
?
1`u2 J`

up3`13u2q

p1`u2q2 J2`...,

C4“´
3
2u´

35
?
1`u2 J`

162`165u2´137u4

4up1`u2q2 J2`...,

C6“´
70
3 u`

2384
15
?
1`u2 J`

´7502´7327u2`2559u4

15up1`u2q2 J2`.... (5.15)

In appendix F we present the generating function for the coefficients of the leading „ uJ0

terms in the small J expansion generalizing those given in (5.15).
In the special case of S “ J, i.e. u “ 1 we get explicitly

u “ 1 : EM2
1 “

´

´6` 5
?
2 J` 4J2 ` . . .

¯ ζp2q
k2 `

´

´3
2 ´ 35?

2J`
95
8 J2 ` . . .

¯ ζp4q
k4 ` . . .

“

„

´

´π

k

¯2
´ 1

60

´π

k

¯4
` . . .

ȷ

`

„

5
3
?

2

´π

k

¯2
´ 7

18
?

2

´π

k

¯4
` . . .

ȷ

J

`

„

2
3

´π

k

¯2
` 19

244

´π

k

¯4
` . . .

ȷ

J2 ` OpJ3q. (5.16)

6 1-loop correction to semiclassical M2 brane energy in flat space

As discussed in the Introduction, similar semiclassical 1-loop computations can be done for
M2 branes in flat 11d background.

Expanding M2 brane action (1.2) in flat background near a classical solution, the action
for quadratic fluctuations for 8 “transverse” bosonic and fermionic fluctuations may be
written as (see, e.g., appendix A in [3])17

SB “
1
2

ż

d3ξ
a

´ḡ ḡij
´

x∇K
i X,∇K

j Xy ´ xKij ,XyxKij ,Xy

¯

, (6.1)

SF “

ż

d3ξ
a

´ḡ θ̄p1´ Γq {∇θ, Γ “ 1
3!ϵ

ijkρiρjρk, {∇ “ ρi∇ei , ∇ei “ Bei `
1
4Ω

AB
i ΓAB.

(6.2)

Here ḡij is the classical induced metric, ∇K is the connection on the normal bundle, ei

denotes a local orthonormal frame tangent to the M2 brane surface and Kij is the extrinsic
curvature. The latter is given by Kij “ pI ´ PqpBiBjXq where P is the projector on the
tangent bundle of the classical M2 brane surface.

17We denote by X the classical solution and by X the corresponding 3d fluctuations.
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For example, the M2 brane solution generalizing the circular string rotating in two planes
and wrapped on the 11d circle is given by (ξi “ pτ, σ, σ1q; cf. (1.38))

X0 “ κ τ, X1 ` iX2 “ 1
2κ e

ipτ`σq, X3 ` iX4 “ 1
2κ e

ipτ´σq, X10 “ R11σ
1,

(6.3)

ḡij “ diag
`

´ 1
2κ

2, 1
2κ

2, R2
11
˘

, (6.4)

where σ1 P p0, 2πq and ḡij is the induced 3d metric. The M2 brane energy and spins are given by

E0 “
κR11
ℓ3P

“ α1´1κ, J1 “ J2 ” J “
κ2R11
4 ℓ3P

“ 1
4α

1´1κ2, E0 “ 2
?
α1´1J , (6.5)

where we used (1.39). Considering quadratic fluctuations near this solution (for details see
appendix G) one finds that the 1-loop correction to the energy can be expressed in terms
of the determinants of the bosonic and fermionic fluctuation operators as in (3.18) where
(p1, p2 are again the integer mode numbers)

DBp´iw,p1,p2q“
`

Λ2p2
2`p

2
1`w

2˘5
”

Λ6p6
2`3Λ4p4

2p
2
1´16Λ2p2

2`3Λ2p2
2p

4
1´8Λ2p2

2p
2
1

`w4`3Λ2p2
2`3p2

1`8
˘

´w2`´3Λ4p4
2´8Λ2p2

2´6Λ2p2
2p

2
1´3p4

1´16
˘

`p6
1´8p4

1`16p2
1`w

6
ı

,

DFp´iw,p1,p2q“
”

Λ4p4
2`2p2

1
`

Λ2p2
2`w

2´1
˘

`2w2`Λ2p2
2`1

˘

`p4
1`w

4`1
ı4
, (6.6)

Λ2”
κ2

2R2
11

“
2J
g2

s
. (6.7)

One finds that the string-mode (p2 “ 0) contribution vanishes. Using the integral approx-
imation for the sum over p1 for p2 ‰ 0 we then get for the M2 brane mode contribution
(cf. (1.41); κ “ α1E0)

E1 “
1
κ
Ē1 , Ē1 “

8
ÿ

p2“1

ż 8

´8

dp1

ż 8

´8

dw

2π log DBp´iw, p1, p2q

DFp´iw, p1, p2q
. (6.8)

This can be expanded in the parameter Λ " 1 after rescaling w Ñ Λw, p1 Ñ Λp1. As a result,

Ē1pΛq “
8
ÿ

p2“1
F pp2Λq “

8
ÿ

p2“1

ˆ

´
4

p2
2Λ2 ´

152
15p6

2Λ6 ` . . .

˙

“ ´
4 ζp2q
Λ2 ´

152 ζp6q
15Λ6 ` . . . , (6.9)

where the function F pxq has the following integral representation

F pxq “ 1
2x

2
ż 8

0
dt

«

´3` 6
1` t

`
4x4pt2 ´ 1q ´ 4

a

x8p1` tq4 ` 2x4p1` 2t´ t2q ` 1

`
x4p1´ tqp1` tq3 ´ 16p1` 2t´ t2q

a

x8p1` tq8 ´ 32x4p1` tq4p1` t2q ` 256p1´ t2q2

ff

. (6.10)
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0.0
E1(Λ)

Figure 2. The values of Ē1pΛq for Λ ě 2 found by numerical evaluation of the sum in (6.9) (blue
circles). The orange line represents the sum of the first two terms of the large Λ expansion of Ē1pΛq.

Its asymptotic expansion for x Ñ 8 is given by (cf. (1.42))

F pxq “
8
ÿ

n“1

cn

x2n´4 “ ´
4
x2 ´

152
15

1
x6 ´

2496
35

1
x10 ´

9439168
15015

1
x14 ´

4871031808
765765

1
x18 ` . . . ,

(6.11)

with the Ē1 in (6.9) determining all terms in (1.36), (1.42) (with
ř8

p2“1 p
´2n`4
2 “ ζp2n´ 4q).

We shall present the exact formula for the coefficients cn in (6.11) in appendix G.
One can evaluate the sum in (6.9) numerically getting the values of the function Ē1pΛq “

ř8
p2“1 F pp2Λq that turn out to be real for Λ ě 2. The results for several values of Λ are

represented by blue circles in figure 2, by summing up to p2,max “ 2000. They are in good
agreement with the plot of just the first two terms in (6.9) (orange curve). More precisely,
the relative error is below 0.1 percent already at Λ “ 2.5 and fully negligible at Λ “ 3.0. A
more careful evaluation at the convergence radius Λ “ 2 (see appendix G) is beyond our
aims and would require a larger maximum value of p2.

One may repeat a similar analysis of the 1-loop M2 brane correction in the case of the
solution generalizing the folded string rotating in one plane in flat space (cf. (6.3), (6.4), (6.5))

X0 “ κ τ , X1 “ κ sin σ cos τ , X2 “ κ sin σ sin τ , X10 “ R11σ
1 , (6.12)

ḡij “ diag
`

´ κ2 cos2 σ, κ2 cos2 σ, R2
11
˘

, (6.13)

E0 “
κR11
ℓ3P

“ α1´1κ , J “
κ2R11
2ℓ3P

“ 1
2α

1´1κ2 , E0 “
?
2α1´1J . (6.14)

In contrast to the circular solution in (6.3) here the induced metric is no longer flat which
complicates the derivation of the fluctuation spectrum. After the Fourier expansion in extra
σ1 direction one finds that the 7+1 bosonic and 8 fermionic fluctuation operators are given
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by (see appendix G for details)

∆ “ ´
1

?
´ḡ

Bi

´

a

´ḡ ḡijBj

¯

Ñ B2
τ ´ B2

σ ` Λ2 p2
2 cos2 σ , Λ2 ”

κ2

R2
11

“
2J
g2

s
, (6.15)

∆`Rp2q Ñ B2
τ ´ B2

σ ` Λ2 p2
2 cos2 σ `

2
cos2 σ

, (6.16)

{∇ “ ραBα ` iΛ p2 cosσ . (6.17)

While finding their eigenvalues for general p2 appears to be non-trivial, the fact that they
depend on J and gs only through the parameter Λ implies that the M2 brane correction to
the energy should have a similar structure (1.42), (6.9) as in the above circular case.

Acknowledgments

We would like to thank J. Russo for useful comments. MB is supported by the INFN grant
GAST. SAK acknowledges support of the President’s PhD Scholarship of Imperial College
London. AAT is supported by the STFC grant ST/T000791/1.

A Definitions and notation

The UpNqk ˆUpNq´k ABJM theory in the large N limit with fixed k is dual to the M-theory
on AdS4 ˆ S7{Zk with the following metric and 3-form background

ds2
11 “ L2p1

4ds
2
AdS4 ` ds2

S7{Zk
q, L “ p25π2Nkq1{6ℓP , (A.1)

ds2
AdS4 “ ´ cosh2 ρ dt2 ` dρ2 ` sinh2 ρ pdα2 ` cos2 αdβ2q, (A.2)

ds2
S7{Zk

“ ds2
CP3 `

1
k2 pdφ` kAq2, φ ” φ` 2π, (A.3)

C3 “ ´3
8 L

3 cosh ρ sinh2 ρ sinαdt^ dρ^ dβ. (A.4)

We shall use the following parametrization of ds2
CP3 and A

ds2
CP3 “ dγ2 ` cos2 γ sin2 γ

`

dη ` 1
2 cos θ1dϕ1 ´

1
2 cos θ2dϕ2

˘2

` 1
4 cos

2 γ
`

dθ2
1 ` sin2 θ1dϕ

2
1
˘

` 1
4 sin

2 γ
`

dθ2
2 ` sin2 θ2dϕ

2
2
˘

, (A.5)

A “ 1
2
“

cosp2γqdη ` cos2 γ cos θ1dϕ1 ` sin2 γ cos θ2 dϕ2
‰

. (A.6)

The limit of large k with fixed λ ” N
k corresponds to the ’t Hooft expansion in the 3d gauge

theory which is dual to the perturbative type IIA string theory on AdS4 ˆ CP3 background
with the metric

ds2
10 “ L2p1

4ds
2
AdS4 ` ds2

CP3q, L “ g1{3
s L . (A.7)
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The string coupling gs and the effective dimensionless string tension T (defined with respect
to the radius 1

2L of the AdS4) are given by (we set ℓP “ ℓs “
?
α1)

gs “

ˆ

L
k ℓP

˙3{2
“

?
πp2λq5{4

N
, (A.8)

T “

1
4L

2

2πα1
“

c

λ

2 “

?
λ̄

2π , λ̄ ” 2π2λ , (A.9)

1
k2 “

λ2

N2 “
g2

s
8πT . (A.10)

The bosonic part of the M2 brane action is given by (1.3). The M-theory expansion corre-
sponding to the large N with fixed k expansion on the gauge theory side is for L " ℓP . This
is the expansion in the large effective dimensionless M2 brane tension

T2 ” L3 T2 “
1
π

?
2Nk . (A.11)

It is related to the effective dimensionless type IIA string tension in (A.8) as

T “
π

2k T2 , (A.12)

which follows also upon double dimensional reduction [38] of the membrane action in AdS4 ˆ

S7{Zk to the type IIA GS string action in AdS4 ˆ CP3.

B Gamma matrices and spin connection

The explicit choice for the gamma matrices pρi, γpq used in this paper is

ρ0“piσ2qbσ2bσ2bσ2bσ2, ρ1“σ1bσ2bσ2bσ2bσ2, ρ2“σ3bσ2bσ2bσ2bσ2,

γ1“σ0bσ2bσ0bσ1bσ2, γ2“σ0bσ3bσ0bσ0bσ0, γ3“σ0bσ2bσ1bσ2bσ0,

γ4“σ0bσ2bσ3bσ2bσ0, γ5“σ0bσ2bσ2bσ0bσ1, γ6“σ0bσ2bσ0bσ3bσ2,

γ7“σ0bσ2bσ2bσ0bσ3, γ8“σ0bσ1bσ0bσ0bσ0, (B.1)

where σi are Pauli matrices and σ0 is a unit 2 ˆ 2 matrix.
The spin connection in the normal bundle in the basis (3.9), (3.10) corresponding to

the long folded M2 brane solution can be written as

Ωpqpeiq “ xnp,∇einqy, Ω “ E2,3
2ν
µ
e1 ` E5,7

ˆ

ν

µ
e0 ` e2

˙

` E6,8
`

´
ν

µ
e0 ` e2˘´ E3,4

κ

µ
e2,

(B.2)

where Ep,q is a matrix that has `1 in pp, qq place and ´1 in pq, pq place with other entries
being 0.

Similarly, the connection in the normal bundle in the basis (5.8), (5.9) for the circular
pS, Jq M2 brane solution is given by

Ω “ E1,2

ˆ

´
2ωv
κr2

1
e0 ´

2κur2
0

v3 e1
˙

` E5,7

´ω

v e
0 ´

u

ve
1 ` e2

¯

` E6,8

´

´
ω

v e
0 `

u

ve
1 ` e2

¯

` E2,4

´

´
κr0r1
v2 e2

¯

, v ”

b

r2
1 ` u2 . (B.3)
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C Higher order 1{k2 corrections in (3.19)

The explicit expressions for the next two coefficients in the large k expansion of the folded
membrane 1-loop energy in (3.19) are found to be

C6 “´ J
2p808κ6´1892κ4ν2´667κ2ν4´175ν6q

15κpκ2´ν2q2 “ ´J
2p´1926´2027x2`532x4`808x6q

15x4
?

1`x2 ,

C8 “´ J 467328κ8´250560κ6ν2´729664κ4ν4´231824κ2ν6`13685ν8

420κpκ2´ν2q3

“´ J ´731035´573520x2`1322624x4`1618752x6`467328x8

420x6
?

1`x2 . (C.1)

Their small/large x expansions are (cf. (3.24), (3.25))

x! 1 : C6 “J
`1284

5
1

x4 `
2128
15

1
x2 ´

3293
30 `. . .

˘

,

C8 “J
`146207

84
1

x6 `
83201
168

1
x4 ´

10681967
3360

1
x2 ´

3106619
1344 `. . .

˘

, (C.2)

x" 1 : C6 “J
`

´ 1616
15 x´ 256

15
1
x`. . .

˘

, C8 “ J
`

´ 38944
35 x´ 115424

35
1
x`. . .

˘

. (C.3)

Comparing the small x expansions of C2n in (3.24), (C.2) in the folded membrane case with
the large J expansions of the coefficients in the large k expansion of the 1-loop energy of the
circular pS, Jq membrane in (5.14) suggests a conjecture that for any n

Ccircular
2n

J"1
“ c2n

J2n´1

rup1` uqsn´1 ` OpJ2n´3q, Cfolded
2n

x!1
“ c2n

J

x2n´2 ` O
` 1
x2n´4

˘

, (C.4)

where c2n are the same numerical coefficients in both cases.

D Expansion of 1-loop energy of circular pS, Jq string for small J

In this appendix we study the small J expansion of the 1-loop string energy for the circular
pS, Jq solution discussed in section 4. The small J expansion of CP3 fluctuation frequencies
in (4.13) reads (here we set p1 “ n)18

CP3 : pp0q1,2,3,4 “ 1
2

a

4n2 ´ u2 ` OpJ2q, pp0q5 “
a

n2 ´ u2 ` OpJ2q. (D.1)

For n “ 0 the first four degenerate frequencies are imaginary, indicating an instability.19

For the AdS4 frequencies in (4.14) we get

AdS4 : pp0q1 “
a

n2`u2`
u

?
1`u2

?
n2`u2 J`OpJ2q, (D.2)

pp0q2,3 “¯
pn˘1q2`u2`p´n¯2q

b

p1`u2q
“

pn˘1q2`u2
‰

p1`u2q
“

pn˘1q2`u2
‰ J`OpJ2q. (D.3)

18For simplicity, we continue branches of solutions of algebraic equations from large n to small values of n.
For a more careful discussion see [37].

19This is a reflection of the fact that the string wrapped on a circle in the internal space is unstable, unless
the contraction due to its tension is balanced by its rotation. For a discussion of a similar instability in
AdS5 ˆ S5 context see [26].
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The fermionic frequencies (4.15), (4.16) have the following expansions

pp0q1 “

$

&

%

1
2p1` 2n´

?
1` u2q `

“

u
2
?

1`u2 ´
up´3´3u2`2n

?
1`u2

2p1`u2q3{2p2n´
?

1`u2q

‰

J` OpJ2q, n ą 0
1
2p1´ 2n`

?
1` u2q `

“

u
2
?

1`u2 ´
up´3´3u2`2n

?
1`u2

2p1`u2q3{2p´2n`
?

1`u2q

‰

J` OpJ2q, n ă 0,

pp0q2 “

$

&

%

1
2p´1` 2n`

?
1` u2q `

“

´ u
2
?

1`u2 `
up3`3u2`2n

?
1`u2

2p1`u2q3{2p2n`
?

1`u2q

‰

J` OpJ2q, n ą 0
1
2p´1´ 2n´

?
1` u2q `

“

´ u
2
?

1`u2 ´
up3`3u2`2n

?
1`u2

2p1`u2q3{2p2n`
?

1`u2q

‰

J` OpJ2q, n ă 0,
(D.4)

pp0q3,4 “ 1
2p
a

p2n˘ 1q2 ` u2 ¯
?
1` u2q ¯

upp2n˘1q2`u2¯2p1˘nq
?

p1`u2qrp2n˘1q2`u2qs

2p1`u2qrp2n˘1q2`u2s J` OpJ2q.

The 1-loop correction to the energy (2.11) can be written as

E1 “
1
2κ

ÿ

nPZ
ω̂npJq “

1
2κω̂0pJq `

1
κ

8
ÿ

n“1
ω̄npJq, ω̄n “

1
2pω̂n ` ω̂´nq , (D.5)

ω̂npJq ”
ÿ

tp0u

p´1qF p0 “ ω̂p0q
n ` ω̂p1q

n J` OpJ2q, (D.6)

ω̂0pJq “ p1` 3iqu`
1

?
1` u2 J` OpJ2q, (D.7)

ω̄p0q
n “ ´4n`

?
n2 ´ u2 ` 2

?
4n2 ´ u2 `

?
n2 ` u2 `

a

pn` 1q2 ` u2 `
a

pn´ 1q2 ` u2

´
a

p2n` 1q2 ` u2 ´
a

p2n´ 1q2 ` u2, (D.8)

ω̄p1q
n “ 8un?

1`u2p1´4n2`u2q
` u?

1`u2
1?

n2`u2 `
up2´nq

?
1`u2

?
pn´1q2`u2

`
up2`nq

?
1`u2

?
pn`1q2`u2 `

2upn´1q
?

1`u2
?

p2n´1q2`u2 ´
2upn`1q

?
1`u2

?
p2n`1q2`u2 .

The sums over n are convergent since ω̄p0q
n “ 7u2´4u4

8
1

n3 `Opn´4q, ω̄
p1q
n “ 10u´u3

8
?

1`u2
1

n3 `Opn´4q,

and can be computed numerically at fixed u. For example, for S “ J, i.e. u “ 1, we find

u “ 1 :
8
ÿ

n“1
ω̄p0q

n “ ´0.40652,
8
ÿ

n“1
ω̄p1q

n “ ´1.5001, (D.9)

and as a result the real and imaginary parts of E1 are given by

E1 “ 0.093´ 1.212 J` OpJ2q ` i
“

1.5´ 1.06 J` OpJ2q
‰

. (D.10)

One may also consider the expansion of (D.5) in small u. Splitting the sum into n “ 1
and n ě 2 parts we get

ω̄
p0q
1 “ ´4` u`

a

1´ u2 ` 2
a

4´ u2 `
a

4` u2 ´
a

9` u2 “ u´ 11
12u

2 ´ 289
1728u

4 ` . . . ,

(D.11)
8
ÿ

n“2
ω̄p0q

n “

8
ÿ

n“2

”

7n2´1
2np1´5n2`4n4qu

2 ` ´9`135n2´807n4`2005n6´2028n8`864n10´1024n12

32pn´5n3`4n5q3 u4 ` . . .
ı

“

ˆ

11
12 ´ log 2

˙

u2 `

„

289
1728 ´

5
16ζ p3q

ȷ

u4 ` . . . , (D.12)

8
ÿ

n“1
ω̄p0q

n “ u´ log 2 u2 ´ 5
16ζ p3qu

4 ` . . . . (D.13)
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Similarly, we find that
8
ÿ

n“1
ω̄p1q

n “ 1` 3p1´ 2 log 2qu´ 1
2u

2 `
“

´ 5
2 ` 3 log 2´ 5

8ζp3q
‰

u3 ` 3
8u

4 ` . . . . (D.14)

Using that (cf. (4.6)) 1
κ “ 1

u ´ 1
u2

?
1`u2 J` OpJ2q, we obtain the following expression for the

real part of E1 (the imaginary part comes from 3i u term in (D.7))20

ReE1 “
“3

2 ` p3´ 5 log 2qJ` OpJ2q
‰

´
“

log 2` OpJ2q
‰

u

`
“

p´5
2 ` 5

2 log 2´
5
16ζp3qq J` OpJ2q

‰

u2 ´
“ 5

16ζp3q ` OpJ2q
‰

u3 ` Opu4q. (D.15)

Comparison with the AdS5 ˆ S5 case. It is of interest to compare the above expressions
with E1 for a similar circular pS, Jq solution in AdS5 ˆS5 (see [25]). Using the same notation
here one has 4 ` 2 ` 2 bosonic fluctuation frequencies (cf. (4.14)) and 4 ` 4 fermionic
frequencies given by

B : pp0q1,2,3,4 “
a

n2`J2´u2, pp0q5,6 “
a

n2`κ2, (D.16)

pp2
0´n

2q2`4r2
1κ

2p2
0´4p1`r2

1qp
a

1`κ2p0´p1q
2 “ 0, p0 “pp0q7,8 , (D.17)

F : pp0q1,2 “
a

pn˘cq2`a2, (D.18)

a2 “ 1
2pκ

2`J2´u2q, c“ 1
2κ

“

1` 2p1`r2
1q

κ2´J2`u2

‰

b

κ2´J2`u2´2r2
1

2pκ2`1q . (D.19)

Their small J expansion reads

B: pp0q1,2,3,4“
?
n2´u2`OpJ2q, pp0q5,6“

?
n2`u2` u?

1`u2
?

n2`u2
J`OpJ2q,

pp0q7,8“
a

pn˘1q2`u2¯
?
1`u2¯

pn˘1q2
`u2

`p´n¯2q
?

p1`u2qppn˘1q2`u2

p1`u2qppn˘1q2`u2q
J`OpJ2q, (D.20)

F: pp0q1,2“
1
2

b

1`u2`4npn˘
?
1`u2q`

up4n2
?

1`u2˘8np1`u2
q`3p1`u2

q
3{2

q

2p1`u2q3{2p˘2n`

?
1`u2q

b

1`u2`4npn˘

?
1`u2q

J`OpJ2q.

The corresponding 1-loop energy is given by (D.6) and (D.5) where now

ω̂0pJq“2p1`2iqu´2
a

1`u2`
2p1`u2´4u

?
1`u2q

p1`u2q3{2 J`OpJ2q,

ω̄p0q
n “4

a

n2´u2`2
a

n2`u2`
a

pn´1q2`u2`
a

pn`1q2`u2

´2
b

4n2´4n
a

1`u2`1`u2´2
b

4n2`4n
a

1`u2`1`u2, (D.21)

ω̄p1q
n “ 2u?

1`u2
?

n2`u2 `
up2´nq

?
1`u2

?
pn´1q2`u2 `

up2`nq
?

1`u2
?

pn`1q2`u2

`2u
` 2n?

1`u2 ´3
˘ 1
?

1`u2
?

4n2´4n
?

1`u2`1`u2
´2u

` 2n?
1`u2 `3

˘ 1
?

1`u2
?

4n2`4n
?

1`u2`1`u2
.

The sums are again convergent and can be computed numerically at fixed u. At the special
point S “ J, i.e. u “ 1, we find

ř8
n“1 ω̄

p0q
n “ ´1.9621,

ř8
n“1 ω̄

p1q
n “ ´3.1034, and thus

(cf. (D.10))

E1 “ ´2.376´ 2.716 J` OpJ2q ` i
“

2´ 1.414 J` OpJ2q
‰

. (D.22)
20Note that here the term ´u log 2 can be again be interpreted as coming from the redefinition

?
λ̄ Ñ 2h̄pλ̄q

in the classical part of the energy (cf. (1.19)). Other log 2 terms do not have this origin.
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Expanding in small u we get (cf. (D.15))

ReE1 “´
“

u´1 ` OpJ2q
‰

`
“

2` p1
2 ´ 8 log 2qJ` OpJ2q

‰

´
“

1` OpJ2q
‰

u

`
“

p5
8 ` 4 log 2´ ζp3qq J` OpJ2q

‰

u2 `
“1

4 ´ ζp3q ` OpJ2q
‰

u3 ` Opu4q. (D.23)

The u´1 term (that was absent in (D.7)) comes from the mode n “ 0 that has a OpJ0q

part which is not vanishing for u “ 0.
To make the comparison between the AdS4 ˆCP3 and AdS5 ˆS

5 cases more transparent,
we may remove the contribution of ω̂0pJq in both cases to get

EAdS4ˆCP3

1
ˇ

ˇ

n‰0 “
“

1`p3´5log2qJ`OpJ2q
‰

´
“

log2`OpJ2q
‰

u

`
“

p´5
2`

5
2 log2´

5
16ζp3qqJ`OpJ2q

‰

u2`
“

´ 5
16ζp3q`OpJ2q

‰

u3`Opu4q,

EAdS5ˆS5

1
ˇ

ˇ

n‰0 “
“

1`p9
2´8log2qJ`OpJ2q

‰

´
“1

2`OpJ2q
‰

u

`
“

p´27
8 `4log2´ζp3qqJ`OpJ2q

‰

u2`
“1

8´ζp3q`OpJ2q
‰

u3`Opu4q. (D.24)

E Large J expansion of circular M2 bosonic fluctuation frequencies

The frequencies corresponding to zeros of P4 polynomials (5.6) given in (5.7) have the
following large J expansion

B : pp0q1,2 “ J`
“

p2
1 ` up1 `

1
4up1` uqkp2p˘2` kp2q

‰ 1
J
` . . . ,

pp0q3,4 “ ´J´
“

p2
1 ´ up1 `

1
4up1` uqkp2p˘2` kp2q

‰ 1
J
` . . . ,

pp0q5,6 “
“

p2
1 ´ up1 `

1
4up1` uqkp2p˘2` kp2q

‰ 1
J
` . . . ,

pp0q7,8 “ ´
“

p2
1 ` up1 `

1
4up1` uqkp2p˘2` kp2q

‰ 1
J
` . . . . (E.1)

For the frequencies corresponding to the zeros of the polynomial P8 in (5.6) one finds

pp0q9“ 2J`
“

p2
1´2p1`uqp1`2p1`3u`u2q` 1

2up1`uqk
2p2

2
‰ 1
2J`...,

pp0q10“´2J´
“

p2
1`2p1`uqp1`2p1`3u`u2q` 1

2up1`uqk
2p2

2
‰ 1
2J`...,

pp0q11“J`
“

p2
1´u

2` 1
2up1`uqk

2p2
2
‰ 1
2J`...,

pp0q12“´J´
“

p2
1´u

2` 1
2up1`uqk

2p2
2
‰ 1
2J`...,

pp0q13“J`
“

p2
1`up2`uq´ 1

2up1`uqk
2p2

2
‰ 1
2J`..., (E.2)

pp0q14“´J´
“

p2
1`up2`uq´ 1

2up1`uqk
2p2

2
‰ 1
2J`...,

pp0q15,16“

„

2p1`uqp1˘
b

p4
1`4up1`uqp2

1p1´ 1
4k

2p2
2q´u

2p1`u2qk2p2
2p1´ 1

4k
2p2

2q

ȷ

1
2J`....
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F 1-loop energy of circular M2 brane in small J limit

One can obtain the leading „ u J0 terms in the coefficients (5.15) of the 1{k2 corrections from
the small J expansion of the corresponding membrane fluctuation frequencies

B : pp0q1,2,3,4 “1
2
a

4n2 ` 4s1nu` ku2ℓp2s2 ` kℓq ` OpJq, s1, s2 “ ˘1

pp0q5,6 “1
2
a

4n2 ` u2p˘4` k2ℓ2q ` OpJq,

pp0q7,8 “˘
a

1` u2 ` 1
2
a

4pn¯ 1q2 ` u2p4` k2ℓ2q ` OpJq,

F : pp0q1,2,3,4 “1
2ps1

a

1` u2 `
a

ps2 ´ 2s1s2n` uq2 ` k2u2ℓ2q ` OpJq, s1, s2 “ ˘1,

pp0q5,6,7,8 “1
2ps1

a

1` u2 `
a

1` 4p´s1 ` nqn` u2ps2 ` kℓq2q ` OpJq , (F.1)

where we renamed the integer mode numbers as p1 ” n, p2 ” ℓ. Replacing the sum over
n with an integral we get

EM2
1 “

1
2κ

ÿ

ℓPZ´t0u

ÿ

nPZ

ÿ

p´1qF p0 Ñ ´6uζp2q
k2 ´

3
2u
ζp4q
k4 ` ¨ ¨ ¨ ` OpJq , (F.2)

reproducing the leading terms in (5.15). One can similarly find the order J2 terms in (5.15).
One can obtain the generating function for all 1{k2r coefficients at leading order in

small J as21

8
ÿ

n“´8

ÿ

p´1qF p0
kℓ"1
“ u2F pkℓq`OpJq, (F.3)

F pyq“ 1
2py´1q2 logpy´1q` 1

2py`1q2 logpy`1q`y2 logy` 1
8p4´y

2qlogpy2´4q
´ 3

8p4`y
2qlogpy2`4q` 1

4p1`2y´y2qlogp´1´2y`y2q

` 1
4p1´2y´y2qlogp´1`2y`y2q,

y"1
“ ´ 6

y2 ´
3
2

1
y4 ´

70
3

1
y6 ´

391
12

1
y8 `.... (F.4)

The first two terms in (F.4) are seen to be in agreement with the corresponding coefficients
in (5.15) after using that 1{κ “ 1{u ` OpJq.

G Details of 1-loop M2 brane computations in flat space

Circular J1 “ J2 brane. In the case of the solution in (6.3) we may choose the frame in
the normal bundle so that nr “ BXr for r “ 5, . . . , 9 and (ξi “ pτ, σ, σ1q)

n1 “ ´BX0 ` sinpτ ` σqBX1 ´ cospτ ` σqBX2 ` sinpτ ´ σqBX3 ´ cospτ ´ σqBX4 , (G.1)
n2 “ cospτ ` σqBX1 ` sinpτ ` σqBX2 , n3 “ cospτ ´ σqBX3 ` sinpτ ´ σqBX4 . (G.2)

Then the fluctuation operator in r “ 5, . . . , 9 directions is given by the massless Laplacian for
the metric ḡ in (6.4). The “mass matrix” in the fluctuation operator (6.1) in n1,2,3 directions is

Mpq “ ´pKijqppK
ijqq “

¨

˝

0 0 0
0 0 ´ 4

κ2

0 ´ 4
κ2 0

˛

‚

pq

, p, q “ 1, 2, 3. (G.3)

21It is interesting to note a similarity between (F.4) and eq. (2.16) appearing in the expression for the cusp
anomalous dimension in [3].
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The covariant derivative part of the operator in (6.1) ∆K “ 1?
´ḡ

p∇K
i q

:p
?
´ḡḡij∇K

j q can be
found using that the connection on the normal bundle is given by

Ωpq “ xnp, Bnqy “

¨

˝

0 ´1 ´1
1 0 0
1 0 0

˛

‚dτ `

¨

˝

0 ´1 1
1 0 0
´1 0 0

˛

‚dσ . (G.4)

As a result,22

∆K `M “

¨

˝

B2
0 ´ B2

1 ´ Λ2B2
2 ´2pB0 ´ B1q ´2pB0 ` B1q

2pB0 ´ B1q B2
0 ´ B2

1 ´ Λ2B2
2 ´4

2pB0 ` B1q ´4 B2
0 ´ B2

1 ´ Λ2B2
2

˛

‚ , Λ2 ”
κ2

2R2
11
. (G.5)

Expanding in Fourier modes pp0, p1, p2q (cf. (3.7)), the characteristic frequencies for q “ 1, 2, 3
directions can be determined from the polynomial equation23 detp∆K `Mq “ 0. In addition,
there are 5 “massless” modes p2

0 “ p2
1 ` Λ2p2

2 . In total, we get the agreement with the
expression for DB in (6.6).

Since the connection along the membrane surface is flat, the square of the Dirac operator
may be written as (cf. (B.1))

{∇2
“ ´B2

0 ` B2
1 ` Λ2B2

2 ` γ1γ2pB0 ´ B1q ` γ1γ3pB0 ` B1q ` ρ0ρ1γ2γ3 . (G.6)

One can choose a κ-symmetry gauge and the γ-matrices basis such that 11d Majorana fermion
can be split as θ “ χ b η, ρ0ρ1η “ η , where χ is a 2d Majorana fermion so that

{∇2
χ “

ˆ

´B2
0 ` B2

1 ` Λ2B2
2 ` i pB0 ´ B1q ´ ipB0 ` B1q

´pB0 ´ B1q ´ ipB0 ` B1q ´B2
0 ` B2

1 ` Λ2B2
2 ´ i

˙

χ . (G.7)

As a result, the 4+4 fermionic frequencies are found to be the same as the zeroes of DF in (6.6)

p2
0pp1, p2q “ p2

1 ` Λ2p2
2 ` 1˘

b

4p2
1 ` Λ2p2

2 . (G.8)

Exact formula for the coefficients cn in (6.11). One may represent cn with n ą 1
as (c1 “ ´4)

cn “ 1
2pαn ` βnq , αn ” p´1qn 4nΓpn´ 1

2qΓpn` 1
2q?

π nΓp2n` 1
2q

, (G.9)

where βn are given by the solution of the second order difference equation

64n2p1`nqp´1`2nqp1`2nqp4`3nqp31`42n`14n2qβn

´8p1`nqp918`9705n`41860n2`94960n3`122292n4`89510n5`34580n6`5460n7qβn`1

`p2`nqp3`2nq2p1`3nqp5`4nqp7`4nqp3`14n`14n2qβn`2“0, (G.10)

with the initial values β2 “ ´2176
105 , β3 “ ´493568

3465 . Explicitly, we get

αn “ 16
35 ,´

128
693 ,

128
1287 ,´

14336
230945 , . . . , βn “ ´2176

105 ,´
493568
3465 ,´56639488

45045 ,´185098305536
14549535 , . . .

cn “ 1
2pαn ` βnq “ ´152

15 , ´
2496
35 , ´9439168

15015 , . . . , n “ 2, 3, . . . . (G.11)
22We ignore the overall constant factor 2κ´2 that can be absorbed into the fluctuation fields.
23In the string case p2 “ 0 one gets 3+3 modes with p2

0pp1, 0q “ tpp1 ` 2q2, p2
1, pp1 ´ 2q2

u.

– 28 –



J
H
E
P
0
5
(
2
0
2
5
)
1
8
7

0 50 100 150 200 250 300
n

13

14

15

16

cn+1/cn

Figure 3. Ratio test for the coefficients of the function in (6.11).

The recursion relation for βn allows one to compute the coefficients cn to very high order.
In particular, one can check that the series (6.11) for F pxq has the radius of convergence
1

x4 ă 1
16 , i.e. x ą 2, as presented in figure 3. This is also the radius of convergence of Ē1pΛq

in (6.9) since ζpnq Ñ 1 for large n, consistently with the data presented in figure 2.

Folded spinning brane. In the case of the solution in (6.12), we get 7 modes with the
“massless” Laplace operator ∆ in (6.15) and one mode with the operator ∆`Rp2q in (6.16).
To get the latter one may use the Gauss equation to express the second term in the operator
in (6.1) in terms of the scalar curvature of the metric in (6.13) as ´Kij Kij “ Rp3q “ Rp2q.

The fermionic operator in (6.2) simplifies to {∇ “ ρi
`

Bei `
1
4Ω

jk
i ρjk

˘

, Ωjk;i “ xej ,∇eieky.

A convenient choice of the gamma matrices basis is such that Γ “ ρ0ρ1ρ2 “ σ0bγ9. Imposing
the κ-symmetry gauge p1 ` Γqθ “ 0, the 11d Majorana fermion can be written in terms
of the 3d and 8d Majorana fermions θ “ ψ b η, p1 ` γ9qη “ 0. Representing the metric
in (6.13) as ds2 “ κ2 e2λpσqp´dτ2 ` dσ2q ` R2

11dσ
12 where eλ “ cosσ we get for the Dirac

operator (after expanding in modes in ξ2 “ σ1)

{∇ “ ´e´λρ0Bτ ` e´λρ1Bσ ` ip2Λρ2 `
1
2e

´λ
`

´ Bτλρ0 ` Bσλρ1
˘

. (G.12)

After the conformal transformation of the fermions θ Ñ e´λ{2θ it may be written as
{∇pe´λ{2θq “ e´3λ{2`ραBα ` ip2Λ eλρ2

˘

θ, with the non-trivial part of the determinant equiv-
alent to the one of the operator in (6.17).

In the string theory limit, i.e. p2 “ 0, the rescaled fermionic operator becomes the flat
space one and thus has the same spectrum as the massless bosonic operator B2

τ ´ B2
σ in (6.15).

The “massive” operator in (6.16) may be written as ∆`Rp2q “ B2
τ ´ B2

σ ´ 2B2
σplog cosσq. A

peculiar property of eλ “ cosσ is that it is the same as the ground state wave function of the
operator ´B2

σ in the case of the Dirichlet boundary conditions at σ “ ˘1
2π. This implies that

the massless and “massive” operators are related by the Darboux transformation and have
the same spectrum except for the ground state (see, e.g., [39], section 7.1). Explicitly, their
eigenfrequencies are, respectively, ωn “ n` 1, n “ 1, 2, . . . and ωn “ n` 1, n “ 0, 1, 2, . . ..
This implies the expected triviality of the 1-loop correction to the energy coming from the
string theory modes only.
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In the case when p2 ‰ 0, we note that both operators ∆ in (6.15) and ∆`Rp2q in (6.16)
acting on Xpτ, σq can be written in the form that appears in the angular oblate spheroidal
equation24

d

dz

”

p1´ z2q
d

dz
fpzq

ı

`

”

ω2 ´ 1
4 ´ γ2p1´ z2q ´

µ2

1´ z2

ı

fpzq “ 0 , (G.13)

X “ eiωτ p1´ z2q1{4fpzq , z “ sin σ,

where γ2 “ Λ2p2
2 and µ2 “ 1

4 in the case of ∆ while µ2 “ 2 ` 1
4 in the case of ∆ ` Rp2q.

For a recent discussion on the eigenvalues of the spheroidal equation, see [40] and references
therein. The Fredholm determinant of a more general Heun differential operator was also
recently studied in [41].
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