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ABSTRACT

The time-dependent behaviour of polymeric composites is critical in a broad range of applications, including
those in marine, aerospace, and automotive environments. In the present study, we assess the validity of
the quasi-linear viscoelastic (QLV) model to fit the stress-strain behaviour of all-polymer syntactic foams
under large cyclic compressional strain in a novel experimental configuration. These syntactic foams were
manufactured by adding hollow polymer microspheres of various sizes and wall thicknesses into a polyurethane
matrix. These materials are known for their relatively large initial stiffness, and strong recoverability after
large strains. In the QLV model, several strain energy functions (SEFs) were employed, including neo-
Hookean, Ogden type I, and type II. The bulk and shear moduli are presented in the form of a Prony series.
By estimating these experimental data using optimisation, the natural viscoelastic material properties and
coefficients associated with the SEF were determined. The influence of the microsphere filling fraction was
also explored. We show that at the strain rate considered here of 0.013 s~!, the compressible QLV model
coupled with the Ogden-I SEF is capable of providing an excellent fit to experimental data. Critically, this fit

can be achieved over a range of cycles via model optimisation to the first cyclic response only.

1. Introduction

Syntactic foams (SFs) are composite materials that are employed
extensively in engineering structures in aerospace, marine, and auto-
motive environments given their significant structural weight reduction
coupled with relatively high stiffness [1-3]. Such composites are fab-
ricated by placing spherical microscopic hollow particles into a matrix
that is usually polymeric in nature and also known as two-component
polymer—matrix solid buoyancy materials (PSBMs) [4]. The addition of
hollow particles in the polymeric matrix makes the microstructure
of SFs complex compared to the unfilled polymer-matrix with the
emergence of three regions in the stress—strain curve of the SFs, namely
the linear region, plateau region and finally, a densification region [5].
With the help of hollow polymeric microspheres, syntactic foams have
the ability to undergo large deformation without failure and to achieve
high energy absorption under compression [5,6]. Moreover, the (rela-
tively) stiff shells give the syntactic foams an increased initial modulus
(before deformation softens this somewhat) and increased strength
to the pure matrix [7]. Glass microspheres have also been used ex-
tensively in syntactic foams [8]. Glass shells have the advantage of
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higher stiffness but the disadvantage that they fracture under sufficient
load [9]. In addition, metal matrix syntactic foams composite have
also been used for load bearing and lightweight applications. In metal
syntactic foams, hollow or porous particles are incorporated within a
metallic matrix alloy to provide the porosity of the material, and these
foams exhibit high mechanical energy absorption, high specific stiff-
ness, high strength-to-weight ratios, and tolerance to high temperatures
and adverse environmental conditions [10-14].

A significant body of work has investigated the mechanical response
of syntactic foams [6,15-22] with specific importance placed on their
response under compression. It is not straightforward to predict me-
chanical properties theoretically since microspheres can take a variety
of different forms and distributions in terms of their size distribution
and also their physical, mechanical and chemical properties.

In terms of the constitutive response of the foam, the linear elastic
region is predominantly associated with the stiffness provided by shells.
Subsequently, as shells either fracture [9,23] or buckle [24,25], the
plateau region is initiated, leading to larger strains and specifically to a
potentially large increase in strain with only a small change in imposed
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load. Finally, densification starts when the shells inside the syntactic
foams begin to close up. This requires a large increase in stress to
increase the strain by even a small amount. The nonlinear constitutive
relationship can be described according to models of soft elastomers or
hyperelastic materials [6,15,25-29].

In general, despite the matrix of syntactic foams being polymeric in
many use cases, there is a lack of exploration of the time-dependent
response of the viscoelastic behaviour of syntactic foams and, in par-
ticular, their relation to models. Although a small number of studies
have investigated aspects of viscoelastic effects [30-34], there is a
lack of investigation of the large strain cyclic viscoelastic response
of polymeric syntactic foams. In this scenario, creep and relaxation
play an important role. Creep refers to the gradual increase in strain
under a constant load, which affects the foam’s long-term deformation
under sustained stress. Relaxation involves a decrease in stress under
constant strain as the material adjusts over time. The interplay between
creep and relaxation under cyclic loading reveals how the syntactic
foams manage time-dependent deformations and stresses during cyclic
loading. Understanding these effects helps in accurately modelling
the material’s viscoelastic behaviour [35-38], which is crucial for
predicting its performance in real-world applications.

Numerous laws exist for modelling materials that behave in a linear
viscoelastic manner, including the standard Boltzmann superposition
integral forms [39-41]. The stress-strain response is assumed to be
linear, with the time-dependent Prony relaxation modulus employed
to good effect in many cases. Furthermore, with the help of transform
tools, the computational work for linear viscoelasticity can be reduced
by transformation into the Laplace domain and subsequent conversion
for the results back in the time domain [42-45]. However, linear
viscoelastic analysis is limited to analysing the response of composite
polymeric materials by the hypothesis of small strains. This assumption
becomes highly inaccurate for the viscoelastic response of elastomers
due to their hyperelastic response, involving both large strain and con-
stitutive nonlinearity. The strain is so large that it should be considered
as a nonlinear viscoelastic medium. However, in the case of syntactic
foams, the fillers add further complexity to the response, above and
beyond standard viscoelastic polymers. A review of nonlinear models
of viscoelasticity can be found in [46].

One of the most popular methods for viscoelastic modelling under
large strain is Fung’s quasi-linear viscoelasticity (QLV) [47-50]. This
model is derived from the Boltzmann superposition principle but em-
ploys hyperelasticity and thereby accommodates large strain, as well as
nonlinear constitutive behaviour via the incorporation of strain energy
functions. The QLV model predicts that at any time, the stress is equal
to the instantaneous elastic stress decreased by an amount that depends
on the past history. It also assumes that the viscous relaxation rate is in-
dependent of the instantaneous local strain. A correspondence principle
to obtain (when possible) QLV solutions from linear viscoelasticity is
established in [51]. QLV has been widely used in simulations of a broad
array of soft materials such as polymers, rubbers and biomaterials to
name a few [52-60] and in investigating the influence of dissipation
effects in pre-stressed soft phononic crystals [61,62], to study the
existence of travelling waves [63] and in the modelling of membranes
and beams [64-66]. However, it has not yet been understood if QLV is
a valuable model in the context of polymeric syntactic foams.

The present study aims to assess the efficacy of QLV in modelling
the cyclic axial stress—strain response of a class of all-polymer syntactic
foams under large deformation. In particular, we consider foams with
a polyurethane (PU) matrix and an Expancel-920 filler with 20% and
40% filling fractions (which we refer to as SF XX for the XX% filled
foam). To our best knowledge [5,6], existing experimental data on the
uniaxial cyclic compression of thermoplastic syntactic foams is only
available when samples are not glued to the compression plates. This
limits the ability to fit the model in the sense that it can only provide
machine strain rather than actual sample strain, as the sample does not
naturally return back to its original position during unloading after the
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Table 1
The assumed Poisson’s ratio of the syntactic foam at volume fraction ¢, under the
Hencky model (1), with coefficients «;.

¢ Vo ® Ky K Ky K3

0% 0.49 - - -

20% 0.44 0.0218 —-1.1894 —2.1454
40% 0.36 0.5421 0.6966 0.0710

initial loading; a gap opens up between the sample and the plate. To
apply the actual strain and be consistent with the QLV theory employed
for the fitting, rather than machine strain, in this work, we glued the
samples on either side with the compression metal plates. This ensures
that the ‘memory’ effect principle is satisfied according to the QLV
model and avoids situations where the strain, in returning to zero after
a loading/unloading cycle, leads the stress to vanish without account-
ing for the past history. This new approach for syntactic foams fulfilled
the requirement of our model but also provided us with a chance to
study the behaviour of thermoplastic syntactic foams with perfectly
bonded boundaries; thus obtaining a new set of experimental data. In
addition to allowing us to understand the fundamental behaviour of the
foams and their constitutive response, the knowledge determined could
also be helpful in applications where syntactic foams are glued on both
sides, e.g. syntactic foams in sandwich structure applications [67].

In Section 2, we describe our experimental programme, detailing the
configuration employed to assess the response of the foams in question.
Section 3 introduces the Hencky function used in this study as a
nonlinear Poisson’s ratio. This establishes a nonlinear relation between
lateral and longitudinal stretches. Section 4 covers the QLV model,
describing the necessary constitutive approach and the hyperelastic
modelling required (with neo-Hookean, Ogden-I, and Ogden-II SEFs)
to set up the nonlinear viscoelastic response under large deforma-
tion. We fit this model to the experimental data via an optimisation
method described in Section 5. This scheme minimises the root mean
square error between the model and experimental data for each filling
fraction scenario. We provide results in Section 6 and conclude, with
suggestions for future work in Section 7.

2. Experimental configuration
2.1. Material

Polyurethane syntactic foams were manufactured by adding hollow
thermoplastic microspheres into a polyurethane rubber matrix. The
polyurethane was formulated from a blend of Polytetramethylene Ether
Glycol (PTMEG) (Terathane 1000 supplied by INVISTA Textile (UK)
Ltd), Trimethylolpropane (TMP) (Tokyo Chemical Industry), and cured
with Methylene diphenyl diisocyanate (MDI) (Isonate M143 - Dow
Chemicals). Fumed silica (Aerosil 200 — Evonik Inc.) was incorporated
as a thixotropic additive. After mixing the hollow microspheres and
polyurethane matrix, the mixture was degassed for air removal. Finally,
the mixture was cured at 55°C [5]. Hollow microspheres were intro-
duced into the matrix at a range of volume fractions of 20% and 40%.
These and the pure polyurethane (0%), were investigated in detail in
terms of their viscoelastic response under compressive load. The grade
of hollow thermoplastic microspheres (HTMs) investigated here is 920
DE 80 d30 (Expancel grades supplied by Nouryon). Details of hollow
microspheres are provided in Table 1. Scanning electron microscope
(SEM) images of the HTMs and HTM syntactic foams (HTM SFs) at
different magnifications are presented in Fig. 1. Measured and theo-
retically calculated densities of the resulting HTM SFs are presented in
Fig. 2. Experimental density was measured by dividing the mass of the
samples by its volume while theoretical density was measured by using
the rule of mixture [68]. Values of both the measured and theoretical
densities are in close agreement. The difference in the measured and
theoretical densities for 20% and 40% volume fraction syntactic foams
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(a) Expancel 920

(b) Syntactic foam 920-20%

(¢c) Syntactic foam 920-40%

Fig. 1. SEM images of (a) Individual Expancel 920 microspheres and (b)-(c) Syntactic foam (20%—-40% volume fraction), fabricated from a polyurethane matrix and Expancel-920

microspheres.

is 1.3% and 1.6%, respectively, showing only a small amount of voids
entrapment/microsphere damage during processing. Additionally, a
linear decrease in the densities of the syntactic foams with increasing
microsphere volume fraction was observed. The decrease in density for
SFs with 40% volume fraction microspheres was around 38% compared
to neat polyurethane samples.

2.2. Mechanical testing

An Instron universal testing system with a load cell capacity of
100kN was utilised to conduct uniaxial cyclic compression tests on
the PU foam samples. The tests were conducted by following the ISO
standard for vulcanised rubber (BS ISO 7743:2017 with method B). The
test specimens were cut to a cylindrical shape. The diameter and height
of the test specimens were 29 m and 12.5 mm, respectively. Specimens
were bonded to metal plates with a diameter of 38 mm on the top and
bottom surfaces using a thin layer of epoxy resin. The cross-head speed
during the cyclic loading was maintained at 10 mm/min (thus a strain
rate of 0.013 s~!). Samples were compressed cyclically to 25% strain and
left for a week to allow complete relaxation before further testing. After
a week, samples were compressed to a strain of 50%. Five loading and
unloading cycles were performed for both strain levels, and stress—time
and stress-strain curves were recorded. The image of unfilled PU and
SF 20% and 40% in unstrained and maximum compressed statements
(50%) are shown in Fig. 3. From recorded data, to investigate the
hyperelastic behaviours of SFs, the stress—strain response of unfilled PU
and SF samples to 25% and 50% strain is shown in Fig. 4, where P
here is the compressive stress, i.e. the negative of the nondimensional
engineering stress under compressive loading (see Section 5 for its
definition and scaling). Furthermore, to investigate the time-dependent
behaviours of SFs, the stress—-time response of these sample strains is
shown in Fig. 5.

At the 25% strain level, the stress—strain and stress-time curves,
shown in Figs. 4(a) and 5(a), respectively, of the unfilled samples
presented a non-linear pattern that is normally associated with soft
polymer materials. The time T represents the duration of each load
cycle and is 1/5 of the total experimental time (7'/5 is shown in the
x-axes of Figs. 6-8(a-b)), which it is constant for all cycles, being the
strain rate constant. Upon unloading the samples at the same strain
rate as the loading cycle, an unloading curve with a slightly different
path to the loading curve was recorded, forming a hysteresis loop
describing the energy dissipation during cyclic loading. Additionally,
given the strain-controlled deformation, the samples were left in a
negative compressive stress state or tension during the deformation
to zero strain. This negative stress state can be attributed to residual
strain in the samples after the initial loading. A similar pattern was
observed for successive loading and unloading curves for the unfilled
specimen. For SF 20% and SF 40%, a different behaviour to the unfilled

1.2 T

I Theoretical density
I Actual density

Density

0 20 40
Volume fraction (%)

Fig. 2. Experimentally measured and theoretically predicted (using the arithmetic
mean) effective mass density of the all-polymer syntactic foam samples, fabricated
from a polyurethane matrix and Expancel-920 microspheres. The standard deviation for
actual density is 0.0017 for unfilled and Expancel-920 40%, and 0.0023 for Expancel-
920 20%. (For interpretation of the references to colour in this figure legend, the reader
is referred to the web version of this article.)

PU samples was recorded. The SF samples showed an emergence of an
initial linear region followed by a strong non-linear response. The initial
linear region can be attributed to an increase in the initial stiffness
of the SFs with the addition of the relatively stiff microspheres in the
polymer—-matrix. The successive four loading curves deviated from the
pattern of the initial loading curve. A smaller force was required to
compress the SFs in the four successive loading cycles compared to the
first cycle. This smaller force can be attributed to the stress-softening
after the first loading cycle [69]. Notably, the SFs exhibit stronger
hysteresis during the unloading process compared to the unfilled PU
samples, attributed to the phase lag between the applied stress and
the resulting deformation. This phase lag arises from the time delay
between stress application and the material’s strain response, which
is a fundamental characteristic of viscoelastic materials. Influenced
by factors such as the material’s relaxation behaviour, frequency of
loading, and molecular structure, the phase lag reflects the material’s
ability to store and dissipate energy over time, shaping its viscoelastic
response under cyclic loading conditions.

After conducting cyclic testing to 25% strain on the unfilled PU
and SFs, the samples were left to fully relax for one week before
proceeding to 50% compression cycles. The stress—strain and stress—
time behaviours of the samples tested to 50% strain are presented in
4(b) and Fig. 5(b), respectively. Similar to the initial compression to
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) Unfilled PU ) SF 20% (c) SF 40%
) Unfilled PU ) SF 20% ) SF 40%

Fig. 3. Illustrating the experimental configuration for the compression cycles of unfilled polyurethane ((a),(d)) and a syntactic foam 20% volume fraction in ((b),(e)) and 40%
volume fraction in ((c),(f)), fabricated from the same polyurethane matrix and Expancel-920 microspheres. Unstrained statement: (a) unfilled PU, (b) SF 20%, (c) SF 40%. 50%
compressed statement: (d) unfilled PU, (e) SF 20%, (f) SF 40%.

A . . . . .
0 5 10 15 20 25 30 0 10 20 30 40 50 60
lel lel
(a) Maximum strain 25% (b) Maximum strain 50%

Fig. 4. Experimentally measured stress—strain response of unfilled polyurethane and all-polymer syntactic foams at 20% and 40% volume fraction of microspheres, where P denotes
the compressive stress. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 5. Experimentally measured stress-time response of unfilled polyurethane and all-polymer syntactic foams at 20% and 40% volume fraction of microspheres, where P denotes
the compressive stress. Time is scaled on the single load cycle time T. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version
of this article.)
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Fig. 6. Plots of the magnitude of the axial engineering stress P against time (a,b) and the associated stress-strain response (c,d) for the first cyclic compression of the unfilled
PU. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 7. Plots of the magnitude of the axial engineering stress P against time (a,b) and the associated stress—strain response (c,d) for the first cyclic compression of the syntactic
foam with ¢ =20%. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

25% strain, the unfilled samples presented a non-linear behaviour for
the cyclic compression to 50% strain. For SF compression to 50% strain,
stress—strain curves again showed an initial linear region followed by

a non-linear region, while hysteresis was evident on unloading cycles.
These effects were especially strong for SF samples. The non-linear
behaviour of the unfilled polyurethane and an initial linear region
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Fig. 8. Plots of the magnitude of the axial engineering stress P against time (a,b) and the associated stress-strain response (c,d) for the first cyclic compression of the syntactic
foam with ¢ =40%. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

followed by a non-linear stress—strain response for SF samples on cyclic
loading is in agreement with the already reported work on these types
of materials [5].

3. Transverse-to-axial strain response and volume change

When subject to uniaxial compression unconstrained laterally the
SF samples exhibit lateral strains. Upon loading, a barrelling effect
was observed, which is also commonly reported for these types of
materials even when they are not bonded [6]. This phenomenon adds
complexity to uniaxial compression tests. We speculate that applying
lateral confinement to the samples could prevent the barrelling effect. A
separate study should be carried out to evaluate the impact of barrelling
with and without lateral confinement. The uneven barrelling of the
samples makes it challenging to measure the Poisson’s ratio at a single
point, as it changes along the length of the sample. Therefore, we
measured the Poisson’s ratio at multiple points along the sample and
then averaged the results to minimise the impact of sample barrelling
variation. For small deformations, the small strain Poisson’s ratio v,
governs the ratio between the transverse and the longitudinal strain,
with an upper bound v, = 1/2 for incompressible ‘continuous’ media,
which do not allow volume changes. To describe this ratio under larger
strains, and thus when nonlinear stress—strain constitutive laws must be
employed, a more complex function of the strains has to be considered,
namely the Poisson function. Among the most popular Poisson functions
in nonlinear elasticity is the Hencky form [70]

v(h) = _log 4,(4p)

log 4,

where 4, denotes the axial (or longitudinal) stretch and 4, the radial (or
transverse) stretch (defined as a function of 4,). This Poisson function
remains constant and equals v = 1/2 for incompressible materials
(assuming 4, = /11_1/ 2). It is worth noting that the small-strain Poisson’s
ratio v, is recovered in (1) for transverse response 4, ~ A;VO.

To fit the transverse stretches in the all-polymer SFs of interest here,
the expression in (1) has been adopted in a recent work [6], which

(€Y

considers uniaxial loading up to compressive strains of 50%. It was
shown that there is a strong dependence of 1, on the longitudinal
stretch 4, for volume fractions ¢ > 10%. Furthermore, the choice
ly & Al_v(m with a third order polynomial

V(A) R ks (A= 1) + k(A = 1)+ (A = 1) + o, @

was shown to describe well, qualitatively, the transverse response A,
as a function of the longitudinal imposed stretch 1,. We note that this
model of lateral response is not explicitly rate dependent, or rather, its
rate dependence arises solely due to the rate dependence of A, in the
constitutive model.

Our chief focus here was the viscoelastic response of the medium
in question, and therefore to reduce the number of unknown fitting
parameters (and consequently the computational costs), we adopted the
lateral stretch approximation (2), with coefficients ; (i = 0,1,2,3) as
previously determined in [6], given that the same material was under
consideration. We report this data in Table 1.

4. QLV for compressible materials under uniaxial compression
4.1. Constitutive equations

We focus on two main features of the mechanical response of
syntactic foams under cyclic compression: large deformation and time-
dependence. Although it is acknowledged that the quasilinear viscoelas-
tic (QLV) model (also known as Fung’s quasi-linear constitutive model)
has some limitations, it has been successfully and widely employed for
modelling the mechanical behaviour of soft materials ([56,59,60,71,
72] to name a few among recent experimental studies). By considering
the material behaviour as instantaneously elastic, the QLV model,
which will be adopted here for model fitting, predicts that at any time,
the total stress is modified by an amount depending on the past history
through a strain-independent viscous relaxation tensor contracted with
a potential (described shortly), and according to a Boltzmann super-
position principle. This formulation was given a modern interpretation
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in [48,73], and the associated constitutive law can be written for the
most general isotropic compressible materials as:

t t
H(t)=/ D(t—s)%HED(s)ds+/ He-9) 20 ds, @)

where IT is the second Piola—Kirchhoff stress, ¢ is time, and the scalar
functions D and H are time-dependent reduced-relaxation functions
associated with the deviatoric and hydrostatic responses, respectively
(satisfying D(0) = H(0) = 1). It is worth noticing that by integrating
(3) by parts, and assuming that the deformation commences at t = 0
(hence no deformation at ¢ = 0 and IT¢(0) = 0), yields

1 1
H(t):He(t)+/ D’(t—s)Hg(s)dH/ M-I (s)ds, (4
0 0

where the ’ denotes differentiation with respect to the argument of the
function and the equivalence I7® = IT} +1I7, has been used. The expres-
sion in (4) states that the viscoelastic stress is equal to the instantaneous
elastic stress response (first term) decreased by an amount depending
on the past history (terms under the integral). In particular, the integral
terms are given by superposing linearly (superposition principle or Boltz-
mann’s principle) the effects of a past amount of stress according to a
fading principle governed by respective relaxation functions D, H. For
further details, we refer to [48], where a careful derivation is made
by starting from the simplest linearised version of viscoelasticity. We
consider relaxation functions to be classical and frequently employed
functions expressed in the form of the Prony series, as follows:

D)= "ﬁ+zp“ﬂe"/ﬁD H(t) = &“+Zp:ﬂe"/ﬁH )

Lot , oar 7
satisfying the constraints

P

=1, =4
K

i=1 i

1=, (6)

M-a
x|

”ﬁ+
H

= |=®

1

where (for a given integer p > 0 and for i = 1,...,p) z°, 7 are the
characteristic relaxation times, yu, u.,,k,k, are the infinitesimal and
long-time infinitesimal shear and bulk modulus, respectively and finally
H;, k; are coefficients.

Here, we recall the relationship between the second Piola—Kirchhoff
stress and alternative stress measures. Define the deformation gradi-
ent F, which, for the deformation under consideration here, can be
written in a diagonal form in terms of the principal stretches as F =
diag (4;, 45, A;). The engineering stress is defined as P = FIT and the
Cauchy stress is T = %FH FT, where the superscript ‘T’ denotes the
transpose.

4.2. Hyperelastic modelling for large-deformation in compression

Materials capable of large elastic deformations can be associated
with a potential W, also known as the strain energy function (SEF).
Under the assumption of isotropy, this can be written as a symmet-
ric function of the principal stretches of the deformation, i.e. W =
W (A1, Ay, 43) [74]. Recall that in our experiments and associated model,
we assume A, = 13 due to the assumption of ideal uniaxial compression.

For compressible hyperelastic materials, the standard approach is to
decompose the SEF into isochoric and volumetric parts, as follows

W = Wigo (41, 49, 43) + Wogi (). Q)
where J = detF = ilﬁé (since 4, = Aj3) is the volume ratio of
the model during compression, with J = 1 describing constrained

incompressible materials. In Egs. (3)-(4), IT ]e) and IT ; correspond to
the second Piola—Kirchhoff stress of the deviatoric and hydrostatic
Cauchy stress components, respectively whose diagonal non-vanishing
components HB;’ Hfh_ (i =1,2,3) are as follows:
Wi 1< 1 <
me=—-—Lw, e, = — Y AW, ®)
D i H i

CoA 3RS R
where w; = oW /oA ;- We refer the reader to [48] for details of the
derivation.
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To attempt to fit the compressional stress—strain cyclic tests of the
syntactic foams under investigation, there are a plethora of SEFs from
which to choose. The QLV theory extends the nonlinear elastic theory
to include the dissipative effects. In our assumptions, the instantaneous
elastic stress is written in terms of W (hyperelasticity), while the
viscoelastic stress is a convolution between the elastic stress and the
reduced relaxation function tensor. This means that the viscoelastic
stress obtained from the hyperelastic stress is decreased by an amount
depending on the past history by considering a fading memory principle
through the scalar functions D, H. Thus, the SEF includes instanta-
neous elastic moduli only while other (longer-time) elastic moduli
and relaxation times are included in D, H. We refer to Section 4(a-b)
of [61] for a better comprehension of the equivalence, in the quasi-
static regime, between the QLV and hyperelastic theory. In particular,
in the paper [61], a simple uniaxial incompressible deformation has
been analysed with p = 1 in (5), and creep and relaxation tests have
been carried which show clearly how the long time limit of viscoelastic
stress is equivalent to an elastic theory which instead of instantaneous
elastic model employ long-time elastic moduli.

We therefore consider those SEFs employed most extensively in the
context of the elastic response of elastomeric and syntactic foams [6,
74-76], which are compressible neo-Hookean (CnH), Ogden type-I
(OgI) and Ogden type-II (OglIl) strain energy models. The adopted
SEF models are listed in the following, where the integer N > 0 is
considered as the order of the model.

Compressible neo-Hookean (CnH)

W=Cy(B+B+E-3)+— (- 17, ©
1

where C, and D, are scalar parameters which relate to small-strain
material constants in the following manner:

Z (10)

2Cyp = u, D,

Compressible Ogden type I (Ogl)

Vo3

Ni /-a; _a; _a; .
(A Iy A =3) 4 - 1)21}, an
j=t U % i

where 7 ;> 0, a; and D ; G=1,...,N) are real-valued constants which
are related to small-strain constants in the following manner:

< 2
Z'I/-:ﬂ, DK (12)
J=1 !

Compressible Ogden type II (OgID

N
2’1} a a a l N
W=Z—2{,11/+,12/+,13/_3+F(Ja,/}f_1)}, 13)
=1 % i
where a;, f; andn; > 0 (j = 1, ..., N) are scalar parameters which relate
to small-strain material constants in the following manner:
N N |
— 2.('+-)=. 14
Z{ nj=H ; n\bi+3)=x a4

It is worth noticing that the above SEFs are the same employed in [6]
where hyperelastic models have been used to fit the loading curves.
Consistently, we here fit the experimental data by extending hypere-
lasticity to the more general QLV theory, which also accounts for the
dissipative effects shown by the loading/unloading curves considered
in the analysis. This and historical reasons have led us to present the
SEF models by using both the principal stretch 4; and their modified
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version. Indeed, CnH and Ogl in (9) and (11), respectively, are written
in terms of the so-called reduced principal stretches

i =073, as)

for i = 1,2,3, which allows the deformation to be decomposed in
its dilatational and distortional parts [77]. So that, for (j = 1,...,N)
the coefficients C,, 7 s @) describe the shear behaviour of the material
while D; the compressibility [78]. We precise that with the terminology
Ogden type model we refer to them according to the seminal work
of Ogden [79] who, to simplify the associated mathematical analysis
involved in describing rubberlike experiments, considered the incom-
pressible SEF written as a linear combination of the strain invariants
®(a) = (A9 +45+45—3) /a where a is a real number. Both mod-
els have been implemented in ABAQUS software, and in particular,
OglI [75] is based on the proposed model given by Hill [80,81].

5. Optimisation for QLV model fitting

We are interested primarily in the axial engineering stress com-
ponent P, = A,II, and its relation to axial strain. This stress can be
obtained by employing one of the SEFs given in (9), (11) and (13), the
relations (8), and the constitutive law (3). To simplify notation, we drop
subscripts and, given that we are principally interested in compressive
stress, we write P = —P,. We denote the longitudinal engineering strain
by ¢ = 4, —1. In order to attempt to characterise the mechanical proper-
ties and time-dependent relaxation functions incorporated into the QLV
model, we optimise the fit between the model and the experimental
data. To do this, we adopt a parameter-fitting procedure based on the
following optimisation problem.

We wish to minimise the root mean squared error (RMSE) defined
as

M

= %)2

where here %; are the predicted values from the model, x; are the
observed values from experimental data and M is the number of
observations. This is subject to the relations

P
Moot X H=p
i=1

»
Koo + Z K=K a7

i=1
2C10 = H, 2/Dl =K,

N
Yony = Yo =x, (Ogh)
Jj=1

and subject to : (18)

N N
Nony=m Y2, (B +1/3) =x.  (Ogl)
j=1 j=1

and furthermore we impose #; > 0 to ensure a more stable optimisation
process [82]. Since it transpires that the output results of all process
cycles are found to be very similar to those of the first cyclic duration,
to reduce computational costs, only the response of the first cyclic
duration is considered, while the subsequent cyclic durations with
similar responses are disregarded.

Due to its efficiency, robustness, and scalability, the Surrogate Op-
timisation Algorithm (SOA) has been employed to determine the final
material coefficients of all syntactic foams for a given SEF. By using a
surrogate model to estimate the objective function of an optimisation
problem, the algorithm can significantly decrease the computational
costs of evaluating the objective function (making it particularly ef-
ficient for problems with computationally expensive objective func-
tions) [83,84]. Furthermore, the SOA can handle noisy or complex
objective functions. The surrogate model can help the algorithm to
smooth out the noise and identify the global optimum. Additionally, the
SOA is highly scalable and can handle high-dimensional and complex
optimisation problems more effectively by reducing the search space
and exploring it more intelligently, making it a potent tool for our
optimisation problems.
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6. Results & discussion

To assess the model’s fit to the experimental data, we conducted sev-
eral investigations, which are discussed below. The root mean square
error (RMSE) (which, through the whole paper, we write in non-
dimensional form by scaling it by 1 MPa) values for all investigations
are summarised in Appendix B. We refer to these values as a measure
for comparing the fitting of the following sections.

6.1. Comparison of models to experimental data

The efficacy of the QLV model is here analysed by employing it
in association with compressible neo-Hookean SEF and Ogden type-
I and type-II SEFs with order N = 1,2, and we refer to them by
the abbreviations as in Section 4.2. Results obtained by the SOA are
compared to experimental data in Figs. 6-8 for filling fractions 0% (a
case that we also refer to as unfilled or unfilled PU), 20%, and 40%,
respectively. Plots show the evolution of the axial engineering stress
versus time in (a) and (b) and the stress—strain curves for 25% and
50% compression strain in (c) and (d), respectively. The dotted curves
show the error (as a difference) between those from the model fit and
the experiment. It is worth noting that for unfilled polyurethane (see
Fig. 6), the material is not foam, and in that case, all fitted models
exhibit reasonable accuracy, as we now discuss. It is worth noting that
the blue and red curves in Fig. 6 are not very visible as they almost
overlap with the OgI (N = 2) model.

For the unfilled PU case, the CnH model exhibits greater error
when subjected to a 50% strain test compared to the 25% strain case,
indicating its limited effectiveness under higher strain conditions. On
the other hand, the Ogl model with N = 1 proves to be more robust,
maintaining a low error even at 50% strain, demonstrating its effec-
tiveness in handling larger deformations. However, due to potential
numerical instabilities associated with almost-incompressible syntactic
foams, the OgII model for unfilled polyurethane was excluded from the
analysis.

The increase in volume fraction and subsequent increase in the
fraction of hollow microspheres gives rise to stronger microstructure
evolution and leads to the potential for a larger discrepancy between
model and experimental data, especially at large strains. There is strong
evidence to suggest that hollow microspheres buckle under large strain
compression. Such instabilities soften the foam locally with a prominent
change in overall macroscopic mechanical response and convexity of
the stress-strain curve [5,6,85]. It is challenging to model such a
response via a macroscopic model that does not explicitly include
complex microstructure behaviour. Only a small number of studies
have considered microstructural models of syntactic foams at large
strain (see, e.g. [27,86] which considered the case of compressive
hydrostatic loading) but without viscoelastic effects. Here, we assess the
ability of large-strain QLV models to incorporate the time-dependent,
large-strain response for 20% and 40% volume fractions.

Let us first consider the case of the syntactic foam with a filling
fraction of ¢ = 20%. Referring to Fig. 7, we note that the CnH model,
the simplest of the SEFs considered, continues to exhibit the highest
error, which is to be expected given its simplicity. In contrast, the
OglIl model demonstrates better performance, particularly when using
higher-order terms (N = 1 and N = 2), which enhance its accuracy un-
der strain. Overall, the Ogl model achieves the best fitting performance,
indicating that incorporating reduced stretches 1; effectively improves
the model’s accuracy. However, despite the improved performance of
the more complex SEF models, all of them struggle to accurately predict
the peak stress relative to the maximum strain.

A syntactic foam with a filling fraction of ¢ = 40% increases further
the complexity of its microstructure, and consequently, the response
under compression becomes more challenging to model. The peak of
the stress at maximum deformation or the change of convexity of the
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Fig. 9. Testing of the 50% fitted model on the lower strain 25% experimental data of (a,b) unfilled PU, (c,d) syntactic foams ¢ = 20% and (e,f) syntactic foams ¢ = 40%. (For
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

stress for increasing strains is unlikely to be predictable. However, as
we now show, a reasonable overall macroscopic fitting can be achieved.

As shown in Fig. 8, particularly for a 50% strain compression
(plots (b,d)), the CnH model continues to exhibit the highest error,
as expected given its simpler structure. The OgIl model demonstrates
improved performance, with better accuracy achieved for both N =1
and N = 2. Once again, the Ogl model performs the best, indicating
that it is the most effective in capturing material behaviour under
compression. Generally, increasing N can enhance fitting accuracy,
though it comes with the trade-off of higher computational costs and
the potential risk of over-fitting. In our analysis, the number of function
evaluations was capped at 3000 to maintain computational efficiency.

It is of paramount importance to carefully choose the appropriate
strain energy function and the optimal number of truncation order
values, as this selection significantly influences the accuracy attained
in fitting the mathematical model to the experimental data.

6.2. Accuracy of the models across strain levels

To assess the reliability of the fitted models, we attempted to
describe experimental data corresponding to the compression up to

50% by using the fitted model obtained by experimental data with
lower compression, i.e. up to 25% and vice-versa for the three cases
under consideration: unfilled, 20% and 40% filling fractions.

6.2.1. Testing the 50% fitted model for the lower strain 25% experiment
data

In Fig. 9, the results for unfilled PU and syntactic foams with 20%
and 40% filling fractions are presented. All models fitted for higher
strain (50%) remain stable when applied to lower strain (25%), though
they exhibit slightly larger errors compared to models fitted specifically
for 25% strain. The Ogl and OgIl models demonstrate high accuracy,
underscoring their effectiveness, while the CnH model also performs
well but with a slightly higher error.

6.2.2. Testing the 25% fitted model for the 50% experiment data
Understanding how well models trained in lower strain data handle
higher strain conditions is important to assess their overall perfor-
mance and reliability, especially for syntactic foam with complicated
behaviour. In Fig. 10(a,b), the results for ¢ = 0% show that all fitted
models are stable due to the simplicity of the mechanical response of
unfilled PU. The Ogl model with N =1 achieves the highest accuracy,
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Fig. 10. Testing of the 25% fitted model on the higher strain 50% experimental data of (a,b) unfilled PU (c,d) syntactic foams ¢ = 20% and (e,f) syntactic foams ¢ = 40%. Ogl
and OgII models are seen as unstable at higher strains beyond the regime of fitting. (For interpretation of the references to colour in this figure legend, the reader is referred to

the web version of this article.)

while the CnH model also performs well. However, the Ogl model with
N =2 shows reduced accuracy, suggesting that increasing the number
of coefficients in the strain energy function may only improve fitting
locally and may not sustain performance when using a larger number
of coefficients.

In Fig. 10(c, d) and (e,f), the stress-strain response results for
syntactic foams with a filling fraction of 20% and 40% are shown
respectively. As previously observed, modelling the mechanical be-
haviour of these foams is more challenging when using a fit model of
the lower strain to fit the higher strain. The CnH and OgII models with
N = 1 demonstrate good accuracy, but again, the Ogl model with N = 1
shows the highest accuracy.

Unfortunately, for both types of syntactic foams (20% and 40%),
increasing the order to N = 2 leads to numerical instability in both
Ogl and OgII with an associated loss of accuracy in describing the
mechanical response at larger strains (50%). This demonstrates that
while having a larger number of parameters can enhance the fitting
from one perspective, it can result in decreased control in fitting
experimental data if the model was previously fitted on a subset of data,
in addition to increased computational costs.

10

Overall, the analysis suggests that the hyperelastic models fitted
to higher strain data can be used consistently and reliably to predict
the behaviour at lower strains. Using lower strain data to predict
deformation at higher strains is not reliable generally, although some
models are better than others, noting that OgI and OgII are unstable
numerically.

6.3. Accuracy of the model fit for the subsequent cyclic compression

To assess the reliability of our fitted models for subsequent cyclic
loading, we projected stress versus time and stress—strain responses for
all five cycles and compared them to experimental data for two sets
of data: unfilled PU and 40% of filling fractions syntactic foam. The
Ogl model with N = 2 achieved the highest accuracy, with RMSE
values of 0.1105 and 0.2357 for unfilled PU and syntactic foam 40%,
respectively, while the CnH model remained stable but less accurate,
with RMSE values of 0.5065 and 0.3094 for unfilled PU and syntactic
foam 40%, respectively.

As shown in Fig. 11, CnH and Ogl models are stable and accurate
in subsequent cyclic periods for unfilled PU and syntactic foams 40%
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at up 50% of strain. The respective error of fit models compared to ex-
periments is displayed in Fig. 12. There are two notable issues. Firstly,
for syntactic foams at 40% filling fraction, as emphasised in Fig. 13,
there is a reduction in the maximum stress during the following cycles
of compression related to plastic deformation. This is hypothesised
as being due to the microsphere hollow particles being unable, after
buckling at a certain compression, to recover back and these effects
are not included in our study. Indeed, this phenomenon cannot occur
in unfilled PU. Secondly, accurately modelling stress from the second
cyclic period is challenging because we used the same compression
strain energy function for both the loading and unloading processes.
Separating the compression strain energy function into two functions,
one for loading and another for unloading, would improve accuracy.
However, this would also significantly increase the formulation and
computational costs.
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6.4. Influence of filling fraction on the Young’s modulus

The instantaneous elastic modulus Y is obtained from the opti-
misation process. Initially, we set up min and max values for Young
modulus, and the optimisation code will find the appropriate Y value
for the best fit between the mathematical model and the experimental
data. Fig. 14 shows the estimated values of Y for compression up to
25% in (a) and 50% in (b) for the respective volume fractions and
model fitting. The overall magnitude of the estimations is consistent in
all cases, relative to unfilled and SFs and also by comparing the 25%
and 50% of a compression test. A slight discrepancy from the mean
value is given for 40% SF up 50% of the strains by the OgIl model
(where N =1 gives a lower modulus than N = 2).

It is worth noting that the estimated instantaneous Young modu-
lus, obtained via this nonlinear fitting procedure, decreases with an
increasing filler volume fraction. This is consistent with the trend
in an analogous fitting procedure associated with nonlinear elastic
models [6]. Note that this is somewhat in contrast to the experimentally
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Fig. 13. The stress values at the peaks for the following cycles of compression of
syntactic foam ¢ = 40% with the strain 50% as in Fig. 11(c).

measured response of syntactic foams at small strain, and this also
differs in tension and due to the means of sample attachment (glued
or otherwise) [22,67]. What is perhaps important here however is
the order of magnitude of Young’s modulus, which is similar to that
determined in [6]. Given the nonlinear fit across a large time domain
in this case, it is perhaps inevitable that the linear modulus is not
necessarily precisely consistent with a linear mechanics analysis based
on micromechanics, which would yield an increasing modulus as a
function of volume fraction. An alternative approach would be to
use micromechanics to fix the Young’s modulus at a specific volume
fraction for each syntactic foam sample, checking that this is consistent
with the experimental determination of the modulus at small volume
fraction. This could then be employed as a fixed parameter in the QLV
model, as per the Poisson ratio Hencky model, permitting a further re-
duction in the number of parameters and hence reducing computational
costs further. This is an aspect of research that will be considered in
future studies, but is beyond the scope of the present work.

6.5. Viscoelastic properties of syntactic foams

The time-dependent relaxation functions depicted in Fig. 15 display
the viscoelastic properties of unfilled PU and syntactic foam with filling
fractions of 20% and 40%. The results are shown by using only the OgII
model with N = 2, being overall one of the most accurate as previously
demonstrated (although in some cases Ogl can perform even better, see
for example Section 6.1 for further details). Unfilled PU exhibits low
dissipation during the one loading—unloading cycle since insignificant
decay of long time shear and bulk modulus, as reflected by u. /u =
0.9690 and x,/x = 0.9465. This is consistent with the experiments as
shown in Fig. 6(c-d) where hysteresis effects are negligible. In contrast,
the addition of microsphere hollow particles to the PU matrix enhances
non-negligible dissipation and time-sensitive behaviour, as evidenced
by us/u = 09507 and «x/x = 0.0890 for the 20% and u,/p =
0.7532 and k,,/x = 0.2001 for the 40% filling fraction consistently to
experimental curves shown in Figs. 7(c—d) and 8(c-d), respectively.
This suggests that the hollow space inside the microsphere particles
serves as miniature dampers, effectively absorbing energy. More energy
is required to deform the tiny shell of the microsphere particles during
the loading than is required to release it to its initial shape (assuming
it fully recovers).

7. Concluding remarks

We have developed a quasi-linear viscoelastic model for polymer-
based syntactic foams under cyclic compression, enabling the deter-
mination of their natural material properties and perhaps more im-
portantly, understood the nature of the general fitting strategy across

12
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a range of strains. The experimental data obtained for various filling
fractions demonstrates the compressibility, recoverability, and energy
dissipation of these materials. By utilising multiple strain energy func-
tions and the Prony series, we were able to estimate the viscoelastic
material properties and SEF coefficients through optimisation curve
fitting. We have considered SF 20% and 40% in the analysis, and we
plan to investigate the more challenging SF 50% in the future.

Our results indicate that the modelling of unfilled PU is straightfor-
ward due to its simple behaviour and microstructure. The Ogden type-I
SEF is the most effective and provides the best fitting. In contrast, the
CnH SEF is more suitable for unfilled PU rather than SFs. Additionally,
the fitted model for lower strain is not suitable for larger strain fitting.
Furthermore, we discovered that the fitting model acquired from the
first cyclic period is applicable to all cyclic processes, providing a more
efficient approach for future studies. Overall, this research provides
valuable insights into the behaviour of polymer-based syntactic foams
under cyclic compression, with applications in various engineering
fields. Various factors can contribute to the intricate mechanical re-
sponse of SFs under compression. The negative stress observed during
experiments when the glued sample returns to its original position, the
noticeable hysteresis effects, and the numerous recent studies cited in
the literature all point towards the use of nonlinear viscoelasticity in an
attempt to explain the complex behaviours of SFs under compression.
We demonstrated here that QLV is an approach that has merit in
describing the response of such materials under large deformation.

Finally, our study reveals that the addition of microsphere hollow
particles to the PU matrix results in more viscoelastic and time-sensitive
syntactic foams. These materials exhibit unique characteristics, such as
reduced stiffness and increased energy dissipation, which make them
suitable for various applications, such as impact protection and damp-
ing systems. Our findings contribute to a better understanding of the
mechanical behaviour of syntactic foams and can help to optimise their
use in different engineering fields. Understanding how to tailor the
material nonlinearity associated with specific distributions of shell radii
and shell thickness has future potential in a wide range of applications.
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Fig. 14. Young modulus Y estimation. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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(a) The scalar relaxation function D(t). (b) The scalar relaxation function H(¢).

Fig. 15. The time-dependent reduced-relaxation functions for shear and bulk modulus. (For interpretation of the references to colour in this figure legend, the reader is referred

to the web version of this article.)

0.5 T T T T Table 2
0.45 | The RMSE values for compression strains up to 25%.
. RMSE - 25% of strain compression
4 4
0 ) CnH Ogl OgllL
0.35 M ] N = N=2 N = N=2
Y
o 03 1 0 0.0142 0.0075 0.0142 - -
g 0.25 1 20% 0.1028 0.0873 0.0553 0.1424 0.0472
9 40% 0.1026 0.0891 0.0586 0.1321 0.1028
g, |
0.15 4
0.1 ] Table 3
0.05 1 The RMSE values for compression strains up to 50%.
0 RMSE - 50% of strain compression
CnH Ogl,N=1 OglN=2  OgllN=1  Ogll,N=2 I3 CnH Ogl Ogll
. . . . . . . . N=1 N=2 N =1 N=2
Fig. 16. Poisson ratio v estimation from previous work [6]. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of 0 0.5500 0.0205 0.0278 - -
this article.) 20% 0.5016 0.1202 0.0938 0.3170 0.2763
40% 0.2058 0.1170 0.0786 0.1739 0.1806
Appendix A. Poisson ratio
Table 4
See Fig. 16. Testing the 25% fitted model for the 50% experiment data.
RMSE - 25% over 50%
Appendix B. RMSE values ¢ CnH ogl ogll
N=1 N=2 N=1 N=2
See Tables 2-6. 0 0.5622 0.4715 0.6646 - -
20% 0.6439 0.4129 6.8430 0.8698 5.9673
40% 0.2208 0.1852 7.3791 0.2696 0.7646

Appendix C. Supplementary data

Supplementary material related to this article can be found online
at https://doi.org/10.1016/j.compositesb.2024.111866.
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Table

5

Testing the 50% fitted model for the lower strain 25% experiment data.

RMSE - 50% over 25%

¢ CnH ogl oglI
N =1 N=2 N=1 N=2
0 0.1237 0.0179 0.0193 - -
20% 0.2200 0.1632 0.1179 0.1136 0.1147
40% 0.1239 0.1190 0.0886 0.1595 0.1512
Table 6
Testing the one cycle fitted models over all five cycles.
RMSE - across 5 cycles
@ CnH Ogl Ogll
N =1 N=2 N=1 N=2
0 0.5065 0.1064 0.1105 - -
40% 0.3094 0.2624 0.2357 0.2788 0.2898
Data availability

Experimental data are provided as supporting material. The values
computed from the optimisation process are detailed in the Supplemen-
tary Material files.
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