
ORIGINAL PAPER

Stochastic Environmental Research and Risk Assessment
https://doi.org/10.1007/s00477-025-03057-2

(Matérn 1980), which is capable to model just non nega-
tive correlation structures. Although correlation functions 
characterized by negative values are not so common in the 
applications, however these models are required in various 
situations, such as many applications concerning turbolence, 
hydrological and biological analysis (Shkarofsky 1968; Xu 
et al. 2003a; Levinson et al. 1984; Yakhot et al. 1989; Xu 
et al. 2003b; Pomeroy et al. 2003; Xu et al. 2003b).

In spatial and spatio-temporal data analysis, correlation 
functions (c.f.s) characterized by negative values are usu-
ally modelled through the whole class of Bessel c.f.s, which 
include as special cases the cosine model, the Bessel J0 
c.f. and the cardinal sine model; in particular, most of these 
models are often utilized in spatial data analysis to model 
case studies characterized by hole effects (Ma and Jones 
2001; Journel and Froidevaux 1982; Asghari 2015).

The cosine model is distinguished by some relevant 
drawbacks, because it is not admissible in Rm with m > 1 
and the same model is not strictly positive definite (De Iaco 
and Posa 2018).

      1  Introduction

Most of the correlation functions provided in the literature 
are non negative: this aspect can also be clearly remarked in 
all the theoretical as well as in the practical situations found 
in several applications, such as in meteorological field (Bou-
rotte et al. 2016; Cressie and Huang 1999; Gneiting 2002b), 
in Environmental Sciences (De Cesare et al. 2001; De Iaco 
et al. 2013), in research concerning machine learning (Garg 
et al. 2012), in forestry (Jost et al. 2005), in Atmospheric 
Sciences (Brown et al. 2001), in demographical case studies 
(De  Iaco et  al. 2015) and in financial applications (Porcu 
et al. 2012). This pecularity distinguishes the Matérn class 
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The cardinal sine model, which belongs to the class of 
c.f.s characterized by an hole effect, is admissible in R3; 
however, these last correlation models present severe limita-
tions because they are not able to model various behaviours 
modifying their parameters. For example, all the classical 
c.f.s belonging to the Bessel class exhibit a behaviour which 
is parabolic near the origin and they are characterized by a 
countable infinity of zeros.

In the literature, Ma (2005) and Gregori et  al. (2008) 
have analyzed linear combinations, with negative weights, 
of real valued c.f.s; in particular, Gregori et  al. (2008) 
remarked the importance of negative correlation for several 
applications concerning biological and medical problems. 
Gneiting (2002a) has proposed compactly supported c.f.s 
with ramifications to model negative correlations: indeed, 
compactly supported c.f.s can be useful for computationally 
efficient spatial prediction, fast and exact simulation. Apart 
from the above contributions, further relevant correlation 
models with negative holes (Hristopulos and Elogne 2007; 
Hristopulos 2015) deserve a peculiar attention. Recently 
Alegria and Emery (2024) have proposed new interesting 
parametric families of isotropic matrix-valued functions 
exhibiting non-monotonic behaviors, namely hole effects 
and cross-dimples, with an application on a bivariate data 
set consisting of concentrations of airborne particulate mat-
ter. Moreover, a comprehensive review concerning the role 
of negative values in c.f.s across multiple fields has been 
provided by Alegria and Emery (2026), which also analyzed 
the differences of covariance functions exhibiting geometric 
anisotropies. On the other hand, Laga and Kleiber (2017) 
examined spectral densities whose maximum is not located 
at zero frequency, which is a characteristic of processes with 
strong periodic behavior.

A wide class of new c.f.s, able to model negative cor-
relation structures, has been recently built considering the 
difference of two c.f.s (Posa 2021, 2023). On the other 
hand, some relevant results which generalize these last 
models have been lately provided concerning the differ-
ence between two Matérn families (Posa 2025). All these 
last c.f.s present interesting features, because the same class 
can be always positive or negative in a subset of its field of 
definition, by suitably modifying the parameters on which 
the same class depends; moreover, these models present a 
complementary behaviour with respect to the Bessel cor-
relation family, because they are characterized by just one 
zero and they can also provide c.f.s with a linear behaviour 
near the origin: this last feature cannot be described by the 
whole class of Bessel family.

In this paper further advances with respect to the just 
mentioned results have been provided. In particular, new 
families of correlation models, also characterized by nega-
tive values, valid in R,R2 and R3, will be proposed: among 

the others, a generalization of the Cauchy correlation fam-
ily, as well as a generalization of a subclass of Matérn fam-
ily. As it will be shown, the same families are able to model 
either correlation structures just characterized by positive 
values, either correlation structures which are negative in 
a subset of their domain: this is a relevant property of the 
proposed covariance models, essentially because most of 
the well known covariance functions, belonging to the same 
family, are not able to model both negative and positive cor-
relation structures, according to their parameters values. 
Moreover, apart from the classical Bochner’s representation 
which characterizes the whole class of continuous c.f.s in 
any dimensional space, new techniques to build negative 
correlation structures will be provided, starting from some 
classical results, in spite of this, scarcely used in the appli-
cations. It is suitable to underline that these new classes of 
c.f.s are characterized by some relevant properties which 
lack the classical hole effect models, neither the new mod-
els proposed recently by Posa (2023, 2025) and De Iaco and 
Posa (2025): in fact, some of these new classes are charac-
terized by a finite number of zeros as many as desired; at our 
knowledge, there seem not to exist c.f.s which present this 
remarkable property. Moreover, it will be shown that, even 
starting from correlation models which are always positive 
in their domain, new valid families of c.f.s characterized by 
negative values can be obtained through differentiation.

These achievements are particularly interesting from a 
theoretical point of view since they provide a significant 
development and enlargement concerning the families of 
covariance models, on the other hand they are also helpful 
from a practical perspective since they furnish a guideline 
for practitioners on how to utilize c.f.s characterized by neg-
ative values, taking into account various aspects, such as the 
dimension of the Euclidean space, the behaviour in proxim-
ity of the origin and the number of zeros, among the others.

This paper is subdivided as follows: in Sect. 2, a brief 
summary concerning traditional classes of isotropic c.f.s, as 
well as the classical families of c.f.s belonging to the Bessel 
family, which present negative values and often utilized in 
the applications, has been provided; the most remarkable 
features and drawbacks of these families have been pointed 
out. In Sect. 3 new classes of c.f.s, such as a generalization 
of the Cauchy family and a generalization of a subclass of 
the Matérn family, as well as the classes obtained through 
the product of an exponential or a Gaussian model with a 
second degree polynomial, which are able to model both 
always positive correlation structures as well as correlation 
structures characterized by negative values, have been pro-
posed; moreover, new families of c.f.s have been obtained 
through differentiation of positive covariance models, in 
order to enlarge the whole class of c.f.s with models which 
can be negative in a subset of their domain: the properties 
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of these families have been analyzed. In Sect. 4, a graphical 
representation and some general remarks on the proposed 
families of correlation models has been provided.

2  An overview on isotropic correlation 
functions

In the present Section a brief overview concerning the con-
struction of isotropic c.f.s through their corresponding spec-
tral density functions (if these last exist) has been provided. 
Moreover, it will be pointed out how to check, through the 
spectral density function, the admissibility of a c.f. in R2 
and R3, starting from a c.f. which is valid in R. It is well 
known, in the literature, that Bochner’s theorem represents 
the cornerstone to build several correlation models.

In this paper isotropic correlation models will be con-
sidered, i.e., ρ(h) = ρ(h), with h = ||h|| and h ∈ Rm. If a 
continuous c.f. ρ is isotropic in Rm and if:
ˆ ∞

0
hm−1|ρ(h)|dh < ∞, m ∈ N, m ≥ 2,

then the existence of a spectral density function f is ensured, 
moreover ρ can be written as follows (Yaglom 1957):

ρ(h) = (2π)m/2
ˆ ∞

0

J(m/2−1)(ωh)
h(m/2−1) ωm/2f(ω)dω, h > 0,� (1)

where J is a Bessel function of order (m/2 − 1). In this 
case, the expression of the spectral density function is given 
hereafter:

f(ω) = 1
(2π)m/2

ˆ ∞

0

J(m/2−1)(ωh)
ω(m/2−1) hm/2ρ(h)dh.� (2)

In the particular cases with m = 2 or m = 3, the relation-
ships (1) and (2) can be better specified as follows:

	● m = 2 :

ρ(h) = 2π

ˆ ∞

0
J0(ωh)ωf(ω)dω

f(ω) = 1
2π

ˆ ∞

0
J0(ωh)hρ(h)dh;

� (3)

	● m = 3 :

ρ(h) = 4π

ˆ ∞

0

sin(ωh)
ωh

ω2f(ω)dω,

f(ω) = 1
2π2

ˆ ∞

0

sin(ωh)
ωh

h2ρ(h)dh.

� (4)

The following relationships (Yaglom 1987) are displayed 
by recalling the link between the spectral density func-
tion f1 (in R) with the spectral density f (in R2 and in R3, 
respectively):

f(ω) = −1
π

ˆ ∞

ω

df1(ω1)
dω1

1
(ω2

1 − ω2)1/2 dω1,

f(ω) = −1
2πω

df1(ω)
dω

.

� (5)

In order to check if ρ is an admissible isotropic c.f. in Rm, 
it is enough to utilize the relationship (2) to compute and to 
examine the non negativity of the spectral density f. Equiva-
lently, the Fourier transform f1 of the c.f. ρ in R can be 
found and subsequently to compute the spectral density f, 
through expression (5), in R2 or in R3 and verify the non 
negativity of f.

2.1  Classical correlation models with negative 
values

In the present Section a brief overview on the traditional 
classes of isotropic c.f.s which can present negative values 
will be provided, in particular the whole class of Bessel c.f.s 
(including the special cases, such as the cosine model, the 
Bessel J0 c.f. and the cardinal sine model); morever, some 
details concerning the behaviour of these last families and 
the specifics concerning the admissibility in various dimen-
sional spaces will be given. It is suitable to underline that all 
the classical Bessel c.f.s exhibit a behaviour which is para-
bolic near the origin (i.e., in (7) C ′(0) = 0, C ′′(0+) < 0) 
and are characterized by a countable infinity of zeros.

2.2  Bessel correlation functions

The family of the Bessel covariance functions is given 
hereafter:

C(h; α, ν) = (αh)−νJν(αh), α > 0, ν ≥ −1/2,� (6)

where Jν  is the Bessel function of order ν and Γ(ν + 1/2) 
is the Γ-function.

Considering in (6) the special case ν = (m − 2)/2, the 
following family of covariance functions is obtained:

C

(
h; α,

m − 2
2

)
= (αh)−(m−2)/2J(m−2)/2(αh), α > 0, m ∈ N.� (7)

Some special cases of (7) are provided below, correspond-
ing to the three different values of the parameter m which 
refers to the dimension of the Euclidean space Rm. As will 
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ρ(h; α) =

{
sin(αh)

αh
h ̸= 0

1 h = 0;
� (11)

taking into account that the c.f. (11) is valid in R3, it is also 
valid in R and in R2.

The cardinal sine c.f. presents a behaviour which is para-
bolic near the origin; moreover, the absolute minimum αhm 
of (11) can be computed by evaluating the extreme points 
of (11), which correspond to the solution of the equation 
tg(αh) = αh and it is given hereafter:

αhm ≈ 4.493, ρ(hm; α) = −1√
1 + (αhm)2

≈ −0.217.

Note that the absolute minimum value of (11) does not 
depend on the parameter α and it assumes the same value in 
any dimensional space Rm, m = 1, 2, 3; moreover, model 
(11) always presents a behaviour which is parabolic near 
the origin.

Remark  Note that damped oscillations correlation models 
can be built by using the cosine function with the gaussian 
and with the rational model, respectively. In particular, the 
product between the cosine function and the gaussian cor-
relation model has been described in Ma and Jones (2001): 
however, in this last paper some details, such as the validity 
and main features of the mentioned models, have not been 
provided.

3  New correlation models with negative 
values

In this Section new classes of c.f.s which present the rel-
evant characteristic to be only positive in their domain, but 
also to assume negative values in a subset of their domain, 
according to the values of their parameters on which the 
same classes depend, will be presented; moreover, some 
special features concerning these families will be provided. 
As already underlined, most of the c.f.s with negative val-
ues, known in the literature, present a behaviour which is 
parabolic near the origin and are characterized by an infinite 
number of zeros, moreover the same classes are not able 
to model positive correlation structures; at this purpose, 
new families are required which exhibit different features, 
among the others, as many zeros as desired and a behaviour 
which could be linear near the origin. As detailed hereafter, 
these new classes of models can be built utilizing different 
techniques, starting from positive correlation models: in 
particular, not only spectral methods can be employed, but 

be shown, the well known cosine and the cardinal sine c.f.s 
are special cases of the Bessel family.

2.2.1  Cosine correlation function

By setting m = 1 in (7), 

J(−1/2)(αh) =
(

2
παh

)1/2

cos(αh),

 then the classical cosine c.f. follows:

ρ(h; α) = cos(αh), α > 0,� (8)

which takes any value in [−1, 1].
However, one of the drawbacks of the c.f. (8) concerns 

the fact that it is not strictly positive definite (De Iaco et al. 
2011), hence it is not adequate to be used for predictive 
purposes if it is not combined with strictly positive definite 
functions; moreover, model (8) is admissible only in R.

Note that the cosine c.f. always presents a behaviour 
which is parabolic near the origin.

2.2.2  Bessel J0 correlation function

By setting m = 2 in (7), then the classical Bessel J0 c.f. is 
obtained:

ρ(h; α) = J0(αh), α > 0,� (9)

where:

J0(x) = 1
π

ˆ 1

−1

eitx

(1 − t2)1/2 dt =
∞∑

k=0

(−1)k(x/2)2k

k!Γ(k + 1)

= 1 − x2

22 + x4

22 · 42 − x6

22 · 42 · 62 + · · · .

� (10)

Note that the absolute minimum value of the Bessel c.f.:

min
h∈R

J0(αh) ≈ −0.403

does not depend on the parameter α; moreover, model (9) is 
admissible in R2, hence also in R, however it is not admis-
sible in R3.

2.2.3  Cardinal sine correlation function

By setting m = 3 in (7), J(1/2) =
(

2
παh

)1/2

sin(αh), then 

the cardinal sine c.f., extended for continuity, is obtained:
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Note that (Af1 − Bf2) is integrable, since f1 and f2 are 
integrable.

In Posa (2023) some examples of Theorem 1 are given 
for the subset of the real covariances: in particular, it has 
been shown how the difference between two positive cova-
riance functions, suitably chosen among the most utilized 
models, i.e. gaussian, exponential and rational model, 
can generate families of correlation structures which are 
extremely advantageous to model a wide range of case stud-
ies, since the same classes are able to model just positive as 
well as negative correlation structures, according to the val-
ues of the parameters on which the same models depend. In 
particular, the admissibility of the various families obtained 
through expression (13) has been analyzed in the Euclid-
ean spaces R,R2 and R3. A generalization of the previ-
ous results concerning the difference between two Matérn 
families has been recently provided (Posa 2025), as well as 
a detailed analysis on the proposed models has also been 
given. Moreover, as already underlined in the Introduction, 
an interesting analysis concerning the differences of covari-
ance functions exhibiting geometric anisotropies has been 
provided by Alegria and Emery (2026).

3.1.2  A generalization of the Cauchy correlation family

The next result ensures to build a wide parametric class of 
c.f.s: according to the values of the parameter k in (15), the 
present class can assume always positive values or, alterna-
tively, it can be negative in a subset of its domain; moreover, 
the same class can be valid in R3 if n ≥ 3 in (15) and it is 
characterized by just one zero for h > 0, hence, it can be 
considered complementary to all the previous classical fam-
ilies, which always exhibit an infinite number of zeros. To 
some extent, the new class generalizes the classical Cauchy 
family (Chilès and Delfiner 1999) which can be obtained 
from (15) with k = 0: indeed, this last class is always posi-
tive in its domain. First of all, it is necessary to prove the 
following Theorem.

Theorem 2  Given, in R, the following class of parametric 
functions:

ρ(h; k, n) = 1 − kh2

(h2 + 1)n
, h ∈ R, n ≥ 2,� (15)

if −1 ≤ k ≤ 2n − 3 , then (15) is a valid correlation fam-
ily.

Proof   (See the Appendix). It can be easily checked that 
the class (15) is always positive if −1 ≤ k ≤ 0, whereas 
it always assumes negative values if 0 < k ≤ (2n − 3); 

also some known results, in spite of this, scarcely used in 
the applications.

3.1  Spectral methods

In the following Section, Bochner’s spectral representa-
tion will be utilized to construct negative c.f.s: in particular, 
starting from well-known positive correlation models, fami-
lies of c.f.s characterized by negative values and different 
behaviours at the origin, have been constructed utilizing the 
difference between the above mentioned positive correla-
tion models. Apart from these last models, generalizations 
both of the Cauchy correlation family and of a subclass of 
Matérn family, as well as the product of a second degree 
polynomial with an exponential and a Gaussian model will 
be proposed, together with their possible extensions in a 
higher dimensional space (R2 and R3).

3.1.1  Difference of correlation models

Besides the classical Bessel c.f.s described in Sect. 2.1, new 
classes of correlation families characterized by negative 
values (Posa 2021) have been recently constructed through 
the Bochner’s spectral representation, considering the dif-
ference of positive c.f.s, as outlined by the following result.

Theorem 1  (Posa 2021). Let Ck : Rm → C, k = 1 , 2  be 
covariance functions and consider

C(h; Λ) = AC1(h; α) − BC2(h; β), h = (h1, . . . , hm) ∈ Rm,� (12)

where α and β are vectors of parameters, A > 0 , B > 0  
and Λ = (A, B, α, β).

Suppose that the covariance functions Ck , k = 1 , 2 , can 
be expressed as follows:

C1(h; α) =
ˆ

Rm

exp(iωT h)f1(ω; α)dω,

C2(h; β) =
ˆ

Rm

exp(iωT h)f2(ω; β)dω,

with fi(ω; ·) ≥ 0 , ∀ω ∈ Rm  and 
ˆ

Rm
fi(ω; ·)dω< ∞, i =

1 , 2 ; then

C(h; Λ) =
ˆ

Rm

exp(iωT h)(Af1(ω; α) − Bf2(ω; β))dω� (13)

is a covariance function if and only if ∀ω ∈ Rm,

Af1(ω; α) − Bf2(ω; β) ≥ 0.� (14)
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Then, as k increases, ρ(hm) becomes more and more negative; 
in particular, according to the previous conditions on k, the 
minimum of ρ is obtained for k = 1, i.e., ρ(hm) = −0.125.

In order to check if the correlation model (19) is valid 
in R2, the first relationship given in (5) can be utilized, i.e.,

f(ω; k) =
ˆ ∞

ω

[
(k + 1)h − 2k

] e−h

√
h2 − ω2

dh, h ≥ 0.� (20)

According to Gradshteyn and Ryzhik (2007), pag. 350, equ. 
3.387.6 and pag. 351, equ. 3.389.4:
ˆ ∞

ω

e−h

√
h2 − ω2

dh = K0(ω),

and
ˆ ∞

ω

h
e−h

√
h2 − ω2

dh = ωK1(ω),

where K0 and K1 are the modified Bessel functions of order 
0 and 1, respectively.

As a consequence, the function (20) becomes:

f(ω; k) =
[
(k + 1)ωK1(ω) − 2kK0(ω)

]
,

hence, in order to be a spectral density function, it must be 
non negative and integrable.

Note that, taking into account the properties of K0 and 
K1, f(ω; k) ≥ 0 if and only if −1 ≤ k ≤ 0; moreover, 
according to Gradshteyn and Ryzhik (2007), pag. 660, equ. 
6.511.12 and pag. 665, equ. 6.521.5:

ˆ ∞

0
f(ω; k)dω

= (k + 1)
ˆ ∞

0
ωK1(ω)dω − 2k

ˆ ∞

0
K0(ω)dω = π

2
(1 − k),

hence f is a spectral density function if and only if: 
−1 ≤ k ≤ 0. As a consequence, in this last case the cor-
relation model (19) is valid in R2 and it is always positive.

Example 2  Let n = 3 in (15), then

ρ(h; k) = 1 − kh2

(h2 + 1)3 , h ∈ R,� (21)

is a valid correlation model if its Fourier transform is non 
negative and integrable; by setting n = 3 in (50):

moreover, in this last case, the same class presents, for h > 0, 
just one minimum value:

hm =

√
n + k

k(n − 1)
, ρ(hm) = −

(
k

n

)n(
n − 1
k + 1

)n−1

.� (16)

On the other hand, for a fixed value of n, the lowest mini-
mum value h∗

m is obtained for k = 2n − 3; in this last case, 
expressions in (16) become:

h∗
m =

√
3

2n − 3
, ρ(h∗

m) = −2
(

2n − 3
2n

)n

.� (17)

As a consequence:

lim
n→∞

ρ(h∗
m) = lim

n→∞

[
− 2

(
2n − 3

2n

)n]
= − 2

e1.5 ≈ −0.446,� (18)

which can be considered, in R, the lowest minimum value 
for the class (15).

Some examples for the class (15) related to particular 
values of the parameter n = 2, 3, 4 are provided hereafter; 
moreover, in order to check if the parametric class (15) is a 
valid correlation model in a higher dimensional space (R2 
or R3), relationships given in (5) can be utilized, as will be 
described in the following examples.

Example 1  Let n = 2 in (15), then

ρ(h; k) = 1 − kh2

(h2 + 1)2 , h ∈ R,� (19)

is a valid correlation model in R if its Fourier transform is 
non negative and integrable; by setting n = 2 in (50):

f1(ω; k) = 1
2π

+∞ˆ

−∞

cos(ωt) 1 − kt2

(t2 + 1)2 dt

= e−|ω|

4
[|ω|(1 + k) + 1 − k)],

then f1 is non negative and integrable if and only if 
−1 ≤ k ≤ 1.

Family (19) exhibits a behaviour which is always para-
bolic near the origin, moreover, if −1 ≤ k ≤ 0, it can acco-
modate just positive correlation structures; on the other 
hand, if 0 < k ≤ 1 correlation structures which exhibit 
negative values can be fitted.

In this last case, by using (16), ρ(hm) = −k2

4(k + 1)  is the 

minimum value assumed by (19), where hm =
√

1 + 2
k

. 
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f1(ω; k) = 1
2π

+∞ˆ

−∞

cos(ωt) 1 − kt2

(t2 + 1)4 dt

= e−|ω|

48
[|ω|3(k + 1) + 6ω2 + |ω|(15 − 3k) + 15 − 3k)];

if −1 ≤ k ≤ 5, then f1 is non negative and integrable.
Family (23) exhibits a behaviour which is parabolic near 
the origin; moreover, if −1 ≤ k ≤ 0, it can accomodate just 
positive correlation, on the other hand, if 0 < k ≤ 5, corre-
lation structures which exhibit negative values can be fitted.

In this last case, by using (16), ρ(hm) = −27k4

256(k + 1)3  is the 

minimum value assumed by (23), where hm =
√

1
3

+ 4
3k

. 

As a consequence, as k increases, ρ(hm) becomes more and 
more negative; in particular, according to the previous con-
ditions on k, the minimum of ρ is obtained for k = 5, i.e.,

ρ(hm) = − 625
2048

≈ −0.30.

In order to check if the correlation model (23) is valid in 
R3, the second relationship given in (5) can be utilized, i.e.,

f(ω; k) = 1
48π

e−|ω|[ω2(k + 1) + 3|ω|(1 − k) + 3(1 − k))
]
.� (24)

Hence, if −1 ≤ k ≤ 1, the function (24) is a spectral density 
and, as a consequence, (21) is a valid correlation model in 
R3.

In particular, the class (23) is always positive if: 
−1 ≤ k ≤ 0 and it always assumes negative values if: 
0 < k ≤ 1. In this last case, the minimum value assumed 

by (21) is obtained for k = 1, then

ρ(hm) = −27/2048 ≈ −0.01.

3.1.3  A generalization of a subclass of Matérn family

It is well known that the following parametric family:

ρM (h; a) = (1 + ah) exp(−ah), h ≥ 0, a > 0,� (25)

is a particular member of the subset of the Matérn family; 
some details on this special class are well described in Hris-
topulos (2020). Indeed, as already underlined, the whole 
Matérn family is characterized just by positive correlation 
models. In particular, the correlation family (25) is a valid 
family of c.f.s and it is always positive, moreover it can be 

f1(ω; k) = 1
2π

+∞ˆ

−∞

cos(ωt) 1 − kt2

(t2 + 1)3 dt

= e−|ω|

16
[ω2(1 + k) + |ω|(3 − k) + 3 − k)];

if −1 ≤ k ≤ 3, then f1 is non negative and integrable.
Family (21) exhibits a behaviour which is parabolic 

near the origin; moreover, if −1 ≤ k ≤ 0, it can accomo-
date just positive correlation structures, on the other hand, 
if 0 < k ≤ 3, correlation structures which exhibit negative 
values can be fitted.

In this last case, by using (16), ρ(hm) = −4k3

27(k + 1)2  is the 

minimum value assumed by (21), where hm =
√

1
2

+ 3
2k

. 

Then, as k increases, ρ(hm) becomes more and more nega-
tive; in particular, according to the previous conditions on k, 
the minimum of ρ is obtained for k = 3, i.e., ρ(hm) = −0.25.

In order to check if the correlation model (21) is valid in 
R3, the second relationship given in (5) can be utilized, i.e.,

f(ω; k) = 1
32π

e−|ω|[|ω|(1 + k) + 1 − 3k)
]
.� (22)

Hence, the function (22) is a spectral density and, as a con-
sequence, (21) is a valid correlation model in R3 if and only 

if: −1 ≤ k ≤ 1
3

.

In particular, the class (21) is always positive if 
−1 ≤ k ≤ 0 and it always assumes negative values if: 

0 ≤ k ≤ 1
3

.

 In this last case, the minimum value assumed by (21) is 

obtained for k = 1
3 , then:

ρ(hm) = −1/324.

Example 3  Let n = 4 in (15), then

ρ(h; k) = 1 − kh2

(h2 + 1)4 , h ∈ R,� (23)

is a valid correlation model if its Fourier transform is non 
negative and integrable; by setting n = 4 in (50):
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Theorem 5  Let

ρ(h; A, a) = (1 + Ah) exp(−ah), a > 0, h = ∥h∥, h ∈ R3;� (28)

then ρ is a c.f. in R3  if and only if: − a
3

≤ A ≤ a.

Proof  (See the Appendix). In particular, the class (28) is 
always positive if 0 ≤ A ≤ a and it always assumes nega-
tive values if: −a

3
≤ A < 0.

3.1.4  Product of an exponential with a second degree 
polynomial

A further class of models can be obtained through the prod-
uct of an exponential with a second degree polynomial, as 
specified in the following results.

Theorem 6  Let

ρ(h; A, a) = (1 + Ah2) exp(−ah), a > 0, h ∈ R;� (29)

then ρ is a c.f. in R if and only if −
a2

2
≤ A ≤ a2

3 .

Proof  (See the Appendix). In particular, the class (29) is 

always positive if: 0 ≤ A ≤ a2

3  and it always assumes 

negative values if: −a2

2
≤ A < 0, moreover the same 

class always presents a linear behaviour at the origin since 
ρ′(0) = −a.

The following result provides the conditions which must 
be satisfied for the correlation model (29) to be valid in R2.

Theorem 7  Let

ρ(h; A, a) = (1 + Ah2) exp(−ah), a > 0, h = ∥h∥,� (30)

with h = (h1 , h2 ) ∈ R2 ; then ρ is a c.f. in R2  if and only 

if: −
a2

6
≤ A ≤ 2a2

9 .

Proof   (See the Appendix). In particular, the class (30) is 

always positive if: 0 ≤ A ≤ 2a2

9  and it always assumes 

negative values if: −a2

6
≤ A < 0.

The following result provides the conditions which must 
be satisfied for the correlation model (29) to be valid in R3.

easily checked that it always presents a parabolic behaviour 
at the origin since ρ′

M (0) = 0.
The next result shows that it is possible to generalize the 

previous class of c.f.s.

Theorem 3  Let

ρ(h; A, a) = (1 + Ah) exp(−ah), h ≥ 0, a > 0;� (26)

then ρ is a c.f. in R if and only if −a ≤ A ≤ a.

Proof   (See the Appendix). Note that the subclass of the 
Matérn family (25) is a special case of the class (26) for 
A = a > 0; in particular, the class (26) is always positive 
if 0 ≤ A ≤ a and it always assumes negative values if 
−a < A < 0. With respect to the class (25), the family (26) 
always presents a linear behaviour at the origin if: A ̸= a 
since ρ′(0) = A − a.

Moreover, if the class (26) presents negative values, i.e. 
−a ≤ A < 0, then there exists just one zero, for h > 0 and 

hm = 1
a

− 1
A

 is the absolute minimum of (26), with

C(hm; A, a) = A

a
exp

[
−

(
1 − a

A

)]
;

in particular, the function G(z) = −z exp
[

−
(

1 + 1
z

)]
, 

with z = −A

a
> 0  presents, taking into account the con-

straint, an absolute minimum value zm = −A

a
= 1, hence:

G(1) = − 1
e2 ≈ −0.135.

The following result provides the conditions which must be 
satisfied for the correlation model (26) to be valid in R2.

Theorem 4  Let

ρ(h; A, a) = (1 + Ah) exp(−ah), a > 0, h = ∥h∥, h ∈ R2;� (27)

then ρ is a c.f. in R2  if and only if: − a
2

≤ A ≤ a.

Proof   (See the Appendix). In particular, the class (27) is 
always positive if 0 ≤ A ≤ a and it always assumes nega-
tive values if: −a

2
≤ A < 0.

The following result provides the conditions which must 
be satisfied for the correlation model (26) to be valid in R3.
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ρ(h; A, a) = (1 − Ah2) exp(−ah2), a > 0, h = ∥h∥,� (33)

with h = (h1 , h2 ) ∈ R2  is a valid family of isotropic c.f. s 
in R2  if and only if: 0 ≤ A ≤ a.

Proof   (See the Appendix). The following result provides 
the conditions which must be satisfied for the correlation 
model (32) to be valid in R3.

Theorem 11  The following family

ρ(h; A, a) = (1 − Ah2) exp(−ah2), a > 0, h = ∥h∥,� (34)

with h = (h1 , h2 , h3 ) ∈ R3  is a valid family of isotropic 

c.f.s in R3  if and only if: 0 ≤ A ≤ 2a
3

.

Proof   (See the Appendix). All the results of the Sects. 3.1.3, 
3.1.4 and 3.1.5, concerning the admssibility of the proposed 
models, their behaviour near the origin and the sign of the 
same models, have been properly summarized in Tables 1, 2 
and 3 for the Euclidean spaces R,R2 and R3, respectively.

3.2  Negative correlation models through 
differentiable correlation functions

Utilizing the result given by Ushakov (1999), some interest-
ing models of c.f.s, characterized by negative values, can 
be built by computing the derivatives of even order of a dif-
ferentiable c.f.. In particular it will be exhibited that, even 
starting from a c.f. which is always positive in its domain, 
correlation families characterized by negative values can be 
obtained through differentiation. It will be shown that these 
new classes of c.f.s are characterized by a finite number of 
zeros as many as desired; at our knowledge, there seem not 
to exist c.f.s which present this relevant property.

Theorem 12  (Ushakov 1999). If a covariance function C is 
2n times differentiable in R then the function

ρ(h) = C(2n)(h)
C(2n)(0)

is a c.f..
The following result establishes that the second deriva-

tive of a positive and twice differentiable covariance func-
tion vanishes at least in one point, of the positive semiaxis, 
if the same covariance function goes to zero at infinity and 
presents a parabolic behaviour at the origin.

Theorem 13  Let C be, in R, a twice differentiable covari-
ance function, such that:

Theorem 8  Let

ρ(h; A, a) = (1 + Ah2) exp(−a|h|), a > 0, h = ∥h∥,� (31)

with h = (h1 , h2 , h3 ) ∈ R3 ; then ρ is a valid family of 
isotropic c.f.s in R3  if and only if:

−a2

12
≤ A ≤ a2

6
.

Proof  (See the Appendix). In particular, the class (31) is 

always positive if: 0 ≤ A ≤ a2

6  and it always assumes 

negative values if: −a2

12
≤ A < 0.

3.1.5  Product of a Gaussian model with a second degree 
polynomial

In the present Section the product of a Gaussian model with 
a second degree polynomial will be examined in R,R2 and 
R3.

Theorem 9  Let:

ρ(h; A, a) = (1 − Ah2) exp(−ah2), a > 0,� (32)

then ρ is a valid c.f., in R, if and only if: 0 ≤ A ≤ 2a.

Proof   (See the Appendix). According to (56), the class (32) 
cannot be a correlation family if A < 0, as a consequence 
the same class is always negative in a subset of its domain 
and it always presents just one zero for h > 0.

Note that hm =
√

1
a

+ 1
A

 is the absolute minimum of 

(32) for h > 0, with

C(hm) = −A

a
exp

[
−

(
1 + a

A

)]
;

in particular, the function G(z) = −z exp
[

−
(

1 + 1
z

)]
, 

with z = A

a
> 0 presents, taking into account the constraint 

A ≤ 2a, an absolute minimum value zm = 2, i.e. 
A

a
= 2, 

hence: G(2) = − 2
e1.5 ≈ −0.446.

The following result provides the conditions which must 
be satisfied for the correlation model (32) to be valid in R2.

Theorem 10  The following family
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Table 1  Summary of the results of the Sects. 3.1.3, 3.1.4 and 3.1.5 where the Euclidean space is R. L.B. and P.B. stand for Linear Behaviour and 
Parabolic Behaviour, respectively

ρ(h; A, a) = (1 + A|h|) exp(−a|h|) (1 + Ah2) exp(−a|h|) (1 − Ah2) exp(−ah2)
ρ is a c.f −a ≤ A ≤ a −a2

2 ≤ A ≤ a2

3
0 ≤ A ≤ 2a

L.B −a ≤ A < a −a2

2 ≤ A ≤ a2

3
P. B

a = A 0 ≤ A ≤ 2a

ρ(h) > 0, ∀h ∈ R 0 ≤ A ≤ a 0 ≤ A ≤ a2

3
A = 0

ρ(h) ≤ 0 in a −a ≤ A < 0 −a2

2 ≤ A < 0 0 < A ≤ 2a

subset of R

Table 2  Summary of the results of the Sects. 3.1.3, 3.1.4 and 3.1.5 where the Euclidean space is R2. L.B. and P.B. stand for Linear Behaviour and 
Parabolic Behaviour, respectively

ρ(h; A, a) = (1 + A|h|) exp(−a|h|) (1 + Ah2) exp(−a|h|) (1 − Ah2) exp(−ah2)
ρ is a c.f −a

2 ≤ A ≤ a −a2

6 ≤ A ≤ 2a2

9
0 ≤ A ≤ a

L.B −a

2 ≤ A < a −a2

6 ≤ A ≤ 2a2

9
P. B

a = A 0 ≤ A ≤ a

ρ(h) > 0, ∀h ∈ R 0 ≤ A ≤ a 0 ≤ A ≤ 2a2

9
A = 0

ρ(h) ≤ 0 in a −a

2 ≤ A < 0 −a2

6 ≤ A < 0 0 < A ≤ a

subset of R

Table 3  Summary of the results of the Sects. 3.1.3, 3.1.4 and 3.1.5 where the Euclidean space is R3. L.B. and P.B. stand for Linear Behaviour and 
Parabolic Behaviour, respectively

ρ(h; A, a) = (1 + A|h|) exp(−a|h|) (1 + Ah2) exp(−a|h|) (1 − Ah2) exp(−ah2)
ρ is a c.f −a

3 ≤ A ≤ a −a2

12 ≤ A ≤ a2

6
0 ≤ A ≤ 2a

3
L.B −a

3 ≤ A < a −a2

12 ≤ A ≤ a2

6
P. B

a = A 0 ≤ A ≤ 2a

3

ρ(h) > 0, ∀h ∈ R 0 ≤ A ≤ a 0 ≤ A ≤ a2

6
A = 0

ρ(h) ≤ 0 in a −a

3 ≤ A < 0 −a2

12 ≤ A < 0 0 < A ≤ 2a

3
subset of R
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Theorem 15  Let C be a 2n times differentiable covariance 
function, in R, such that:

1) C(h) > 0, ∀h ∈ R; 2) lim
h→+∞

C(2n)(h) = 0,

∀n ∈ N; 3) C ′(0) = 0; 4) C ′′(0) < 0,

then the function

ρ(h) = C(2n)(h)
C(2n)(0)

,

is a c.f., in R, with n zeros for h > 0 .

Proof  The result follows, in an iterative way, taking into 
account Theorems 12, 13, and 14 as well as Corollaries 1 
and 2. � □

3.2.1  A special example

Taking into account the results of the previous Section, a 
special family of c.f.s is introduced hereafter as a significant 
example.

Theorem 16  Let:

C0(h; A, a) = (1 − Ah2) exp(−ah2), h ∈ R, A > 0, a > 0,� (35)

and, more generally,

ρn(h; A, a) = C
(2n)
0 (h; A, a)

C
(2n)
0 (0; A, a)

n = 1, 2, . . . ;� (36)

then ρn, ∀n ∈ N are valid c.f.s, in R, if A ≤ 2a. Moreover, 
the parametric family (36), for a fixed value of n ∈ N, 
presents (n + 1 ) zeros for h > 0 .

Proof  First of all, note that (35) is infinitely differentiable 
and:

lim
h→∞

ρn(h; A, a) = 0, n = 1, 2, . . . .

It has been already proved in Theorem 9 that (35) is a c.f. if 
A ≤ 2a. Hence, since C0 presents just one zero for h > 0 
and:

ρ′
n(0; A, a) = 0, ρ′′

n(0; A, a) < 0, ∀n ∈ N,

because of the previous results, it comes out that ρn, ∀n ∈ N, 
are valid c.f.s; moreover, for a fixed value of n ∈ N, ρn pres-
ents (n + 1) zeros for h > 0. � □

1) C(h) > 0, ∀h ∈ R, 2) lim
h→+∞

C(h) = 0, 3) C ′′(0) < 0,

then there exists h0 > 0  such that C ′′(h0 ) = 0 .

Proof   (See the Appendix).

Corollary 1  If the hypotheses of Theorem (13) are satisfied 
and there exists just one inflection point h0 > 0  for the 
covariance function C, then

ρ(h) = C ′′(h)
C ′′(0)

, h ∈ R,

is a valid c.f. with just one zero, i.e., ρ(h0 ) = 0 , for 
h0 > 0 .

Proof  The result easily follows from Theorem 12 and Theo-
rem 13. � □

The next result points out that the second derivative of a 
twice differentiable c.f. with one zero for h > 0, a parabolic 
behaviour at the origin and vanishing at infinity, presents at 
least two zeros for h > 0.

Theorem 14  Let ρ be a twice differentiable c.f. with just one 
zero, i.e., ρ(h0 ) = 0 , h0 > 0  and such that:

1) lim
h→+∞

ρ(h) = 0, 2) ρ′(0) = 0, 3) ρ′′(0) < 0,

then ρ′′ presents 2 zeros for h > 0 .

Proof  (See the Appendix).

Corollary 2  If the hypotheses of Theorem (14) are satisfied 
for the c.f. ρ, then

ρ1(h) = ρ′′(h)
ρ′′(0)

, h ∈ R,

is a valid c.f. with 2 zeros for h > 0 .

Proof  It easily follows from Theorem 12 and Theorem 14. 
� □

As will be shown hereafter, it is possible to construct 
correlation models characterized by negative values, start-
ing from positive correlation families. Indeed, taking into 
account all the previous results, the following general Theo-
rem can be introduced.
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is a valid correlation family. Taking into account the con-

straint 
β

α
= A

B
, expression (41) can be easily simplified as 

follows:

ρ(h; A, B, α, β) = β exp(−β|h|) − α exp(−α|h|)
(β − α)

.� (42)

The previous correlation family presents just one zero for 
h > 0 :

h0 = 1
β − α

ln

(
β

α

)
,

and just one minimum value for h > 0:

ρ(hm) = 1
β − α

[
β

(
α

β

) 2β
β−α

− α

(
α

β

) 2α
β−α

]
,

with:

hm = 2
β − α

ln

(
β

α

)
;

it can be easily checked that ρ presents an absolute mini-
mum value:

ρ(h∗
m) ≈ −0.135.

3.2.4  Models derived from the logaritmic model

It can be easily proved that the following family:

ρ(h; a, b) = 0.5

ln
(

a

b

) ln
(

h2 + a2

h2 + b2

)
, h ∈ R, 0 < b < a,� (43)

is a valid class of correlation models which are always posi-
tive in R.

In fact the Fourier transform of (43):

f(ω; a, b) = 1
π

ˆ +∞

−∞
ρ(h; a, b)e−iωhdh = 1

ln
(

a

b

) e−b|ω| − e−a|ω|

|ω|
, ω ∈ R,

is a valid spectral density function since it is non negative 
and integrable in R, if 0 < b < a. Moreover, since (43) is 
differentiable in R, then

ρ1(h; a, b) = ρ′′(h; a, b)
ρ′′(0; a, b)

= a2b2(a2b2 − h2(a2 + b2) − 3h4)
(h2 + a2)2(h2 + b2)2 ,� (44)

Remark  The Gaussian c.f.: ρ(h; a)= exp(−ah2), h ∈ R,

a > 0, satisfies the hypotheses of Theorem 15, hence 

ρ∗(h; a) = ρ′′(h; a)
ρ′′(0; a)  is a c.f.; in particular:

ρ∗(h; a) = (1 − 2ah2) exp(−ah2),� (37)

is a subclass of the family given in (32) or equivalently of 
the family (35), with A = 2a.

3.2.2  Models derived from the difference of Gaussian 
covariances

It has been shown (Posa 2023) that, in R, the following 
class:

ρ(h; Θ) = A exp(−ah2) − B exp(−bh2),
A > 0, B > 0, a > 0, b > 0,

� (38)

where Θ = (A, B, a, b), is a valid family of c.f.s if 

1 <
a

b
<

(
A

B

)2

, A − B = 1, with just one zero for 

h > 0. Hence, according to Theorem 14, the following c.f.:

ρD(h; Θ)

= Aa(1 − 2ah2) exp(−ah2) − Bb(1 − 2bh2) exp(−bh2)
Aa − Bb

,
� (39)

presents 2 zeros for h > 0, whereas the second derivative of 
(39) presents 3 zeros for h > 0; more generally, the deriva-
tive of order 2n of (38) presents (n + 1) zeros for h > 0.

3.2.3  Models derived from the difference of exponential 
models

It has been shown (Posa 2023) that, in R, the following 
class:

ρ(h; Θ)
= A exp(−α|h|) − B exp(−β|h|), A > 0, B > 0, α > 0, β > 0,

� (40)

where Θ = (A, B, α, β), is always a positive family of c.f.s 

if 1 <
β

α
= A

B
, with A − B = 1.

Since the class (40) is differentiable, then the function:

ρ′′(h; Θ)
ρ′′(0; Θ)

= Bβ2 exp(−β|h|) − Aα2 exp(−α|h|)
Bβ2 − Aα2 ,� (41)
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γ(h; n) = 1 − 1
(h2 + 1)n , h ∈ R, n ≥ 2;

	  the correlation class ρ∗ related to the covariance func-
tion C = γ′′ is given hereafter: 

ρ∗(h; n) = 1 − h2(2n − 3)
(h2 + 1)n ,

	  which is a special case of the family (15).
2.	 It is suitable to underline that the classes of correlation 

models introduced in this paper highlight the capability 
of the same models for developing hypothesis testing 
based on the parameters involved, such as the param-
eter k (e.g., Equation (15)) and the parameter A (e.g., 
Equation (26) and Equation (29)). Indeed, the threshold 
values, k = 0 and A = 0 can be utilized to separate the 
null hypothesis of positive correlation, from the alterna-
tive hypothesis involving negative correlation.

4  Representation of the results

The results of the previous Section, concerning the behav-
iour of the proposed correlation models, have been properly 
represented according to the parameters values on which the 
same models depend.

The graphical representation and discussion of the results 
follows hereafter taking into account the same sequence 
detailed in the previous Section. 

1.	 As already underlined, the generalized Cauchy correla-
tion family in (15) is able to describe both positive and 
negative correlation structures, according to the values 
of the parameter k. It has been shown that the general-
ized Cauchy correlation family is a valid class, in R, if 
−1 ≤ k ≤ (2n − 3) and, for a fixed value of n, the abso-
lute minimum value is obtained for k = 2n − 3. Figure 
1 shows the behaviour of the family (15) for different 
values of the parameter n, with k = 2n − 3. Note that 
as n increases the sequence of the absolute minimum 
values approaches the lowest minimum value −0.446 
of the class (15), as described in expression (18). It has 
been shown that the c.f.s in (15) for n = 2 are also valid 
in R2 if −1 ≤ k ≤ 0, although in this last case the cor-
relation family can only assume positive values. On 
the other hand, it has been shown that the same family 
is admissible in R3 (as a consequence, it is also valid 
in R2) for n = 3 and n = 4, for suitable values of the 
parameter k: in these last cases the correlation family in 
(15) can assume just positive values, as well as negative 
values in a subset of its domain.

is a valid correlation family in R and, according to Theorem 
15, the same class always presents just one zero for h > 0.

By fixing b2 = 1, the absolute minimum value of (44) 
can be easily obtained:

ρ1,m(1, 1) = −0.25.

The above procedure can be iterated; indeed, since ρ1 is dif-
ferentiable in R, then:

ρ2(h; a, b) = ρ′′
1(h; a, b)

ρ′′
1(0; a, b)

,

is a valid correlation family in R, that is:

ρ2(h; a, b)

= a4b4[10h10 + 5αh8 + 4βh6 + γh4 − 2δa2b2h2 + αa4b4]
α(h2 + a2)4(h2 + b2)4

� (45)

where: 

α = (a2 + b2), β = (a4 − 9a2b2 + b4),
γ = (a6 − 23a4b2 − 23a2b4 + b6), δ = (3a4 + a2b2 + 3b4);

according to Theorem 15, this last class presents two zeros 
for h > 0.

Some remarks  1.	It has been proved (Gneiting et al. 2001) 
that if γ is twice differentiable in R, with γ(0) = 0, then 
γ is a variogram if and only if γ′′ is a c.f.. According to 
this last result, it can be easily verified that, starting from 
the variogram function corresponding to some positive 
correlation models, negative correlation families can 
be obtained as special cases of some classes previously 
discussed, as illustrated in the following examples.

	● Consider, in R, the following Gaussian variogram 
model: 

γ(h; k) = 1 − e−kh2
, h ∈ R, k > 0,� (46)

	  then C = γ′′ is a covariance function in R, whose cor-
responding c.f. is the following: 

ρ(h; k) = e−kh2
(1 − 2kh2), k > 0,� (47)

	  which is a special case of the family (35).

	● Consider the variogram function corresponding to 
the Cauchy correlation family: 
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near the origin, apart from the fact that the correlation 
family is always positive if 0 ≤ A ≤ a; on the other 
hand, it presents just one zero, it is always negative in 
a subset of its domain and it presents a linear behaviour 
near the origin if −a ≤ A < 0, moreover, the lowest 
minimum value is reached for A = −a. Figure 2 shows 
the behaviour of the class (26) for different values of its 

2.	 The class (26) provides a generalization of a subclass of 
Matérn family: indeed, the class (26) is able to model 
both positive and negative correlation structures, with 
respect to the traditional subclass of Matérn family which 
is able to model just positive correlation structures. In 
R, it is a valid class of c.f.s if −a ≤ A ≤ a. In particu-
lar, if A = a the class presents a parabolic behaviour 

Fig. 2  Behaviour of the class (26) for 
different values of its parameters, in 
particular for A = a and for some values 
of A and a such that A = −a; indeed, 
in this last case, the absolute minimum 
value assumed by the ρ does not change

 

Fig. 1  Behaviour of the family (15) for 
different values of the parameter n, with 
k = 2n − 3. Note that as n increases 
the sequence of the absolute minimum 
values approaches the lowest minimum 
value −0.446 of the class (15), as 
described in expression (18)
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be a correlation family if A < 0, as a consequence 
the same class is always negative in a subset of its 
domain, it always presents just one zero for h > 0 and 
it always presents a parabolic behaviour near the origin. 
As already underlined, C(hm) ≈ −0.446 is the abso-
lute minimum value of (32) for h > 0. Figure 4 shows 
the behaviour of the class (32) by fixing the parameter 
a = 1: the minimum value becomes more and more 
negative as A gets closer to 2a = 2, whereas the abso-
lute minimum value is obtained for A = 2. It has been 
shown that the c.f.s in (32) is also valid in R2 and in 
R3 and the same family always assumes negative val-
ues in a subset of its domain for suitable values of its 
parameters. As already underlined, all the results of the 
last three items, which refer to the Sections 3.1.3, 3.1.4 
and 3.1.5, concerning the admssibility of the proposed 
models, their behaviour near the origin and the sign of 
the same models, have been properly summarized in 
Tables 1, 2 and 3 for the Euclidean spaces R,R2 and 
R3, respectively.

5.	 Starting from the model (32), it has been shown through 
Theorem 16 that a countable family of c.f.s can be 
obtained and the same family presents as many zeros 
as desired. For example, the class (32) presents just one 
zero for h > 0, whereas its second derivative presents 
two zeros, for h > 0, moreover, its fourth derivative 
presents 3 zeros, for h > 0. Hence, starting from the 
model (32) and utilizing expression (36) for n = 1 and 
n = 2, respectively, the following models have been 
obtained: 

parameters, in particular for A = a and for some values 
of A and a such that A = −a; indeed, in this last case, 
the absolute minimum value does not change, as it has 
been detailed in Sect. 3.1.3. It has been shown that the 
c.f.s in (26) is also valid in R2 and in R3 and the same 
family can assume just positive values, as well as nega-
tive values in a subset of its domain for suitable values 
of its parameters.

3.	 The class (29) is a valid correlation family, in R, if 

−a2

2
≤ A ≤ a2

3  and it is able to model both positive 

and negative correlation structures in any dimensional 

space (R,R2 and R3). If −a2

2
≤ A < 0 it presents just 

one zero, it is always negative in a subset of its domain 
and it always presents a linear behaviour near the ori-
gin. Figure 3 shows the behaviour of the class (29) in 
R for the value a = 1 and different values of A: note 
that the absolute minimum value of (29) is obtained for 

A = −a2

2 , moreover, if −a2

2
≤ A < 0 and A increases, 

the minimum value becomes less negative, whereas 
the point of intersection with the h axis increases. Of 
course, if A ≥ 0 the family (29) is always positive. It 
has been shown that the c.f.s in (29) is also valid in R2 
and in R3 and the same family can assume just posi-
tive values, as well as negative values in a subset of its 
domain for suitable values of its parameters.

4.	 The class (32) is a valid c.f., in R, if and only if: 
0 ≤ A ≤ 2a. According to (56), the class (32) cannot 

Fig. 3  Behaviour of the class (29) 
in R for the value a = 1 and differ-
ent values of A: note that the absolute 
minimum value of (29) is obtained for 

A = − a2

2 , moreover, if − a2

2 ≤ A < 0 
and A increases, the minimum value 
becomes less negative, whereas the point 
of intersection with the h axis increases. 
If A ≥ 0 the family (29) is always 
positive
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6.	 As already underlined, the class (38), in R, is a valid 
family of c.f.s if 

1 <
a

b
<

(
A

B

)2

, A − B = 1,

	  with just one zero for h > 0 (Posa 2023). Hence, 
according to Theorem 14, the class (39): 

ρD(h; Θ) = Aa(1 − 2ah2) exp(−ah2) − Bb(1 − 2bh2) exp(−bh2)
Aa − Bb

,

	  presents 2 zeros for h > 0, whereas the second deriva-
tive of (39) presents 3 zeros for h > 0; more gener-
ally, the derivative of order 2n of (38) presents (n + 1) 
zeros for h > 0. Fig.7 represents the behaviour of the 
class (39) by fixing b = B = 1. Note that, as the dif-
ference between 

(
A
B

)2 and a
b  increases the minimum 

value becomes less negative; on the other hand, as the 
ratio a

b  becomes closer to the ratio 
(

A
B

)2 and both ratios 
are very close to 1, the minimum value becomes more 
negative.

7.	 It has been detailed that the model derived from the 
difference of exponential c.f.s, as described in (40), 
is always a positive and differentiable family of c.f.s 

if 1 <
β

α
= A

B
, with A − B = 1. Then, taking into 

account the constraint 
β

α
= A

B
, the function: 

ρ1(h; A, a)

= (2a2Ah4 − (2a2 + 5Aa)h2 + a + A)e−ah2

a + A
,
� (48)

ρ2(h; A, a), =
[(3a + 6A) − (12a2 + 39aA)h2 + (4a3 + 28Aa2)h4 − 4Aa3h6]e−ah2

3a + 6A
;
� (49)

	  these two last classes of models are valid in R if 
0 ≤ A ≤ 2a. Figure 5a) shows the behaviour of model 
(48) for a = 1 and different values of A: note that as A 
gets closer to the upper bound (A = 2a), the minimum 
values become more and more negative. On the other 
hand, Fig. 5b) shows the behaviour of model (48) for 

a fixed value of the ratio 
A

a
= 2 corresponding to the 

absolute minimum value reached by the same class. 
Indeed, it can be checked that the absolute minimum 
value of ρ1 does not change and it just depends on 
the above ratio. The family (48) always presents two 
zeros for h > 0 and a parabolic behaviour near the ori-
gin. Figure 6 shows the behaviour of model (49) for 
different values of the parameters a and A such that 
A = 2a. Indeed, even in this case, it can be checked 
that the absolute minimum value of ρ2 does not change 

and it just depends on the ratio 
A

a
: in particular, the 

absolute minimum value corresponds to A = 2a. The 
family (49) always presents three zeros for h > 0 and a 
parabolic behaviour near the origin.

Fig. 4  Behaviour of the class (32) by fix-
ing the parameter a = 1: the minimum 
value becomes more and more negative 
as A gets closer to 2a = 2, whereas the 
absolute minimum value is obtained for 
A = 2
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Fig. 6  Behaviour of model (49) for dif-
ferent values of the parameters a and A 
such that A = 2a. Indeed, even in this 
case, it can be checked that the absolute 
minimum value of ρ2 does not change 

and it just depends on the ratio A
a

: in 

particular, the absolute minimum value 
corresponds to A = 2a. The family (49) 
always presents three zeros for h > 0 
and a parabolic behaviour near the origin

 

Fig. 5  a Behaviour of model (48) for a = 1 and different values of A: 
note that as A gets closer to the upper bound (A = 2a), the minimum 

values become more and more negative. b Behaviour of model (48) for 

a fixed value of the ratio A

a
= 2 corresponding to the absolute mini-

mum value reached by the same class. Note that the absolute minimum 
value does not change and it just depends on the above ratio. The fam-
ily (48) always presents two zeros for h > 0 and a parabolic behaviour 
near the origin
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8.	 It has been proved that the family (43), in R if 
0 < b < a, is a valid class of correlation models and it 

is always positive and differentiable; then, the correla-
tion family (44) is a valid class of c.f.s and, according 
to Theorem 15, the same class always presents just one 
zero for h > 0. Moreover, since (44) is differentiable in 
R, then (45) is also a valid correlation family in R and, 
according to Theorem 15, this last class presents two 
zeros for h > 0. Fig. 9 shows the behaviour of the class 
(43), (44) and (45), respectively, for the values a = 1.1 
and b = 1: note that the first model is always positive, 
the second presents just one zero, whereas the third 

ρ′′(h; Θ)
ρ′′(0; Θ)

= β exp(−β|h|) − α exp(−α|h|)
(β − α)

,

	  is a valid correlation family. As already underlined, 
this last correlation family presents just one zero for 
h > 0 and just one minimum value for h > 0. More-

over, as 
β

α
→ 1+, the same correlation family reaches 

the absolute minimum value ρ(h∗
m) ≈ −0.135. 

Fig. 8 shows the behaviour of model (40), for 
A = 2, B = 1, α = 1, β = 2, together with model (41) 
by fixing α = 1 and different values of β. The minimum 
value becomes ever more negative as β → 1+, up to 
reach the absolute minimum value.

Fig. 8  Behaviour of model (40), for 
A = 2, B = 1, α = 1, β = 2, together 
with model (41) by fixing α = 1 and dif-
ferent values of β. The minimum value 
becomes ever more negative as β → 1+, 
up to reach the absolute minimum value

 

Fig. 7  Behaviour of the class (39) by fix-

ing b = B = 1. Note that, as the differ-

ence between 
(

A
B

)2
 and a

b  increases the 

minimum value becomes less negative; 
on the other hand, as the ratio a

b  becomes 
closer to the ratio 

(
A
B

)2
 and both ratios 

are very close to 1, the minimum value 
becomes more negative
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such as the number of zeros which characterize the cor-
relation models, the dimension of the Euclidean space, as 
well as the behaviour in proximity of the origin, among the 
others. 

Appendix

Proof of Theorem 2  The Fourier transform of (15) is given 
hereafter:

f1(ω; k, n) = 1
2π

ˆ +∞

−∞
cos(ωh) 1 − kh2

(h2 + 1)n
dh

= (1 + k)
ˆ +∞

−∞

cos(ωh)
(h2 + 1)n

dh − k

ˆ +∞

−∞

cos(ωh)
(h2 + 1)n−1 dh;

hence, according to Gradshteyn and Ryzhik (2007), pag. 
430, equ. 3.737.1:

f1(ω; k, n) = (1 + k)e−|ω|

(n − 1)!22n−1

n−1∑
j=0

(2n − j − 2)!(2|ω|)j

j!(n − j − 1)!

− ke−|ω|

(n − 2)!22n−3

n−2∑
j=0

(2n − j − 4)!(2|ω|)j

j!(n − j − 2)!
.

� (50)

As a consequence, the class (15) is a valid correlation fam-
ily, in R, if (50) is a spectral density function, i.e., it is non 
negative and integrable. At this purpose, note that (50) can 
be expressed through the product of an exponential function 
with a polynomial of degree (n − 1), as specified hereafter:

presents 2 zeros, as already proved through Theorem 
15.

5  Conclusions

In this paper further developments and a comprehensive 
analysis concerning the behaviour and the admissibility of 
c.f.s characterized by negative values has been provided; 
in particular, new families of models have been proposed, 
in order to get wider classes of correlation models and to 
overcome some of the shortcomings which characterize 
some of the well-known correlation models with negative 
values encountered in the literature. It has been underlined 
that all the classical models are not able to describe some 
behaviors of correlation structures, hence the demand to 
get new flexible models which can be adequate to most of 
the case studies is advisable. In particular, apart from the 
classical Bochner’s representation which characterizes the 
whole class of continuous c.f.s in any dimensional space, 
new techniques to build negative correlation structures will 
be provided, starting from some classical results, in spite 
of this, scarcely used in the applications. It is suitable to 
underline that these new classes of c.f.s are characterized by 
some relevant properties which lack the classical hole effect 
models, neither the new models recently proposed by (Posa 
2023, 2025): in fact, some of these new classes are char-
acterized by a finite number of zeros as many as desired; 
at our knowledge, there seem not to exist c.f.s which pres-
ent this remarkable property. This kind of survey is particu-
larly interesting from a theoretical point of view, but it is 
also helpful from a practical perspective since it provides a 
guideline for practitioners on how to utilize c.f.s character-
ized by negative values, taking into account various aspects, 

Fig. 9  Behaviour of the class (43), (44) 
and (45), respectively, for the values 
a = 1.1 and b = 1: note that the first 
model is always positive, the second 
presents just one zero, whereas the third 
presents 2 zeros, as already proved 
through Theorem 15
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4n2 − 2n(2j + 5) + j2 + 5j + 6
−(j2 + j + 2 − 2n)

> 2n − 3;

 this last inequality is always satisfied since 
(j − 1)(n − 1) > 0.Hence, if −1 ≤ k ≤ (2n − 3) then 
(50) is a spectral density function. � □

Proof of Theorem 3  According to Bochner’s Theorem, a real 
function C is a covariance function, in R, if:

f1(ω) =
ˆ +∞

−∞
C(h) cos(ωh)dh

is a spectral density function, i.e., it will be non negative and 
integrable. As a consequence, the function ((Gradshteyn and 
Ryzhik 2007), pag. 499, equ. 3.944.12):

f1(ω) =
ˆ +∞

−∞
(1 + A|h|) exp(−a|h|) cos(ωh)dh

= k
[(a − A)ω2 + a2(a + A)]

(ω2 + a2)2 , k > 0,

is integrable, hence it is a spectral density function if 
and only if −a ≤ A ≤ a. In particular, (26) is a c.f. since 
ρ(0) = 1. � □

Proof of Theorem 4  In order to check if the correlation model 
(27) is valid in R2, the second relationship of (3) can be uti-
lized and prove that f is a spectral density function. Taking 
into account the following ((Gradshteyn and Ryzhik 2007), 
pag. 700, equ. 6.621.4):
ˆ +∞

0
hn+1 exp(−αh)J0(ωh)dh = (−1)n+1 d(n+1)

dα(n+1)

(
ω2 + α2)−1/2

,

according to the second relationship given in (3), the 
function:

f(ω) =
ˆ +∞

0
h(1 + Ah) exp(−ah)J0(ωh)dh

= ω2(a − A) + a2(a + 2A)
(ω2 + a2) 5

2
,

� (53)

is a spectral density if and only if −a

2
≤ A ≤ a. � □

f1(ω; k, n) = e−|ω|
n−1∑
j=0

βj |ω|j ;� (51)

hence (50) is integrable and it is non negative if 
βj ≥ 0, j = 0, . . . , n − 1.

Note that for j = 0:

β0 = (2n − 4)!(2n − 3 − k)
22n−2[(n − 2)!]2(n − 1)

,

which is non negative if: k ≤ (2n − 3), for n ≥ 2. For 
j = 1:

β1 = (2n − 5)!(2n − 3 − k)
22n−3(n − 2)!(n − 3)!(n − 1)

,

which is non negative if: k ≤ (2n − 3), for n > 2. For 
j = n − 1:

βn−1 = (1 + k)
(n − 1)!2n

,

which is non negative if: k ≥ −1, for n ≥ 2.
For an arbitrary value of j, such that 2 ≤ j < (n − 2) :

βj = (2n − j − 4)!
22n−j−3j!(n − 2)!(n − j − 2)!

·
[

(1 + k)(2n − j − 3)(2n − j − 2)
4(n − 1)(n − j − 1)

− k

]
;

if:

δ(n, k, j) = 4n2 − 2n(2j + 5) + j2 + 5j

+ 6 + k(j2 + j + 2 − 2n) ≥ 0,
� (52)

then βj  is non negative. Note that:

4n2 − 2n(2j + 5) + j2 + 5j + 6 = (2n − j − 2)(2n − j − 3) > 0,

hence two cases, according to the sign of (j2 + j + 2 − 2n), 
will be discussed in (52):

	● if (j2 + j + 2 − 2n) > 0, then it must be checked that: 

−4n2 − 2n(2j + 5) + j2 + 5j + 6
(j2 + j + 2 − 2n)

< −1;

 this last inequality is always satisfied since j < (n − 1).

	● if (j2 + j + 2 − 2n) < 0, then it must be checked that: 
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ˆ ∞

0
J0(ωh)h(1 + Ah2) exp(−a|h|)dh

= a(
ω2 + a2

)3/2 + 3Aa(2a2 − 3ω2)(
ω2 + a2

)7/2

= a(
ω2 + a2

)3/2

[
1 + 3Aa(2a2 − 3ω2)(

ω2 + a2
)2

]

= ω4 + ω2(2a2 − 9A) + a2(a2 + 6A)(
ω2 + a2

)7/2 ,

which is always non negative if and only if: −a2

6
≤ A ≤ 2a2

9 . 

� □

Proof of Theorem 8  It is well known that, in R3, ρ is a c.f. if 
the following function

f(ω) = −1
2πω

df1(ω)
dω

is a spectral density function, where f1 is the corresponding 
spectral density function in R, already defined in (54).

At this purpose,

f(ω) = −1
2πω

d

dω

[
k

[ω4 + (2a2 − 6A)ω2 + a4 + 2Aa2]
(ω2 + a2)3

]

= ω4 + ω2(2a2 − 12A) + a4 + 12a2A

(ω2 + a2)4 ,

is integrable and it is non negative if and only if: 

−a2

12
≤ A ≤ a2

6
. � □

Proof of Theorem 9  According to Bochner’s Theorem, a 
continuous, integrable and real function C is a c.f., in R, if:

f1(ω) =
ˆ +∞

−∞
C(h) cos(ωh)dh

is a spectral density function, i.e., it will be non negative and 
integrable. The function (32) is continuous and integrable, 
as a consequence, the function:

f1(ω) =
ˆ +∞

−∞
(1 − Ah2) exp(−ah2) cos(ωh)dh

= k exp
(

−ω2

4a

)
[Aω2 + (4a2 − 2Aa)], k > 0,

� (56)

is integrable, hence it is a spectral density function if and 
only if: 0 ≤ A ≤ 2a. � □

Proof of Theorem 5  In order to check if the correlation model 
(28) is valid in R3, the second relationship of (5) can be uti-
lized and prove that f is a spectral density function. Indeed:

−1
2πω

d

dω

[
(a − A)ω2 + a2(a + A)

(ω2 + a2)2

]

= k
ω2(a − A) + a2(a + 3A)

(ω2 + a2)3 ,

is a spectral density function if and only if: −a

3
≤ A ≤ a. 

� □

Proof of Theorem 6  According to Bochner’s Theorem, a real 
function ρ is a c.f., in R, if:

f(ω) =
ˆ +∞

−∞
ρ(h) cos(ωh)dh

is a spectral density function, i.e., it will be non negative and 
integrable. At this purpose, the function ((Gradshteyn and 
Ryzhik 2007), pag. 499, equ. 3.944.12):

f1(ω) =
ˆ +∞

−∞
(1 + Ah2) exp(−a|h|) cos(ωh)dh

= 2a
[ω4 + (2a2 − 6A)ω2 + a4 + 2Aa2]

(ω2 + a2)3

� (54)

is integrable, hence it is a spectral density function if and 

only if −a2

2
≤ A ≤ a2

3 . � □

Proof of Theorem 7  It is well known that, in R2, ρ in (30) is 
a c.f. if the following function

f(ω) = 1
2π

ˆ ∞

0
J0(ωh)hρ(h)dh� (55)

is a spectral density. Note that f is integrable, hence it must 
be proved that it is non negative, i.e.,
ˆ ∞

0
J0(ωh)h(1 + Ah2) exp(−a|h|)dh ≥ 0, ∀ω.

According to Gradshteyn and Ryzhik (2007), pag. 700, equ. 
6.621.4:
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f(ω) = −1
2πω

d

dω

[
exp

(
−ω2

4a

)
(Aω2 + (4a2 − 2Aa))

]

= (Aω2 + 4a2 − 6Aa)
2a

exp
(

−ω2

4a

)
,

is integrable and it is non negative if and only if: 

0 ≤ A ≤ 2a

3
. � □

Proof of Theorem 13  By Schoenberg’s Theorem, if C ′′(0) 
exists then it must be negative. By contradiction, if such a 
point h0 does not exist, C must be a concave function; as a 
consequence, for any a, b > 0:

C

(
a + b

2

)
≥ C(a) + C(b)

2
.� (58)

Hence, for a fixed a ∈ I0+ :

lim
b→+∞

C

(
a + b

2

)
≥ lim

b→+∞

C(a) + C(b)
2

⇐⇒ 0 ≥ C(a),

which is an absurd because of the continuity of C since 
C(0) > 0. � □

Proof of Theorem 14  Taking into account the hypotheses, it 
results that:

ρ(h) > 0, ∀ h ∈]0, h0[, whereas ρ(h) < 0, ∀ h ∈]h0, +∞[.

Since ρ′′(0) < 0, ρ′′ is continuous in h = 0 then 
∃a > 0 : ρ′′(h) < 0 ∀h ∈ [0, a[. Moreover, since 
ρ(h0) = 0, lim

h→+∞
ρ(h) =0, ρ(h) < 0 ∀h ∈]h0, +∞[ and ρ 

is continuous, because of Weierstrass Theorem ∃hm > h0 :
ρ(hm) ≤ ρ(h) ∀h > h0. Then it results: ρ′(hm) = 0 and 
ρ′′(hm) ≥ 0.

Let’s apply Rolle’s Theorem to the function ρ′, which is 
differentiable, in the interval [0, hm]: hence 

∃h1 ∈]0, hm[: ρ′′(h1) = 0.

By contradiction, suppose that µ = +∞, then 
ρ′′(h) > 0 ∀h ∈ [hm, +∞[, that is ρ is characterized by 
upwards concavity in the set [hm, +∞[, as a consequence 

∀h ≥ hm, ∀u ≥ hm : ρ(h) ≥ ρ(u) + ρ′(u)(h − u).

Since hm is a strict relative minimum point (ρ′′(hm) > 0) 

∃u > hm : ρ(u) > ρ(hm),

then because of Lagrange Theorem 

Proof of Theorem 10  It is well known that, in R2, ρ is a c.f. 
if the following function

f(ω) = 1
2π

ˆ ∞

0
J0(ωh)hρ(h)dh� (57)

is a spectral density. Note that f is integrable, hence it must 
be proved that it is non negative, i.e.,
ˆ ∞

0
J0(ωh)h(1 − Ah2) exp(−ah2)dh ≥ 0, ∀ω.

Taking into account that J ′
0(x) = −J1(x), the expression of 

the lower incomplete gamma function:

γ(s, x) =
ˆ x

0
ts−1e−tdt,

and some relationships of the Bessel functions ((Gradshteyn 
and Ryzhik 2007), pag. 706, equ. 6.631.4 and equ. 6.631.5,) 
after integration by parts the previous function:
ˆ ∞

0
J0(ωh)h(1 − Ah2) exp(−ah2)dh

= lim
t→+∞

(Aat2 + A − a) exp(−at2)
2a2 J0(ωt) + (a − A)

2a2

+ ω

2a2

[ˆ ∞

0
J1(ωh)Aah2 exp(−ah2)dh

+(A − a)
ˆ ∞

0
J1(ωh) exp(−ah2)dh

]

= (a − A)
2a2 + ω

2a2

[
Aaω

4a2 exp(−ω2/4a)

+(A − a)
ω

(1 − γ(1, ω2/4a))
]

= (a − A)
2a2 + Aω2

8a3 exp(−ω2/4a) + (A − a)
2a2 ) exp(−ω2/4a)

= (a − A)
2a2 [1 − exp(−ω2/4a)] + Aω2

8a3 exp(−ω2/4a),

is always non negative if and only if: 0 ≤ A ≤ a. � □

Proof of Theorem 11  It is well known that, in R3, ρ is a c.f. 
if the following function

f(ω) = −1
2πω

df1(ω)
dω

is a spectral density function, where f1 is the corresponding 
spectral density function in R, already defined in (56).

At this purpose,

1 3



Stochastic Environmental Research and Risk Assessment

Cressie N, Huang H (1999) Classes of nonseparable, spatio-temporal 
stationary covariance functions. J Am Stat Ass 94(448):1330–1340

De Cesare L, Myers D, Posa D (2001) Product-sum covariance for 
space-time modeling: an environmental application. Environmet-
rics 12(1):11–23

De Iaco S, Posa D (2018) Strict positive definiteness in geostatistics. 
Stoch Environ Res Risk Assess 32:577–590

De Iaco S, Posa D (2025) Characteristics of some isotropic covariance 
models withnegative values. Spatial Stat 68:100905

De Iaco S, Myers D, Posa D (2011) Strict positive definiteness of 
a product of covariance functions. Commun Stat A-Theor 
40(24):4400–4408

De Iaco S, Myers D, Palma M, Posa D (2013) Using simultaneous 
diagonalization to identify a space-time linear coregionalization 
model. Math Geosc 45:69–86

De Iaco S, Palma M, Posa D (2015) Spatio-temporal geostatistical 
modeling for French fertility predictions. Spat Stat 14:546–562

Garg S, Singh A, Ramos F (2012) Learning non-stationary space-time 
models for environmental monitoring. In: Twenty-sixth AAAI 
conference on artificial intelligence

Gneiting T (2002) Compactly supported correlation functions. J Mul-
tivar Anal 83:493–508

Gneiting T (2002) Nonseparable, stationary covariance functions for 
space—time data. J Am Stat Ass 97(458):590–600

Gneiting T, Sasvari Z, Schlather M (2001) Analogies and correspon-
dences between variograms and covariance functions. Adv Appl 
Prob 33(3):617–630

Gradshteyn IS, Ryzhik IM (2007) Tables of integrals. Series and prod-
ucts. Academic Press, New York, p. 1171

Gregori P, Porcu E, Mateu J, Sasvári Z (2008) On potentially negative 
space time covariances obtained as sum of products of marginal 
ones. Ann Inst Stat Math 60:865–882

Hristopulos DT (2015) Covariance functions motivated by spatial ran-
dom field models with local interactions. Stoch Environ Res Risk 
Assess 29:739–754

Hristopulos DT (2020) Random fields for spatial data modeling. A 
primer for scientists and engineers. Springer. Series in advances 
in geographic information science

Hristopulos DT, Elogne SN (2007) Analytic properties and covariance 
functions for a new class of generalized Gibbs random fields. 
IEEE Trans Inf Theory 53(12):4667–4679

Jost G, Heuvelink G, Papritz A (2005) Analysing the space-time dis-
tribution of soil water storage of a forest ecosystem using spatio-
temporal kriging. Geoderma 128(3–4):258–273

Journel AJ, Froidevaux R (1982) Anisotropic hole-effect modeling. 
Math Geol 14(3):217–239

Laga I, Kleiber W (2017) The modified matérn process. Stat 
6(1):241–247

Levinson SJ, Beall JM, Powers EJ, Bengtson RD (1984) Space-time 
statistics of the turbulence in a tokamak edge plasma. Nucl Fusion 
24:527–540

Ma C (2005) Linear combinations of space-time covariance functions 
and variograms. IEEE T Signal Process 53(3):857–864

Ma YZ, Jones TA (2001) Modeling hole-effect variograms of lithol-
ogy-indicator variables. Math Geol 33(5):631–648

Matérn B (1980) Spatial Variation. Lecture Notes in Statistics (2nd 
ed). Springer Verlag, New York. 151 p. Vol 36. 1st ed 1960 pub-
lished in Meddelanden fran Statens Skogsforskningsinstitute 
Swed., 49(5)

Pomeroy JW, Toth B, Granger RJ, Hedstrom NR, Essery RLH (2003) 
Variation in surface energetics during snowmelt in a subarctic 
mountain catchment. J Hydrometeorol 4:702–719

Porcu E, Montero J-M, Schlather M (2012) Advances and challenges 
in space-time modelling of natural events. Springer, Berlin

Posa D (2021) Models for the difference of continuous covariance 
functions. Stoch Env Res Risk Assess 35:1369–1386

∃u′ ∈]hm, u[: ρ(u) − ρ(hm) = ρ′(u′)(u − hm),

 that is ρ′(u′) > 0. Let’s consider the inequality 

ρ(h) ≥ ρ(u′) + ρ′(u′)(h − u′) :

it results lim
h→+∞

ρ(h) = +∞, however lim
h→+∞

ρ(h) = 0. 

Then µ ∈ R and because of the continuity of 
ρ′′, ρ′′(µ) = 0, with h2 = µ. � □

Acknowledgements  The author is very grateful to the editor and the 
referees for their useful comments and precious suggestions, which 
contributed to improve the previous version of the paper.

Author contributions  Donato Posa wrote all the manuscript

Funding  Open access funding provided by Università del Salento 
within the CRUI-CARE Agreement.

Data availability  No datasets were generated or analysed during the 
current study.

Declarations

Conflict of interest  The authors declare no conflict of interest.

Open Access   This article is licensed under a Creative Commons 
Attribution 4.0 International License, which permits use, sharing, 
adaptation, distribution and reproduction in any medium or format, 
as long as you give appropriate credit to the original author(s) and the 
source, provide a link to the Creative Commons licence, and indicate 
if changes were made. The images or other third party material in this 
article are included in the article’s Creative Commons licence, unless 
indicated otherwise in a credit line to the material. If material is not 
included in the article’s Creative Commons licence and your intended 
use is not permitted by statutory regulation or exceeds the permitted 
use, you will need to obtain permission directly from the copyright 
holder. To view a copy of this licence, visit ​h​t​t​p​​:​/​/​​c​r​e​a​​t​i​​v​e​c​​o​m​m​o​​n​s​.​​o​
r​g​​/​l​i​c​e​n​s​e​s​/​b​y​/​4​.​0​/.

References

Alegria A, Emery X (2024) Matrix-valued isotropic covariance func-
tions with local extrema. J Multivar Anal 200:105250

Alegria A, Emery X (2026) Versatile parametric classes of covariance 
functions that interlace anisotropies and hole effects. Stat Sin 
Page. ​h​t​t​p​s​:​​​/​​/​d​o​​i​.​o​​r​​g​​/​​1​0​​.​5​7​​​0​5​​​/​s​s​.​2​0​2​​0​2​3​.​0​1​8​4

Asghari O (2015) Geostatistical simulation of dyke systems in Sungun 
porphyry copper deposit. Iran J Min Environ 6(1):1–10

Bourotte M, Allard D, Porcu E (2016) A flexible class of non-separa-
ble cross-covariance functions for multivariate space? Time data. 
Spat Stat 18:125

Brown PE, Diggle PJ, Lord ME, Young PC (2001) Space-time cali-
bration of radar rainfall data. J Roy Stat Soc C (Appl Stat) 
50(2):221–241

Chilès J, Delfiner P (1999) Geostatistics. Probability and statistics 
series, Wiley, John & Sons Incorporated, p 687

1 3

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.5705/ss.202023.0184


Stochastic Environmental Research and Risk Assessment

Yaglom AM (1957) Some classes of random fields in n-dimensional 
space, related to stationary random processes. Probab Theory 
Appl 2(3):292–337

Yaglom AM (1987) Correlation theory of stationary and related ran-
dom functions Volume I: Basic Results. Springer-Verlag New 
York. p 526

Yakhot V, Orszag SA, She ZS (1989) Space-time correlations in tur-
bulence—kinematical versus dynamical effects. Phys Fluids 
1:184–186

Publisher's Note  Springer Nature remains neutral with regard to juris-
dictional claims in published maps and institutional affiliations.

Posa D (2023) Special classes of isotropic covariance functions. Stoch 
Environ Res Risk Assess 37:1615–1633

Posa D (2025) Covariance models through the difference between 
Matérn families. Stoch Environ Res Risk Assess 37:1615–1633

Shkarofsky IP (1968) Generalized turbulence space-correlation and 
wave- number spectrum-function pairs. Can J Phys 46:2133–2153

Ushakov NG (1999) Selected topics in characteristic functions. De 
Gruyter, The Netherlands, p 326

Xu ZW, Wu J, Wu ZS (2003) Statistical temporal behaviour of pulse 
wave propagation through continuous random media. Waves 
Random Media 13:59–73

Xu ZW, Wu J, Huo WP, Wu ZS (2003) Temporal skewness of electro-
magnetic pulsed waves propagating through random media with 
embedded irregularity slab. Chin Phys Lett 20:370–373

1 3


	﻿Further advances on isotropic correlation models with negative values
	﻿Abstract
	﻿1﻿ ﻿Introduction
	﻿﻿2﻿ ﻿An overview on isotropic correlation functions
	﻿﻿2.1﻿ ﻿Classical correlation models with negative values
	﻿2.2﻿ ﻿Bessel correlation functions
	﻿2.2.1﻿ ﻿Cosine correlation function
	﻿2.2.2﻿ ﻿Bessel ﻿￼﻿﻿ correlation function
	﻿2.2.3﻿ ﻿Cardinal sine correlation function


	﻿﻿3﻿ ﻿New correlation models with negative values
	﻿3.1﻿ ﻿Spectral methods
	﻿3.1.1﻿ ﻿Difference of correlation models
	﻿3.1.2﻿ ﻿A generalization of the Cauchy correlation family
	﻿﻿3.1.3﻿ ﻿A generalization of a subclass of Matérn family
	﻿﻿3.1.4﻿ ﻿Product of an exponential with a second degree polynomial
	﻿﻿3.1.5﻿ ﻿Product of a Gaussian model with a second degree polynomial


	﻿3.2﻿ ﻿Negative correlation models through differentiable correlation functions
	﻿3.2.1﻿ ﻿A special example
	﻿3.2.2﻿ ﻿Models derived from the difference of Gaussian covariances
	﻿3.2.3﻿ ﻿Models derived from the difference of exponential models
	﻿3.2.4﻿ ﻿Models derived from the logaritmic model

	﻿﻿4﻿ ﻿Representation of the results
	﻿5﻿ ﻿Conclusions
	﻿Appendix
	﻿References


