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Abstract

This paper aims to introduce a novel approach to spatial blind source separation
(SBSS) that addresses the limitations of existing methods. Current SBSS techniques
rely on the joint diagonalization of multiple local covariance functions, all of which
assume isotropy. To overcome this constraint, anisotropic local covariance matrices
that relax the isotropy assumption are proposed. A simulation study and an appli-
cation on real-world data demonstrate the performance improvement obtained by
incorporating these anisotropic covariance matrices into the SBSS framework and
highlight the potential of this new approach for more accurate and flexible source
separation in spatial data analysis.
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1 Introduction

Modeling multivariate geostatistical data poses significant challenges, as depend-
encies between variables and locations must be considered. This is typically
accomplished by modeling the multivariate (cross-) covariance function
C(xsi,xsl_), where a p-variate vector x is observed at locations s, ...,s, €S C R4

and S denotes the spatial domain. In most applications d = 2, which is also our
main interest in the subsequent analysis. Genton and Kleiber (2015) highlight the
difficulties in specifying and estimating valid models for C(xsi,xsj), noting that
convenient yet strong assumptions are often made to facilitate modeling.

One such assumption is that the covariance function is isotropic, meaning it
depends only on the distance ||h|| between the involved locations s; and s;, i.e.,

C(x,, %) 2= C(lIs; = sl 1) := C(|[h]]).

This results in a covariance function that is second-order stationary and invariant
under rotations. However, the appropriateness of these assumptions is debatable,
and various proposals in the literature attempt to relax one or both assumptions
(Journel and Huijbregts 1976; Sampson and Guttorp 1992; Cressie 1993; Paciorek
and Schervish 2006; Allard et al. 2016). Approaches that do not assume rotational
invariance are referred to as anisotropic approaches. Sherman (2011) explains the
severe consequences of erroneously assuming isotropy, particularly in the context of
prediction.

Many multivariate spatial methods directly parametrize the covariance func-
tion C(xsi,xsj) and estimate its parameters accordingly. However, an alternative

approach is provided by spatial blind source separation (SBSS), which operates
within a semi-parametric latent variable framework. Instead of modeling the mul-
tivariate field as a whole, SBSS seeks to decompose it into latent univariate fields
that can then be modeled individually, ideally simplifying the choice of covari-
ance functions.

SBSS was first introduced by Nordhausen et al. (2015) and has since under-
gone several methodological advancements (Bachoc et al. 2020; Muehlmann
et al. 2024a; Piccolotto et al. 2022; Sipild et al. 2024a). The core idea of SBSS is
to use spatially weighted local scatter matrices to identify a transformation that
separates the original multivariate process into uncorrelated or independent latent
fields. These fields are then assumed to exhibit different spatial dependence struc-
tures, which can be analyzed independently. Traditionally, SBSS has been devel-
oped and applied under the assumption of isotropy, meaning that latent fields are
estimated assuming isotropic covariance functions.

More recently, efforts have been made to extend SBSS beyond the stationary
isotropic assumption and allow for more flexible spatial structures. This includes
approaches that relax the assumption of stationarity (Muehlmann et al. 2024b,
2022; Bachoc et al. 2024; Sipild et al. 2024b).

Applications of SBSS have so far mainly focused on geochemical data (Nor-
dhausen et al. 2015; Muehlmann et al. 2021; Bachoc et al. 2024; Sipild et al.
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2024b), where latent components often exhibit different spatial structures due to
varying geological processes.

In this paper, an approach to relax the isotropy assumption in SBSS, allowing for
the identification of latent fields that exhibit anisotropic spatial dependencies, has been
proposed.

After a brief review SBSS in Sect. 2, then the suggested method for accounting for
anisotropy in Sect. 3 has been presented. Finally, the effects of this approach have been
demonstrated in a simulation study in Sect. 4 and in an example on real data in Sect. 5.

2 Spatial blind source separation

Spatial blind source separation (SBSS) is a semiparametric approach that assumes the
observable p-variate random field x(s) can be expressed as

x(s) = Az(s) + b,

where the full-rank p X p matrix A is the mixing matrix, the p-variate vector b repre-

T. . .
sents the mean vector, and z(s) = (zl yeens zp) is a p-variate latent random field with
the following properties:

SBSS1:  E(z(s)) = 0 and Cov(z(s)) = I, foralls € S.

SBSS2 :  The components of z(s) are mutually independent.

SBSS3: Let h=s;—s;, then C(z
whose diagonal elements depend only on h.

s‘_,zsj) =D, where D, is a diagonal matrix

Thus, formally SBSS assumes second-order stationarity up to this point, and its goal
is to estimate a p X p unmixing matrix W such that W(x(s) — b) has independent com-
ponents. The underlying idea is that, due to the independence of the components, p uni-
variate models can be fitted, which is much simpler than constructing a p-variate model
directly, see for example Muehlmann et al. (2021).

Nordhausen et al. (2015), Bachoc et al. (2020) obtain the unmixing matrix by jointly
diagonalizing the covariance matrix and K > 1local covariance matrices, defined as:

M (x(s)) = }l > /(s = ) E|1x(s) ~ Exs)ixs) ~ Ex@)|. (1)
ij=1

where f : R?Y — R represents a spatial kernel function. Moreover, Nordhausen
et al. (2015) suggested ball kernel functions f,(h) =/(||h|| < r), while Bachoc
et al. (2020) additionally considered ring and Gauss kernel functions. The ring ker-
nel function is given by f,.(h) =1(r; < ||h|| < r,), and the Gauss kernel function
f,(h) = exp(=0.5(@~"(0.95)|[h[|/r)?), where ®~'(0.95) is the 95% quantile of a
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standard normal distribution, can be regarded as a smooth version of the ball kernel
function.
An unmixing matrix W can be defined as the p X p matrix that maximizes

K
D' |l diag (WM, WT)|[? 2)

k=1

subject to the constraint WCov(x(s))W' = I, and|] - [|is the Frobenius norm. Here,
diag(A) is a diagonal matrix with the same diagonal elements as in A, and M, repre-
sents K local covariance matrices with distinct kernels fi, ..., fx. Depending on the
values of K and the specific kernels used, the methods exhibit various properties that
enable different algorithms but necessitate distinct additional assumptions. In gen-
eral, these assumptions require that the covariance functions of z; must all be differ-
ent. For more details, see Nordhausen et al. (2015), Bachoc et al. (2020). Note also
that Bachoc et al. (2020, 2024) considered (1) with additional normalization factors
which make asymptotic considerations easier but yield the same unmixing matrix.

It is crucial to note that all local covariance matrices constructed in this man-
ner implicitly assume isotropy, with no directional information involved; they
depend solely on the distance between observations. In the following section, a new
approach to constructing local covariance matrices that addresses this limitation will
be introduced.

3 Anisotropic local covariance

Isotropic models represent obviously a subset of the class of second-order stationary
covariance functions; however, this can represent a restrictive assumption. The new
anisotropic local covariance matrix M, , is defined as M, /(X)

=11 Y Sl ze,, € [0, 0D E((x(5) = ERs))(x(s) = Ex))T ). 3)

ij=1

Here, hlj =s;,—§; I(-) is the indicator function, a = (ocl,ocz)T and £ denotes the
angle between two vectors, €, = (cos ay, sin ocl)T with a, € [0,27x], a, € [0, 7/2].
f 1 RY > R is a spatial kernel function which can be still chosen out of selection
mentioned above and according to the discussions by Nordhausen et al. (2015),
Bachoc et al. (2020). To account for anisotropy, the novel addition is the indica-
tor function that is added and which excludes coordinate pairs where the angle of
the separation vector h; relative to the x-axis does not lie between @, and a,. The
effect of the indicator function is illustrated in Fig. 1 for a spatial ball and a spatial
ring kernel function. Therefore, an anisotropic local covariance matrix does not only
take the distance between locations into consideration but also includes directional
information.

Basically the idea is then to estimate the unmixing matrix in the same way as in
(2) by now jointly diagonalizing the covariance matrix and K > 1 different aniso-
tropic local covariance matrices. However, in the formulation of the optimization
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Fig. 1 Tllustration of the ball (left panel) and ring (right panel) spatial kernel functions together with the
indicator function that incorporates the anisotropic aspect. The region where vectors within the angle a,
from e, satisfy the condition is shaded dark blue

problem in (2), it is necessary that all matrices to be diagonalized are symmetric,
which does not necessarily hold for all M, ((x). This can be nevertheless simply
overcome by symmetrizing M, »(x), i.e.,

Mg (%) = 27 (M, (%) + M, ;(0)7). )

Therefore, for anisotropic random fields which follow the SBSS model, the estima-
tion of the unmixing matrix W has to be properly set. In particular, the proposal is to
estimate the unmixing matrix W by modifying (2) and maximizing

K
Y I1diag (WM, , W )| 5)
k=1

under the constraint WCov(x(s))W' = I, and|| - [|is the Frobenius norm.

That an anisotropic unmixing matrix based on (5) is indeed better than the iso-
tropic one from (2) in the case of anisotropic data is then demonstrated in the fol-
lowing simulation study (Sect. 4) and through an application of a real-word data
(Sect. 5).

4 Simulations

The simulation design follows a three-step procedure: (i) Different three-variate
random fields following a SBSS model with known mixing matrix and spatial
covariance structure are simulated on a set of coordinates, (ii) different SBSS
estimators are applied on the simulated dataset to obtain estimates for the unmix-
ing matrix and (iii) the estimated unmixing matrices and the known mixing
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matrix are compared by a performance measure. These three steps are repeated
2000 times, and the average performance measure for each setting is presented.
Below the details for each step and the results are given. The statistical compu-
tations for the simulation study were performed using the R environment (ver-
sion 4.0.3; R Core Team 2023), with the aid of the RandomFields (Schlather
et al. 2015), JADE (Miettinen et al. 2017), and SpatialBSS (Muehlmann et al.
2025) packages. The latter provides implementations for both isotropic and aniso-
tropic SBSS.

Sample Locations & Random Field Models Given the spatial domains of the
form S = [0, n] X [0, n] where n = 10, 20, 30, 40, 50, 60, 70, the set of sample loca-
tions for each domain is the integer grid C = Sn Z2. In the following, the domains
have been denoted loosely by [0, n]%.

Regarding the random field, four different settings have been considered. Each
setting consists of three-variate Gaussian random fields following the SBSS model
defined above where the mixing matrix equals the identity A =15 and b = 0. The
spatial covariance structure for the latent components, depending on the separation
vector h = s — ¢’ for any two points s and §', is given by

C(h) = i (”Blhn VK<”B1h”>+621(Bh=0) (6)
2w\ ¢ )\ o S

The first part of the covariance functions is the well-known stationary Matern covar-
iance (Guttorp and Gneiting 2006) with 6]2 >0, v>0 and ¢ > 0 are the variance,
shape and range parameter, K, is the modified Bessel function of second kind, and
I" is the gamma function. The second part is an on-site variance term often denoted
as nugget term with the variance parameter o-% >= 0. With this definition, geometric
anisotropy can be included by the coordinate transformation given by the matrix B,

defined as:
_ (1 0 cosf —sinf
B, = <O 1/r> <sinﬂ cos f ) O

Hence, the coordinates get rotated by the angle § and then the length of the (new)
second axis is reduced by the factor 1/r with r > 0. Zonal anisotropy can be included
by the nugget effect in conjunction with the matrix B,, which is supposed to be a
matrix of rank one defined by

B, =bb'. )

With this definition, a constant variance 05 is added to the model when a pair of

sample locations has zero distance along the direction given by the vector b, or
equivalently, a constant variance ag is added to the direction perpendicular to b.
With this, the four considered settings can be specified as follows.

1. Isotropic setting with 67 = 1, o5 =0, f = 0 and r = 1 for all three latent fields.

The parameters (v, ¢) equal (0.7, 1.0) for the first, (1.0, 1.5) for the second and
(1.3, 2.0) for the third entry of the latent field.
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Covariance

Distance

Latent field — z1 - - 22 -+ Z3

Fig.2 The covariance functions for the three latent components used in the isotropic Setting 1

Table 1 Summary of the class

Settin Zonal Geometric
of anisotropy for all considered &
simulation settings 1 _ —

2 + -

3 - +

4 + +

2. Zonal anisotropic setting with o-f =07, o-§ = 0.3 for all three latent fields and
(v, ¢) as in Setting 1. The vectors b equal (1, 1) for the first, (1,0)" for the second
and (0, 1) for the third entry of the latent field.

3. Geometric anisotropic setting with 012 =1, a% = 0 for all three latent fields and
(v, ¢) as in Setting 1. The parameters (f, r) equal (z /8, 3) for the first, (z /3, 2) for
the second and (2z /3, 5) for the third entry of the latent field.

4. Zonal and geometric anisotropic setting with 612 =0.7, ag = 0.3 for all three latent
fields, (v, ¢) as in Setting 1, the vectors b as in Setting 2 and (4, r) as in Setting 3.

Figure 2 depicts the spatial covariance functions of the three latent components in
case of isotropy (Setting 1), and Table 1 summarizes the included form of anisot-
ropy for each setting.

Estimators For each estimator, three ring kernels with parameters
(r;,ry) € {(0,1),(1,2),(2,3)} have been used, but different configurations of the
angles a = (al,(xz)T for each of the three rings have also been considered. Hence,
the difference in performance of the methods originates mostly from the chosen
angles. Specifically, five different sets of angles, which are summarized in Table 2,
have been introduced. Lastly, the unmixing matrix has been estimated by the fourth-
order blind identification (FOBI) method (Cardoso 1989; Nordhausen and Virta
2019) which does not account for spatial dependence at all; thus, it acts as a refer-
ence method or “random guess.”
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Table2 Summary of the

considered angles for the SBSS Name « E::)rtﬁ::li
estimators
Aniso.x 0,7/4) 3
Aniso.y (z/2,7/4) 3
Aniso.1 (n/4,7/4), B /4,7 /4) 6
Aniso.2 (z/4,7[8), (x/2,7/8), Br/4,7/8) 9
Iso 0,7/2) 3

Performance Measure To measure the quality of an estimated unmixing matrix
W based on the known mixing matrix A, one can exploit the fact that mixing and
unmixing the signal should be the identity operation (up to the model indetermi-
nacies of sign, order and scale) when the estimate is perfect, i.e., WA ~ Ip. This
consideration is used by the minimum distance index (MDI) (Ilmonen et al. 2010;
Lietzen et al. 2020) which is constructed as

A 1 . A

Here, C? is the set of all p X p matrices with exactly one nonzero element on each
row and column which accounts for the not identifiable order, scale and sign. The
MDI takes values between zero and one where zero is a perfect estimation of the
unmixing matrix.

Results Figure 3 depicts mean MDI curves based on 2000 simulation repetitions
for the combinations of all sample sizes, settings and estimators. From the simula-
tion outcomes, the following qualitative conclusions can be drawn.

(1) In a fully isotropic setting, estimators with any choice of anisotropy deliver
meaningful results.

(i1) Isotropic kernel settings might not be corrupted by sole zonal anisotropy;
however, slightly better results are achieved by anisotropic kernels.

(iii) Accounting anisotropy, when the data have a geometric anisotropic nature,
significantly improves the results. The considered directions must be cautious
chosen; wrong direction kernel worsens the results significantly compared to
isotropic kernels.

(iv) When in doubt of isotropy and corresponding directions, a save kernel options
might be build upon kernels that use different directions which in total cover
the whole circle.

In a space-time context, apart from a natural form of non-geometric anisotropy
which is also justified by the non-comparability of the spatial and temporal dimen-
sions of the domain, it is also reasonable that the spatial evolution is anisotropic;
thus, the results of the spatio-temporal BSS in Muehlmann et al. (2023) can be fur-
ther extended by considering the above-mentioned evidence.
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Setting 1 Setting 2

= R et T R R

0.0

MDI

Setting 3 Setting 4

. +—.
064 & - F—t—rt -t —t R e TR

-+- FOBI =¥ Anisoy Aniso.2

-7 Aniso.x Aniso.1 -4 - [so

Fig.3 Mean MDI curves for various BSS methods based on 2000 simulation repetitions. Setting 1 rep-
resents the isotropic case, Setting 2 corresponds to the zonal anisotropic case, Setting 3 captures the geo-
metric anisotropic case, and Setting 4 combines both zonal and geometric anisotropic features

5 Case study

In this section, it is demonstrated how the proposed approach can be applied to real-
world data. The dataset, available in the R package SpatialBSS (Muehlmann
et al. 2025), contains the averages of various meteorological variables for week
28 of 2021. The data were collected by the Environmental Agency for Prevention
and Protection of the Italian Veneto Region (https://www.arpa.veneto.it) from 75
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monitoring stations across the region (Fig. 4). In particular, the following variables
have been considered: evapotranspiration levels (ET,, in mm) determined using
the method proposed in (Hargreaves 1974), maximum and minimum air tempera-
ture (T, and T,,, respectively, in °C), percentage of maximum and minimum rela-
tive humidity (H,, and H,,, respectively) and precipitations (P) in mm. In the case
study, a well-known Box-Cox-type transformation /n(P + 1), denoted with [P, was
employed; thus, taking into account the presence of zero values, before applying the
log transformation to reduce skewness, the precipitation data have been shifted by 1.

The performance of the new anisotropic procedure has been evaluated through
the leave-one-out cross-validation and the jack-knife estimations at 67 and 8 sta-
tions, respectively. Note that 8 spatial locations have been randomly selected from
the available 75 sample points and have been used to define the testing dataset, leav-
ing the remaining 67 monitoring stations in the training data. Then, a comparison
between the results obtained using the anisotropic and isotropic approach has also
been proposed.

From the descriptive statistics and the color maps of the training data (Table 3,
Fig. 5), it is evident that the scales differ; hence, standardized data with zero mean
and unit variance have been considered in the SBSS procedure in order to facilitate
the loadings interpretation. This data transformation does not affect the found latent
components as the BSS methods are affine equivariant.

+ data - type

- testing data
training data

v
o
e @
oo
o
o
© o
.o e
© ® ® o © [e)
PR o o)
OQ)O oO o
o
o) o Ooo 2 0ce®
o (A o, ® O
o %0 o o
OOO .OOO
o
OOOOOO
o

30 km
20 mi Leaflet | © OpenStreetMap contributors © CARTO

Fig.4 Location map of the 67 training stations and 8 testing stations, in the Veneto region
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(d) (e) ()

Fig.5 Color maps of a ET,,,b Ty, ¢T,,d Hy, e H,, and f [P

Table 3 Descriptive statistics of the meteorological variables

Minimum 1 st Quartile Median Mean 3rd Quartile Maximum SD
ET, 3.57 4.44 4.71 4.66 4.94 5.50 0.38
Ty 23.06 28.45 29.36 28.86 30.06 30.91 1.70
T, 12.61 16.34 16.86 16.69 17.46 21.71 1.51
Hy, 83.57 95.21 98.43 96.92 99.57 100.00 3.91
H, 37.71 41.79 43.71 44.67 46.93 62.71 433
P 0 0.47 1.39 1.80 3.05 5.14 1.47

After the exploratory data analysis, the variograms estimation has been per-
formed for different directions and the presence of anisotropy has been detected.

Hence, the new defined local covariance matrices (Sect. 3) have been jointly diag-
onalized, and the weights, determined by the spatial kernels, have been properly cho-
sen to account for the anisotropy. In particular, 12 ring kernels have been considered,
with radii (0, 40) km, (40, 65) km, (65, 80) km and angles 0, 7 /4, z /2 and 3z /4,
which include all possible directions; moreover, the choice of the inner and outer
radii has been supported by the evaluation of the descriptive statistics on the Euclid-
ean distance among the spatial monitoring stations.

In Table 4 the estimated unmixing matrix is given. From the loadings, it is evi-
dent that:
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Table 4 Unmixing matrix for

the six anisotropic spatial latent ETo T Tn Hy H, i

random fields z 009  —011 -009 -019 -013 090
2 0.61 —-1.35 1.20 0.41 0.71 -0.03
Z3 1.78 —-0.04 0.01 -0.76 1.21 0.34
2y 1.25 -1.04 153 0.30 -0.13 085
Z5 -1.84 330 -1.09 -1.08 0.73 0.19
Zg -313 440 - 1.81 0.49 0.32 0.70

Bolded values highlight the variables used for interpretation

z; is mainly formed by the precipitations,

7, is mostly driven by the difference between T, and T,

7318 characterized by ET|, and the discrepancy between H,, and H,,,

4 is described by ET|, and the difference between T, and T,

Z5 1s formed by the discrepancy between 7T, and T,,,, as well as H,, and H,,, with
also a negative contribution of ET;,

® 7 is similar to zs, except for the contribution of humidity.

Figure 6 depicts the SBSS solution of the meteorological data using 12 ring
kernel functions with parameters (r;,r,) € {(0,40),(40,65),(65,80)} km and
(ay, @) € {(0,7/8),(x/4,7/8),(x/2,x/8), Bx /4, x/8)}.

After the estimation of the uncorrelated latent components and of the unmixing
matrix W, each latent field Z;, i =1, ..., 6, has been analyzed in a univariate man-
ner, and the most appropriate variogram model has been fitted in order to predict
each component at some unsampled spatial locations using the kriging method. To
this aim, the omnidirectional and directional variograms (i.e., the ones associated
with the angles 0°, 30°, 45°, 75°, 90°, 120°, 135° and 165°) have been estimated for
different spatial lags, where the number of lags has been properly defined according
to the geometry of the spatial points over the domain. In Fig. 7 the omnidirectional
variograms or the variograms along the directions of maximum and minimum conti-
nuity for each latent component are depicted.

From a graphical inspection of the sample variograms, the class of models (i.e.,
spherical, exponential or Gaussian) has been chosen and the corresponding param-
eters have been set, as detailed in Table 5. Note that 4 out of 6 components show
an anisotropic behavior; hence, the anisotropy ratio (obtained as the ratio between
the range in the direction of minimum continuity and the one along the direction of
maximum continuity) has been specified. This characteristic revealed by the direc-
tional variograms might be influenced by the orientation of the locations toward the
sea or the weather conditions in the analyzed week.

Before using the above-mentioned models to make predictions of the meteoro-
logical variables at 8 testing monitoring stations, the models’ adequacy has been
checked, as described in the next section.

Leave-one-out cross-validation validation model and comparison
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Fig. 7 Omnidirectional and directional sample variograms for the six anisotropic spatial latent random
fields
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Table5 Variogram model parameters for the six anisotropic spatial latent random fields

Model Nugget Sill Range (km) Direction of max  Anisotropy ratio
continuity

7 Gau 0.05 2.35 92.05 90° 0.66

2 Sph 0 1.30 77.00 90° 0.844

Z3 Gau 0.49 0.57 30.50 - -

2 Sph 0 1.27 106.88 45° 0.694

Zs Exp 0 0.96 8.70 - -

Z4 Exp 0.40 0.65 31.50 30° 0.378

A leave-one-out cross-validation technique has been applied for each latent com-
ponent, in order to assess the goodness of the fitted models detailed in Table 5 and
the appropriateness of the anisotropic setting. The predicted values of the latent
components have been multiplied by W to derive the variables of interest. Then
among the error metrics proposed in the literature, the relative mean absolute error
(rtMAE) and the root average error (RAE) have been considered. In particular:

e the rMAE has been computed as the ratio between the sum of the absolute errors
and the sum of the absolute value of the true measurements,

3 (x(s,.)—x(s,.)’
tMAE = =

Sl
i=1

e the RAE has been computed as the square root of the ratio between the sum of
the squared errors and the sum of the squared true values,

(10)

0 0.5

Z [/)E(Si) - X(Si)]z

i=1

RAE = . (11)

i xz(si)
i=1

The correlation coefficient between the observed and the estimated values as well
as the relative indexes (r = 0.998, rMAE = 0.039 and RAE = 0.049) has confirmed
the adequacy of the variogram models fitted to the latent components as well as the
satisfactory results of anisotropic SBSS in recovering the latent components them-
selves. However, it is important to consider that the leave-one-out cross-validation
setup usually overestimates the prediction performance as the test and training sets
are dependent, as highlighted in Otto et al. (2024).

The performance of the anisotropic SBSS has also been evaluated through a com-
parative analysis with respect to the results obtained from the traditional SBSS (in
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Table 6 Variogram model

parameters for the latent random
fields estl.mate_d under the Gau 0.16 133 63.14
hypothesis of isotropy

Model Nugget Sill Range (km)

2 Gau 0.44 0.83 34.76
2 Exp 0.07 1.17 37.03
Z Gau 0.44 0.62 36.13
zs Sph 0 1.00 15.00
2 Exp 0 0.98 8.23

Table 7 Cross-validation results

MAE,,;. TMAE, A (% RAE,,,, RAE A (%
from anisotropic and isotropic rMAE i, rMAE, A (%) Anis s *)

approach ET, 0.0398  0.0402 —0.985 0.0588 0.0593 —0.902
T, 0.0226  0.0227 —0.724 0.0340 0.0341 -0.381
T 0.0498  0.0488 2.073  0.0682 0.0690 - 1.182

Hy, 0.0301 0.0318 —5.360 0.0408 0.0424 -—3.956
H, 0.0556 0.0538 3.383 0.0756  0.0767 —1.447

P 0.2474 02681 —7.722 0.2520 0.2689 —6.273
Overall 0.0388 0.0394 —1.451 0.0488 0.0502 —2.794

the isotropic case). Structural analysis has also been conducted for the independent
components, retrieved from the isotropic SBSS, and the models provided in Table 6
have been fitted to the corresponding sample variograms.

In Table 7, the values of the error indexes and the percentage relative variation
(A) between the indicator under the anisotropy assumption and the one under the
isotropy hypothesis (relative to the latter) are given. Negative (positive) A values
highlight an improvement (worsening) in predicting the variables under study, start-
ing from the anisotropic SBSS latent fields and the corresponding mixing matrix,
instead of the isotropic SBSS latent components and their mixing matrix. It is evi-
dent that the anisotropic approach shows better performance than the isotropic one,
with a relative improvement up to 7.722% and 6.273% in terms of rMAE and RAE,
respectively, and an overall A of 1.451% and 2.794%.

Spatial predictions and comparison

In this stage of the analysis, the two SBSS approaches have been compared in
terms of predictive performance, by estimating the analyzed variables at 8 testing
monitoring stations.

In particular, the kriging estimates for all the latent components have been com-
puted using the models detailed in Tables 5 and 6; then, the univariate estimates
have been multiplied by the inverse of the unmixing matrix w. Finally, these last
results have been converted to the original scale of the data.

The predictive performance of the two SBSS approaches has been assessed by
means of the error indexes, already used in the previous section, namely the rMAE
and the RAE. For each index, a percentage relative variation A has been computed
(Table 8).
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Table 8 Statistics on the

prediction errors from TMAE,y,, TMAE, A(%) RAE,,;; RAE, A (%)

anisotropic and isotropic ET, 00334 00370 —9502 00364 00391 - 6.946
approach 7, 00177 00183 —3026 00263 00269 —2.092
T, 00708 00650 8864 00810 0.0777 4315
H, 00241 00270 —10.600 0.0309 0.0336 - 8.173
H, 00474 00513 —7.554 00521 00566 —7.958
P 02726 03038 —10261 02443 02653 —7.926

Global 0.0347 0.0369 —-6.093 0.0367 0.0394 -6.777

The goodness of the anisotropic approach has also been confirmed when the
observed variables are predicted at new spatial locations. Indeed, the deviation
between estimates and true values is on average lower for proposed procedure with
respect to the isotropic case, with values for the relative variation up to 10.600% and
8.173% in terms of rMAE and RAE, respectively, as well as a global improvement
of the prediction errors of 6.093% and 6.777% in terms of the same error indexes.

The R code to reproduce the case study is available in the supplementary material.

6 Discussion

Isotropy is a convenient yet restrictive assumption that has been implicitly employed
in SBSS, as all the local covariance matrices involved did not incorporate any direc-
tional information. In this study, it is demonstrated how local covariance matrices
can be modified to include directional information, which proved to be highly advan-
tageous in the simulation study. The extension proposed here was formulated for
d =2, where it effectively selects “slices” from a circle. Analogously, for d = 3, the
method could select “cones” from spheres. A pertinent question arises: Which slices
or cones are important? Generally, subject-specific information should primarily
guide this selection. However, as demonstrated in the case studies on simulated and
real data, employing multiple slices can serve as a safeguard when in doubt.

It is worth noting that SBSS has recently been extended to the spatio-temporal
domain by Muehlmann et al. (2023), and their approach also relied on similar local
covariance matrices. The proposed method for incorporating directional information
in the spatial component of the local space-time covariance function can be natu-
rally applied in this context as well. However, as clarified, the impact may be less
pronounced than in the purely spatial case presented here, as local space-time covar-
iance matrices inherently exhibit anisotropy due to the distinct nature of space and
time measures.

Acknowledgements We thank the reviewer and the handling editor for their valuable comments, which
have significantly improved the quality of the paper. The work of CM, CC and KN was supported by
the Austrian Science Fund P31881-N32. KN was also supported by the Research Council of Finland
(363261) and by the HITEc COST Action (CA21163).

@ Springer



Anisotropic local covariance matrices for spatial blind source...

Funding Open Access funding provided by University of Helsinki (including Helsinki University Central
Hospital).

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License,
which permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long
as you give appropriate credit to the original author(s) and the source, provide a link to the Creative
Commons licence, and indicate if changes were made. The images or other third party material in this
article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’s Creative Commons licence and your intended
use is not permitted by statutory regulation or exceeds the permitted use, you will need to obtain permis-
sion directly from the copyright holder. To view a copy of this licence, visit http://creativecommons.org/
licenses/by/4.0/.

References

Allard, D., Senoussi, R., Porcu, E.: Anisotropy models for spatial data. Math. Geosci. 48(3), 305-328
(2016). https://doi.org/10.1007/s11004-015-9594-x

Bachoc, F., Genton, M.G., Nordhausen, K., Ruiz-Gazen, A., Virta, J.: Spatial blind source separation.
Biometrika 107(3), 627-646 (2020). https://doi.org/10.1093/biomet/asz079

Bachoc, F., Muehlmann, C., Nordhausen, K., Virta, J.: Large-sample properties of non-stationary
source separation for Gaussian signals. Electron. J. Stat. 18(1), 2241-2291 (2024). https://doi.
org/10.1214/24-EJS2252

Cardoso, J.-F.: Source separation using higher order moments. In: International Conference on Acous-
tics, Speech, and Signal Processing Proceedings, pp. 2109-2112 (1989). https://doi.org/10.1109/
ICASSP.1989.266878

Cressie, N.: Statistics for Spatial Data. Wiley, New York (1993)

Genton, M.G., Kleiber, W.: Cross-covariance functions for multivariate geostatistics. Stat. Sci. 30(2),
147-163 (2015). https://doi.org/10.1214/14-STS487

Guttorp, P., Gneiting, T.: Studies in the history of probability and statistics XLIX on the Matérn cor-
relation family. Biometrika 93(4), 989-995 (2006). https://doi.org/10.1093/biomet/93.4.989

Hargreaves, G.H.: Estimation of potential and crop evapotranspiration. Trans. Am. Soc. Agric. Biol.
Eng. 17, 701-704 (1974). https://doi.org/10.13031/2013.3694 1

Ilmonen, P., Nordhausen, K., Oja, H., Ollila, E.: A new performance index for ICA: properties, com-
putation and asymptotic analysis. In: Vigneron, V., Zarzoso, V., Moreau, E., Gribonval, R., Vin-
cent, E. (eds.) Latent Variable Analysis and Signal Separation, vol. 6365, pp. 229-236. Springer,
Berlin (2010). https://doi.org/10.1007/978-3-642-15995-4_29

Journel, A.G., Huijbregts, C.J.: Mining Geostatistics. Academic Press, London (1976)

Lietzen, N., Virta, J., Nordhausen, K., [lmonen, P.: Minimum distance index for BSS, generalization,
interpretation and asymptotics. Aust. J. Stat. 49(4), 57-68 (2020). https://doi.org/10.17713/ajs.
v49i4.1130

Miettinen, J., Nordhausen, K., Taskinen, S.: Blind source separation based on joint diagonalization
in R: the packages JADE and BSSasymp. J. Stat. Softw. 76(2), 1-31 (2017). https://doi.org/10.
18637/jss.v076.102

Muehlmann, C., Nordhausen, K., Yi, M.: On cokriging, neural networks, and spatial blind source sep-
aration for multivariate spatial prediction. IEEE Geosci. Remote Sens. Lett. 18(11), 1931-1935
(2021). https://doi.org/10.1109/LGRS.2020.3011549

Muehlmann, C., Bachoc, F., Nordhausen, K.: Blind source separation for non-stationary random
fields. Spat. Stat. 47, 100574 (2022). https://doi.org/10.1016/j.spasta.2021.100574

Muehlmann, C., De Iaco, S., Nordhausen, K.: Blind recovery of sources for multivariate space—time
random fields. Stoch. Environ. Res. Risk Assess. 37, 1593-1613 (2023). https://doi.org/10.1007/
s00477-022-02348-2

Muehlmann, C., Bachoc, F., Nordhausen, K., Yi, M.: Test of the latent dimension of a spatial blind
source separation model. Stat. Sin. 34, 837-865 (2024a). https://doi.org/10.5705/ss.202021.0326

Muehlmann, C., Filzmoser, P., Nordhausen, K.: Spatial blind source separation in the presence of a
drift. Aust. J. Stat. 53, 48—68 (2024b). https://doi.org/10.17713/ajs.v53i2.1668

@ Springer


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1007/s11004-015-9594-x
https://doi.org/10.1093/biomet/asz079
https://doi.org/10.1214/24-EJS2252
https://doi.org/10.1214/24-EJS2252
https://doi.org/10.1109/ICASSP.1989.266878
https://doi.org/10.1109/ICASSP.1989.266878
https://doi.org/10.1214/14-STS487
https://doi.org/10.1093/biomet/93.4.989
https://doi.org/10.13031/2013.36941
https://doi.org/10.1007/978-3-642-15995-4_29
https://doi.org/10.17713/ajs.v49i4.1130
https://doi.org/10.17713/ajs.v49i4.1130
https://doi.org/10.18637/jss.v076.i02
https://doi.org/10.18637/jss.v076.i02
https://doi.org/10.1109/LGRS.2020.3011549
https://doi.org/10.1016/j.spasta.2021.100574
https://doi.org/10.1007/s00477-022-02348-2
https://doi.org/10.1007/s00477-022-02348-2
https://doi.org/10.5705/ss.202021.0326
https://doi.org/10.17713/ajs.v53i2.1668

C. Muehlmann et al.

Muehlmann, C., Sipild, M., Cappello, C., De Iaco, S., Nordhausen, K., Taskinen, S., Virta, J.: Spa-
tialBSS: Blind Source Separation for Multivariate Spatial Data. (2025). R package version 0.16-
0. https://CRAN.R-project.org/package=SpatialBSS

Nordhausen, K., Virta, J.: An overview of properties and extensions of FOBI. Knowl. Based Syst.
173, 113-116 (2019). https://doi.org/10.1016/j.knosys.2019.02.026

Nordhausen, K., Oja, H., Filzmoser, P., Reimann, C.: Blind source separation for spatial composi-
tional data. Math. Geosci. 47(7), 753-770 (2015). https://doi.org/10.1007/s11004-014-9559-5

Otto, P., Fasso, A., Maranzano, P.: A review of regularised estimation methods and cross-validation in
spatiotemporal statistics. Stat. Surv. 18, 299-340 (2024). https://doi.org/10.1214/24-SS150

Paciorek, C.J., Schervish, M.J.: Spatial modelling using a new class of nonstationary covariance func-
tions. Environmetrics 17(5), 483-506 (2006). https://doi.org/10.1002/env.785

Piccolotto, N., Bogl, M., Muehlmann, C., Nordhausen, K., Filzmoser, P., Miksch, S.: Visual param-
eter selection for spatial blind source separation. Comput. Graph. Forum 41(3), 157-168 (2022).
https://doi.org/10.1111/cgf.14530

R Core Team: R: A Language and Environment for Statistical Computing. R Foundation for Statistical
Computing, Vienna (2023)

Sampson, P.D., Guttorp, P.: Nonparametric estimation of nonstationary spatial covariance structure. J.
Am. Stat. Assoc. 87(417), 108-119 (1992). https://doi.org/10.2307/2290458

Schlather, M., Malinowski, A., Menck, P.J., Oesting, M., Strokorb, K.: Analysis, simulation and predic-
tion of multivariate random fields with package RandomFields. J. Stat. Softw. 63(8), 1-25 (2015).
https://doi.org/10.18637/jss.v063.108

Sherman, M.: Spatial Statistics and Spatio-temporal Data: Covariance Functions and Directional Proper-
ties. Wiley, Chichester (2011)

Sipild, M., Muehlmann, C., Nordhausen, K., Taskinen, S.: Robust second-order stationary spatial blind
source separation using generalized sign matrices. Spat. Stat. 59, 100803 (2024a). https://doi.org/10.
1016/j.spasta.2023.100803

Sipild, M., Nordhausen, K., Taskinen, S.: Nonlinear blind source separation exploiting spatial nonstation-
arity. Inf. Sci. 665, 120365 (2024b). https://doi.org/10.1016/j.ins.2024.120365

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer


https://CRAN.R-project.org/package=SpatialBSS
https://doi.org/10.1016/j.knosys.2019.02.026
https://doi.org/10.1007/s11004-014-9559-5
https://doi.org/10.1214/24-SS150
https://doi.org/10.1002/env.785
https://doi.org/10.1111/cgf.14530
https://doi.org/10.2307/2290458
https://doi.org/10.18637/jss.v063.i08
https://doi.org/10.1016/j.spasta.2023.100803
https://doi.org/10.1016/j.spasta.2023.100803
https://doi.org/10.1016/j.ins.2024.120365

	Anisotropic local covariance matrices for spatial blind source separation
	Abstract
	1 Introduction
	2 Spatial blind source separation
	3 Anisotropic local covariance
	4 Simulations
	5 Case study
	6 Discussion
	Acknowledgements 
	References


