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ABSTRACT: We consider Schur line defect correlators in four dimensional N =4 U(N) SYM
and their giant graviton expansion encoding finite N corrections to the large N limit. We
compute in closed form the single giant graviton contribution to correlators with general
insertions of %—BPS charged Wilson lines. For the 2-point function with fundamental and
anti-fundamental Wilson lines, we match the result from fluctuations of two half-infinite
strings ending on the giant graviton, recently proposed in arXiv:2403.11543. In particular,
we prove exact factorization of the defect contribution with respect to wrapped D3 brane
fluctuations representing the single giant graviton correction to the undecorated Schur index.
This follows from a finite-difference representation of the Schur line defect index in terms of
the index without defects, and similar factorization holds quite generally for more complicated
defect configurations. In particular, the single giant graviton contribution to the 4-point
function with two fundamental and two anti-fundamental lines is computed and discussed
in this perspective.
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1 Introduction

The superconformal index introduced in [1-3] is the Witten index [4] in radial quantization
and is a common device for the study of the BPS spectrum of superconformal theories. As a
general fact, for U(N) gauge theories with a gravity dual, the superconformal index has a
definite N — oo limit matching the index of BPS supergravity states.! On the CFT side,
corrections at finite IV are due to gauge group trace relations taking into account the structure
of multi-trace states. The dual gravity explanation of these corrections is in terms of giant
graviton contributions [7] with charge ~ N. As suggested recently in [8, 9], finite IV corrections
may also be computed by analyzing the BPS geometries of supergravity bubbling solutions.

In the specific case of 4d N =4 U(N) SYM, dual to IIB superstring in AdSs x S°, the
giant graviton expansion of the index involves the “brane index” of the theory living on
the world-volume of multiply wrapped D3 brane configurations [10-12]. In this paper, we
will consider the Schur specialization of the general index [13, 14]. It may be introduced in
theories with at least N = 2 supersymmetry where it reproduces the vacuum character of
the chiral algebra characterizing a protected sector [15]. In N =4 U(NN) SYM the definition
of the Schur index is

VM) (: q) = Trgpg[(—1)F T+ pf—Fe] (1.1)

'This is a limit order by order in the charge of the contributing BPS states. It captures single trace states
in the CFT, but should not be confused with the large N limit of the index, see in particular [5, 6].



where H is the Hamiltonian, J,J are two spins, and the Ri, Ry are two of the R-charge
generators in the PSU(2,2|4) superconformal group. The variable ¢ is the universal fugacity,
while 7 is usually referred to as a flavor fugacity. The Schur index admits an explicit
holonomy integral representation that reads (PE stands for plethystic exponentiation), see
for instance [16],

) = f DYz PEIf 0oz (1.2

where the measure D z and the character xn(z) of the U(N) fundamental representation are

DVa— LT 11 <1—Z”), XD(z):izn. (1.3)
n=1

= :
N! oot} 2T 2y, rm Zm

The function f(n;q) in (1.2) is the single particle Schur index and is given by the simple

function

v (n+nHg—2¢°
fniq) = 2 : (1.4)

Exact results for the Schur index at specific values of N have been obtained in [17-20] in the

case of U(N) gauge group, and generalized to B,,,Cy, D,, G2 groups in [21].

As discussed in [22], the giant graviton expansion of the Schur index is simpler than
that of the general index and can be written in terms of the N =4 SYM index itself. One
has indeed the remarkable relation

"M q) =T (n;q) 33 ()" PN, (0; )" PP (PN (s q), (L5)
n=0 p=0

where I¥K(n); q) is the large N Kaluza-Klein supergravity contribution and the brane indices
ID3(n; q) are obtained by analytic continuation of the N = 4 U(n) SYM index [23]

L2 (3 q) = 190 (712320712 g112) (1.6)

The terms in the sum (1.5) are organized in contributions with weight ~ ¢" with the index
n being the wrapping number of D3 branes with topology S' x S2, where S' ¢ AdSs and
S3 C S5, The approach based on the analytic continuation (1.6) was successfully applied in
many other instances [24-30] and was confirmed by complete fluctuation analysis in [31-34].2
Recently, the brane indices I23(n; ¢) were computed in closed form in [37].

A natural extension of the Schur index consists in decorating it by inserting defect
lines [38, 39] and exact results have been obtained for the associated Schur correlators
involving an arbitrary number of defect operator ('t Hooft or Wilson lines) insertions [40-46].
When the index is regarded as a supersymmetric partition function on S* x S3, the defect lines
are wrapping S' and are placed on a great circle of S3 to preserve supersymmetry [41]. Schur
line defect correlators are topological and do not depend on the distance between the inserted
Wilson lines. Here, we consider the insertion of %—BPS Wilson lines with generic charges.

2An alternative approach based on localization of the theory on the brane world-volume has been recently
discussed in [35] and later developed in [36] for the giant graviton expansion of the 1-BPS index in N =4
U(N) SYM.



Insertion of Wilson line defects in representations Ry, Ra, ... is computed by the following
modification of the holonomy integral in (1.2)

G050 = ¢ DYz Tl () PR GE N (GDeGT] (17)

n>1

Due to its basic role in the following discussion, we introduce a special notation for the Schur
line defect 2-point function with a fundamental and an anti-fundamental

U(N)

v U(N)

_ UV
(1:9) = 1557 (0:.0) = Todoing (150) - (1.8)
When the Wilson lines in fundamental representation have charges @), the corresponding
expression involves multiple power symmetric characters [],, xo (zQ”).
In this paper, we consider the giant graviton expansion of the above Schur line defect
correlators, working at single giant graviton level. In the case of the 2-point function

IE(N) (n;q), the large N limit is known to take the factorized form [39]

mq) =Ipi(;0) x IV (59),  Ipi(miq) = 1—f1(77'q) : (1.9)

Iy
From the AdS/CFT perspective, the factor Iy (n; ¢) corresponds to fluctuations of a fundamen-
tal string along AdSy C AdSs [47, 48] meeting the boundary of AdSs at the two poles of S% in
0AdSs = R x S3, where the line operators are placed. The detailed analysis of fluctuations was
performed in [39]® confirming that the expression fr1(n;q) = —¢>+ (n+n~1) ¢ in the formula

Ir1(n;9) = PE[fr1(n;9)] s (1.10)

matches the single particle index of fluctuations of the fundamental string.

() (n;q) one should also

Quite naturally, one expects that for the 2-point function IIFJ
have a leading giant graviton contribution due to the contribution from two semi-infinite
strings attached to the Wilson lines and ending on the giant graviton. This proposal and
its quantitative verification appeared very recently in [50] (with extension to multi-graviton

contributions). In particular, it was found that*

IE(N) — Ipy IU(N) N N ~ A\ N o
0(0) =14+ (Sema)n +Spma)n ) ¢ +0(), (1.11)
i N (e 1 . N o-l o2
Sr (m9) = Gpsz(n;q) X ” PE[fe(m; @),  fr(mq) =20 "q¢—2¢°, (1.12)

where G{5(n;q) is the single giant graviton contribution to the undecorated Schur index
coming from D3 brane fluctuations [22, 37] and fr(n; ¢) in (1.12) agrees with the single particle
index from fluctuations of the two semi-infinite strings ending on the giant graviton. The origin
of the prefactor 1/(nq) is at the moment unclear. It also affects higher order giant graviton

3Fluctuations are in multiplets of SO(2,1) x SO(3) x SO(5). The last two factors correspond to rotations
of the remaining AdSs coordinates giving SO(3) symmetry, and rotations of the fixed point in S® giving
SO(5) [49].

“In the ratio (1.11) we subtract the contribution Ip;IV) corresponding to the case when the two half-infinite
strings do not end on the giant graviton, and the difference is divided by the supergravity contribution.



contributions and was suggested to be a back-reaction effect in [50]. Relations (1.11), (1.12)
were confirmed by comparing with the first terms in the small ¢ expansion of the 2-point
function at large N.

In this paper, we derive the exact form of the single giant graviton expansion of various

(N

Schur line defect correlators. In particular, for Ig )(17; q) we prove the exact result

U(N)

I ; 3 B
W =1+ (GF(U;Q) ™ + Gy (niq)n N) @ +0(¢*N), (1.13)
F n;q

with (see appendix A for notation)

3
1-¢* 1_77Q> (%) — +0—1

. Gz(n;9) =G iq). 1.14
ng 1-nlg 29(7727%) r(m:9) r(n 5q) ( )

Gy (m1:9) = =1 q (1 +
Expression (1.14) is equivalent to (1.11), (1.12) and has a remarkable factorized form.

Indeed, the effect of the two Wilson lines insertion is fully captured by the second term in
round bracket. In other words, one has the exact simple relation

2
Gr(nq) = <1 + nlq a 1q_)7§£1 QW)> Ghs(m;q) - (1.15)
The correction factor in brackets has the factor 1/(nq), as in (1.12), while the rest coincides
with the two half strings fluctuations. Our derivation builds on the results of [51] for general
multi-coupling unitary matrix models. We will illustrate how to reduce the calculation of
the Schur line defect correlators to finite differences of the undecorated Schur index with
respect to the gauge group rank. The factorization property in (1.15) will then follow as
a simple consequence.

By our approach, it will be possible to generalize results like (1.15) to a large extent.
To give an example, for the 4-point function with two Wilson lines in the fundamental
representation and two in the anti-fundamental, we obtain for the ratio similar to (1.13)
the exact result

1—5¢*+3ng+ng¢* (1—¢*)(1—nq)

+ -q) = + (1
Gl opama = |1+ o (= Ghs(mq).  (1.16)
For the subtracted ratio similar to (1.11), this gives
+ + 1 —5¢* + 3ng + ng’ 2, 4—1
S naa(ma) = Gps(n; ) x PE[-3¢" +4n™ g+ nq] . (1.17)

UR'S
Comparing with (1.12), we see that it takes a factorized form with a more complicated
prefactor which is however still a sum of monomials, times plethystic of a three terms
combination. This should be the single particle index for fluctuations of the worldsheet
attached to the four Wilson lines and ending on the giant graviton.

Our methods may provide exact predictions for many Schur line defect correlators to
be hopefully compared with the analysis of explicit string fluctuations.



Plan of the paper. The plan of the paper is the following. In section 2, we discuss the
large N limit of Schur line defect correlators. In section 3, we present our main results. In
particular, we derive the exact result (1.14) for the Schur defect 2-point function with two
Wilson lines in the fundamental and anti-fundamental. The derivation includes the case of
a pair of oppositely charged Wilson lines. In section 4 we obtain the single giant graviton
correction to the 4-point function with two fundamental and two anti-fundamental lines.
Section 5 discusses the relation between our closed formulas and their interpretation in terms
of string fluctuations. The case of general charge assignments with a vanishing large N limit,
but admitting a non-trivial single giant graviton correction, is presented in appendix B.

2 Schur line defect correlators and the large N limit

In this section, we begin by discussing the N — oo limit of Schur line defect correlators. Let
us start from the multi-coupling unitary matrix integral [51] with g = (g1, g2,...)

> 1
Z :/ dU ex ( nTrU”TrU_"). 2.1
N(g) ) p ngl ~g (2.1)
The Schur index is obtained by specialization

"M (niq) = Zn(g),  gn=Ff0"q"). (2.2)

An important result of [51] is the following large N limit

Zoolg) = 1] !

n=1

o (2.3)

From this result, we can obtain the large N limit of correlators with any number of pairs
of oppositely charged Wilson lines. For instance, we have

o 1 X1
F _ F —
Zn(9) =5 m Zn(g), = Zoo(9) = 7= " n|:|1 . (2.4)

which agrees with (1.9). Its string derivation from fluctuations of a fundamental string along
AdSy C AdSs was given in [39].

Similar expressions can be obtained in more general cases by repeated differentiation.
The fact that other charge assignments have vanishing large N limit can be proved by group
representation theory. An alternative direct derivation is possible by the methods of [51].
To this aim, let us consider insertions of multiple Wilson lines with arbitrary charges and
the Schur line defect correlator

U(N Ol _
600 = § DYz [Dael) PEUGrane@et). @9
2= n=1
Q=(q,92---);, D =0, (2.6)
Following [51], we introduce the generating functional
~ =1
Zy(tT,t7) = / dU exp ( S =t U™ +t, Tr U—")) : (2.7)
U(N) n=1 n



For a function f(t*,t7), we define

© dt+dt_ R S, o +o,— dt+dt_ Lty i —\n_
Ne=TI /%;lngze Tt (g 47, e =0l G
(2.8)
The relation between Zy(g) and Zy(t+,t7) is
Zn(g) = (Zn(tT,t7))g. (2.9)
The N — oo limit of the generating functional Zy is
~ 1
Zoo(tT,t7) = exp ( > nt:{tn) : (2.10)
n=1
For a set of charges Q = (q1,92,...;—q1,—,---), ¢, q; > 0, we have
~ < 1
Z2(t+,t7) = Dgexp (Z nt;[t;) ., Dg= quqjaﬁa - (2.11)
Thus,
dtdt, =1
z9 DoZRL(t*,t~ _/ k "k (— t+t_> D exp< t+t )
(9) = (Dq )g H27rkgk k;kgkkk Q kZl k
(2.12)

If @ is not made of pairs of opposite charges, i.e. is not symmetric under a change of sign of
all charges, we cannot end up with contributions with the same number of t;: and t* and
we get zero due to (2.8). This, together with the previous discussion of the opposite charge
cases, proves the conjectures in section 5.1.1 of [43].

We remark that for general charges @ not of the form (q1,q2,...;—¢1, —q2,...), the fact
that Z%(g) = 0 means that the expression of Zﬁ (g) starts with a term which is ¢’V times a
non-trivial function of 77 and ¢ that may be computed as discussed in appendix B.

3 Leading giant graviton correction to the ((J,J) 2-point function

Let us now move to the finite N corrections to the 2-point function in the fundamental,
ie. Ig(N) (n;q). We begin by recalling what is known in the case of the undecorated Schur
index. Its leading giant graviton expansion was derived in closed form in [37]. It reads

(see appendix A for our conventions)®

3
1Y) (n; q) N2 (%) N2 (nq)? N
) o + —IN— o0 q +1+O q2N ) 31
V() (1; q) ! 9 (12, 4) T g (@) (31)

The first terms of its expansion in small ¢ are

:1—

qN+1 +O(q2N) )
(3.2)

1Y) (1; ) 7 1
I WL v | N+2_  —N-2 (1 —p2)(p Nt~ N-1
T (17: ) + L — 2 (n n )+ —=(1=n")(n n ) g+

®Here and in the following, we will denote by O(¢*") the double giant graviton contribution. Strictly
speaking, its ¢ expansion starts at ¢>~1° for some integer 5. We will not discuss it and just split out all
contributions with an explicit ¢* factor.



3.1 Finite N analysis of the holonomy matrix integrals

Let us examine the structure of the N dependence of Ig(N)(n; q) by computing explicitly
the associated matrix integrals at finite N. We computed explicit series expansions at
order ¢V for various N and results are collected in appendix C. From the pattern guessed

in (C.12), we have

U(N)

I (n;9) [ 7 N+l on-1y | 1=mr4nt v N N IN
=14 |—=0"" =y )+ (" =17 )q+---]q +0(¢™").
12 (n; q) L= n(1 =)
(3.3)

This can be written

U(N

5 i) =1+ (GEm )™ +Gam )™ ) ¢ + 0(¢N 3.4

e = r (1,4)n F(ma)n " ) g (@), (3-4)

I (m59)
with G+<n'q>_ 2 1—772+774q 1_n4_2n6+n8q2+0(q3)

A 1—n?  n(l—n?) nt(1—n?) ’ (3.5)

Gr(n:q) = GE(1™ " q).
Comparing (3.3) with (3.2), we notice that the insertion of the adjoint character in the
Schur index has the effect of giving a first giant graviton correction that starts at order
O(¢") instead of O(¢N*1).

In the next section, we will compute the first term in (3.5) which turns out to a simple
calculation. This will confirm the pattern conjectured in (C.12) and leading to (3.4), (3.5).
A full calculation of the function Gf{(n; q) will be presented later.

As a remark, in the unflavored limit n — 1 limit, we get from (3.2)

1V (1; )

- A 1 _(N 2 N+1 O 2N )
1U()(1; q) (N+2)q +0(¢™"), (3.6)

in agreement with the exact results in [18]. For the Schur line defect, the unflavored limit
can also be read from the above expressions and takes the form

17" (1; )

ES =1—|N+14Ng—(N+3) @+ | ¢V +0(*). (3.7)
I 1:
F (7q)

We will see that this result is actually exact, i.e. there are no higher order corrections in the
square bracket beyond the shown three terms. The explicit factors of N in (3.7) are somehow
expected as a general feature of unrefined indices with algebraic constraints on fugacities.
This was discussed as a wall-crossing effect in [11, 12, 52]. On gravity side, these factors
come from zero modes of wrapped branes fluctuations [32, 33, 53].

3.2 Determination of the ¢V correction from Young tableaux expansion

The result
)
Fo(m9) —1a | (N — ™V L 0(g) | ¢ + (2N, (3.8)
1. (n; ) L=



may be obtained in a straightforward way by Young tableaux expansion methods [54]. We
illustrate this approach because of its simplicity and general applicability. It may compute
systematically the corrections in (3.8), but we will not delve into this extension, since we
will later resum the full set of contributions by a different method.

Introducing holonomies z = (z1,...2,), we have

Zytg) = f,_ D"z e (X Lotz etz ) (39)

|Z|:1 n=1

For two symmetric functions a(z),b(z), following [54], we define the product

(a,b)y = " DNz a(z)b(z7h). (3.10)
2|=
A partition A\ can be represented as (A1, A2, ...) with Ay > Ay > --- or in frequency repre-
sentation 1722 .... The number of parts of A is £(\) =}, r, (the number of non-zero \;).
It is the number of rows in the associated Young tableau. The weight of the partition A is
Al = X, An = X, nrp, the number of blocks in the Young tableau. The known relation
between plethystic and Young tableaux gives the expansion

00 A
Zn(g) =3 3 L 0d2), A=) (3.11)

d=0 [\[=d P

where
o0 o0 o0 o0
=Tlo.=1lor. ox=][rln"  MNz)=]]s=). (312
n=1 n=1 n=1 n=1

Irreducible representations of the symmetric group Sy are also labeled by a Young tableau.
If o € Sy and X*(0) is the associated matrix, we define y*(o) = Tr X*(0). Conjugacy
classes in Sy are also labeled by a Young tableau, and corresponds to the cycle structure
of a class representative. Let they be K,. We define )22 = xMo) with ¢ € K u- These
object can be computed by the Murnaghan-Nakayama rule, see for instance [55]. One has
the two completeness relations

1 1.
N ST o) = Y —XoxXE = b

. — v
> XAXL = PAbu s
lv|=N
and the important formula [55]
OB XEIN =0 D, XAXG- (3.14)
vI=IA|
L(v)<N

Hence, (3.11) can be written as

) A
g ~v
Zn(g)=>_ > o > (RX)? (3.15)
d=0 |\[=d lv|=d
L(v)<N



The Schur line defect 2-point function in the fundamental Ig(N) (m;q) is obtained from an
object similar to (3.11), i.e

-y Z o XB(2), xo (2" ) (2)) w - (3.16)
d=0|)|=d

Let us denote by ) the Young Tableaux A with the addition of one block at the bottom,
so with one more row of length 1. Obviously

Xo(2)xd(2) =x2 (2),  px=(r1+1)px, (3.17)
and thus
> ry+1
Zng)=>> —g" > ) (3.18)
d=0N=a P> lv|=d-+1
L(v)<N

The large N limits discussed previouly are clearly reproduced by these expressions. For
Zn(g) one has indeed [51]

e 1
YA -TIS ar=1I —. (3.19)
A n=1r,=0 n=1 In

and this is easily generalized to the 2-point function of the fundamental representation
(or other cases)

ZE(g) =Y (n+1)g* = (rn+1)g* x H Z gr=——J]— (320
A r1=0 n=2r,=0 1 g1 n—1 1 9n

To go beyond the large N limit, we start from the representation (3.18) for the index, cf. (2.2),

r —|—1 —
Z > = fA 9 Y ()% (3:21)
d=0 |\|=d lv|=d+1
L(v)<N

with, cf. (3.12),

= ﬁ fomsa). (3.22)
n=1

The first correction with respect to the N — oo limit (3.20) is due to Young tableaux with
IA\| = N. Recall also that f2(n;¢) = O(¢g"). We have thus

R e DD SR AU D SIS ICEOH sz, (3.23)

d=N |\|=d PX |v|=d+1 |v|=d+1
L(v)<N
with
ry+1 o
Jo== 3 ——hima Y () (3.24)
A=d P> v|=d+1
L(v)>N+1



The leading term has d = N and therefore corresponds to the unique partition v = (1,...,1) =
(1N for which (¥%,)? = 1 [54]. Thus

IN=—) ifA(ﬁ%Q) = —PE[ef(;9)]|.v,  PE[ef(n;9)] = exp [i %f(n”; q")}
n=1

IN=N Px
(3.25)
In our specific case, we have
fq) = m+n"" g+ 0%, (3.26)
and therefore
TUV) : B
S D g PBfe(y ) 0 + O™, (3.27)
V() (15 q)
The coefficient €V in the plethystic is easily computed from
_ dz 1 1 n N
—PE 1 — _j{ _ N+1 _  —N-1 9
[5(77 + n )]|€N 2|=r 27TiZN+1 1— en 1— 577_1 1— 772 (7] n )a (3 8)

where the circle radius r is taken small enough to exclude the poles ¢ = %! and the
integral is then done by picking up residues. The above is in agreement with the finite
N analysis, cf. (3.8).

3.3 Exact single giant graviton correction Gi;" (n59)

Let us now compute the exact sum of all missing contributions in (3.8), i.e. the exact function
G7(1;q) in (3.4) whose first terms in the small ¢ expansion were given in (3.5). We consider
again the multi-coupling matrix integral Zxy(g) introduced in (2.1). The leading single giant
graviton correction has been worked out in general in [51] and reads

N(g) _
Tlg) LT CON@ (3.29)
with
Gn() =~ [~ T L0 - ) (3.0
N g (1_()2 p n:1n1_gn C_N. .

This formula is the first contribution from a determinantal expansion and is expected to be
valid up to terms where two gravitons contributions are important, i.e. generically ~ ¢?,
see footnote 5. The full higher order giant graviton expansion was discussed in [51] and
interpreted as an instanton expansion in [56]. The two giant graviton contribution was
worked out in [57]. These works examined the unitary matrix integral representation of the
index. A discussion of the comparison with wrapped brane expansion beyond the single
giant graviton contribution was presented in [58].
For the Schur line defect 2-point function in fundamental representation, we need

o0

1
Z8(g) = /U(N) dU TrU Tr U texp < > —gn Tt un TrU—”> , (3.31)

n=1

,10,



and we recall relations (2.4). The giant graviton expansion of Zk(g) is then given by

Z89) _ dnZnle) _ 1

79 L elg) W7y

= (1-91)0,log Z(g) (1 + Gn(g) + ) + (1 = 91)0y, Gn(g) + - -

991200 (9)(1+ Gn(g) +---)]

=1+Gn(g) + (1 —91)9y,Gn(g) + - (3.32)
Thus, we may write
ZE/(Q) F F 1
=1+G +ey G =G - E , 3.33
7% (9) ~n(g) N(g)=Gnlg) — 1= m ~n(g) (3.33)
where, using (3.30), we find
- 1 n n —-n
Bxlg) =exp |~ > ci 1= ¢y-¢ ]| (331
n=1 nl=gn ¢—N

This is the same plethystic as in (3.30) up to the missing prefactor —¢/(1 — ¢)? and thus can
be evaluated as a finite difference of G (g) functions. To streamline notation, let us denote

H(g.O)=—T—(1-0(1-¢",  Glg,Q) =PE[-H(g,Q)],  Gnlg) = Glg,)cn -

1—
7 (3.35)
We have simply
d
Ex(g) = § Zyer PEI-H(g.C)
d¢ (1-¢)?
= - CNS_I( CC) G(Q?C)
= —Gn+1(g) +2Gn(g) — Gn-1(9) , (3.36)

which is valid for N > 2. This means that we have obtained the single giant graviton

(N)(

correction to Ig 7;q) in the form

I .

#:1+G?\/(U;Q)+"w (3.37)
(m;4)

Ip ;

with the following finite-difference expression

GN(m:9) = Gn(m;9) + ) [Gny1(m:q) — 2GN(n:q) + Gy-1(n; q)]- (3.38)

v
L—f(nq

From (3.1), the exact expression of Gx(n;q) is

3
1 3
Gn(n;q) = —gV+t [N +2 (ﬁ)oo N2 (195 (3.39)

ST ) Rl

— 11 —



and this gives

G (m:9) =
o3
_ N+1 |, N+2 1-¢* 1-ng <5>oo ~N-2 1-?1-n"tq\ (nq)3,
q n 1+ 1 +n I+ )
nae 1=n7'q/)y (2, 1) n~tq 1-nq J9(n=2,nq)
(3.40)
Comparing with (3.4), the exact expression of the function Gy is thus
3
q
1= 1-ng\ (3)
GE(nq) = —n"q (1 + ) < (3.41)
r ng 1=n"'q)y (2 1)

As a check, one can expand it in small ¢ and reproduce (3.5). In the unflavored limit we
have, cf. (3.6),

Gn(1;q) = —(N +2) ¢V (3.42)

Using (3.38) gives then
GN(1;9)=—|N+1+Ng—(N+3)¢* ¢V, (3.43)

which is exact and shows that (3.7) has actually three terms without further corrections.
As a final comment, it is clear that the factorization in (3.41) is a simple consequence of
the finite-difference structure in (3.38).

3.4 Schur line defect correlators of charged Wilson lines

Generalization to the case of insertion of a pair of Wilson lines with opposite charges +Q is
straightforward by the same method. Now, we differentiate with respect to gg and start from

o)
Z3(9) = Q5 ~Zn(g). (3.44)
9Q
For N = oo, we getf
o & 1 Q = 1
Z2(g) =Q = : 3.45
(g) 89@};[11_971 1_9627;[;[11_971 ( )

The single giant graviton correction is given by

Z3g)  Qdyy2nlg) . 1
22g) 12zl I Zu(g) e PO O )
=1+Gn(9) + (1 —9q)0y,GN(g) + . (3.46)

50ur formalism provides immediately the large N limit of Schur defect line correlators with general
insertions proving easily the conjectures in section 5.1.1 of [43].

— 12 —



We now observe that

11 ¢l -9y
Ql-go (1-¢)?

R S S, R
01-g¢ )Ty

By the same manipulations as in the Q = 1 case, it follows

(1 —90)9,Gn(g) = PE[-H (g, ()]

_PE[-H(g,0)]| . (3.47)

1

1
(1—90)04oGn(g) = 0T [Gniqlg) —2GN(g) + Grn-q(9)], (3.48)
and thus
1™ (159)
Q 4 Q.
IU(OO)( T L+GR(mq) +--, (3.49)
Q ;4
with

G (n;q) = Gn(mq) + él_f(an;qQ) [GN1Q(m;9) —2GN(n;9) + Gr—q(n;q)] . (3.50)

Using again (3.39), we obtain

3

) q
G2 q) = —gNt [N+ 1+l1—qQ 1—179q¢° (n)oo
NP Q n94% 1=n"%4%/ y (2, 4)

11-¢%@1 -9 Q¢ 3
+nwz<1+ q 1% )ﬁ((mﬂoo 1 (3.51)

Qn 2q? 1-19¢% JI9(n2,nq)
The first correction appears now at order ¢V +1=%. In the unflavored limit n — 1 it is exactly

N +2

—14+Nqg9 - (Q + 1) qQQ]. (3.52)

N+2
GR(15q) = —¢V 7@ {+

4 The (J,0,0,0) 4-point function

The previous methods can be clearly applied to more complicated cases. In particular we
can consider the 4-point function with insertion of two lines in the fundamental and two
in the anti-fundamental. In this case, we need

> 1 0?
Z8F (g :/ dU (TrUTr U1 26Xp< gnTrU”TrU_"> =—=7Zn(g). 4.1
N (9) o) ( ) nz::l” 02 (9) (4.1)
The large N limit is
2 I |
7' (g) = : 4.2
(9) (1_91)2};[11_9” (4.2)

,13,



The single giant graviton correction is computed from

7FF 0% 7
Z]gFEzg - 1 2gl) ];(g()g) B %(1 B 91)22 1(9) 631 [Ze(0)1 + Cr(g) +-)
o0 —q1 2 oo o
= 14 Gylg) + (1 - 010, Gn(g) + 5 (1~ 9B Gxlg) + - (43
This gives
ZFF
ngng =1+GEF(g)+---, (4.4)
with
FF/ \ _ [ 1=2g 1 14+¢ _
GN (g) - GN(Q) [(1 — 91)2 (1 — 91)2 2( ] PE[ H(QaC)]
_ (1-¢)* 1-2¢ 1 (1+3)1-¢?%1 ¢ 3
Onta) + (S T e o gp TR A0 65
For the index, this implies
IleéN)(m q) FF N N N
Ty = LGN () + - =1+ " Grp(mia) + 0 " Grp(m)lg” +-- (4.6)
Iep (73 0)

with the following exact finite-difference expression (f = f(n,¢),Gny = Gn(1;q))

SN ICEY)) ! 2
GN (1:9) = A=t s G G2 - G

Using (3.39), we get

(Gny1+Gno1). (4.7)

1-¢* 1-ngq
2n2¢% (1 —n~1q)?

q 3
(e (4.8)

(1 —5¢% + 3nq + nq3)} :
2 g
79(77 w)

Gip(ma) = =" q |1+
with explicit expansion

Gip(miq) =

n 1 1+ 3p? <1 1 3

- T 4.9
2(1—n2)q+2n2(1—n2) 2n5+n3+277 n>q+ (49)

This expression reproduces the matrix integral series up to the order ¢~ where double giant
graviton contributions appear. In the unflavored limit 7 — 1, we get the polynomial correction

GV (1) =—[N+4Nq—8 —4(N+2) @+ (N +4)¢"] ¢V '. (4.10)

Again, the factorized structure of (4.8) is a direct consequence of the finite-difference rep-
resentation (4.7).
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5 Single giant graviton correction from string fluctuations

For the Schur index without insertions, the giant graviton expansion (3.1) may be written
in the form (3.4) as

W_l Nt (p: “Na= ()| oV + (2N 51
0T () + [0V Ghs(msa) +n " Gps(mya) | ¢ +0(g™ ), (5.1)
where X
q 1 2 2
ne = 2q+q
Gis(n:q) = —an("zoz = PE {’7‘11"_61] ; (5.2)
o (%) L

is the single giant graviton contribution from wrapped D3 brane [22, 37].

The 2-point function with representations ([, ). As we mentioned in the introduction,
the large N limit of Ig(oo) (n;q) may be written in the factorized form

170 (n: q) = Tea (3 q) TV (3 ), (5.3)

where
N 1 _ 1—¢ b2 ~1
() = 5 ~ g - (A=) =g =PE[-¢"+(n+n")d], (5.4)

is the index of fluctuations of a fundamental string along AdSs C AdSs. Indeed the simple

three term argument of the plethystic is the associated single particle index as shown in [39].

(N)

As suggested in [50], in the analysis of finite N corrections to Ig , one should consider
two possibilities for the coexistence of the string worldsheet and a single giant graviton.
The first case is when it does not end on the giant world-volume of the giant. The second
is when the string world-sheet is separated by the giant and the two semi-infinite strings
end on it. Subtraction of the contribution from the first case isolates the latter possibility.

This leads to consider the ratio

Ig(N)_IFllU(N) ; (IIFJ(N) IU(N))
= 1F1 )

(5.5)

T0() UG 1UGe)

where the difference has been divided by the supergravity contribution in absence of the

(o0)

defect, i.e. we do not divide by Ig as we did so far. This gives

U(N)

Ip — Iy VY + N, o- ~N) N 2N
00> =14+ (Spma)n +Spma)n " )q" +0(¢™), (5.6)
with
1 2 2
1 (1—¢?)? = rqtq
9+:IF G+_G+ - PE nq n
F 1( F DS) nq(l—Tfl(I)z 1_%
1 2 2
1 7o~ 2a4+4q
— _PE [w +2n g - QqQ] : (5.7)
nq .
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In the conventions of [50] we have ¢ = /zy and n = /z/y. The extra single particle
index in (5.7) is thus

2 lg—2¢=2(1-2)y, (5.8)

in agreement with the analysis in [50] of the fluctuation modes on a world-sheet along
AdSy C AdSj5 studied in [49, 59]. In more details, without defect lines, there are five bosonic
scalar fluctuations in the fundamental of SO(5) corresponding to S® coordinates. Together
with the three scalar fluctuations in the remaining coordinates of AdSs plus fermionic states,
these are part of a supermultiplet with 8g + 8p states with SO(1,2) x SO(3) x SO(5) quantum
numbers

B: (1,0,5) @ (2,1,1), F: (3,4,4). (5.9)
The defect lines break it to SO(1,2) x SO(2) x SO(3) and the five scalars split into ¢3 in
the triplet of SO(3) plus two scalars ¢;, i = 1,2 in the singlet. BPS states contributing the
index are three, i.e. one component of ¢3, one of the two scalars ¢; and one fermionic state.
Dirichlet boundary conditions on the giant graviton remove one of the scalars and leave two
BPS states corresponding to the two contributions in (5.8).

Our derivation reproduces the peculiar prefactor 1/(nq) in (5.7), whose origin is at the
moment unclear from the point of view of string fluctuations and has been suggested to be
related to a back-reaction of the fundamental strings in [50].

When the pair of Wilson lines have charges @, —Q, the expression (5.7) has to be
simply changed to

1 _
S = Gia(n:9) x WPE 2799 — 2¢%9] (5.10)

as follows from (3.51).

The 4-point function with representations ((J, ], J, ). It is interesting to examine
what we get in the case of the 4-point function with two fundamental lines and two anti-
fundamental lines. The large N limit of the index is 2I%, cf. (4.2). So, the natural
generalization of (5.5) reads

o)
T0(c0) = 2[5 Igéoo)_IU(oo) ) (5.11)

and its expansion takes the form

IU(N) — 21—1%1 IU(N) N N N 2N
o) =1+ (9&(77; Q)"+ Sep(m:9)1° ) ¢ +0(d™), (5.12)

with

1 2 2
1-5¢° +3ng+ng®  (1-¢%)° TR’
Sip = 2151 (Giyp — Gi) = PE {nq u }

UM (1 =n""q)*(1 —ngq) 1-2
1 2 2
1+ 3ng — 5¢% +ng? e T rata _
N n%q? PE | =3¢ + 407 g + g - (5.13)
n
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Comparing with (5.7), we have now a more complicated prefactor which however is still a
sum of monomials. The extra contribution in the plethystic exponential should come from
fluctuations of a world-sheet attached to the four lines and ending on the giant graviton.
Here, the geometry is more complicated and additional subtractions could be needed in (5.11)
to simplify the result. Still, it seems clear that a better deeper understanding of the prefactor
origin is definitely worth.
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A Special functions
We collect in this appendix the definition of special functions appearing in the text.

g-Pochhammer symbol

o0

(a5q)00 = H (1- aqk) ) (ai; 7)o = (a3 Q)oo(a_1§ @)oo s (A.1)
k=0

@ = (@) = [[1— ). (4.2)
k=1

g-theta function. The g-theta function is defined as
1 _
’19(1', Q) =—T 2 (Q)oo(x§ Q)oo(q:D 1? Q)oo ) (A3)
with

Iasq) = O iq),  O(g"wq) = (~1)"q~F 2 0(:q). (A4)

B Correlators with general insertions and their single giant graviton
correction

As we have seen, for general charge assignment of the Wilson lines, the large N limit of the
Schur defect correlator has a vanishing large N limit. This happens when the charge set
Q is not symmetric under a global change of sign of charges. In this case, IS(N) (n;q) has
a small ¢ expansion that starts at order ¢, up to an N independent non-trivial function
of the fugacities. The aim of this appendix is to derive this function.

As discussed in [51], using free fermion methods, one computes the following first
determinantal correction to Zy(tt,¢7) in (2.7)

t) ~
= = 1-Ky@t",t )+, Kyt t)= > K(rrthtt), (Bl
Zoo(t+7t_) N<r
rezZ+3
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with

— _ s J(mtttT) azw
> K(rsitht7)w b=
(rys;87,¢7) 2w J(w;tt,t7) z —w’

lw| < 2],
T,s€Z+%

(B.2)
> 1
J(ztt t)-exp(Z "—tnz”)>.
n=1 7’L
Including @ charged insertions, we get
DQZnt",t7) = D[ Zoo(tT,t7) — Zoo(t T, t ) Kn(th,t7) + -]
= ZQ(t",¢7) = Dol Zu(t",t ") Kn(t",47)] + -, (B.3)

where D¢ was defined in (2.11). Then, assuming Z%(g) = 0, the first term drops and we have
Z3(9) = (DQZn(t",t7))g = —(DqlZoc(t*,¢) Kn(t",87)))g + -+ (B.4)
The right hand side can be evaluated by computing the r.h.s. of

Z zrw_5<DQ[Zoo(t+,t_)%(Ta5§t+at_)]>g

r,sEZ-{—%
\/zw t+dt 1 _
/1 { o (- i)

27rk:gk

1
x Dgq H exp - <t;§tk (2 —wk) — g (2 w_k)> , (B.5)
k=1

which is a straightforward calculation given the precise charges Q. For the purpose of
illustration, let us examine as a specific example the charge configuration Q = (1,1;—2) or

Dg = 23%% . (B.6)
Integrating by parts gives
1 t3(t7)? 1
28 0, ex ( tht ) 2 1 exp(— t+t_). B.7
" zk:kgk’“’“ 9192 zk:kgkk’“ (B.7)
Thus,
Z er_S<D(171;_2)[ZOO(t+,t_)}(T,S;t-i_,t_)bg
T,SEZ—Q—%
1 \/zw/ dtkdt,C + 1( =9k, 0, ok & _ .k —k)
= — exp—| — tit, +t (2 —wY) =t (27 —w .
g%ggz—w H 27rk‘g ) pk‘ Gk k "k k( ) k( )
(B.8)
We have
dtf dt, 1 =gk 4, k k ok —k
/EM expk(— o thty + apt (28 — ") — bty (277 —w ))
= 1 —1 g k ky (o —k —k
:gl_gnexp<—];k1_gkakbk(z —w") (27" —w™")
= exp(il gk akbk(—2+(w/z)k+(w/z)k)>, (B.9)
nzll_gn k:lkl_gk
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and we can bring down t; (t7)? by applying to the above expression the operator

2.12
(22 _ w2)(z—1 _ w—1)2

and setting a,b — 1. We thus obtain (introducing v = gx/(1 — gx))

S Fw (D gy Zeo(tT ) K(r, st 87)])g
r,s€Z+%

a0y, (B.10)

w)3 w w 9]
971721—[1_ —z) (1+3) [exp(zf;: —2+ (w/z)7k (w/z)k)>

4o (%)2 1- k=1

(B.11)

The r.h.s. is a function of w/z and thus the Lh.s. is diagonal in r, s and can be written

Z C 1,1,7 [ (t t )K(3733t+7t7)]>g

s€Z+2
_ 1 1 0 1 (1 _ C)S(l + C) 00 % i L,
(1—91)21—92}11_% (2 exp(kz::lk —2+C"+ ¢ ))
(B.12)
Now, if we have
> (TCHs = f(C) (B.13)
SEZ+%
we obtain
Hs = d¢ ¢s! d N+3 stn—1 _ [ greN-1 \/>
Py gj“ (s fcf c [acerrs C(C)
sEZ+2 S€Z+2
-5l 11

This gives the final expression

g [ I (2 eh)
Zyn (g)_[(l—gl)zl—mnl_[ll—gn exp kz::lk 24 ¢+ ) .

(B.15)

It is straightforward to write this in exact form as a finite sum over shifted Gn(g). To

test (B.15), we computed the exact matrix integral expansion of I}Jl(,Jl\;[)—Q) (n;q) at finite
N =2,3,4,.... With s, = n? 4+ 77P, the first three cases are
Igfi)_z)(mq) =s1q+2(s2+1) >+ (3s3+51) >+ (4s4+2) ¢+ -,
U
I(lfi)—Q) (mq) = (s2+1) ¢* + (253 +351) ¢° + (454 + 352 +4) ¢* + (655 + 453 +451) ¢°

+ (9864354 + 559 +4) ¢® 4+, (B.16)
I(‘{fi)_g) (0:q) = (s34 51) @ + (254 + 352 +4) ¢* + (485 + 453+ 651 ) ¢° + (756 + 654 + 952+ 6) ¢°

+ (11574 855+ 1053+ 951) " 4 (1658 4+ 9s6 + 1454 + Tso+14) ¢S+ - - -,
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and are fully reproduced by the perturbative series of (B.15). In particular, the leading term
is O(¢V~1) and its coefficient is a function of 7 that follows from

I o) (759) = PE[ey]lov—1 = PEe(n+ 57 )]lov-1 gV -+ (B.17)

Using (3.28), we obtain

N-1
U(N — — _
I(lfl;)_z)(n;Q)=—1_n2(nN—77 M= 3 PV, (BIB)
p=—(N-1)
Ap=2

in agreement with the corresponding terms in (B.16). The procedure we have illustrated
in this example can be easily applied to any other charge assignment.

C Explicit series expansion for the index IE(N)(n; q)

We introduce the notation s, = n? +n~P. The explicit series expansion of the Schur line

defect 2-point function IE(N) at finite N are
IE(Z)(n;q):1+251q+(352+1)q2+453q3+--- (C.1)
O (q) = 14 2510+ (dss +2) @ + 3283+ 51)@> + (94 + 252+ 3) g +---  (C.2)
B =1+2s1¢+ (45 +2) @ +3(Tss +451) ¢ + (1154 + 55+ 7) ¢*
+ (1655 + 653 +Ts1)q” + - (C.3)
IIFJ(E’)(n;q):1+251q+(452+2)q2+3(753+481)q3+(1284+682+8)q4

+ (1855 + 9534+ 1151)¢° + (2756 + 1054 + 1553+ 13) ¢® + - - (C.4)
L O05q) =1+ 2510+ (452 +2) ¢ +3(Tss+451) ¢* + (1251 + 6.5 + 8) ¢*
+ (1985 4+ 1053 +1251) ¢° 4+ (2986 + 1354 + 1959 + 17) ¢°

+ (4257 + 1855+ 2352 +2551) ¢ + - -- (C.5)
and
L (q) =1+ 251q+ (As2 +2) ¢ + (Tss + 451) ¢ + (1254 + 652+ 8) ¢
+ (1955 + 1053 +1251) ¢° + (3056 + 14 54 + 20 59 4+ 18) ¢°
+ (4557 + 2255+ 2853 +3051) ¢" + - - - . (C.6)
We obtain
03 _ o) = —7712(1 + 4t ¢ - 1713(3 A At 30 P+ - (C.7)
0@ _ 1o = —7713(1 +t+ 0t %) ¢ — 7714(3+4772 500+ 40 4+ 30%) ¢t -, (C.8)
Ig(4) _IIFJ(OO) _ _7714(1 I Y
—7715(3+4n2+5n4+5n6+4n8+3n10)q5+---, (C.9)
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UGG) U 1
-1 = - —pr e 00 ¢
i(3+4 5n* + 50° + 5n° 4 4n'0 4 3p12 C.10
e n? +5n* +50° +50° + 4" +39") ® + -, (C.10)
u@) U 1
R —pr 0 ) ¢
1
W(3+4n + 50 4 50° 4+ 50° + 500 4t 4 3™ "+ - . (C.11)
The pattern is
U(N U n _N—
IF( )_IF(OO):1_7742(7]N+1_77 N=1y gV
+ 1_77772*(377N+2+77N+?7N’2—nQ’N—n’N—?)n’?’N)qN“Jr---+O(q2N)-

(C.12)
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