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ABSTRACT

One of the main issues facing agrometeorological studies involves measuring and modeling the evolution of different environmen-
tal variables over time; this often requires a dense monitoring network. Spatio-temporal geostatistics has the potential to provide
techniques and tools to estimate the spatio-temporal multiple covariance function and define an appropriate multivariate correla-
tion function capable of reliable predictions. This paper presents a spatio-temporal multivariate geostatistical modeling approach
based on the joint diagonalization of the empirical covariance matrix evaluated at different spatio-temporal lags. The possibility
to consider a reduced number of uncorrelated variables (lower than the number of observed variables) and separately model the
spatio-temporal evolution of these uncorrelated components represents a substantial simplification for multivariate modeling. A
space-time linear coregionalization model (ST-LCM) with appropriate parametric models for the latent components was fitted
to the matrix-valued covariance function estimated for five relevant agrometeorological variables, including evapotranspiration,
minimum and maximum humidity, maximum temperature, and precipitation. The analyses highlight how to identify space-time
components and choose the corresponding model by evaluating some characteristics of these components, such as symmetry,
separability, and type of non-separability. The predictive results of this multivariate study will be of interest for agriculture, in
particular for addressing drought emergencies.

1 | Introduction the matrix-valued covariance function, which explains the direct

and cross-linear dependence in space or space—time among the

Modern agrometeorology and related scientific fields require
appropriate techniques to exploit the information given by mul-
tivariate spatial or spatio-temporal data. To achieve this, a sig-
nificant role is played by multivariate geostatistics tools, which
are used to describe and interpolate the studied variables in
an accurate and reliable manner (Alidoost, Stein, and Su 2018;
Gnann et al. 2018; Silva and Deutsch 2018). In this context,
research efforts have focused on the estimation and modeling of

variables.

Multivariate spatio-temporal data modeling has been developed
since the early nineties (Berrocal, Gelfand, and Holland 2010;
Calculli et al. 2015; Choi et al. 2009; De Iaco, Myers, and
Posa 2003; Fasso and Finazzi 2011; Goovearts and Sonnet 1993;
Ip and Li 2016, 2017a, 2017b; Krupskii and Genton 2017; Rouhani
and Wackernagel 1990). Two recent papers of Chen, Genton, and
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Sun (2021); Porcu, Furrer, and Nychka (2021) proposed a compre-
hensive review on spatio-temporal covariance models, as well as
a comparative analysis presented in the study by Otto et al. (2024)
and new classes of multivariate spatio-temporal models extend-
ing the Gneiting family were discussed in the studies by Allard,
Clarotto, and Emery (2022) and D6rr and Schlather (2023). How-
ever, the linear coregionalization model (LCM) developed in
space and in space-time (ST-LCM) was the first to be sufficiently
computationally flexible to be applied in a large range of fields of
application (Babak and Deutsch 2009; Bevilacqua, Hering, and
Porcu 2015; Emery 2010; Genton and Kleiber 2015; Gneiting,
Kleiber, and Schlather 2010; Li, Genton, and Sherman 2008).

It is worth highlighting that other approaches to model a
matrix-valued covariance function were provided in the liter-
ature, as substitute ways to the linear coregionalization-based
modeling. Evidently each of them presents its own advantages
and drawbacks. For instance, in the LCM the smoothness of any
component of the multivariate random field is that of the rough-
est underlying univariate random field (the latent component),
as recalled by Porcu, Furrer, and Nychka (2021). On the other
hand, by comparing the bivariate LCM with the bivariate Matérn
class developed by Genton and Kleiber (2015) and Bevilacqua,
Hering, and Porcu (2015), a large flexibility of the former model
with respect to the latter one, in terms of the permissible range
for the co-located correlation coefficient, was pointed out. Lately,
a recent contribution based on the blind source separation tech-
nique offered an alternative model a multivariate space—time
random field (Muehlmann, De Iaco, and Nordhausen 2023). In
this case, the latent independent variables are estimated directly
from the study data.

This paper analyses spatio-temporal dependence among five
agrometeorological indicators, that is, evapotranspiration, min-
imum and maximum humidity, maximum temperature, and
precipitation, with the objective of offering insights into their
joint evolution while constructing a valuable spatio-temporal
geostatistical model for predicting evapotranspiration levels
(primary variable) through the use of the ST-LCM. Although
data quality and resolution depend on the density of the mete-
orological monitoring network and on the satellite maps used,
it is important to produce a model for these indicators and
to generate spatio-temporal maps of their evolution, which
addresses the needs of ecologists and agronomists. In particular,
since agrometeorology is most commonly applied in agriculture,
evapotranspiration is a key variable: it is among the primary fac-
tors influencing many natural processes, such as plant growth,
the life cycle of fauna in the soil, their distribution, and their
abundance (Hurtado-Uria et al. 2013).

A first attempt to use geostatistical interpolation methods to
obtain spatial estimates of potential evapotranspiration values
can be found in the study by Martinez-Cob (1996), where annual
reference evapotranspiration was interpolated over Aragén, NE
Spain. In recent years, a number of spatial interpolation methods
for evapotranspiration mapping have been adopted, such as the
inverse distance weighted interpolation and kriging methods
used by Hodam (2017), as well as simple kriging and simple
cokriging in the study by Gentilucci et al. (2021). More recently,
thanks to improvements in information technology, machine
learning methods, such as artificial neural networks (Abrishami,

Sepaskhah, and Shahrokhnia 2019) and support vector machines
(Chia, Huang, and Koo 2020) have also been applied to estimate
evapotranspiration. Despite numerous attempts to estimate evap-
otranspiration over spatial domains, limited research has been
conducted to predict evapotranspiration within a spatio-temporal
context. Furthermore, predicting evapotranspiration in a multi-
variate spatio-temporal framework by incorporating secondary
information from correlated meteorological variables remains
an under-explored area that warrants further investigation.

A valuable contribution to the multivariate spatio-temporal anal-
ysis of evapotranspiration data was made by De Iaco, Palma, and
Posa (2019a), where the relationship between evapotranspiration
and air temperature were modeled without providing predic-
tions for the variable of interest. The present paper provides an
extension of the study referred to five significant agrometeorolog-
ical indicators, namely potential evapotranspiration, maximum
temperature, minimum and maximum humidity, and precipi-
tation recorded over Veneto Region (North-eastern Italy), the
application of the ST-LCM is developed for prediction purposes.
Apart from the practical importance of this study, it is noteworthy
that this is the first demonstration of modeling the matrix-valued
covariance structure using the ST-LCM with more than two or
three variables. This advancement is made possible through an
approach based on the joint diagonalization of sample covariance
matrices at different lags and enables analysts to overcome the
complexity of fitting the ST-LCM, particularly when the number
of variables to be analyzed increases, because it does not require
modeling all direct and cross-covariance functions. Furthermore,
through the aforementioned procedure, analysts can more easily
identify the basic components of the ST-LCM and model each of
which has its own empirical characteristics; this may necessitate
the use of different classes of covariance models featuring various
types of non-separability (De Iaco, Palma, and Posa 2019a).

The paper is structured in six sections. The following section
presents the multivariate spatio-temporal geostatistical frame-
work and introduces the ST-LCM selection procedure (Section 2).
Then, a multivariate study is presented for five agrometeorolog-
ical indicators collected weekly over a 23-year span (2000-2022)
at various monitoring stations located in the Veneto Region
(North-eastern Italy) and the fitted ST-LCM is described and
validated (Section 3). In Section 4, a comparison of the fitted
ST-LCM with respect to the Gneiting—Matérn covariance model
proposed by Allard, Clarotto, and Emery (2022) is discussed and
the respective predictive performances are evaluated. Finally,
spatio-temporal predictions for the primary variable under study
(the evapotranspiration) are produced (Section 5) and some com-
ments on the usefulness of these results for supporting actions to
prevent drought emergency scenarios are considered (Section 6).

2 | The ST-LCM and the Selection Procedure

Observations of a given vector of variables taken at dif-
ferent sample locations and time points can be assumed
to reflect a multivariate space-time random function
(MSTRF) {X(s.1).(s,/) € DxT C R’ xR}, where X(s,7)=
[Xl(s,t),...,Xm(s,t)]T, m>2. Under the assumption of
second-order stationarity, the first and second order moments of
the MSTRF are defined as follows:
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T
ﬂ=[/’ll’~"7”m] > (1)
where y; is the expected value of X, (s, 1), V(s,?),i =1, ...,m, and
C(u, v) = [Cy(u, v)], @

with
« (w0) €RYXR, withu=(s—s') and v = (1 - '), for any
(s,nand (s',/') € DX T;

« Cju,v)= E[(X,(s+w.1+0)- X;(s,0)]| = y; u;, which is
- the cross-covariance function for any X; and X, i,j =

1,...,m,ifi #j,
- the direct covariance function of X, if i=j,i,j=
1,....,m.

In space-time multivariate geostatistics, several applications
make use of an ST-LCM modeling approach, where the model is
constructed by the linear combination of the L < m basic scalar
covariance functions.

In particular, the covariance matrix C is modeled as follows:

L
Cu,v)= ) B, ¢u,v), 3
1=1

where ¢;(u, v) are the above-mentioned basic scalar covariances
associated with the hidden variables of the random field X and
B, = [b:j] ,1=1, ..., L, are the (m X m) positive definite matrices
of coregionalization. Note that the structure of the above covari-
ance model can be derived from the assumption that the MSTRF
is defined as a linear combination of uncorrelated latent compo-
nents. For further details, the readers can refer to Myers (1995)
and De Iaco, Palma, and Posa (2005).

The model in Equation (3) can be fitted on the basis of the steps
given below:

1. Selection of the uncorrelated components and computa-
tion of the empirical basic covariance functions;

II. Modeling the empirical basic covariances using appropri-
ate model classes (according with the empirical character-
istics of each basic component);

III. Computation of admissible coregionalization matrices.

The first step begins with the estimation of the matrix-valued
covariance function, that is, the m direct covariances and m(m —
1)/2 symmetric cross-covariances for K space-time lags. These
are selected by users according to the geometry of the sample
points. Thus, a symmetric (m X m) matrix a(u, V), = [6ij(u, v)k]
is obtained for each lag (u, v), = (w,,v,), withk =1, ..., K, tak-
ing into account all observations at any pair of sample points
(s,1) and (s',7') such that (s —s') ¥ u, and (1 — ') ~ v, with
a spatial separation tolerance Tol(uk) and a temporal tolerance
Tol (v, ) (Wackernagel 2003).

After estimating the matrix-valued covariance function, joint
diagonalization is applied to the sample covariance matrix eval-
uated at different space-time lags with the aim of detecting the
basic components as follows:

wC(u,0), ¥ =AW, v),, k=1,....K, 4)

where W is a (m x m) orthogonal matrix and A, are the diagonal
(m x m) matrices. Joint diagonalization with respect to the lags
implies that the matrix ¥ does not depend on the lags. Many algo-
rithms exist for the purpose of joint diagonalization; see Illner
et al. (2015) for an overview of these approaches. In this study,
we will use an algorithm based on Jacobi rotations (Cardoso and
Souloumiac 1996), which is available, for example, in the R pack-
age JADE (Miettinen, Nordhausen, and Taskinen 2017). Then,
given the (m X m) matrix ¥, the latent components are obtained
as a matrix multiplication between the (nXxm) data matrix
x and ¥:

y=xV. (5)

Considering the uncorrelated variables in Equation (5), the cor-
responding m spatio-temporal sample covariance functions are
computed and only the L < m basic components¢,, I =1, ..., L,
are selected as those which exhibit distinct spatio-temporal scales
of variability (corresponding to the lag at which the surface
decays). In particular, by the joint visual inspection of the covari-
ance surfaces of the latent components and the correspond-
ing marginals in space and in time, the distinct lags where the
surfaces decay can be detected and consequently the scales of
spatio-temporal variability can be fixed. Then, the selected basic
components are used in the following step of the procedure,
where they are modeled.

A reasonable class of models to be fitted to each component
can be assessed, according to characteristics such as full symme-
try (c,(u, v) = ¢, (1, —0v) = ¢(—u, v)) and separability (c;(u, v) =
¢,(u,0)¢;(0,v)/¢;(0,0)), which may be satisfied by sample covari-
ance surfaces. If the separability assumption is not likely, the type
of non-separability can be studied through the computation of
non-separability ratios of the sample, as in the study by De Iaco
and Posa (2013):

o . ¢(u,v) 3
r,(u,v)—c,(0,0)m, l—l, ...,L, (6)
(4u, 1V,

which imply:

« uniform positive non-separability, as in the case of the ratios
in Equation (6), which are much greater than 1 for the fixed
lags;

« uniform negative non-separability, as in the case of the ratios
in Equation (6), which are much smaller than 1 for the fixed
lags;

« non uniform non-separability, in all other cases.

As comprehensively detailed in De Iaco, Posa, and
Myers (2013), spatio-temporal interactions determine the type
of non-separability, in other words, the discrepancy between
non-separable and separable covariance functions (i.e., the
product of the spatial and temporal marginals) establishes the
type of non-separability. Box plot representations of ratios in
Equation (6), grouped by spatial and temporal lags, enable the
easy identification of the type of non-separability exhibited by
each basic component. However, in the study by Cappello, De
Taco, and Palma (2022), some statistical tests were also proposed
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to determine the statistical significance of hypotheses using the
above-mentioned characteristics.

The coregionalization matrices B;,/ =1, ..., L, of the model in
Equation (3) are thus estimated. Starting from the m(m + 1)/2
direct and cross-covariances aj(u, v), i,j=1,...,m, the ele-
ments bﬁj of B,/ =1, ..., L, correspond to the ratio between the

contributions of é\ij at the Ith scale of variability, by ¢,(0, 0), that s,
_ aj(u, V)1 — éij(ua V),

b = , I=1,...,L, 7
v ¢,(0,0) @

where Cy(u, v), = C;(0,0), withi,j =1, ....m,i < j.

The positive definiteness condition of the matrices B,/ =
1, ..., L, is verified by confirming that their eigenvalues are
non-negative. Then, by performing spectral decomposition of
these matrices,

B,=VAV/, I=1..L,

and computing their eigenvector matrix V, and the diagonal
matrix of the eigenvalues A;, one can confirm whether there are
any negative eigenvalues and set these to zero. In this case, the
transformed coregionalization matrix Bj is derived through the
following expression:

B =VAV], 1=1..L, ®)

where the diagonal matrix of the eigenvalues A; is modified with
respect to the original A, since zeros are used in place of negative
eigenvalues.

3 | Space-Time Multivariate
Agrometeorological Indicators

In the present analysis, the space-time behavior of evapotran-
spiration, together with other variables, that is, minimum and

maximum humidity, maximum temperature, and precipitation,
will be jointly investigated. The matrix-valued covariance of
the above mentioned environmental variables will be estimated
and modeled using the ST-LCM. It is worth noting that (i) the
number of uncorrelated components should be reduced with
respect to the number of the original variables and (ii) mod-
els for the hidden components will be selected on the basis of
their symmetry and separability characteristics. This multivariate
spatio-temporal analysis will offer an opportunity to better under-
stand the way in which the selected agrometeorological indica-
tors jointly evolve in space and time, as well as to select a model
of coregionalization which can be applied for predictive purposes
and for better understanding evapotranspiration.

3.1 | DataSet and Study Area

The Veneto Region, located in the northeastern part of Italy, was
chosen as the study area. This region extends for approximately
18,400 km? mostly occupied by the Venetian plain (55%). A por-
tion of the Po Valley is included in the Veneto Region; this area
is bounded by the pre-Alpine hills to the northwest, the Adriatic
Sea to the southeast, the Tagliamento river to the northeast, and
the Po river to the south.

In 2022, the Italian Government declared a state of emergency
(environmental crisis) in the Veneto Region as a result of the lack
of rain and warmer temperatures during the previous 3 years.
The water crisis in Veneto is the result of complex interac-
tions between multiple agrometeorological variables, hence it is
important to analyze the spatio-temporal relationships among
five variables. In particular, the dataset under study consists of
weekly averages of evapotranspiration (ET,, in mm), minimum
(H,,) and maximum (H ,,) humidity (%), maximum temperature
(Ty, in°C), and weekly precipitation (P, in mm) measured at
72 stations managed by the Veneto weather monitoring network
(Figure 1). Measurements for the previous 23 years (2000-2022)
were used, totaling 1180 weekly temporal values (from the first
week in 2000 to the fourteenth week in 2022) for each location.

FIGURE1 | Left panel: map of Italy showing the study area (indicated in orange). Middle and right panels: the 72 sampling locations in the study

area.
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The data were recorded by a network of well-distributed mete-
orological stations belonging to the Venetian Regional Agency
for Environmental Protection (https://www.arpa.veneto.it/) and
have been recorded at regular time intervals; missing values are
sparse for all five analyzed variables.

3.2 | Exploratory Data Analysis

Figure 2 provides a graphical representation of the spatial profile
of the data and in particular illustrates the color maps of the aver-
age values for the first week (winter season) and the 28th week
(summer season) for the 23-year span considered. Lower values
of evapotranspiration and maximum temperature have been reg-
istered in the northern part of the region in winter and in the
northwest area during the summer. These parts of the region are
characterized by a wet climate with higher humidity and precip-
itation, especially during the winter.

To evaluate temporal changes, Figure 3 shows the box plots
of the weekly values registered at the 72 meteorological sta-
tions studied, highlighting seasonal behavior. In particular, evap-
otranspiration, maximum temperature, and maximum humid-
ity present higher values from May to August and lower val-
ues during the other periods. For evapotranspiration, tempera-
ture, and maximum humidity, the highest mean values occur
in July and August, whereas the lowest occur in January and
December. On the other hand, minimum humidity and pre-
cipitation are characterized by an opposite temporal evolution
throughout the year, with a decrease during spring and the
summer, and an increase during winter. The highest (lowest)
mean values have been recorded during the period October to

a) ETo

030 035 040 045 050

-2

b) ETo

30 35 40 45 50

January (June to July) for minimum humidity and in Octo-
ber (June) for precipitation, whereas the lowest mean values of
minimum humidity occurred in June and July. Note that for
most weeks the rainfall levels were equal to zero and the dis-
tribution of precipitation was highly skewed; hence, the loga-
rithmic transformation of the values (after adding 1) has been
considered.

Seasonal effect, that is, temporal non stationarity has to be taken
into account by removing weekly averages. However, Figure 3
shows that the variance also has seasonal effects. Moreover,
Veneto is a highly non-stationary region, with the presence of the
Alps in the North and the Adriatic Sea to the East. Thus, spa-
tial non-stationarity has to be also taken into account. The over-
all statistical model is reasonably Y(s,?) = u(s,t) + o(s, H)X(s, 1),
where u and o are vectors of non stationary means and standard
deviations, respectively. Then the geostatistical analysis has been
conducted on X(s, 7).

As illustrated below, the spatio-temporal direct and cross covari-
ance functions of the standardized residuals of evapotranspi-
ration, maximum temperature, humidity (maximum and mini-
mum), and the logarithm of precipitation have been analyzed and
an appropriate ST-LCM has been detected according to the fitting
procedure described in Section 2.

3.3 | Selection of Basic Latent Components

To identify a multivariate model describing spatio-temporal cor-
relations among the five variables studied, a preliminary estimate
of the direct and cross-covariances is required.

16 18 20 22 24 26 28 30 8 8 90 92 94 96 98 40 45 50 55 60 6510 15 20 25 30 35 40

FIGURE2 | Maps visualizing the values of evapotranspiration (ET,), maximum temperature (T),), maximum and minimum humidity (H,, and
H,,), and precipitation (P) during (a) the first week (winter season) and (b) the 28th week (summer season) for all measurement stations in this study.
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FIGURE3 |

Firstly, an appropriate number of spatio-temporal lags has been
set up by considering the spatio-temporal geometry of the points.
In particular, eight lags in space (with a lag spacing of 5km)
and seven in time (with a lag interval of 1 week) have been fixed
according to the geometry of the sample points and covariance
decay rate, hence K = 56 lags in space—time.

In Figure 4, the 3D plots for the fifteen spatio-temporal sam-
ple covariances (five direct and ten symmetric cross-covariances)
are provided for the deseasonalized variables. The sample direct
covariance surfaces show a well-structured positive correlation
for all lags; on the other hand, the sample cross-covariance sur-
faces for ET, - H,,, ETy—InP, T,, — H,,, and T,, — In P high-
light the presence of negative correlations in space-time.

Then, the joint diagonalization (Cardoso and Souloumiac 1996)
of the empirical covariance matrices, that is, 56 matrices with
dimensions of (5 X 5), has been carried out to identify five uncor-
related latent components.

The goodness of the diagonalization results was evaluated by
computing the following relative index, which was constructed
to compare the diagonal versus off diagonal entries of A,.

m m 2
Zita Xjmrjei b

.,  k=1,...,K, 9)
m- 2
Zi:l/lii,k

Yy =

where Aot j =1 ... omk=1,... K, are the entries of A, at
the K lags chosen by the analyst. At values closer to zero, the per-
formance of the diagonalization is improved. An analysis of the
index values for each spatio-temporal lag indicates that 75% of the
computed indexes are less than 0.164 (median value of 0.062 and
standard deviation of 0.183). Hence, these results confirm that
most of the 56 diagonalized matrices are close to diagonal matri-
ces, such that the uncorrelated components can be obtained as
clarified in Equation (5).

Box plots showing the five environmental variables grouped by month and some descriptive statistics (all stations have been pooled).

Then, visual inspection of the covariance surfaces of the five
uncorrelated components shows that only two of them (L = 2)
exhibit different levels of variability in space-time (Figure 5),
that is:

1. the small distance component, which decays at 14.5 km and
2 weeks;

2. the long distance component, which decays at 25km and
4 weeks.

The remaining three uncorrelated components obtained from
the diagonalization process exhibit the same variability in space
and time, hence they have been discarded because they carry
no spatio-temporal information and can be considered as white
noise. In particular, it is worth pointing out that a joint visual
inspection of the surfaces of the basic components allows the ana-
lyst to detect the L < m distinct basic components characterized
by different scales of variability; in other words, by the 3D plots of
all the covariance surfaces and the respective marginals in space
and in time it is easy to find the different lags where the surfaces of
the basic covariances decay, that is, the scales of spatio-temporal
variability.

In the following, the procedure for fitting the ST-LCM by consid-
ering the components retained will be discussed. Note that the
use of only two basic components represents a significant simpli-
fication of the multivariate modeling stage.

3.4 | Modeling Basic Components

The sample spatio-temporal covariance surfaces of the retained
basic components, as well as at the corresponding purely spatial
and purely temporal covariances (Figure 5) have shown a linear
behavior at the origin. Note that the sample covariance functions
of all the variables under study have presented the same behavior
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FIGURE4 | 3D plots of the spatio-temporal direct (diagonal) and cross (off diagonal) covariance surfaces and their contour lines of ET,, T}, H,,

H,,, and InP standardized residuals, for fixed spatial and temporal lags.

near the origin (Figure 4), thus in terms of smoothness there will
be no impact on the posterior analysis.

In order to choose a model reflecting the empirical characteris-
tics of each uncorrelated component, tests of symmetry and sep-
arability, which are based on the asymptotic joint normality of
the sample space-time covariance estimators (Li, Genton, and
Sherman 2007), have been performed according to the procedure
proposed by Cappello, De Iaco, and Posa (2018, 2020). In the
same studies, all details regarding the test statistics, denoted with
TS, and TS,, and the corresponding probability distribution are
given.

For both the small and the long distance components, the full
symmetry hypothesis has been tested on a set of spatio-temporal
lags with a strong correlation. In particular, ten pairs of spatial
locations, at distances of 6 and 12 km, and four temporal lags (+1
and +2 weeks) have been considered for T'S;.

At the 5% significance level, there is no evidence for rejecting
the null hypothesis of full symmetry, since the test statistics were
2.0081 (p=0.999, df=20) and 3.109 (p=0.999, df =20) for the
small and the long components, respectively. Next, the separabil-
ity condition has been tested using the same spatial and temporal
lags previously fixed to test the symmetry, with the exception of
the negative temporal lags. At the 5% significance level, the sep-
arability assumption is rejected for both the small and long dis-
tance components, since the test statistics were 41.02 (p =0.004,
df =20) and 39.43 (p =0.006, df = 20), respectively.

The rejection of the hypothesis of separability implies that
a non-separable class of models is preferable for modeling
the retained uncorrelated components. Hence, the type of
non-separability used must be carefully evaluated by (1) com-
puting the sample non-separability ratios Equation (6) and (2)
displaying the estimated ratios using box and whiskers plots clas-
sified for spatial and temporal lags.
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Consequently, the non-separability index has been computed for
all spatio-temporal lags and then classified with respect to the
spatial and temporal profile. Through an accurate graphical eval-
uation of the plots shown in Figure 6, it is evident that the
ratios are smaller than, or equal to, 1 for all spatio-temporal lags.
Hence, for the short and long distance components, uniform neg-
ative non-separability can be reasonably assumed and tests of
the type of non-separability have been conducted on the right
tail of the standard normal distribution for both components, as
detailed in the study by Cappello, De Iaco, and Posa (2018). For
this aim, two spatial lags (i.e., 6 and 12km) and two temporal
lags (i.e., 1 and 2 weeks) have been used. The null hypothesis of
negative non-separability is not rejected at the 5% significance
level: the test statistics have been equal to —0.812 (p=0.792) and
—0.776 (p=0.781) for the short and long distance components,
respectively.

The above results provide statistical support for the use of a
fully symmetric and non-separable, that is, uniformly negative
non-separable, space—time covariance function to model uncor-
related components at small and large scales of variability. In
this case, both the classes of the product-sum and integrated
product-sum covariance models can be suitable to describe the
main characteristics of the covariance functions estimated for
the two uncorrelated components (De Iaco and Posa 2013; De
Taco, Palma, and Posa 2016). However small differences in the

models which are characterized by the same a priori properties
in terms of behavior near the origin and at infinity as well as in
terms of type of non-separability, do not impact on the predic-
tions of the variable(s) of interest, thus the product-sum class of
covariance function has been chosen in the present case study,
that is,
c(u,v) =k [k1, C,W)C, (v) + k, C, (0) + ks, C,I(U)], 1=1,2,
(10)

where k, is the sill value, kl, >0, k2, >0, k3l > 0, (parameterized
by constraining that (k; + k, + k3 ) = 1with ¢,(0,0) = k;) C, is
the spatial covariance in R? and C,, is the temporal covariance in
R, ! =1, 2. In the following the unit sill models for the basic com-
ponents are denoted with ¢/ (u, v) = ky, C,WC, (v) + ky, C; (w) +
ks, C, (v). Note that given the covariance model in Equation (10),
no assumption on the specific functional form for the random
field has been considered. Conversely, a discussion about the
explicit model for random field that leads to the product-sum can
be found in De Iaco et al. (2019b, 2020).

The estimated values for the parameters of the product-sum mod-
els Equation (10), are reported in Table 1, for the small and long
distance components.

After fitting the ST covariance model for each basic component,
the ST-LCM is as follows:
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FIGURE 6 | Box and whisker plots showing sample non-separability ratios classified by spatial and temporal lags, computed for (a) the small dis-

tance component and (b) the long distance component.

TABLE1 | Estimated parameters for the product-sum covariance
models in Equation (10).

Long distance
component (I = 2)

Small distance
component (I =1)

ky = 0.589 k, = 2.707
ky, =0.158 ky, =0.111
ky, =0.224 ky, = 0.102
ks, = 0.618 ks, = 0.787

C, ) = Exp(|jul|: 14.5)"
C, () = Exp(|ul; 2)°

C, (w) = Exp(|lul]; 25)°
C,,(v) = Exp([u]; 4

2Exp(-; a) is the exponential covariance model, with range a.

C(u,v) =B, c/(u,v)+B, c;(u,v), (11)

where the unit sill covariances of both the short (/ = 1) and long
distance (/ = 2) structures are modeled using the product-sum
covariance model in Equation (10).

In the next section, the procedure to estimate the coregionaliza-
tion matrices B, and B, is discussed.

3.5 | Computation of Coregionalization
Matrices

The computation of the elements of the (5 X 5) coregionalization
matrices B; and B,, as explained in Equation (7), required the
knowledge of the following information:

. CA’ij(O, 0),i,j=1,...,5, of the sample direct and
cross-covariances of the deseasonalized and standardized
variables under study (where i = 1 refers to evapotranspira-
tion, i = 2 refers to maximum air temperature, i = 3 refers
to maximum humidity, i = 4 refers to minimum humidity,
and i = 5 refers to log-precipitations),

« the sample values of the direct and cross-covariances at the
two scales of spatio-temporal variability, that is, éij(u, V),
and éij(u, v), with i,j =1, ...,5, where (u, v); =(14.5km,
2weeks) and (u, v), = (25 km, 4 weeks).

Note that, given the model in Equation (11) based on unit sill
basic components, the B;,/ =1, 2, clearly highlight the contri-
bution of the components. Thus, the elements bllj with i,j =
1, ..., 5, of the matrix B, can be easily determined as follows:
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bh =1-0.142 biz = 0.865 - 0.070 bh = —0.170 + 0.042
b;l = biz b;z =1-0.178

b} =b], b}, = b}, bl, =1-0.256

bzlu = bh bzltz = b;A b4113 = b§4

bél = bis béz = bés bés = bés

b}, = —0.043 +0.021

bl, = —0.542+0.069 bl = —0.445 +0.043

1 _ 1
bl, = —0.297+0.052 bl =—0.313+0.018

1 _ 1

b, =0.610-0.111 bl =0351-0.053
1 _ 1 _

bl,=1-0216 bl, = 0.522 — 0.058
1 _pl 1 _

bl, = bl bl, =1-0.202

and the elements of the matrix B, reflect the residual variability. Hence, the following coregionalization matrices B;,/ = 1,2, are

obtained:

i 0.858 0.795 -0.128 —0.473 —0.402_
0.795 0.822 —0.022 —-0.245 —0.295
B, =[-0.128 —0.022 0.744 0.499 0.298 |,
—0.473 -0.245 0499 0.784 0.464

—0.402 —0.295 0.298 0.464 0.798

for which it is required that the positive definiteness condition
is satisfied in order to guarantee the admissibility of the fitted
ST-LCM.

3.6 | Specification of the ST-LCM

After computing the entries of the two coregionalization matri-
ces B,,/ = 1,2, the appropriate ST-LCM for the analyzed data is
specified as follows:

C(u,v) =B, ¢/(u,0)+B, c;u,v). (13)

The basic model parameters are listed in Table 1, B, and B, spec-
ified in Equation (12).

In the following section, the model in Equation (13) will be used
to predict evapotranspiration levels by including secondary vari-
ables which complement the primary variable of interest. It is
important to note that, in the multivariate ST approach, both
direct and cross-correlation factors between the primary and sec-
ondary variables contribute to determining the weights of the
estimator used for prediction. Empirical spatio-temporal corre-
lation (Figure 4) shows that temperature residuals are positively
correlated with ET,, residuals, whereas the correlation is negative
with respect to humidity and precipitation residuals; this influ-
ences the accuracy of prediction of the target variable.

[ 0142 0070 —0.042 —0.069 —0.043)
0.070 0.178 —0.021 —0.052 —0.018
B, =[-0.042 —0.021 0.256 0.111 0.053 |, (12)
-0.069 —0.052 0.111

0.216 0.058

—0.043 —0.018 0.053 0.058 0.202

The steps involving the detection of uncorrelated components,
identification of an appropriate covariance model for each com-
ponent, and the computation of coregionalization matrices can
be executed with the support of properly defined functions in the
R environment (R Core Team 2023). The code is available upon
request from the corresponding author.

3.7 | Validation of Spatio-Temporal Models

At this stage of the analysis, it is interesting to evaluate the reli-
ability of the fitted ST-LCM; thus, the adequacy of the model
Equation (13) has been evaluated by comparing the direct and
cross-covariances estimated for the study variables with the
respect to the direct and cross-covariance models specified by
the ST-LCM in Equation (13). Then, the mean absolute error
(MAE) and root mean square error (RMSE) have been com-
puted and the results have been summarized in Table 2, where
the obtained error metrics have been averaged for all direct and
cross-covariance functions, or exclusively for the direct covari-
ance functions, as well as for the cross-covariance functions. In
the Appendix of the paper, the 3D plots of the theoretical direct
and cross-covariance functions computed by model (13) have
been displayed (Figure Al); for each of them the error metrics
(MAE and RMSE) measured between the sample and the theo-
retical covariance functions have been also reported. These statis-
tics are characterized by very low values (the greatest error value
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TABLE 2 | Error metrics for models’ evaluation.
ST-LCM (13)
ST Jackknife
All  Direct covariance Cross-covariance LOOC 15thweek 16th week 17thweek 18th week
MAE 0.036 0.055 0.026 0.303 0.228 0.166 0.240 0.373
RMSE 0.049 0.070 0.037 0.425 0.299 0.217 0.279 0.414
Multivariate Gneiting-Matérn covariance model (14)
ST Jackknife
All  Direct covariance Cross-covariance LOOC 15thweek 16thweek 17thweek 18th week
MAE 0.034 0.056 0.024 0.297 0.258 0.181 0.243 0.344
RMSE 0.044 0.072 0.030 0.420 0.317 0.210 0.289 0.384

is the RMSE averaged for all the direct covariance functions)
and confirm the adequacy of the fitted ST-LCM to describe the
spatio-temporal correlation among the variables.

Successively, a more accurate analysis on the reliability of the
ST-LCM in Equation (13) has been carried out through the fol-
lowing techniques:

(a) the traditional leave-one-out cross-validation (LOOC), which
has been computed to evaluate the performance of the model in
interpolation mode; indeed, at each spatio-temporal point, the
available measurement has been removed and the fitted multi-
variate model (13) has been used to estimate the primary variable
of interest (deseasonalized and standardized values of evapotran-
spiration) by considering the other study variables (secondary
variables) available in the neighborhood of the removed point;

(b) a jackknife-based validation, which has been implemented by
removing the whole time series of the primary variable at some
locations and then predicting the primary variable for 4 weeks
of 2022 (from the 15th to the 18th week of 2022) after the last
available week in the data set, by using measurements of the pri-
mary variable not at these locations, but exclusively the ones in
the neighborhood and/or the values recorded at these selected
locations for the secondary variables.

Note that for the above points (a) and (b), cokriging estimates
have been obtained through the “COK2ST” GSLib routine, pro-
posed by De Iaco et al. (2010), which has been customized to
include the ST-LCM in Equation (13) based on the product-sum
model at both small and large scales of variability.

In Table 2, the error metrics MAE and RMSE from the
cross-validation and jackknife estimates of the primary variable
obtained one time ahead, namely for each week from the 15th
to the 18th week of 2022, are provided. These error metrics
encourage the use of the fitted multivariate model, especially if
compared with the same indexes computed for the univariate
case. Indeed, the univariate model for the primary variable ET,,
obtained by excluding the correlations with the other variables,
has produced an MAE equal to 0.481 and an RMSE equal to 0.668
on the cross-validation results, which correspond to a worsening

of 58.7% and 57.2%, respectively, with respect to the multivari-
ate case.

In the next section, the performance of the fitted ST-LCM (13)
has been evaluated through a comparison with respect to the
findings from the above-listed validation techniques (a) and
(b) applied in the case of the fully non-separable multivari-
ate Gneiting—-Matérn covariance model, proposed by Allard,
Clarotto, and Emery (2022).

4 | A Comparative Analysis Using a
Multivariate Spatio-Temporal Model

In this section, the performance of the proposed ST-LCM
based on the product-sum model has been compared with
respect to the one of the fully non-separable multivariate
Gneiting—Matérn covariance model, proposed by Allard,
Clarotto, and Emery (2022). This recent model can be adopted
in case of both non-negative or non-positive non-separability,
according to its parameters « and f; thus, given the non-positive
non-separability detected in Section 3.4, f has been set equal to
zero, while « has been fixed equal to one. Consequently, within
the class provided by Allard, Clarotto, and Emery (2022), the
following model for the direct and cross covariance functions
has been considered:

1
(1+ c|U|2")5 —AA(1+ r|U|“)_5

Cjj(u, v) =

—d
Piby /7T

Vij

[(1 +elof)’ — A4, (1+ r|u|21)“’]

0.5
[(1 +elof)’ — A4, (1+ r|u|“)“’]
M u; L Vi

y
by

(u,v) € R X R, (14)

where v and b? are (mxm) symmetric conditionally nega-
tive semidefinite matrices all with positive entries and are
assumed to be a— separable, that is, vij = O.S(Vl-i + v]j) and b; =
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0.5<bi21. + bjzj), i=1,...,m, M()is a Matérn covariance function
(Matérn 1966), 7 is a (m x m) symmetric real matrix such that z;; =
aizbl.zi(l - Al.z)(1+v‘i),i =1,....,mand 7; = pij\/TTjj’ with py,i =
1, ..., m,being a correlation matrix. As detailed in Theorem 2 and
Corollary 1 of the paper of Allard, Clarotto, and Emery (2022),
the admissibility condition of the model is that re™/I'(v) is a
positive semidefinite matrix. Note that, the scale parameters in
the model are such that ¢, r > 0, the shape parameters (a, 1) are
0 <a<1,0<2<1,and the smoothness parameters v; > 0. Fur-
thermore, the parameter § € [0,1], and the coefficients which
describe the multivariate aspect of the temporal partare 0 < A; <

1,i=1,...,m.

As suggested by the authors, the parameters estimation has
been obtained through the optimization of the pairwise marginal
Gaussian likelihoods computed on all pairs of data (for distance
less than 21km in space and 3weeks in time, beyond which
the direct correlations decay) (Bourotte, Allard, and Porcu 2016).
Because of the high-dimensional parameter space, it has been
maximized sequentially and iteratively by considering blocks of
parameters, while fixing all other parameters to the previously
estimated values. Regarding the separability parameter b, which
ranges between 0 (separability case) and 1 (full spatio-temporal
non-separability case), the optimization procedure, performed
by calling the R function nlminb, has been conducted for
different fixed values of b (equal to 0,0.1,...,1), then the
value of b which guarantees the maximum likelihood has been
picked.

Furthermore, for each iteration p has been computed using the
estimated parameters ﬁ, 9, and A and enforcing v and 7e Y /T(D)
to be admissible, as clarified in the study by Allard, Clarotto,
and Emery (2022). Table 3 reports the estimated parameters
maximizing the pairwise likelihood (PL) for the multivariate
spatio-temporal covariance model in Equation (14), correspond-
ing to b = 0.5, which is the separability parameter value associ-
ated to the highest maximized PL.

The error indices MAE and RMSE have been computed in order
to measure, on one hand the discrepancy between the empirical
and the theoretical covariance surfaces, and on the other hand the
deviation between the observed and the estimated values at some
points over the domain. As regards the former aspect, the above
error metrics are given for the theoretical covariance functions,
classified by direct and cross, in Table 2, and for each direct or
cross-covariance model in Figure A2 of the Appendix.

On the other hand, to evaluate the predictive performance of
model (14) the same validation approaches described at points (a)
and (b) of Section 3.7 have been recalled in this context, so that the
error metrics related to the two classes of models (ST-LCM and
Gneiting—Matérn covariance model) have been also compared
(Table 2).

By analyzing these statistics, it is evident that the selection
of the Gneiting—-Matérn covariance model has determined, in
some cases, a slightly worse fitting with respect to the ST-LCM.
This is also confirmed in terms of the results obtained from
cross-validation and jackknife. Thus, it cannot be declared the
supremacy of one model with respect to the other. However,
it is worth to underline the complexity of the fitting step of
the Gneiting—Matérn covariance model, under a computational
point of view, especially when the number of variables is greater
than 3 and the number of sample points are not in the order of
a few tens in space or a few tens of consecutive points in time.
Indeed, in these cases, the pairwise marginal Gaussian likeli-
hoods computed on all pairs of data, as described in Bourotte,
Allard, and Porcu (2016), is extremely time-consuming.

The previous results have confirmed the goodness of both multi-
variate models to describe spatio-temporal correlations between
evapotranspiration and meteorological conditions. Thus, in the
following, spatio-temporal predictions of the primary variable
(ET,) based on the ST-LCM in Equation (13) will be provided and
some comments on the usefulness of these results for supporting
actions to prevent drought emergency scenarios are considered.

5 | Spatio-Temporal Predictions

Previous models validations support the use of the ST-LCM in
Equation (13) to make predictions over the study area and for
some time points after the last available data.

In this section, spatio-temporal cokriging has been performed to
predict ET, values for 4 weeks after the last observed week. In
particular, by using the ST-LCM in Equation (13) and the stan-
dardized residuals for the primary and secondary variables avail-
able from the first week of 2000 to the fourteenth week of 2022,
the ET|, residuals could be predicted from the fifteenth (between
April 11th and April 17th) to the eighteenth (between May 2nd
and May 8th) week of 2022. Subsequently, the predicted values
have been rescaled and the ET,, seasonal component, previously
estimated as discussed in Section 3.2, has been added to obtain
the ET,, weekly levels.

TABLE 3 | Estimated parameters for the multivariate spatio-temporal model in Equation (14).
Temporal parameters Spatial parameters Correlation parameters
c =1.109 A; =0.035 b, =3.68-107° v, = 0.205 P12 = —0.214 P24 = 0357
a = 0.583 A, =0.010 b, =1.54-107° v, = 0.250 p13 = —0.592 prs = —0.071
r=97.074 A; = 0.004 by =2.46-107° v = 0.205 p14 = —0.597 p34 = 0.566
A=0.999 A, =0.041 by =1.68-107° v, =0.453 p1s = 0.845 p3s = —0.358
6 = 1.000 A5 =0.025 bs = 4.54-107° v; = 0.204 pr3 = 0.687 pys = —0.486

Note: The indices 1, 2, 3, 4, and 5 refer to ET,,, H,,, H,,, InP, and T, respectively.
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The color maps displayed in Figure 7 show the spatial distri-
butions of the ET,, values for the 15th to 18th weeks of 2022.
Estimated crop evapotranspiration levels are high across the
entirety of the Veneto Region, since the data have been estimated

a)

for the time of the year in which moderate to almost warm
air temperatures occur and when ET,, values tend to assume
increasing levels, as already highlighted through the results from
the exploratory data analysis discussed in Section 3.2.

|:| 1.29—1.62|Z| 1.62—1.95|:| 1.95—2.28|:| 2.28-2.62 ® meteorological monitoring stations
[ ] 262-295[ ] 2.95-3.28 [ 3.28-3.61 M 3.61-3.95 — borders of Veneto provinces

FIGURE7 | Color maps showing the ET, predictions obtained by fitting the ST-LCM and using all available data for (a) the 15th, (b) the 16th, (c)

the 17th and (d) the 18th weeks of 2022.
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In particular, large values are estimated in the southwestern area
(Verona, Rovigo, and Padua provinces), close to the border with
Emilia-Romagna. This area is primarily characterized by sandy
soils which, under the same climatic conditions, allow more
intensive evapotranspiration than areas with fine-textured soils
composed of clay.

On the other hand, low values of evapotranspiration have been
systematically estimated in the northern part of Veneto, that is,
the pre-Alpine area and Alpine hills (Belluno province), where
the altitude determines the air temperature during the warm sea-
son; consequently, the evapotranspiration is lower than in the
other parts of the region, which feature wet heat.

It is important to note that, when predicting the ET, levels,
climatic conditions, as well as the pedological structure of the
soil, are crucial factors and their interrelationships in space and
time with evapotranspiration processes cannot be neglected.
Moreover, it is worth underlining that in 2022 the spring season
in Veneto has been characterized by a strong reduction in rainfall
and increasing values of ET,, and temperature, determining the
decrease in the availability of water resources, which has caused
suffering and slowed down the development of agricultural
crops. The proposed multivariate ST-LCM aims to provide reli-
able predictions of the ET,, at unsampled spatio-temporal points.
This model can also be a useful decision-making tool for water
resource management, accounting for the climatic characteris-
tics within the Veneto region as well as the temporal evolution of
meteorological variables. Hence, policy makers would therefore
benefit from multivariate geostatistical modeling and prediction
of ET, levels, as discussed in this paper, to define supporting
measures for the agricultural sector, especially during the driest
periods of the year.

6 | Discussion and Conclusions

In this study, the spatio-temporal linear coregionalization
model (ST-LCM) fitting procedure was applied to describe
spatio-temporal correlations between evapotranspiration and
meteorological weekly conditions (air temperature, maximum
and minimum humidity, and precipitation) measured over the
Veneto Region between 2000 and 2022. The basic uncorre-
lated components were chosen based on their primary features
assessed in terms of symmetry, separability/non-separability,
and type of non-separability. Following model validation and
a comparative analysis using the multivariate spatio-temporal
Gneiting—Matérn covariance model (Allard, Clarotto, and
Emery 2022), the goodness of the ST-LCM in predicting evapo-
transpiration was quantified.

In contrast to various methods reported in the literature for com-
puting evapotranspiration values at the same sparse meteorolog-
ical stations where climatic parameters are recorded (Di Nunno
et al. 2023; Hargreaves 1974), the procedure described in this
paper enables the construction of a suitable multivariate model
for making predictions at unsampled spatial and temporal points.
Furthermore, the direct and cross spatio-temporal correlations
of primary and secondary variables contribute to determining
the weight of the estimators used for prediction. In particular,
the spatio-temporal predictions of ET, using ST-LCM yielded the

identification of parts of the Veneto Region characterized by large
values of evapotranspiration, namely along the coastal area, rang-
ing from the Po Delta to the Venetian Lagoon, and over the areas
bordering Friuli-Venezia Giulia in the East and Emilia Romagna
in the South-West. Conversely, lower values were estimated in
the northeastern part, which is a mountainous area. Monitoring
the spatial and temporal evolution of ET,, according to the
meteorological variables, might be of great interest in the light
of climate change and the impact of evapotranspiration on water
management resources in agriculture. Indeed, Veneto is one of
the most productive Italian regions in the agriculture sector, and
it is devoted to produce grain crops, in the southern and eastern
areas, as well as fruits and wine, in the plains and foothills,
where higher evapotranspiration levels have been predicted.
Hence, the results obtained in this paper might be particularly
valuable for water managers who require reliable estimates of
spatio-temporal evapotranspiration and predictions for water
resources distribution planning, optimal irrigation schedul-
ing, and sustainable water resources management. Although
the ST-LCM produced appreciable results, future work will be
required to compare this model against other recent methods, as
the ones based on blind source separation ideas (Muehlmann, De
Taco, and Nordhausen 2023), which allows a similar latent mod-
eling approach as presented here with the ST-LCM. Moreover,
remote sensing satellite data from air temperature, net radiation,
soil heat flux density, wind speed, and vapor pressure could be
utilized to enhance reference evapotranspiration estimates.
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FIGURE Al | 3D plots of the spatio-temporal direct (diagonal) and cross (off diagonal) covariance models in Equation (13) of ET,, Ty, H,,, H,,,
and In P standardized residuals.
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FIGURE A2 | 3D plots of the spatio-temporal direct (diagonal) and cross (off diagonal) covariance models in Equation (14) of ET,,, Ty,, H,,, H,,,
and In P standardized residuals.
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