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We illustrate how the conformal Ward identities in momentum space completely determine the structure
of a parity-odd three-point correlator involving currents, energy-momentum tensors, and at least one scalar
operator in d ¼ 4. Conformal invariance fixes almost all such possible correlators to vanish. The only
exceptions are given by the hJJOiodd and the hTTOiodd which in momentum space are protected by chiral
and conformal anomalies. Specifically, one can obtain a nonvanishing solution by considering scalar
operators such asO ¼ ∇ · JA,O ¼ gμνTμν, or their shadow transforms. We comment on the implications of
these results that constrain the coupling of axions and dilatons in a conformal phase of the early universe.
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I. INTRODUCTION

For over half a century, conformal field theories (CFTs)
have been instrumental in numerous areas of theoretical
physics, ranging from the theory of critical phenomena to
string theory and the AdS/CFT correspondence. Conformal
invariance imposes stringent constraints on the structure of
correlation functions. The general forms of two- and three-
point correlation functions are determined by conformal
symmetry up to a finite set of constants and these forms can
be derived via coordinate space techniques. However, such
techniques are confined to configurations where the points
in the correlators are distinct. They provide limited insights
into the origins of quantum anomalies manifesting at short
distances, where points coalesce. Consequently, one key
motivation for analyzing CFT correlation functions directly
in momentum space is to elucidate the impact of anomalies
more transparently. Moreover, given that perturbative field
theory is naturally articulated in momentum space, exam-
ining CFTs in this framework is advantageous.
Determining correlation functions in momentum space

is, however, significantly more intricate than in position
space. The use of conformal Ward identities to determine
the structure of three-point functions in momentum
space was independently introduced in [1,2], with the
latter extending the methodology to tensor cases.

Renormalized parity even correlators, type-A and
type-B Weyl anomalies have also been extensively dis-
cussed [3–6]. Furthermore, previous perturbative analyses
in QED and QCD have examined important correlators
such as the parity-even hTJJi, involving the energy-
momentum tensor T and currents J, in both conformal
and nonconformal settings [7–9].
Recently, parity-odd correlators and nonconserved cur-

rents have also been the focus of attention [10–13]. In
particular, in [14–16] parity-odd correlators have been
explored in relation to chiral and conformal anomalies.
The latter papers demonstrate how such anomalies are
responsible for generating nonvanishing parity-odd corre-
lators. In the absence of chiral anomalies, correlators like
hJVJVJAi, hJAJAJAi, hTTJAi—where JV and JA are vector
and axial-vector currents respectively—would entirely
vanish in a CFT. Likewise, without parity-odd conformal
anomalies, the hTJJiodd correlator, where J is a generic
current of any parity, is zero.
The recent applications of these results to topological

insulators and Weyl semimetals has rejuvenated interest in
this domain and in several dimensions [17–19]. Parity-odd
structures arise naturally in various contexts, including CFTs
with broken parity symmetry such as Chern-Simons matter
theories. Another significant application is in cosmology,
where the bispectrum of the cosmic microwave background
(CMB), which is a measure of non-Gaussianity, is given by
the three-point function in momentum space [20–25].
In three dimensions, the computation of the correlators

simplifies considerably due to the absence of anomalies.
However, it remains significantly important, particularly in
the context of the AdS/CFT correspondence [26]. Using a
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holographic approach, these correlators describe the cur-
vature gravitational perturbations in a preinflationary phase
of the early universe characterized by strong gravity
[21,27–29]. They are crucial in studying the non-
Gaussian contributions to such perturbations at the level
of the bispectrum (via the hTTTi correlator) and the
trispectrum (via the hTTTTi correlator), while the power
spectrum is determined by the hTTi correlator [30,31].
In this paper we further examine the conformal con-

straints for parity-odd correlators in momentum space in
d ¼ 4. We focus in particular on all the possible three-point
correlators built with currents, energy-momentum tensors,
and at least one scalar operator.
Parity-odd correlators can be realized, for example, by

considering a loop interaction with chiral fermions or by
directly inserting a γ5 into an operator, as in the case of an
axial fermionic current JμA ¼ ψ̄γμγ5ψ . In this paper, we
study parity-odd correlators independently of their possible
realizations. For example, the hTJOiodd can be realized
using a pseudoscalar operator, an axial current, a pseudo-
tensor, or all of them simultaneously. They play a role in
nonperturbative analysis of interactions between pseudo-
scalar fields—for example an axionlike field—and gravity
in a conformal symmetric phase. We will comment on the
possible implications of this analysis from the phenom-
enological point of view, before our conclusions.
The nature of the pseudoscalar operator introduced in

our investigation is general, and can be of any scaling
dimension Δ. The most interesting cases, from our per-
spective, are for Δ ¼ 4, where O ∼ ∂J5 and O ∼ Tμ

μ, which
carry direct physical implications.
In the case of the hJJOiodd, for example, our results

remain identical even if O and J are both of odd parity, as
the behavior of the correlator under parity is a global
property of the correlator and not necessarily of a single
operator in the triple. As we will show, the solution of the
conformal and parity constraints naturally requires that
their tensor structure is essentially that induced by a chiral
anomaly. A modification of this behavior is encountered in
the shadow solutions of the conformal Ward identities
(CWIs), where a primary operator O of scaling dimension
Δ is replaced by its shadow-transformed expression of
dimension d − Δ. The corresponding operators, in this
case, can be defined by a nonlocal shadow transform.
Our work is organized as follows. In Sec. II, we describe

the CWIs in coordinate and in momentum space. In Sec. III,
we briefly discuss parity-odd correlators with two and three
scalar operators. In Sec. IV, we then derive the solution of
the CWIs for the hTJOiodd. This correlator interpolates
with the (parity-odd) amplitude for an axion/dilaton particle
transitioning into a spin-1 state in the presence of an off-
shell external gravitational field. As we will demonstrate,
this amplitude vanishes identically in a conformal phase of
the early universe. Then, in Sec. V, we turn to reinvestigate
the hJJOiodd and the hTTOiodd correlator. For the latter, we

show that the CWIs admit additional solutions that had not
been identified in a previous analysis [15]. Such solutions
are connected by shadow transforms of the primary scalars.
Lastly, before presenting our conclusions, in Sec. VI, we
discuss the relevance of this study at the cosmological level,
specifically regarding the analysis of chiral and dilatation
current anomalies in the early universe.

II. CONFORMAL WARD IDENTITIES FROM
COORDINATE TO MOMENTUM SPACE

The Poincaré group is a fundamental symmetry group in
physics, encompassing translations and Lorentz transfor-
mations. These transformations leave the metric invariant,
making the Poincaré group essential in the study of special
relativity and quantum field theory. However, certain
physical theories, such as those involving massless particles
(like photons) or in the study of critical phenomena, exhibit
a broader set of symmetries. This broader symmetry group
is known as the conformal group, which extends the
Poincaré group to include additional transformations that
preserve the angle between spacetime intervals, rather than
their exact length. In addition to the Poincaré transforma-
tions, the conformal group includes dilations and special
conformal transformations. This extension is crucial for
understanding systems with scale invariance, such as
massless field theories, critical phenomena, and the geom-
etry of spacetime in the context of the AdS/CFT
correspondence.
Correlators that are invariant under the full conformal

group need to satisfy peculiar relations that highly constrain
their structure. Let us consider a scalar n-point correlator
function hO1ðx1Þ…OnðxnÞi where Δ1;…;Δn represent the
dimensions of the operators. The Ward identity for an
infinitesimal transformation g can be expressed as

0 ¼
Xn
j¼1

hO1ðx1Þ…δgOjðxjÞ…OnðxnÞi: ð1Þ

We now recall the conformal transformations rules

½Pμ; OjðxÞ� ¼ ∂μOjðxÞ;
½D;OjðxÞ� ¼ ðΔj þ xμ∂μÞOjðxÞ;

½Lμν; OjðxÞ� ¼ ðSμν þ xν∂μ − xμ∂νÞOjðxÞ;
½Kμ; OjðxÞ� ¼ ½2xμðx · ∂Þ − x2∂μ þ 2Δjxμ − 2xνSμν�OjðxÞ:

ð2Þ

Here, Sμν is a finite-dimensional representation matrix of
rotations, which determines the spin of the field and
vanishes in the case of a scalar operator. The dilatation
Ward identity can then be expressed as
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0 ¼
�Xn
j¼1

Δj þ
Xn
j¼1

xαj
∂

∂xαj

�
hO1ðx1Þ…OnðxnÞi ð3Þ

while the special conformal Ward identity is given by

0 ¼
Xn
j¼1

�
2Δjxkj þ 2xκjx

α
j

∂

∂xjα
− x2j

∂

∂xjk

�
hO1ðx1Þ…OnðxnÞi

ð4Þ

where k is a free Lorentz index. In the case of tensor
operators one needs to include an additional term to the
previous equation, i.e. the contribution Sμν in Eq. (2). For
example, the special CWI of the hTJOi correlator takes the
following form:

0 ¼
X3
j¼1

�
2Δjxkj þ 2xκjx

α
j

∂

∂xjα
− x2j

∂

∂xjk

�

× hTμ1ν1ðx1ÞJμ2ðx2ÞOðx3Þi

þ 4

�
ðx1Þαδκðμ1 − δκαx

ðμ1
1

�
hTν1Þαðx1ÞJμ2ðx2ÞOðx3Þi

þ 2

�
ðx2Þαδκμ2 − δκαx

μ2
2

�
hTμ1ν1ðx1ÞJαðx2ÞOðx3Þi: ð5Þ

The CWIs above may be Fourier transformed in a similar
manner to that discussed in [32]. Due to the translation
invariance the position space correlators depend only on the
differences xj − xn. Therefore, we can set xn ¼ 0 and take

pn ¼ −
Xn−1
j¼1

pj: ð6Þ

The dilatation equation in momentum space takes the
form

�Xn
j¼1

Δj − ðn − 1Þd −
Xn−1
j¼1

pα
j

∂

∂pα
j

�
hO1ðp1Þ…OnðpnÞi ¼ 0

ð7Þ

while the special conformal Ward identity is given by

0 ¼
Xn−1
j¼1

�
2ðΔj − dÞ ∂

∂pκ
j
− 2pα

j
∂

∂pα
j

∂

∂pκ
j
þ ðpjÞκ

∂

∂pα
j

∂

∂pjα

�

× hO1ðp1Þ…OnðpnÞi: ð8Þ

Once again, in the tensorial case we need to include an
additional term on the right-hand side of the special
conformal equation. For example, in the case of the
hTJOi, the Ward identity takes the form

0¼
X2
j¼1

�
2ðΔj − dÞ ∂

∂pjκ
− 2pα

j
∂

∂pα
j

∂

∂pjκ
þ ðpjÞκ

∂

∂pα
j

∂

∂pjα

�

× hTμ1ν1ðp1ÞJμ2ðp2ÞOðp3Þi

þ 4

�
δκðμ1

∂

∂pα1
1

− δκα1δ
ðμ1
λ

∂

∂p1λ

�
hTν1Þα1ðp1ÞJμ2ðp2ÞOðp3Þi

þ 2

�
δκμ2

∂

∂pα2
2

− δκα2δ
μ2
λ

∂

∂p2λ

�
hTμ1ν1ðp1ÞJα2ðp2ÞOðp3Þi:

ð9Þ

In the following sections, we will explore how the CWIs
outlined above constrain parity-odd three-point correlators
involving at least one scalar operator. We will begin by
decomposing the correlator into a longitudinal-trace and a
transverse-traceless sector. Subsequently, we will solve the
conformal equations to determine the most general struc-
ture for a correlator in a CFT, following the methodology
introduced in [2]. As we will demonstrate, the solution to
the CWIs in momentum space can be expressed using a
specific class of functions known as 3K integrals, which
involve products of Bessel functions.

III. THREE-POINT FUNCTIONS WITH
MULTIPLE SCALARS

We start by considering correlators with at least two scalar
operators OðpiÞ. Before examining the conformal con-
straints, we write the most general form of the correlators
in terms of form factors and tensorial structures. In this
respect, the vanishing of such correlators in the parity-odd
sector is rather straightforward, due to symmetry. Indeed,
since we are dealing with four-dimensional parity-odd
correlators, the tensorial structures need to include an
εα1α2α3α4 tensor. It is easy to figure out that this condition
cannot be satisfied in this case, thereby giving the vanishing
relations

hOðp1ÞOðp2ÞOðp3Þiodd ¼ 0;

hJμðp1ÞOðp2ÞOðp3Þiodd ¼ 0;

hTμνðp1ÞOðp2ÞOðp3Þiodd ¼ 0: ð10Þ
We emphasize that these equations are valid without

imposing full conformal invariance and even when con-
sidering nonconserved currents and energy-momentum
tensors. All possible two-point functions involving scalar
operators, currents, and energy-momentum tensors are zero
in 4d for the same reason.
Conversely, if we consider a three-point correlator with

only one scalar operator, it is possible to construct at least
one parity-odd tensorial structure and the correlator does
not necessarily vanish. In the following sections, we will
examine how conformal invariance constrains such corre-
lators by a direct application of the full methodology of
CFT in momentum space.
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IV. THE CONFORMAL hTJOiodd
In this section we concentrate on the hTJOiodd corre-

lator. From now on, we will drop the index “odd” for
simplicity.
It is quite immediate to realize that the correlator cannot

exhibit any anomaly content and its longitudinal/trace part
vanishes

0 ¼ δμ1ν1hTμ1ν1ðp1ÞJμ2ðp2ÞOðp3Þi;
0 ¼ p1μ1hTμ1ν1ðp1ÞJμ2ðp2ÞOðp3Þi;
0 ¼ p2μ2hTμ1ν1ðp1ÞJμ2ðp2ÞOðp3Þi: ð11Þ

Indeed, the absence of a mixed anomaly in this correlator—
specifically, the lack of contractions involving the Riemann
or Weyl tensors together with the field strength of the
Abelian current J at scaling dimension four—will be
crucial for determining this correlation function. As we
are going to find out, the result of this procedure in the
parity-odd sector of a generic three-point function, is
directly linked with the presence or absence of chiral
anomalies.
In the momentum space approach, as usual, we then

introduce the transverse (π) and transverse-traceless (Π)
projectors

πμα ¼ δμα −
pμpα

p2
; Πμν

αβ ¼ πðμα π
νÞ
β −

1

d − 1
πμνπαβ ð12Þ

in order to separate its several (longitudinal, trace, and
transverse-traceless) sectors, expanded with respect to the
external momenta. Because of Eq. (11), the correlator is
composed only of a transverse-traceless part which can be
written as

hTμ1ν1ðp1ÞJμ2ðp2ÞOðp3Þi¼Πμ1ν1
α1β1

ðp1Þπμ2α2ðp2ÞXα1β1α2 : ð13Þ

Here, Xα1β1α2 is a parity-odd tensor that can be expressed in
its most general form as

Xα1β1α2 ¼ Aðp1; p2; p3Þεp1p2α1α2pβ1
2 ð14Þ

where εp1p2α1α2 ≡ ερσα1α2p1ρp2σ and Aðp1; p2; p3Þ is an
arbitrary form factor. Therefore, the entire analysis of the
correlator can be reduced to determining Aðp1; p2; p3Þ. In
the following, we will examine how the conformal
constraints fix such form factor. These constraints will
take the form of differential equations for Aðp1; p2; p3Þ.
Specifically, we are going to solve the constraints from both
the dilatation and the special conformal transformations on
the parity-odd structure (13) admitted by Lorentz covari-
ance. The special conformal equations will be separated
into second order (primary) and first order (secondary) sets.
The primary equations will be solved in terms of 3K

integrals multiplied by an arbitrary constant. Such constant
will then be set to zero by the secondary equations.

A. Dilatations and special conformal equations

We denote by Δi the conformal dimension of the
operators in our correlator. Specifically, since we are
working in four-dimensional space-time, the conformal
dimensions of the energy-momentum tensor and a
conserved/axial current are, respectively,

Δ1 ¼ 4; Δ2 ¼ 3: ð15Þ

The invariance of the correlator under dilatation in momen-
tum space is reflected in the equation

�X3
i¼1

Δi− 2d−
X2
i¼1

pμ
i

∂

∂pμ
i

�
hTμ1ν1ðp1ÞJμ2ðp2ÞOðp3Þi ¼ 0:

ð16Þ

By using the chain rule

∂

∂pμ
i
¼

X3
j¼1

∂pj

∂pμ
i

∂

∂pj
ð17Þ

we can then express the derivatives with respect to
4-vectors in term of the invariants pi ¼ j

ffiffiffiffiffi
p2
i

p
j.

Furthermore, using Eqs. (13), (14), and (15), we can
rewrite the dilatations equations as a constraint on the form
factor

X3
i¼1

pi
∂A
∂pi

ðp1;p2;p3Þþ ð4−Δ3ÞAðp1;p2;p3Þ ¼ 0: ð18Þ

On the other hand, the invariance of the correlator under
special conformal transformations is encoded in the follow-
ing equation:

0¼KκhTμ1ν1ðp1ÞJμ2ðp2ÞOðp3Þi

≡X2
j¼1

�
2ðΔj−dÞ ∂

∂pjκ
−2pα

j
∂

∂pα
j

∂

∂pjκ
þðpjÞκ

∂

∂pα
j

∂

∂pjα

�

×hTμ1ν1ðp1ÞJμ2ðp2ÞOðp3Þi

þ4

�
δκðμ1

∂

∂pα1
1

−δκα1δ
ðμ1
λ

∂

∂p1λ

�
hTν1Þα1ðp1ÞJμ2ðp2ÞOðp3Þi

þ2

�
δκμ2

∂

∂pα2
2

−δκα2δ
μ2
λ

∂

∂p2λ

�
hTμ1ν1ðp1ÞJα2ðp2ÞOðp3Þi:

ð19Þ

We then perform a transverse projection on all the indices
in order to identify a set of partial differential equations
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0 ¼ Πρ1σ1
μ1ν1 ðp1Þπρ2μ2ðp2ÞKkhTμ1ν1ðp1ÞJμ2ðp2ÞOðp3Þi ð20Þ

and decompose the action of the special conformal operator
on the correlator in the following way

0¼Πρ1σ1
μ1ν1 ðp1Þπρ2μ2ðp2ÞKkhTμ1ν1ðp1ÞJμ2ðp2ÞOðp3Þi

¼Πρ1σ1
μ1ν1 ðp1Þπρ2μ2ðp2Þ

�
C1ε

p1p2μ1μ2pν1
2 p

κ
1þC2ε

p1p2μ1μ2pν1
2 p

κ
2

þC3ϵ
p1κμ1μ2pν1

2 þC4ϵ
p2κμ1μ2pν1

2

þC5ϵ
p1p2κμ2pμ1

2 p
ν1
2 þC6ϵ

p1p2κμ1pμ2
3 p

ν1
2 þC7ε

p1p2κμ1δμ2ν1

þC8ε
p1p2μ1μ2δκν1

�
ð21Þ

where Ci are scalar functions that depend on the form factor
A and its derivatives with respect to the momenta. The tensor
structures listed in the equation above are not all independent
and can be simplified in order to find a minimal decom-
position, using the following Schouten identities:

0 ¼ ϵ½p1p2μ1μ2pκ�
1 ;

0 ¼ ϵ½p1p2μ1μ2pκ�
2 ;

0 ¼ ϵ½p1p2μ1μ2δκ�ν1 ; ð22Þ
where the square brackets indicate the antisymmetrization
with respect to the enclosed indices. Using such identities,
we can eliminate the tensorial structures corresponding to
C3, C5, and C6

ϵp1p2κμ1pμ2
3 ¼ 1

2
ϵp1κμ1μ2ðp2

1 þ p2
2 − p2

3Þ þ ϵp1p2μ1μ2pκ
1

þ ϵp2κμ1μ2p2
1;

ϵp1p2κμ2pμ1
2 ¼ −

1

2
ϵp2κμ1μ2ðp2

1 þ p2
2 − p2

3Þ
þ ϵp1p2μ1μ2pκ

2 − ϵp1κμ1μ2p2
2;

εμ1μ2κp1pν1
2 ¼ −εκp1p2μ1δμ2ν1 − εp1p2μ1μ2δκν1 : ð23Þ

Therefore, we can rewrite Eq. (21) in the minimal form

0 ¼ Πρ1σ1
μ1ν1 ðp1Þπρ2μ2ðp2ÞKkhTμ1ν1ðp1ÞJμ2ðp2ÞOðp3Þi

¼ Πρ1σ1
μ1ν1 ðp1Þπρ2μ2ðp2Þ½C1ε

μ1μ2p1p2pν1
2 p

κ
1

þ C2ε
μ1μ2p1p2pν1

2 p
κ
2 þ C3ϵ

p2κμ1μ2pν1
2

þ C4ε
p1p2κμ1δμ2ν1 þ C5ε

p1p2μ1μ2δκν1 � ð24Þ
where we have redefined the function Ci. Due to the
independence of the tensorial structures listed in the equation
above, now all the coefficients Ci need to vanish

Ci ¼ 0: ð25Þ

In particular, C1 ¼ 0 and C2 ¼ 0 are differential equation of
the second order, called primary equations. Their explicit

form is given by

K31A ¼ 0;

K32A ¼ 0; ð26Þ
where we have introduced the operator [2]

Ki¼
∂
2

∂p2
i
þðdþ1−2ΔiÞ

pi

∂

∂pi
; Kij ¼Ki−Kj; ð27Þ

acting on the single form factor Aðp1; p2; p3Þ of the trans-
verse traceless sector. The operatorsKij allow us to relate the
differential content of the equations for the form factors,
which are combinations of Appell hypergeometric functions
[1,32] of two variables, briefly discussed in Appendix.
The remaining special CWIs (Ci ¼ 0 with i ¼ f3; 4; 5g)

are differential equations of the first order, i.e. the secon-
dary equations. Their explicit expressions are given by

0 ¼ A − p1

∂A
∂p1

;

0 ¼ ∂A
∂p2

;

0 ¼ −2
p2
1 − 2p2

2 þ 2p2
3

p2
1

A

−
p2
1 þ p2

2 − p2
3

p1

∂A
∂p1

− 4p2

∂A
∂p2

: ð28Þ

B. Solving the CWIs

The solution of the conformal Ward identities for the
hTJOi can be written in terms of integrals involving a
product of three Bessel functions, namely 3K integrals
[2,33], as illustrated in Appendix. 4K extensions of these
formulations appear in the large energy s and momentum
transfer t limits of four-point functions in CFT, as special
combinations of Lauricella functions [34]. In the 3K case,
we recall the definition

Iαfβ1;β2;β3gðp1; p2; p3Þ≡
Z

dxxα
Y3
j¼1

p
βj
j KβjðpjxÞ ð29Þ

where Kν is the modified Bessel function of the second
kind

KνðxÞ ¼
π

2

I−νðxÞ − IνðxÞ
sinðνπÞ ; ν ∉ Z;

IνðxÞ ¼
�
x
2

�
νX∞
k¼0

1

Γðkþ 1ÞΓðνþ 1þ kÞ
�
x
2

�
2k

ð30Þ

with the property

KnðxÞ ¼ lim
ϵ→0

KnþϵðxÞ; n∈Z: ð31Þ
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We will also use a reduced version of the 3K integral
defined as

JNfk1;k2;k3g ¼ Id
2
−1þNfΔj−d

2
þkjg: ð32Þ

The 3K integrals satisfy a relation analogous to the
dilatation equation with scaling degree [2]

degðJNfk1;k2;k3gÞ ¼ Δt þ kt − 2d − N; ð33Þ
where

kt ¼ k1 þ k2 þ k3; Δt ¼ Δ1 þ Δ2 þ Δ3: ð34Þ
From this analysis, it is straightforward to relate the form
factor A to the 3K integrals. Indeed, the dilatation Ward
identity (18) tells us that the form factor A can be written as
a combination of integrals of the following type:

J3þkt;fk1;k2;k3g: ð35Þ
The special CWIs fix the remaining indices k1, k2, and k3.
Recalling the following property of the 3K integrals

KnmJNfkjg ¼ −2knJNþ1fkj−δjng þ 2kmJNþ1fkj−δjmg; ð36Þ
we can write the most general solution of the primary
equations (26) as

A ¼ c1J3f0;0;0g ≡ c1I4f2;1;Δ3−2g; ð37Þ
where c1 is an arbitrary constant. When dealing with such a
3K integral, one needs to be careful as J3f0;0;0g may diverge.
Depending on the value of Δ3, a regularization may be
necessary. In general, it can be shown that the 3K integral
Iαfβ1;β2;β3g diverges if

αþ 1� β1 � β2 � β3 ¼ −2k; k ¼ 0; 1; 2;… ð38Þ
For a more detailed review of the topic, see Appendix and
[2,3,33]. If the above condition is satisfied, we need to
regularize the integral. This can be done by shifting the
parameters of the 3K integrals

Iαfβ1;β2;β3g → Iαþuϵfβ1þv1ϵ;β2þv2ϵ;β3þv3ϵg;

JNfk1;k2;k3g → JNþuϵfk1þv1ϵ;k2þv2ϵ;k3þv3ϵg ð39Þ
or equivalently

d → 4þ 2uϵ; Δi → Δi þ ðuþ viÞϵ: ð40Þ
In general, the regularization parameters u and vi are
arbitrary, though in certain cases there can be specific
constraints on them.
In any case, regardless of the implementation of a

regularization, after inserting our solution (37) back into
the secondary equations (28), one finds c1 ¼ 0. Therefore,
we have shown that the conformal constraints require the
parity-odd sector of the correlator to be zero

hTμ1ν1ðp1ÞJμ2ðp2ÞOðp3Þiodd ¼ 0: ð41Þ
Considering the fact that the parity-even sector of the
hTJOi vanishes as well [2], we come to the conclusion that
conformal symmetry prohibits the off-shell interaction of a
graviton with a photon and a scalar/pseudoscalar, such as a
dilaton/axion. In other words, a gravitational field cannot
induce an axion to a spin-1 transition in the presence of
conformal symmetry.

V. THE CONFORMAL hJJOiodd AND
hTTOiodd: A REAPPRAISAL

Let us now discuss the hJJOiodd and hTTOiodd corre-
lators, which have been investigated in [15]. The procedure
follows the same approach of the hTJOiodd discussed in the
previous section.
First, we will briefly review the analysis of the hJJOiodd

correlator. Then, we will proceed with a reevaluation of the
hTTOiodd, as the primary and secondary equations in the
published version of [15] were not correctly identified.
Here, we present the correct version of these equations and
solve them accordingly. The previous solution reported in
[15] for the hTTOiodd with Δ3 ¼ 4 remains valid, and the
conclusions and interpretations of that paper are unaffected.
However, these corrections have led us to discover new
nonvanishing solutions for the hTTOiodd characterized by
different values ofΔ3. Lastly, we further elaborate on all the
solutions of both the hJJOiodd and hTTOiodd, offering a
new interpretation using the shadow transform.

A. The hJJOiodd
We start by considering the following conservation Ward

identity:

piμihJμ1ðp1ÞJμ2ðp2ÞOðp3Þiodd ¼ 0; i ¼ 1; 2: ð42Þ
Such equation is satisfied independently of the fact that J’s
are vector or axial-vector currents. Indeed, the chiral
anomaly does not affect the hJJOi correlator. Due to this
equation, the correlator comprises only a transverse part,
which can be formally expressed by introducing a single
form factor Aðp1; p2; p3Þ,

hJμ1ðp1ÞJμ2ðp2ÞOðp3Þiodd
¼ πμ1α1ðp1Þπμ2α2ðp2Þ

�
Aðp1; p2; p3Þεα1α2p1p2

�

¼ Aðp1; p2; p3Þεα1α2p1p2 : ð43Þ
Note that in this case the projectors πμiαiðpiÞ can be omitted
since they act as an identity on the tensorial structure in the
brackets.
We now examine how the conformal constraints fix the

form factor Aðp1; p2; p3Þ. The invariance of the correlator
under dilatation is reflected in the equation
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X3
i¼1

pi
∂A
∂pi

−
�X3

i¼1

Δi − 2d − 2

�
A ¼ 0: ð44Þ

The special conformal constraints are instead given by the
following primary equations

K31A ¼ 0;

K32A ¼ 0; ð45Þ
and the secondary equations

0 ¼ p2

∂A
∂p2

þ ðd − 1 − Δ2ÞA;

0 ¼ p1

∂A
∂p1

þ ðd − 1 − Δ1ÞA: ð46Þ

We can write the most general solution of the dilatations
equation (44) and the primary equations (45) as

A ¼ c1J2f0;0;0g ≡ c1I3f1;1;Δ3−2g; ð47Þ
where c1 is an arbitrary constant. When dealing with such a
3K integral, one needs to be careful as J2f0;0;0g may diverge
(see Appendix). Depending on the value of Δ3, a regulari-
zation may be necessary. Then, by inserting the (regular-
ized) solution (47) back into the secondary equations (46),
one is able to determine if c1 ¼ 0, depending on the value
of Δ3. This procedure has been carried out in [15].
After explicitly expressing the 3K integral, the general

conformal hJJOiodd correlator can be written as

hJμ1ðp1ÞJμ2ðp2ÞOðΔ3≠0;4Þðp3Þiodd ¼ 0;

hJμ1ðp1ÞJμ2ðp2ÞOðΔ3¼0Þðp3Þiodd ¼
c1
p4
3

εp1p2μ1μ2 ;

hJμ1ðp1ÞJμ2ðp2ÞOðΔ3¼4Þðp3Þiodd ¼ c1εp1p2μ1μ2 : ð48Þ
Notice the presence of a double pole in the Δ3 ¼ 0 case.

B. The hTTOiodd
For this correlator, we start by considering the conser-

vation and trace Ward identities for the energy-momentum
tensor

piμihTμ1ν1ðp1ÞTμ2ν2ðp2ÞOðp3Þiodd ¼ 0;

gμiνihTμ1ν1ðp1ÞTμ2ν2ðp2ÞOðp3Þiodd ¼ 0; ð49Þ
for i ¼ f1; 2g. Due to such equations, the correlator
comprises only a transverse-traceless part which can be
formally expressed in terms of two form factors

hTμ1ν1ðp1ÞTμ2ν2ðp2ÞOðp3Þiodd
¼ Πμ1ν1

α1β1
ðp1ÞΠμ2ν2

α2β2
ðp2Þ

�
A1ðp1; p2; p3Þεα1α2p1p2

× pβ1
2 p

β2
3 þ A2ðp1; p2; p3Þεα1α2p1p2δβ1β2

�
: ð50Þ

The invariance of the hTTOi under dilatation is reflected in
the following constraints on the form factors:

X3
i¼1

pi
∂A1

∂pi
−
�X3

i¼1

Δi − 2d − 4

�
A1 ¼ 0;

X3
i¼1

pi
∂A2

∂pi
−
�X3

i¼1

Δi − 2d − 2

�
A2 ¼ 0: ð51Þ

The special conformal constraints are instead given by the
following primary equations1

K31A1¼0; K32A1¼0;

K31A2−2p2

∂A1

∂p2

þ4A1¼0; K32A2−2p1

∂A1

∂p1

þ4A1¼0:

ð52Þ

and the secondary equations

0 ¼ ðp2
1 − p2

2 − p2
3ÞA1 þ 2A2 þ 2p1p2

2

∂A1

∂p1

− p2ðp2
1 þ p2

2 − p2
3Þ
∂A1

∂p2

− 2p2

∂A2

∂p2

;

0 ¼ ðp2
1 − p2

2 þ p2
3ÞA1 − 2A2 − 2p2

1p2

∂A1

∂p2

þ p1ðp2
1 þ p2

2 − p2
3Þ
∂A1

∂p1

þ 2p1

∂A2

∂p1

;

0 ¼ 2

�
p2
1 þ 2p2

2 − 2p2
3

p2
1

�
A1 þ

8

p2
1

A2 −
p2
1 þ p2

2 − p2
3

p1

∂A1

∂p1

−
2

p1

∂A2

∂p1

− 4p2

∂A1

∂p2

;

0 ¼ −2
�
2p2

1 þ p2
2 − 2p2

3

p2
2

�
A1 −

8

p2
2

A2 þ 4p1

∂A1

∂p1

þ p2
1 þ p2

2 − p2
3

p2

∂A1

∂p2

þ 2

p2

∂A2

∂p2

: ð53Þ

In order to solve the primary equations (52), we rewrite them as a set of homogeneous equations by repeatedly applying the
operator Kij on them

1These equations rectify those that were incorrectly identified in [15].
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K31A1 ¼ 0; K32A1 ¼ 0;

K31K31A2 ¼ 0; K32K32A2 ¼ 0: ð54Þ
The most general solution to these equations can then be written in terms of the following combinations of 3K integrals:

A1 ¼ c1J4f0;0;0g;

A2 ¼ c2J3f1;0;0g þ c3J3f0;1;0g þ c4J3f0;0;1g þ c5J4f1;1;0g þ c6J2f0;0;0g: ð55Þ
We then insert these solutions back into the nonhomogeneous primary equations (52) and the secondary equations (53) in
order to fix the constants ci. We can solve such constraints for different values of the conformal dimensions Δ3. Such
procedure involves a possible regularization, the use of the properties of 3K integrals and their limits pi → 0 described in
the Appendix. For odd values of Δ3, no regularization is needed, and we found only vanishing solutions. We also
considered different examples with even values of Δ3. In particular, we found

hTμ1ν1ðp1ÞTμ2ν2ðp2ÞOðΔ3¼−2Þðp3Þiodd ¼ Πμ1ν1
α1β1

ðp1ÞΠμ2ν2
α2β2

ðp2Þ
c1
p8
3

��
3ðp2

1 − p2
2Þ2 − 2ðp2

1 þ p2
2Þp2

3 − p4
3

�
εα1α2p1p2δβ1β2

− 2ð3p2
1 þ 3p2

2 þ p2
3Þεα1α2p1p2pβ1

2 p
β2
3

�
;

hTμ1ν1ðp1ÞTμ2ν2ðp2ÞOðΔ3¼0Þðp3Þiodd ¼ Πμ1ν1
α1β1

ðp1ÞΠμ2ν2
α2β2

ðp2Þ
c1
p4
3

�
−
p2
1 þ p2

2 − p2
3

2
εα1α2p1p2δβ1β2 þ εα1α2p1p2pβ1

2 p
β2
3

�
;

hTμ1ν1ðp1ÞTμ2ν2ðp2ÞOðΔ3¼2Þðp3Þiodd ¼ 0;

hTμ1ν1ðp1ÞTμ2ν2ðp2ÞOðΔ3¼4Þðp3Þiodd ¼ Πμ1ν1
α1β1

ðp1ÞΠμ2ν2
α2β2

ðp2Þc1
�
−
p2
1 þ p2

2 − p2
3

2
εα1α2p1p2δβ1β2 þ εα1α2p1p2pβ1

2 p
β2
3

�
;

hTμ1ν1ðp1ÞTμ2ν2ðp2ÞOðΔ3¼6Þðp3Þiodd ¼ Πμ1ν1
α1β1

ðp1ÞΠμ2ν2
α2β2

ðp2Þc1
�
ð3ðp2

1 − p2
2Þ2 − 2ðp2

1 þ p2
2Þp2

3 − p4
3Þεα1α2p1p2δβ1β2

− 2ð3p2
1 þ 3p2

2 þ p2
3Þεα1α2p1p2pβ1

2 p
β2
3

�
;

hTμ1ν1ðp1ÞTμ2ν2ðp2ÞOðΔ3¼8Þðp3Þiodd ¼ 0: ð56Þ

C. Connections with the anomalies

As we have seen in the previous sections, specifically in Eqs. (48) and (56), the hJJOiodd and hTTOiodd do not always
vanish. Indeed, such correlators are protected by chiral and conformal anomalies. Specifically, we can justify the existence of
the non-vanishing solutions withΔ3 ¼ 4 by providing an example of a scalar operatorOwhich is linked to the chiral anomaly

O ¼ ∇μJ
μ
A ¼ Achiral ¼ a1εμνρσFμνFρσ þ a2εμνρσRα

βμνR
β
αρσ:

ð57Þ
Choosing such scalar operator, then we can write

hJμ1ðx1ÞJμ2ðx2ÞOðx3Þiodd ¼
δAchiralðx3Þ

δAμ1ðx1ÞδAμ2ðx2Þ
����
gμν¼ημν;Aμ¼0

;

hTμ1ν1ðx1ÞTμ2ν2ðx2ÞOðx3Þiodd ¼ 4
δAchiralðx3Þ

δgμ1ν1ðx1Þδgμ2ν2ðx2Þ
����
gμν¼ημν;Aμ¼0

ð58Þ

in the flat limit. By Fourier transforming these expressions, one obtains exactly the solutions in (48) and (56) with Δ3 ¼ 4.
Note thatO ¼ ∇ · JA is a primary operator since, by acting on it with the special conformal operatorK, we obtain a vanishing
result

KνPμjJμAi ¼ ½Kν; Pμ�jJμAi ¼ 2ðDδμν −MνμÞjJμAi ¼ 2ðΔ − dþ 1ÞjJAνi ¼ 0 ð59Þ
where D is the dilatation operator and in the last passage we used the fact that the conformal dimension of JA is Δ ¼ d − 1.
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Besides O ¼ ∇ · JA, one could alternatively consider
O ¼ gμνTμν as a scalar operator with Δ3 ¼ 4. The corre-
lators would then be similarly protected by the possible
existence of parity-odd trace anomalies in CFT

gμνhTμνiodd ¼ f1εμνρσRαβμνR
αβ
ρσ þ f2εμνρσFμνFρσ: ð60Þ

This last hypothesis has been analyzed in depth in [15].

D. The shadow transforms and the Δ3 ≤ 0 solutions

In the previous section, we justified the nonvanishing
solutions of the hJJOiodd and hTTOiodd correlators with
Δ3 ¼ 4 through their connection to the chiral and con-
formal anomalies. However, these are not the only non-
vanishing solutions that we have discussed. Indeed, such
correlators can also be nonzero when Δ3 ¼ 0.
The general solution of these correlators with Δ3 ¼ 4

and Δ3 ¼ 0 differ by a factor p4
3. Although the condition

Δ3 ¼ 0 is nonphysical and violate unitarity, we can now
ask ourselves if there are any justifications for the existence
of such nonvanishing solutions in CFT. As we will see, the
conformal and chiral anomalies can still be responsible for
such solutions. To demonstrate this, we need to introduce
the concept of shadow transform, which we will briefly
review [35–37].
Given a primary operator Ol;Δ of spin l and scaling

dimension Δ, we can construct a shadow primary field in d
dimensions in the following way:

Õl;Δ̄ðxÞ ¼
Z

ddyGl;Δ̄ðx − yÞOl;ΔðyÞ ð61Þ

with spin l and conjugate scaling dimension

Δ̄ ¼ d − Δ: ð62Þ
The kernel Gl;Δ̄ðx − yÞ takes the form of a two-point
function, with spin l and dimension Δ̄ operators, in a
d-dimensional CFT. The integral defines the shadow trans-
form. In particular, for a scalar operator we have

ÕΔ̄ðxÞ ¼
Z

ddy
cΔ̄

jx − yj2Δ̄ OΔðyÞ: ð63Þ

The constant cΔ̄ is a normalization factor, which we leave
arbitrary for now. What is special about this particular
choice of integration kernel—as opposed to say a kernel of
the form jx − yj−2Δ0

for some generic Δ0—is that the
resulting object ÕðxÞ transforms again as a local primary
field under the conformal group.
The inverse of a shadow transform is again a shadow

transform. For example, the scalar relation (63) may be
inverted as

OΔðxÞ ¼
Z

ddy
c̃Δ

jx − yj2Δ ÕΔ̄ðyÞ: ð64Þ

This becomes obvious in the momentum space description.
The Fourier transform of the expression (63) can be
computed by using the relation

Z
ddxx−2Δ̄e−ik·x ¼ πd=22d−2Δ̄Γ½d−2Δ̄

2
�

Γ½Δ̄� k2Δ̄−d: ð65Þ

In particular, for a suitable choice of cΔ̄ we end up with

ÕΔ̄ðkÞ ¼ k2Δ̄−dOΔðkÞ: ð66Þ
Given this definition, we now reexamine the solutions of
the hJJOiodd and hTTOiodd in Eqs. (48) and (56). For both
correlators, the solution with Δ3 ¼ 0 is connected to the
one with Δ3 ¼ 4 through a shadow transformation of the
scalar operator O.
In the previous sections, we provided examples of

nonvanishing hJJOiodd and hTTOiodd correlators, using
∇ · JA or gμνTμν as scalar operators with Δ3 ¼ 4. Applying
a shadow transform to these specific scalar operators yields
nonvanishing correlators that satisfy Eqs. (48) and (56) for
Δ3 ¼ 0. This demonstrates that the chiral and conformal
anomaly content of the quantum expectation values of these
operators can explain the nonvanishing nature of these
other solutions too.
To conclude, it is worth noting that for the hTTOiodd

correlator, we have identified additional nonzero solutions,
specifically for Δ3 ¼ −2 and 6. These solutions exhibit a
more complex structure compared to those with Δ3 ¼ 0
and 4, and they do not seem to be directly related to the
functional derivatives of the anomalies that we have
previously discussed. It would be interesting to find a
justification for the existence of these solutions as well.
Notably, the solutions with Δ3 ¼ −2 and 6 are also related
to each other by a shadow transform.

VI. PHYSICAL IMPLICATIONS FOR
CHIRAL/GRAVITATION BACKGROUNDS

Our analysis has been set to explore the possible
implication of conformal symmetry of three-point func-
tions whenever scalar operators appear in mixed correlators
which have a direct physical relevance. Obviously, the use
of conformal symmetry limits the generality of the result,
for being surely specific, and it is then natural to ask under
which conditions these results can be applied.
One possibility, but surely not the only one, is encoun-

tered in early universe cosmology, when conformal sym-
metry is expected to have played a significant role before
that any physical scale appeared in the dynamics. Indeed,
scalar and pseudoscalar fields are considered potential
components of dark matter in current cosmological models,
although definitive evidence for their existence has yet to be
collected. Other important applications are natural inflation
models [38], which involve a pseudoscalar field (the
inflaton) with a periodic potential inspired by axionlike
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particles. Mechanisms for baryogenesis also involve scalar
fields carrying baryon or lepton number. If these fields are
pseudoscalars, they can exhibit CP-violating interactions
that generate a baryon asymmetry [39].
Pseudoscalar fields, in general, can generate distinctive

signatures if they couple to gravity, detectable through their
imprints on the stochastic background of gravitational
waves. In the case of axionlike fields and their coupling
to gauge fields, they can induce spin-1 helicity asymmetries
before any spontaneously broken phase intervenes. In this
context, a correlator such as the hTTOi for example, where
O is a pseudoscalar coupled to an axionlike field ϕ, is
directly connected with a gravitational anomaly. The local
effective action describing this interaction in the infrared,
once a conformal symmetry breaking scale (Λ) is present, is
of the form

Laxion ⊃
ϕ

Λ
εμνρσRα

βμνR
β
αρσ: ð67Þ

This correlator mediates an interaction between the
pseudoscalar and two gravitational waves at semiclassical
level and is part of the effective action generated by
integrating out conformal matter in quantum corrections.
The interaction is the analog of the ðϕ=fÞFF̃ interaction of
ordinary axion physics, which is associated with the hJJOi
ðΔ3 ¼ 4Þ in (48). This process, referred to as conformal
backreaction [40], is based on the hypothesis that the
universe underwent a conformal phase before any ordinary
mechanism based on spontaneous symmetry breaking
took place.
This assumption is supported by the fact that ordinary

gauge theories in their exact phases are classically scale
invariant and manifest conformal and chiral anomalies in
their fermion sectors. Both the hTTOi and the hJJOi
correlators are part of the gravitational effective action,
where semiclassical corrections modify the interaction of
gravity with other fields and are essential for investigating
the chiral behavior in the spectrum of gravitational waves.
The hJJOi, where J is a spin-1 current to gauge fields

like the hypercharge Y and axionlike fields, can also be
linked to gravity nonperturbatively. In this case, O inter-
polates with a trace anomaly of a stress-energy tensor of
odd parity. This point has come to the attention of several
groups in recent literature. The appearance of this anomaly
with Standard Model fermions has been attributed to the
implementation of regularization procedures in the pertur-
bative analysis of such contributions with conflicting
results [41–48].
In a previous analysis [15], we showed that the con-

formal Ward identities permit a minimal form of this
interaction. However, such approach is nonperturbative.
In this context, the axion/dilaton field (χ) would interact
according to the form described in (67).
Another possibility is to consider O ∼ ∂ · JCS, represent-

ing the divergence of a Chern-Simons (CS) current. This

idea was discussed in [49], where the current generates an
anomaly for a spin-1 particle [50–52]. This anomaly is
associated with a CS current of the form

JλCS ¼ ϵλμνρVμ∂νVρ: ð68Þ
The JCS current mediates the gravitational chiral anomaly
with spin-1 virtual particles in the loops, creating an
asymmetry between their two circular modes and inducing
optical helicity [53]. In general, a chiral chemical potential
can generate chiral currents with longitudinal components
to which pseudoscalar fields can couple (see also [54] for a
general discussion of chirality effects in astrophysics). The
amplitude is anomaly mediated and the conformal sym-
metry of the background is, in this case, broken. However,
it has been shown [55] that finite density corrections do not
affect the chiral anomaly form factor identified from the
covariant expansion of the anomaly vertex, which remains
independent of both the chemical potential and temperature
corrections [56]. This implies that the propagation of the
chiral fermions in the loop is essentially conformal, and is
described by the exchange of a massless anomaly pole.
Corrections related to the chemical potential are propor-
tional to the fermion mass terms, but leave the anomaly
contribution as in the conformal limit [14].
A final comment concerns the hTJOi that vanished

identically as an off-shell correlator in a CFT, both in its
even and odd components. This result can be interpreted as
a constraint on the absence of an axion/dilaton to a spin-1
mixing in the presence of an external gravitational field.
This can be viewed as a constraint similar to the axion to
photon transition in the presence of an external magnetic
field, which is the basic process for axion detection with
helioscopes [57].

VII. CONCLUSIONS

We have analyzed all possible three-point functions
constructed with the energy-momentum tensor, currents,
and at least one scalar operator in CFT. Most of the
correlators are constrained to be zero, except some specific
cases which are protected from vanishing by their
anomalies.
In particular, all the correlators built with at least two

scalar operators vanish because of Lorentz invariance.
There is no need to require invariance under the full
conformal group, as it is not even possible to construct
tensorial structures for them.
The analysis of the hTJOiodd is more intricate and

requires the full conformal group in order to determine
the correlator. Specifically, we have shown that such
correlator vanishes in a CFT. The even part of hTJOiodd
has been investigated in [2] and it was found to be zero
as well.
Among all the correlators we have examined, the

only ones not constrained to vanish are the hJJOiodd
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and hTTOiodd. Interestingly, this effect is not visible in
coordinate space, as these correlators were found to be zero
in that context [11]. However, in momentum space, such
correlators cannot always vanish since they are protected
by the chiral and conformal anomalies when Δ3 ¼ 0 and 4.
For instance, one can consider as scalar operators O ¼
∇ · JA or O ¼ gμνTμν and therefore the chiral/conformal
anomaly prevent the correlators from vanishing when
Δ3 ¼ 4. Furthermore, the nonzero solutions we found
for the hJJOiodd and hTTOiodd with Δ3 ¼ 0 can be
obtained by selecting the shadow transform of ∇ · JA or
gμνTμν as scalar operator O. This paper corrects a previous
analysis of the hTTOiodd correlator in [15], where some
nonzero solutions were missing.
Moving forward, one might wonder if there are other

examples of scalar operators with Δ3 ¼ 0 or 4 which
generate nonvanishing hJJOiodd and hTTOiodd correlators.
Moreover, it would also be interesting to determine if there
is any sort of explanation for the nonvanishing solutions of
the hTTOiodd with Δ3 ¼ −2 and 6. We hope to revisit this
topic in the future.
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APPENDIX: 3K INTEGRALS

The most general solution of the CWIs for our corre-
lators can be written in terms of integrals involving a
product of three Bessel functions, namely 3K integrals. In
this appendix, we will illustrate such integrals and their
properties. For a detailed review on the topic, see
also [2,3,33].

1. Definition and properties

First, we recall the definition of the general 3K integral

Iαfβ1β2β3gðp1; p2; p3Þ ¼
Z

dxxα
Y3
j¼1

p
βj
j KβjðpjxÞ ðA1Þ

where Kν is a modified Bessel function of the second kind

KνðxÞ ¼
π

2

I−νðxÞ − IνðxÞ
sinðνπÞ ; ν ∉ Z;

IνðxÞ ¼
�
x
2

�
νX∞
k¼0

1

Γðkþ 1ÞΓðνþ 1þ kÞ
�
x
2

�
2k

ðA2Þ

with the property

KnðxÞ ¼ lim
ϵ→0

KnþϵðxÞ; n∈Z: ðA3Þ

The 3K integral depends on four parameters: the power α of
the integration variable x, and the three Bessel function
indices βj. The arguments of the 3K integral are magni-
tudes of momenta pj with j ¼ 1, 2, 3. One can notice the
integral is invariant under the exchange ðpj; βjÞ ↔ ðpi; βiÞ.
We will also use the reduced version of the 3K integral
defined as

JNfkjg ¼ Id
2
−1þNfΔj−d

2
þkjg ðA4Þ

where we introduced the condensed notation fkjg ¼
fk1; k2; k3g. The 3K integral satisfies an equation analo-
gous to the dilatation equation with scaling degree

degðJNfkjgÞ ¼ Δt þ kt − 2d − N ðA5Þ

where

kt ¼ k1 þ k2 þ k3; Δt ¼ Δ1 þ Δ2 þ Δ3: ðA6Þ

From this analysis, it is simple to relate the form factors to
the 3K integrals. Indeed, the dilatation Ward identity of
each from factor tells us that this needs to be written as a
combination of integrals of the type

JNþkt;fk1;k2;k3g ðA7Þ

where N is the number of momenta that the form factor
multiplies in the decomposition. Let us now list some
useful properties of 3K integrals:

∂

∂pn
JNfkjg ¼ −pnJNþ1fkj−δjng;

JNfkjþδjng ¼ p2
nJNfkj−δjng þ 2

�
Δn −

d
2
þ kn

�
JN−1fkjg;

∂
2

∂p2
n
JNfkjg ¼ JNþ2fkjg − 2

�
Δn −

d
2
þ kn −

1

2

�
JNþ1fkj−δjng;

KnJNfkjg ≡
�

∂
2

∂p2
n
þ ðdþ 1 − 2ΔnÞ

pn

∂

∂pn

�
JNfkjg

¼ JNþ2fkjg − 2knJNþ1fkj−δjng;

KnmJNfkjg ≡ ðKn − KmÞJNfkjg

¼ −2knJNþ1fkj−δjng þ 2kmJNþ1fkj−δjmg: ðA8Þ

2. Appell functions

In the case of scalar primary operators, for example, of
scaling dimensions Δi, and momenta p1, p2, p3, the
solutions expressed by 3K integrals can be directly related
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to the four Appell functions [1] characterized by four
pairs of indices ðai; bjÞ ði; j ¼ 1; 2Þ. These are the indices
that in the change of variables ðp2

1; p
2
2; p

2
3Þ → ðp2

1; x; yÞ,
x ¼ p2

2=p
2
1, y ¼ p2

3=p
2
1 reduce the special conformal con-

straints to Appell hypergeometric equations deprived of
1=x or 1=y singularities [32,58]. Setting

αða; bÞ ¼ aþ bþ d
2
−
1

2
ðΔ2 þ Δ3 − Δ1Þ

βða; bÞ ¼ aþ bþ d −
1

2
ðΔ1 þ Δ2 þ Δ3Þ ðA9Þ

we can introduce the function

F4ðαða; bÞ; βða; bÞ; γðaÞ; γ0ðbÞ; x; yÞ

¼
X∞
i¼0

X∞
j¼0

ðαða; bÞ; iþ jÞðβða; bÞ; iþ jÞ
ðγðaÞ; iÞðγ0ðbÞ; jÞ

xi

i!
yj

j!
ðA10Þ

where ðα; iÞ ¼ Γðαþ iÞ=ΓðαÞ is the Pochhammer symbol.
We will refer to α…γ0 as to the first,…, fourth parameters
of F4.
The four independent solutions of the Appell system of

equations are then all of the form xaybF4, linearly com-
bined in a Bose-symmetric form. Specifically, the solution
for the parity-even correlator with three scalar operators
takes the general form

Φðp1; p2; p3Þ ¼ pΔ−2d
1

X
a;b

cða; b; Δ⃗ÞxaybF4ðαða; bÞ; βða; bÞ; γðaÞ; γ0ðbÞ; x; yÞ ðA11Þ

where the sum runs over the four values ai, bi i ¼ 0, 1 with
arbitrary constants cða; b; Δ⃗Þ, with Δ⃗ ¼ ðΔ1;Δ2;Δ3Þ. Spe-
cifically,

α0 ≡ αða0; b0Þ ¼
d
2
−
Δ2 þ Δ3 − Δ1

2
;

β0 ≡ βðb0Þ ¼ d −
Δ1 þ Δ2 þ Δ3

2
; ðA12Þ

γ0≡γða0Þ¼
d
2
þ1−Δ2; γ00≡γðb0Þ¼

d
2
þ1−Δ3 ðA13Þ

for a generic d dimension.

3. Zero momentum limit

When solving the secondary CWIs, it may be useful to
perform a zero momentum limit. In this subsection, we
review the behavior of the 3K integrals in the limit p3 → 0.
In this limit, the momentum conservation gives

pμ
1 ¼ −pμ

2 ⇒ p1 ¼ p2 ≡ p: ðA14Þ

Assuming that α > βt − 1 and β3 > 0, we can write

lim
p3→0

Iαfβjgðp; p; p3Þ ¼ pβt−α−1lαfβjg ðA15Þ

where

lαfβjg ¼
2α−3Γðβ3Þ

Γðα − β3 þ 1ÞΓ
�
αþ βt þ 1

2
− β3

�

× Γ
�
α − βt þ 1

2
þ β1

�
Γ
�
α − βt þ 1

2
þ β2

�

× Γ
�
α − βt þ 1

2

�
ðA16Þ

We can derive similar formulas for the case p1 → 0 or
p2 → 0 by considering the fact that 3K integrals are
invariant under the exchange ðpj; βjÞ ↔ ðpi; βiÞ.

4. Divergences and regularization

The 3K integral defined in (A1) converges when

α >
X3
i¼1

jβij − 1; p1; p2; p3 > 0: ðA17Þ

If α does not satisfy this inequality, the integrals must be
defined by an analytic continuation. The quantity

δ≡X3
j¼1

jβjj − 1 − α ðA18Þ

is the expected degree of divergence. However, when

αþ 1� β1 � β2 � β3 ¼ −2k; k ¼ 0; 1; 2;… ðA19Þ
for some non-negative integer k and any choice of the �
sign, the analytic continuation of the 3K integral generally
has poles in the regularization parameter. Therefore, if
the above condition is satisfied, we need to regularize the
integrals. This can be done by shifting the parameters of the
3K integrals as

Iαfβ1;β2;β3g → Iα̃fβ̃1;β̃2;β̃3g
⇒ JNfk1;k2;k3g → JNþuϵfk1þv1ϵ;k2þv2ϵ;k3þv3ϵg ðA20Þ

where

α̃ ¼ αþ uϵ; β̃1 ¼ β1 þ v1ϵ;

β̃2 ¼ β2 þ v2ϵ; β̃3 ¼ β3 þ v3ϵ ðA21Þ

or equivalently by considering
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d → dþ 2uϵ; Δ → Δi þ ðuþ viÞϵ: ðA22Þ

In general, the regularization parameters u and vi are
arbitrary. However, in certain cases, there may be some
constraints on them.

5. 3K integrals and Feynman integrals

3K integrals are related to Feynman integrals in momen-
tum space. The exact relations were first derived in [2,33].
Here we briefly show the results. Such expressions have
been recently used in order to show the connection between
the conformal analysis and the perturbative one for the
hAVVi correlator [14].
Let Kdfδ1δ2δ3g denote a massless scalar one-loop three-

point momentum space integral

Kdfδ1δ2δ3g ¼
Z

ddk
ð2πÞd

1

k2δ3 jp1 − kj2δ2 jp2 þ kj2δ1 : ðA23Þ

Any such integral can be expressed in terms of 3K integrals
and vice versa. For scalar integrals the relation reads

Kdfδ1δ2δ3g ¼
24−

3d
2

π
d
2

×
Id
2
−1fd

2
þδ1−δt;d2þδ2−δt;d2þδ3−δtg

Γðd − δtÞΓðδ1ÞΓðδ2ÞΓðδ3Þ
ðA24Þ

where δt ¼ δ1 þ δ2 þ δ3. Its inverse reads

Iαfβ1β2β3g ¼ 23α−1παþ1Γ
�
αþ 1þ βt

2

�

×
Y3
j¼1

Γ
�
αþ 1þ 2βj − βt

2

�

× K2þ2α;f1
2
ðαþ1þ2β1−βtÞ;12ðαþ1þ2β2−βtÞ;12ðαþ1þ2β3−βtÞg

ðA25Þ

where βt ¼ β1 þ β2 þ β3. All tensorial massless one-loop
three-point integrals can also be expressed in terms of a
number of 3K integrals when their tensorial structure is
resolved by standard methods (for the exact expressions in
this case see Appendix A.3 of [2]).
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