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Abstract

In this paper we give different estimates between Lebesgue norms of quadratic time-frequency
representations. We show that, in some cases, it is not possible to have such bounds in classical
LP? spaces, but the Lebesgue norm needs to be suitably weighted. This leads to consider
weights of polynomial type, and, more generally, of ultradifferentiable type, and this, in turn,
gives rise to use as functional setting the ultradifferentiable classes. As applications of such
estimates we deduce uncertainty principles both of Donoho-Stark type and of local type for
representations.

Keywords Quadratic forms - Time-frequency representations - Uncertainty principles -
Ultradifferentiable spaces
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1 Introduction

The classical Fourier analysis on RY is based on the Fourier transform, defined as
feri= [ et rwax,
RN

for f € L'(RV), with standard extension to more general spaces of functions and distribu-
tions. In signal analysis the Fourier transform is interpreted as an instrument showing the
frequencies that a certain signal f contains. A drawback is that the information on when
different frequencies occur in a (non-stationary) signal f is hidden in the complex phase of
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f , and this has led, in the last decades, to the proposal of several different time-frequency
representations, in order to make this information more readable and clear. A time-frequency
representation of a signal f is a function (or distribution) of (x, £) € R?V, giving the energy
of the signal at time x and frequency &; it is usually a quadratic form of f, and it is not
uniquely chosen. There are in fact many different representations, each one with good fea-
tures and disadvantages, and different representations better address different problems. This
of course has to do with the use of such tools in applications, but also with their more abstract
mathematical properties, as well as with the role that such representations have in other fields
of Mathematics, such as partial differential equations, group representations, operator theory
and so on. Since all such representations have common aims and meanings, it is reasonable
to investigate in which aspects they are linked and how they can be, in some sense, controlled
one each other. Of course there are several well-known connections between different repre-
sentations; there are classes of time-frequency distributions underlying common structures,
and many comparisons have been made in the literature, showing similarities and differences.

In this paper we consider a new perspective, that has to do with the possibility to estimate
the (weighted) L”-norm of a time-frequency representation by a (weighted) L-norm of
another one. This is motivated by the observation that the Donoho-Stark uncertainty prin-
ciple for the short-time Fourier transform can be rephrased in terms of estimates between
Lebesgue norms of the spectrogram and the Rihaczek form. We consider then the general
problem of giving mutual estimates of couples of time-frequency representations. We prove
that some of these estimates are not true when considering usual L? spaces, but are fulfilled
when considering weighted L? spaces, for weights of polynomial type or more generally of
exponential (ultradifferentiable) type. As an application, we prove new uncertainty princi-
ples of Donoho-Stark type involving time-frequency representations, as well as uncertainty
principles of local type for quadratic forms.

In order to better explain motivations and results of this paper we recall some basic facts.

The classical Donoho-Stark uncertainty principle is based on the definition of ¢ concen-
tration; we say that a function g € L?(RY) is e-concentrated on a measurable set V C RY,
e € [0, 1],if

/Vlf(x)lzdx > (1 -e)fl3

Theorem 1.1 (Donoho-Stark uncertainty principle [13]) Let T, Q2 C RN be measurable
sets, and e, eq > O with et + eq < 1. If there exists f € LQ(RN), f # 0, such that f is
er-concentrated on T and f is eq-concentrated on 2, then

m(T)m(Q) = 20" (1 - e7 — eq),
where m(-) indicates the Lebesgue measure of the corresponding set.

There is a corresponding version of the Donoho-Stark principle for the short-time Fourier
transform. Recall that the short-time Fourier transform is defined as

Vel 8= [ FOIRG =0 dy, (1.0

for f € S(RY), with standard extensions to more general spaces of functions and dis-
tributions. We refer to [14, Chapter 3] for a complete treatment of the basic results on
this transformation. Here we just recall that from Holder inequality, if £, g € L2(RN) we
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immediately have that V, f € L>°(R?V) and

Ve flloo = Nl fll211glI2, (1.2)

where the norm in the left-hand side is in R?V and the ones in the right-hand side are in
R¥. An uncertainty principle of Donoho-Stark type can be proved for the short-time Fourier
transform, in the following form ( [14, Proposition 3.3.1]).

Theorem 1.2 Let E C R2N be a measurable set and ¢ > 0. Suppose that there exist f, g €
L2(RN), f, g #0, such that

/EIng(x,E)Izdxdé > (1 —a)lfl5lgl5- (1.3)

Thenm(E) > 1 —e.

An inspection of the proof of Theorem 1.2 reveals that such a result is strictly related to
(1.2). Both (1.2) and (1.3) can be easily rewritten in terms of time-frequency representations.
In Sect.2 we give more information, and we analyze the main representations used in the
literature. Here we just recall that the most natural representation is the so-called Rihaczek
form, defined as

Rf(x. £) 1= e~ £ (x) f (£):

moreover, a widely used time-frequency representation, related to the short-time Fourier
transform, is the spectrogram, defined as

Spef(x, &) i= Vg f(x, &) (1.4)

Now, since [[Spg fllso = IV £ 1% and [ Rf 2 = I fll2]l fll2 = @7)N/2| £ |13, we have that
(1.2) can be rewritten as

ISP flleo < @)~ MIIRf 121 Rell2, (1.5)

where in this last estimate all the norms are in R*Y . Furthermore, the Donoho-Stark type
uncertainty principle of Theorem 1.2 can be rephrased as follows.

Theorem 1.2’ Let £ C R?M be a measurable set and ¢ > 0. Suppose that there exist
f.g € L2RY), f, g #0, such that

/E |Spe f(x, &) dx d& = (1 —&)2m) MRS 2] Rg]2. (1.6)

Thenm(E) > 1 —¢.

Taking a window g such that ||g||> = 1, this result, roughly speaking, says that if the (L)
contents of the spectrogram of some signal f in a set E is larger than a fraction of the whole
(L?) contents of the Rihaczek of f, then the measure of E must be sufficiently large. A
natural question is if we can replace in (1.6) the spectrogram and the Rihaczek with other
time-frequency representations. This, in turn, depends on which kind of estimates of the type
(1.5) we can prove on different couples of representations.

In this paper we then investigate estimates between different representations in the frame
of (weighted) L?-spaces, and deduce different kind of uncertainty principles. It is usually not
difficult to estimate a representation by the Rihaczek, since (as in the case of the spectrogram)
this can often be obtained as a consequence of the mapping properties in Lebesgue spaces
of the representation itself. On the other hand, when in the right-hand side we want to put

@ Springer



670 A. A. Albanese et al.

something different from the Rihaczek, the things become much more difficult, and some
estimates are not true anymore for L? norms. For instance, we prove that for p > 2 there
does not exist a constant D > 0 such that

IRf oo < DIWig()llp (L.7)
forevery f € S (RM), where

Wig(f)(x,§) :== / e e f (x + £> f <x - i) dt (1.8)
RN 2 2

is the classical Wigner transform. On the other hand, (1.7) becomes true if we consider
weighted Lebesgue norms instead of unweighted ones; for instance, fixed 1 < p < oo, there
exist C, i > 0 such that for every f € S(RV) we have

IRflloe < CII(L+ x> + [E11)* Wig( )]l -

More generally, it turns out that ultradifferentiable weights allow us to obtain good esti-
mates between Lebesgue norms of different representations, so a natural functional setting
is given by ultradifferentiable spaces. We then consider weight functions in the sense of
Braun-Meise-Taylor [9] and corresponding (global) spaces of rapidly decreasing ultradiffer-
entiable functions as defined in [4]; weighted L?”-norms become, in fact, seminorms in the
corresponding ultradifferentiable class (see [8]), and we prove mutual estimates on weighted
LP-norms of different time-frequency representations.

Besides the interest that mutual estimates of time-frequency representations have in them-
selves, they have different applications. We prove indeed that they can be used to obtain
uncertainty principles of Donoho-Stark type for different time-frequency representations,
where the hypothesis (1.6) is substituted by the request that the contents of a time-frequency
representation in some Lebesgue measurable set E is greater than a fraction of the whole
contents of another representation.

Moreover, mutual estimates between representations constitute the basic tool to prove
uncertainty principles of local type, in the spirit of [5, 20], for different time-frequency
distributions. We recall that, for the Fourier transform, the local uncertainty principle as
formulated in [20] is an inequality that, in its simplest version in dimension 1, reads as

LM@Hﬁ<KmmMﬁ (1.9)

for every measurable set E C R and f € L2(R) with || fll2 = 1, where K’ does not depend
on E and f, m(E) is the Lebesgue measure of E, and

A(f) =11t = (NS Oll2

is the dispersion associated with f, for u(f) = thlf(t)lzdt. Then (1.9) says that f
cannot show, locally in a measurable set E, a large amount of energy if E has small measure
and/or f is very concentrated. Results of this type are proved in [5] in the frame of time-
frequency analysis. In this paper we prove uncertainty principles of local type for time-
frequency representations, giving limitations of the amount of energy that a time-frequency
representation of f may have on a measurable set E in terms of quantities measuring the
size of E and the dispersions of f and/or f ; we also give analogous results where the role
of £, f, and the time-frequency representation of f are interchanged. Moreover, the fact
that all estimates are proved in weighted spaces implies that weights appear in the quantities
measuring the size of E, too; in some cases this weighted measure of E may be finite even
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when the Lebesgue measure of E is infinite, enlarging then the class of sets £ for which our
results are meaningful.

We point out that a non trivial question in these kind of results concerns sharpness. Theo-
rem 1.2 itself is far from being optimal, since it is based on the (not optimal) estimate (1.2). A
sharper, though still not optimal, version can be proved by using Lieb uncertainty inequality
instead of (1.2) (see [14, Theorem 3.3.3]). Several recent papers are devoted to improve these
kind of results and find optimizers of uncertainty inequalities, both on Euclidean spaces, on
Riemannian manifolds, and on locally compact Abelian groups, see for instance [17-19] and
the references therein. These questions related to optimality are not an object of the present
work, but the recent advances cited above encourage further investigations on the results
presented in this paper.

The paper is organized as follows. In Sect. 2 we recall definitions and basic properties of
time-frequency representations and of ultradifferentiable spaces. In Sect. 3 we prove different
estimates between weighted norms of representations, and the corresponding uncertainty
principles of Donoho-Stark type. Finally, Sect.4 is devoted to the study of local uncertainty
principles.

2 Definitions and preliminary results

Definition 2.1 A weight function is a continuous increasing function  : [0, c0) — [0, c0)
satisfying the following properties:

(o) there exists K > 1 such that w(2¢) < K (1 + w(¢)) for every t > 0;

(B) w(t) =o0()ast — oo;

(y) thereexista € R, b > 0 such that w(¢) > a + blog(l + ¢) for every t > O;
(8) @u(t) := w(e") is a convex function.

Given a weight function we can extend w : R — [0, 0o) by defining w(x) = w(|x|) for all
x € R (of course, in the same way we could extend w to RY for every N). The condition
(B) is weaker than the condition of non-quasianalyticity | 100 ﬁ% dt < co. When the latter
condition is satisfied, the spaces that we are going to define shall contain non trivial compactly
supported functions. Most of the results of this paper hold under condition (8), i.e., both in
the non-quasianalytic and in the quasianalytic case. When necessary, we will specify whether
the weight has to be considered non-quasianalytic.

Sometimes, we assume that the weight o satisfies the additional condition log(1 + ¢) =
o(w(t)) as t — o0, called condition (y'), which is stronger than condition (y).
We recall some known properties of the weight functions that shall be useful in the following
(the proofs can be found in the literature):

(1) Condition (&) implies for every t1, r, > 0 that
ot +1) < K+ o) + o). 2.1

Observe that this condition is weaker than subadditivity (i.e., w (] + ) < w(t1) + w(12)).
The weight functions satisfying («) are not necessarily subadditive in general.
(2) Condition (&) implies that there exists L > 1 such that for every 1 > 0

w(et) < L(1 + w(1)).

(3) By condition (y) we have for every A > % that

e W e LP@RY), 1< p<o0. (2.2)
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672 A. A. Albanese et al.

Given a weight function w, we define the Young conjugate ¢} of ¢, as the function
@ 10, 00) = [0, 00),
@ (s) :=sup{st — @, (1)}, s> 0.
t>0
There is no loss of generality to assume that @ vanishes on [0, 1]. We have that ¢ is convex
and increasing, ¢} (0) = 0 and (¢})* = @y.
Now, we introduce the ultradifferentiable function space S,,(R") in the sense of Bjork

(4].

Definition 2.2 Let w be a \iveight function. We denote by S, (RY) the set of all functions
f e L"RN)suchthat f, f € C°(RY) and foreach A > O and o € N{)V we have

[€2°8% flloo < 00 and [|€*?8% flloo < 00, 2.3)

where f denotes the Fourier transform of f. The elements of S,(RY) are called w-
ultradifferentiable rapidly decreasing functions of Beurling type. We denote by S(’U(RN )
the dual of S,,(R") endowed with its strong topology.

Now, we recall some properties of S,, (RM).

Remark 2.3 Let w be a weight function.

(1) The condition (y) of Definition 2.1 implies that S,, (RN) € S(RN) with continuous
inclusion. The spaces coincide when w(¢) = log(l + t), for t > 0. Accordingly, we can
rewrite the definition of S, (RV) as the set of all the Schwartz functions that satisfy the
condition (2.3).

(2) The space S,,(R") is closed under convolution and under point-wise multiplication.

(3) Let us denote by T, Mg and I1(z), respectively, the translation, the modulation and
the phase-space shift operators, defined by

I f(y) := f(y —x),
Mg f(y) =€ £ (),
@) = MeTe f () = e f(y =)
for x,y,& € RN and z = (x,&). The space S,(@RN) is closed under translation and

modulation, and hence under the action of the phase-space shift operator.
(4) The Fourier transform F : S,,(RY) — S, (RY) is a continuous isomorphism.

The space S,,(R") is a Fréchet space, and we can give different equivalent systems of
seminorms. We refer to [2, 8] for more results in this direction; here we just recall the
following proposition.

Proposition 2.4 Let w be a weight function and consider f € S(RN). Fix1 < p < oc. Then
f € Su(RYN) if. and only if. one of the following conditions is satisfied.

(1) (i) VA>0, a € N(I)v 3Cq,,p > 0 such that ||e’\‘"8°‘f||p < Cu,.,p, and
(ii) YA >0, a € N(I]V 3Cq,z,p > 0 such that ||e’\‘”8°‘fA||p < Cu. p-

(2) () YA > 03Cy , > 0 such that ||e* f||, < Cy,p, and
(i) YA > 03Cy., > O such that ||*® f||, < Cy.p.

Now, we recall the definition of the spaces OM,Q,(RN ) and Oc,w(RN ), that have been
introduced in [1, 2].
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Definition 2.5 Let w be a non-quasianalytic weight function.
(a) We denote by OM,(D(RN ) the set of all functions f € C®(R) such that for allm € N
there exist C > 0 and n € N such that for every o € N(])V and x € RY we have
o nw(x) m‘/’*(m)
[0% f()| < Ce"He TN/,
The elements of Oy, (RY) are called slowly increasing functions of Beurling type.
(b) We denote by Oc.o(RY) the set of all functions fe C®(RY) for which there exists
n € N such that for all m € N there exists C > 0 so that for every o € Nf)v and x € RY we
have
o nw(x) m‘ﬂ*(m>
[0% f(x)| < Ce e "O\m/,
The elements of Oc,w(RN ) are called very slowly increasing functions of Beurling type.

The space O M,w(]RN ) is the space of multipliers of S, (RM) and of its dual space S(’U(]RN )
as proved in [1],i.e., f € Op.o(RY),if and only if fg € S,(RV) forall g € S,,(RV) if and
only if f7 € S, (RN) forall T € S, (RM).

The space O,c. © (RN)is the space of convolutors of S,, (RN), as the following result shows.

Proposition 2.6 ([2, Theorem 5.3]) Let w be a non-quasianalytic weight function and T €
S (RN). Consider the following properties:
(1) T € O ,[R").
(2) Forevery f € S,(RY), we have Txf € S,(RY).
Then (1) = (2). If, in addition, the weight function w satisfies the stronger condition (y'),
then (2) = (1).

Given a non-quasianalytic weight function w, the Fourier transform F : (’)/C’ w(RN ) —>

OM,U,(RN ) is well-defined. Moreover, for every T € O’C w(RN yand f € S,(RN), the
convolution T« f satisfies the following property:

F(Txf) = fF(T). (2.4)

If, in addition, the weight @ satisfies the stronger condition (y’), then F is a topological
isomorphism from O’C’w(RN) onto OM,w(RN), as shown in [2, Theorem 6.1].

The short-time Fourier transform (1.1) can be easily extended to ultradistributions; indeed,
let us consider a window function g € S, (RV), g # 0. The short-time Fourier transform
(briefly STFT) of f € S, (RV) is defined, for z = (x, £) € R?N, by:

Vel @ = (.10 = [ 06 =0 dy, @5)

where the bracket (-, -) and the integral in (2.5) denote the conjugate linear action of S, (RM)
on S, (RY), consistent with the inner product (-,-)> on LZ(RM). The definition is well
posed, because if g € S, (RM), then T1(2)g € Su,(RY) foreach z = (x, &) € R2N _ For basic
properties of the STFT in ultradifferentiable spaces see [15]. We recall the inversion formula:

Fy) = Ve @ I1R)9)(y) dz. (2.6)

i )
QmNgll3 Jr2

The STFT is also well-defined and continuous on S,,(RY), as the following results contained
in [15] shows.
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Theorem 2.7 Let w be a weight function and consider g € S,(RN), g # 0. Then for
f e S(’U(RN ) the following conditions are equivalent:

(1) f € Su@®N).
(2) For each A > 0 there exists a constant C, > 0 such that

Ve f(2)] < Cre @

for each z € R?N.
(3) Vof € Sp(®R?M).

Therefore, we can deduce the following result.

Proposition 2.8 Let w be a weight function and consider g € S,(RN), g # 0. Then
Ve : Su@®Y) — S, (R*)

is continuous.

The STFT also provides new equivalent systems of seminorms for S, (RM) (see [8]).

Proposition 2.9 Let w be a weight function and consider g € S,(RN), g # 0. Then f €
So@®RN)Y if and only if one of the following conditions is satisfied:

(1) Forall x>0

€V, flloo = sup |V f(2)]e*@ < oo.
7eR2N

(2) There exists 1 < p < 0o such that for all A > 0

€0V I = [ Ve @IPer dz < oo,

Now, we recall the definition of further time-frequency representations that we shall treat
in the following, and that are widely used in the literature, see, for instance, [10, 14] and the
references therein.

Definition 2.10 For r € [0, 1] and f € S(RY), we define the t-Wigner transform as
Wig (1) 8= [ e 0+ G- (= onar
R

for (x, £) € RV,

Ifr = %, we get the classical Wigner transform (1.8). In the cases t = 0 and T = 1, we get
the Rihaczek and conjugate Rihaczek forms, given by

Rf(x, &) := e f(x) f (&),
R*f(x,8) := ™ f(x) f (&),

respectively, for (x, £) € R*N. We have already defined the spectrogram (1.4); it is known
that the spectrogram and the 7-Wigner transform are linked. In fact, given f, g € S,(R"Y),
g # 0, we have

Spe f = Wig;_(&)*Wig, (f), 2.7

where g(t) := g(—1),t € R¥ . For more details we refer the reader to [6, 7, 14].
The t-Wigner transform and the spectrogram are particular cases of a large class of
covariant quadratic representations, the so-called Cohen class.
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Definition 2.11 Let w be a weight function. Given a kernel o € S(/H(RZN), we define

Qo [ :=oxWig(f),

foreach f € S, (R"). We say that Q, is a time-frequency representation in the Cohen class
with kernel o.

Of course, by [2, Proposition 5.2] every time-frequency representation in the Cohen class
withkernelin S/, (R?M) is well-defined for f € S, (RN). Moreover, if we consider the weight
w(t) = log(1l + t), we recover the classic time-frequency representation in the Cohen class
with kernel in S’ (RV).

When the kernel o is given by

opy(x,§) := }—Zi)é (M)

n

the corresponding Cohen class form is the so-called Born-Jordan representation

BI(f) = oixWig(f), 2.8

that has many interesting properties (see, for instance, [11, 12, 21] and the references therein).
The Born-Jordan representation is linked to the t-Wigner; it can, indeed, be written as

1
BI(f) = /0 Wig, (f) dr. 2.9)

forevery f € S (RN ), see, for instance, [6].

3 Estimates on time-frequency representations and Donoho-Stark
uncertainty inequalities

In this section we give some estimates between different time-frequency representations in
the Cohen class (STFT, Spectrogram, Rihaczek form, 7-Wigner transform); moreover, we
prove that, given two time-frequency representations Q, and Q,, in the Cohen class, under
suitable conditions on the kernels o7 and o2, it is possible to estimate one representation
with the other. Such estimates are in the form of a control of the (weighted) L°°-norm of a
representation by (weighted) L -norms of another representation; this gives as a consequence
new inequalities of Donoho-Stark type.

Throughout this section K and b always indicate the constants of conditions («) and (y)

of Definition 2.1, respectively. Moreover, we use as standard the notation p’ to indicate the

conjugate exponent of p € [1, oo], in the sense that % + % = 1; with this notation, (2p)’ is

the number such that ﬁ + (2%7), = 1, and for p = oo we intend (2p)" = 1. The norms in L”

are indicated as || - || ,. Sometimes they are norms in L?(R") and sometimes in L? (R*V),
and it is clear from the context which is the case; when this is not clear, we specify by writing

Il - ||L1>(1RN) or || - ”Ll’(]RzN)'
The next result gives a mutual control between the Spectrogram and the Rihaczek form.

Theorem 3.1 Let w be a weight function, g € S,(RY), g #0, and 1 < p < oo.
(i) Forevery > 0and f € S,(RY) we have

1 2 2
16" Spg flloo < DV K2R, 12K Rg]l 3.1)
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where Df\l) = (27) N K U+2K0%

(ii) Forevery >0, u > bapy and f € S,(RN) we have

b(ZP
2 2

¥ Rf lloo < D), 12K F095p, £l (3.2)

where

2 A —
KUHZK o K20g | K08 | [l |2

L2p) (]RZN)

(2)
D =
Rt Qm)2V g3

Proof (i) We first observe that, for f € S, (R"), by Holder’s inequality and (2.1), for every
i > 0 we have

OV fw ol < [ OOl dr

o N
e e P G (3.3)
Recall the fundamental identity of the STFT
Vo f(x,8) = Qu) NV, f (&, —x); (34)
the same calculations as above then give
" OV, f o, )] < @) NeKr ki 1k g, (3.5)
for every u > 0. By (3.3) and (3.5) we get

ekw(x’$)|vgf(xa §)|2 < ereKk(w(x)+w($))|ng(x, §)|2

K ,2K%)
ette 2 2
K2 K2

| “fliplle™ ™

Ko 7 Koy
Sww “flple” 8l

gllylle v (3.6)

Observe that, by definition of Rihaczek form,
2 2 A
1K 11, 11eKH £l = K2 C@To@ Re(x )1, < 2K 2RF,,  (3.7)

where the norms in the left-hand side are in L? (R") while the ones in the right-hand side
are in L? (R?V); the same holds for g, and so by (3.6) the proof of point (i) is complete.
(i1) We start by proving that for every A > 0

2
eK(1+2K)A ||€K rAw ||€K rw

8lloo 8lloo

emX g3

2
e*Rf oo < le® v, £113. (3.8)

We have indeed that, from the inversion formula (2.6), it follows that for every y € RY and
A >0,

0 f£(y) = Ve f(x, £)er*WTE g (y _ x) dxdE.

i )
@moN|gl3 Jrev

Applying (2.1), we get for every y € RV and 4 > 0
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€™ fllw < sup | ———
yery | @mNgll3

eKA||eKAa)

/R L Ve, )[efHITeret= gy — x)) dxds]

8lloo Kiw(x,£)
= i [ Ve e oleR 0 avag

Ky Kn Kx
et et g lloolle™ Ve fly

= . (3.9)
Q@o)Ngl3
Now we observe that, applying the Fourier transform to both sides of (2.6) we get
A 1 .
)= iy [ Vel e M TR dds
oV igl3 Jaav ¢ v
hence proceeding as before we obtain
A 2 KH1eK20g) o XMV, £l
1€ flloo < o (3.10)
@2m)Mligls
Since
eka < eKA(l+w(x)+a)(?;‘)) (X) ’\( ) — eKA eK)\w eKAa) r
l flloo = I VACONACH B l SFlleoll S oo,
by (3.9) and (3.10) with KA instead of A we then obtain (3.8).
Fix now p € [1, oo]. Forevery A > 0 and ;& > ,3(22—1;), we get by Holder inequality
2
||e)‘ngf||% — (A;N e(kﬂt)w(xgé)—/tw(xsé)|ng(x7 ?,-‘)|dxd§'>
< eIy v €TV £113,
= e apy w1624 Sp £l - 3.11)
The conclusion then follows from (3.8) and (3.11). O

Remark 3.2 The estimate (3.1) extends (1.5), that is obtained by taking A = 0 and p = 2
in (3.1). We observe moreover that the case A = 0 in Theorem 3.1 gives estimates where
‘pure’ (unweighted) Lebesgue norms appear everywhere except in the right-hand side of
(3.2), where the weight ¢?® with y sufficiently large remains. In this sense there is a lack of
symmetry in estimates (3.1) and (3.2); we shall show in Remark 3.6 below that this cannot
be avoided, in the sense that (3.2) with & = 0 is not true for every A > 0, 1 < p < oo, and

feSy (RM) (even with a constant greater than D,(\Z,L)~

We can now prove an uncertainty principle of Donoho-Stark type related to Theorem 3.1.

Proposition 3.3 (Spectrogram vs. Rihaczek Donoho-Stark principle) Let w be a weight func-
tion, E C R*N pe a Lebesgue measurable set, 1 < p < oo and ¢ € (0, 1). Suppose that one
of the following conditions holds:

(a) There exist f,g € Su(RN), f, g # 0and A > 0 such that
2 2
/E FOED S, fx, &) dxdg = (1 — ) D [XX R, 12K Rg|l

where Dfxl) is the constant in (3.1).
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(b) There exist f,g € Su(RYN), f,g #0, A > 0and u > % such that
2 2
[ e Ors ) = - D212 sy,
E

where D;\zL is the constant in (3.2).

Then m(E) > 1 — ¢, where m(E) is the Lebesgue measure of E.

Proof (a) From Theorem 3.1(i) we have

f WD Spe F(x. £)] dx dE < m(E)[Spe flloe
E
1 2 2
< m(E)DV 12K 2O R ||, 112K Rg | .

Since f, g # 0 we have thatboth Rf, Rg, and Sp, f are different from 0; then by hypothesis
(a) we have m(E) > 1 — ¢. The proof of point (b) is analogous. ]

The previous result says, roughly speaking, that in a set £ with small measure the spectrogram
of a signal f cannot show too large time-frequency contents when compared to the total
time-frequency contents measured by the Rihaczek form; similarly, in a small set E the
Rihaczek form cannot show too large time-frequency contents when compared to the total
time-frequency contents measured by the spectrogram. In the following we see that this is
true when spectrogram and Rihaczek are substituted by couples of the most common time-
frequency representations, as well as by couples of more general representations in the Cohen
class.

Now we consider the 7-Wigner transform (cf. Definition 2.10). Observe that, denoting by
7L the operator acting on a function F on R2V as

TP (x, 1) == F(x + tt,x — (1 — 1)1),

for f € S(RM) and t € [0, 1] we can write
Wig, (1), &) = Fie (T(F & 7).

Since both the (partial) Fourier transform and TET] can be extended in a standard way to
(ultra)distributions, we can extend Wig_ to S;) (RN ), and from [16, Theorem 3.4], we get that

Wig, : S»(RY) — S, (R*)
Wig, : S, (RY) — S (R*M).

We introduce now the following notations for the dilation of a function. For G = G (x, &),
x,& € RV and vy, 1o € R\ {0} we write

(DLII]DE]G) (x,€) := G(vyx, 1é)

for a dilation by v in the first half of variables and a dilation by v, in the second half.
Moreover, we write D, for a dilation by the same v in all variables, in the sense that for a
function F = F(z), z € RY, and v € R\{0} we write

(DyF)(z) := F(v2).
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In the discussion about t-Wigner transform below we need some particular dilations (for

T # 0, 1), that we write for convenience in the following way:
-1
(Ach)(t) .= (D h)(t) =h ( " t)

for a function & on RY, and

f(xé)—( D[ZVf)(XS) Vf( §)

-7 T

for the STFT V f, whenever it is defined. With these notations we have that, for = € (0, 1),

the following identity holds (see [6, Lemma 6.2]):

Wig, (f)(x,§) = e ¥ Vi fx8).

(3.12)

We can now prove the following result, giving a mutual control between the t-Wigner

transform and the Rihaczek form.
Theorem 3.4 Let w be a weight function, 1 < p < oo, and t € (0, 1).
(i) Foreveryr >0and f € S, (RN) we have
le* o Wig, (N)I12, < D13 RE |l KA RE |,

where
K(1+2K)A

3 _
i oV — )N’

(ii) Foreveryr >0, u > % and f € S,(RN) we have

4 2 2 .
1 Rf oo < DY) (2K K 2Fmowig (£)]],.

where
@ _ Q) 2K(KZri+p) | 2K (K241 oy ~ .
D = inf [DPe le Wig,_ (@)1 |:
B ges, @My LM i
g#0

here D)(?L is the constant in (3.2) and g(t) := g(—1),t € RN,

Proof (i) We first observe by (3. 12) that

AD!

. 1 ]
I Wig, ()13, = ||e*‘"vA I = e Pim0? Vs FI

Then, proceeding as in (3.6) we get
N K (I+2K)2
lle legr(f)Hoo = m

2K2AD;w } 2K2\D;w 5 7
x |le “flplle A Sy

Suppose first that p > 1. Since
7|V

|z — 1N

—

A f = D,tjf’

2K2AD(; - 2K2\D(|—
lle =02 fplle =D AL fl pr X

(3.13)

(3.14)

(3.15)
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we have
R L L : e
”eZK )\DTwATf”Ip]/ — |t — 1|p/N ”eZK ADerij"ﬁ’
|7|(P' =DV 20" K20 ((z=1)y)| F (i 1P
_mRNe lf ) 1P dy
o] DN 2 "
- e i @19
Analogously, we get
N
N A [ (3.17)
P [t — 1|V p
From (3.15), (3.16) and (3.17) we obtain
A 2 ek (12604 2K2AD 2K2\D
le**Wig, ()5 < =————lle =0 flylle Ll x
T 00 (27T)N(T _ TZ)N P P (3.18)

2K2\Dw f 2K2AD; 1o }
X |le “flplle e il P

If p = 1, similarly we get (3.18), since
=
o1V

2K2AD(|— 2K2AD_
lle I=0CAr flloo = lle ™ flloo-

2K2AD; w5 7 2K2AD;_ 1w §
lle A flloo I 1 flloo,

Observe now that if T € (0, 1), then D(1_yo < w and D@ < w, since w is increasing;
moreover, D;w = D_;w and D;_jw = D|_;w. Hence, from (3.18) and (3.7) we get (3.13).

(i1) By (3.2) and (2.7), for f € S,(RY) and A > 0 we have that, for every g € S, (RM),
g8 #0,

2 2 2 2 . ~ .
1 Rf oo < D) 2K 44008, f11, = D) 2 K400 (Wig,  (2)xWig, (/).
with > % We observe that by (2.1)
2 . ~ .
A E M@ \Wig, (3)xWig, (f)(2)

2 ) ~ .
< /RZN KO |\Wig(8)(»)I[Wig, (f)(z — y)ldy

2 _ ) ~ .
= /;azN 2K K A+ (+o(y)toz y))|W'g1—r(g)()’)||W1gf(f)(z — Y)|dy
2 2 ) ~ s .
— R2K(K?htp) (gZK(K x+u)w|ng1,f(g)|> * (€2K(K A+M)w|W1gr(f)|> @. (3.19)
Therefore, by Young’s inequality we get
2 2 . o
1" Rf llso = D 1> K719 (Wig, _ ()xWig, (/)]

2 2 2 . - 2 .
< Di’LezK(K Ai) H (eZK(K H“)“’legl,,(g)l) N (eZK(K A+M)wlwlgf(f)|) H,,
< D;Z’LezK(K%wu) HeZK(Ksza)Wigl—z@) H] HeZK(Kz)Hru)wWigr(f) Hp'

Making the inf on all g € S,,(RV)\{0}, we then obtain (3.14). O
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Similarly as in Proposition 3.3 we have the following uncertainty principle of Donoho-
Stark type related to Theorem 3.4. The proof is analogous as the one of Proposition 3.3 and
it is omitted.

Proposition 3.5 (7-Wigner vs. Rihaczek Donoho-Stark principle) Let w be a weight function,
E C RN pea Lebesgue measurable set, 1 < p < 00, 1 € (0,1) and ¢ € (0, 1). Suppose
that one of the following conditions holds:

(a) There exist f € S,(RY), f # 0, and A > 0 such that

. 3 2 1/2 2 1/2
/Eekw(x,é)|wlgt(f)(x, £)|dxde > (1 —¢) D}i )”e4K Awa||p/ ”e4K )Lwa”p{ ,
where Df’) is the constant in (3.13).
(b) There exist f € S,(RN), f #0, . >0, and pu > % such that

2 .
/ OO |RE (x, &) dxdE = (1 — &) D) 2K KA HWoWig (f)]],,
E

where D)(fil is the constant in (3.14).

Then m(E) > 1 — g, where m(E) is the Lebesgue measure of E.

Remark 3.6 As already observed in Remark 3.2, in Theorems 3.1 and 3.4, when we estimate
the Rihaczek form by the spectrogram and the t-Wigner, a weight of the kind e*“ appears
in the right-hand side of (3.2) and (3.14), with u sufficiently large, and this constitutes a lack
of symmetry with respect to (3.1) and (3.13). We show now that this cannot be avoided in
general. Consider for instance (3.14) for A =0and 7 = 1/2:

4 .
IRflloe < DS le* 1 Wig(f)]

for u > 0 sufficiently large. Consider now p > 2 and suppose that there exists D > 0 such
that

[Rflleo = DIIWig()llp
for every f € S,(RN). Since Wig : LZ(RY) x L>(RV) — L?(R?M) is bounded for every
p > 2, we would obtain

£ looll Flloo = I1Rflloo < CILF13

for some C > 0. Then in particular the function F(f) := % would be bounded, but
2

this is in contradiction with [22, Theorem 4.12]. Observe that also (3.2) cannot be satisfied
in general for = 0; indeed, if that were the case, then the proof of Theorem 3.4(ii) would
give (3.14) with u = 0, that we have already shown that in general is not true.

From the results that we have proved till now we easily obtain the following mutual
control between the spectrogram and the 7-Wigner, together with corresponding uncertainty
principle of Donoho-Stark type.

Corollary 3.7 Let w be a weight function, 1 < p < oo, T € (0,1) and g € S,(RN), g # 0.
(i) Forevery x> 0and f € S,(RY) we have

16" Spg flloo < D 15X Wig, ()l , (3.20)

where D> = eK*||eK*Wig, _ ()|, with §(1) := g(—1).
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(ii) Foreveryd >0, u > 27’\/(1(2 + (zip)') and f € S, (RN) we have

oIt 6 8K
I Wig, (f)lloe < DI e®KH 005 ], (3.21)
where
K a+26)n
© _ € . K(142K)(4K2h+u1') ) K2 AK 41 o
Dy = SN N }nf,,_ e lle 8lloo
Qm)z%(r =) 22l LSl

2K W+ )=p

’ " 2N
wW=>N/b, > by

K2(@4K* 1+ Yo 5 - —ww)2
xR R0 g gl e 1 |

Proof (i) By (2.7), proceeding as in (3.19) we easily obtain the desired estimate by Young’s
inequality.
(i1) By (3.13) with p = 2 we obtain
. 3 2 3 " 2 ’
”e)Llegr(f)”OO < D)(\)||84K )anf”z < D}(\)“e ;Lw||2||e(4l( )le.)a)Rf”oo

for every s/ > %. We then get the conclusion by applying (3.2) to @Ko R e o O

Similarly as in Proposition 3.3, from Corollary 3.7 we can deduce the following “spectrogram
vs. T-Wigner Donoho-Stark principle”. The proof is left to the reader.

Corollary 3.8 Let E C RZN pe a Lebesgue measurable set, ¢ € (0,1), 1 < p < 00, and
suppose that one of the following conditions holds:

(a) There exist f,g € S,(RY), f, g #0, and 1 > 0 such that

/ FOCD Sp f(x, E)|dxds > (1 — &) DO (lK*Wig, ()],
E

where D;LS) is the constant in point (i) of Corollary 3.7.
(b) There exist f, g € Sw(]RN), f.g#0,A>0and n > 2TN(K2 + (%p)’) such that

. 4
[ g, (.6l dxde = (1 = )DL 1 s, £,
E

where D)(LG’L is the constant in point (ii) of Corollary 3.7.

Then m(E) > 1 — ¢, where m(E) is the Lebesgue measure of E.

Remark 3.9 The estimates (3.13) and (3.21) can be easily extended, in the case N = 1, to
the Born-Jordan representation (2.8). For instance, from (2.9) and (3.13) we have

1
le*BI(f)lloo < /0 le**Wig, ()l dt

e§(1+21<)x
<

1
1 2 172 2 1/2
f dr | 1820 R Y2 KMo R V2,
0 1 —12 P

2
(3.22)
Since the 7-integral in the right-hand side of (3.22) is convergent we have
I BICHIZ, < DY 1K AR | e X2 R 1| (3.23)

@ Springer



Mutual estimates of time-frequency representations... 683

forevery 1 < p <oo,X >0and f € S,(R). Similarly, from (3.21) we get

8 4
1**BI(f)lloo < DY) €K+ 5p, £,

forevery 1 < p < 00, g € Su(R\{0}, 4 > 0, u > 2(K> + (%p),) and f € S,(R).

The next aim is to prove other results where a representation is controlled by another one;
as in the previous cases, each time we have such a control we also have a corresponding
uncertainty principle of Donoho-Stark type, similarly as in Propositions 3.3, 3.5 and Corol-
lary 3.8. Since there are no substantial differences with respect to those cases, from now on
we only give the estimates involving the representations; the statement of the corresponding
uncertainty principles is left to the reader. We want to analyze representations in the Cohen
class (cf. Definition 2.11). First of all, from the previous results it is not difficult to control
a representation in the Cohen class by the Wigner transform, the Rihaczek form and the
Spectrogram.

Corollary 3.10 Let w be a weight function and 1 < p < oo.

(i) Fix a kernel o € S(’U(]RzN) satisfying ||le"“c ||y < oo for every v > 0. Then for every
A >0and f € S,(RY) we have

16" Q5 flloc < D X Wig()l s (3.24)

where Df\9) = eK’\||eK)““U||p/.

(ii) Let o € SL’U(RZN) satisfy ||e"?o |1 < oo for every v > 0. Then for every A > 0,
"> % and f € S,(RY) we have

10 3 3
" 0y f11% < DK 2 RE| 14K RS, (3.25)

where D/(\m) = (%)Ne’((z‘”(“ﬂ))‘||eKM’U||%.
(iii) Leto beasinpoint(ii)and g € S(RM), g # 0. Thenforeveryl >0, u > 2TN(KZ+(2§7),)
and f € Su(RN) we have

11 5
1€ Qo flloo < Dy 1K 2100 5p, £l (3.26)

where DS;} = eK*Diﬁ,L leX¥*®a |1y and D)(fL is the constant in Corollary 3.7 for Tt = %

Proof (i) Arguing as in the proof of Theorem 3.4 we have

€ O flloo < eXHI(eX*a )% (X Wig())lloo

KAy K Krow:
<e et oy lle” Wig(f)ll p-

The points (ii) and (iii) are an easy consequence of point (i) for p = oo and (3.13) and (3.21),
respectively. O

Remark 3.11 As examples of kernels that satisfy [|e"“o |, < oo forevery v > Oand 1 <
p < 0o, we can take w-ultradifferentiable rapidly decreasing functions of Beurling type.

Finally, we give estimates between two general time-frequency representations in the
Cohen class.
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Theorem 3.12 Let w be a non-quasianalytic weight function and consider 1 < p < oo.
Fix two kernels 01,00 € S, (R*N) such that oy € O’C’w(Rﬂv) with 0 ¢ Im(03), and

o1 € Su(RN). For every A > 0 there exists a positive constant D/(\lz) such that for every
f € Sp@®RY)

1€ Qo flloo < DY P 1572 Qg £11,- (3.27)
Proof We observe that since o, € O/C’w(]RN), then > € Oy, (RY) (see [2, Theorem 6.1]).

The fact that 53 is a multiplier of S,,(R") together with the assumption O ¢ Im(63) implies
that Urlz € OM,w(]RN) (for a proof in the classical case see [3, Lemma 3.1]).

Now, fixed f € Sa,(RN) and A > 0, using (2.4) we have

Q0 f = o1xWig(f) = F~ (G Wig(f)) = F~! (%@))

(0
=F (072) *Qa2f.

Arguing as in the proof of Theorem 3.4, we get

1 {0
eK)La)}- 1 —
02

where p’ is the conjugate exponent of p. Setting Dim = K He““’}”l (%) H , we get
p/

15 Qg £ p (3.28)

/

Py K2
e* Qo) flloo <€

p

(3.27). Observe that D{'? < oo since 47 € S,,(RY) and % € Oy o@®Y). o

Example 3.13 As examples of kernels o satisfying the hypotheses of Theorem 3.12, we can
consider the following.

(1) Let
oa(t, ) = as + e~
where ¢, d > 0, a € R\[—1, 0], and § is the Dirac distribution in R2N . We have
_ A\ e e
G =at+ (=) e wd
cd

and the requested conditions are satisfied; then for every o1 € S, (RM), we have that
(3.27) holds for all f € S, (RN).
(2) Let
o2(x, &) = F ' p(x, ),

where F~! is the inverse Fourier transform in R*M and p(x, ) is a non vanishing
polynomial, say,

P, E) = Y capx“sl.

|| +|Bl<m

If p(x,&) # 0 for every (x, &) € RZV | we have, indeed, that the condition 0 ¢ Im(53)
is satisfied, and moreover, o, € Oé:’ 6U(]RZN ). Observe that in this case

Qo, f(x,8) = 02xWig(f)(x,§)

= Y capDIDL(Wig(f))(x. £) = p(Dy. De)Wig(f)
la|+1Bl=m
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is the differential operator of symbol p applied to Wig( f). Then for every o1 € S,(RY)
we have

12 .
€% Qo flloo < D2 €K% p(D,, De)Wig()Il»

for every f € So@®RM).
Remark 3.14 In the estimates between representations that we have proved, we have always
considered in the left-hand sides the sup norm | - ||, since this is what is needed for
the corresponding Donoho-Stark type uncertainty principles. Observe however that we can
easily get estimates with L7-norms in the left-hand side by increasing X in the exponential

containing the weight w; indeed, given 1 < g < oo and a function F on R?Y, we have for
every A > 0

A — A — A
" F |y = lle e F||, < e |l lle* T F ||,

with 0 > i—fqv using (2.2).

4 Local uncertainty principles for representations in S, (RV)

As applications of the estimates proved in Sect. 3, we can give uncertainty principles of local
type for time-frequency representations in the space S, (R"). We start by recalling the Price
local uncertainty principle for the Fourier transform, cf. [20].

Theorem4.1 Let E C RY be a Lebesgue measurable set and o > % Then for every
feL’RN), f#0,andt,& € RN we have

[E|f<5)|2ds < K'mB) IS e =715 4.1)

_N
o

A2 _ AN
/Elf(t)lzdt <K'm@®E)Iflly & —-E"flly, (4.2)
where m(E) is the Lebesgue measure of the set E and

et ) T D) ) e

where I is the Euler function given by I' (x) := fooo t*~Le=" dt. The constant K’ is optimal,
and equality in (4.1)-(4.2) is never attained for  # 0.

R

The word “local” is here referred to the fact that (looking for instance at the inequality (4.1))
the L? contents of f in a measurable set £ must be small if the measure of E is small and/or
f is “concentrated” (where concentration is measured by the dispersion term |||t — 7|% f|2).
This can be seen as a sort of refinement of the classical Heisenberg uncertainty principle;
indeed, the latter says that if f is concentrated, then f must be spread out, in the sense that
it must have a large variance. This does not exclude that f is concentrated in very small
sets sufficiently far away from each other; the local uncertainty principle shows that this last
possibility is not allowed, by saying that f cannot be too concentrated in an arbitrary small
set E.

The main tool used in [20] to prove Theorem 4.1 is the next proposition, that we shall use
in the following for time-frequency representations.
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Proposition 4.2 For every o > % feL>(RY)andt € RN we have

1-N _ N
Il < VK fll e =11 Flly*,

where K’ is given by (4.3). In particular, if f € L>*(RN) and |||t — 7|* f|l2 < oo for some
o > % andt € RN then f € L'(RN).

In the following we prove uncertainty principles of local type involving different time-
frequency representations, where we use weighted norms and a corresponding weighted

measure of the set E. We start by proving the following result. As in the previous section, K
and b always indicate the constants of conditions («) and () of Definition 2.1, respectively.

Proposition 4.3 Let w be a weight function and fix g € S,(RY), g # 0,7 € R?M, and
o > N. Let moreover E C RY be a Lebesgue measurable set.

(i) Foreveryh,u >0, u > % there exists Cy, ., > O such that for every f € Sw(]RN)
[ PO @R dE < Cpe DUENSSpefly Nz =1 Spe £ 15
where
N i=2[K\+mwp) +u'l, Du(E):= /Ee*ﬂw@) dt.
(ii) Forevery h,u >0, ' > % there exists Cy ;v > 0 such that for every f € SoRM)
/E 00| £ ()2 dx = oy DN Spe flly Iz = 21" Spy £15

where )" and D, (E) are as in point (i).

Proof (i) Fixed f € S,(RN), A, > 0 and 7 € R*N we have

N N N
[ @eori@ras = [ oo fepds < 0, | e i
E E
with Dy, (E) := [, e72**®) dt. So, by applying (3.10) and (3.11) with p = 1, we have

/ P (&) dE < D(E)C, lle?ECHmtmlogy )y, (4.4)
E

where

R 2

! _ ek(x+/t)||ek(k+u)wg||oo ||€7M,w||2

A, T 2
pon QoV|gll3

with u/ > %. Therefore, using Proposition 4.2 with « > N applied to the function i :=

ez[K(’\“'“H"”“’Spgf, we obtain that

A ’ l—ﬂ _ ’ N
f PO f @) de < C ,  DuEWK I Spefll, “ Iz =21 Spe 5,
E

with A" := 2[K (A + ) + w']. Setting C; ;v == C,

Ao pt! VK, we get the thesis.
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(ii) Fixed f € Sp,(RN), A, u > 0 and 7 € R?¥, applying the same calculation in point
(i), we have

[ Eeirwrar = en 2 [ Fewjwlax
E E

— ’ A 1—E _ ’ ~ N
<@ N, DU EWK O Spy fll, “lllz — 2%t Spg fll5

Ay

where D, (E) and A, u' are as in point (i).
Now observe that, from (3.4),

Q@m) N Spa f(x,8) = @m) NV f (6, 8P = Ve f (=8, )17 = Spg f (=, x);
so, since 7 is arbitrary, we get the thesis. O

Remark 4.4 Observe that the constant D, (E) in Proposition 4.3 does not need to be finite
for every measurable set £ and constant i > 0. Of course, D, (E) < oo for every u > 0 if
m(E) < 00, and Dy(E) is the Lebesgue measure of E. The quantity D, (E) may be finite
also for E with infinite Lebesgue measure; for instance, D, (E) < oo for every E if u > %
(see (2.2)). Similar observations apply for the next results, where other quantities (playing
the role D, (E)) appear, representing different kind of weighted measures of the set E.

Now we prove local uncertainty principles for the spectrogram Sp, f of two functions
[ 8 € Su@®Y).

Proposition 4.5 Let w be a weight function and fix g € S,(RV), g #0,7 = (x,&) € R?N

and o > % Let moreover E C R?N be a Lebesgue measurable set.

(i) For every A > 0 there exists C;, > 0 such that for every i > 0 and f € S,(R")
/ S f (x, §)|dxd
E
<C, D (E Vo gyl =% Vo _ o N fy i ey M _Fl®f b
=GDLBe“fll, =l “lx =XI" Fll," Ne*“ fll, *lle”“1g — &1 Fll5",
where
N =K*(0.+p), D, (E) ::/ e MO8 dxdk .
E
(ii) For every A > 0 there exists C) > 0 such that for every u > 0 and f € S, (RN)
’ Z—E ’ _ N
/ 8 Sp, f(x, §)ldxdE < CM(E)| e “ fII, “ Il “1x =X flly  (4.5)
E
where

K
Mi= (Kt w), Mu(E) :=/ A Y
E

(iii) For every A > 0 there exists Ci > 0 such that for every i > 0 and f € S,(RN)
. ;AN , _ AN
fem“f)|5pgf<x,s>|dxdssc;M,xE)ue“fnz “etClE—E1° Iy, (4.6)
E

where

K
A= — (Ki+ ), M, (E) ::/ KA —1o®) gy qg.
E
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Proof (i) Fixed f € S,(RY),z € R?N and A, u > 0, applying (3.6) with p = 1 we have

/E D |Sp, f(x, &)|dxdE < D, (E)[e* T Sp, £l
eK(A-HL)eZKZ(A-HL)
@m)N
where D, (E) := [ e ***8)dxd§. Setting

L

K2 K2 K2 2 K2 ~
< D}, (E) e T | T e A Y e

lloo:

8lloo

K Oti) 2K Gt )

||eK2(A+u)w
@m)N

C; = glloolleX”BH00g |
and applying Proposition 4.2 to ||eK2(*+")“’f||1 and ||eK2(H“)“’f||1 fora > %, we get the
thesis for C;, = C; K.

(ii) Fixed f € Sp(RY), 7 € R2V and A, u > 0, applying (3.3) with p = 1 and (2.1) we
have

/ PO |Spy f(x,§)ldxdk < / KMITOWTO@) RO |Sp, f(x, §)|dxdg
E E

< eK)\”e(K)rF}l.)(u(X)Spgf”OO f eK)Lw(&')f;m)(x)dde
E

K K K _
SeK)L—FQ(KA+M)”62(K}\+M)a)f||%”62(K}\-FM)wg”gO/ eK)L(u(S) /,Lw(x)dxdg
E

Setting M, (E) = [, eKro@—no gy de, we get the thesis applying Proposition 4.1 to
le® Ko £12 for g > N

(iii) The proof of (4.6) is analogous and so is omitted. O
Remark 4.6 The quantities D, (E), D;L (E), My (E), M, (E) in Propositions 4.3 and 4.5 give
a measure of the “size” of E (observe that, in particular, for & = 0 they all coincide with the
Lebesgue measure of E when considering & = 0 in Proposition 4.5(ii)-(iii)); moreover, the
quantities |||z — Z%¢*“ Spg f 12, [l |x — %I £ 12 and [|e*|€ — E|* f|> give (weighted)
measures of the dispersions of Sp, f, f, and f , respectively. Then we can interpret the
previous results as local uncertainty principles involving time-frequency representations, in
the following sense: Proposition 4.3 says that in a measurable set E C R" the contents of f
and f must be as small as the size of E and/or the (weighted) dispersion of the spectrogram
Spg f are small. Similarly, Proposition 4.5 interchanges the roles of Sp, f and f, f , saying
that in a measurable set E C R*" the contents of the spectrogram Spe f must be as small as

the size of E and/or the (weighted) dispersion(s) of f and f are small.

In the following we prove other results of this kind, involving the v-Wigner transform
and representations in the Cohen class. We start by analyzing the T-Wigner of a function
[ € Su@®Y).

Proposition 4.7 Ler w be a weight function and fix g € S,(RNY), g #0, 7 € (0,1) and
7=(x,§) e RN,
(i) Let E C RN be a Lebesgue measurable set, and o > N. For every A, ju > 0, u' > 2TN

there exists C;, ;. v > O such that for every f € S,([RN)

N ’ . - _ ’ . y
/ O fE)P dE < Crw Du(E)le* “Wig, (O, © lllz — z1%e “Wig, ()5,
E
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where
A =2K[K(+w) +u'l, Du(E):= / e 2@ g
E

(ii) Let E C R2N pe a Lebesgue measurable set, and o > % For every A, 0 > 0, i/ >
2TN(K2 + 2) there exists Cy, ,,,» > 0 such that for every f € Sp(RM)

[ e eiwig, pox,eidxas
E
/ Mo 17% No —a % Mo 7 17% No sl p %
S GCupw D (E)IE"“flly *le” Clx =X" fll* le™“ flly = lle” “1E = &7 fl5",
where

V= K*8K*(A+ )+ 1], D) (E)= / e MO gxde.
E
Proof (i) We first observe that, proceeding as in the proof of (4.4), we get

/ ezkw(é)|f($)|2 d%. < DM(E)éA,M,M/||62[K()L+M)+Iy]wspgf”00 (47)
E

for A, > 0and 1/ > 2. Then, by (3.20) we get

/Eez*“’@nf(snz dE < C} o Du(E) e Wig, ().

with ' = 2K[K (A + ) + u’]. Therefore, using Proposition 4.2 with & > N applied to the
function e’va’Wigr (f), we obtain the conclusion.

(ii) Fixed f € S,(RY),Z e R?N and A, u > 0, 1’ > 2V (K? +2), applying (3.21) with
p = oo we have

/ W8 \Wig, f(x, &)ldxds < D), (E)[le*Wig, (f)]loo
E
(6) A
< D(E)D;), . lle” “Spg flloo,

where D;L(E) = [ e o8 dxde and A = 8K*(A 4+ u) + . Proceeding as in
Proposition 4.5(i) we get the thesis. O

Finally, we give similar results for general time-frequency representation in the Cohen
class.

Proposition 4.8 Let w be a weight function and fix g € Sp(RY), g £ 0, and7 = (X, €) €
R2N.

(i) Let E C RN be a Lebesgue measurable set, and @ > N. Fix a kernel o € O’C@(RzN)

with 0 ¢ Im(c). Then for every A, u > 0, u/ > 2TN there exists Cy, . v > 0 such that
for every f € S,(RN)

~ = 1-N VY N
/e”‘*’@>|f<.s)|2dsscx,,L,M/D,t<E>||e“”Qaf||2 Nz —z%* 06 fll5
E
where

A =2K[K(+w) +ul, Dy(E):= / e 2@ g
E
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(ii) Let E C RN pe a Lebesgue measurable set, and o > % Fix a kernel o € SZD(RZN)
satisfying ||e"“o |1 < oo for every v > 0. Then for every ,, u > 0, u' > 2TN(K2 +2)
there exists C;, ;. v > O such that for every f € S,([RN)

[ @10, rex.6yidna
E
Mo 17% No —a % Mo p 17% Vo sl 7 %
S CupwDu(ENe™“ flly “lle”“lx =X flly* le™“ fll, *lle” “1&E — &% flI5",
where

N =K 8K (A + )+ '], D (E)= f e M0 dxde.
E
Proof (i) Fixed fe Sw(]RN) and A, u > 0, by (4.7) we have
fE PO | FE)RdE < Co o Dp(E) " “Spg flloe

= Cypuw Du(E) 1€ (Wig(@)xWig()) lloo,

for u' > 2TN, where A = 2[K (A + ) + u'] and the last equality follows from (2.7) with
T = % Setoy := Wig(g) € S, (R?M). Since o1 and o satisfy the hypotheses of Theorem 3.12,
from (3.28) with p = 1 we then have

/E 0O F )2 de < G Du(E) 0o flloo

~ A2 ,
= G} Du(E) |0 F ‘<§>H 154 Q0 £l
o0

The conclusion then follows from Proposition 4.2 applied to leX Vo Os fl1-
(i) Fixed f € S,(R)yand A, > 0, / > 2TN(K2 + 2), applying (3.26) with p = oo
we have

/ Q4 f(x, E)ldxds < D), (E)[[e* T 04 flloo
E

11 "
< D, (E)D")  1e¥ “Spg flise.

At i
where D[/,L(E) = fE e ro8dxds and A = 8K (A 4+ u) + . Proceeding as in
Proposition 4.5(i) we get the thesis. O

Remark 4.9 Propositions 4.7 and 4.8 give, for Wig, and Q, results that correspond to Propo-
sitions 4.3(i) and 4.5(i) for the spectrogram. Proceeding in a similar way it is not difficult to
prove, for Wig, and Q,, results of the kind of Propositions 4.3(ii) and 4.5(ii)-(iii).
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