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Abstract

A recent method for acquiring new solutions of the Yang—Baxter equation involves deforming
the classical solution associated with a skew brace. In this work, we demonstrate the appli-
cability of this method to a dual weak brace (S, 4, o) and prove that all elements generating
deformed solutions belong precisely to the set D, (S) = {z € S| Va,b e S(a+b)oz =
aoz—z+boz}, which we term the distributor of S. We show it is a full inverse subsemigroup
of (S, o) and prove it is an ideal for certain classes of braces. Additionally, we express the
distributor of a brace S in terms of the associativity of the operation -, with o representing
the circle or adjoint operation. In this context, (D,(S), +, -) constitutes a Jacobson radi-
cal ring contained within S. Furthermore, we explore parameters leading to non-equivalent
solutions, emphasizing that even deformed solutions by idempotents may not be equivalent.
Lastly, considering S as a strong semilattice [Y, By, ¢, ] of skew braces By, we establish
that a deformed solution forms a semilattice of solutions on each skew brace By if and only
if the semilattice Y is bounded by an element 1 and the deforming element z lies in Bj.

Keywords Yang—Baxter equation - Set-theoretic solution - Inverse semigroup - Clifford
semigroup - Skew brace - Brace - Weak brace
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1 Introduction

The history of the Yang—Baxter equation dates back to the 1960s when the equation first
appeared and gained the attention of mathematical physicists. The name originates from two
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outstanding researchers and their papers: Yang and his paper on many-body problems [30],
and Baxter and his paper on the eight-vertex lattice model [3]. Since then, different variants of
the equation have been found and studied. For example, the classical Yang—Baxter equation,
whose connections with simple Lie algebras were studied by Belavin and Drinfel’d in [4]. A
variant which is of our interest in this work is called the set-theoretic Yang—Baxter equation.
Drinfel’d attracted the attention of researchers to this version by including it in his paper [13,
p- 71 and presenting it in the form we use nowadays. Givenaset S,amapr : S xS — Sx §
is said to be a set-theoretic solution of the Yang—Baxter equation, or shortly solution, if it
satisfies the identity

(r X idg) (ids ><r) (r X ids) = (ids ><r) (r X ids) (ids ><r).

Writing r (x, y) = (AX ), py (x)), with A, p maps from S into itself, then r is left (resp.
right) non-degenerate if A, € Symg (resp. px € Symy), for every x € S, non-degenerate if
it is both left and right non-degenerate. After the paper of Drinfel’d, many authors focused
their attention on this equation discovering new connections between solutions and various
algebraic structures. The early literature on the subject is rich, but to help new readers,
we direct them to the papers by Etingof et al., e.g. [14-16]. In [15], Etingof, Schedler, and
Soloviev studied involutive non-degenerate solutions. Then, those ideas were further pursued
by Lu et al. in [24] with a focus on bijective non-degenerate solutions.

In [27], Rump introduced the algebraic structure of braces to study involutive non-
degenerate solutions. It is worth noting that the axiomatics of the theory of two-sided braces
were already studied before by Andrunakievié [1, p. 131] and Kurosh [20, p. 69].! Later, skew
braces [17] were introduced by Guarnieri and Vendramin to study bijective non-degenerate
solutions. In this context, Bardakov and Gubarev [2] have proved that every skew brace can
be injectively embedded into a Rota—Baxter group.

Recently in [7], the authors introduced weak braces to study not necessarily bijective
solutions. We note that a similar approach of weakening the structure was already considered
for the quantum Yang—Baxter equations by introducing weak Hopf algebras in [23]). A weak
braceis atriple (S, +, o) such that (S, 4+) and (S, o) are inverse semigroups and the identities

aob+c)=aob—a+aoc & aoca =-a-+ta

are satisfied, for all a, b, ¢ € S, where —a and a~ denote the inverses of a with respect to
+ and o, respectively. Clearly, the sets of the idempotents E(S, +) and E(S, o) coincide. In
particular, (S, +) is a Clifford semigroup, and if (S, o) also is, S is called dual weak brace.
Skew braces are dual weak braces since in this case the structures (5, +) and (S, o) are groups
having the same identity. Moreover, if (S, +) is abelian, then § is a brace. In particular, by
[8, Theorem 2.1], any dual weak brace is a strong semilattice of a family of skew braces
{By}acy indexed by a semilattice Y.
Any weak brace (S, +, o) gives rise to a solution r : § x § — § x § defined by

r(a,by=(—a+aob, (—a+aob) oaob),

for all a, b € S, that is close to be bijective (see [7, Theorem 11]). In the particular case of
skew braces, such a map r is bijective and non-degenerate. Moreover, r is involutive, i.e.,
r? = idgys, if and only if S is a brace. In addition, if S is dual, the solution r is the strong
semilattice of the solutions {ry }4cy, Where r, is exactly the solution associated to each skew
brace B,, which compose § (see [6, Theorem 4.1] and [8, Proposition 2.4]).

! This fact was unknown to the authors before an anonymous referee reported it.
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The paper [12] presents a way to assign a new “deformed” solution to particular elements of
skew braces. In the case of the identity element, we get the usual solution r associated to a skew
brace. The main motivation to study this family of maps lies in the fact that if one considers
a finite skew brace, its identity, and another element giving rise to a deformed solution. In
[12], one can also find the first hint that the two-sided skew braces are crucial in such an
investigation. Recall that a skew brace (S, +, o) is two-sided if (a + b)oc =aoc—c+boc
holds, for all a, b, ¢ € S (see [9, Definition 2.15]).

In this paper, we extend and describe this class of solutions directly in the context of
dual weak braces. To this end, in the third section, we introduce and investigate the (right)
distributor of a dual weak brace (S, +, o), namely, the set

Dy(S)={z€S | VYa,beS (a+b)oz=aoz—z+boz}

that we prove to be an inverse subsemigroup of (S, o) such that E(S) € D, (S). In the special
case of a brace B, the distributor is a subbrace and coincides with the elements that associate
with all the elements in B, namely D,(B) ={z € B | YVa,be B (a-b)-z=a-(b-2)}
wherea-b =aob—a — b, foralla, b € B. In particular, D, (B) is a radical ring contained
in B that, more generally, it is not an ideal of B. We show that for some cyclic braces (cf.
[28])) it is.

The main result is contained in Theorem 3.9, where we show that, fixed z € §, the map
r,: 8§ x8— S x §given by

rz(a,b):(—aoz-l-aoboz, (—aoz+aoboz)7oaob),

foralla, b € S, is a solution if and only if z € D, (S). We call the map r, solution associated
to S deformed by z. In such a case, r; is not bijective in general, but it has a behavior close
to bijectivity and non-degeneracy, as we show in more detail in Theorem 3.10. If S is a skew
brace and z = 0 is the identity of the groups, then r; coincides with the usual solution r.
However, although any idempotent determines a deformed solution in any dual weak brace,
in general, the map r,, with e € E(S), does not coincide with r. More precisely, r, and r are
not equivalent in the sense of [15]. In this regard, we raise the issue of studying under which
conditions on the parameters, two deformed solutions are equivalent and we give partial
answers in this sense. In the particular cases of two-sided skew braces, we show that if two
parameters z and w are in the same conjugacy classes of the multiplicative group, then r;
and ry, are equivalent.

We conclude the paper by proving that a deformed solution r,; on a dual weak brace is a
strong semilattice of solutions on each individual skew brace B,, if and only if the underlying
semilattice is bounded by an element 1 and z € Bj.

2 Preliminaries

This section is devoted to introducing the structure of the weak brace and its properties useful
for our treatment.

Initially, for the ease of the reader, let us briefly recall some useful notions on inverse
semigroups (see [10, 18,22, 26], for more details). A semigroup S is called inverse semigroup

if, for each a € §, there exists a unique element a~! of S such that a = aa—'a and

a! = alaa™!, called the inverse of a. The behaviour of inverse elements in an inverse
semigroup S is similar to that in a group, since (ab)~! = b~!'a~! and (a=)~! = a, for

all a,b € S. Denote by E(S) the set of the idempotents of S, clearly, e = e~ !, for every
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e € E(S), and the idempotents of S are exactly the elements aa~'anda~la,for anya € S.An
inverse semigroup S such that aa~' = a~'a, for every a € S, is named Clifford semigroup.
Equivalently, a Clifford semigroup S is an inverse semigroup in which the idempotents are
central or, according to [18, Theorem 4.2.1], it is a strong (lower) semilattice Y of disjoint
groups.

Below, we recall the definition of weak brace and dual weak brace contained in [7, Defi-
nition 5] and in [8, Definition 2].

Definition 2.1 Let S be a set endowed with two binary operations + and o such that (S, +)
and (S, o) are inverse semigroups. Then, (S, +, o) is said to be a weak (left) brace if the
following relations

aolb+c)=aob—a+aoc & aoca =-a-+ta

are satisfied, for all a, b, ¢ € S, where —a and a~ denote the inverses of @ with respect to
+ and o, respectively. Moreover, a weak brace (S, +, o) is said to be a dual weak brace if
(S, o) is a Clifford semigroup.

In any weak brace the sets of idempotents E (S, +) and E (S, o) coincide, thus we simply
denote them by E (S). As proved in [7, Theorem 8], the additive structure of any weak
brace is necessarily a Clifford semigroup. An example of a weak brace that is not dual is
contained in [7, Example 2-3.]. In particular, we say that (S, +, o) is a two-sided weak brace
if(a+b)oc=aoc—c+boc,forall a, b, c € B. Note that the notion of two-sided skew
brace can be found in [9, Definition 2.15].

Clearly, skew braces [17] are weak braces since the additive and the multiplicative struc-
tures are groups with the same identities. Besides, braces [27] are skew braces in which the
additive group is abelian. Moreover, in any weak brace, a o (a‘ + b) = —a +a o b, for
all a,b € S (see [7, Proposition 16]). Easy examples of dual weak braces can be obtained
starting from any Clifford semigroup (S, o), by settinga +b :=aobora+b :=boa, for
all a, b € S. These are the trivial weak brace and the almost trivial weak brace, respectively.

Any dual weak brace is a strong semilattice of skew braces, as we recall below.

Theorem 2.2 [8, Theorem 2.1] Let (Y, A) be a semilattice and {B,, | o € Y} a family of
disjoint skew braces. For each pair o, 8 of elements of Y suchthat B < o, letpy g : By — Bg
be a homomorphism of skew braces such that

1. foreverya € Y ¢qq =idp,,
2. forally,B,a € Y suchthaty < B <o, ¢gydPup = Pa,y-

Then, set S := U By, the triple (S, +, o) is a dual weak brace where, for all a € By and
aeY

be Bg, foralla,B e,

a+b = ¢anp.al(a) Tﬂ Parp.p(b) & aob:=¢urpala) o5 Panp.p(b).

We call such a dual weak brace the strong semilattice S of skew braces By, with a € Y,
and denote it by S = [Y , By, a, ,3]. Conversely, any dual weak brace can be obtained in this
way.

Into the specific, given a dual weak brace S, the underlying sets of the skew braces B,, that
realize S are exactly the underlying sets of the groups composing both the Clifford semigroup
(S, +) and the Clifford semigroup (S, o), as shown in the proof of [8, Theorem 2.1].
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Deformed solutions of the Yang-Baxter equation... 715

To avoid overloading the notation, hereinafter, for all a € B, and b € Bg, we will write

a+b= ¢aﬁ,a(a) + ¢ot/3,/3(b) & aob= ¢a,8,o¢(a) © ¢aﬂ,ﬂ(b)»

thus the two operations of each skew brace B, will be clear from the context and we denote
the operation on the semilattice Y simply by the juxtaposition.
The following are easy instances of dual weak braces.

Example 1 Let (B, +, o) be a brace and {I, },<N a family of ideals (see [17, Definition 2.1])
such that Iy = {0}, and I, C I,41, for every @ € N. Then, considering the following
sequence of canonical projections of braces

B B/ 2. I B, 2 B, 2

)

we obtain that the strong semilattice [N, B/1,, my] is a dual weak brace.

Example2 Let Y C N be a finite set. Then, foreveryn € Y, U, := (U(Z/2"Z), +1,0) isa
two-sided skew brace on the set of units of Z /2" Z, with addition definedby a+1b := a—1+b
(mod 2"), for all a, b € U (Z/2"Z), and multiplication given by the multiplication modulo
2". Consider, for all n,m € Y such that m < n, the homomorphism ¢, , : U, — Up,
a +— a (mod m). Then, S = [Y, Uy, ¢, m] is a dual weak brace.

The motivation for studying such algebraic structures lies mainly in the fact that they give
rise to solutions.

Theorem 2.3 [7, Theorem 11] Let (S, +, o) be aweak brace. Then, themapr : SxS§ — Sx S
defined by

r(a,by=(—a+aob, (—a+aob) oaob),
foralla,b € S, is a solution.

Such a map r has a behaviour close to bijectivity since there exists the solution »°P associated
to the opposite weak brace (S, +°P, o) of S, where a +°? b := b + a, forall a, b € S, such
that

rrPr=r, rPrr?=r% & rr? =rr,

namely, r is a completely regular element in Map(S x §). In particular, if S is a skew brace,
then r°? = r~1, see [19]. It is shown in [8, Proposition 2.4] that the solution r associated
to any dual weak brace S = [Y, By, ¢, ,3] is the strong semilattice of the bijective solutions
ro associated to any skew brace By, a construction technique of solutions provided in [6,
Theorem 4.1] and that we recall below.

Theorem 2.4 [6, Theorem 4.1] Let (Y, A) be a (lower) semilattice, {ro | @ € Y} afamily of
disjoint solutions on each Xy indexed by Y, and for each pair a, B € Y with B < a, a map
Gap: Xa = Xp. Let X = Ja € YXy andr : X x X — X x X the map defined by

r(x,y) = r&ﬂ(¢d,dﬂ(x)v ¢ﬂ,a,8(y))y
forallx € Xy and y € Xg. Then r is a solution if the following conditions are satisfied:

1. @o,q is the identity map of Xo for everya € Y,
2. 98,yba,p = Pu,y foralla, B,y €Y suchthaty < B < a,
3. (@a,p X Pu,p)ra =15(Ga,p X Pu,p), forall a, B € Y such that B < a.
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716 M. Mazzotta et al.

We call r strong semilattice of solutions r, indexed by Y.

Proposition 2.5 [8, Proposition 2.4] Let S = [Y, By, ¢a,p] be a dual weak brace and
{ro | o € Y} the family of disjoint solutions on each By, for every a € Y. Then, the solution
r associated to S is the strong semilattice of the solutions ry, for everya € Y.

Given a dual weak brace S, we are used to denote the components of its solution by
introducing the maps A, pp : S — S defined by
AMmb)y=—a+aob & pp(a)=i,(b) ocaob,

forall a, b € S. The components of the map r°” are given by

A (b)y=aob—a=(p (b7)) & p(@=(aob—a) caob=(ky (a”))
The map r also is close to being non-degenerate, since

Aara-ra = rg, Aa=rara— = A=y &  Aghg- = Ag-Aq,

PaPa~Pa = Pas  Pa=PaPa~ =Pa=» &  PaPa~ = Pa-Pa>

for every a € S. Clearly, if S is a skew brace, such maps are bijective. By [7, Lemma 3],
it holds that A, (b) o pp (a) = a o b, for all a,b € S. In addition, one has that the map
A: S — End(S,+),a > A, is a homomorphism of the inverse semigroup (S, o) into the
endomorphism semigroup of (S, 4+) and the map p : S — Map(S), b — pp is a semigroup
anti-homomorphism of the inverse semigroup (S, o) to the monoid Map(S) of the maps from
S into itself.

In the following lemma, we collect some properties that we will use throughout the paper.

Lemma 2.6 ([7, Lemma 1, Proposition 9], [8, Lemma 1]) Let (S, +, o) be a weak brace.
Then, the following hold:

1. aob=a+ ir,(b),

2. a+b=aokr, (b),

3. Xg(b) =aoboppla)”,
4. ao(—=b)=a—aob+a,

foralla,b € S.
By 1. and 2. in Lemma 2.6, we obtain that any idempotent e € E (S) satisfies the following
eta=coa=Mxr(a), (1)

forevery a € S.

3 Deformed solutions on dual weak braces

This section aims to describe deformed solutions associated to any dual weak brace, namely
solutions obtained by deforming the classical one. These novel solutions have been introduced
in the context of skew braces in [12].

Theorem 3.1 [12, Theorem 2.6] Let (B, +, o) be a skew brace and z € B such that
(@a—b+4+c)oz=aoz—boz+coz, (2)
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Deformed solutions of the Yang-Baxter equation... 717

foralla,b,c € B. Then, the map ¥, : B x B — B x B given by
fz(a,b):(aob—aoz—i—z, (aob—aoz—l—z)_oaob),

forall a,b € B, is a non-degenerate and bijective solution, called deformed solution by z
on B.

We denote the components of 7, by introducing the maps
Gi(b)=aob—aoz+z & f(a)=(aob—aoz+z) caob,

foralla, b € B.

Remark 3.2 Let (B, +, o) be a skew brace. Note that 7 coincides with the inverse solution
of the solution r associated to B, namely 7y = r°. In general, if 7 € B satisfies (2), one can
check that fz_l isthemapr,- : B x B — B x B given by

rzf(a,b):(—aozf—l—aoboz*,(—aozf+aobozf)7oaob),

for all @, b € B. Such a map r,- clearly is non-degenerate as 7, is. Indeed, for all a, b € B,
if we consider the maps o, 7} : B — B defined by

oi(b)=—aoz4+aoboz & ti(a)=(—aoz+aoboz) caob,

the components of r,- are 057 (b) and t; (a), respectively, and are such that

(o) @) =0i () = (5 (07)

(sz_)il (a) = rlf:(a) = (&[f_ (a_)) ,
forall a, b € B.

Throughout our work, we lay the groundwork to prove that the set of elements z which
gives rise to a deformed solution is a subgroup of (B, o). This fact will allow studying the
map

rz(a,b)=(—aoz—|—aoboz, (—aoz—i—aoboz)_oaob),

avoiding the use of z, that in the case z = 0 exactly coincides with the usual solution r
associated to B. For this reason, hereinafter, we will study such a map r;, directly in the
context of a dual weak brace (S, +, o) and prove that it is a solution.

Note that using (2), it can be also written as

rz(a,b) = (27 0Azwq(b)oz, 27 0 pp(zoa)), (*)
forall a, b € S. Below, we provide an identity that is equivalent to the relation (2).
Lemma 3.3 Let (S, +, o) be a dual weak brace and z € S. Then, (2) is equivalent to
(a+b)oz=aoz—z+boz (D)
foralla,b € S.
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718 M. Mazzotta et al.

Proof The identity (D) can be trivially obtained by (2) and (1) taking b = zoz~. Conversely,
if x € S, we get

(—x)oz=z—xo0z+4+2z. 3)
Indeed, x ox " oz=(x—x)oz=x0z—2z+ (—x) oz, thus

(—x)oz ?z—xoz+xoz—z+(—x)oz:z—xoz—i—xox_oz Tz—xoz—l—z.
(h (h

Now, leta, b, c € S, applying (3) and (1), we obtain

(@a—b+c)oz=aoz—z4+(-b+c)oz=aoz—z+(-b)oz—z4+coz
=aoz—boz+coz,

1.e., (2) is satisfied. O

Remark 3.4 Observe that if (S, +, o) is a dual weak brace and z € S, then (D) is also
equivalent to the equality

(a+b)oz=aoz+(z +b)oz, (D)
forall a, b € S. Indeed, if b € S and (D) is satisfied, then
(zT+b)oz=z"o0z—z+boz=—z+boz,
and so (D’) holds. Conversely, if (D) is satisfied we have that

(z7+b)oz = —z+(z70z)oz+(z7+b)oz=—z+(z  0z+b)oz = —z+boz,
(1) (1)

i.e., (D) holds.
In light of Lemma 3.3, we introduce the following set.
Definition 3.5 Let (S, +, o) be a dual weak brace. Then, we call the set
D(S)={z€eS |Va,beS (a+b)oz=aoz—z+boz},
(right) distributor of S.
It immediately follows by (1) that E(S) C D, (S).
Remark 3.6 A dual weak brace (S, +, o) is two-sided if and only if D, (S) = S.

We aim to show that the map r; is a solution in any dual brace if and only if z € D, (S).
In the next section, we will deepen the algebraic structure of D, (S). To prove the main result
of this section, we need the following preliminary lemma.

Lemma 3.7 Let (S, +, o) be a dual weak brace and z € D,(S). Then, they hold:

Ué(b)o‘[lf(a) =aobozoz ,

721 (S, 0) — Map(S) is an anti-homomorphism,
oi(by=aobob o(a 0oz +b)og
of(b)ooi(b)" =aoa” +bob” +zo02z7,

Ao~

foralla,b € S.
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Proof Leta, b, c € S. Initially, by (x) and n Lemma 3.3, we have that
oi(b)oti(a) =2 0hza(b)opp(zoa) =z ozoaobh.
Moreover,
Thoe (@) =27 0 ppoc (z0a) =27 0 pepp (zoa) =z~ 0 pe (2075 () = /7 (@) .

Furthermore, since, by (1), Aq(b) =a obob™ o (a~ + b), we obtain

U;(b)=z_ozoaobob_o(a_oz_—i—b)oz:aobob_o(a_oz_—i—b)oz.

Finally,

Ué(b) o U;(b)_ =z o A-zou (b) o )\zoa (b)_ oz

:z*ozoao(afozf+b)o(a70z7+b)_oa70z*oz

:aoa_O(a_oz_—f—b—b—a_oz_)ozoz_ by (1)
=aoa 4+bob +zo0z by (1)
which completes the proof. O

Remark 3.8 Given a set X, a functionr : S x § — S x S, (a,b) — (04,(b), 1p(a)) is a
solution if and only if the following three equalities hold

040b(C) = 0o, (h) Oy (a) (€) (Y1)
O, () (a)Te bh) = T(r,b(a)(c)aa ), (Y2)
TeTp(a) = Tr.(b) Tap(c) (@) (Y3)

foralla,b,c € S.

Theorem 3.9 Let S be a dual weak brace and z € S. Then, the mapr, : S x S — S x §
given by

r:(a,b)y=(—aoz+aoboz,(—aoz+aoboz) oaob),

forall a,b € S, is a solution if and only if z € D,(S). We call such a map r; solution
associated to S deformed by z.

Proof Leta, b, c € S. To prove (Y1), we observe that

oiof(c)=—aoz+(a—aoboz+aobocoz)oz by Lemma 2.6 — 4
=—aoz+aoz—z+(—aoboz+aobocoz)oz z € D (S)
=aoa” —z+0,(c)oz by (1)
=aoa +bob” —z+0;,(c)oz by (1)
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720 M. Mazzotta et al.

and

zZ Z .
%ot @ ©

:—az(b)oz—{—(az(b)—aoboz—}—aobocoz)oz by Lemma 2.6 — 4 &Lemma 3.7 — 1

=—0f()oz+0} (b)oz—z-l—aob(c)oz z € Dy(S)
=ol()oal (b)~ —z—l—aa'ob(c)oz by (1)
=aoca +bob” —z+0; ,(c)oz by Lemma 3.7 — 4

Besides, (Y3) follows by

Z Z 4 —
T ) rg}f © (a) = Ta};”(c)ozg ®) (a) by Lemma 3.7 — 2

=T zopoc (@)

=2 0 PhocPr-oz (20 a)
=2~ 0 Ppoc (0 a) by (1)
=z opcpp(zoa)

=z opc(zo7; (@)

=17 (a).

by Lemma 3.7 — 1

Furthermore,
2 (b)
a (c)(a)
_ z z — — z _
= G (C) (a)otz(b)ot (D)™ o(rg (¢ )(a) 0z +T; (b)) 0z by Lemma 3.7 — 3
= (0505(c))” caoaj(c)ori(h)o (Tff(b)réf © (a)) by Lemma 3.7 — 3
= "éa »° Tb @ (c)> oaooy(c) ot (b)o(tity (@)~ by (Y1)-(Y3)
- 2.2 -

o o2 () r(a)(c) oaobocoz ozo(rcrb(a)) by Lemma 3.7 — 1

=(o (©)) ooib)oti(a)oco (it (@) by Lemma 3.7 — 1

o 00 (b)oti(@ococo(tf@) 0z +c)oz

oz (h)? r,, (@) (©)

o ocl(b)ooc?’,

PHON Tb (a)

T og (),
%)@

(©) (c) by Lemma 3.7 — 3

(

(o)
(S0 @)
(o)
(io7i)

T *(a)
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i.e., (Y2) holds. Therefore, r; is a solution. Finally, we show that (Y1) implies (D), namely
z € Dy(§).Indeed, ifa, b € S,bychoosingx =a,y =a  oa,andw =a~ o(aoz+b)oz™,
we obtain

a)?o;(w):—xoz+xo(—yoz+yowoz)oz
=—aoz+ao(—z+aoa_+a_o(aoz+b)oz_oz)oz by (1)
:—aoz+ao(—z+a_oaoz—a_—l—a_ob)oz by (1)
=—aoz+aok,~(b)oz by (1)
=—aoz+(a+b)oz by Lemma 2.6 — 2

and, using Lemma 3.7-1, Lemma 2.6-4, and (1), we get
Z 4
Toz (1 Oz (W)
=—af(y)oz—l—(aj(y)—xoyoz—i—xoyowoz)oz
:—(—aoz-l—aoz)oz+((—aoz+aoz)—aoz+aoa7o(aoz+b)ozfoz)oz
:—(aoa_ozoz_)oz—i-(—aoz—i—aoz—aoa_—i—aoa_ob)oz
=—z+(aoa ozoz +b)oz
=—z4+aoca +boz
Hence, by (Y1) it follows that
—aoz+(@+b)oz=—z4+aoca +boz “)

and so, by (1), we can write

(a+b)oz=aoz—aoz+ (a+b)oz jaoz—z—i—aoa_—i—boz:aoz—z—l—boz,
“4)

i.e., z € D,(S). Therefore, we get the claim. ]

The following theorem illustrates some properties of a deformed solution r, on a dual
weak brace (S, +, o). In particular, 7, has a behavior close to bijectivity and non-degeneracy
since it is completely regular in Map(S x S).

Theorem 3.10 Let (S, +, o) be a dual weak brace, 7 € D, (S), and r, the solution associated
to S deformed by z. Then, considered the map 7,- : S x S — S x S given by

F—(a,b) = (aob—aoz7 +z7, (aob—aozf—i—z*)ioaob),
foralla,b € S, the following hold
PeFom ¥y =1z, FomFiFpm =TFp—,  and  F;Fy— = Fpry.

Moreover, 0% and t} are completely regular elements in Map(S), since

Z.2 b4 z z Z,.2 - z,.2 z b4
0,0, 0, =0,, 0, 0,0, =0, & 0,0, =0, 0,
2.3 z Z Z 2.3 _ 22 2.3 __ Z
T, Ty =T, T Tt =1, & 1,7, =1,_71,

foreverya € S.
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Proof 1In this proof, we will set for brevity x := x o x™ = x — x, for every x € S.
Initially, if a, b € S, the first component of r.7,-(a, b) is equal to

X:=—(aob—aoz_—l—z_)oz+(aob—aoz_+z_)ooaoboz

:—(aoboz—z+z—aozo)+(aob—a017+zi)0+aoboz by Lemma 3.3
=a+z0—aoboz+(aob—aoz_+z0+aoz_—aob)—i—aoboz by (1)
:a—aoboz+(aob)0+(aoz)0+aoboz by (1)
=a+b0+7° by (1)

and the first component of 7,-r; (a, b) is equal to
Y:=(—aoz—i—aoboz)ooaob—(—aoz—i—aoboz)oz_—{—z_
=(—aoz+aoboz)0+aob—(z_—aozoz_—l—aob)ozo—i—z_ by (D) — (3)
=(—aoz—i—aoboz—aoboz—i—aoz)—i—(aob)o—i—a—i—zo by (1)
=a+b"+7° by (1)

thus they are equal. Since the second components of r 7. (a, b) and r,-r;(a, b) are equal to
X oaoband Y™ oaob,respectively, and X =Y, it follows that r,7,- = F.-r;. Moreover,
by the previous paragraph and by (1), we compute

rz;z*rz(a,b)=I’Z(Y,Y_oaob)
=(—YOZ+Y0Y_OGObOZs(_YOZ+Y0Y_anboZ)_oYoY—oaob)
=ry(a,b)

and, by (1),
Fo-r F-(a,b) =7~ (X,X7 oaob)

=(XoX_oaob—on_+z_,(XoX_oaob—on_+z_)_oXoX_oaob>

=F,~(a,b).
Furthermore, it is easy to check that o 0’;: b) = 0’;: o%(b) =a®o0z% o b and so they follow
aazcr;: ol(b) = oZ(b) and 0;: ojoj: = oj: (b). The rest of the claim is a consequence of
Lemma 3.7-2. O

Observe that if (B, +, o) is a skew brace and a,z € B are such thata o z = z + a,
then 67 = A, (cf. [12, Lemma 2.10]). This is equivalent to requiring that the map o° is a
homomorphism, as we show next in the more general case.

Proposition 3.11 Let (S, +, o) be a dual weak brace and z € S. Then, 6 : (S, o) — Map(S)
is a homomorphism if and only ifa o z = 7 + a, for everya € S.

Proof If a € S and o is a homomorphism, by Uzz_ozz_oz (a) = Ozz_oz_oz (a), using (1), we

getz” o(—z+aoz)oz =2z oaoz Thus, by the last identity and (1), we obtain

z+a=z+zo(z oaoz)oz =z+zoz o(—z+aoz)ozoz

=zZ—Z+aoz=aoz.
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Conversely, if a, b € S, we have

oioj(c)=—a—z+z+ao(=b—z+z+boc)

=—a—z+z+a—aob+a—a+aoboc by (1)
=—aoboz4+aobocoz
=U§ob(c)'

Therefore, the claim follows. m]

In the case of a dual weak brace S, even if 6° : (S, 0) — Map(S) is a homomorphism, in
general, o/ does not coincide with A, since 02 (b) = A4 (b)+z0z™ . In the study of deformed
solutions, the following question arises.

Question 1 Let (S, +, o) be a dual weak brace. For which parameters z, w € S, are the
deformed solutions r, and r, equivalent?

We recall that two solutions r and s on two sets S and T, respectively, are said to be
equivalent if there exists a bijective map ¢ : S — T such that (p x @)r = s(¢ x @) (see
[15]). In the direction of Question 1, in the context of skew braces, in [12, Example 2.14]
and [12, Example 2.15] one can find instances of different parameters which give rise to
non-equivalent deformed solutions. Here, the following example shows that in the case of
dual weak braces, even deformed solutions by idempotents are not equivalent in general.

Example 3 Let X = {e, x, y} and (S, o) the commutative inverse monoid on X with identity
e satisfying the relations x ox = yoy = xand xoy = y. Note thata™ = a, foreverya € S.
Consider the trivial weak brace on S, namely a+b = aob,foralla, b € S. Then, by Theorem
3.9, we have two solutions r, = r and r, related to the two idempotents e and x, respectively,
for which the maps o° and o are explicitly givenby o (b) = A, (b)+e = Ay(b) = acaob
and o) (b) = Aq(b) +x = —a+aob+x = aoaobox. If the two solutions r, and
re were equivalent via a bijection ¢ : § — S, then, in particular, we would have that
p(@aoaobox)=¢(a)og(a)op (), foralla,b e S.Thus,if a = b = e we have that
o (x) =@ (e)op(e)ogp(e) = ¢ (e), acontradiction.

Observe that if z, w € S give rise to two deformed solutions r; and ry,, respectively, and
there exists ¢ € Aut (S, +, o) such that ¢ (z) = w, then r; and r,, are trivially equivalent via
¢. In the special case of a two-sided skew brace, such a map ¢ exists when z and w are in
the same conjugacy class, as we show in the next result.

Proposition 3.12 Let (B, +, o) be a two-sided skew brace and z, w € B belonging to the
same conjugacy class in (B, o). Then, the deformed solutions r, and ry, are equivalent.

Proof Due to Remark 3.6, r, and r,, are deformed solutions on B. By [29, Proposition 2.3]
and [25, Lemma 4.1], all the inner automorphisms of (B, o) are skew brace automorphisms
of B. By the assumption, there exist ¢ € B such that w = ¢~ o z o ¢, thus r; and r,, are
equivalent via the inner automorphism ¢, given by ¢, (@) = ¢~ oaoc, foranya € B. In
particular, (¢c X @c) r; = ry (Pc X @c)- o

Note that Proposition 3.12 could is also true in the context of dual weak braces whenever
the map ¢, is bijective.

Remark 3.13 The converse of Proposition 3.12 is not true. To show this, it is enough to
consider the trivial brace on the cyclic group Z/27Z. Then, the solution ry coincides with the
solution ry, but 0 and 1 trivially belong to different conjugacy classes.
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4 Structural properties of the distributor

In this section, we focus on the distributor of any dual weak brace (S, +, o) and highlight
some properties for the special case of braces.

According to Remark 3.6, if B is a skew brace, then D,(B) = B if and only if B is a
two-sided skew brace. The other limit case is when there exists only the trivial deformation,
in other words, D, (B) = {0}. We give some examples below.

Examples4 1. Let (B, +, o) bethe brace on (Z, +) withaob = a+(—1)* b,foralla, b € Z,
cf. [28, Proposition 6]. Then, D, (B) = {0} (it is enough to choose a, b € Z both odd).

2. Let (B, 4+, o) be the brace on (Z, o) = (g ) with gk + gl = gk“‘(_l)kl, for all k,l € Z.
Then, since B is a two-sided skew brace, D, (B) = B.

The following are examples of skew braces in which D, (B) is not trivial.

Example 5 Let B be a two-sided skew brace and C be a skew brace such that D, (C) = {0}.
Then, D, (B x C) = B x {0}.

Example6 Let n € Ny and let us denote by A, the brace with additive group (Z/nZ, +)
and multiplication given by a o b = a + (—1)“b, for all a, b € Z/nZ. Then, it is a routine
computation to check that z € D,(A,) if and only if 4z = 0 (mod n). Thus, if n = 0, we
get D, (Ap) = {0} (cf. Examples 4-1.). If n > 1,

— If gcd(4,n) = 1, then D, (A,) = {0},

- If ged(4, n) = 2, then D, (A,) = {0, 5},

~ If ged(4,n) = 4, then D, (4,) = {0, 2, 4, 3},

More generally, one can prove the following results related to the distributor of any dual
weak brace. Let us first recall that an inverse subsemigroup / of an inverse semigroup S is
Sull if E(S) C I (see [22, p. 19]).

Proposition 4.1 Let (S, 4, o) be a dual weak brace. Then, D, (S) is a full inverse subsemi-
group of the Clifford semigroup (S, o) containing the center (S, o) of (S, o).

Proof Initially, it holds E (S) € D,(S). Moreover, if a, b € S and z1, z2 € Dy (S), by (D),
we get

(@+byo(zioz) = (aozi+(zy +b)ozi)oz
aozioza+ (25 +(zf +b)ozi)oz

=aozlozz—i—(Zz_OZ]_OZl+(Zl_+b)021)022 by (1)

=aozjoz+ ((z1022)” +b)ozi 022,
namely z; o 72 € D,(S). Besides, by (1),
(a+b)ozy =(aozy ozi+ (2] —z] +bozy)ozi)oz]
= (aozy —2z; +boz;)ozi027]
(D,)( 1 1 r) 1
=aoz —z] +bozy,

ie.,z; € Dy (S).Besides,if z € {(S, 0),then (a+b)oz = zoa—z+z0b =aoz—z+boz,
foralla, b € §,i.e., z € D,(S). Therefore, the claim follows. O
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Clearly, in the case of a skew brace B, D, (B) is a subgroup of (B, o) containing the center
¢ (B, o) of the group (B, o).

In general, D, () is not an inverse subsemigroup of the additive semigroup, unless we get
into particular cases.

Proposition 4.2 Let (S, +, o) be a dual weak brace in which the Clifford semigroup (S, +)
is commutative, then D, (S) is a two-sided dual weak subbrace of S.

Proof By Proposition 4.1, it is enough to show that D, (S) is an inverse subsemigroup of
(S, 4). Clearly, E(S, +) € D, (S) because E(S, o) = E(S, +). Moreover, if x, y € D,(S)
and a, b € S, we have

(a@a+b)o(x+y)=aox—x+box—b—a+aoy—y+boy
=aox—a+aoy—(x+y)+box—b+boy
=ao(x+y)—(x+y +bolx+y),

and thus x + y € D,(S). Now, by Lemma 2.6-4,

(@a+b)o(—x)=a+b—(a+b)ox+a+b=a+b—aox+x—box+a+b
=a—aox+a+x+b—box+b=ao(—x)—(—x)+bo(—x),

and so —x € D,(S). Therefore, the claim follows. ]

Remark 4.3 As a consequence, if B is a brace, its right distributor is a two-sided subbrace of
B.

Remark 4.4 Observe thatif (S, 4, o) is a dual weak brace and A, (D, (S)) € D, (S), for every
7 € D(S), then D, (S) is an inverse subsemigroup of the additive Clifford semigroup (S, +).
Indeed, it is enough to observe that if z, w € D,(S), then z + w = z o A~ (w) and that
—z=x; (7).

As is usual in ring theory, in any brace (B, 4, o) we can define the binary operation
a-b:=—a+aob—b,foralla, b € B, cf. [9]. In particular, by Remark 4.3, it follows that
(Dy(B), +, -) is aradical ring contained in B. Moreover, observe

Va,be B z€D,(B) <= (a+b)-z=a-7+b-z. 5)

The following result describes all the parameters giving rise to a deformed solution in a
left brace. The proof is essentially obtained by extracting the key equalities contained in the
proof of [21, Theorem 1.1].

Theorem 4.5 Let (B, +, o) be a brace. Then, it holds that
D.(B)={zeB|VYa,beB (@-b)-z=a-(b-2)}

Proof If z € D,(B), the claim is proven by describing o in terms of - in the associativity
condition of the o. For the other inclusion, by making explicit the equality (a-b)-z = a-(b-2)
and multiplying both sides by a~, we get

(b—l—a_o(—b))oz:boz—z—l—Z(a_oz)—a_oboz,
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for all a, b € B. Now, since by the proof of [21, Proposition 3.1 (ii)], (—x) oz = 2z — x o g,
for all z,x € B such that (x - (—x)) -z = x - ((—x) - 2), we get that, for all a,b € B,
2(a_ oz) —a oboz=a o(Rz—boz)=a o(—b)oz andso

(b—l—a_o(—b))oz:boz—z—l—(a_o(—b))oz,
i.e.z € Dy (B). O

In light of the previous proposition, if B is a brace, we automatically obtain examples of
right modules on the ring D, (B) having B as underlying set. Besides, when D, (B) is not
trivial, we also get non-trivial instances of R-module braces, since A, (B) € Autp, (p) (B),
for every a € B (see [11, Definition 2]).

Corollary 4.6 Any brace (B, +, o) is a D, (B)-module brace.

Now, it becomes natural to wonder if the distributor is an ideal. We recall that a subset /
of a skew brace B is a left ideal if it is both a normal subgroup of (B, +) and A, (/) € I, for
every a € B. Moreover, a leftideal 7 of B is an ideal of B if it is a normal subgroup of (B, o).
Equivalently, according to [9, Lemmas 1.8—1.9], [ is a left ideal if and only if B - I C [ and
it is an ideal of B if and only ifalso / - B C 1.

Recalling that a non-trivial brace is right nilpotent of index 3 if B2 - B = {0} and left
nilpotent of index 3 if B - B> = {0}, by (5) we have the following result.

Proposition 4.7 Let B be a brace. If B is right nilpotent of index 3, then D, (B) is a left ideal
of B. If B is left nilpotent of index 3, then 7 - b € D, (B), forall b € B and 7z € D,(B).

Example 7 1f we consider the brace Ag as in Example 6, it is easy to check that Ag is right
nilpotent of index 3, hence D, (Ag) is a left ideal of Ag.

In the following, we characterize, in general, when the distributor is an ideal for the braces
Ay

Proposition 4.8 Let n € Ny and A,, be the brace defined in Example 6. Then, D, (A,) is a
left ideal. Moreover, D, (A,) is an ideal of A, if and only if n € {2,4}, gcd(4,n) = 1, or
8| n.

Proof The first statement holds by observing thatk - d = ((—D)¥ — 1)d € D,(A,), for all
ke A,andd € D, (A,).
Forallk € A,, andd € D,(A,), we have:

o (d 1\, o if21d
d k‘(( b 1>k_[—2k if21d " ©

Assume that D, (A,) is anideal of A, and let us break down our consideration to the following
cases.

— If ged(n,4) = 1, then D, (A,) = {0} and n can be any number coprime with 4.

— If ged(n, 4) = 2, then D, (A,) = {0, 5}and 5 -k =0 (mod n) or 5 -k = 5 (mod n).
Since ged(n,4) = 2, then 2 { 5 and so, by (6), since D, (A,) is an ideal, we have that
—2k = % (mod n) or —2k = 0 (mod n). The first congruence leads to a contradiction
with gcd(n, 4) = 2, while the second gives n = 2.
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— Ifged(n,4) =4, then D, (A,) = {0, 4, 2 %’} and we can consider two cases, i.e., when

) Z? 57
2 | d for all d € D,(Ay) or when there exists d € D;(A,) such that 2 { d. In the first
case, we obtain that 8 | n, since 2 | %. In the second one, we getd -k = —2k = %, with

i €{0,1,2,3}and forall k € A,.Ifi = 1,3 we get a contradiction with 2 { d. Besides,
the congruence with i = 0 is satisfied if and only if n = 2, but gcd(n, 4) = 4. The third
congruence for i = 2 and k = 1 implies n = 4.

In the opposite direction, in the cases n = 2,4 or gcd(4, n) = 1, the distributor is a trivial
ideal. The claim in the case when 8 | n follows directly from (6). O

If (B, +, o) is a skew brace, the group D, (B) can be related to Fix(B) and to its annihilator
Ann (B). According to [9], Fix (B) ={a € B|Vx € B X (a) = a} and itis a left ideal of
B. Besides, the annihilator of B is an ideal of B defined by Ann (B) = Soc (B) N ¢ (B, o),
where Soc(B) ={ae€ B | Vbe B a+b=aob}N¢(S,+), see [5]. It is a routine
computation to check the following inclusion.

Proposition 4.9 Let (B, +, o) be a skew brace. Then, Ann(B) C Fix(B) C D, (B).

5 Bites of parameters

In this section, regarding a dual weak brace S as a strong semilattice of skew braces B, we
analyze how the entire distributor of S interacts with the distributor of each By . In addition,
we show when a deformed solution on § is the strong semilattice of deformed solutions on
By.

Hereinafter, through the section, S will be seen as a strong semilattice [Y, By, ¢, g]. First,
in the following, we show when D, (S) is the disjoint union of each D, (By).

Theorem 5.1 Let S be a dual weak brace, then D, (S) C U D, (By).

aeY
Moreover, D, (S) = |J Dy (By) if and only if ¢o.p (Dr(By)) € Dy (Bg), foralla, p € Y
aeY
such that 8 < a.
Proof 1f z € D, (S), then there exists « € Y such that z € D,(By) and thus D, (S) <
U Dy (Ba).

aeY

Let us assume that z € U D, (By) and that ¢y g(Dr(By)) € D,(Bg), foralla, B € ¥
aeY
such that 8 < «. Then, there exists y € Y such that z € D, (B, ), and, for all a € B, and

b € Bg, we have

(@+b)oz= (¢a,aﬁy (@) + ¢ﬁ,aﬁy D)) o ¢y,aﬁy (2)
= d)ot,aﬁy (a) o d’y,aﬁy(z) - ¢y,o¢ﬂy (z2) + ¢ﬂ,aﬁ}/(b) o ¢y,ot/3y(z)
=aoz—z+boz,

since ¢y.apy (Dr(By)) S Dr(Bapy) . Hence, z € Dy (S).
Conversely, if D,(S) = |J D,(By), thenforalla, B € Y, a,b € Bg and z € D,(By)
aeY
such that B < «, we get that
(@+b)odap(z) =(@+b)oz=aoz—z+boz=a0¢qp(2) — Pap@) +bodpyp2),

since z € D, (S). Thus, ¢o (D, (By)) S Dy (Bp). O
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In the following example, D, (S) is not the union of distributors.

Example8 LetY = {«, B}, with B < «. Considering the cyclic group C¢ := (Z/67Z, +), let
B, be the trivial brace on Cs, Bg the brace Ag given in Example 6, and ¢ : B, — Bg the
brace homomorphism given by ¢ (a) = 2a, foralla € B,. Then, S = [Y, By, ¢] is a dual
weak brace. Moreover, D, (By) = By, Dy (Bﬁ) = {0g,3p}, and ¢ (14) = 25 ¢ D, (Bﬁ),
hence trivially ¢ (D, (By)) € D, (Bg). Indeed, in this case, Dy (S) = {0, 34, 08, 33 }.

Note that in the example above D, (S) is not an ideal of S although D, (B),) is an ideal
of each skew brace B,. We highlight that the notion of ideal has also been given for dual
weak braces in [8] and makes use of the definitions of normal subsemigroups of Clifford
semigroups. Moreover, [8, Theorem 3] is a structure theorem for ideals of a dual weak
brace § = [Y, By, ¢q,p] in terms of the ideals of the skew braces B, . Indeed, as a direct
consequence of Theorem 5.1 and [8, Theorem 3.2], we obtain the following result.

Corollary 5.2 Let S be a dual weak brace. If D, (By) is an ideal of each skew brace By, for
every o € Y, then D (S) is an ideal of S if and only if D,(S) = | Dy (Ba).

aeY

In this part, we compare deformed solutions on a dual weak brace S acquired in Theorem
3.9 with solutions constructed as a strong semilattice of deformed solutions on skew braces

By . Although in Theorem 5.1 we characterize when D, (S) = | J D, (By), itis not guaranteed
aeY
that, in this case, r; is a strong semilattice of some deformed solutions on By, for some

z € D,(S), since 3. of Theorem 2.4 is not satisfied, in general. We will show that it is true
only for some parameters and if the semilattice is bounded.

Definition 5.3 Let S be a dual weak brace. A subset P C S of S is said to be a bite of
parameters if the following hold:

1. PN By = {pa} € D,(By),foreverya € Y,
2. aopg—aopy=pg— pa,foralle, B € Ysuchthat f <o anda € B,.

We will denote the family of all bites of parameters of S by B(S).

Lemma 5.4 Let S be a dual weak brace and P C S such that PN\ By = {py} < D, (By), for
everya € Y. If o p (po) € P, forall p, € P, a, B € Y suchthat B < a, then P € B(S).

The converse of Lemma 5.4 is not true, as we show in the following example.

Example 9 Let S be the dual weak braces given by ¥ = {«, 8} with 8 < «, By, = Z,
Bg = Z/nZ trivial braces, and ¢y g : Z — Z/nZ the canonical epimorphism. Thus,
P ={0q, 2} € B(S), but ¢po,p (0a) = 0p ¢ P.

Remark 5.5 Observe that for any dual weak brace S, we have that B(S) is non-empty. Indeed,
the set E(S) = {0y | « € Y} is a bite of parameters, as every homomorphism ¢, o preserves
the identity of each skew brace.

Example 10 Let S = [Y, Uy, ¢n.m] be the dual weak brace in Example 2, M the maximum
inthe set Y, and a € Uy a fixed element. Then, the set {¢y n(a) | m € Y} € B(S).

In the following, to avoid the overloading notation, by r,, we mean the deformed solution
on the skew brace B, by a parameter p, € D, (By).
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Lemma 5.6 Let S be a dual weak brace and rp,, a deformed solution on By, for everya € Y.
Then, the mapt : S x S — S x S defined by

t(x,y) = T pag (¢a,aﬁ(x)a ¢ﬁ,aﬁ ),

forall x € By, y € Bg, is a strong semilattice of the solutions rp, if and only if {py | o €
Y} e B(S).

Proof Let us assume that {p, | @ € Y} € B(S). Then, to get the claim, we have to check 3.
of Theorem 2.4, i.e.,

(ba,ﬁ(a) opp— ¢a,ﬂ(a 0 pa) = (bot,ﬁ(a ob)o P — ¢'a,ﬂ(a obo py), @)
foralla, B € Y such that B < « and for all a, b € B,. Using 2. of Theorem 5.3, we get that

(bot,ﬁ(a) opp— ¢a,ﬂ(a 0 Pg) = pPp — ¢a,ﬂ(pot) = ¢a,ﬂ(a ob)o pPp — ¢ot,/3(a ob)o ¢a,f3(1’a)
= ¢g,pla ob)o Pg — Pa.plaobo py).

Other way, let us assume that rj,,, is the strong semilattice of the solutions r ), and consider
P ={py | @ € Y}. Clearly, PN By, = {ps} € D,(By), for every @ € Y. By the previous
part, if a € By, by taking b = a™ in (7), we obtain property 2. of Definition 5.3. O

In the following result, we will denote by 1 the join of the semilattice Y, whenever it is
bounded.

Theorem 5.7 Let S be a dual weak brace and 7 € Dy(S).

1. IfY is not bounded or 7 ¢ By, then the deformed solution r; is not a strong semilattice of
the solutions defined on By, for everya € Y.

2. If' Y is bounded and r; is a strong semilattice of solutions, then z € By and there exists
P ={¢1,4(z) | @ € Y} € B(S) such that r; is the strong semilattice of solutions r¢, ,(z
on each skew brace By, for everya € Y.

Proof 1. Letz € By for some « € Y. Observe that if ¥ is not bounded or « # 1, then there
exists B € Y such that Ba # B. In that case, for alla, b € Bg, r.(a,b) C Bgy X Bgy #
Bg x Bp, and thus r; s x B, is not a well-defined solution on Bg. Consequently, r; is not
a strong semilattice of solutions on By, for every « € Y.

2. Clearly, z € Bj by the previous point. Let us consider P = {¢1 (z) | @ € Y}. Then,
one can easily check that P N By = {¢1,¢(z)} € D, (By), for every o € Y. Moreover, if
a, B € Y are such that 8 < «, then ¢y g¢1,0(2) = ¢1,5(z) € P. Thus, by Lemma 5.4,
P < B(S). Furthermore, ifa, B € Y and a € By, b € Bg,

r(a, b) = Tp1,ap(2) (¢a,o{ﬂ (a), ¢o¢,o¢ﬂ (b)) .
Finally, by Lemma 5.6, we get the claim. O

Corollary 5.8 Let S be a dual weak brace, P € B(S), and z € P. Then, r; is the strong
semilattice of deformed solutions on By, through parameters in P if and only if Y is bounded
and 7 € By.
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