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Abstract
A recentmethod for acquiring new solutions of theYang–Baxter equation involves deforming
the classical solution associated with a skew brace. In this work, we demonstrate the appli-
cability of this method to a dual weak brace (S,+, ◦) and prove that all elements generating
deformed solutions belong precisely to the set Dr (S) = {z ∈ S | ∀a, b ∈ S (a + b) ◦ z =
a◦z−z+b◦z}, which we term the distributor of S.We show it is a full inverse subsemigroup
of (S, ◦) and prove it is an ideal for certain classes of braces. Additionally, we express the
distributor of a brace S in terms of the associativity of the operation ·, with ◦ representing
the circle or adjoint operation. In this context, (Dr (S),+, ·) constitutes a Jacobson radi-
cal ring contained within S. Furthermore, we explore parameters leading to non-equivalent
solutions, emphasizing that even deformed solutions by idempotents may not be equivalent.
Lastly, considering S as a strong semilattice [Y , Bα, φα,β ] of skew braces Bα , we establish
that a deformed solution forms a semilattice of solutions on each skew brace Bα if and only
if the semilattice Y is bounded by an element 1 and the deforming element z lies in B1.

Keywords Yang–Baxter equation · Set-theoretic solution · Inverse semigroup · Clifford
semigroup · Skew brace · Brace · Weak brace

Mathematics Subject Classification 16T25 · 81R50 · 20M18 · 16Y99

1 Introduction

The history of the Yang–Baxter equation dates back to the 1960s when the equation first
appeared and gained the attention of mathematical physicists. The name originates from two
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outstanding researchers and their papers: Yang and his paper on many-body problems [30],
and Baxter and his paper on the eight-vertex latticemodel [3]. Since then, different variants of
the equation have been found and studied. For example, the classical Yang–Baxter equation,
whose connections with simple Lie algebras were studied by Belavin and Drinfel’d in [4]. A
variant which is of our interest in this work is called the set-theoretic Yang–Baxter equation.
Drinfel’d attracted the attention of researchers to this version by including it in his paper [13,
p. 7] and presenting it in the form we use nowadays. Given a set S, a map r : S × S → S × S
is said to be a set-theoretic solution of the Yang–Baxter equation, or shortly solution, if it
satisfies the identity

(r × idS) (idS ×r) (r × idS) = (idS ×r) (r × idS) (idS ×r) .

Writing r (x, y) = (
λx (y) , ρy (x)

)
, with λx , ρx maps from S into itself, then r is left (resp.

right) non-degenerate if λx ∈ SymS (resp. ρx ∈ SymS), for every x ∈ S, non-degenerate if
it is both left and right non-degenerate. After the paper of Drinfel’d, many authors focused
their attention on this equation discovering new connections between solutions and various
algebraic structures. The early literature on the subject is rich, but to help new readers,
we direct them to the papers by Etingof et al., e.g. [14–16]. In [15], Etingof, Schedler, and
Soloviev studied involutive non-degenerate solutions. Then, those ideas were further pursued
by Lu et al. in [24] with a focus on bijective non-degenerate solutions.

In [27], Rump introduced the algebraic structure of braces to study involutive non-
degenerate solutions. It is worth noting that the axiomatics of the theory of two-sided braces
were already studied before byAndrunakievič [1, p. 131] andKurosh [20, p. 69].1 Later, skew
braces [17] were introduced by Guarnieri and Vendramin to study bijective non-degenerate
solutions. In this context, Bardakov and Gubarev [2] have proved that every skew brace can
be injectively embedded into a Rota–Baxter group.

Recently in [7], the authors introduced weak braces to study not necessarily bijective
solutions. We note that a similar approach of weakening the structure was already considered
for the quantum Yang–Baxter equations by introducing weak Hopf algebras in [23]). A weak
brace is a triple (S,+, ◦) such that (S,+) and (S, ◦) are inverse semigroups and the identities

a ◦ (b + c) = a ◦ b − a + a ◦ c & a ◦ a− = −a + a

are satisfied, for all a, b, c ∈ S, where −a and a− denote the inverses of a with respect to
+ and ◦, respectively. Clearly, the sets of the idempotents E(S,+) and E(S, ◦) coincide. In
particular, (S,+) is a Clifford semigroup, and if (S, ◦) also is, S is called dual weak brace.
Skew braces are dual weak braces since in this case the structures (S,+) and (S, ◦) are groups
having the same identity. Moreover, if (S,+) is abelian, then S is a brace. In particular, by
[8, Theorem 2.1], any dual weak brace is a strong semilattice of a family of skew braces
{Bα}α∈Y indexed by a semilattice Y .

Any weak brace (S,+, ◦) gives rise to a solution r : S × S → S × S defined by

r (a, b) = (−a + a ◦ b, (−a + a ◦ b)− ◦ a ◦ b
)
,

for all a, b ∈ S, that is close to be bijective (see [7, Theorem 11]). In the particular case of
skew braces, such a map r is bijective and non-degenerate. Moreover, r is involutive, i.e.,
r2 = idS×S , if and only if S is a brace. In addition, if S is dual, the solution r is the strong
semilattice of the solutions {rα}α∈Y , where rα is exactly the solution associated to each skew
brace Bα , which compose S (see [6, Theorem 4.1] and [8, Proposition 2.4]).

1 This fact was unknown to the authors before an anonymous referee reported it.
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Deformed solutions of the Yang–Baxter equation... 713

Thepaper [12] presents away to assign a new“deformed” solution to particular elements of
skewbraces. In the case of the identity element,we get the usual solution r associated to a skew
brace. The main motivation to study this family of maps lies in the fact that if one considers
a finite skew brace, its identity, and another element giving rise to a deformed solution. In
[12], one can also find the first hint that the two-sided skew braces are crucial in such an
investigation. Recall that a skew brace (S,+, ◦) is two-sided if (a + b)◦c = a ◦c −c +b ◦c
holds, for all a, b, c ∈ S (see [9, Definition 2.15]).

In this paper, we extend and describe this class of solutions directly in the context of
dual weak braces. To this end, in the third section, we introduce and investigate the (right)
distributor of a dual weak brace (S,+, ◦), namely, the set

Dr (S) = {z ∈ S | ∀ a, b ∈ S (a + b) ◦ z = a ◦ z − z + b ◦ z},
that we prove to be an inverse subsemigroup of (S, ◦) such that E(S) ⊆ Dr (S). In the special
case of a brace B, the distributor is a subbrace and coincides with the elements that associate
with all the elements in B, namely Dr (B) = {z ∈ B | ∀ a, b ∈ B (a · b) · z = a · (b · z)}
where a · b = a ◦ b − a − b, for all a, b ∈ B. In particular, Dr (B) is a radical ring contained
in B that, more generally, it is not an ideal of B. We show that for some cyclic braces (cf.
[28]) it is.

The main result is contained in Theorem 3.9, where we show that, fixed z ∈ S, the map
rz : S × S → S × S given by

rz(a, b) = (−a ◦ z + a ◦ b ◦ z, (−a ◦ z + a ◦ b ◦ z)− ◦ a ◦ b
)
,

for all a, b ∈ S, is a solution if and only if z ∈ Dr (S). We call the map rz solution associated
to S deformed by z. In such a case, rz is not bijective in general, but it has a behavior close
to bijectivity and non-degeneracy, as we show in more detail in Theorem 3.10. If S is a skew
brace and z = 0 is the identity of the groups, then rz coincides with the usual solution r .
However, although any idempotent determines a deformed solution in any dual weak brace,
in general, the map re, with e ∈ E(S), does not coincide with r . More precisely, re and r are
not equivalent in the sense of [15]. In this regard, we raise the issue of studying under which
conditions on the parameters, two deformed solutions are equivalent and we give partial
answers in this sense. In the particular cases of two-sided skew braces, we show that if two
parameters z and w are in the same conjugacy classes of the multiplicative group, then rz

and rw are equivalent.
We conclude the paper by proving that a deformed solution rz on a dual weak brace is a

strong semilattice of solutions on each individual skew brace Bα if and only if the underlying
semilattice is bounded by an element 1 and z ∈ B1.

2 Preliminaries

This section is devoted to introducing the structure of the weak brace and its properties useful
for our treatment.

Initially, for the ease of the reader, let us briefly recall some useful notions on inverse
semigroups (see [10, 18, 22, 26], for more details). A semigroup S is called inverse semigroup
if, for each a ∈ S, there exists a unique element a−1 of S such that a = aa−1a and
a−1 = a−1aa−1, called the inverse of a. The behaviour of inverse elements in an inverse
semigroup S is similar to that in a group, since (ab)−1 = b−1a−1 and (a−1)−1 = a, for
all a, b ∈ S. Denote by E(S) the set of the idempotents of S, clearly, e = e−1, for every
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e ∈ E(S), and the idempotents of S are exactly the elements aa−1 and a−1a, for any a ∈ S. An
inverse semigroup S such that aa−1 = a−1a, for every a ∈ S, is named Clifford semigroup.
Equivalently, a Clifford semigroup S is an inverse semigroup in which the idempotents are
central or, according to [18, Theorem 4.2.1], it is a strong (lower) semilattice Y of disjoint
groups.

Below, we recall the definition of weak brace and dual weak brace contained in [7, Defi-
nition 5] and in [8, Definition 2].

Definition 2.1 Let S be a set endowed with two binary operations + and ◦ such that (S,+)

and (S, ◦) are inverse semigroups. Then, (S,+, ◦) is said to be a weak (left) brace if the
following relations

a ◦ (b + c) = a ◦ b − a + a ◦ c & a ◦ a− = −a + a

are satisfied, for all a, b, c ∈ S, where −a and a− denote the inverses of a with respect to
+ and ◦, respectively. Moreover, a weak brace (S,+, ◦) is said to be a dual weak brace if
(S, ◦) is a Clifford semigroup.

In any weak brace the sets of idempotents E (S,+) and E (S, ◦) coincide, thus we simply
denote them by E (S). As proved in [7, Theorem 8], the additive structure of any weak
brace is necessarily a Clifford semigroup. An example of a weak brace that is not dual is
contained in [7, Example 2-3.]. In particular, we say that (S,+, ◦) is a two-sided weak brace
if (a + b) ◦ c = a ◦ c − c + b ◦ c, for all a, b, c ∈ B. Note that the notion of two-sided skew
brace can be found in [9, Definition 2.15].

Clearly, skew braces [17] are weak braces since the additive and the multiplicative struc-
tures are groups with the same identities. Besides, braces [27] are skew braces in which the
additive group is abelian. Moreover, in any weak brace, a ◦ (

a− + b
) = −a + a ◦ b, for

all a, b ∈ S (see [7, Proposition 16]). Easy examples of dual weak braces can be obtained
starting from any Clifford semigroup (S, ◦), by setting a + b := a ◦ b or a + b := b ◦ a, for
all a, b ∈ S. These are the trivial weak brace and the almost trivial weak brace, respectively.

Any dual weak brace is a strong semilattice of skew braces, as we recall below.

Theorem 2.2 [8, Theorem 2.1] Let (Y ,∧) be a semilattice and {Bα | α ∈ Y } a family of
disjoint skew braces. For each pair α, β of elements of Y such that β ≤ α, let φα,β : Bα → Bβ

be a homomorphism of skew braces such that

1. for every α ∈ Y φα,α = idBα ,
2. for all γ, β, α ∈ Y such that γ ≤ β ≤ α, φβ,γ φα,β = φα,γ .

Then, set S := ⋃̇

α∈Y
Bα , the triple (S,+, ◦) is a dual weak brace where, for all a ∈ Bα and

b ∈ Bβ , for all α, β ∈ Y ,

a + b := φα∧β,α(a) +
α∧β

φα∧β,β(b) & a ◦ b := φα∧β,α(a) ◦
α∧β

φα∧β,β(b).

We call such a dual weak brace the strong semilattice S of skew braces Bα , with α ∈ Y ,
and denote it by S = [

Y , Bα, φα,β

]
. Conversely, any dual weak brace can be obtained in this

way.

Into the specific, given a dual weak brace S, the underlying sets of the skew braces Bα that
realize S are exactly the underlying sets of the groups composing both the Clifford semigroup
(S,+) and the Clifford semigroup (S, ◦), as shown in the proof of [8, Theorem 2.1].
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Deformed solutions of the Yang–Baxter equation... 715

To avoid overloading the notation, hereinafter, for all a ∈ Bα and b ∈ Bβ , we will write

a + b = φαβ,α(a) + φαβ,β(b) & a ◦ b = φαβ,α(a) ◦ φαβ,β(b),

thus the two operations of each skew brace Bα will be clear from the context and we denote
the operation on the semilattice Y simply by the juxtaposition.

The following are easy instances of dual weak braces.

Example 1 Let (B,+, ◦) be a brace and {Iα}α∈N a family of ideals (see [17, Definition 2.1])
such that I0 = {0}, and Iα ⊆ Iα+1, for every α ∈ N. Then, considering the following
sequence of canonical projections of braces

B
π1−→ B/I1

π2−→ · · · πα−→ B/Iα
πα+1−−−→ B/Iα+1

πα+2−−−→ · · · ,

we obtain that the strong semilattice [N, B/Iα, πα] is a dual weak brace.

Example 2 Let Y ⊆ N be a finite set. Then, for every n ∈ Y , Un := (U (Z/2n
Z),+1, ◦) is a

two-sided skewbrace on the set of units ofZ/2n
Z, with addition defined by a+1b := a−1+b

(mod 2n), for all a, b ∈ U (Z/2n
Z), and multiplication given by the multiplication modulo

2n . Consider, for all n, m ∈ Y such that m ≤ n, the homomorphism φn,m : Un → Um,

a 	→ a (mod m). Then, S = [Y , Un, φn,m] is a dual weak brace.

The motivation for studying such algebraic structures lies mainly in the fact that they give
rise to solutions.

Theorem 2.3 [7, Theorem11]Let (S,+, ◦) be a weak brace. Then, the map r : S×S → S×S
defined by

r (a, b) = (−a + a ◦ b, (−a + a ◦ b)− ◦ a ◦ b
)
,

for all a, b ∈ S, is a solution.

Such a map r has a behaviour close to bijectivity since there exists the solution rop associated
to the opposite weak brace (S,+op, ◦) of S, where a +op b := b + a, for all a, b ∈ S, such
that

r rop r = r , rop r rop = rop, & rrop = ropr ,

namely, r is a completely regular element in Map(S × S). In particular, if S is a skew brace,
then rop = r−1, see [19]. It is shown in [8, Proposition 2.4] that the solution r associated
to any dual weak brace S = [

Y , Bα, φα,β

]
is the strong semilattice of the bijective solutions

rα associated to any skew brace Bα , a construction technique of solutions provided in [6,
Theorem 4.1] and that we recall below.

Theorem 2.4 [6, Theorem 4.1] Let (Y ,∧) be a (lower) semilattice, {rα | α ∈ Y } a family of
disjoint solutions on each Xα indexed by Y , and for each pair α, β ∈ Y with β ≤ α, a map
φα,β : Xα → Xβ . Let X = ⋃̇

α ∈ Y Xα and r : X × X → X × X the map defined by

r(x, y) := rαβ(φα,αβ(x), φβ,αβ(y)),

for all x ∈ Xα and y ∈ Xβ . Then r is a solution if the following conditions are satisfied:

1. φα,α is the identity map of Xα for every α ∈ Y ,

2. φβ,γ φα,β = φα,γ for all α, β, γ ∈ Y such that γ ≤ β ≤ α,

3. (φα,β × φα,β)rα = rβ(φα,β × φα,β), for all α, β ∈ Y such that β ≤ α.
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716 M. Mazzotta et al.

We call r strong semilattice of solutions rα indexed by Y .

Proposition 2.5 [8, Proposition 2.4] Let S = [
Y , Bα, φα,β

]
be a dual weak brace and

{rα | α ∈ Y } the family of disjoint solutions on each Bα , for every α ∈ Y . Then, the solution
r associated to S is the strong semilattice of the solutions rα , for every α ∈ Y .

Given a dual weak brace S, we are used to denote the components of its solution r by
introducing the maps λa, ρb : S → S defined by

λa (b) = −a + a ◦ b & ρb (a) = λa (b)− ◦ a ◦ b,

for all a, b ∈ S. The components of the map rop are given by

λ
op
a (b) = a ◦ b − a = (

ρa−
(
b−))−

& ρ
op
b (a) = (a ◦ b − a)− ◦ a ◦ b = (

λb−
(
a−))−

.

The map r also is close to being non-degenerate, since

λaλa−λa = λa, λa−λaλa− = λa− , & λaλa− = λa−λa,

ρaρa−ρa = ρa, ρa−ρaρa− = ρa− , & ρaρa− = ρa−ρa,

for every a ∈ S. Clearly, if S is a skew brace, such maps are bijective. By [7, Lemma 3],
it holds that λa (b) ◦ ρb (a) = a ◦ b, for all a, b ∈ S. In addition, one has that the map
λ : S → End (S,+) , a 	→ λa is a homomorphism of the inverse semigroup (S, ◦) into the
endomorphism semigroup of (S,+) and the map ρ : S → Map(S), b 	→ ρb is a semigroup
anti-homomorphism of the inverse semigroup (S, ◦) to the monoidMap(S) of the maps from
S into itself.

In the following lemma, we collect some properties that we will use throughout the paper.

Lemma 2.6 ( [7, Lemma 1, Proposition 9], [8, Lemma 1]) Let (S,+, ◦) be a weak brace.
Then, the following hold:

1. a ◦ b = a + λa(b),
2. a + b = a ◦ λa− (b),
3. λa(b) = a ◦ b ◦ ρb(a)−,
4. a ◦ (−b) = a − a ◦ b + a,

for all a, b ∈ S.

By 1. and 2. in Lemma 2.6, we obtain that any idempotent e ∈ E (S) satisfies the following

e + a = e ◦ a = λe (a) , (1)

for every a ∈ S.

3 Deformed solutions on dual weak braces

This section aims to describe deformed solutions associated to any dual weak brace, namely
solutions obtained by deforming the classical one. These novel solutions have been introduced
in the context of skew braces in [12].

Theorem 3.1 [12, Theorem 2.6] Let (B,+, ◦) be a skew brace and z ∈ B such that

(a − b + c) ◦ z = a ◦ z − b ◦ z + c ◦ z, (2)
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Deformed solutions of the Yang–Baxter equation... 717

for all a, b, c ∈ B. Then, the map řz : B × B → B × B given by

řz(a, b) = (
a ◦ b − a ◦ z + z, (a ◦ b − a ◦ z + z)− ◦ a ◦ b

)
,

for all a, b ∈ B, is a non-degenerate and bijective solution, called deformed solution by z
on B.

We denote the components of řz by introducing the maps

σ̌ z
a (b) = a ◦ b − a ◦ z + z & τ̌ z

b (a) = (a ◦ b − a ◦ z + z)− ◦ a ◦ b,

for all a, b ∈ B.

Remark 3.2 Let (B,+, ◦) be a skew brace. Note that ř0 coincides with the inverse solution
of the solution r associated to B, namely ř0 = rop . In general, if z ∈ B satisfies (2), one can
check that ř−1

z is the map rz− : B × B → B × B given by

rz−(a, b) =
(
−a ◦ z− + a ◦ b ◦ z−,

(−a ◦ z− + a ◦ b ◦ z−)− ◦ a ◦ b
)

,

for all a, b ∈ B. Such a map rz− clearly is non-degenerate as řz is. Indeed, for all a, b ∈ B,
if we consider the maps σ z

a , τ z
b : B → B defined by

σ z
a (b) = −a ◦ z + a ◦ b ◦ z & τ z

b (a) = (−a ◦ z + a ◦ b ◦ z)− ◦ a ◦ b,

the components of rz− are σ z−
a (b) and τ z−

b (a), respectively, and are such that

(
σ z−

a

)−1
(b) = σ z

a−(b) = (
τ̌ z

a

(
b−))−

(
τ z−

b

)−1
(a) = τ z−

b− (a) =
(
σ̌ z−

b

(
a−))−

,

for all a, b ∈ B.

Throughout our work, we lay the groundwork to prove that the set of elements z which
gives rise to a deformed solution is a subgroup of (B, ◦). This fact will allow studying the
map

rz(a, b) = (−a ◦ z + a ◦ b ◦ z, (−a ◦ z + a ◦ b ◦ z)− ◦ a ◦ b
)
,

avoiding the use of z−, that in the case z = 0 exactly coincides with the usual solution r
associated to B. For this reason, hereinafter, we will study such a map rz directly in the
context of a dual weak brace (S,+, ◦) and prove that it is a solution.

Note that using (2), it can be also written as

rz (a, b) = (
z− ◦ λz◦a (b) ◦ z, z− ◦ ρb (z ◦ a)

)
, (�)

for all a, b ∈ S. Below, we provide an identity that is equivalent to the relation (2).

Lemma 3.3 Let (S,+, ◦) be a dual weak brace and z ∈ S. Then, (2) is equivalent to

(a + b) ◦ z = a ◦ z − z + b ◦ z, (D)

for all a, b ∈ S.
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Proof The identity (D) can be trivially obtained by (2) and (1) taking b = z ◦ z−. Conversely,
if x ∈ S, we get

(−x) ◦ z = z − x ◦ z + z. (3)

Indeed, x ◦ x− ◦ z = (x − x) ◦ z = x ◦ z − z + (−x) ◦ z, thus

(−x) ◦ z =
(1)

z − x ◦ z + x ◦ z − z + (−x) ◦ z = z − x ◦ z + x ◦ x− ◦ z =
(1)

z − x ◦ z + z.

Now, let a, b, c ∈ S, applying (3) and (1), we obtain

(a − b + c) ◦ z = a ◦ z − z + (−b + c) ◦ z = a ◦ z − z + (−b) ◦ z − z + c ◦ z

= a ◦ z − b ◦ z + c ◦ z,

i.e., (2) is satisfied. 
�
Remark 3.4 Observe that if (S,+, ◦) is a dual weak brace and z ∈ S, then (D) is also
equivalent to the equality

(a + b) ◦ z = a ◦ z + (
z− + b

) ◦ z, (D′)

for all a, b ∈ S. Indeed, if b ∈ S and (D) is satisfied, then
(
z− + b

) ◦ z = z− ◦ z − z + b ◦ z = −z + b ◦ z,

and so (D′) holds. Conversely, if (D′) is satisfied we have that
(
z− + b

) ◦ z =
(1)

−z + (
z− ◦ z

) ◦ z + (
z− + b

) ◦ z = −z + (
z− ◦ z + b

) ◦ z =
(1)

−z + b ◦ z,

i.e., (D) holds.

In light of Lemma 3.3, we introduce the following set.

Definition 3.5 Let (S,+, ◦) be a dual weak brace. Then, we call the set

Dr (S) = {z ∈ S | ∀ a, b ∈ S (a + b) ◦ z = a ◦ z − z + b ◦ z},
(right) distributor of S.

It immediately follows by (1) that E(S) ⊆ Dr (S).

Remark 3.6 A dual weak brace (S,+, ◦) is two-sided if and only if Dr (S) = S.

We aim to show that the map rz is a solution in any dual brace if and only if z ∈ Dr (S).
In the next section, we will deepen the algebraic structure ofDr (S). To prove the main result
of this section, we need the following preliminary lemma.

Lemma 3.7 Let (S,+, ◦) be a dual weak brace and z ∈ Dr (S). Then, they hold:

1. σ z
a (b) ◦ τ z

b (a) = a ◦ b ◦ z ◦ z−,
2. τ z : (S, ◦) → Map(S) is an anti-homomorphism,
3. σ z

a (b) = a ◦ b ◦ b− ◦ (
a− ◦ z− + b

) ◦ z,
4. σ z

a (b) ◦ σ z
a (b)− = a ◦ a− + b ◦ b− + z ◦ z−,

for all a, b ∈ S.
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Proof Let a, b, c ∈ S. Initially, by (�) and n Lemma 3.3, we have that

σ z
a (b) ◦ τ z

b (a) = z− ◦ λz◦a (b) ◦ ρb (z ◦ a) = z− ◦ z ◦ a ◦ b.

Moreover,

τ z
b◦c (a) = z− ◦ ρb◦c (z ◦ a) = z− ◦ ρcρb (z ◦ a) = z− ◦ ρc

(
z ◦ τ z

b (a)
) = τ z

c τ z
b (a) .

Furthermore, since, by (1), λa(b) = a ◦ b ◦ b− ◦ (
a− + b

)
, we obtain

σ z
a (b) = z− ◦ z ◦ a ◦ b ◦ b− ◦ (

a− ◦ z− + b
) ◦ z = a ◦ b ◦ b− ◦ (

a− ◦ z− + b
) ◦ z.

Finally,

σ z
a (b) ◦ σ z

a (b)− = z− ◦ λz◦a (b) ◦ λz◦a (b)− ◦ z

= z− ◦ z ◦ a ◦ (
a− ◦ z− + b

) ◦ (
a− ◦ z− + b

)− ◦ a− ◦ z− ◦ z

= a ◦ a− ◦ (
a− ◦ z− + b − b − a− ◦ z−) ◦ z ◦ z− by (1)

= a ◦ a− + b ◦ b− + z ◦ z− by (1)

which completes the proof. 
�
Remark 3.8 Given a set X , a function r : S × S → S × S, (a, b) 	→ (σa(b), τb(a)) is a
solution if and only if the following three equalities hold

σaσb(c) = σσa(b)στb(a) (c) , (Y1)

στσb(c)(a)τc (b) = τστb(a)(c)σa (b) , (Y2)

τcτb(a) = ττc(b)τσb(c) (a) , (Y3)

for all a, b, c ∈ S.

Theorem 3.9 Let S be a dual weak brace and z ∈ S. Then, the map rz : S × S → S × S
given by

rz(a, b) = (−a ◦ z + a ◦ b ◦ z, (−a ◦ z + a ◦ b ◦ z)− ◦ a ◦ b
)
,

for all a, b ∈ S, is a solution if and only if z ∈ Dr (S). We call such a map rz solution
associated to S deformed by z.

Proof Let a, b, c ∈ S. To prove (Y1), we observe that

σ z
a σ z

b (c) = −a ◦ z + (a − a ◦ b ◦ z + a ◦ b ◦ c ◦ z) ◦ z by Lemma 2.6 − 4

= −a ◦ z + a ◦ z − z + (−a ◦ b ◦ z + a ◦ b ◦ c ◦ z) ◦ z z ∈ Dr (S)

= a ◦ a− − z + σ z
a◦b(c) ◦ z by (1)

= a ◦ a− + b ◦ b− − z + σ z
a◦b(c) ◦ z by (1)
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and

σ z
σ z

a (b)
σ z
τ z

b (a)
(c)

= −σ z
a (b) ◦ z + (

σ z
a (b) − a ◦ b ◦ z + a ◦ b ◦ c ◦ z

) ◦ z by Lemma 2.6 − 4 &Lemma 3.7 − 1

= −σ z
a (b) ◦ z + σ z

a (b) ◦ z − z + σ z
a◦b(c) ◦ z z ∈ Dr (S)

= σ z
a (b) ◦ σ z

a (b)− − z + σ z
a◦b(c) ◦ z by (1)

= a ◦ a− + b ◦ b− − z + σ z
a◦b(c) ◦ z by Lemma 3.7 − 4

Besides, (Y3) follows by

τ z
τ z

c (b)
τ z
σ z

b (c) (a) = τ z
σ z

b (c)◦τ z
c (b)

(a) by Lemma 3.7 − 2

= τ z
z−◦z◦b◦c (a) by Lemma 3.7 − 1

= z− ◦ ρb◦cρz−◦z (z ◦ a)

= z− ◦ ρb◦c (z ◦ a) by (1)

= z− ◦ ρcρb (z ◦ a)

= z− ◦ ρc
(
z ◦ τ z

b (a)
)

= τ z
c τ z

b (a) .

Furthermore,

σ z
τ z
σ

z
b (c)

(a)
τ z

c (b)

= τ z
σ z

b (c)
(a)◦τ z

c (b)◦τ z
c (b)−◦

(
τ z
σ z

b (c)
(a)− ◦ z−+τ z

c (b)

)
◦ z by Lemma 3.7 − 3

= (
σ z

a σ z
b (c)

)− ◦ a ◦ σ z
b (c)◦τ z

c (b)◦
(

τ z
τ z

c (b)
τ z
σ z

b (c)
(a)

)−
by Lemma 3.7 − 3

=
(

σ z
σ z

a (b)
σ z
τ z

b (a)
(c)

)−
◦a◦σ z

b (c) ◦ τ z
c (b)◦(

τ z
c τ z

b (a)
)− by (Y1)-(Y3)

=
(

σ z
σ z

a (b)
σ z
τ z

b (a)
(c)

)−
◦ a ◦ b ◦ c ◦ z− ◦ z ◦ (

τ z
c τ z

b (a)
)− by Lemma 3.7 − 1

=
(

σ z
σ z

a (b)
σ z
τ z

b (a)
(c)

)−
◦ σ z

a (b) ◦ τ z
b (a) ◦ c ◦ (

τ z
c τ z

b (a)
)− by Lemma 3.7 − 1

=
(

σ z
σ z

a (b)
σ z
τ z

b (a)
(c)

)−
◦σ z

a (b)◦τ z
b (a)◦c ◦ c−◦(

τ z
b (a)− ◦ z− + c

) ◦ z

=
(

σ z
σ z

a (b)
σ z
τ z

b (a)
(c)

)−
◦ σ z

a (b) ◦ σ z
τ z

b (a)
(c) by Lemma 3.7 − 3

= τ z
σ z

τ
z
b (a)

(c)
σ z

a (b) ,
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i.e., (Y2) holds. Therefore, rz is a solution. Finally, we show that (Y1) implies (D), namely
z ∈ Dr (S). Indeed, if a, b ∈ S, by choosing x = a, y = a− ◦a, andw = a− ◦(a◦z+b)◦z−,
we obtain

σ z
x σ z

y (w) = −x ◦ z + x ◦ (−y ◦ z + y ◦ w ◦ z) ◦ z

= −a ◦ z + a ◦ (−z + a ◦ a− + a− ◦ (a ◦ z + b) ◦ z− ◦ z
) ◦ z by (1)

= −a ◦ z + a ◦ (−z + a− ◦ a ◦ z − a− + a− ◦ b
) ◦ z by (1)

= −a ◦ z + a ◦ λa−(b) ◦ z by (1)

= −a ◦ z + (a + b) ◦ z by Lemma 2.6 − 2

and, using Lemma 3.7-1, Lemma 2.6-4, and (1), we get

σ z
σ z

x (y)
σ z

τ z
y (x)

(w)

= −σ z
x (y) ◦ z + (

σ z
x (y) − x ◦ y ◦ z + x ◦ y ◦ w ◦ z

) ◦ z

= − (−a ◦ z+a ◦ z) ◦ z+(
(−a ◦ z+a ◦ z)− a ◦ z + a ◦ a− ◦ (a ◦ z + b) ◦ z− ◦ z

) ◦ z

= − (
a ◦ a− ◦ z ◦ z−) ◦ z + (−a ◦ z + a ◦ z − a ◦ a− + a ◦ a− ◦ b

) ◦ z

= −z + (
a ◦ a− ◦ z ◦ z− + b

) ◦ z

= −z + a ◦ a− + b ◦ z.

Hence, by (Y1) it follows that

−a ◦ z + (a + b) ◦ z = −z + a ◦ a− + b ◦ z (4)

and so, by (1), we can write

(a + b) ◦ z = a ◦ z − a ◦ z + (a + b) ◦ z =
(4)

a ◦ z − z + a ◦ a− + b ◦ z = a ◦ z − z + b ◦ z,

i.e., z ∈ Dr (S). Therefore, we get the claim. 
�
The following theorem illustrates some properties of a deformed solution rz on a dual

weak brace (S,+, ◦). In particular, rz has a behavior close to bijectivity and non-degeneracy
since it is completely regular in Map(S × S).

Theorem 3.10 Let (S,+, ◦) be a dual weak brace, z ∈ Dr (S), and rz the solution associated
to S deformed by z. Then, considered the map řz− : S × S → S × S given by

řz−(a, b) =
(

a ◦ b − a ◦ z− + z−,
(
a ◦ b − a ◦ z− + z−)− ◦ a ◦ b

)
,

for all a, b ∈ S, the following hold

rz řz− rz = rz, řz− rz řz− = řz− , and rzřz− = řz−rz .

Moreover, σ z
a and τ z

a are completely regular elements in Map(S), since

σ z
a σ z−

a− σ z
a = σ z

a , σ z−
a− σ z

a σ z−
a− = σ z−

a− , & σ z
a σ z−

a− = σ z−
a− σ z

a

τ z
a τ z

a−τ z
a = τ z

a , τ z
a−τ z

a τ z
a− = τ z

a− , & τ z
a τ z

a− = τ z
a−τ z

a ,

for every a ∈ S.
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Proof In this proof, we will set for brevity x0 := x ◦ x− = x − x , for every x ∈ S.
Initially, if a, b ∈ S, the first component of rzřz−(a, b) is equal to

X := − (
a ◦ b − a ◦ z− + z−) ◦ z + (

a ◦ b − a ◦ z− + z−)0 ◦ a ◦ b ◦ z

= − (
a ◦ b ◦ z − z + z − a ◦ z0

) + (
a ◦ b − a ◦ z− + z−)0 + a ◦ b ◦ z by Lemma 3.3

= a + z0 − a ◦ b ◦ z + (a ◦ b − a ◦ z− + z0 + a ◦ z− − a ◦ b) + a ◦ b ◦ z by (1)

= a − a ◦ b ◦ z + (a ◦ b)0 + (a ◦ z)0 + a ◦ b ◦ z by (1)

= a + b0 + z0 by (1)

and the first component of řz−rz(a, b) is equal to

Y := (−a ◦ z + a ◦ b ◦ z)0 ◦ a ◦ b − (−a ◦ z + a ◦ b ◦ z) ◦ z− + z−

= (−a ◦ z + a ◦ b ◦ z)0 + a ◦ b − (
z− − a ◦ z ◦ z− + a ◦ b

) ◦ z0 + z− by (D) − (3)

= (−a ◦ z + a ◦ b ◦ z − a ◦ b ◦ z + a ◦ z) + (a ◦ b)0 + a + z0 by (1)

= a + b0 + z0 by (1)

thus they are equal. Since the second components of rzřz−(a, b) and řz−rz(a, b) are equal to
X− ◦ a ◦ b and Y − ◦ a ◦ b, respectively, and X = Y , it follows that rzřz− = řz−rz . Moreover,
by the previous paragraph and by (1), we compute

rz řz− rz(a, b) = rz
(
Y , Y − ◦ a ◦ b

)

= (−Y ◦ z + Y ◦ Y − ◦ a ◦ b ◦ z, (−Y ◦ z + Y ◦ Y − ◦ a ◦ b ◦ z)− ◦ Y ◦ Y − ◦ a ◦ b
)

= rz(a, b)

and, by (1),

řz− rz řz−(a, b) = řz−
(
X , X− ◦ a ◦ b

)

=
(

X ◦ X− ◦ a ◦ b − X ◦ z− + z−,
(
X ◦ X− ◦ a ◦ b − X ◦ z− + z−)− ◦ X ◦ X− ◦ a ◦ b

)

= řz−(a, b).

Furthermore, it is easy to check that σ z
a σ z−

a− (b) = σ z−
a− σ z

a (b) = a0 ◦ z0 ◦ b and so they follow

σ z
a σ z−

a− σ z
a (b) = σ z

a (b) and σ z−
a− σ z

a σ z−
a− = σ z−

a− (b). The rest of the claim is a consequence of
Lemma 3.7-2. 
�

Observe that if (B,+, ◦) is a skew brace and a, z ∈ B are such that a ◦ z = z + a,
then σ z

a = λa (cf. [12, Lemma 2.10]). This is equivalent to requiring that the map σ z is a
homomorphism, as we show next in the more general case.

Proposition 3.11 Let (S,+, ◦) be a dual weak brace and z ∈ S. Then, σ z : (S, ◦) → Map(S)

is a homomorphism if and only if a ◦ z = z + a, for every a ∈ S.

Proof If a ∈ S and σ z is a homomorphism, by σ z
z−σ z

z−◦z(a) = σ z
z−◦z−◦z(a), using (1), we

get z− ◦ (−z + a ◦ z) ◦ z = z− ◦ a ◦ z. Thus, by the last identity and (1), we obtain

z + a = z + z ◦ (
z− ◦ a ◦ z

) ◦ z− = z + z ◦ z− ◦ (−z + a ◦ z) ◦ z ◦ z−

= z − z + a ◦ z = a ◦ z.
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Conversely, if a, b ∈ S, we have

σ z
a σ z

b (c) = −a − z + z + a ◦ (−b − z + z + b ◦ c)

= −a − z + z + a − a ◦ b + a − a + a ◦ b ◦ c by (1)

= −a ◦ b ◦ z + a ◦ b ◦ c ◦ z

= σ z
a◦b(c).

Therefore, the claim follows. 
�
In the case of a dual weak brace S, even if σ z : (S, ◦) → Map(S) is a homomorphism, in
general, σ z

a does not coincide with λa , since σ z
a (b) = λa(b)+z◦z−. In the study of deformed

solutions, the following question arises.

Question 1 Let (S,+, ◦) be a dual weak brace. For which parameters z, w ∈ S, are the
deformed solutions rz and rw equivalent?

We recall that two solutions r and s on two sets S and T , respectively, are said to be
equivalent if there exists a bijective map ϕ : S → T such that (ϕ × ϕ)r = s(ϕ × ϕ) (see
[15]). In the direction of Question 1, in the context of skew braces, in [12, Example 2.14]
and [12, Example 2.15] one can find instances of different parameters which give rise to
non-equivalent deformed solutions. Here, the following example shows that in the case of
dual weak braces, even deformed solutions by idempotents are not equivalent in general.

Example 3 Let X = {e, x, y} and (S, ◦) the commutative inverse monoid on X with identity
e satisfying the relations x ◦ x = y ◦ y = x and x ◦ y = y. Note that a− = a, for every a ∈ S.
Consider the trivial weak brace on S, namely a+b = a◦b, for all a, b ∈ S. Then, by Theorem
3.9, we have two solutions re = r and rx related to the two idempotents e and x , respectively,
for which the maps σ e and σ x are explicitly given by σ e

a (b) = λa (b)+e = λa(b) = a ◦a ◦b
and σ x

a (b) = λa (b) + x = −a + a ◦ b + x = a ◦ a ◦ b ◦ x . If the two solutions rx and
re were equivalent via a bijection ϕ : S → S, then, in particular, we would have that
ϕ (a ◦ a ◦ b ◦ x) = ϕ (a) ◦ ϕ (a) ◦ ϕ (b), for all a, b ∈ S. Thus, if a = b = e we have that
ϕ (x) = ϕ (e) ◦ ϕ (e) ◦ ϕ (e) = ϕ (e), a contradiction.

Observe that if z, w ∈ S give rise to two deformed solutions rz and rw , respectively, and
there exists ϕ ∈ Aut (S,+, ◦) such that ϕ (z) = w, then rz and rw are trivially equivalent via
ϕ. In the special case of a two-sided skew brace, such a map ϕ exists when z and w are in
the same conjugacy class, as we show in the next result.

Proposition 3.12 Let (B,+, ◦) be a two-sided skew brace and z, w ∈ B belonging to the
same conjugacy class in (B, ◦). Then, the deformed solutions rz and rw are equivalent.

Proof Due to Remark 3.6, rz and rw are deformed solutions on B. By [29, Proposition 2.3]
and [25, Lemma 4.1], all the inner automorphisms of (B, ◦) are skew brace automorphisms
of B. By the assumption, there exist c ∈ B such that w = c− ◦ z ◦ c, thus rz and rw are
equivalent via the inner automorphism ϕc given by ϕc (a) = c− ◦ a ◦ c, for any a ∈ B. In
particular, (ϕc × ϕc) rz = rw (ϕc × ϕc). 
�

Note that Proposition 3.12 could is also true in the context of dual weak braces whenever
the map ϕc is bijective.

Remark 3.13 The converse of Proposition 3.12 is not true. To show this, it is enough to
consider the trivial brace on the cyclic group Z/2Z. Then, the solution r0 coincides with the
solution r1, but 0 and 1 trivially belong to different conjugacy classes.
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4 Structural properties of the distributor

In this section, we focus on the distributor of any dual weak brace (S,+, ◦) and highlight
some properties for the special case of braces.

According to Remark 3.6, if B is a skew brace, then Dr (B) = B if and only if B is a
two-sided skew brace. The other limit case is when there exists only the trivial deformation,
in other words, Dr (B) = {0}. We give some examples below.

Examples 4 1. Let (B,+, ◦) be the brace on (Z,+)with a◦b = a+(−1)a b, for all a, b ∈ Z,
cf. [28, Proposition 6]. Then, Dr (B) = {0} (it is enough to choose a, b ∈ Z both odd).

2. Let (B,+, ◦) be the brace on (Z, ◦) = 〈 g 〉 with gk + gl = gk+(−1)k l , for all k, l ∈ Z.
Then, since B is a two-sided skew brace, Dr (B) = B.

The following are examples of skew braces in which Dr (B) is not trivial.

Example 5 Let B be a two-sided skew brace and C be a skew brace such that Dr (C) = {0}.
Then, Dr (B × C) = B × {0}.
Example 6 Let n ∈ N0 and let us denote by An the brace with additive group (Z/nZ,+)

and multiplication given by a ◦ b = a + (−1)ab, for all a, b ∈ Z/nZ. Then, it is a routine
computation to check that z ∈ Dr (An) if and only if 4z ≡ 0 (mod n). Thus, if n = 0, we
get Dr (A0) = {0} (cf. Examples 4-1.). If n ≥ 1,

– If gcd(4, n) = 1, then Dr (An) = {0},
– If gcd(4, n) = 2, then Dr (An) = {0, n

2 },
– If gcd(4, n) = 4, then Dr (An) = {0, n

4 , n
2 , 3n

4 }.
More generally, one can prove the following results related to the distributor of any dual

weak brace. Let us first recall that an inverse subsemigroup I of an inverse semigroup S is
full if E(S) ⊆ I (see [22, p. 19]).

Proposition 4.1 Let (S,+, ◦) be a dual weak brace. Then, Dr (S) is a full inverse subsemi-
group of the Clifford semigroup (S, ◦) containing the center ζ(S, ◦) of (S, ◦).

Proof Initially, it holds E (S) ⊆ Dr (S). Moreover, if a, b ∈ S and z1, z2 ∈ Dr (S), by (D′),
we get

(a + b) ◦ (z1 ◦ z2) = (
a ◦ z1 + (

z−
1 + b

) ◦ z1
) ◦ z2

= a ◦ z1 ◦ z2 + (
z−
2 + (

z−
1 + b

) ◦ z1
) ◦ z2

= a ◦ z1 ◦ z2 + (
z−
2 ◦ z−

1 ◦ z1 + (
z−
1 + b

) ◦ z1
) ◦ z2 by (1)

= a ◦ z1 ◦ z2 + (
(z1 ◦ z2)

− + b
) ◦ z1 ◦ z2,

namely z1 ◦ z2 ∈ Dr (S). Besides, by (1),

(a + b) ◦ z−
1 = (

a ◦ z−
1 ◦ z1 + (

z−
1 − z−

1 + b ◦ z−
1

) ◦ z1
) ◦ z−

1

=
(D′)

(
a ◦ z−

1 − z−
1 + b ◦ z−

1

) ◦ z1 ◦ z−
1

= a ◦ z−
1 − z−

1 + b ◦ z−
1 ,

i.e., z−
1 ∈ Dr (S). Besides, if z ∈ ζ(S, ◦), then (a+b)◦z = z◦a−z+z◦b = a◦z−z+b◦z,

for all a, b ∈ S, i.e., z ∈ Dr (S). Therefore, the claim follows. 
�
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Clearly, in the case of a skew brace B,Dr (B) is a subgroup of (B, ◦) containing the center
ζ(B, ◦) of the group (B, ◦).

In general,Dr (S) is not an inverse subsemigroup of the additive semigroup, unless we get
into particular cases.

Proposition 4.2 Let (S,+, ◦) be a dual weak brace in which the Clifford semigroup (S,+)

is commutative, then Dr (S) is a two-sided dual weak subbrace of S.

Proof By Proposition 4.1, it is enough to show that Dr (S) is an inverse subsemigroup of
(S,+). Clearly, E(S,+) ⊆ Dr (S) because E(S, ◦) = E(S,+). Moreover, if x, y ∈ Dr (S)

and a, b ∈ S, we have

(a + b) ◦ (x + y) = a ◦ x − x + b ◦ x − b − a + a ◦ y − y + b ◦ y

= a ◦ x − a + a ◦ y − (x + y) + b ◦ x − b + b ◦ y

= a ◦ (x + y) − (x + y) + b ◦ (x + y),

and thus x + y ∈ Dr (S). Now, by Lemma 2.6-4,

(a + b) ◦ (−x) = a + b − (a + b) ◦ x + a + b = a + b − a ◦ x + x − b ◦ x + a + b

= a − a ◦ x + a + x + b − b ◦ x + b = a ◦ (−x) − (−x) + b ◦ (−x),

and so −x ∈ Dr (S). Therefore, the claim follows. 
�

Remark 4.3 As a consequence, if B is a brace, its right distributor is a two-sided subbrace of
B.

Remark 4.4 Observe that if (S,+, ◦) is a dual weak brace and λz (Dr (S)) ⊆ Dr (S), for every
z ∈ Dr (S), thenDr (S) is an inverse subsemigroup of the additive Clifford semigroup (S,+).
Indeed, it is enough to observe that if z, w ∈ Dr (S), then z + w = z ◦ λz− (w) and that
−z = λz

(
z−)

.

As is usual in ring theory, in any brace (B,+, ◦) we can define the binary operation
a · b := −a + a ◦ b − b, for all a, b ∈ B, cf. [9]. In particular, by Remark 4.3, it follows that
(Dr (B),+, ·) is a radical ring contained in B. Moreover, observe

∀ a, b ∈ B z ∈ Dr (B) ⇐⇒ (a + b) · z = a · z + b · z. (5)

The following result describes all the parameters giving rise to a deformed solution in a
left brace. The proof is essentially obtained by extracting the key equalities contained in the
proof of [21, Theorem 1.1].

Theorem 4.5 Let (B,+, ◦) be a brace. Then, it holds that

Dr (B) = {z ∈ B | ∀ a, b ∈ B (a · b) · z = a · (b · z)}.

Proof If z ∈ Dr (B), the claim is proven by describing ◦ in terms of · in the associativity
condition of the ◦. For the other inclusion, bymaking explicit the equality (a ·b)·z = a ·(b ·z)
and multiplying both sides by a−, we get

(b + a− ◦ (−b)) ◦ z = b ◦ z − z + 2
(
a− ◦ z

) − a− ◦ b ◦ z,
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for all a, b ∈ B. Now, since by the proof of [21, Proposition 3.1 (ii)], (−x) ◦ z = 2z − x ◦ z,
for all z, x ∈ B such that (x · (−x)) · z = x · ((−x) · z), we get that, for all a, b ∈ B,
2

(
a− ◦ z

) − a− ◦ b ◦ z = a− ◦ (2z − b ◦ z) = a− ◦ (−b) ◦ z, and so
(
b + a− ◦ (−b)

) ◦ z = b ◦ z − z + (
a− ◦ (−b)

) ◦ z,

i.e. z ∈ Dr (B). 
�
In light of the previous proposition, if B is a brace, we automatically obtain examples of

right modules on the ring Dr (B) having B as underlying set. Besides, when Dr (B) is not
trivial, we also get non-trivial instances of R-module braces, since λa (B) ⊆ AutDr (B) (B),
for every a ∈ B (see [11, Definition 2]).

Corollary 4.6 Any brace (B,+, ◦) is a Dr (B)-module brace.

Now, it becomes natural to wonder if the distributor is an ideal. We recall that a subset I
of a skew brace B is a left ideal if it is both a normal subgroup of (B,+) and λa(I ) ⊆ I , for
every a ∈ B. Moreover, a left ideal I of B is an ideal of B if it is a normal subgroup of (B, ◦).
Equivalently, according to [9, Lemmas 1.8–1.9], I is a left ideal if and only if B · I ⊆ I and
it is an ideal of B if and only if also I · B ⊆ I .

Recalling that a non-trivial brace is right nilpotent of index 3 if B2 · B = {0} and left
nilpotent of index 3 if B · B2 = {0}, by (5) we have the following result.

Proposition 4.7 Let B be a brace. If B is right nilpotent of index 3, then Dr (B) is a left ideal
of B. If B is left nilpotent of index 3, then z · b ∈ Dr (B), for all b ∈ B and z ∈ Dr (B).

Example 7 If we consider the brace A6 as in Example 6, it is easy to check that A6 is right
nilpotent of index 3, hence Dr (A6) is a left ideal of A6.

In the following, we characterize, in general, when the distributor is an ideal for the braces
An .

Proposition 4.8 Let n ∈ N0 and An be the brace defined in Example 6. Then, Dr (An) is a
left ideal. Moreover, Dr (An) is an ideal of An if and only if n ∈ {2, 4}, gcd(4, n) = 1, or
8 | n.

Proof The first statement holds by observing that k · d = (
(−1)k − 1

)
d ∈ Dr (An), for all

k ∈ An and d ∈ Dr (An).
For all k ∈ An and d ∈ Dr (An), we have:

d · k =
(
(−1)d − 1

)
k =

{
0 if 2 | d

−2k if 2 � d
. (6)

Assume thatDr (An) is an ideal of An and let us break down our consideration to the following
cases.

– If gcd(n, 4) = 1, then Dr (An) = {0} and n can be any number coprime with 4.
– If gcd(n, 4) = 2, then Dr (An) = {0, n

2 } and n
2 · k = 0 (mod n) or n

2 · k = n
2 (mod n).

Since gcd(n, 4) = 2, then 2 �
n
2 and so, by (6), since Dr (An) is an ideal, we have that

−2k ≡ n
2 (mod n) or −2k ≡ 0 (mod n). The first congruence leads to a contradiction

with gcd(n, 4) = 2, while the second gives n = 2.
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– If gcd(n, 4) = 4, thenDr (An) = {0, n
4 , n

2 , 3n
4 } and we can consider two cases, i.e., when

2 | d for all d ∈ Dr (An) or when there exists d ∈ Dr (An) such that 2 � d. In the first
case, we obtain that 8 | n, since 2 | n

4 . In the second one, we get d · k = −2k ≡ ni
4 , with

i ∈ {0, 1, 2, 3} and for all k ∈ An . If i = 1, 3 we get a contradiction with 2 � d . Besides,
the congruence with i = 0 is satisfied if and only if n = 2, but gcd(n, 4) = 4. The third
congruence for i = 2 and k = 1 implies n = 4.

In the opposite direction, in the cases n = 2, 4 or gcd(4, n) = 1, the distributor is a trivial
ideal. The claim in the case when 8 | n follows directly from (6). 
�

If (B,+, ◦) is a skew brace, the groupDr (B) can be related to Fix(B) and to its annihilator
Ann (B). According to [9], Fix (B) = {a ∈ B | ∀ x ∈ B λx (a) = a} and it is a left ideal of
B. Besides, the annihilator of B is an ideal of B defined by Ann (B) = Soc (B) ∩ ζ (B, ◦),
where Soc (B) = {a ∈ B | ∀ b ∈ B a + b = a ◦ b} ∩ ζ(S,+), see [5]. It is a routine
computation to check the following inclusion.

Proposition 4.9 Let (B,+, ◦) be a skew brace. Then, Ann(B) ⊆ Fix(B) ⊆ Dr (B).

5 Bites of parameters

In this section, regarding a dual weak brace S as a strong semilattice of skew braces Bα , we
analyze how the entire distributor of S interacts with the distributor of each Bα . In addition,
we show when a deformed solution on S is the strong semilattice of deformed solutions on
Bα .

Hereinafter, through the section, S will be seen as a strong semilattice [Y , Bα, φα,β ]. First,
in the following, we show when Dr (S) is the disjoint union of each Dr (Bα).

Theorem 5.1 Let S be a dual weak brace, then Dr (S) ⊆ ⋃̇

α∈Y
Dr (Bα).

Moreover, Dr (S) = ⋃̇

α∈Y
Dr (Bα) if and only if φα,β (Dr (Bα)) ⊆ Dr (Bβ), for all α, β ∈ Y

such that β ≤ α.

Proof If z ∈ Dr (S), then there exists α ∈ Y such that z ∈ Dr (Bα) and thus Dr (S) ⊆⋃̇

α∈Y
Dr (Bα).

Let us assume that z ∈ ⋃̇

α∈Y
Dr (Bα) and that φα,β(Dr (Bα)) ⊆ Dr (Bβ), for all α, β ∈ Y

such that β ≤ α. Then, there exists γ ∈ Y such that z ∈ Dr (Bγ ), and, for all a ∈ Bα and
b ∈ Bβ , we have

(a + b) ◦ z = (φα,αβγ (a) + φβ,αβγ (b)) ◦ φγ,αβγ (z)

= φα,αβγ (a) ◦ φγ,αβγ (z) − φγ,αβγ (z) + φβ,αβγ (b) ◦ φγ,αβγ (z)

= a ◦ z − z + b ◦ z,

since φγ,αβγ

(Dr (Bγ )) ⊆ Dr (Bαβγ

)
. Hence, z ∈ Dr (S).

Conversely, if Dr (S) = ⋃̇

α∈Y
Dr (Bα), then for all α, β ∈ Y , a, b ∈ Bβ and z ∈ Dr (Bα)

such that β ≤ α, we get that

(a + b) ◦ φα,β(z) = (a + b) ◦ z = a ◦ z − z + b ◦ z = a ◦ φα,β(z) − φα,β(z) + b ◦ φα,β(z),

since z ∈ Dr (S). Thus, φα,β(Dr (Bα)) ⊆ Dr (Bβ). 
�
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In the following example, Dr (S) is not the union of distributors.

Example 8 Let Y = {α, β}, with β < α. Considering the cyclic group C6 := (Z/6Z,+), let
Bα be the trivial brace on C6, Bβ the brace A6 given in Example 6, and ϕ : Bα → Bβ the
brace homomorphism given by ϕ (a) = 2a, for all a ∈ Bα . Then, S = [Y , Bγ , ϕ] is a dual
weak brace. Moreover, Dr (Bα) = Bα , Dr

(
Bβ

) = {0β, 3β}, and ϕ (1α) = 2β /∈ Dr
(
Bβ

)
,

hence trivially ϕ (Dr (Bα)) � Dr
(
Bβ

)
. Indeed, in this case, Dr (S) = { 0α, 3α, 0β, 3β }.

Note that in the example above Dr (S) is not an ideal of S although Dr
(
Bγ

)
is an ideal

of each skew brace Bγ . We highlight that the notion of ideal has also been given for dual
weak braces in [8] and makes use of the definitions of normal subsemigroups of Clifford
semigroups. Moreover, [8, Theorem 3] is a structure theorem for ideals of a dual weak
brace S = [Y , Bα, φα,β ] in terms of the ideals of the skew braces Bα . Indeed, as a direct
consequence of Theorem 5.1 and [8, Theorem 3.2], we obtain the following result.

Corollary 5.2 Let S be a dual weak brace. If Dr (Bα) is an ideal of each skew brace Bα , for
every α ∈ Y , then Dr (S) is an ideal of S if and only if Dr (S) = ⋃̇

α∈Y
Dr (Bα).

In this part, we compare deformed solutions on a dual weak brace S acquired in Theorem
3.9 with solutions constructed as a strong semilattice of deformed solutions on skew braces
Bα . Although inTheorem5.1we characterizewhenDr (S) = ⋃̇

α∈Y
Dr (Bα), it is not guaranteed

that, in this case, rz is a strong semilattice of some deformed solutions on Bα , for some
z ∈ Dr (S), since 3. of Theorem 2.4 is not satisfied, in general. We will show that it is true
only for some parameters and if the semilattice is bounded.

Definition 5.3 Let S be a dual weak brace. A subset P ⊆ S of S is said to be a bite of
parameters if the following hold:

1. P ∩ Bα = {pα} ⊆ Dr (Bα), for every α ∈ Y ,
2. a ◦ pβ − a ◦ pα = pβ − pα , for all α, β ∈ Y such that β ≤ α and a ∈ Bα .

We will denote the family of all bites of parameters of S by B(S).

Lemma 5.4 Let S be a dual weak brace and P ⊆ S such that P ∩ Bα = {pα} ⊆ Dr (Bα), for
every α ∈ Y . If φα,β (pα) ∈ P, for all pα ∈ P, α, β ∈ Y such that β ≤ α, then P ∈ B(S).

The converse of Lemma 5.4 is not true, as we show in the following example.

Example 9 Let S be the dual weak braces given by Y = {α, β} with β < α, Bα = Z,
Bβ = Z/nZ trivial braces, and φα,β : Z → Z/nZ the canonical epimorphism. Thus,
P = {0α, 2β} ∈ B(S), but φα,β (0α) = 0β /∈ P.

Remark 5.5 Observe that for any dual weak brace S, we have that B(S) is non-empty. Indeed,
the set E(S) = {0α | α ∈ Y } is a bite of parameters, as every homomorphism φα,αβ preserves
the identity of each skew brace.

Example 10 Let S = [Y , Un, φn,m] be the dual weak brace in Example 2, M the maximum
in the set Y , and a ∈ UM a fixed element. Then, the set {φM,m(a) | m ∈ Y } ∈ B(S).

In the following, to avoid the overloading notation, by rpα wemean the deformed solution
on the skew brace Bα by a parameter pα ∈ Dr (Bα).
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Lemma 5.6 Let S be a dual weak brace and rpα a deformed solution on Bα , for every α ∈ Y .
Then, the map t : S × S → S × S defined by

t(x, y) := rpαβ (φα,αβ(x), φβ,αβ(y)),

for all x ∈ Bα , y ∈ Bβ , is a strong semilattice of the solutions rpα if and only if {pα | α ∈
Y } ∈ B(S).

Proof Let us assume that {pα | α ∈ Y } ∈ B(S). Then, to get the claim, we have to check 3.
of Theorem 2.4, i.e.,

φα,β(a) ◦ pβ − φα,β(a ◦ pα) = φα,β(a ◦ b) ◦ pβ − φα,β(a ◦ b ◦ pα), (7)

for all α, β ∈ Y such that β ≤ α and for all a, b ∈ Bα . Using 2. of Theorem 5.3, we get that

φα,β(a) ◦ pβ − φα,β(a ◦ pα) = pβ − φα,β(pα) = φα,β(a ◦ b) ◦ pβ − φα,β(a ◦ b) ◦ φα,β(pα)

= φα,β(a ◦ b) ◦ pβ − φα,β(a ◦ b ◦ pα).

Other way, let us assume that rpαβ is the strong semilattice of the solutions rpα and consider
P = {pα | α ∈ Y }. Clearly, P ∩ Bα = {pα} ⊆ Dr (Bα), for every α ∈ Y . By the previous
part, if a ∈ Bα , by taking b = a− in (7), we obtain property 2. of Definition 5.3. 
�

In the following result, we will denote by 1 the join of the semilattice Y , whenever it is
bounded.

Theorem 5.7 Let S be a dual weak brace and z ∈ Dr (S).

1. If Y is not bounded or z /∈ B1, then the deformed solution rz is not a strong semilattice of
the solutions defined on Bα , for every α ∈ Y .

2. If Y is bounded and rz is a strong semilattice of solutions, then z ∈ B1 and there exists
P = {φ1,α(z) | α ∈ Y } ∈ B(S) such that rz is the strong semilattice of solutions rφ1,α(z)

on each skew brace Bα , for every α ∈ Y .

Proof 1. Let z ∈ Bα for some α ∈ Y . Observe that if Y is not bounded or α �= 1, then there
exists β ∈ Y such that βα �= β. In that case, for all a, b ∈ Bβ , rz(a, b) ⊆ Bβα × Bβα �=
Bβ × Bβ, and thus rz|Bβ×Bβ is not a well-defined solution on Bβ . Consequently, rz is not
a strong semilattice of solutions on Bα , for every α ∈ Y .

2. Clearly, z ∈ B1 by the previous point. Let us consider P = {φ1,α(z) | α ∈ Y }. Then,
one can easily check that P ∩ Bα = {φ1,α(z)} ⊆ Dr (Bα), for every α ∈ Y . Moreover, if
α, β ∈ Y are such that β ≤ α, then φα,βφ1,α(z) = φ1,β(z) ∈ P. Thus, by Lemma 5.4,
P ∈ B(S). Furthermore, if α, β ∈ Y and a ∈ Bα , b ∈ Bβ ,

rz(a, b) = rφ1,αβ (z)
(
φα,αβ(a), φα,αβ(b)

)
.

Finally, by Lemma 5.6, we get the claim. 
�
Corollary 5.8 Let S be a dual weak brace, P ∈ B(S), and z ∈ P. Then, rz is the strong
semilattice of deformed solutions on Bα through parameters in P if and only if Y is bounded
and z ∈ B1.
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